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Scaling Limit for the Random Walk on
the Largest Connected Component of the
Critical Random Graph

by

David A. CROYDON

Abstract

A scaling limit for the simple random walk on the largest connected component of the
Erdés-Rényi random graph G(n,p) in the critical window, p = n~"' + An~%3 is deduced.
The limiting diffusion is constructed using resistance form techniques, and is shown to
satisfy the same quenched short-time heat kernel asymptotics as the Brownian motion
on the continuum random tree.
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81. Introduction

It is known that the asymptotic behaviour of the Erdés-Rényi random graph
G(n,p), in which every edge of the complete graph on n labelled vertices {1,...,n}
is present with probability p independently of the other edges (see Figure 1),
exhibits a phase transition at p ~ n~!. On the one hand, for p ~ en~! with
¢ > 1, the largest connected component C}' of G(n,p) incorporates a non-trivial
proportion of the n original vertices asymptotically. By contrast, if ¢ < 1, then C7
consists of only O(lnn) vertices. A third kind of behaviour is seen at criticality
itself: when p = n~!, the number of vertices of C} is of order n?/3 (all these

—4/3 where

results can be found in [18]). Under a finer scaling p = n=! + A\n
A € R is fixed—the so-called critical window, it is also possible to describe the
asymptotic structure of Ci". Specifically, in this regime, when graph distances are
rescaled by n~1/3, the largest connected component C' converges to a random

fractal metric space, M say, whose distribution depends on the particular value
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Figure 1. A typical realisation of G(n,p) with n = 100 and p = 0.01.

of A chosen ([1]). In this article, our goal is to add a further level of detail to this
picture: we will consider the discrete time simple random walk on C{* in the critical
window, and show that it converges, when rescaled appropriately, to a diffusion
on M.

The precise characterisation of M in [1] involves “glued” real trees, and this
picture turns out to be especially useful in constructing the limiting diffusion XM,
which we will call the Brownian motion on M. In particular, in defining M, the
authors of [1] start by introducing a random compact real tree 7. On the same
probability space, a point process is described, and this gives a recipe for selecting
a finite number of pairs {u;,v;}, i = 1,...,J, of vertices of T. (Note that J is a
random variable.) Once the joint distribution of 7~ and the point process is chosen
appropriately, what is shown in [1] is that the scaling limit of the largest connected
component CJ in the critical window is simply the metric space M we arrive at
from T by identifying u; and v; for each i = 1,...,J. To build a process on M in
this setting, we first note that results of [23] let us view 7 as an electrical network
by equipping it with a corresponding resistance form (€7, F7). From this, we
obtain a related resistance form (Exq, Faq) on M by “fusing” the vertices u; and v;
together for ¢ = 1,...,J. Finally, letting uarq be the natural measure on M—the
scaling limit of the uniform measure on C}*, we can further prove that (Eaq, Faq)
is a local, regular Dirichlet form on L?(M, unq). It is by applying the standard
association between such quadratic forms and Markov processes that the Brownian
motion XM will be defined.

In proving the main convergence result for the discrete time simple random
walk XC' on C}, an argument developed for demonstrating convergence to the



RANDOM WALK ON THE CRITICAL RANDOM GRAPH 281

Brownian motion on the continuum random tree is adapted. In [11], it was es-
tablished that for any family of graph trees (7},),>1 that converge in a suitable
manner to the continuum random tree of Aldous (see [2], for example), the as-
sociated simple random walks converge to a Markov process called the Brownian
motion on the continuum random tree. The key to proving this result was first
considering approximations to the simple random walks and the limiting diffusion
on subtrees spanning a fixed number of leaves, where proving convergence from the
discrete to continuous models was straightforward, and then letting the number
of leaves go to infinity. By constructing the sets C} and M from trees as in [1],
we are able to define similarly useful approximations for X% and XM that take
values in subsets spanning a fixed number of vertices of C{* and M, respectively.
Once these subsets and approximating processes have been chosen appropriately,
an almost identical argument to the one applied for trees in [11] yields

(1) (n"Y3XEL Dezo = (XM)i0

in distribution, where we postpone the precise statement of this result until Sec-
tion 7. Of course, being an example of a random walk in a random environment-
type problem, there are two kinds of results such as (1) that we could prove. Firstly,
a quenched result, where we fix a sequence of typical realisations of C]* that con-
verge to a typical realisation of M, and secondly, an annealed result, where the
distributions of the processes X€1 and XM are averaged over the randomness of
the environments C* and M. We will prove both (see Theorems 7.1 and 7.5, respec-
tively), and we appeal to these results to justify our referring to X as Brownian
motion on M. Note that the time scaling factor n for the simple random walk on
the largest connected component C' in the critical window has previously been
observed in the mixing time asymptotics of X' (see [31, Theorem 1.1]).

Once the Brownian motion X has been demonstrated to be the scaling limit
of X¢', it is natural to investigate further properties of the process. To make a
first step in this direction we again turn to the link between M and 7, which
immediately allows us to transfer some known results about the Brownian motion
on the continuum random tree to our setting. Specifically, modulo random mass
and distance scaling factors, the distribution of the random compact real tree T
is absolutely continuous with respect to the distribution of the continuum random
tree. Thus, when suitably rescaled by constants, a typical realisation of T looks
exactly like a typical realisation of the continuum random tree. Moreover, since
ta is a non-atomic measure and there are only a finite number of pairs {u;, v;},
1 =1,...,J, it is clear that pa-a.e. every point of M admits a neighbourhood
that is isometric to a neighbourhood in 7. With the local geometry of M and T
being the same and 7 looking like the continuum random tree, it is easy to check
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that the short-time behaviour of X is the same as the short-time behaviour
of the Brownian motion on the continuum random tree. For example, if we let
(pM(Z,7))z.gem.>0 be the transition density of XM, then it is possible to show
that every typical realisation of M satisfies
2) fi 22T Ay

t—0 —Int 3
Thus the spectral dimension of (the Brownian motion on) M is almost-surely 4/3,
which is identical to that of the continuum random tree (see [12]). More detailed
short-time transition density asymptotics are discussed in Section 8.

To conclude the introduction, let us draw attention to the connections between
our results and those thought to hold for critical edge percolation clusters on the
lattice Z%. In high dimensions, d > 6, large critical edge percolation clusters on Z?,
when rescaled, are thought to look like a random structure known as the integrated
super-Brownian excursion (see [32, Section 16.5], for example). The integrated
super-Brownian excursion can simply be thought of as a random embedding of
the continuum random tree into R%, and one might therefore hypothesise that by
mapping the Brownian motion on the continuum random tree into R? with the
same embedding we might be able to define the scaling limit of the random walks on
the critical percolation clusters. Although in the percolation setting a result along
these lines has not yet been proved, this procedure does yield the scaling limit of the
random walks on the trees generated by related branching random walk models, at
least in the case when d > 7 (see [13]). Of course, the complete graph on n points
does not look very much like the integer lattice. However, the relationship between
M and the continuum random tree discussed above suggests that, at criticality,
the asymptotic structure of the largest connected component of the Erdés—Rényi
random graph, which can be thought of as an edge percolation model, closely
corresponds to the asymptotic structure of the large critical clusters in the Z¢
edge percolation setting, at least locally. What we conjecture on the basis of the
results of this article is that in the critical regime the dynamical properties are also
similar. In fact, work already exists that indicates that the spectral dimension of
the scaling limit of the simple random walks on large critical percolation clusters
in Z% in high dimensions agrees with the 4/3 seen at (2) (see [25]).

The remainder of the article is arranged as follows. In Section 2 we present
details of the construction of X™ on typical realisations of M. We also introduce
there some approximations for X* on finite length subsets of M, and in Sec-
tion 3 describe continuity properties of the laws of these. The distribution of M
and largest connected component scaling limit result of [1] are recalled more thor-
oughly than above in Section 4. In order to formalise the main simple random
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walk convergence result and check the measurability of our construction of XM,
we need to introduce a space of paths on compact length spaces, and this is done
in Section 5. In Section 6 we characterise what constitutes the quenched conver-
gence of CT' to M in a way that will be most helpful to us, and present some other
preliminary results about subsets of CT'. Finally, we establish our precise versions
of (1) in Section 7 and conclude the article by outlining some properties of X
in Section 8.

§2. Brownian motion on fused real trees

The goal of this section is to construct, at least for typical realisations of M, the
Dirichlet form (Epq, Faq) on L?(M, ppq) that will be used to define the limiting
diffusion in our main result. We also introduce some approximations to the process
on spaces built from a finite number of line segments.

To do this, it will be enough to work in the deterministic setting. In particular,
until noted otherwise we fix a compact real tree T = (7, dr) ([17, Definition 2.1],
for example) containing more than one point, and a distinguished vertex p € T,
which we call the root. Let pu7 be a finite Borel measure on T satisfying

(3) lim inf 1nfz€7—MT(BT('T7T))

r—0 rk

>0

for some k > 0, where By (x,r) is the open ball of radius r (with respect to the
metric dr) centred at x € T. Note that this condition guarantees that pr is of
full support. Suppose (u;)7_, and (v;);_, are finite collections of vertices of T, and
write the collection of sets {u;,v;} as E = {{u;,v;} : i =1,...,J}. Define ~g by
setting « ~g y if and only if

(4) r=y or 3{%7%} €E7i:17"‘7k7 such that 1= Yi = Ti+1, Y = Y,

which is easily checked to be an equivalence relation on 7. The canonical projection
from T into the quotient space M := T /~pg will be denoted ¢, and we will also
use the notation Z := ¢(z) for x € T. The space M becomes a metric space when
equipped with the quotient metric

k
dm(Z, ) = inf{z dr(i,yi) 11 =2, §i = Tiy1, Y = U, k € N}
i=1
([9, Exercise 3.1.13]), and we will also define g := p7 o ¢~1. Note that we allow
the possibility that J = 0. In this case, (M, da, pa) and (T, d7, puy) are simply
identical as metric-measure spaces.
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Although it would be possible to define the form of interest, (Eaq, Faq), as
the limit of resistance forms ([24, Definition 2.3]) on an increasing sequence of
finite approximations to the space M by applying results of [23], a more concise
construction is provided by following the steps briefly described in the introduction,
i.e. starting with the natural resistance form (€7, F7) on the space T, which is
easily obtained by viewing T as a resistance network, and then fusing the vertices
at u; and v; together for each ¢ = 1,...,J. Note how the latter description neatly
complements the understanding of the quotient metric space (M, d ) as the space
(T, d7) glued along the relation ~g. More specifically, by [23, Theorem 5.4], there
exists a unique resistance form (E7, F7) on T that satisfies

(5) dr(z,y) =inf{Er(f, f) : f € Fr, fx) =0, f(y) =1}""

for x # y € T. Furthermore, the same result implies that (£7, F7) is a local,
regular Dirichlet form on L?(T, 7). Given this form, let Faq := {f : M — R :
fo € Fr}, where, given a function f: M — R, we define fy := f o ¢, and set

gM(fvf) ::gT(f¢vf¢)v Ve Fm.

We will eventually show that (Eaq, Faq) is a local, regular Dirichlet form on the
space L?(M, pia), but first prove that it is a resistance form on M and define an
associated resistance metric.

Proposition 2.1. (Eaq, Faq) is a resistance form on M.

Proof. The following properties of a resistance form are easily checked from the
definition of (Eaq, Faq) (and the fact that (£, F7) is itself a resistance form):
Fam is a linear subspace of functions on M containing constants; Eaq(f, f) = 0 if
and only if f is constant on M; after constant functions are quotiented out, Exq
is an inner product on F4; for any finite subset V' C M and function f: V — R,
there exists a function g € Faq such that gly = f; if f := (f V0) A1 for some
f € Fum, then f € Faq and Em(f, f) < Em(f, f). Here, we will merely establish
the remaining properties: the inner product space (Faq, Eaq) is complete and also

ap{ U215

2
(6) elr D) :fefM,eM(f,f)>o}<oo

for every Z, 5y € M.

First, if (fn)n>1 is a Cauchy sequence in (Faq,Em), then (frg)n>1 is a
Cauchy sequence in (Fr,E7). Thus, since (€7, F7) is a resistance form, there
exists a function f’ € Fr such that Er(fne — f', fne — f/) — 0. Noting that
Jno(wi) = fae(v;) for each i = 1,...,J, applying (5) yields (f(u;) — f'(v;))? <
d7(wi, V)7 (fro— 1’5 fno—f') — 0. In particular, it follows that f/(u;) = f'(v;) for
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eachi=1,...,J,and so f’ = f, for some f € Fpq. Moreover, Ep(frn—f, fn—f) =
ET(fng — fos fne — fo) — 0, which confirms that (Faq, Eaq) is complete.
For any Z,§ € M, we can rewrite the supremum in (6) as

R (GO

o fs) € Fms Ex(fo, fo) > 0}

) — 2
<su{ LT fe e > 0} = artan)
Er(f, 1)
which is finite. Note that, to deduce the above equality, we have again applied the
characterisation of (£7, Fr) at (5). O

Given that (Eaq, Faq) is a resistance form, by [24, Theorem 2.3.4], if we define
a function Ry : M x M — R by setting Ra(Z,7) to be equal to the supremum
at (6), then Ry is a metric on M. We call this metric the resistance metric
on M, and the next result shows that it is equivalent to the quotient metric d .
In the proof we will use the notation bT(x, Yy, z) to represent the branch-point of
x,Yy,z € T, which is the unique point satisfying

(®) {7 (,y,2)} = [z 9] N Iy, 2] N [z, 2]),

where, for two vertices x,y € T, [[z,y]] is the unique (non-self-intersecting) path
from x to y in the real tree 7. Furthermore, for a form (£, F) defined on a set A,
the trace onto B C A, which will be denoted Tr(£|B), satisfies

(9) Te(E|B)(f, f) = inf{E(g,9) : g € F, glB = [},

with the domain of Tr(€|B) being the collection of functions f : B — R such that
the right-hand side above is finite.

Lemma 2.2. There exists a strictly positive constant c, depending only on J, such
that

for every T,y € M.
Proof. For the upper bound, let Z,57 € M and k € N, and suppose z;,y; € T,

i=1,...,k, are vertices satisfying Z; = Z, §; = T;11, U = §. Applying the triangle
inequality for R, we have

IN

k k
i=1 =1

where the second inequality follows from (7). Taking the infimum over the sets of
sequences satisfying the assumptions yields R (Z,7) < dpm (T, §), as required.
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We now establish the lower bound. Fix x,y € T, and set
V= {bT(’UJ,U’w) U,V wE {zvyaulw"7UJ7U13-"7’UJ}}3

where we note that {z,y,u1,...,us,v1,...,05} C V. Moreover, let U = V/~g,
where ~ is the equivalence defined at (4). Writing u <> v to signify that u Zv € V
satisfy [[u,v]]NV = {u, v}, which is a formalisation of the notion that v and v are
neighbours in V', we define an electrical network with vertex set U by supposing
that vertices @ and o are connected by wires with resistances (d7(u, v))yea,ves uco
(and not directly connected by a wire if there are no u,v € V satisfying u € a,
v € U, u <> v). If the vertices in this network are held at potential f : U — R, then
the total energy dissipation (see [15, Section 1.3.5]) is given by

(@ = f@)* 1 5~ (folw) — fo()*
(10)  Eu(f. f) };U u@;@ dr(u,v) 2 MZE:V irla)

Using ideas from [23] (in particular, see proof of Proposition 5.1 and Corollary 1.8),
we observe that the final sum here can be rewritten Tr(E7|V)(fg, fo). Hence, if
Ry : UxU — Ris the effective resistance between vertices in the electrical network
described above, then

(1)  Ru(z,y)" ' =mf{&s(f, ) : [:U =R, f(2) =0, f(7) =1}
=inf{Te(E|V)(f, f): [V =R, f(z)=0, fly) =1, flu) = f(vy),i=1,...,J}
=inf{&r(f, f): f € Fr, f(2) =0, f(y) =1, flw) = f(vi), i=1,...,J}

= inf{Em(f, ) : f € Faa. f(2) =0, f(§) =1} = Ru(7,9) ",

where the first equality is an application of the Dirichlet principle for electrical net-
works (see [15, Exercise 1.3.11], for example), the third equality follows from (9),
and the final two equalities are consequences of the definitions of (Enq, Faq)
and R4 respectively. Thus, to complete the proof, it suffices to show that Ry (7, §)
is bounded below by cdaq(Z, ) for some strictly positive constant ¢ depending only
on J. Combining the general resistance lower bound for finite electrical networks

of Lemma A.1 and the definition of d 4, it is straightforward to demonstrate that
this is the case with ¢ =1/(4J + 1)L O

We are now ready to demonstrate that (Eaq, Faq) is a Dirichlet form. In prov-
ing that this form is regular, we will need to consider the collection of continuous
functions M with respect to the metric d . Note that, by the previous result, this
is the same as the collection of continuous functions with respect to Rq. We will
denote the relevant set by C(M), and observe that, by the definition of Ry,

(12) (f(2) = f)? < BMm(Z,DEM(f, f),  VfE€Fm, T,j €M,
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which implies Faq € C(M). Moreover, the compactness of M and finiteness of i
yield C(M) C L*(M, pipm).

