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Decomposition of Solutions of the Cauchy
Problem of a Quasi-Homogeneous Partial
Differential Equation

by

Kunio ICHINOBE and Masatake MIYAKE

Abstract

We give a decomposition formula for the formal solution of the Cauchy problem for a
quasi-homogeneous partial differential equation with constant coefficients in the two-
dimensional complex plane. The decomposition formula, Theorem 1.1, is given in a form
associated with the factorization of the relevant operator which is similar to the decom-
position of the solution of an ordinary differential equation with constant coefficients.
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§1. Introduction

Let p and ¢ be relatively prime positive integers, and P = P(87,0%) be a quasi-
homogeneous partial differential operator with constant coefficients in the two-
dimensional complex plane C? = C; x C,, where 9; and 9, denote differentiation
in the usual sense. We assume that the following factorization of P is given:

o
(11) P(F,0%) =[] Py(0F, 09", P;(0F,0) = Y — a;0,

j=1

where {¢;} are nonzero complex constants which are mutually different.
We put L := E?Zlﬂj, which represents the total number of factors of P, and
assume that L > 2.
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Let U(t,z) = 3 150 Uk(z)t® be the formal solution of the following Cauchy
problem:

P(97,08)U(t, ) =0,
(1.2) OfU(0,2)=0 (0<k<pL-2),

oyt TU(0,2) = (),
where the Cauchy data ¢(z) is holomorphic in a neighbourhood of the origin.
When ¢ > p, the formal solution U(t,x) diverges in general.

The purpose of this paper is to prove a decomposition formula for U (¢, z) in
terms of the formal series

(1.3) U ZO‘] (qJ)

7>0

tpi+p—1
m (1<m<p),

which is the formal solution of the Cauchy problem for the factor Pp,:

Ppu= (0 — apndd) u(t, z) =0,
(1.4) SFu(0.2)=0 (0<k<p-2).
op ™ u(0,2) = ().

Our main result is as follows.

Main Theorem 1.1. Let U(t,x) be the formal solution of the Cauchy problem
(1.2). Then there are uniquely determined L constants {¢pn; 1 <m < p, 1 <mn
< AU}, which satisfy the relation (2.13) below, such that the following decomposi-
tion formula holds:

(15)  U(t,x) zu:

where §; = t0; denotes the Euler operator and [(1/p)di]n—1 is given by

1 1
1 5t(5t_1>"'(16t_k+1>7 kE>1,
(1.6) [pét} =4 P \P D
k

1, k=0.

L
8(1 pL)+p(n— 1)%51’1 m+e-1), m(t,x),

(n—1)!

1n=1

Here OF denotes differentiation or integration if k > 0 or k < 0, respectively, and
_ t
frnd fo .

Remark. The formal solutions in the above decomposition formula are divergent

in general when ¢ > p, and therefore the formula is only in the formal sense. But, if
the divergent solution U(t,x) is Borel summable in some direction in the ¢-plane,
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then each u,, (¢, x) is also Borel summable in the same direction, and the formula
(1.5) holds between the Borel sums associated with the divergent solutions. (The
details on Borel summability of divergent solutions of this kind can be found in
the papers by M. Miyake, K. Ichinobe and others [2]-[7].) Moreover, by the study
of K. Ichinobe [3, 4] on the integral kernel for the Borel sum, the formula (1.5)
does hold between the integral kernels for the Borel sums.

The motivation for the study in this paper comes from the decomposition
formula for solutions of ordinary differential equations with constant coefficients,
which is explained by the following simple equation. Consider the solution u(t) of

d d ,
(1.7) (dt - a> (dt - B)u(t) =0, u(0)=0, v'(0)=1.
First, consider the case a # 8. Then the decomposition
. 1 d d
o=t (@) (@)

ult) = ﬁ{uw) — up(t)}

implies

a
with u, () = (d/dt — B)u(t) and ug(t) = (d/dt — a)u(t). Since (d/dt — a)uu(t) =0
and (d/dt — Blug(t) = 0, we get uy(t) = Cre® and ug(t) = CaePt as general
solutions, respectively. Now the initial conditions {x(0) = 0, v/(0) = 1} show that
Cy = Cy = 1, that is, us(t) = et and ug(t) = €, which satisfy u,(0) = 1 and
UQ(O) =1.

Next, in the case « = § in (1.7), by letting

we get the solution of (1.7).

This observation on decomposition of solutions can be found in S. Mizohata’s
book [8].

