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Representation Theory of Rational Cherednik
Algebras of Type Z/IZ via Microlocal Analysis

by

Toshiro KUWABARA

Abstract

Based on the methods developed in [KR], we consider microlocalization of rational
Cherednik algebras of type Z/IZ. Our goal is to construct irreducible modules and stan-
dard modules of these rational Cherednik algebras by using microlocalization. As a conse-
quence, we obtain sheaves corresponding to holonomic systems with regular singularities.
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§81. Introduction

A symplectic reflection algebra is a noncommutative deformation of the smash
product C[V]#T, introduced by [EG], where V is a symplectic vector space and T’
is a finite group generated by symplectic reflections on V. Sometimes, we identify
the symplectic reflection algebra with its spherical subalgebra, a noncommutative
deformation of C[V]', because these algebras are Morita equivalent except for a
certain choice of their parameters.

When the group I' coincides with a complex reflection group and V' coincides
with b @ h* where b is the reflection representation of I', the symplectic reflection
algebra is sometimes called a rational Cherednik algebra. An important property of
rational Cherednik algebras is that they have a triangular decomposition similar to
complex semisimple Lie algebras. Via the triangular decomposition, we can intro-
duce a certain subcategory of the category of modules, called the category O. The
category O is a highest weight category in the sense of [CPS]. Its standard modules
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and costandard modules are studied in [GGOR]. For each irreducible CI'-module
E € Irr CT, we have a corresponding standard module A(E). The standard module
has a unique irreducible quotient L(F) and any irreducible module in the cate-
gory O is isomorphic to L(F) for a certain E. One of fundamental problems of the
representation theory of rational Cherednik algebras is to determine multiplicities
[A(E) : L(F)] in the Grothendieck group for E, F' € Irr CT.

When the group T is a wreath product (Z/1Z)1&,, of a cyclic group Z/IZ and
a symmetric group &,,, there is a close connection between rational Cherednik
algebras and quiver varieties which are symplectic varieties introduced in [Na].
After the leading work of [GS1] and [GS2], [KR] constructed a microlocalization
of rational Cherednik algebras of type &,. The microlocalization is a kind of
Deformation-Quantization algebra, called a W-algebra, on a quiver variety. [KR]
introduced the notion of F-action on W-algebras and established an equivalence
of categories between the category of finitely generated modules over a rational
Cherednik algebra and the category of F-equivariant, good modules over a W-
algebra. This equivalence is an analogue of the Beilinson-Bernstein correspondence
for complex semisimple Lie algebras.

In [BK] and [BLPW], microlocalization of rational Cherednik algebras of type
Z/1Z was studied independently. As an application of the microlocalization of
rational Cherednik algebras, we study the construction of irreducible modules and
standard modules of these rational Cherednik algebras via microlocalization.

Let us describe the structure of this article.

In Section 2, we review fundamental properties of minimal resolutions of
Kleinian singularities of type A. We construct Kleinian singularities and their
resolutions X as quiver varieties of cyclic quivers. Moreover, we see that the struc-
ture of X as a toric variety gives us an affine open covering X = Uézl X; such
that X; ~ C2.

In Section 3, we review the general setting of W-algebras and construct the
microlocalization 42/{: of rational Cherednik algebra A. on X. By [BK, Theorem
6.3] and [BLPW, Theorem 6.1], we have an equivalence of categories

Mod8°(7.) — Asmod, . HOmMOdgFOOd(EQQZ)(JMC, M),

under certain conditions on the parameter c.

At the end of Section 3.3, we describe the structure of ,Q}J x, explicitly on the
affine open subset X; fori=1,...,1.

In Section 4, we briefly review the representation theory of rational Cherednik
algebras. Its spherical subalgebra is isomorphic to A.. We introduce the category
O(A.), and review the definition of its standard modules A.(¢) and irreducible
modules L. (7).
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In Section 5.1, we construct ;zZmodules MA(3) for i = 1,...,1. These are
F-equivariant, holonomic CQ,%:—modules supported on certain Lagrangian subvari-
eties. We show that the corresponding A.-modules HomModiood(Jc)(;ZZ ME (%))
are isomorphic to the standard modules A.(z).

