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On Projectively Embeddable Complex-Foliated
Structures

by

Takeo OHSAWA

Abstract

An extension of Kodaira’s embedding theorem is proved for compact smoothly foliated
manifolds with complex leaves. Existence of a leafwise positive line bundle is shown to
be sufficient for C* projective embeddability for all k < oco.
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Introduction

A well known embedding theorem of Kodaira [K] says that every positive line
bundle over a compact complex manifold is ample. Inspired by Matsushima’s work
[M] on the embedding of certain nonalgebraic tori by partially holomorphic maps,
we would like to extend Kodaira’s work to manifolds with partial complex struc-
tures as a continuation of [O-2].

For that, we shall focus our attention on an abstract question of embedding
foliated manifolds with complex leaves into projective space.

Let M be a paracompact C*° manifold of dimension 2n+r (n,r € N) equipped
with a 2n-dimensional foliation F such that the tangent bundle TF of F has
a complex structure J € End TF (J? = —id) which induces integrable almost
complex structures on the leaves of . Then F will be called an n-dimensional
complex foliation on M.

Given such a pair (M,F), one may consider C* complex vector bundles
over M whose transition functions are holomorphic along the leaves of F. They will
be called tangentially holomorphic vector bundles over (M, F), or simply over M.
Given a tangentially holomorphic vector bundle E over (M, F), a section s of E
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is called tangentially holomorphic if the restrictions of s to the leaves of F are
holomorphic. As usual, vector bundles of rank one are called line bundles.

Let L — M be a tangentially holomorphic C*° line bundle equipped with
a C* fiber metric h, let Dj be a connection on L compatible with A and with
complex structures of the leaves of F, and let ©; be the curvature form of h.
Recall that Oy, is a 2-form on M satisfying D?s = Op,s for any C? section s of L.

We say that (L, h) is F-positive if the restriction of v/—10, to the leaves of
F is everywhere positive as a real (1, 1)-form.

The purpose of the present work is to establish the following.

Theorem 0.1. Let M be a connected and compact C*° manifold equipped with a
complex foliation F, and let (L,h) be an F-positive line bundle over M. Then,
for any nonnegative integer k, there exists a positive integer mg such that, for any
m > mgy (m € N), one can find C* tangentially holomorphic sections sg,...,sn
of L™ such that the ratio (sg : ---: sn) is a CF embedding of M into CPY. Here
CPY denotes the N-dimensional complex projective space.

It should be noted that a statement essentially equivalent to Theorem 0.1 was
stated in [O-S] to be an application of a vanishing theorem of Kodaira type on Levi
flat CR manifolds. The proof given there relies implicitly on the statement that the
transverse regularity of the inverse of the tangential Laplacian is a consequence
of a certain a priori estimate. However, it is hard to pinpoint an appropriate
reference for that. Accordingly, our method in this article will be based on a
completely different principle. The idea is to exploit the curvature condition to
produce local solutions to the tangential Cauchy—Riemann equation with a good
control of regularity and obtain a global solution by patching them together with
the aid of successive approximations. This method was used by G. Tian [T] for
the Cauchy—Riemann equation. It might be of interest that the method is robust
under the addition of extra parameters.

81. Local theory

We shall prepare a lemma on the parameter dependence of the canonical L2
solutions of inhomogeneous Cauchy—Riemann equations in the local setting. It
will eventually guarantee the existence of solutions of global tangential Cauchy—
Riemann equations with values in sufficiently high tensor powers of a given F-
positive line bundle. The material presented here originates in [D-O].

The lemma will be formulated for (0, ¢)-forms although only the case of (0, 1)-
forms is needed afterwards. However, the general form may be useful for other
purposes.
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Let D be a pseudoconvex domain in C™ and let U C R" be any convex
domain. The coordinates of C" and R" will be denoted by z = (z1,...,2,) and
t=(t1,...,t,), respectively.

We shall consider a family v; of C* (0, g)-forms on D depending smoothly
on the parameter t € U,

vy = Z iy (2, 0)dZ, Ao N dZ
1<ip < <ig<n
for some complex-valued C'*° functions v;,..;, on D x U. The set of such {vt}rev
will be denoted by C%9(D x U). For simplicity the elements of C%4(D x U) will
be denoted by v;.
Let C%9(D) denote the set of all C* (0, g)-forms on D, and by L(()é'i(D,loc)

the space of locally square integrable (0, ¢)-forms on D.