Next, we illustrate the idea of decomposition by a simple example. Let o and
B be different non-zero complex numbers, and consider the solution U (¢, x) of the
Cauchy problem

(18) { (9 — ad2) (9, — BO2)U (¢, ) )o

U0,z) =0, 0U(0,z)=p(x

We notice the following decomposition of d;:

0 = (a0 - 52%) ~ 5(0, — ad?)).
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This implies

id=

{00, (0, = 502) = B0y (01 = ad2)),

since 9; ' 0 9; = id for functions with U(0,z) = 0. Then we have the following
decomposition of U(t, x):

(1.9) Ult,2) = 50 "ualt, x)+5%a;1uﬁ(t,x),

where u,(t,x) := (0; — B02)U(t,z) is the formal solution of the Cauchy problem
(O — a@i)ua(t,x) =0, ue(0,2) (=0,U(0,2)) = ¢(x),
and similarly for ug(t, z) := (0; — ad?)U(t, ).
Example 1.2 (cf. Proposition 3.1). 1. The case P = H;'L:1 P;, that is, L = pu:
p 1

i
(110)  U(t,2) =D cndd ™ un(t,2), cm= S

[hi<jcp, jem(am — )

m=1

2. The case P = P}* (cf. Lemma 2.1):

(L11) U(t.z) =0, p[(l(/np)_éfl]; oyt gy (¢ ).

3. The case p = 1 (cf. Lemma 2.1): Since [0;],_1 = t" 19} *, we have
tn— 1

(1.12) Z Zcmné’" L — St (1, ).

m=1n=1

To end the introduction, we remark that the results of this paper are valid
for formal solutions of operators in C; x C¢ of the form

o
(1.13) P(, 0, H (0F — a;p(9.))"

with mutually different nonzero constants {a;} and p(9s) = -, <, Pa0s, where

x

x € C%. Tt is enough to replace 94 by p(d,) in the following proofs.

82. Proof of Main Theorem

As a first step, we shall prove the decomposition formula in the case where p = 1.
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Lemma 2.1. Let v["(t, x) be the formal solution of the Cauchy problem

oy [FRED=@ o =0
' OFv(0,2) =0 (0<k<pn—2), " 'v(0,z)=p(z).
Then
J (g7) el
(2.2) ; n—l Sy ()(pj+pn_1)!
1-p [(1/DP)0¢]n—1 p(1—n)+(p—1) ot 2

(2.3) =9, O o (t,z),
where

(2.4) (j+1)n_1={UH)UH)W(HH_D’ n:i

and v(t, x) is the formal solution of (2.1) for n = 1.
In particular, when p =1 the formula (2.3) reduces to

t
(n—1)!

Proof. The formula (2.5) is an immediate consequence of (2.3) in view of [0;],,—1 =
t"=197 1. Hence we shall prove (2.2) and (2.3). We put

(2.5) oMt 2) = ol (e, z).

Py(0},08)" = (9 — adf)" = 0" = 3~ apdf "ok,
k=1

where ,Craf = (=1)k"la; (1 < k < n). For the operator Pg, the following
polynomial is called the characteristic polynomial:

P D)"= (A=) =" =3 a7k

By a careful calculation, we see that

i A(5)pl9)(

j=0

$Pi+pn—1

(pj +pn— 1)V

where the coefficients {A(j)}72, satisfy the recurrence formula

(2.6) A(j+n) = ZakA +n—-%k), j=-n+l,-n+2...,
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with the initial conditions
(2.7) AO)=1, A{f =0 (j<0).
The formula (2.2) will be proved once we show

Ny Gt Da
(2.8) A(y) = 7 o = = 1) «
where (n); =n(n+1)---(n+j—1)=T(n+j)/T(n).
For the proof, let f(z) be the generating function of the sequence {A(j)}
defined by

(J=0),

f@) =3 AG)a.
=0

From the recurrence formula (2.6), we have

f:A(] + n);chrn — i{akxk iA(j +n— k)ijrnfk}'
' k=1 7=0

j=0

Hence,

29 -3 Al - > {ana* (f(2) - bl A ) |,
§=0 k=1 j=0

which implies

A(0) + X0 @I {A() — Sy arAG — k)}
1—370 apa® .

By the recurrence formula (2.6) with the initial conditions (2.7) we have

(2.10) fa) =

J
AG) =D arA(i—k) =0, j=1,....n-1
k=1

Thus 1 1

f@) = 9= S agrt  (1—az)®
Taking 0 < € < |a| 7!, we have

(2.11) Aj) = if F@) e tim if“)(:c)
|z|=e

- 2mi pitl z—0 j!
_ n(n+1)(n+]— 1)aj _ (j+1)n_1()zj
3! (n—1)!