In Section 5.2, we construct ,-modules L.(i) for i« = 1,...,1. These are
also F-equivariant, holonomic JzZ—modules supported on certain Lagrangian sub-
varieties. Moreover, we show that L.(¢) are irreducible /.-modules. At the end
of Section 5.2, we determine the multiplicity [A.(7) : L.(j)] in the Grothendieck

group of O(A,) as a corollary of the construction of the «Z-modules M2 (i) and
£.0)). N

Finally, in the appendix, we explicitly construct global sections of the .«7-
modules M2 (i).

82. Quiver varieties

In this section we review the definition and fundamental properties of quiver vari-
eties without framing, which were introduced in [Kr].

Let Q@ = (I, F) be a cyclic quiver with vertices I = {I; |i=0,...,l — 1} and
arrows E = {a; : [;_1 = I; |i=1,...,1}. Let Q = (I, E U E*) be a quiver with
vertices I and arrows E and E* = {«f : I; — I;_1}. Throughout this paper, we
regard indices of vertices and edges of Q and @ as integers modulo [, i.e. we regard
Il—i—i = Ii and A4 = Q5.

Iy
o1 2}
ol o ay
LH==1D< =1
s
Set § = (1,...,1) € (Z>o)!; we call § a dimension vector. A representation

of @ with dimension vector 4 is a pair (V, (a;, b;)i=1,... 1) of an I-graded vector space
V = @.Z Vi such that dim V; = 1 for all i € I and linear maps a, : V;_; — V; and
b; : Vi = V;_1. Since dimV; = 1 for all i, we regard a; and b; as elements of C.
Let GL(0) = Hi;é GL(V;) ~ (C*)! be a reductive algebraic group acting on V.
Let G = PGL(0) = GL(9)/Cjjg =~ (C*)!=1 where Cliag
of GL(9). Let g = Lie(G) be the Lie algebra of G. We have g = (@i;é C)/Ciag
where Cgiag is the diagonal Lie subalgebra of @._ C.

is the diagonal subgroup

A representation of Q: Ct

by
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Fix a parameter § = (6y,...,0;_1) € Z' such that 6y + 601 +---+ 6;_; = 0.
Note that we regard indices of # as integers modulo I, i.e. 0 = (0;);ez/1z, and
0;+0iy1+---+0;_1 is well-defined for any 4, j € Z/IZ. We regard 6 as a character
of g.

A representation (V, (a;, b;)i=1,...1) is called 6-semistable if any I-graded sub-
space W of V' which is stable under the action of (a;, b;);=1,...; satisfies the condi-
tion Zi;é 0; dim W, < 0.

Fix a parameter 6. Let Xy C C% be the space of all #-semistable representa-
tions,

)29 = {(ai,bi)izl’m’l € (CQZ | (ahbi)i:l)m,l is 9—semistable}.
The group GL(J) acts on Xy by

GL(S) x Xo — Xo,  ((9:)iczyizs (aj.b;)j=1,..1) = (99,1105, 95-19; 'bj)j=1....1-

This action clearly factors through G = PGL(§). Two points p, p of Xy are called
S-equivalent if the closures of their orbits intersect in Xp.
Consider the following moment map with respect to the action of GL(§) on Xjy:
I )?9 —g"C Cla (aivbi)izl,...,l = (aiy1biv1 — aibi)i:O,...,l—l-
We consider the Hamiltonian reduction of Xg with respect to the moment map pu.

The subset 1 ~1(0) C X is stable under the action of G.

Definition 2.1. The quiver variety of the quiver @ with dimension vector ¢ and
stability parameter 6§ is a complex symplectic variety

Xo=p"1(0)/~s

where ~g is S-equivalence.