For any v € L(()é'i(D, loc), |v|? will stand for the function

Z 2
‘Uil...iq| )
1<ip < <ig<n
where v = Zl§i1<_”<iq§n Viy..igdZi N--- NdZ;,. We put

et
4

(v +v-1 02\2 — vy —v-1 v2|2)

1
(v1,v2) = (o1 + va|® — [v1 — va*) +
4

for vy, vq € L(()é‘i(D,loc).

Further, we put
Cy9(D) = {v € C*(D) | suppv is compact}.

We denote by 0 the complex exterior differentiation of type (0,1). The same
symbol 9 will also stand for the operator from C%4(D x U) to C*4*t1(D x U)
defined by v¢ — Ovy.

Let us recall a basic result of Hérmander.

Theorem 1.1 (cf. [H, Theorem 2.2.1']). Let D be a pseudoconvexr domain in C",
let 1 be plurisubharmonic in D and let k be a real-valued continuous function such
that the difference

n n
0% - 9
o tii — e > I

k=1 azjazk =
is a positive measure for arbitrary complex numbers &;. Then, for every v €

L?é';’(D, loc), ¢ > 0, such that dv =0 and

/ [v]2e” W HR) d) < oo,
D
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one can find a form u € L?ég_l(D,loc) such that Ou = v and

q/ |u|267¢d/\§/ [v|2e= (R g\,
D D

Here dX denotes the Lebesgue measure on C™.

Once for all we fix a C* real-valued function ¢ = p(z,t) on D x U. We shall

denote by L1

) ,(D) the completion of the space Cy9(D) with respect to the inner

product
(’Ul,’l)g)t :/ €7W("t)<1)1,1}2> d.
D
We put [|o]; = (v,v);/*. _
By an abuse of notation, d will also stand for the closed operator from

(D) to L% (D) whose domain of definition is

0,
L @).1

(2),t

Domd = {u € L3l (D) | du € L1 (D)}

The adjoint of the operator 0 : L?ﬁ? (D) — L((]é‘i';l(D) is denoted by 9.

From Theorem 1.1, it is easy to deduce the following.

Proposition 1.1. Assume that D is bounded and that p(z,t) —m|z|? is plurisub-
harmonic in z for some m > 0. Then there ezists a constant C, independent of ¢,

t and m, such that, for any f; € L(()é‘it(D), q > 0, there exist g; € KeréL?é‘it(D)

and hy € Domd, C L(()SII(D) satisfying
fe=g0+ 0, gille < [Ifelle and mlhl? < Cl A7

Proof. By Theorem 1.1, there exists a constant C', independent of ¢, t and m, such

that, for any v; € Kerd N L?é‘it(D), q > 0, there exist u; € Domd; C L?é‘i_tl(D)

satisfying
vy = Ouy and m||ut||f < C||vt||t2.

0,9

(2),t

Imd; C L{3! (D), ¢ >0, there exist by, € Domd, C Lyl (D) satistying

Therefore, the image of 5: in L)1 (D) is closed for such C, and, for any k; €
ke =0, hy and  ml|hel|? < Oflk)?.
The desired conclusion follows from this and the orthogonal decomposition

Lqu

(2)t(D) = Kerd & Imd, . O

Let D, ¢, m and C be as in Proposition 1.1. Given any v; € C%4(D x U) N
Ker d, ¢ > 0, satisfying sup,c/||ve]|s < 0o, we then have a uniquely defined family
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wp € L1, (D) such that Ju, = vy, mluql|? < Cllvg |2 and u; L Kerdin L%, (D),

by Theorem 1.1.

Lemma 1.1. Let vy and u; be as above. Suppose moreover that

Cy = sup max | —| < o0,
pxu i |0t
82
Cs := sup max |— Ld < 00,
DxU i | 0%Z;0t;
C3 := sup ||vg|¢ < o0,
U
v
Cy := supmax Ll < oo
voi |0t ],

Then, for any t,to € U and f € L(()ég,_tl(D),

(L) Vml(us, £ = (g, Pio] < VC e (Cr + Co + CLCs + Co) | f 1]t = to-
Proof. By Proposition 1.1,
f= g—l—g;h, g € Ker 0.

Then
(ue, f)e = (ue, 9)¢ + (ug, 8:Uh)t.

Since u; 1L Kerd in L?;i;l(D), we have

(1.2) (ut,9)e =0  for all ¢.

On the other hand,

(1.3) (g, Dy h)y = (e #CDTE00Dy, ) h),,
= (D t0) = @(-s 1))y, h)y + (e7?CITEHID 0y, Ry
(1.4) (wtgy [t = (Vig, M)t
Combining (1.2)-(1.4) with m||u:||7 < Cllv¢||7 and m||h||Z, < C||f||7, we obtain
(1.1). O

Since Proposition 1.1 similarly implies that /m|lu; — w, |l < C'|t — to] with
a constant C’ independent of m, we infer from (1.3) that

(1.5) (ur, By h)e = D+, to) — @(,t))ugy, h) + (e~ DLy, By,
+O(|t — to]?).