This proves (2.2).
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For the proof of (2.3), we recall that

oo i+p—1
oMt z) = Zajgo(qj)(x) L.
= (pj+p—1)
We notice the following relations:
tpi+p—1 r=m+ =1 $PJ+pn—p [(1/p)6e]n-1 . tpi+pn—p
i | ; ] G+ Dn17———v '
(pj+p—1) (pj +pn —p)! (pj +pn — p)!
oL G+1) tpi+pn—1
s (A Dot
Y(pj+pn—1)!
By applying these relations to (2.2), we obtain (2.3). O

Proof of Main Theorem 1.1. We recall that

I
(2.12) p=T[Pr’. Pj=0 a0
j=1

First of all, we assume that we can choose L constants {¢,; 1 <m < pu,1<n
< {,,} so that the following operator equality holds:

m

nwoL Iz
(2.13) FEV =Ny 1 PP

m=1n=1 j=1,j#m

Indeed, the linear equations for {¢,,} are obtained by comparing the coefficients
of o7 (L= )agj on both sides of the above equality. The details will be studied in
the following sections.

Let U(t,z) be the formal solution of the Cauchy problem (1.2). Then

-

w w
(2.14) HEU ) =3 ™Y T PYPR U, 2).

m=1n=1 j=1,j#m
Now we put
g ‘
(2.15) uilt,x) = [ PPy U ).
=1, j#m

Then U,[g] (t,z) is the formal solution of the Cauchy problem
Prul(t,z) =0,

(2.16) OFUR (0,2) =0 (0<k <pn—2),
U0, 2) = o().
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Indeed, P[,ELUL?] = PU and U (t, ) is the formal solution of (1.2). Hence by Lemma
2.1 and since Uk (t,2) = um(t,x), which is given by (1.3), we have

8pL DU, ro p(n—1) q1—p [(1/D)0t]n—1 op(1—n)+(p—1)
Jf Z Z mn@ 8 ﬁ@t m(t,x).

By applying 07 =L 6 both sides, we obtain the desired formula (1.5). O

Hence, the proof of the main theorem is reduced to proving the formula (2.13).

§3. Proof of (2.13)

We prepare some notation. Let o = (s, ..., a,) € (C\ {0})* and define
o
=ay. 12 =ral=flal/al, QA<m<p1<n<ly).
j=1

Moreover, write 9 1= _%_; Ja, and

OSSO
- k! o<1~cl...k<kk1!mk'a1 o

kit ke =k

Then we have the following proposition.

Proposition 3.1. The L constants {cpyn} in (2.13) are determined as the solution
of the system of linear equations

(3.1) A= ¢,
where A is an L x L matriz and &, € are column L vectors, defined by
ALflfl[l] AL72f1[2] . AL fl[el] . ALflf/[}], . Afi_é“fff“]

— 1 - 2
AR AR

(32) A= : : Aol A0l |
: : 0 :
1 2 .
INVARNTS

s 0 0 a0

and

—

_t > __t
Cc= (Clla"'761€170217"' 3 C205, acula"'ac/%“)a €= (170770)
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The unique existence of {c¢,,,} is ensured by showing that det A # 0, which
will be proved in the next section (cf. Lemma 3.3).

Example 3.2. 1. The case P = (07 — ad?)(0¥ — 99): Then f[w, ] = af and

o= (3 ) (@)-0) () -a5(0)

2. The case P = (0 — ad2)?(0F — 30%): Then f[a, 3] = o?B and

1 1 1 11 1 i1 . —af
Ac=a+p8 B 2« cio | =101, c1o | = m ala—pB)
af 0 o? 21 0 C21 B

3. The case P = (9] — ad4)L: Then fla] = o and

1 1 cee 1
: s ar\ (1
Ag: (L*1)2(1L72) aL*S (L—Q)O[Li?’ L.t C12 _ 0
(L—l)aL_2 al—2
al—1 0 O oL !

C1n20(1§7’LSL—1),ClL=1.