We denote the S-equivalence class in Xy containing (a;,b;)i=1,..1 € )}9 by
[ai, bi]i:l ..... I

Let us consider the case of § =0 = (0,...,0). For (a;,b;)i=1,..; € p~(0), we
set @ = ay ---aj, b = by --- b; such that @b = a1b;. Then we have the following
isomorphism of algebraic varieties:

Xo = C*/(Z)1Z),  lai,biliz1,.. 1 — (a@,D).

Note that the image of (@, b) in C2/(Z/IZ) is independent of the choice of root (cf.
[Kr, Corollary 3.2]).

Proposition 2.2 ([Kr, Corollary 3.12]). If a stability parameter @ = (0;)i=o,...1-1
satisfies 0; + ;41 + - - +0;_1 # 0 for all i, j (i # j), then Xy is nonsingular and
we have a minimal resolution of Kleinian singularities of type A;_1:

79 : Xo = Xo ~ C?/(Z/17).
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In the rest of this paper, we fix a stability parameter 6 satisfying the condition
of Proposition 2.2. We denote Xy by X, mg by =, etc. for simplicity.

Remark 2.3. Although all Xy are isomorphic to one another as algebraic vari-
eties, we use the explicit construction in Definition 2.1 to construct W-algebras in
Section 3.3. Moreover, we give a condition for 6 in order that W-affinity holds in
Theorem 3.10.

One of the fundamental properties of X is that it is a toric variety with respect
to the following action of the 2-dimensional torus T? = (C*)*:
(1) (q1,92)[as, bili=1,...1 = [q1a4, q2bili=1,...4

for (¢1,q2) € T? and [a;,b;]i=1,..;1 € X. The following facts are easy to obtain
from the general theory of toric varieties. We refer the reader to [Ku, Section 2]
for proofs of these facts, or to [Fu] for the general theory of toric varieties.
The variety X has | T-fixed points p}, ..., p; where p; = [a;,b;]j=1,...; is given
as follows:
a; = O7 bl = 0,

CL]':O7 bJ#O if0i+9i+1+~~+0j_1<0,
0@750, b]:O 1f91+91+1++9J,1>0

Note that our condition on the parameter 6 ensures 6; + 0;11 +--- +6;_1 # 0 for
all 7 # 7.
Define an ordering > on the set of indices A = {1,...,1} by

i>j & O+ +0;1 <0

By the condition on the stability parameter 6, the ordering > is a total ordering.
Let 71, ...,m; be the indices in A arranged so that

(2) Mmoo
Remark 2.4. Note that the order of 7y, ...,n; is reverse to the one of [Ku].

Set p; = pi, for : = 1,...,1. The explicit description of the point p; is given
as follows.

Lemma 2.5. Fori=1,...,l, the fized point p; = p), = |a;,bj]j=1,.. 1 is given by
an, =0, b, =0,

ap, =0, by, #0  forj >1i,
an; 70, by, =0 forj <i.
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Let us consider the Lagrangian subvariety 7~'({a = 0 or b = 0}). It has [ + 1
irreducible components Dy, D1, ..., D; such that Dy, D; ~ C!, D; ~ P! for
1 <i<1-—1 and p; is the unique intersection point of D;_; and D;. We can
describe D; explicitly as follows.

Lemma 2.6. Fori=1,...,1, the T-divisor D; s given by

ap; =0, by, #0 forj>i .
g, #0, by, =0 for j <i

D; = {[%bj]j—l,...,z
Similarly, Dy is given by

Do = {laj, bjlj=1,... | aj = 0, bj # 0}.