Proposition 2.3. (Exq, Fa) is a local, reqular Dirichlet form on L*(M, ).

Proof. We start by showing that F is dense in C(M) with respect to the supre-
mum metric || - |oo. If f € C(M), then fy is a continuous function on 7 (with re-
spect to d7), and so, by the regularity of (€7, F7), there exists a sequence (gy,)n>1
in Fr such that ||g, — fsllo — 0. To continue, set V := {uq,...,us,v1,...,05}
and, for each x € V, let h, be the harmonic extension of 1y, from V to T.
More precisely, h; is the unique function in F7 satisfying h.|y = 1} and also
Er(he,he) = Tr(Er|V)(14z), 1{z}). The existence of h, is guaranteed by [24,
Lemma 3.5], and moreover [24, Theorem 1.4] demonstrates that 0 < h, < 1
everywhere on 7. Now define

fr=gn+ Y (fo(z) = gn(@))ha.
zeV
Clearly f) € Fr and f,(u;) = fo(u;) = fs(vi) = f}(v;) for each i = 1,...,J.
Hence there exists an f,, € Faq such that f] = f,4. Furthermore,

1fn = flloe = [lfng — folloo < llgn — follos + Z |fs(z) — gn(2)|

zeV
<@+ #V)lgn — follo — 0,

from which we obtain the desired conclusion.

It readily follows from the result of the previous paragraph that F is also
a dense subset of L2(M, jipr). Given this fact and that (Eaq, Faq) is a resistance
form, to establish that the latter is also a Dirichlet form is relatively straightfor-
ward. One point that does require checking is that (Faq,E},) is a Hilbert space,
where

(13) EL (2 ) = Emf f) + /M P dpa

for f € Fq, but this can be done by following the proof of [24, Theorem 2.4.1].
Since we already know that Fxq is a dense subset of C(M), it is further the case
that the Dirichlet form (Eaq, Faq) is regular.

Finally, to prove (Eaq, Faq) is a local it is necessary to show that Eaq(f,g9) =0
for any two functions f, g € Faq with disjoint support. However, it is clear that if
f and g have disjoint support in M, then f, and g, have disjoint support in 7.
Since (&7, Fr) is local, it follows that Ea(f, g) = E7(fs,94) = 0, as desired. O
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Now we have the local, regular Dirichlet form (3€a(, Faq) on L2(M, pip),
standard arguments ([19, Theorem 7.2.2]) imply the existence of a corresponding
pa-symmetric Markov diffusion

XM = ((XiM)tZ(%PgAvj € M)v

which we will call Brownian motion on M. The factor of % here appears a little
awkward, but will later ensure the correct time scaling of the process. Note that,
since every point Z € M has strictly positive capacity (see [22, Theorem 8.8]), the
process X is uniquely determined ([19, Theorems 4.2.1 and 4.2.7]). Moreover,
since (Ea, Fa) is a resistance form, it is irreducible and recurrent as a Dirichlet
form, and so we can apply [19, Theorem 4.6.6] to deduce that XM hits points in
the sense that P2 (h(g) < co) = 1 for every Z,5 € M, where h(g) := inf{t > 0 :
XM = g} is the hitting time of §. So far, we have not fully applied the lower
volume asymptotics of (3). The importance of this bound is that it will allow us to
apply Theorem 6.3 of [29] to deduce the existence of jointly continuous local times
for XM, Since the following result can be proved exactly as in the real tree case
(cf. [11, Lemma 2.5] and [14, Lemmas 2.2 and 2.3]), we omit its proof. Note that
to use [29, Theorem 6.3], it is required that the process X is strongly symmetric
(in the sense of [29]), but this is an easy consequence of the fact that X admits
a transition density (p/(Z,7))i>0,zgem that is jointly continuous in (¢, Z,7) (see
[22, Theorem 10.4]).

Lemma 2.4. The process XM admits local times (L (Z))1>0,zem that are P
a.s. jointly continuous in t and T, for every § € M. Furthermore, P2 -a.s. we
have

lim inf LM(y) = 7 )

Jim inf LM (g) =00 for every T € M

To complete this section, we transfer ideas developed in [11] and [14] for

approximating the Brownian motion on a compact real tree by Brownian motions
on subtrees with a finite number of branches to the current setting. First, extend
(u;)]_; to a dense sequence (u;)$°; in 7. Without loss of generality, we assume
that uj4q # p. For each k > J + 1, define

k J
(14) 70 = (Ul wll) U (Ulle. ).
and set
(15) M(k) i= 6(T (k).

We will consider two measures on M (k). One will be the one-dimensional Hausdorff
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measure, Arqx)- Lhe other will be the image under ¢ of the natural projection
of uy onto T (k). More specifically, set

(16) BM(k) = HT (k) © 9
where pi ) 1= pro ¢jr17'(k) and, as in [11], the projection map ¢ 7 () is defined
by setting, for x € T, ¢7 1) (2) to be the unique point in 7 (k) satisfying

17 d = inf d .
(17) 72, O 700 (T)) o 7(z,9)

To check that Ay and paq) are well-defined finite Borel (with respect to da)
measures with support equal to M(k) is straightforward from their construction.
Moreover, since pr o ¢:r,17'(1c) — 7 weakly as measures on T (cf. [14, Section 2]),
the continuity of ¢ implies that pr) — s weakly as measures on M.

Since M (k) is a non-empty subset of M, it follows from [22, Theorem 8.4]
that if (Enxqer), Fa(r)) is defined by setting

Emry = Tr(Em|M(K))

and taking F ) to be the domain of Exyqxy, then (Eaqk), Far(r)) is a resistance
form on M(k) and the associated resistance metric is R | a1(k)x m(r)- We have
the following alternative description of (Eaq(ry, Fat(k))-

Lemma 2.5. Fiz k > J + 1. If (Eru), Fr) is the resistance form associated
with the real tree (T (k),d7) by [23, Theorem 5.4], then Faquy = {f : M(k) = R:
f¢ S ]:T(k)} and

(18) Epmey (o ) = Eraey (fo, f), YV € Faqqw-

Proof. Fix k > J+1. Since u;,v; € T(k), 1 =1,...,J, it is an elementary exercise
to prove that, for a function f: M(k) — R,

{96 :9 € Frm, glmay = f={h:h € Fr, hlrw) = fs}-
Thus, for f € Faq),

Epmey(f, [) =inf{Er(9,9) 1 9 € Faty glmwy = f}
= inf{gT(h, h) che .7:7’, h|7‘(k) = f¢>} = 5T(k)(f¢a f¢>)a

where the final equality is a consequence of the fact that &7y = Tr(E7(T (k)),
which can be deduced by first observing that Tr(E7|T (k)) is a resistance form
with resistance metric dr |7 ) x7 %) (by [22, Theorem 8.4]) and then noting that
resistance forms are uniquely specified by their resistance metrics ([24, Theorem
2.3.6)). O
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As with (%EM, Fm), we can check that, for any k > J+1, (%EM(;C), Frmk)) is
a Dirichlet form on both L*(M(k), Aqk)) and L?(M(k), piaq(k)), and we can use
the fact that M(k) is closed to establish that the form is regular ([22, Theorem
8.4]). We will denote the (unique) associated Hunt processes by X k) = XHrmw)
and their laws starting from z € M(k) by P;‘M“"), PEM® regpectively. Note that
the above characterisation of (Exq(k), Faq(k)) readily implies that (Enqa), Faa(r))
is local, exactly as in the proof of the corresponding result for (Eaq, Faq), and so
these processes are actually diffusions. For the laws of the processes X#M®) we
are able to prove the following convergence result. Since it is a relatively simple
adaptation of the proof of [11, Lemma 3.1], we only sketch the proof.

Proposition 2.6. As k — oo,
KM (k) M
P; —P3
weakly as probability measures on C(Ry, M).

Proof. Applying the weak convergence of piaqx) to pa and the joint continuity
of the local times of X™ (see Lemma 2.4), we see for every t > 0 that, Pg"—a.s.,

AMK) / LM(E) gy (dZ) — t.
T (k)

Moreover, an elementary monotonicity argument yields this convergence result
uniformly on compact intervals. Consequently, 7 ) (¢) := inf{s : ANE) S, th—t
uniformly on compacts, Pg/'—a.s. Now, the trace theorem for Dirichlet forms (see
[19, Theorem 6.2.1], for example) allows one to check that the law of

(X%A(M(t))tzo
under P2 is precisely P,*™ (cf. [11, Lemma 2.6)), and the result follows. [

We now describe how the two processes X () and X#M®) can be coupled.
Similarly to above, it is possible to deduce the existence of jointly continuous local
times (L?A(k)(f))tzo,feM(k) for X . Use these to define a continuous additive

functional AM®*) = (fl,fw(k))tzo by setting
(19) AMO = [ L @) g (),
M(k)

and its inverse by 7M®)(t) := inf{s : AME) S t}. As with the time-change em-
ployed in the proof of the previous result, the following lemma is a straightforward
consequence of the trace theorem for Dirichlet forms, and so will be stated without
proof.
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Lemma 2.7. Fiz k > J + 1. If the process X *®) has law P;\M(k), then the
process

A .
(Xff\]\:ll((lﬁ))(t) )tEO

has law PgM(k).

Finally, we state a result about the paths of AM®*)_ Applying the continuity
and uniform divergence of the local times of XM, as stated in Lemma 2.4, this
can be proved identically to [14, Lemma 2.5], and so we once again omit the proof.
The scaling factor

(20) AR = Aoy (M(R))
arises here as a result of the fact that we have not normalised the measure Apq,)-

Lemma 2.8. For each k> J+1, P;M(M—a.s., the function AM®F) s continuous
and strictly increasing. Moreover, for every tog > 0,

lim lim sup P;\M(k) (Ai:%f,% >1)=0.

t—00 L_s~o

§3. Continuity under perturbations

The aim of this section is to show how the process X ) and related continuous
additive functional AM*) are affected continuously by perturbations of the metric
d7—|7—(k)xT(k) and measure (), where we continue to work in the deterministic
framework introduced in the previous section. Throughout, we suppose that k& >
J 4+ 1 is fixed.

Our first main assumption is that (d%),>1 is a sequence of metrics on 7 (k)
for which (7 (k),d’) is a real tree and which also satisfy

(21) Ondp(z,y) < dr(x,y) < 5;1d7%(x, y), Vax,yeT(k)

where (0p,)n>1 is a sequence in (0, 1] that converges to 1. For each n, the met-
ric d induces a new quotient metric d’t, and one-dimensional Hausdorff measure
)\}A(k) on M(k). Clearly d', and daq satisfy a comparability property analogous
to (21). By this equivalence of metrics, X]\/(Uc) is a finite, non-zero Borel measure
on (M(k),dnr) and also satisfies

(22) SnNhary (A) < Aty (A) < 0, Mgy (A)

for any measurable A C M. Finally, since (7 (k),d’}) is a compact real tree,
we can again apply [23, Theorem 5.4] to define a corresponding resistance form
(EF()s F7(x))» and we use this to characterise (£}, F ) through a relation
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similar to (18). From this construction, it is clear that (21) yields F}, ) = Fak)
and also

(23) SnEhaiy (1) < Emmmy(f, £) <6, E iy (> ) Y € Frawys

for each n (one way of checking this is to apply the finite approximation result of
[23, Lemma 3.7] in combination with the expression for the Laplacian on a “fine”
finite subset of a dendrite used in the proof of [23, Proposition 5.1], for example).
We will denote by X ™) the process associated with (%SXA(]C), Fmk)) con-
sidered as a regular Dirichlet form on L?(M(k), AM(ry)> and its law started from
z € M(k) will be written P;nM('“). Note that, from (23) and the fact that the
form (Eaq(ry, Faeky) is local, we see that the Dirichlet form (5}\14(k)an(k)) is lo-
cal, and so X AM s a diffusion. Its jointly continuous local times, guaranteed
by the same argument as was used for the local times of XM, will be written
(Lz\/t(k)’"(;f))tzojie/\,l(k). Now that we have introduced the most significant nota-
tion used in this section, we can state the main result that will be proved here.

n A’Vl
Proposition 3.1. Let k > J + 1. If the process X M® has law PﬁM(k) and the

process X M) has law PgM““), then
(X/\x/t(m’LM(k)a") N (XAM(k)7LM(k))
in distribution as n — oo in C(Ry, (M(k),dm)) x C(Ry x (M(k),dm),Ry).
We start by proving tightness.

Lemma 3.2. Let k > J + 1. If the process X MM has law P;M(k), then the
collection
{(XAx/l(k)7LM(k)an) in>1}

is tight in the space C(Ry, (M(k),drm)) x C(R4 x (M(K),drm), Ry).

Proof. First, note that (22) implies that there exist constants ¢, o € (0,00) such
that

inf inf )\n . B _’ > 7

inf dnf A (Bovw.au (1)) 2 err

sup sup )‘%(k)(B(M(k),dM)(jar))SC?T?
n>1zeM(k)

for every r € (0,1]. By applying the argument of [26, Lemma 4.2], this implies
that

A'Il An
limsup sup PoM® (inf{s : da (2, Xe™®) > r} < t) < cge e/t
n—oo zeM(k)
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for every r € (0,1], ¢t € (0,11], for some constants c3, c4,t; € (0, 00). Consequently,

A% A%
lim limsupt~! sup P (inf{s: da(z, Xs™M®) >r) <t) =0
t=0 pooo zeM(k)

for any r > 0, which implies the tightness of (X**®),, 51 in C(Ry, (M(k), dp)),
as required (cf. the corollary to Theorem 7.4 of [6]).

Our argument for local times is an adaptation of the proof of [14, Lemma 3.5],
and involves observing X AM on particularly simple subsets of M(k). Define a
finite subset V := {b7 (u,v,w) : w,v,w € {p,u1,...,ug,v1,...,v5}} C T(k),
where the branch-point function b7 is defined as at (8), and set

1
;= —inf m
“0 2 rlzgl T yg\l/ dT(Z" y)’

zFy
which, by (21), is strictly positive. By the definition of 7 (k), for this choice of g9, it
is possible to deduce that for each n there exists a collection of paths ([[a;, bi]])icz,
covering 7 (k) such that d’-(a;,b;) = o and

Moreover, the collections can be chosen in such a way that #Z,, is bounded uni-
formly in n. We write U; := ¢([[as, b;]]), so that (U;);ez, is a cover for M(k) for
each n.