Hence (uy, f); is of class C! on U.
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Then we note that the conditions
Ouy = vy,  Oyuy =0 and mfu? < Cllvel?,

for v; € C%9(D x U), imply that u; is equicontinuous as a family of (0, ¢)-forms on
every compact subset of D. Since (u¢, f): is continuous for any f, the equicontinuity
of u; must imply the continuity of u; on D x U. Otherwise (u¢, f): would not be
continuous for some f.

Similarly, since (uy, f); is C* for any f, u; must be C* on D x U.

Moreover, from the equation

0 o Ouy a(p('vt)

which holds whenever f is compactly supported, and from the estimate (1.1), it is
easy to see that ?)Tu;(to) € L?é‘i_tol(D), 1 < j <r. Therefore
(1.6)  (ug, 0y, h);
— " 8ut
= (Bt 10) = 00 (1 + D2 S (W)t — t0y) )b ) =+ (s
J t
+O(Jt —to]*),

which implies that (u¢, f); is of class C? on U.

Hence u; is C? on D x U, provided that the derivatives of ¢ and d¢ up to the
second order are bounded on D x U and those of v; are square integrable uniformly
in t. Hence, taking into account the dependence of the estimates on m as in (1.1),
we obtain the following by induction.

Proposition 1.2. Let v; and u; be as before. Suppose moreover that Viv, are
square integrable for 0 < i < k and that |V1e| are |V18p| are bounded by a constant
Cuy on Dx U for1 < j <k. Here V; denotes the gradient in t with respect to the
coordinates (z,t), and C(yy is independent of m. Then u; is of class C* on DxU.
Moreover there exists a constant C(yy, depending on C() but not on m, such that

(L.7) Vmlul

tk < Cayllvelle v,

where

k
(1.8) lwler = [IViwl.

Jj=0
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We need later an elementary observation on the modified norms
k .
(1.9) lwllt =D eillViwle
j=0
and

k
;,k,b = Z Cj IIbWwHt
j=0

(1.10) [lw]

forco =1> ¢ > -+ > ¢ > 0 and a nowhere vanishing C*° function b = b(z,t)
on D xU.

Note that Proposition 1.2 holds for the norms || [} ,, with the same con-
stant C(yy, independently of the choice of ¢; (1 < j < k).

For simplicity, we assume that D and U are bounded domains, and ¢ and b
are defined on a neighbourhood of the closure D x U of D x U.

Lemma 1.2. In the above situation, let I € N and let b,(z,t) (u=1,...,1) be
nowhere vanishing C> functions on D x U. Then, for any k € N, there exists
¢ > 0 such that, for any elements v, (= 1,...,1) of C%4(D x U) which are
smoothly extendable to a neighbourhood of D x U, the estimate

/
t,k,b,

l l
(1.11) Z ||bu(z7t)vu,t”:&,k <2 Z [[vp,¢l
p=1 p=1

holds for c; =c™7 (j =0,1,...,k).

The proof is straightforward and may well be left to the reader.

82. Proof of Theorem 0.1

Let (M,F) and (L,h) be as in the assumption. Let x € M be any point, let
p > 0, and let B be a neighbourhood of z on which local coordinates (z,t) =
(z1,--+, 2Zn,t1,...,t.) are defined in such a way that x is mapped by (z,t) to
(0,0), and B is mapped onto D(p)™ x (D(1) NR)", D(p) = {¢ € C | [{| < p},
holomorphically in z with Xt = 0 for any X € T F.

Shrinking B if necessary, we may assume that there exists a nowhere vanish-
ing C'*° tangentially holomorphic section of L over B, say s.

For any section o of L, let |o|; denote the length of o with respect to h, and
let v be the real-valued C'*° function on B defined by
|2

lo|2 = e o/s on B for all 0.
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(2.1) v (=9(z1)

=2Re (a(t) + Zai(t)zi + Z a;;(t)ziz; + Z aijk(t)zizjzk)
i=1

5,j=1 0,5,k
+ D bij(t)ziz; + 2Re Y cijr(t)2iZZk + O(|2[*)
i,j=1 i3,k

be the Taylor expansion of v around x. Replacing s by

s’ =s-exp (a(t) + Zai(t)zi + Z a;;(t)zizj + Z aijk(t)zizjzk>
i=1

i.j=1 i,k
we may assume that (2.1) is of the form
(2.2) = bij(t)z7; + 2Re > ciu(t)zizize + O(|2]*).
(] .5,k
Further, since (L, h) is F-positive, (b;;(t)) is everywhere positive definite. There-
fore, by a coordinate change, we may assume that

(2.3) 7:Z\zi|2+0(|z|4),

where the original radius p should be replaced by a possibly smaller positive num-
ber, say p’.