The description as a toric variety gives us the following affine open covering
of X:

an; # 0 for j <i
by, #0 for j > i)’

We define coordinate functions Z; (resp. ;) for i = 1,...,0 on X cc¥ by
j:i((aj, bj)]'zl,_“’l) = a; (resp. yi((aj, bj)j:l,.“,l) = bz) Fori=1,...,1,let R; be the

following subring of C(z1,...,Z;,¥1,-..,%) which is isomorphic to a polynomial
ring in two variables:
R; = C[f;, 3]
where
fi = ,jnlj,m — jnf )y Gi = iﬂm?m“ — U €C(@1,.., T, Y1, -, U1)
Unisr Unizo -+ U T Ty - Ty,

Then we have
X, =SpecR; ~ C? =T*C!.
Consider the symplectic form wg = 22:1 dz; A\ dg; on X. It induces a symplectic
form wx on X, and we have wx|x, = df; A dg;.
Fori¢=1,...,1, the fixed point p; belongs to X;. For:=1,...,l— 1, we have
D; ~ P! C X; U X;,; and there is an isomorphism X; U X;; ~ T*P!. Note that
figi+1 =1lon Xz n Xi+1.

§83. W-algebras

In this section, we recall the definition of W-algebras (fi-localized DQ-algebras),
and construct a W-algebra on X by quantum Hamiltonian reduction. We intro-
duce quantized symplectic coordinates of the W-algebra on X. In the rest of the
paper, we consider complex manifolds equipped with the analytic topology. For a
manifold M, we denote by Oy the sheaf of holomorphic functions on M.
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83.1. Definition of W-algebras

Let 7 be an indeterminate. Given m € Z, let #r«cn(m) be the sheaf of formal
series Zszm h*ay (ap € Op«cn) on the cotangent bundle T*C™ of C". We set
Wrcn = U, #1+cn(m). We define a noncommutative C((%))-algebra structure
on Wp«cn by
[e3% 1 (0% (03
fog= Z hl laagf'axg

aEZ’Z‘O

where, for a multi-power o = (a,..., ) € Z%,, we set ! = oq!--- ! and

la| = oy + - -+ 4 an. Note that #4-cn (0) is a C|[[h]]-subalgebra of #=cn.

Let X be a complex symplectic manifold with symplectic form w. A W-algebra
on X is a sheaf # of C((h))-algebras such that for any point € X, there is an
open neighbourhood U of x, a symplectic map ¢ : U — T*C", and a C((h))-algebra
isomorphism v : # |y — o ' Wpcn.

The following fundamental properties of any W-algebra # are listed in [KR].
1. The algebra # is a coherent and noetherian algebra.

2. W contains a canonical C|[[h]]-subalgebra #(0) which is locally isomorphic to
Wcn(0) (via the maps ¢). We set #'(m) = h="#(0).

3. We have a canonical C-algebra isomorphism # (0)/# (—1) = Ox (coming
from the canonical isomorphism via the maps ). The corresponding morphism
Om : W (m) = i~ Ox is called the symbol map.

4. We have

O-O(hil[fa g]) = {O-O(f)a ao(g)}
for any f,g € #(0). Here {-,-} is the Poisson bracket of X induced from the
symplectic structure of X.

5. The canonical map #(0) = lim p, 00 #/(0)/#/(—m) is an isomorphism.

6. A section a of #/(0) is invertible in #(0) if and only if o¢(a) is invertible in Ox.

7. Given a C((h))-algebra automorphism ¢ of #', we can find locally an invertible

section a of #(0) such that ¢ = Ad(a). Moreover a is unique up to a scalar
multiple. In other words, we have canonical isomorphisms

7(0)* Tl > Aut(#(0))

Nl lw

W ()~ Aut(#)

8. Let v be a C((%))-linear filtration-preserving derivation of #'. Then there exists
locally a section a of #'(1) such that v = ad(a). Moreover a is unique up to a
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scalar. In other words, we have an isomorphism
W (1)/h~C[R)] = Dexgierea(#)-

9. If # is a W-algebra, then its opposite ring % °PP is a W-algebra on X°PP where
X°PP is the symplectic manifold with symplectic form —w.

A tuple (f1,..., fn;91,--.,9n) of elements f;,g; € #(0) is called quantized
symplectic coordinates of W if [fi, f;] = [9i,95] = 0 and [g, f;] = hdyj.