Applying the notation of the previous paragraph, define, for i € Z,,,

Ai ;:/U LB () xn o (),

i

and 7¢(t) := inf{s : AL > t}. By the trace theorem for Dirichlet forms, if we charac-

terise X* by setting X7/ := X fé;’“), then, under P M) , X' is the Markov process

associated with (€%, F), where & = Tr(&Y, |U), considered as a Dirichlet

form on L?(U;, A% My (Ui M), Furthermore, the local times of X' are given by
Li(z) == LA:t((g)’ (z) for t > 0 and Z € U; (cf. [11, Lemma 3.4]). Similarly to the
proof of [14, Lemma 3.5], this construction yields the following upper bound, for

0 € (0,e0) and to < oo:

(25) sup  sup [LMBn(z) - M)
z,geM(k), s,t€(0,to],
A3 (2,5)<8 [s—t|<6

gz sup sup |Li(Z) — Ly(7)|-
z,5€U;,  s,t€[0,to],

i€ "dmz,y)@ [s—t|<
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Now, fix i € Z,,, and set V' := V' U{a;,b;} and U’ := ¢(V"). Supposing R )
is the resistance metric associated with (£}, (k) Frmk)), by taking steps similar to
(10) and (11), we can deduce

- 1 (fo(u) = f4(v))?
R (@i, b)) = f
M(K) (:,b:) f Ul’ﬁﬂg{, 2 Z ) d’y-(u,v)
f@)=0,f(bi)=1 wUEY"
: 1 (fo(u) = fo))* = 4
= f - Mo\ — Je\T))
Uk, 2 Z di-(u, v) teo

= _ 7_ _ u,'uGV',u v,

F@)=0,fbi)=1 o

where we note that a; <> b; (in V') is a consequence of (24). In particular, the

infimum in the final line here, which represents the conductance from a; to b; in

the network M (k) with the segment U;\{a;, b;} removed, is equal to the difference

R’Xd(k)(éi,gi)*l — 651. Thus, if V" := V' U{z,y} and U" := ¢(V"), where z,y €

[[ai, b;]] are such that d%-(a;, ) < d%(ai,y), one can check by a simple rescaling of
this infimum that R%, ) (z,9)"" is equal to

1 3 (f¢(u)—f¢(v))2+ fola;)? L1

inf
dr’;’(u7v) dr’;’(ahx) d'r,;_(m7y)

f:U" SR, 2 el
) — ) — u,v , UV
f(@)=0, f(g)=1 (v} E{asbi}

(1= fo(bi)?
T b) }
a? 1 (1-p)*

— inf n = 72‘ -1 _ -1 _ 2
Q}EGR{(RM(k)(aub) g )(B—a)" +

1 1
+ ;

where r; = (R} (ai,b:) "' — g5 ') + 0. Moreover, the choice of g allows
d%(x,y) to be replaced by d’t,(Z, ) in the above expression. Hence we have shown
that either of the isometries from (U;, d’},) to [0,e0] (equipped with the Euclidean
metric) also map R%(k) to 8("), where, for r € (g9, 00], 6" is a metric on [0, £
defined by

0 (x,y) = (Je—yl ™ + (r =z —y)™H) ™, Va,y € [0,e0):

Observing that 6(") is the resistance metric of (69), general results regarding
the uniqueness of resistance forms (for example, [24, Theorem 2.3.6]) can therefore
be used to deduce that X? behaves identically to the trace of a Brownian motion
on a circle of length r; on an arc of length £( (see Section A.2). Noting further that
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the definition of gy and (24) readily imply r; > 29 and X§ € {a;, b;}, it follows
from this and the bound at (25) that, for € > 0,

A n,_
PO ( s s (L) - O )
z,5EM(k), s,t€[0,to],
A (@,5) <8 [s—t|<0

< #T,, sup P(#In sup sup |LY%0(z) — Ly (y)| > 5),
r>2eg z,y€[0,e0], s,t€[0,t0],
|[z—y|<o [s—t]<d

where (L;*°(z))s>0,ze0,c,] denote the jointly continuous local times associated
with the trace of a Brownian motion on a circle of length r on an arc of length &g
started from 0, which we assume are built on a probability space with probability
measure P (for a precise definition, see Section A.2). Hence, applying (21), the
uniform boundedness of #7Z,, and Lemma A.2, for ¢ > 0,

)\n
i sup P (swp s (@) - L) > <) o
6—>0n21 z,5eM(k), s,t€[0,to],

dm(Z,9)<8 |s—t|<6

and so the family (LM*)™), 5, is tight in C(Ry x (M(k),dam), Ry) as required.
O

We now consider a time-changed version of X AMw) | For t > 0, let

AMEIn / LB () Xy (),
M(k)

and set M®) (1) = inf{s : AM®™ S 4} If X Mo has law P;M(k’), then by the
trace theorem we deduce that

By AT

XMw X.,-//\\/t/l((lf;,n(t)
defines a version of the process associated with the (%5}\‘/1( P M(k)) considered as
a regular Dirichlet form on L*(M(k), Ak)), started from p. As in [11, Lemma
3.4], we can check that the local times of this process are given by

LM gy = MBI ().

.,-M(k),n(t)

The following result confirms (X' Aﬂ(k),iM(k)’") is a good approximation of the
pair (XM LMK for large n.
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Lemma 3.3. Let k> J+ 1, and choose € > 0 and ty < co. As n — oo,
An A" A
Pﬁmm( sup  dag (X, NP, X M0
te[0,to]

+ sup sup |Lf/[(k)’"(:f) — f/iw(k)n(a’cﬂ > 5) — 0.
te(0,to] zEM(K)

Proof. By (22) and the definition of 47" we have
St =0, [ LM @) Ny )
M(k)
M(k)n — M(K)yn =\ \n _ _
< AMELn o 5,}/ LI (3) X (d5) = 671,
M(k)

and so §,t < 7ME)n(t) < §-1t. Thus

A ~ A\ A
S[lolp ]dM (Xt M(k),Xt M(k)) < >OSUI[2) ] dm (Xs
t€|0,to 520,t€[0,t0],
ls—t|<to(6,"'—1)

n AT
M(k) M(k)
aXt )ﬂ

and a similar bound exists for

sup  sup L (z) - LY (@)
te[0,to] zEM (k)

The result is therefore a consequence of Lemma 3.2 and the fact that 6, — 1.

O

In view of this result, it is clear that to complete the proof of Proposition
3.1 it will suffice to prove the same limit with (X)‘XA(’VMLM(’“)’") replaced by

()~(>‘Tft4<’€>,l~/M(k)’”), as we do in the subsequent lemma.

n )\’IL
Lemma 3.4. Letk > J+1. If the process XA has law P,;M('“) and the process

X M) has law P;;M('“), then
(26) (XN, IR L (xm0, M))

in distribution as n — oo in C(Ry, (M(k),dm)) x C(Ry x (M(k),dm), Ry).

Proof. We start by adapting the proof of [20, Theorem 6.1}, to show that the forms
(gj\L/l(k)“FM(k)) Mosco-converge to (Eaq(k)s Fa(k)) On L2(M(k), AM(k)), by which

it is meant that:

(a) for every sequence (fy)n>1 converging weakly to f in L2(M(k), Ac)),
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(b) for every f e L*(M(k), Apq(k)), there exists a sequence (fn)n>1 converging
strongly to f in L*(M(k), Apqk)) such that
limsup EX4 ) (fr: fr) < Emqey (f5 f)-
n—roo
Applying (23) and taking f,, = f for every n yields (b) immediately. For (a),
since 5}\1,1(k)(fn,fn) = oo for f, & Fam), it will suffice to consider a sequence
(fn)n>1 in Faqe) that satisfies

lim inf EX ;) (fn, fn) < 00

and converges weakly to some f in L?(M (k), A )- In view of the uniform bound-
edness principle, this final condition implies that (f,)n>1 is bounded in the space
L2(M(k), Ap(x))- Hence, appealing to (23) again,

linnigf <5M(k)(fm fn) + /

fa(Z)? /\M(k)(dj)) < oo.

M(k)

It follows that (f,)n>1 admits a weakly convergent subsequence with respect to
the inner product S}w(k) defined from & yq(xy and Apq() similarly to (13). The limit
of this sequence is necessarily identical to f (up to Apq(r)-a.e. equivalence), and so
we can assume that f is also contained in Fy ). We now proceed in three steps.

Firstly, observe that (23) implies that

Secondly, suppose that (V;,)m>1 is an increasing sequence of finite subsets of M (k)
such that |J,,~; Vi is dense in (M(k),daq) and let (f,,);>1 be a subsequence
for which SM(;) (fris frn) = liminf,, 0 Exqer) (fn, fu) < 00. Note that (12) and
Lemma 2.2 imply that the collection of functions (f,,);>1 is equicontinuous with
respect to daq. Similarly, f is continuous. Hence the weak convergence of (fy,,)i>1
also implies pointwise convergence. It follows from this, the definition of the trace
and the choice of subsequence that, for every m > 1,

(28) lim inf E k) (frs fn) = B ind Te(Enary[Vin) (i i)
= Tr(Epmy Vi) (S 1)

where to deduce the equality we also use the fact that Tr(Eaqr)|Vin) is a bilinear
form on a finite-dimensional space and is therefore continuous. Thirdly, again
applying Lemma 2.2, this time in conjunction with the resistance form limit result
of [24, Lemma 2.3.8], we find that

(29) Jim Te(Enary Vi) (f F) = Emai (f, F)-

Combining (27)—(29) yields (a), and completes the proof of Mosco-convergence.



298 D. A. CROYDON

With Mosco-convergence of forms, from [30, Corollary 2.6.1] we find that the
associated semigroups also converge in the strong operator topology of the space
L2 (M(k), Apq(r))- It follows that, for any finite collection of times 0 < ¢; < --- <
tm < 0o and bounded functions f1,..., frm € L*(M(K), Apq()),

PO (AL D) f(R059)) = PRV (OMY) L L (X020)),

1 m

as functions of Z in L*(M (k), Apx))- Since the right-hand side above is continuous
in Z and the left-hand side is equicontinuous in Z as n varies (this can be proved
using (12), (23), Lemma 2.2 and [19, Lemma 1.3.3]), it follows that the same
convergence holds pointwise. In conjunction with the tightness of X AK’WC), which
is a consequence of Lemmas 3.2 and 3.3, this implies the distributional convergence
of the first coordinate of (26).

By the separability of C(R, (M(k),dr)), it is possible to assume that we
are considering versions of the processes X M) and X Amk) | each starting from p,
built on a common probability space such that the convergence of X MM to
XAm occurs almost-surely (using the Skorokhod coupling of, for example, [21,
Theorem 4.30]). Supposing that the jointly continuous local times are also defined
on this space, we find that, almost-surely, for any continuous bounded function f

on (M(k),dpm) and t > 0,
¢ :
7 n— — - FAM(k
[ B @) 5@ A an) = [ 1) as
M(E) 0

%fﬂﬁ“%w=/ L0 (&) £(2) g (d).
0 M(E)

Applying the tightness of LM®*):n (readily deduced from Lemmas 3.2 and 3.3)
and the almost-sure continuity of LM®) it follows that LM®)n converges in
distribution to LM®) on the probability space under consideration simultaneously
with the convergence of processes, thereby completing the proof. O

The second main assumption of this section is that we have a sequence
(Nx/((k))nzl of finite Borel measures on (M(k),da) that converges weakly to
(k). Under this assumption, we are able to show that the continuous additive
functionals AM®):" defined by, for ¢t > 0,

AM(E),n M(E)n -\ n _
AM®) ;:/ LM () 12 (),
M(k)

converge to AM®) | as defined at (19). Since the result is an easy corollary of
Proposition 3.1 (and the continuous mapping theorem), we state it without proof.
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Corollary 3.5. Let k > J + 1. If the process XM has law P;}M(’C) and the

A
process X M®) has law PﬁMUC) , then

AMK)n g M)

in distribution as n — oo in the space C(Ry,Ry), simultaneously with the con-
vergence statements of Proposition 3.1.

84. Critical random graph scaling limit

In this section, for the purposes of introducing notation, we describe the scaling
limit of the largest connected component of the critical random graph, as con-
structed in [1]. As noted in the introduction, the basic ingredient in the definition
of the random metric space M is a tilted version of the continuum random tree,
and we start by presenting the excursion framework for this.

We will denote by W the space of continuous excursions, or more precisely
the set

{f € C(R{,Ry) : oy € [0,00) such that f(t) > 0 if and only if ¢ € (0,0)}.

Throughout, we will reserve the notation e(?) to represent a Brownian excursion of
length o > 0, and set e := e(!). The usual Brownian scaling applies to excursions,
so that e(®) has the same distribution as (v/oe(t/d))i>0. As in [1], define a tilted
excursion of length o, é(%) say, to be a random variable taking values in W whose
distribution is characterised by

E(]_{e(a)ew}efooc el (t) dt)

E(efo“ el () dty

P9 e W) =

for measurable W C W, where the o-algebra we consider on W is that induced by
the supremum norm on C'(Ry,R.).

Let us now briefly outline the well-known map from W to the space of real
trees. For f € W, define a distance on the interval [0,0] by setting d(s,t) :=
f(s)+ f(t) —2inf{f(r) : r € [s At,s V 1]}, and then use the equivalence s ~ ¢
if and only if ds(s,t) = 0, to define 7; := [0,0¢]/~¢. Denoting the canonical
projection (with respect to ~) from [0, 0] to Ty by f, it is possible to check that
dr; (f(s), f(t)) := ds(s,t) defines a metric on T, and also that with this metric 7}
is a compact real tree (see [17, Theorem 2.1]). In this article, the root of the tree 7
will always be defined to be the equivalence class f (0). Finally, although we will not
need to refer to it in the remainder of this section, let us remark that the natural

Borel measure on 7Ty can be constructed by setting pf := A o] Of_l7 where Ajg ]
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\ 4

Figure 2. Construction of My o. The left-hand side shows an example excursion
f and two-point QN f. The right-hand side shows the associated 7 in solid lines.
The space M g is obtained from this by identifying the points at the end of the
dotted lines.

is the usual one-dimensional Lebesgue measure on [0,0¢]. This measure has full
support and total mass equal to oy.

Given an excursion f € W and a point set @ C R, x R, that only contains
finitely many points in any compact set, the following procedure for defining a
glued real tree is introduced in [1]. First, define ONf := {(t,2) € Q: 0 <z < f(¢)}.
For each point (t,z) € QN f, let u( 4 be the vertex f(t) e Ty and v ;) be the
unique vertex on the path from the root f(0) to U(t,z) at a distance  from the root.
As at the beginning of Section 2, from the finite collection Eq = {(u,2), V(t,2)) :
(t,x) € QN f} of pairs of vertices of Ty, we can define

Myo:=Tr/~Eq,

which is a metric space when equipped with the quotient metric corresponding
to dr;, dam, o say. (Figure 2 provides an illustration of this construction.) The
particular random point set of interest to us will be a Poisson process P on
R4 x Ry of unit intensity with respect to Lebesgue measure, and we will write
M@ = (M) d, @) for a random (non-empty) compact metric space with the
distribution of

(Mé(o) P Qd/vlé(a) ,7,)7

where é) and P are assumed to be independent, which we can alternatively
write as the quotient metric space (’7;~<a),2dTE ()/~Ep. Note that formalisation
of the above random variables is achieved by assuming the space of point sets is
endowed with the topology induced by the usual Hausdorff convergence of non-
empty compact subsets of Ry x R4, and the collection of non-empty compact
metric spaces is endowed with the Gromov-Hausdorff topology, which will be
generalised in the next section.

Using the above notions, it is possible to write the scaling limit of the largest
connected component CJ* as M) where the excursion length Z; is a random
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variable whose distribution we now define. Fix A € R to be the parameter in the
description of the critical window (i.e. p = n™ + An~%/3), and let B = (B})>0
be a Brownian motion with parabolic drift obtained by setting

B := By + Xt — t2/2,

where B = (By)>0 is a standard Brownian motion started from the origin. Now,
let Z = (Z,)n>1 be the lengths of the excursions of the reflected process B} —
minge o] B2 above 0 arranged in descending order, so that Z; is the length of the
longest such excursion. (In fact, the reflected process is also related to the previous
discussion, since each of its excursions, when conditioned to have length o, is
distributed as &(?)).

Although we will not apply it in its following form, for completeness, it seems
appropriate to put all the above pieces together and state (a simplified version of)
the main result of [1], which demonstrates the convergence of the rescaled C}'. So
as to make C7' into a metric space, it is assumed to be equipped with the usual
shortest path graph distance dcr. Note that the convergence of the first coordinate
was originally proved as part of [4, Corollary 2].