If (2.3) is satisfied, we shall say that s’ is a distinguished coordinate (associated
to p’). The constant p’ will be referred to as a distinguished radius.

Moreover we put in this situation

Qm = {(z,1) | m|2> < p3, |t| < 1},
Dy, = {2 | 2m|2]® < p"°},
Us={t|dt| <1} ( >1).
Then, in view of Proposition 1.2 and a remark after it, we infer from (2.3) the

following. (See also [Dm, p. 270, Proposition 12.10].)

Sublemma 2.1. For any k € N and ¢’ > 1, there ewists a constant Cp) such
that, for any m € N and for any vy € C%9(Q,,) NKerd, ¢ > 0, one can find u; €
C%9=Y(D,, x Uy) satisfying Ouy = vy on Dy, x U and Vmlluglly p < Crgllvelly g

For each distinguished coordinate (z,t,), we shall denote by I, , and Jy, »
the neighbourhoods of = that are identified with D,,, x Us/; and Day, x Us, re-
spectively.
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It is clear that, for any point xy € M, there exists a neighbourhood V' 3 zg
such that one has a C* family of distinguished frames and associated distinguished
coordinates around z € V, parametrized by x € V. Hence, since M is compact,
we have the following.

Sublemma 2.2. There exist v € N and C : N — (0,00) such that, for any
k,m € N one can find N € N, T,1,...,Zmn € M and distinguished coordinates
(Z(ma), t(ma)) (1 < a < N) around Ty, with distinguished radius po independent
of m, such that

(2.4) |v§(m)t(mm| <C(k)  onlman. NIna .
N
(2.5) M= Jmapas
a=1
o
(2.6) ﬂ Ingpe, =0 if a1 <--- <oy and p>v.

k=1

In the above situation, we shall call {J,, 5., J1<a<n & (k,m)-filamental cov-
ering of M.

With these preparations, we construct tangentially holomorphic C* sections
of L™ as follows.

Let x € M be any point, let s be a distinguished frame and let (z,t) be
distinguished coordinates around x associated to s. Given any C° tangentially
holomorphic function on I,, ,, we are going to show that there exist, for any k € N
and for any m > k, a tangentially holomorphic C* section o,, of L™ over M
satisfying

|f —om/s™ e < 1/m,
|df —d(om/s™)|e < 1/m.

Here the norm of df —d(o,,/s™) is measured with respect to the metric > dz;dz; +
Sodi3.

For that, we first fix (k, m)-filamental coverings {Jm z,.. }1<a<n(m) (M € N)
of M with z,,; = x for all m. Let s,,, be the associated distinguished frames
around x,,, such that s,,; = s for all m.

Let X : R — R be a nonnegative C* function satisfying X'(¢) = 1 on (—o0, 1]
and supp X N [2,00) = (. We put

Xma (Z(ma)a t(ma)) = X(4|Z(ma) |3/pg)X(2|t(ma) |)
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By extending Xpq as 0 outside the set {[z(ma)| < po, [t(ma)| < 1}, we obtain C*
functions X, on M. Then we put

N(m)
Tlma = ma/ Z Xmﬁ~
B=1
The system 7, is then a C'°° partition of unity satisfying supp nma C Im .. -
We put
~ X1 fs™ on Iy, 4, P
f _ mlf m,xT Oy = 8f,
0 otherwise,
and define v,,, by
UmaSma = Um O Ipy g

where 0 is defined leafwise as before.

Obviously, one may choose the frames s,,, and coordinates (2(;ma),t(ma)) in
such a way that, for any fixed k, there exist €, > 0 and mg such that, for any
m > my,

N(m)
. 1/6
(2.9) S lomall, xS €™
a=1

for ¢; = 5im’j (0 < j < k). From now on, ¢; will be chosen in that way.
By Sublemma 2.1, one can find wq € C%0(Jp 4, ) satisfying Otma = Vma
on Jy, z,... and

(2.10) \/RllumaH;:(ma),k < C[k] ||Umoc|

/
tima) k"