For a # -module .Z , a # (0)-lattice of A is a coherent # (0)-submodule . (0)
such that the canonical homomorphism % ®y (o) .#(0) — .# is an isomorphism.
We say that a # -module . is good if, for any relatively compact open subset U
of X, there is a coherent #(0)|y-lattice of .#|y. We denote the category of # -
modules by Mod(#') and the full subcategory of good #-modules by Mod&°°(#).
Then Mod8°°Y(#/) is an abelian subcategory of Mod(#/).

Remark 3.1. For a #-module .# with a #(0)-lattice .#(0), the above prop-
erty 6 implies that the support of .# coincides with the support of the associated
Ox-module .#(0)/.# (—1). We denote it by Supp ..

Next, we review the notion of F-actions.

Let X be a symplectic manifold with an action of Gy,: C* 5 t — T} € Aut(X).
We assume there exists a positive integer m € Zso such that 7w = t"w for all
teCr.

An F-action with exponent m on # is an action of G, on the C-algebra #,
Fy T = o for t € C*, such that F(h) = t™h and % (f) depends holo-
morphically on t for any f € #.

An F-action with exponent m on # extends to an F-action with exponent 1
on W [AM/™] = C((R/™)) ®c((nyy # given by Fy(hY/™) = t*ht/m.

Definition 3.2. A #/[h'/™]-module with F-action is a Gy,-equivariant % [h'/™)]-
module, i.e. there exist isomorphisms .%; : T[l/// = M for t € C*, and we
assume that

1. %.(u) depends holomorphically on ¢ for any u € #;
2. Zi(fu) = Fi(f)Fi(u) for f € W[h'/™] and u € A; and
3. 975 Oﬂt/ = ytt’ for t,t/ e C~.

We denote by Modg(#[h*/™]) the category of #[h'/™]-modules with F-
action, and by Mod2°(#/[h}/™]) its full subcategory of good # [A'/™]-modules
with F-action. These are C-linear abelian categories.
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§3.2. Holonomic #-modules

In this section, we review the notion of holonomic % -modules introduced in [KS2].
The following proposition is due to [KS1].

Proposition 3.3 ([KS1, Prop. 2.3.17]). For a good # -module 4 , Supp A is in-
volutive with respect to the Poisson bracket of X. In particular, dim Supp .# >
dim X/2.

Definition 3.4 ([KS2]). We call a good #-module .# holonomic if Supp .4 is a
Lagrangian subvariety of X, i.e., dim Supp .# = dim X/2.

Proposition 3.5. The category Modhc’l(”//) of all holonomic W -modules is an
abelian subcategory of Mod®°°d(#/).

The following lemma is obvious.

Lemma 3.6. Let .4 be a good # -module such that Supp A is the disjoint union
of subsets Zy and Zy. Then there exist submodules N1, No of M with support Zq,
Zs, respectively, and such that M = N ® N5.

Proof. Define
Ni={m e .# | Suppm C Z;}

for 4 = 1, 2. Then the claim of the lemma follows immediately. O

In the present paper, we consider the case dim X = 2.

Let Z, £ € Op-c1 be coordinate functions on 7*C! defined by #((a,b)) = a,
&((a,b)) = b for (a,b) € T*C. Let x, £ € #7-c1(0) be the standard quantized
symplectic coordinates, that is, [¢,z] = h and og(7) = Z, 0¢(£) = £.

For A € C, let .#) be the #7«ci1-module defined by

%)\ = WT*Cl /WT*Cl ({L‘g - h)\)

Then .#) is a holonomic #7-c1-module supported on {z& = 0} C T*C!. Let vy
be the image of the constant section 1 € #«c1 in ).

Lemma 3.7. For m € Z, we have the following isomorphism of Wrp-c1|iz£0}-
modules:

M| (z20) = Mrrmlzroy, Vx> T " VALme
Obviously, the inverse homomorphism is given by vy — ™ vy.