Theorem 4.1 ([1, Theorem 24]). Let C] be the largest connected component of
the random graph G(n,p) and Z7 be the number of vertices of C]', where p =
n~t 4+ An~%3. Then

(n=2327,(Cp,n~Y3dey)) = (Z1, M)

in distribution, where M = (M, dn) is a random compact metric space such that,
conditional on Z1, M L M2,

Finally, we observe that the absolute continuity of the law of é(?) with respect
to e(?) and Brownian scaling easily imply that the canonical measure p = sz
on T = (T,dr) = (Tezn, 2d7 ) satisfies up to constants the same P-a.s.
asymptotic results as were proved for the volume measure on the continuum ran-
dom tree in [12]. In particular, the condition at (3) is satisfied, P-a.s. Consequently,
if we write paq = p o 71, where ¢ is the canonical projection from 7 to M,
then, for P-a.e. realisation of (¢(41),P), it is possible to define the Dirichlet form
(Epmty, Far) on L2(M, ipq) and the associated diffusion law Pg"l precisely as was
done in Section 2.

§5. Continuous paths on compact length spaces

In this section, we introduce the generalised Gromov—Hausdorff topology for con-
tinuous paths on compact length spaces in which our main result will be proved.
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Moreover, with respect to this topology, we will show that the construction of P%"
from (&(41),P) is measurable. The objects under consideration here will be of the
form K = (K,dx, X¥), where (K, dg) is a non-empty compact length space and
XK is a path in C([0, 1], K) (for the definition of a length space, see [9, Definition
2.1.6]). We will denote by K the set of path-preserving isometry classes of such
triples, where by a path-preserving isometry between K and K’, we mean an isom-
etry ¢ : (K,dg) — (K',dg) that satisfies XX = ¢ o X¥_ Define a distance dg
on K by setting

ae(K,K) = it L (oK), ¢ (K) Y sup dar(9(XE), ¢ (X[ },

(M,dnr), e, te[o,1]

where the infimum is taken over all choices of metric space (M, dy;) and isometric
embeddings ¢ : (K,dg) — (M,dn), ¢ : (K',dg) — (M,dy), and dgw’dM) is
the usual Hausdorff distance between compact subsets of M. That this defines a
metric on K such that (K, dx) is separable is a simple extension of the correspond-
ing result for metric spaces without paths, and so we will only sketch its proof.
Note that dg actually provides a metric on all (isometry classes of) triples of the
form K = (K,dg, X¥), where (K,df) is a compact metric space and X% is a
path in C([0,1], K). The restriction to length spaces allows us to apply a graph
approximation result that is useful in proving separability.

Lemma 5.1. (K, dx) is a separable metric space.

Proof. That dg is non-negative, symmetric and finite is easy to check. To prove
that it satisfies the triangle inequality, an alternative characterisation is useful.
First, for two metric spaces (K,dg), (K',dk/) define a correspondence € between
them to be a subset of K x K’ such that: for every x € K there exists at least one
2’ € K’ such that (x,2') € €, and similarly for every ' € K’ there exists at least
one z € K such that (z,2') € €. It is then the case (cf. [9, Theorem 7.3.25]) that,
for K, K' € K,

(30) dx (K, K') = inf dis €,

1

2 ¢(XK XK' )ee

where the infimum is taken over all correspondences € between (K,dg) and
(K',dg) such that (XX, XX') € ¢ for every t € [0,1], and dis€ is the distor-
tion of €, as defined by dis € := sup{|dk (z,y) — dx'(z',¢')| : (z,2),(y,y’) € €}.
Given the expression for dg at (30), it is possible to check that di satisfies the
triangle inequality by making the obvious adaptations to [9, Exercise 7.3.26]. A sec-
ond consequence of (30) is that if dx (K, K’) < &, then there exists a 2e-isometry f.
from (K,dg) to (K',dg:) such that dg:(f-(XK),XEK') < 2¢ for t € [0,1] (cf.
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[9, Corollary 7.3.28]). Applying this fact, we can repeat the proof of [9, Theorem
7.3.30] to confirm that dg is positive definite, choosing the countably dense set
considered there to include {XX : ¢ € [0,1]NQ}. Thus dk is a metric, as required.

For separability, we start by noting that if (K, dk) is a compact length space,
then it can be approximated arbitrarily well by finite graphs. In particular, for
every n > 1, by compactness we can choose a finite n~'-net K, C K. Make this
into a graph by connecting points z,y € K,, by an edge of length di (z,y) if and
only if they satisfy dg (z,y) < e,, where &, := (8n~'diam(K,dg))*/? v 3n~1. Tt
is then the case that

di(z,y) < dg (2,y) < dg(2,y) +en, Yo,y € Ky,

where dg is the shortest path graph distance on K, (see proof of [9, Proposition
7.5.5]). We extend the space (K, dj ) into a compact length space (K, dx, ) by
including line segments along edges with lengths equal to the lengths of the edges
in the graph. Now, if XX € C([0,1], K), then there exists a d,, € (0,1) N Q such
that

sup dr(XE, xK)y<n™l.

s,t€[0,1],
‘Sft‘g‘;n

For k=0,1,...,[d, ], choose X,g to be a vertex in K,, such that
di (X[, X{5,) <n™l.
Observe that

Kn n - -
dre(Xigsm s X(pinys,) < 207+ die (X5, X{ipnys,) <307

Hence, X 1552 and X(I,ij_l) 5, are connected by a graph edge, and so we can ex-
tend the definition of X%~ to a path in C([0,1],K,) by linearly interpolating
along the relevant line segments in K,, (after time [0, !]d,, set X% to be con-

stantly equal to X{?ﬁljé ). With this choice of (K,,,dk,,X%"), we find that

dg(K,dg, X5), (Kp,dg, , X5)) < 2(n~" +¢,). Since K,, is a finite set, there is
no difficulty in perturbing the metric dg, so that it takes rational values between
any two points of K, and is linear along edges, but the triple (Kn,dg, , Xn)
still satisfies the same bound. Consequently, we have shown that for any £ € K
we can find a sequence (K,,),>1 drawn from a countable subset of K such that
dg (K, K,) — 0. O

The relevance of the space (K,dg) to our setting depends on the following
lemma.
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Lemma 5.2. In the setting of Section 2, (M,dn) is a length space, as is the
metric space (M(k),dpm) for every k > J + 1.

Proof. By [9, Corollary 2.4.17], to prove that (M, dxq) is a length space, it will
suffice to show that for every Z,7 € M, € > 0, there exists a finite sequence

T = To,T1,...,Tr = § such that ZledM(@,l,:fi) < dm(Z,7) + € and also
dpm(Zi-1,%;) < e for each i = 1,...,k. To prove this, fix Z,y € M, € > 0. By the
definition of daq, there exist vertices z;,y; € 7,4 = 1,...,k, such that &, = Z,

Ji = Tiv1, Jx = ¥, and also Zle dr(zi,y;) < dpm(Z,7) + €. Define tg = 0 and
t; = Z;Zl dr(zj,y;), i = 1,...,k, and let v : [t;_1,t;] — T be the path of
unit speed from z; to y; in 7. This map is not well-defined on [0, ¢] in general,
since at the times ¢; it might be defined multiply. However, since §; = Z;41, this
is not a problem when its image under ¢ is considered. In particular, the map
po~:[0,tg] — M is well-defined, and by construction is easily checked to satisfy

(31) dpm(por(s), dor(t)) <|s—tl,

for every s,t € [0,tx]. Let n := [tye~!] and set z; := ¢ o y(ity/n), i = 0,1,...,n.
Then >0 dam(Ziz1,2i) < tp < dm(Z,9) + &, where the first inequality is an
application of (31), and the second follows from the definition of t;. Moreover,
dam(Ziz1, %) < tp/n < e for each ¢ = 1,...,n. This completes the proof that
(M, dn) is a length space, and the proof for (M(k), daq) is identical. O

As remarked at the end of the previous section, for P-a.e. realisation of
(%) P) we can construct what we will call the quenched law of the Brown-
ian motion on M started from p, Plé‘/‘, as a probability measure on C([0, 1], M).
Clearly, by the above result, we can also consider this as a probability measure
on K, and we are able to deduce the following measurability result for it.

Proposition 5.3. In the setting of Section 4, with respect to the weak convergence
of measures on K, Pg\/l is an (641), P)-measurable random variable.

Proof. We will follow an approximation argument similar to that applied in [11,
Lemma 8.1]. To begin with, let £ = (&)$2; be a sequence of independent U (0, 1)
random variables, which is assumed to be independent of (/1) P). For P-a.c.
realisation of (6(41),P,¢), we can well-define sequences of vertices (u;)$2, and
(v3)/_, of T = Titzy), where J := #P N é&@1)| as follows. For i < J, let (u;,v;) be
equal to (U, z,)s V(t,,2,)), Where (t;, ;) is the point of P N ¢(Z1) for which ¢; is the
ith smallest element of {s: (s,y) € PN é(21) for some y > 0}. For ¢ > J +1, set
u; = @ (Z14; ).

Now, suppose I' is the collection of realisations of (é(Zl),P,f) such that: &
is dense in [0,1]; J is finite; the ordered sequence {(t;,z;)}7_, of elements of
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P né%) is well-defined (i.e. t; < --- < tj); the canonical measure 7 on 7T
is non-atomic and satisfies the lower bound at (3); 7\{z} consists of no more
than three connected components for any = € T; (u;)$2, are distinct leaves of T
(i.e. T\{u;} is connected for any i), not equal to p; (v;);_, are distinct and v; €
([0, wi]\N({b7 (p, us,u;) : i, 5 > 1} U {p}) for every i. That P((6(41), P, &) eT) =1
can be confirmed by applying: elementary properties of uniform random variables
and Poisson processes; the volume bounds of [12], as discussed in the previous
section; [17, Theorem 4.6]; the fact that u” is non-atomic and supported on the
leaves of T, P-a.s. ([3] or [17, Theorem 4.6]); and a straightforward argument us-
ing the fact that, conditional on 7 and w;, the distribution of v; on [[p, u;]] is the
(normalised) one-dimensional Hausdorff measure on this path.

Assume that we have a sequence of realisations (é%zl"), Pn,&" = (£1)2,) €T
such that

(7)) 21, P NEE) T, = #P, NEZm) €0) — (8%, 2y, P el g ¢,

for some (é(41),P,¢) € T, where we recall the topology we are considering for
the convergence of point sets is the usual Hausdorff convergence of non-empty
compact subsets of Ry x R,. Since the integers J,, converge to J, we must have
Jn = J for large n. Fix k > J + 1 and define T(k), as in Section 2, to be the
subtree (U, [[p, ui]]) U (U, [[p, v]]), which is simply equal to U%_, [[p, u:]] under
our assumptions. Define 7, (k) similarly from the objects indexed by n. A simple
adaptation of [11, Lemma 4.1] (cf. the proof of [3, Theorem 20]) allows it to be
deduced that, for large n, there exists a homeomorphism Y, 5, from 7, (k) to T (k)
such that Y, x(pn) = p, Tnx(win) = u; for i = 1,...k, Tp p(vin) = v; for
i=1,...,J, and also if d’} is a metric on 7 (k) defined by

dy(w,y) = dr, (T, 3 (2), T, ()

for x,y € T(k), then the condition at (21) is satisfied (at least once n is large
enough). Note that it is for this argument that the condition on the number of
components of T\{z}, z € T, is required, as if it did not hold then it would
not necessarily be the case that 7, (k) was homeomorphic to 7 (k) for large n.
Moreover, also by suitably modifying [11, Lemma 4.1], we can assume that if
W (k) = I (k) © T;}ﬂ, where p7 (1) is the projection onto 7, (k) of the natural
measure on Ty, then pi7 ;) — pi7(x) weakly as Borel measures on 7 (k) (recall the
definition of p17(xy from below (16)). Letting ¢ be the canonical projection from 7
to M, it follows that /‘7\4(@ = ;ﬂ}(k) op~! — Hm(k)y Weakly as Borel measures on
M(k). As a consequence of Lemmas 2.7, 2.8 and Corollary 3.5, we therefore have

l‘nMoc) KM (k)
(32) P; - P;
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weakly as probability measures on C([0,1], M(k)), where the left-hand side is
the law of the process XM associated with (%E}Q(k),FM(k)) considered as a
Dirichlet form on L?(M(k), Haa(ky)> started from p (see above the inequality at
(23) for a definition of the resistance form), and the right-hand side is defined as
in Section 2.

Now, the properties of T, ; listed above readily allow it to be deduced that
this map from 7, (k) to T (k) induces a homeomorphism Tﬁf’k s My (k) = M(K)
such that, for x € T, (k),

(33) Y (b (@) = O(Ti(@)),

where ¢,, is the canonical projection from 7, to M,. We claim that the left-
hand side of (32) is equal to P;*"™ o (YA%)71, ie. the law of TH (X1mnwm)
started from p, where X#Mn( is the M,,(k)-valued process defined analogously
to XHMm®) using the objects indexed by n. To prove this, first observe that,
since (Tn(k),d,) is isometric to (7 (k),d}), the resistance form associated with
(T(k),d%), (E3 () F1(x)), satisfies

Efuy ([, 1) = &m0 (f o Tng, foTnk)

for f € Fray = {fo T;lk o f € Fr, )}, where (7, ), Fr, (k) is the resistance
form associated with (7, (k), dr, ). Hence, applying (18) and (33), the correspond-
ing resistance forms on M (k) and M, (k) are related via

g,?/(b/l(k)(fa )= SM,,L(k)(f © Tmm fo Tﬁf‘k)-
This establishes the claim, and in conjunction with (32) demonstrates that
PgMn(k) o (Tﬁflk)_l - PZM(k)

weakly as probability measures on C([0,1], M(k)). Taking into account Lemma
5.2, it is straightforward to deduce from this that PgM"(” — PgM(k) weakly as
probability measures on K.

For each k € N, define a probability measure on K by setting

QW =PiM® 1 11y + o<y,

where g is a measure on K placing a unit mass on an arbitrary point £ € K. On
the set of realisations of ((41), Z;, P N &%) J &) for which (6(41), P €) € T, by
the conclusion of the previous paragraph, the map

@), 21, P e, €)= QW

is continuous, and therefore measurable. Since it is the case that the quintuplet
(eZ) z,, Pnéel J¢)is (64, P, ¢)-measurable and P((6(41), P €) € T) = 1,
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it follows that Q¥ is (¢(%1), P, ¢)-measurable for each k. By Proposition 2.6, we
find that Q®) — Pg’l on I') and so P/ﬁ\" is also (é(zl), P, &)-measurable. The proof
is completed on noting that integrating out the £ variable leaves the measure PQ"
unchanged. O

As an immediate consequence of this result, we can define the annealed law
of the Brownian motion on M started from p by setting

(34) PM(A) = / P (A)P(d(e %), P))

for measurable A C K.

§6. Encoding C]' and subsets

We start this section by describing the construction of the largest connected com-
ponent C{' from a random graph tree and a discrete point process, as presented
in [1]. We will then apply this to state our understanding of what properties are
satisfied by a sequence of typical realisations of C}' (see Assumption 1 below).
Finally, to complete the preparatory work for proving our precise versions of the
convergence result at (1), we define a collection of subsets C(k) C CJ" and prove
a corresponding convergence result for a family of processes X1 (%) which take
values in suitable modifications of C}'(k). Before we continue, however, note that
for a graph G = (V(G), E(G)) we will often abuse notation by identifying G and
its vertex set V(G). In particular, when we write #G, we mean the number of
vertices of the graph G. Similarly, z € G should be read as z € V(G). Moreover,
for a graph G, we write dg to represent the usual shortest path metric on the
vertices of G.

First, suppose that T} is a random ordered graph tree such that #77" has the
same distribution as Z{* and, conditional on #1717,

P(I}' =T) o< (1 —p)~ 7,

where T ranges over the set of ordered graph trees with #77" vertices. Here, a(T")
is the number of edges “permitted by the ordered depth-first search” of T. More
precisely, let OT = (C’)Zl)f,’ial be the “stack” process associated with the ordered
depth-first search of T, i.e. for each m, OL is the ordered subset of vertices of T
that have been seen but not yet explored by the depth-first search algorithm at
time m (see [1, Section 2] for details). Define the depth-first walk DT = (Dg;)ﬁial
of T by setting DT := #OT — 1, and then set
#T—1

a(T):= > DI,
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which we observe represents the number of places where extra edges could be
added to T such that the ordered depth-first search of its vertices is preserved ([1,
Lemma 7]).