We put
~ m ~ ~ m
Wy, = E NMmaSmalma  aNd  Uma = Um/Spg  O0 Ly g .
«

1/3

Since Ony,q is at most of order m!'/3, we obtain, in view of Lemma 1.2 and the

strong ellipticity of the Laplacian along F, the estimates

(2.11) D Mimalltin i <20 Ntmallty,o ko
o [e%

(2.12) Z lvma — gama”;(ma),k < 2vm!/? Z HumB”;(mm,ka
o B

on replacing €5 by a smaller number if necessary.
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Combining (2.12) with (2.9) and (2.10), we obtain

1 ~ . —1/6
tima),k < Cym /

(213) Z ||vmoz - 5a(ma)|

for some constant C} independent of m.
Therefore, for any k, by choosing m sufficiently large and ¢y, sufficiently small,
we have, in view of (2.10) and (2.11),

~ 1
(2.14) Z tmal ;(,,,La),k < ) Z |vmeal

— 1
(2.15) Z [vma — 8uma”:&(ma)7k < 9 Z vaam(mm,k'
« «

!
tma) k>

Hence one can repeat this procedure, with a fixed choice of €, to obtain for m > 1
a system of infinite series

{nz_:() ﬂmaﬁ}lgaSN(m)

such that Y77 ) Uma,x is convergent with respect to || [/—

(2.16) Smalma,s = SpmpUmpr 00 Lmz o NV m g o
oo
(217) 5(2 ﬂma,n) = Uma o1 Im;wmcﬂ
~k=0
> — ! _m/7
(2.18) HZ ey = €
k=0

In particular, we obtain from (2.18) the C* differentiability of Z?:O U, -
Moreover, by (2.9), (2.3) and Cauchy’s estimate along F, we have

. o0
(- S
k=0
for m > 1. Hence, 0., == f — s7 >"°7 | Uma,x satisfies the requirements (2.7) and

(2.8) for m > 1.
Taking the components of a local coordinate system around x as f,

1/8

oo
—ml/8 rs ~ _
<e ™, ‘df - d(f - E uml,n)’ <e™™,
x x
k=0

we obtain tangentially holomorphic C* sections si,..., 8,4, of L™ such that
(s1/8™1, ..., Spir/s™,) embeds a neighbourhood of = into C"*7.

Similarly, for any two distinct points = and y of M, one can find tangentially
holomorphic C* sections s, s’ of L™ satisfying (s(x) : s'(z)) # (s(y) : s'(y)).
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Thus, by the usual compactness argument, one can find tangentially holo-
morphic C* sections sy, ...,sy of L™ for m > 1 such that (sg :---: sy)is a CF
embedding of M into CP".

8§3. Notes and remarks

Since every C*-embeddable complex-foliated manifold (M, F) admits a C* F-
positive line bundle (e.g. the restriction of the hyperplane section bundle) if k > 2,
it is obvious from the proof of Theorem 0.1 that the following refined statement is
also true.

Theorem 3.1. Let M be a compact C*° manifold and let F be a C* foliation
on M whose leaves are compler. Then (M, F) admits a C* tangentially holomor-
phic embedding into some CPYN for any k € N if and only if there exists a C*
F-positive line bundle over M for any k € N.

Corollary 3.1. Let M be a compact C* Riemannian manifold with an oriented
2-dimensional C> foliation F. Then there exist C* embeddings (k € N) into
some CPY which are conformal along the leaves of F if and only if there exists
a closed C' submanifold of M which intersects with every leaf of F transversally
(along a nonempty set).

It is also easy to see that the method of the proof of Theorem 0.1 can be di-
rectly applied to prove the C*-solvability of tangential Cauchy-Riemann equations
of more general type.

Let T1OF (resp. T%1F) denote the subbundle of TF ® C consisting of holo-
morphic (resp. antiholomorphic) vectors, and let (T10F)*) (resp. (T%1F)*) be its
dual.

Given a tangentially holomorphic vector bundle E — M of class C*, we denote
by CGj #(E) the set of C* sections of E@ \P(THOF)* @ AY(TY1F)* over M that
are C°° along F, and let O : Chl #(E) — Cf’,;‘)’j’]_.l(E) denote the complex exterior
differentiation of type (0, 1) along F. Then the method in §2 entails

Theorem 3.2. Let (M, F) be as in Theorem 3.1, and let L — M be an F-positive
C line bundle. Then, for any tangentially holomorphic C* vector bundle E — M
there exists mg € N such that, for any m > mqg and for any v € Cf’lg FERL™)N

Kerd, ¢ > 0, one can find a u € Cf,:)z}l(E ® L™) satisfying Ou = v.

It should be noted that the statement of Theorem 3.2 becomes false if &k = oo
(cf. [O-1]).
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