Proof of Proposition 3.1. First, we prove that {c,,} are solutions of the linear
equations (3.1). Since the operators 9} and 9% commute, by substituting (7, 1, —c;)
into (97,02, ) in (2.13), we have

t xa
no A Iz
(3.3) bl = Z Z CrnnT" H T4+ a;) /(T + am)"™.
m=1n=1 i=1

For any polynomial gla] = g[ay, ..., a,] we have

glr+a1,..., 7+ a,] = ZTpAgg[a]

p2>0

Therefore

(3.4) H(T + aj)é /(T + o))" Z TPAY f[n] [a],

j=1 p=0
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and by employing inner product, we have

L—n Ag_"fig]
Y ALl = ) [
p=0 A0 f,[ff]
AL—nfT[:lL]
= (rL= "
A fim
Hence
AL ol A p e AL ]
ALflﬁ[&] AL*QfE]
Iz : : L]
: : AL fi
1 = Z(TLil,...,TO) of

m=1 -
Abfil AL
A% £ 0

"
= (T T AL, ]G]
m=1
Hence we can rewrite (3.3) as
¢ ]

which implies the system of linear equations (3.1) immediately.

The following lemma proves the unique solvability of (3.1).

Lemma 3.3. For the matriz A in Proposition 3.1, we have

(3.5) det A =

=1 1<i<j<u

m
[T I (i —a), p#1,
J

(_al)Z1(£1_1)/2a B = 1.

Cm1

Cmeﬂl
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84. Proof of Lemma 3.3
§4.1. Elementary transformations of the matrix A
We prepare some notation. We put

ZLl pApfm
TZL 2 pApfm

_ L*Z n Lo
Thm 12;;:07 TpAgfr[iw ]

With this notation, we have

Now we define the notation || - || so that the following equality holds:

Ll Fif]
(4.1) A= |PF[4], ... TF00]| :

—

Fult,]
The definition should be understood from the following examples.

1-74+p8

t
Example 4.1. 1. A= (1 1) = .
17+«

08 «

11 1 -2+ @+Br+a8| "|r+a)r+5)
2. A=a+p8 B 2a|= (174 8) = (T + B)
a0 o? 1-72+2a7 +a? (T + a)?
3. The matrix
1 1 1
| e s gy
(L—1)ak—2 al—2

al-1 0 O

is represented as
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t 1'TL_1+(L—1)OKTL_2+"'+O[L_1 t (T+O¢)L_1
T(1- 7572 (L - 2)art 3 + .- 4 af72) (1 4+ a)t2
=2(1. 7+ a) T1=2(1 4+ a)

TLfl -1 7_Lfl

Further, we set

I
5
+
o
<.
N—
K

flr+a] = H(T+Oéj)e'7 =: Hfj(T), fi(r) -

Fon(r) = flr +al/(m+ am) (& fin(7) () = fIT + ).
With this notation, we have

S~ L] = S+ al/ (4 )" = (74 ) (7),

p=0

and
(7 + am) 1 o (7)
(T4 am) 2 f (1)
72(1 + am) 3 f, (1)

T2 (1 4 ) o (7)
rin-f, (7)
Now, by elementary transformations of matrices, we can prove the following

lemma.

Lemma 4.2.

AT I Fy (6]
(4.2) det A = det = H(—aj)%gj(ej_l) x det : ,
Fufe il 77 F,[0,]
where
Tem_l fTYL (T)
rn2§, (r)
(4.3) Fnlln] = :
7 )
Sm(7)
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Proof. For each m we make the elementary transformations

(7 + @)~ o (7) (7 + @)~ Fon(7)
T(T+am)é”L_2fm( T(T—i_am)zm_2fm(

2
2

Fm[ém] - 7_21,1—3(7_ + :Oém)Qfm(T) 7 sz_g(T + :o[m)Qfm(T)
(7 ) {omT ()
rtn1f, (7) T )

(7 + am) L (7) o Fon(7)

T(T + Oém)zm72fm(7—) afrTiszm(T

o | e+ an i

) [ = | b )

7= (7) 8,7 (7)
{a rn=2f. (1) ant 2, (7)
(1) (1)

Since the determinant is invariant under these transformations, we get the formula
(4.2), where we have changed the order of rows. O

Thus the proof of Lemma 3.3 is reduced to showing
Lemma 4.3.
H Fy[6)
(4.4) det A := det = H (i — aj)&éj (#0).
RO
84.2. Notation and lemmas

In this subsection, we prepare additional notation and three lemmas about ma-
trices. Let p(7) = Zﬁ:o p;7/ and k > 1. We define a matrix ;4 My[p(7)] of size
(L + k) x k by

De 0
Pt YR 1p(r)
pe ™ 2p(r)
(4.5) e4kMy[p(7)] == pe—1 | T
7p(7)
Po . p(7)
0 p.o
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With this notation, we have

(4.6) A= (Mo, [Fo (D), LMy, [F (7)),

where fm(T) = flr +a]/(7 + am)em = Hg:l,j#m(T + O‘j)éj'

In the following, p(7), ¢(7) and r(7) are polynomials of degree ¢, m and n, and
their coefficients of 77 are denoted by p;,q; and r;, respectively.