Secondly, let Q@™ be a random subset of N x N in which each point is present
independently with probability p, and write

Q"ND":={(m,j) € Q" :m < #T —1,j < D"},

where D" = (D,’;)ig;_l is the random depth-first walk of T7*. With each element
(m,j) € Q"N D™, associate a pair of vertices Ul iy Ul iy € TT' by the following.
The vertex u?m i) is that visited by the depth-first search of 77" at time m. The
vertex v?m ) is that lying in position #O', —j+1 of the corresponding random stack
Oy, at time m. Denote the collection of these pairs as E™ := {{uf,, ;y,v(, j} :

(m,j) € Q"N D"}. By [1, Lemma 18], we then have
Cr = (V(I7), E(T") UE™)

as ordered graphs in distribution, where we write V (17') and E(T7") for the vertex
and edges sets of 17" respectively. In words, the largest connected component C7'
can be constructed by adding the random selection of edges E™ to the random
graph tree 77*. This result allows us to assume that 77", Q™ and C7 are built on
the same probability space in such a way that the above equality holds P-a.s. In
this case, we clearly have #17* = Z7', P-a.s.

To formulate our quenched convergence assumption, we will appeal to the

following theorem, which collects together several results proved in [1] (see the
Zn—-1
m=0

proofs of Lemma 19 and Theorem 22 in particular). The function H" = (H)
is the height process of 17", so that H) is the graph distance between the root
(the first ordered vertex of T7") and the vertex visited at time m by the depth-first
search algorithm. The function C" = (C’Z}l)%ig_l) is the corresponding contour
function, which is obtained by recording the distance from the root of a particle
that traces the boundary of the tree 77* in a clockwise fashion, starting from the
root. We note that the contour function does not actually appear in [1], but the
convergence result involving it that is stated below is a simple consequence of
[28, Theorem 2], where in a clash with the above terminology it is termed the

depth-first walk. Finally, we introduce the notation J, := #Q™ N D™.
Theorem 6.1 ([1]). For the random objects defined above, we have
(n_l/SDIan/Stj ) n_l/SHFnW?’tj ) n_1/3cf2n2/3tj )tZO - (é(ZI)v 2é(Z1)7 26(21))7

{(n2Bm,n=Y35) : (m,5) € Q"N D"} - Pne&é),
n2BZr = 7y, Jn—
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simultaneously in distribution, where the processes D™, H™, C™ are extended to all
positive integers by setting them to be equal to O where they are not already defined,
and €2V, Z,, P, J .= #Pneé%Y) are defined as in Section 4. The first convergence
statement is in the space D(Ry,R,)3. The second convergence statement is with
respect to the Hausdorff convergence of compact sets.

Based on this result, let us introduce an assumption we will henceforth com-
monly make for a sequence of realisations of the pairs (77", Q™). The definition of
I' should be recalled from the proof of Proposition 5.3.

Assumption 1. The deterministic sequence {(I7", Q") }n>1 of ordered graph trees
and discrete point sets satisfy the convergence statements of Theorem 6.1 for
some fized realisation of (é(Zl),’P). Moreover, (é(Zl),P,ﬁ) e I' for some sequence
&€ (0,H)N.

Note that, by Theorem 6.1 and the definition of I, it is possible to construct
versions of the random pairs (77, Q") introduced at the beginning of the section for
which Assumption 1 holds, P-a.s. Furthermore, whenever we refer to the quantities
T, T(k), M, M(k), ..., under Assumption 1, we mean the quantities associated
with (£(41),P) as in Section 4 and the proof of Proposition 5.3.

Let us now suppose Assumption 1 holds and proceed to defining the subsets
C}(k) C CJ. For this purpose, it will be convenient to order the points of Q™ N D™,
which we will do by supposing the elements of the sequence {(m;, ji)}fgl are
the points of Q™ N D™ arranged in such a way that m; < --- < my . If there
are multiple ways of doing this, we simply pick one arbitrarily. We will write
(ui',vi") = (U, joy> Vims jy) fori=1,..., Jn. For i > J, 41, let uj’ be the vertex
of T} visited by the contour function at time [2(Z} — 1)&;—, |. Analogously to
the definitions of 7 (k) and M(k) at (14) and (15) respectively, we then set, for
k> Jy,

n

(35) Ty (k) = (ijup, al)u (Ul i),

i= i=1
where p is the root of T7*, which is simply chosen to be the first ordered vertex of
T, and [[p, z]] is the unique injective path from p to x in 77", and also

(36) Ct (k) == (V(T7'(k)), E(T7' (k) U E™).

(See Figure 3.)
In the proof of the simple random walk convergence results of the next section,
we will consider processes projected from C}* to C*(k) by a map ber cr (k) which
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p

Figure 3. A example realisation of 77"(2) with J,, = 2 (solid lines). The graph
Ci*(2) is obtained from this by adding the edges in E™ (shown as dotted lines).

we define by setting, for x a vertex in C* (or T7*),

(37) ber cr k) (T) = drn 10 k) (T),

where ¢rn 1nry + T70 — T7'(k) is defined as in the real tree case at (17). Before
continuing, let us collect together some first properties of the subsets Cj'(k) and
maps ¢cn cr (k) in a lemma. In part (a) of the result, we consider the asymptotic
properties of the quantities

(38) AP = Sup dep (z, den en(ry (),
z€CT
(39) AP = #E(C} (k)

under Assumption 1. Part (b) is a simple structural result, the statement of which
involves the projection of the uniform measure on C}" onto C}'(k). To be precise,
let pcp be the measure placing mass 1 on each vertex of Cf', so that it has total
mass Z7', and write

o —1
(40) Ky (k) = Hep © Pep ep (v
Lemma 6.2. Suppose Assumption 1 holds.
(a) The quantities NN satisfy
(41) lim limsupn~t/3A%) =0,

k—o0 n—oo

and, for each k > J, + 1,

(42) lim n~Y3AR) = AR

n— oo

where A*) was defined at (20).
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(b) Let k> J, + 1, x € C}(k) and E” be those edges in E(C}(k)) that contain x.
The component of C{'\E® containing x is a graph tree on pcy ) ({z}) vertices,
with x being the only one of these in C7 (k).

Proof. First, fix k > J, + 1, and observe that

(43) AP < sup drp (z, b7y 1y (7)) < sup drp (@, dpp 1y ()
el el
where TI"(k) := Ule[[m ul]] and the projection Gy ey T — T (k) is defined
similarly to (17). That the second inequality holds is a simple consequence of the
fact that T7*(k) C T7*(k).
Now, let K™(m) :=2m — H? for m =0,1,...,Z — 1 and define a sequence

of positive integers " := (£P

& K"(m;) for ¢ < J,,
|12(Z7 — 1)&_5,| otherwise,

)i>1 by setting

i =

so that, for every ¢, u} is the vertex of T7" visited by the contour function at time
&M (see [16, Section 2.4] for the result when ¢ < J,). By Assumption 1, we have

2m™ Hpn

ZLZ — Qti, e

n2/3 n2/3

— 0,

where t; is defined as in the proof of Proposition 5.3. Therefore (2_1n_2/3§:§‘)i21
converges to the sequence 5 = (t1,...,t5,Z1&1, Z1&2,. .. ). Applying this result,
the denseness in (0,1) of ¢, and the convergence of contour functions, by following
a deterministic version of the proof of [3, Theorem 20] (which contains a distribu-
tional version of the same result), we find that
kli_}ngo hflsogp n-1/3 xseuq% dry (z, Drp T (k) (x)) =0.

Together with the upper bound at (43), this completes the proof of (41). Another
simple consequence of [3, Theorem 20] is that n~'/3#E(T}*(k)) converges to the
‘total edge length’ or, more precisely, the one-dimensional Hausdorff measure of
T (k), which we have denoted A®) (see (20)). Furthermore, as follows from an
observation in Section 2 of [1], the vertex v} is always at a distance 1 from the
path from p to u}' in T7*. Therefore, we must have

#E(T' (k) < #E(CT (k) < #E(T7' (k) + Jo < #E(T] (K)) + 2.

Combining this with the convergence result for #FE (T} (k)) yields (42).
For the proof of (b), fix k > J,, + 1 and let = € C7' (k). Since dep cnr)(y) =y
for any y € C}(k), it must be the case that qﬁg{} C?(k)({x}) NCe (k) = {z}. From
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this and the obvious fact that the sets ¢E;7C?(k)({y}), y € C}(k), are disjoint, it
follows that the component of C{' \ E* containing = contains precisely the vertices
(;55;,,6?(,{)({:1:}), of which there are ey 1) ({7}) and, of these, only x is in C7'(k).
Moreover, since the edges in E™ only connect together vertices of C]'(k), it also
follows that the component of interest is a graph tree. O

To describe the processes X¢1 (%) we start by giving an alternative construc-
tion of C{'(k). Let T7*(k) be defined as in the proof of Lemma 6.2 and introduce a
new graph 77 (k) with vertex set

JIn
(44) V(T7' (k) == V(T7' (k) U [ J{oF, @7},
i=1
where Wi, i = 1,...,J,, are a collection of “new” vertices not already contained

in V(T7'(k)) (we are not concerned with the order of vertices here), and edge set
(45) E(T7 (k) == E(TME) UE" U {{v},al} ci=1,...,Ju}}

We will demonstrate in the following proof that, under Assumption 1 and for
large n, the graph Tln(k) is simply that obtained from 77*(k) by connecting to

the vertices ul*, which are leaves of T{L(k), the disjoint length two line-segments

77

{v", W} with an edge from u} to v}
On the vertices of Tf‘ (k), consider the vertex equivalence relation

Trpry < z=yor {zr,y} ={w;, @'} for some i =1,...,Jp,

where w;’ is the unique vertex in the path from p to uj' connected to v}* by an edge
in E(T7") (for the existence of such a vertex, see [1, Section 2]). Let T (k)/~n 4
be the graph obtained from 77 (k) by identifying vertices in equivalence classes
and then replacing any resulting multiple edges with a single one. (See Figure 4.)
In fact, since @! is not connected in T7"(k) to any other vertex than v, it is
possible to deduce that a graph identical to TJ*(k)/~n. can be constructed by
simply deleting the vertices @” and edges {v?,@"} from T7*(k), and then adding
the edges {vl, w!}. More precisely, this new graph has vertex set

\U{w"}— UU{U"}— Cr(k)),
and edge set

BT (R) U (ol wl} i = Lo T\ (ol i =1, )
_ B (R) U E = BCHE)

Thus C} (k) and T} (k)/~n.1 have exactly the same graph structure. This picture
of C"(k) is helpful because of the following asymptotic description of 77 (k).
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Figure 4. Realisation of 77(2) corresponding to the T7*(2) shown in Figure 3 (solid
lines). The graph 17" (k)/~n k is obtained from this by identifying the vertices
joined by dotted lines.

Lemma 6.3. Suppose Assumption 1 holds and k > J + 1. For large enough n,
17 (k) is a graph tree with #E(C}(k)) edges. Moreover, if (Tf(k),dﬁn(k)) is con-
sidered as a real tree by including unit line segments along edges, then there exists
a homeomorphism

Ty 7y 17 (k) — T (k)

such that T g ) 701y (p) = p, TTF(,C))T(,C)(@?) =u; and TT{‘(k),T(k)(w?) = v; for
1< Jn, TTf(k%T(k) (uf) = u; fori=J,+1,...,k, and the sequence of metrics d}-
on T (k) defined by

mn o —1/3 7 —1 —1

satisfy (21). Finally, defining qﬁTln T (k) 05 in the proof of Lemma 6.2, it is possible
to define TT{’(k) T(k) SO that

—2/3 —1

1
ey © Py gy © Yap oy g T HTW)

weakly as measures on T (k). Note that the left-hand side above is well-defined
because T7 (k) C T7(k), and the right-hand side was defined below (16).

Proof. Under Assumption 1, by considering the convergence of contour functions
and selection of vertices using £” and £ as in the proof of the previous result, it is
possible to deduce that there exists a homeomorphism

Yo iy 7y * T3 () = T (k)
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where the domain is the real tree version of T7'(k) obtained by including unit
line segments along edges, such that TT{l(k))T(k)(p) =p, TT{l(kLT(k) (ul') = u; for
i < k, the sequence of metrics d% on T (k) defined by

7 o —1/3 -1 1
d%l’(x’ y) =n de(k)(TT{‘(k:),T(k) (I)7 TTF(]C),T(/C) (y))
satisfy (21), and also
—2/3 -1 -1
e © Opp iy © Yap oo,y T RTR)

weakly as Borel measures on T (k). To do this, one needs to make only a very
minor modification to the conclusion of [11, Lemma 4.1], which is essentially the
same result expressed in a slightly different way (cf. [3, Theorem 20]).

Now, by applying ideas from the proof of [1, Theorem 22], it is possible to
check that, for ¢ < J,,

|n_1/3d7~‘1"(k)(p’ ’U}?) - dT(p7 ’Ul)‘ — Oa

where j; was defined above (35) and z; is defined in the proof of Proposition 5.3.
Hence Y 1) 7 k) (w?) — v; in T (k) as n — oo. Since, by assumption, the vertices
v; are not in V := {b7 (x,y,2) : z,y,2 € {p,us,...,us}} and are distinct, there
exist disjoint neighbourhoods of the vertices v;, each isometric to a line segment. It
readily follows that, by suitably distorting TT{L( k), T (k) in neighbourhoods of each
of the w}, which can be chosen to be disjoint for large n, we can redefine the map
TT{W(kLT(k) so that, in addition to the above properties, Tff(k)ﬂ’(k) (W) = v;.
. . . e ny
In fact, since Tfln(k)j(k) is a homeomorphism satisfying Tfln(k)j(k) (wl') = vy,
it transpires that, for large n,

’LU,? ¢ V= {len(:Lva) XL Y,z € {p7 u?, cee ,’U,Z-n}}.

In particular, this implies that w! is only connected by an edge in T7 (k) to the two
adjacent vertices in the path from p to u’. As a consequence, {v,w} is not an
edge of TJ*(k), so vl € T1*(k) and, moreover, since the w} are necessarily distinct
for large n (because the vertices v; are distinct), so are the v!'. Again applying
the fact that TT{L(,@)’T(,@) is a homeomorphism, we also find that u}’, i =1,..., Jy,
are distinct leaves of T7*(k). Piecing the above observations together, it is now
straightforward that 77 (k) is obtained from T7"(k) by simply adding disjoint paths
of length 2 to each of the leaves uj'. Clearly this results in a graph tree, and to
define the required map TTf(k),T(k) on the associated real tree, we can simply
“stretch” the domain of the map TTI,L (k), T (k) Dear the relevant J,, leaves.

Finally, the one remaining claim is that #E(T7"(k)) = #E(C}(k)). For large n,
the description of 77" (k) from the preceding paragraph implies that #E(T7(k)) =
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#E(T(K)) + 2.J,, and we will deduce that #E(C}(k)) is equal to the same ex-
pression. First, since we can assume that {v?, w!} is not an edge of 77*(k) and the
vertices w}, i = 1,...,J,, are distinct, we find that #E(T7(k)) = #E (T (k))+J,.
Moreover, when w}* ¢ V™ for any i, we have #E(C}(k)) = #E(T7"(k)) + #E™.
Thus, for large n, #E(C(k)) = #E(T7(k))+J,+#E™. That the u?, i = 1,...,J,,
are distinct for large n was noted above, and therefore #E™ = J,, for large n, which
completes the proof. O

Whenever 7' T (k) is a graph tree, by [23, Theorem 5.4] we can define a resis-
tance form (ET{l(k)’fT{l(k)) corresponding to the real tree version of Tln(kz) that
satisfies (5). If also #E(T7(k)) = #E(C?(k)), then by applying the graph equiva-
lence of C7 (k) and T (k)/~n.r, it is readily checked that gluing together the real
tree version of T7'(k) at {w?, @"}, i = 1,...,.J,, yields the same compact length
space as would be arrived at by including unit line segments along edges of CJ' (k).
Consequently, if both of these results are applicable, then by proceeding as in
Section 2, we can construct a resistance form on (gcib(k),}-cy(k)) on the compact
length space version of CJ'(k). We then define X1 (¥) to be the process associated
with (%Ecit(k),}'c;t(k)) when considered as a Dirichlet form on L?(C(k), Aen (k)
where Acn(x) is the one-dimensional Hausdorfl measure on the compact length

space version of C]'(k), which has total mass AP . To be consistent with the nota-

tion of Section 2, we will write the law of X¢1'(¥) started from p as P;\c?(k). Also
as in Section 2, it is possible to deduce that there exist jointly continuous local
times (LtciL(k) (7))e>0, zecn (k) for X (®) Importantly, applying results of Section 3
and Lemma 6.3, we can conclude the following lemma for X1 %) L¢1(*) and the
related continuous additive functional

sCn(k ek
(46) A / LE® (1) e o (d).
Ct (k)

Lemma 6.4. Suppose Assumption 1 holds and k > J + 1.

(a) For every ¢ > 0, the joint laws of

(€7 (k) n™Y3dep, (XD Vicioy), (nPASTE)y00)

ctnl/e'Aglk) trlzl/aAg,,k)
Aen
under Ppc1 * converge to the joint law of
A AM(E
(MR, dat, (X5 Deeioan)s (A )ezo)

under P;\M(k) weakly as probability measures on the space K x C(R4,R4).
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(b) Fore,tg >0,

. Aen(k _ cr(k c k
hmhmsupPp 1()<n 1/3 sup sup |Lt1( )( ) 1T ( ) |>€
0—=0 p—ooo z,yeCT (k), t§t0n1/3A§f)

dc?(z,y)génl/S

=0.
Proof. Assume that k£ > J+1 and n is large enough so that the conclusions of the
previous lemma hold. Under these conditions, it is an elementary exercise to check
that T ) 7 induces a homeomorphism Yep k) mx) : C (k) — M(k) via the
relationship, for « € T7"(k),

(47) Tep (k) mk) Pk (2) = AT 1) 701) ()

where ¢, is the canonical projection (with respect to the equivalence ~y, 1)
from the real tree version of 77 (k) to the compact length space version of CJ (k)
(cf. (33)). Since by the definition of d%- we have

W (1) =010y (F o Capy 7y £ 0 Tapy 7)Y € Fra,

where (€7, F7(k)) is the resistance form associated with (7'(k), d7) (its domain
does not depend on n in the range of n that we are considering, see Section 3), it
follows that

Ean (- f) = n3Een 1y (f 0 Yeprymrys £ 0 Yeptymy)s  Vf € Faacrs

where (E}\LA(k),fM(k)) is defined as in Section 3 (cf. the proof of Proposition
5.3). Thus the process Yen (i), m(k) (XC' (M) is the diffusion on M (k) associated
with (in _1/35}\14(@,-7:/\/1(@) considered as a Dirichlet form on L*(M(k), Acn (k) ©
T iy
traction ratio n~'/3 with respect to the quotient metric d%, on M (k) induced

Mk )). Now, from the fact that Ten k) amx) is actually a similitude of con-

by d%, we find that n=/3 ¢y () OTE,}(k) Mk 18 equal to the one-dimensional Haus-
1 T s

dorff measure A%, on (M(k), d"M(k)). nTherefore two standard reparameterisa-

tions of time imply that (Tcn(k)’M(k) (Xtcﬁz(/?))tzo is the strong Markov process as-

sociated with (€7, k> FM(k)) considered as a Dirichlet form on L2(M(k), AM(k))-

Hence, by Proposmon 3.1,

cr(k
(Ten k), M) (Xt,k(/s)))tzo — XM
in distribution in C(Ry, M(k)), where X*m®*) was defined in Section 3. The con-
vergence of the K-coordinate in part (a) of the lemma is an easy consequence of
this result and Lemma 6.2(a).



RANDOM WALK ON THE CRITICAL RANDOM GRAPH 317

For the other coordinate, first write the jointly continuous local times of the

cr(k _ . e

process (Tc;l(kw\/i(k)(Xt;z(/s)))tzo as (L;r(ﬂf))tzo,ie/vl(k)7 which are equal in distri-

bution to the local times LM*):" defined in Section 3. Then, for any continuous
function f: M(k) — R,

/ F@)LE (@) Ny / F(Cer oy ag (X)) ds
M(k)
n2/3

[ o
0
— CW
=23 / F(Cep oy mon @)Lt (@) Acp o (do)
c (k)
— k T T
=-n 1/3/ f(x) m2(/3)(TC"1(lc) (k)(x)) )\T/(/[(k)(dx)
M(k)
Consequently,

— Cl(k n
48) LR @) = L (Yoo (@), Ve 20,2 € CF(R),
which implies in turn that
—1 jCP(k = _ _
(49) n 1A”1LQ(/3) = /M(k) LY (z)yn=2/3 fer (k) © TC{}(k),M(k) (dz).
Observe now that ¢, x(z) = x for every z € V(T7*(k)). Hence, by Lemma 6.3

and the identity at (47),

—2/3 -1 1 2/3 -1 -1
n ey © bpn gy © Yepo =1 Hep © (bT” A © Yap oo © @

= ) 07 = )
weakly as measures on M (k). Since
f;(% dep (k) (Drp iy (1) (T)s S1p 17 (1) () < 1,
we also have

Sélcpn ARy (Tep k), M) (Drp 7 (1) (2))s Tep oy, m) (Drp 17 (1) (2))) < n '3,
and therefore n*2/3ucf(k) o TE;}(k),M(k) — (k) weakly as measures on M (k).
Thus, recalling the expression for A% (%) at (49), the proof of part (a) is completed
by applying Corollary 3.5 and Lemma 6.2(a). Given the characterisation of LE (k)
at (48), part (b) is an immediate consequence of Lemmas 3.2 and 6.2(a). O
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87. Random walk scaling limit

We start this section by introducing notation that will allow us to state a quenched
version of the main conclusion of this article: the simple random walk on C} con-
verges to the Brownian motion on M. As an easy consequence of this result,
which appears as Theorem 7.1, we establish the corresponding annealed result,
Theorem 7.5.

Let C' be a fixed realisation of the largest connected component, rooted at
its first ordered vertex, p say. Let X¢' = (Xﬁ)mzo be the discrete time simple
random walk on C' started from p, and denote by Pg? its law. For convenience,
we will sometimes consider C' as a compact length space by including unit line
segments along edges. Moreover, by extending the definition of X1 to all positive
times by linearly interpolating between integers, Pg? will sometimes be considered
as a probability measure on C(R4,C7).

Throughout this section, the rescaling operator 6,, is defined on triples of the
form K = (K,dx, X¥), where (K, dx) is a non-empty compact length space and
XE is a path in C(R, K), by setting

0,(K) == (K, ”71/3dKa (Xtﬁ)te[o,l])a

which can be considered as an element of K. In particular, PSIL 00O, can be
considered as a probability measure on K, and we can prove the following limit
for it as n — oo.

Theorem 7.1. Under Assumption 1, the law of the discrete time simple random

walk on CT' started from p satisfies

on B M
P, o0, ' =P 5

weakly in the space of probability measures on K, where Pg\’l is the law of the

Brownian motion on M started from p.

To prove this result, we will proceed by a sequence of lemmas. Although these
are relatively straightforward adaptations of the corresponding results for simple
random walks on graph trees proved in [11] (see also [14]), we include many of the
details in an attempt to keep this article reasonably self-contained.

For the time being, suppose that Assumption 1 is satisfied and fix k& > J,, + 1.
Consider the subgraph CJ'(k) of C} defined at (36). We set X™* := ¢C?7C?(k)(XC?),
where the projection map ¢cr cn (k) was introduced at (37). Let A™F = (A7F),,>0
be the jump times of X™*  or more precisely set Ag’k =0 and, for m > 1,

AnF=min{l > AF, X7 e o) \{X5h . 3

m—1
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The jump-chain associated with X™* is then given by J™* = (J%*),,>0, where
Jrk XA" .. Note that, by Lemma 6.2(b), J™F is the simple random walk on the
vertices on CJ(k) started from p. The discrete time inverse 7% = (7*(m)),>0

of A™* is defined by

(50) 77k (m) == max{l : A" <m},
and we can check that X™* can be recovered from J™* and 7% through the
relationship
n,k n,k
(51) Xt =J * (m)”

We define the local times of J™* by setting

Lnk( ) Zl{m} Jnk

for x € C{'(k), where deg,, ,(x) is the usual graph degree of = in C'(k). We use
these to define an additive functional A™* = (A7*),,~¢ by setting Ag’k =0 and,
for m > 1,

degn k

(52) Ank = / L () pep o (da),
Cr (k)

where ficn (1) is the measure on Cf' (k) introduced at (40). The discrete time inverse
of A™* will be denoted by 7™* = (#*(m)),,>0 and defined similarly to (50). This
process is used to construct a time-changed version of J™F, Xk = (X™k), <,
say, by setting

(53) Xk _an’“k .

Similarly to the arguments of [11] and [14], it will be a goal to show that X™* and
Xmk are close, which we do by demonstrating that the additive functionals A™*
and A™* are close (Lemma 7.4). The first step is proving a tightness result for
the local times L™". In the statement of the result, we include the scaling factor
AP = #E(C7(k)), which was defined at (39) and will be useful later. Recall
from Lemma 6.2(a) that, under Assumption 1, n=1B3AL) - AR where A®) was
defined at (20).

Lemma 7.2. Suppose Assumption 1 holds. For k> J +1 and e,ty > 0,

lim hmsupP i ( —1/3 sup sup |Lk(z) — Lk (y)) > 5) =0.
020 n—oo z,y€eCy (k), m<tonl/3AH
dC{L(xﬁy)Sénl/s
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Proof. Fix k > J + 1. Define T7*(k) as at (44) and (45) and suppose n is large
enough so that the conclusions of Lemma 6.3 hold. Analogously to the proof of
Lemma 3.2, let V™% C T (k) be the set

{len(k)(:v,y, z) i x,y,2 € {p, WY, ..., WG ,u g, up,wt L w] b

where the branch-point function 77 *) is defined for the graph tree (k) as
at (8). Under Assumption 1, by applying Lemma 6.3 it is possible to check that
there exists a constant g > 0 such that

— 1/3 . R
(54 T e gy 0 (00) 2 20
for large n. For the remainder of the proof, we assume that n is large enough so
that this bound holds and J,, = J. It follows from (54) that for every x € C}(k)

/3¢, — 1 that has z as

there exists an injective path IT C C7'(k) of length at least n
an endpoint and satisfies II N ¢, (V™) C {z}. By considering the random walk
J™* observed on IT and applying Lemma A.3, we can deduce that, for ¢ > 0,

Cl (. —1/3rnk —captdeg,, 1. (x)
P, (n Ltonl/SAﬁf‘)(x) >t) <ce n,k(E)

where c1,co are constants that do not depend on n or x, p is the probability
that an’fl € II given J* = z, and the deg,, . (z) term arises as a result of the
normalisation of the local times L™*. Since we trivially have p = deg,, . (x)™', it
is therefore the case that, for ¢ > 0,
Cl/ —1/371nk > 1) < —cot

(55) zescl;rzk) P, (n Lton1/3A<n’“)(x) >1t) < ce ,
uniformly in n.

From this upper bound we will deduce that there exists a constant cg such
that
(56) sup P,C;IL <n71/3 sup |LF () — Lk (y)| > 6) < c36,

m m
z,yeCy (k), m<ton!/3A0)
den (m,y)<ont/®

uniformly in n, by adapting the proof of [11, Lemma 4.5], which is modelled in
turn upon an argument from [8]. First, let x # y € C7 (k) satisfy den (2, y) < onl/3
(note that in what follows we may assume that én'/3 > 1, else the probability we
are trying to bound is trivially equal to 0), and set ¢ := Ltonl/‘gAng)J. Conditional
on the event that J™* hits = before y, we can write

k@)
(57)  sup |LpM(x) — Lpky)+2 > mi| < sup  2N;deg, . (y) 7",
msh i=1 <Oy (@)
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where (7;%(x) := L};*(x)deg, . (x)/2 is the number of visits by J™* to = up to
time m, N; is the number of visits by J™* to y between the ith and (i + 1)st
visits to x, and 7; := N; deg,, .(y) "' — deg,, ,(x)~". Clearly (1;);>1 is an indepen-
dent, identically distributed collection of random variables with zero mean (for
verification of this final claim, see Section A.3). We start by dealing with the sum
on the left-hand side of (57). Since (Y.~ 7;)m>1 is a martingale with respect to
the filtration (F,)m>1, where F, is the o-algebra generated by J™* up to the
(m—+1)st hitting time of , and E?l’k(x) is a stopping time for this filtration, Doob’s
martingale inequality implies that

n,k

ok () 2.7 (@) 4
Pgl (sup Z Th“ > 5n1/3) < 0471_4/3]*351 (’ Z i )’
m<t ST i=1

where ¢4 is a constant that does not depend on the specific choice of z, y or n. An
upper bound for the right-hand side in terms of the moments of ﬁz’k(x) and 7; can
be obtained by a simple reworking of the argument that yields [8, equation (1.29)],
which is a corresponding bound for simple random walk on the line. In particular,
applying (55) and Lemma A .4, the right-hand side can be bounded above by c¢562,
uniformly in z, y and n. Still conditioning on the event that J™* hits = before y,
for the right-hand side of (57) we deduce that

Pg?( sup 2N, degn’k(y)_1 > n1/38>
i< (@)
0 (@)

ct
< EP < Z 1{2N1, degn'k(y)*1>n1/3a})
=1
< ES (0F (2) Py (211 deg, 1 (y) " > n'/%)
< con B (058 (@) (1+ B () < er67,

for some constant c; not depending on the specific choice of x, y or n. To obtain
the final bound here we have applied Lemma A.4 to bound Eg? (n}), and also used
(55) to deduce that Eg? (fzk(x)) < degn)k(as)Eg?(Lfl’k(x)) < cgn'/3 (where we
note that deg, ,(x) can be crudely bounded above by (k + 1)(J, + 1)). Putting
these pieces together, it follows that

Pg? (n*1/3 sup |Lk(x) — L™*(y)| > e | J™* hits « before y) < cgd?,
mgtonl/?’Ang)
uniformly in x, y and n, and (56) easily follows.
Finally, appealing to the fact that CJ*(k) is a graph consisting of a collection of
line segments, the number of which is bounded uniformly in n, the lemma follows
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from (56) by applying a standard maximal inequality from [6, Section 10], exactly
as in the proof of [11, Lemma 4.6]. O

The next lemma demonstrates that the jump chains J™* and additive func-
tionals A™F converge when rescaled appropriately. We note that

(CT (k), n_l/gdc;n (™" )t>0)

ctn1/3Ast)

can be considered as an element of K by including unit line segments along edges
in C7'(k) and linearly interpolating J™*. The definition of A™* is also extended to
all positive times by linear interpolation.

Lemma 7.3. Suppose Assumption 1 holds. For every k > J + 1 and ¢ > 0, the
joint laws of

((C?(k)’ n_l/gdc;u (J"fl/gAsbk) )te(o,1]) (n_lf‘in’k )tzo)

ct tnl/3 A0
under Pg? converge to the joint law of
A AM(k
(MR, dyts (X356 eroan): (A Jeo)

under P;}M(k) weakly as probability measures on the space K x C(R4,R4).