Lemma 4.4. Let P(1) = p(1)r(r) := Y00 Pyr®. Then

(4.7) ()1 M1 [P(T)] = (e4n)y+1 Ma[p(T)7(7)] = g (04 1) Mot 1 [r(7)] o1 M [p(7)],

that is,
Tn O
Tpo1
Prin 5 Tn Pe
: = Th—1 :
B oo |\
O 70
Proof. This is an immediate consequence of P, =", ik DT O

Lemma 4.5. We have

48)  ((+my+mMm[p(T)r ()] © (mny+eMela(r)r(T)])

= () Meam [P ()] (e4mMin[p(7)] 3 mseMelg(7)])-

Moreover, N := (g1mMm[p(T)] * m+eMelq(7)]) is a square matriz of size £ +m,
and its determinant is the resultant of the polynomials p(t) and q(7). Hence

(4.9) det N = pl*qt, H (i —y;),

1<i<,1<j<m
where {x;} and {y;} are the roots of p(T) and q(T), respectively.

Proof. The formula (4.8) follows by applying Lemma 4.4. For the theory of resul-
tants, we refer to [9]. O

The next lemma follows from Lemma 4.5.
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Lemma 4.6. Let s(7) = Zfi’on s;79. Then

(410)  (rm)tnMals(T)] } (ern)4m M [P(T)7 ()] & ety +eMela(7)r(7)])
= ((e+my+nMals(T)] * n(erm) Mem[r(7)])
X (En @ (e4mMu[p(7)] & mseMelg(7)])),
where B, denotes the unit matriz of size n.
84.3. Proof of Lemma 4.3

Lemma 4.3 is obtained by (u — 2)-fold application of Lemma 4.6. Firstly, we recall
(4.11) A= (Mo, [F1(D)s- s Mo, [T (7)),

where f,,,(1) = flr +a] /(T + am) =TIy (T + ;)"
For brevity, set

D=3 Lzd= Yt (i Lzin-L1=30),
j=1 Jj=i Jj=1
m Iz
f<m(T) == H(T +a;)5%,  fom(T H T4 a;)b
Jj=1 j=m

fem(T) fomir (1) = [T + o).

We denote A = A,,.
Since the polynomials fﬂfl(T) and fH(T) have a common factor f<,_o(7) =
H;:f (T + a;)%, the formula (4.10) implies that

Ay = (M [Fr )]sy e Moy o [Fua (0] 1Moy [Fuma ()] 1Mo, [F,(7)])
= (LMe [Fr (7)), 1Mo, o [Fua(7)] 3 2 Mpgs eyl f<u—2(7)])
X (Brigu-2) © (Lizp-1 Mo, [fu(M] F Lizp-yMe, [fur (7))
= Au1 - (Bricpu-2 ® A, p— 1)).
Here det A(p, pn— 1) is the resultant of f,(r) = (7 4+ au)% and f,_1(r) =
(T4 au_1)fe=1, and its value is (o1 — o, )fe—100.

Secondly, smce the polynomials f o(7) and f<,_o(7) have a common factor
f<p—s(T) = H (T—i-aJ)J we have
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A,y
= (LMo, [f1(D)], - nMe, [ f i s(D] LM, o [f o (T)] P LM i e [f<p—2(7)])
(LM& fl ]’ R LM€M73[JE/L—3(T)] LML[Z[L*Q] [fﬁu—fi(T)])

< (Epicu—3) @ (Lizp—2i Mo, o [fou1(0)] F Lz Mpsu—n [fu—a(7)]))
=t Aua - (Brigg ® A(zp — 11 - 2)).

Here, det A(>p—1,pu — 2) is the resultant of fopu1(m) = (T4 au—1) 1 (T+a,)
and f,_o(1) = (7 + au_2)%2, and its value is (ayu_2 — ag_q)f-20-1 .
(O‘/A72 - au)é'kze“-

By continuing these arguments, we finally get

p—1

(4.12) det A=det A, = H det ACpu—k+1,p—k)= H (o —aj),
k=1 1<i<j<u

where A(>p, 1 — 1) = A(p, p — 1) and Ay = A(>2,1). O
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