Proof. Recall the definition of X' (*) from above Lemma 6.4, and let

(A" (m))m>0
be the hitting times of the graph vertices of C*(k) by X¢1' (%), Since we are assuming
that Xgl *) — p, we have h™*(0) = 0. By the Markov property and trace theorem

Cr (k)

for Dirichlet forms, we can readily check that, conditional on X7  (m)

:{L‘7

cr (k)
(X(fi”v’“(m)-&-t)/\h"v’“(m-&-l))tzo

behaves exactly as a Brownian motion on a real tree star started from its in-
ternal vertex and stopped on hitting one of the deg, ,(z) external vertices (see
Section A.4 for a precise definition of such a process). Thus, by Lemma A.5, it is
possible to assume that J™* and X' (%) are coupled so that

Cr (k)
Rk (m)”

Juk =X
Hence, in light of Lemmas 6.2(a) and 6.4, to prove the convergence of the first
coordinate in the statement of the lemma, it will be enough to establish that, for
t>0,
(58) lim n~® sup |W™*(m)—m|=0

n—oo mStTLQ/S
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in P;c?(k)—probability. Again applying Lemma A.5, under Pic?(k) we find that the
random variables in the sequence (h™*(m + 1) — h™*(m)),,>0 are independent
and identically distributed as the hitting time of {£1} by a standard Brownian
motion on R started from 0, which is a random variable with mean 1 and finite
fourth moments. Consequently, a standard martingale argument (cf. the proof of
[11, Lemma 4.2]) implies the desired result.

For the convergence of the second coordinate, we will start by showing that,
for t,e > 0,

Aen n
(59) lim sup P,T" (nil/?’ sup  |LmF(x) — Li;,(f()m)(xﬂ > 6) =0,
"o zecy (k) m<tn1/3A%

where LE' (%) are the local times of X¢(*) and the supremum is taken over the
graph vertices of CJ'(k). Fix an x which is a graph vertex of CJ'(k), let ¢; be the
ith hitting time of x by J™* and set

crk crk
=L ® @) - LaE ().

From Lemma A.5 we find that (deg,, ;(%)n;/2)i>0 are independent and identically
distributed as the local time at 0 of a standard Brownian motion started from 0

evaluated at the hitting time of {£1}; a random variable with this distribution
n,k

Ltnt/3A |
Z is a random variable with mean 1 and finite fourth moments, and recalling (55),

will be referred to as Z. By conditioning on L (x), applying the fact that

it is possible to check that

(60)

. Acpe) (_1/3 n,k
lim sup P, (n sup  |m—+---+m ok — Ly (x)| > 5)
n—oo xeCf(k) P mgtnl/SAglk) dEgn,k(‘T)Lm (1)/2 m

=0

(cf. [11, equation (40)]). Now, if J'oF = z, then

- cr (k)
T]l + . + ndegn,k(i)Lz{k(I)/Q — Lhiy,,k'(m+1) (I)’
Cr (k)

otherwise the sum is equal to L} K (m)

(). Noting that the random variable

cr(k cr(k
deg,, 1 (2) (L5 oy (@) = LS (@) /2

has the same distribution as the Z described above, it is thus clear that (60) holds
cr (k) (x). That (59) holds follows. Moreover, by the

h™oF(m)
tightness results of Lemmas 6.4(b) and 7.2, it is possible to move the supremum

when L%*(z) is replaced by L
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inside the probability. Since, by the definitions of AT (%) and A™* (see (46) and
(52)),

Sk . ik

sup |AQ~ — Ahib,(k )m | < Z7 sup sup |LF(x) — Lhi,(k )m ()],
(m) (m)

mgtn1/3A£1k> mStnl/?’AElM zeCy (k)

it follows that, for ¢, > 0,

A n (L ~ A
lim Ppcl *) (n_l sup |A:‘nk —A
n—00 m<tn1/3 A0

Cl(k
hil’k()m)‘ > 6) = 0,

where we recall that, under Assumption 1, n*Q/SZ{‘ — Z7. Thus, by Lemma 6.4

and (58), the proof is complete. O
We now establish a tightness result for A™* and A™*.

Lemma 7.4. Suppose Assumption 1 holds. For tg,e > 0,

. . cy —1 n,k An,k
lim limsupP,' (n sup |AE — AT
k—00 npn—oo m§t0n1/3./\51k)

> 5) =0.
Proof. Fix k > J + 1. We can write

m—1
n An n, n, cy n, n, n,
(61)  |ARE = AnH < | Y0 (Al — At — BT (A7) — ApF )|
=0

m—1

+2
=0
nk

By Lemma 6.2(b), conditional on J™*, the random variable AN A?’k is precisely

Eg{l (An,k o Aln,k | Jn,k) _

QMC{L(k)({Jzn’k})'
141 k|

deg,, ,(J;"")

the time taken by a random walk started at the root of a tree with pep (1) ({Jl"k})
vertices to leave via one of deg, ,(J;" ’k) additional vertices, each attached to
the root of this tree via a single edge. Consequently, we can deduce from [11,
Lemma B.3] that

2#cyr(k)({=]zn’k}) -2+ degn,k(Jln’k)
degn,k(‘]mk) ’

Mc;b(k)({Jzn’k})2
deg,, ,(J/"")

CT/oan.k n,k Kk
(62) E;' (A — APP [T =

cr n, n, n, n,
(63)  Eg (A7 — APF)? | JF) < 36(deg,, 1 (%) + AR

)

where A was defined at (38). For the second term of (61), substituting in the
expression at (62) yields

m—1

Y 21m Jn,k
E(pfl (An,k . A;m,k | Jn,k) . /J/cl (k)({ 7l17k })
degn,k(‘]l )

e < ton'/3AP.

sup
m§t0n1/3Aslk) 1=0
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That the upper bound converges to 0 when multiplied by n~! follows from Lemma
6.2(a). For the first term of (61), we apply Kolmogorov’s maximal inequality (see
[21, Lemma 4.15]) and (63) to obtain

(64)
m—1
cr _ n n cr n n n n
P, (n ! sup Z(Al_;_]i—Al L 5 (Al_;_klfAl ’k\Jl k))‘ >€‘ J ’k>
m<tont/3AY) " 1=0
Lton/3AR) | —1
ct n,k n,k\2 n,k
= n2g2 Z E, ((Az+1 _Al ) |Jl )
1=0
18771 B\ in.k
— n2e2 (zgcl?}((k) degnk(m) + Agl ))ALtonl/g’Ang)J .
For t,6 > 0,
(65) lim sup lim sup Pg? (n*QZf( max deg, .(x) + A(k))fl"’k w, > 6)
k—oo n—oo zeCh (k) ' " [ton!/3A57 |
< lim sup lim sup t5_1n_1Z{1( max deg,, ,(x) + A;’“))
k—oo n—00 zeCT (k) ’
: : CYy —1 jink
+ lllzrisip llrrisotip P, (n Ltom1/3A%) | > t).

As noted in the proof of Lemma 7.2, the maximum degree of a vertex in C}'(k) can
be bounded above by (k+ 1)(J,, + 1). Hence, that the first term is equal to 0 is a
consequence of Assumption 1 and Lemma 6.2(a). From Lemmas 2.8 and 7.3, the
second term can be made arbitrarily small by choosing ¢ suitably large. Hence the
expression at (65) is equal to 0. In particular, we have shown that the conditional
probability at (64) converges to 0 as n and then k tend to infinity. Proving from
this that the unconditional probability satisfies the same result is elementary (cf.
[21, Exercise 6.11]). O

Proof of Theorem 7.1. The proof of this result is almost identical to that of [14,
Proposition 4.1]. First note that since AMF) g P%\M(k)—a.s. continuous and strictly
increasing (see Lemma 2.8), the continuous mapping theorem implies that Lemma

7.3 holds when nilAZ;]f/SAﬁf) is replaced by its inverse (nl/?’Aglk))*lf'"’k(tn) and
A;\;\t((,f)) is replaced by (A®))=1#M&) (), Thus, by applying the representations of

X"k and X#M*F) at (53) and Lemma 2.7 respectively, we find that
O (CF (k), dep, X™F) = (M(k), dpg, X1+ H)

weakly in K as n — oo for every k > J + 1. Furthermore, from Proposition 2.6 we

have
(M(K), dpg, XPMP) — (M, dpg, XM)
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weakly in K as k — co. Therefore to complete the proof, by applying [6], Theorem
3.2, for example, it will suffice to demonstrate that, for € > 0,

lim limsup Pg? (n_l/?’ sup dcp (X,C,EL,X;;’“) > 5) =0.

—X0 n—oo m<n
By Lemma 6.2(a), we can immediately replace X' by X™F¥ in this requirement.
On recalling that the latter process can be expressed as at (51), the result is

a simple exercise in analysis involving the application of the above convergence
results and Lemma 7.4 (cf. [14, Proposition 4.1]). O

We now prove the annealed version of Theorem 7.1. For the remainder of this
section, it is supposed that C}" is the largest connected component of the random
graph G(n, p), where p = n~' 4+ An~%/3. Defining the annealed law of the rescaled
simple random walk on C} started from p by setting

P, (A) = /Pg? 0 ©-1(A) P(dCT)

for measurable A C K, the above quenched theorem easily yields the following
result.

Theorem 7.5. The annealed law of the rescaled simple random walk on CT started
from p satisfies
P, — P2

weakly in the space of probability measures on K, where IF’;;\’l is the annealed law of
the Brownian motion on M started from p, as defined at (34).

Proof. From Theorem 6.1 and the fact that P((é(41),P,¢) € T') = 1, we can
assume that the random graphs (C}'),,>1 have been constructed in such a way that
Assumption 1 holds P-a.s. Consequently, applying the dominated convergence
theorem in combination with Theorem 7.1 yields the result. O

To complete this section, let us remark that it is possible to prove a cor-
responding result for the sequence of simple random walks on the collection of
components of the random graph G(n,p). In [1, Theorem 24|, it is described
how the sequence of connected components of G(n,p) in the critical window
arranged so that the number of vertices of the components are non-increasing,
(C},Ch,...) say, can be rescaled to converge in distribution with respect to a
fourth-order Gromov—Hausdorff distance for sequences of compact metric spaces.
The limit object, (M1, Ms,...) say, consists of a collection of compact metric
spaces M; = (M;,dn,), © > 1, that are each distributed as M up to a random
scaling factor. Since dg(KC,K’) < diam(K,dk) + diam(K’,dk), we can readily
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adapt the proof of this result to deduce the analogous conclusion for the asso-
ciated random walks. Specifically, suppose that, conditional on (C}",C%,...), the
processes (X Cgl)izl are independent simple random walks on the components C?,
each started from the first ordered vertex of the relevant component. Note, in the
case that C]' is empty, we replace it with a metric space consisting of a single
point and X' by a constant process. Then, by applying Theorem 7.5, one can
show that the annealed law of the sequence {0, (C}", dcr, X €")}is1 converges to
the annealed law of {(M;, dn,, X)) }i>1, where dag, is the metric on M; and,
conditional on the metric spaces, (X*i);5; are independent Brownian motions
on the spaces (M, d ;) started from a root vertex, with respect to the topology
induced by the metric

A (KD, (K1) o= (3 du(Ki 7))

i=1

1/4
on sequences of elements of K.

8§8. Properties of the limiting process

We have already described how the Brownian motion on the scaling limit of the
largest connected component of the critical random graph, X, can be constructed
as a pa-symmetric Markov diffusion for P-a.e. realisation of M. To complete
this article we will explain how to transfer the short-time asymptotic results for
the quenched heat kernel of the Brownian motion on the continuum random tree
obtained in [12] to the transition density of X. The key to doing this is the
subsequent lemma, which is proved in the deterministic setting of Section 2 and
allows comparison of volume and resistance properties of M and 7. Note that, for
a resistance form (€, F) on a set X, the associated resistance operator R can be
extended to disjoint subsets A, B C X by setting

R(A7B) = {£(f7f) : f 6]:3 f|A :07 f‘B = 1}71'
Lemma 8.1. In the setting of Section 2, the following results hold:

(a) For everyxz €T andr >0,

pr(Br(2,7)) < pm(Ba,dn) (Z57)) < (27 +1) jlelgufr(Bfr(ym))

(b) Fora ¢ Ui {ui, v},
(66) pm(Bm,dpn) (@5 7)) ~ pr (Br(z,7)),
(67) RM(E,B(M’dM)(CE,T)C) ~ RT(.Z',BT(QT,’I“)C),

as r — 0, where Ry is the resistance operator associated with (E1, Fr).
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(¢c) The metric Raq satisfies the chaining condition: there exists a finite constant ¢
such that for all z,y € M and n € N, there exist Tg,...,T, € M with g ==
and T, = gy such that

CRM (:fv :lj)

Ram(Zi—1,@;) < -

for everyi=1,... n.

Proof. The left-hand inequality of (a) is an immediate consequence of the readily
deduced fact that Br(z,r) € ¢~ (Bm,an)(Z:7)). Now let z,y € T. By the
definition of daq, for every € > 0 there exist vertices z;,y; € 7,1 = 1,...,k,
satisfying 1 = T, §; = Tiy1, Y = § and Zle dy(zi,y;) < dpm(Z,5) + €. Note
that if x;y1 & U;.Izl{uj,vj} for some i =1,...,k — 1, then Z;11 = {z;31} and so
y; = x;+1. Therefore, by the triangle inequality for dr,

dr(zi, yiv1) < d7(xs,yi) + dr (Y, Yiyr) = d7 (25, i) + d7 (i1, Yit1),

which means that we can obtain a shorter sequence of pairs of vertices with the
same properties as above by replacing the two pairs (z;,y;) and (41, yi+1) by
the single pair (x;,y;+1). In particular, it follows that we can assume the vertices
have been chosen to satisfy z;11,y; € U'jjzl{uj, vj} fori=1,...,k—1. Using this
observation, it is elementary to establish that

¢~ (BM.dp (E,7)) € Br(z,r) U U  Brenm),
yelU;_, {ui,vi}
from which the right-hand side of (a) follows.
For part (b), since szl{ui, v; } is a closed set, for every x ¢ U;.]:I {u;,v;}, there
exists an rg > 0 such that By(x,ro) C T\ U;-Izl{ui, v;}, and we can therefore use
the argument of the previous paragraph to check that

¢~ (Bman) (#,7)) = Br(@,7)

for r < 7. Hence pm(Bia,an)(@,r)) = pr(Br(z,r)) for r < ro, which
proves (66). Moreover, if 7 < rg and f is a function on 7 satisfying f|g, (z,r)c = 1,
then f immediately satisfies f(u;) = f(v;), i =1,...,J. Thus, for r < r,

RT("E’BT(:LT)C)il
:lnf{g'r(.ﬂf) : fEITa f(.%') :0, leT(:c,r)” = 17 f(uz) :f(vz)al: 177']}
lnf{g/\/i(fr f) : f S ‘FMa f(‘f) = Oa f|BM(aE,r)C = 1}

= RM(CE’ B(MvdM)(@T)C)_lv

where the second equality again applies the result that qb_l(B( M) (Z,7)) =
By (x,r) for r < ry, and this establishes (67).
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Finally, let Z, 5 € M. By the definition of d, there exist vertices z;,y; € T,
i =1,...,k, such that 21 = Z, §; = Tiy1, Yr = ¥, and also Zle dr(zs,y) <

2d(Z, 7). Define tg and ¢ o : [0,tx] — M from these points as in Lemma 5.2.
Given n € N, if we let Z; := ¢ oy(ity/n), i =0,1,...,n, then

t 2d (T, Y 2 'R (T, T
Ram(Ziz1,Zi) < dpm(Zio1, Zi) < * < m(T,5) < c M(x7y)7
n n n

where ¢ is the constant of Lemma 2.2, which proves (c). O

Now let M be the random scaling limit of the largest connected component of
the critical random graph. By the description of M in terms of the tilted continuum
random tree and the above result, it is possible to deduce that the measure paq
satisfies precisely the same P-a.s. global (uniform) and local (pointwise) estimates
that were proved for ps in the case that 7 is the continuum random tree in
[12, Theorems 1.2 and 1.3]. In particular, in the pa-measure of balls of radius r,
there are global logarithmic fluctuations about a leading order r2 term, and local
fluctuations of log-logarithmic order as r — 0. Consequently, noting the bounds
for R in terms of da obtained in Lemma 2.2 and the chaining condition of the
previous lemma, we can proceed as in [12] to deduce bounds and fluctuation results
for the quenched transition density of X by applying the conclusions regarding
transition densities of processes associated with general resistance forms obtained
n [10]. For example, it is P-a.s. the case that (p;'(Z, 7))z gem, >0 satisfies, for
some random constants ¢1, ¢z, c3, ¢4, to > 0 and deterministic 6y, 62,03 € (0, 00),

d3 1/2 d 62
P (@, G) = ert ™ (I 1)~ exp{—@ (t) Iny (t) }v

43 1/2 d —03
pfﬂf,ﬂmcgtz/ganlt1>1/3exp{64() 1n1<) }

and

t t
for all z,5 € M, t € (0,t9), where d := dm(Z,7) and ln; z := 1V Inzx (cf. [12,
Theorem 1.4]), which confirms the spectral dimension result of (2). Moreover, if
we consider the on-diagonal part of the transition density p(Z,z), then exactly
as in [12, Theorems 1.5 and 1.6], global logarithmic fluctuations occur, and no
more than log-logarithmic fluctuations occur locally, P-a.s. Note that it is in prov-
ing the result analogous to [12, Theorem 1.6], which demonstrates that the local
transition density fluctuations are of at most log-logarithmic order, that the resis-
tance asymptotics of (67) are needed. Finally, observe that [12, Proposition 1.7],
gives estimates for the annealed transition density asymptotics at the root of the
continuum random tree, which demonstrate that no fluctuations occur when the
environment is averaged out. Since proving the corresponding bounds for M will
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require a careful consideration of the distribution of the random variable J, or at
least the number of “glued” points in a neighbourhood of the root, we leave the
pursuit of such results as a project for the future.

§A. Appendix

This section collects together a number of technical results that are applied in the
proofs of our main theorems. Although they are important to our arguments, we
consider that they rather disrupt the flow of the article to appear where they are
used.

8§A.1. Resistance lower bound on finite graphs

Let G = (V, E) be a connected graph with finite vertex and edge sets. We allow
the possibility of multiple edges between pairs of vertices and loops (edges whose
endpoints are equal). To each edge e € F, assign a resistance r. € (0,00), and
denote by Rq the effective resistance metric on the resulting electrical network.
In the following lemma we provide a lower bound for R¢ in terms of the shortest
path metric dg for the graph G with edges weighted according to (7¢)ecr, which
is applied in Lemma 2.2.

Lemma A.1. For any x,y € V,

dG(-’l?,y)

Ra(x,y) > W
Proof. Fix x # y € V. A path 7 from x to y is a finite sequence of vertices
V0, V1, ..., Vg such that vy = z, vy = y and {v;_1,v;} € E for every j =1,... k.
For such a path 7, we will write e € 7 if e = {v;_1,v;} for some j =1,... k. IfII

is the collection of all paths from z to y, then it is known that

(65) Role.y) = it Y re( Y pelpeen)

(p‘fr)‘frel'l ecE rell

where the infimum is taken over all probability measures (pr)rerm on II (see [27,
Exercise 3.20], for example). In fact, it is readily checked that the same result holds
when IT is restricted to only edge-simple paths (i.e. those paths which do not pass
the same edge in either direction more than once), and so we will henceforth
assume that this is the case. Since all the terms in the final summand of (68) are
positive, it follows that

d
Re(x,y) > inf ZpTrZrel{ee,r}>dey mf Zpﬂ— ny),

(Pw)wen ccE (p=) TrEH
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where the second inequality is immediate from the definition of the shortest path
metric, and the equality is obtained by solving an elementary constrained minimi-
sation problem. That #I1 < #FE! is a simple counting exercise, and this completes
the proof. O

§A.2. Local times of Brownian motion on a circle

In this section, we deduce the estimate for the local times of Brownian motion on
a circle that is used in proving the tightness result of Lemma 3.2. By Brownian
motion on a circle of perimeter r > 0, we mean the process X" = (X[ );>0 obtained
by setting X = ¢,(X;), where X = (X;);>0 is a standard Brownian motion on R
started from 0, which is assumed to be built on a probability space with probability
measure P, and ¢, is the canonical projection from R to the circle T, := R/rZ.
This process corresponds to the local regular Dirichlet form (3&,, F,.) on L*(T, A,),
where )\, is the one-dimensional Hausdorff measure on T,, which is assumed to be
equipped with the quotient metric d,- corresponding to Euclidean distance on R,

Ef, f) = "(z)2 M\ (d
()= [
and
Fr:={f € L*(T,,\,) : f is absolutely continuous, &.(f, f) < co}.

We can check (&, F,) is also a resistance form on T,, whose resistance metric
satisfies

(69) R, (z,y) = (do(z,9) " + (r — dy(z,9)) ")), Va,yeT,.

As a consequence of this, exactly as for the processes of Sections 2 and 3, we
obtain the existence of jointly continuous local times (L} (x));>0,zet, for X", and
it is straightforward to deduce that we can write

(70) Lix)= > Luy),
Y€y (x)

where (Li(x))i>0,zer are the jointly continuous local times for X (cf. [7]). We
use these local times to construct the trace of the process X on an arc of length
eo < r/2. In particular, identifying T, with the interval [0,7) in the natural way,
define

(71) AP0 = / L} (z) \(dz),
[0,80]

its inverse 77 (¢) := inf{s : AT > t}, and set X;°° := XTreo(r), Which

is the process associated with $Tr(&,][0,£0]) considered as a Dirichlet form on
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L2([0, 0], \r([0,£0] M), and has local times Ly°(z) := L"

7m0 ()
tightness estimate we require for these local times is the following.

(). The particular

Lemma A.2. Fizeg > 0. For every € > 0 and ty < oo,

(72) lim sup P( sup sup |LD%0(x) — Ly (y)| > s) =0.
60 r>2¢, s,t€[0,to], z,y€[0,e0],
l[s—t|<6  |z—y|<6o

Proof. Note that the probability in (72) can be bounded above by

(73) P( sup  sup [Lp¥0(z) — Ly (y)| > ¢/ 2)
te[0,to] z,y€[0,e0],
|z—y|<o

+ P< sup sup |LL%0(z) — Ly (z)] > 6/2).
5,t€[0,t0], z€[0,e0]
|s—t]<o
We will consider each of these terms separately. To deal with the first of these
terms, we observe that, by (70) and (71), P-a.s.,

inf AT = inf / L7 (2) A (dz) > / Lo(z) dz — oo
r22¢0 2220 J10,¢0] [0,0]

as t — oo, where the limit is an application of the strong Markov property for

Brownian motion (see [21, Chapter 22, Exercise 9], for example). Consequently,

ty = sup,>q., 77 (to) is finite, P-a.s., and so, for J < €y,

(74) sup sup  sup |L;%(z) — Ly (y)]
r>2¢e0 t€[0,to] z,y€[0,80],
|z—y|<é

< sup sup sup |Li(xz) — Li(y)|

r>2e0 t€[0,t1] z,y€[0,e0],
le—y|<o

< sup sup  sup Z |Li(z +nr) — Li(y + nr)]

r>2e0 t€[0,t1] z,y€[0,e0], ,,c7
<6 ne

|z—y|<

< sup sup |Ly(z) — Li(y)| sup 2(1 + |Xy|/r) = 0
te(0,t1] =,y€ER, r>2¢eq

where the final supremum in (74) is an upper bound for the number of non-zero
terms in the sum in the previous line, and the limit holds P-a.s. as a result of the
joint continuity of the local times of standard Brownian motion. That the first
term of (73) decays uniformly over r > 2¢9 as § — 0 readily follows from this.
For the second term, we will compare the local times of the process on a circle
with those on a line segment. Applying the identification of T, with [0,r), define
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a map 7/}7" : Tr = [0, 7’) — [0,7’/2] by setting

60/2—.%‘ ifl‘E[O,Eo/Q],
Pp(x) = ¢ —e9/2 if x € [e0/2,e0/2+1/2],
r—+e0/2—x otherwise.

Then X" := t,.(X") is reflected Brownian motion on [0,7/2] started from &¢/2,
and has jointly continuous local times Lf (z) = 3=, ,=1(,y Li (). If we set X% 1=
Xr

Tre0 () then, since

A= [ p@an = [ L,
[0,e0] [0,e0/2]
the process X" is the trace of X" on [0,£0/2], which is simply reflected Brow-
nian motion on [0,e¢/2] started from £(/2, regardless of r. Moreover, the local
times of X"™0 are given by L"®°(z) = IN/:T,EO(t)(x) = D yevit@) Lrreoy(y) =
> yewt(x) Lt ™" (y). Consequently,

sup  sup [Ly¥(z) — Ly (z)[ < sup sup L7 (z) — Ly (x)),
s,t€[0,t0], x€[0,e0] s,t€[0,to], z€[0,e0/2]
|s—t|<d |s—t|<8

which implies that the second term of (73) is bounded above by

P( sup sup  |L20e0(z) — L7700 ()| > 5),
s,t€[0,t0], z€[0,e0/2]

|s—t[<o
uniformly over r > 2. Since the local times L20: 0 are jointly continuous, this
probability converges to zero as § — 0. O

§A.3. Random walk estimates

In proving the tightness of the rescaled local times of X% in Lemma 7.2, we
apply a pair of estimates for simple random walks on graphs that are proved in
this section. The first is a tail bound for the occupation time of a simple random
walk on an interval satisfying a certain boundary condition. The second involves
the moments of the number of visits a random walk makes to a particular vertex
before returning to its starting point. We note that both results are adaptations
of estimates that appear in [11, Appendix BJ.

A.3.1. Occupation time for simple random walk on an interval. Let L
be an integer and p € (0,1]. Suppose X (FP) = (X,(«LL’p))nZO is a Markov chain on
{0,1,...,2L} such that X (E:P) hehaves like a symmetric simple random walk on
the vertices {1,...,2L — 1} (i.e. jumps up one or down one with probability 1/2).
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We do not specify the transition probabilities for x$EP) ¢ {0,2L}, apart from

p)

assuming a jump from 0 to 1 occurs with probability of p. Write P;L’ for the law

of X(LP) gtarted from . For £55°7 ), the number of visits to 0 up to an including

time n, the following tail bound holds.
Lemma A.3. There exists a constant ¢ > 0, not depending on (L, p), such that
P(()L’p) (Eiigp) > tL) < 22T%e=Pt  for every s,t > 0.

Proof. Let o be the time of the first return of X(“?) to 0. Applying the Markov
property at the first step implies that

P (0 > L?)
> pPgL’p) (X(EP) hits L before 0)
X P(LL’p) (X(EP) spends > L? in {1,...,2L — 1} before hitting {0,2L}).

Using the standard gambler’s ruin estimate, the second term is equal to L=!. As
L — oo, the third term converges to P(r({_1 13 > 1) > 0, where 7{_; 1} is the
hitting time of {—1,1} by a standard Brownian motion on R started from 0. Thus
there exists a constant ¢ > 0, not depending on (L, p), such that

PéL’p)(o > L%) > cp/L.

Consequently, if (¢;);>1 are independent identically distributed copies of o, then

[tL]—1 [tL]—-1
PP 2t <P > o <sL?) <P Y 1ppnre <)
i=1 1

1=

<P(Bin(|tL] — 1,epL ") < s5) < E(25~Bin(ltL]—LepL ™))

ep \ L2
<2%(1——
<2(1-2)

where Bin(n, p) represents a binomial random variable with parameters n and p.
The result follows. O

A.3.2. Number of visits to vertices before return. We now consider an
arbitrary locally finite graph G = (V, E). Denote the usual graph degree of a
vertex € V by degx(x), and the effective resistance metric by R (where edges
are assumed to have unit conductance). A standard result for the random walk
X% = (X%),>0 on G is that

1
- degg(z)Ra(z,y)

for every x # y € V, where P¢ is the law of X started from x, and 7€ is the first

G/ G G
P; (Ty <7,)
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strictly positive time the random walk X hits the vertex z € V (see [27, Section
2.2], for example). Hence if Ng(z,y) is the number of visits to y before returning
to x, then PS¢ (Ng(z,y) = k) is equal to
1 (1 1 )’“‘1 1
degg(z)Ra(z,y) degg(y)Ra(x,y) degq(y)Ra(,y)
for k > 1. From this, it is possible to check that ES Ng(x,y) = deg (y) degqs (z) L.
Now, introduce a centred random variable
NG($7 y) 1
ne\x,y) = - .
O Geggly)  deggla)

From (75), applying standard results about the moments of a geometric random

(75)

variable, it is an elementary exercise to deduce the following lemma.
Lemma A.4. There exists a universal finite constant ¢ such that
|ES (na(x,y)*)| < cdg(z, )" for everyx #y €V and k € {1,2,3,4}.
§A.4. Brownian motion on a real tree star

Suppose T' = (T,dr) is a real tree star formed by including unit line segments
along the edges of a star graph with D + 1 vertices, D > 1. The root p of the
real tree will be the internal (degree D) vertex of the star graph and we write
L C T to represent the set of external (degree 1) vertices (when D = 1, p is simply
assumed to be one end of the line segment and L consists of the other end vertex).
Let (&r,Fr) be the resistance form associated with (7', dr) through (5). Write
X7 to represent the Brownian motion on T’; that is, the process associated with
(%ET, Fr) when this quadratic form is considered as a Dirichlet form on L2(T, Ar),
where A7 is the one-dimensional Hausdorff measure on 7. By [14, Lemma 2.2], XT
admits jointly continuous local times (LY (z))zer,i>0-

In determining how well the simple random walk on C(k) is approximated
by the Brownian motion on the corresponding metric space with line segments
included (see proof of Lemma 7.3) we apply the following lemma, which gives a
pair of simple properties of X7 and LT run up to the hitting time of L, which we
denote by 7y,.

Lemma A.5. Conditional on XI = p, X,, is distributed uniformly on L,

d
(76) (dr(p, X[ar,Di=0 = (| Benr sy Dizo0,
T 4 5rB
(77) DLTL (p) - QLT{il}(O)7

where B is a standard Brownian motion on R started from 0, LP is a jointly
continuous version of its local times, and T4y is the hitting time of {1} by B.
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Proof. Let T,, = {x € T : ndr(p,z) € Z} and A, be the measure on T, defined
by supposing that 2nA, ({z}) is equal to the number of connected components of
T\ {z}. Let &, = Tr(Er|T,) and X" be the process associated with (1&7,, Fr,,)
considered as a Dirichlet form on L?(T},, \,). By the trace theorem for Dirichlet
forms ([19, Theorem 6.2.1]), it is possible to assume that X7» and XT are coupled

through the relation XtT" =XT

T (1)» Where (7™ (t))¢>0 is the right-continuous inverse
of

no= T (g ).
Al ./Tnm ) An(da)

Clearly A\, — Ar weakly as measures on 7, and therefore A} — ¢ uniformly on
compacts, almost-surely. From this and the almost-sure continuity of X7, it follows
that X™~ converges in distribution to X7 as n — oc.

By construction, X7» is the continuous time simple random walk on T,
(equipped with the graph structure induced by the line segments of T'), where
the holding time at each vertex is an exponential, mean n~2, random variable
(cf. [5, Remark 7.23]). Thus, we immediately see that (dr(p, X;™))i>o has the
same distribution as (n_ls’mz)tzo, where S is a continuous time simple random
walk on {0,1,...,n} started from 0 with exponential, mean 1, holding times.
Hence (dr(p, X™))i>0 converges to a reflected Brownian motion on [0, 1], started
from 0. Since, by the continuous mapping theorem, (dr(p, X} "))¢>0 also converges
to (dr(p, X{'))¢>0, the distributional equality at (76) follows. The claim that X7
is uniformly distributed on L is another easy consequence of this discrete approx-
imation picture (or can be proved directly from the resistance form construction
of XT).

To prove (77), we start by supposing that X7 and B are coupled so that the
relation at (76) holds almost-surely. Let f : [0,1] — R be a continuous function.
One can easily check that

1
| D @) de = [ far(pa)L, (@) As).
Since f is arbitrary, it follows that, for Lebesgue almost every r € (0, 1),

B B T
LT{il} (T) +LT{i1}(_T) = Z LTL(‘I:)'
z€T:dr (p,x)=r
Letting » — 0 and applying the continuity of L and LZ, we obtain (77). O
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