A similar proposition holds globally on T*C!. It is an analogue of a well-known
fact about regular holonomic D¢:-modules.
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Proposition 3.8. For any A # —1, we have an isomorphism of #r«c1-modules

My = M-
Proof. Define homomorphisms of #7«c1-modules

¢I%)\—>./ﬂ)\+1, U)\Hhilfv)d,l,
1
A+1

1/)2./%)\4_1%%)\, U4l TUN.

These homomorphisms are mutually inverse:

1 ht
pop(vayr) = ¢(/\+1$UA) = m(x 0 &)Uat1 = Untl,

-1
A+1

Therefore .#» and .# 11 are isomorphic. O

Yo p(vr) =y(h™€vy) =

(f o m)w\ = Ux.-

The following proposition is essential for the microlocal analysis of holonomic
Wp«ci-modules. This is an analogue of a consequence of the classification theorem
of simple holonomic systems (cf. [Ka, Proposition 8.36]).

Proposition 3.9. Set Z; = {x = 0} and Zs = {£ = 0}. Note that the module A
is supported on the Lagrangian subvariety Z1 U Zs. Then:

1. For A& Z, My is an irreducible #p-c1-module.

2. For \ € Z>q, there exists a Wp-c1-submodule N of M\ supported on Z; and
such that Supp A/ N = Zs on a neighbourhood of {x = & = 0}.

3. For \ € Zg, there exists a Wp-c1-submodule N of M#y supported on Zy and
such that Supp A/ N = Z1 on a neighbourhood of {x = & = 0}.

Proof. The proof is similar to that of [Ka, Proposition 8.36]. O
§3.3. W-algebras JZZ/ on the quiver variety X

In this section, we define W-algebras on the quiver variety X = Xy depending
on a parameter ¢ = (cg,...,c;—1) € C! such that ¢ + -+ ¢;_1 = 0. To ensure
the smoothness of Xy, we assume that the stability parameter 6 = (6y,...,0;-1)
satisfies the condition of Proposition 2.2.

We denote the restriction of the canonical W-algebra #7.c: to X c T*C! by
W5. Let (x1,...,2591,...,9) (%, € #p-ct) be the standard quantized sym-
plectic coordinates: [x;, ;] = [yi, y;] = 0 and [y;, z;] = d;;A for all 4, j. The action

of the reductive group G on X induces an action on #. We define the following
homomorphism p ¢ of Lie algebras:

pg g —W5(1), Ai— h_1($i+1yi+1 — Ys)-
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We call pg the quantum moment map with respect to the action of G. Fix a
parameter ¢ = (cg,...,c—1) € C! such that co + --- + ¢_; = 0. We define a

W -module Z, by l
-1

11
Lo=Ws| Y Wglug(Ai)+a)=W5z)> Wg(@inyin — ziyi + he;).
i=0

=0

The #-module 7, is a good #5-module with a #5%(0)-lattice

-1
Z.(0) := W)}(O)/ Z W)}(O)(xi+1yi+l —xy; + hey).
i=0

Define a sheaf of algebras on X,
— G\o
bQ(c - (p* gnd“iﬂ)} (gc) ) PP
where p : p=1(0) — X is the projection. By [KR], .« is a W-algebra on X. Set
%(O) = (p* éand”fﬂg(o)(fcw))c;)opp'

Then «7.(0) is a canonical C[[k]]-subalgebra of .

Define an F-action on #5 by F(x;) = ta;, Fi(yi) = tyi, and F,(h) = t*h for
t € C*. The corresponding Gy,-action on X is given by Gy, 3 ¢t — T} € Aut(X),
Ti((aj, b:)i=1,...1) = (ta;,tb;);=1,. ;. This action induces a G,-action on the quiver
variety X. Under the embedding G,, C T?, t — (¢,t), this action coincides with
the action given by (1).

The F-action on #% induces an F-action with exponent 2 on <7.. Then we set
, = A [h'?] and o.(0) = .%(O)\th/z].

Set A, = (EndMOd%ood(ggc)(ﬂf'Cl)‘)pp. From [BK] or [BLPW], we have the fol-
lowing W-affinity of the algebra o7.:

Theorem 3.10 ([BK, Theorem 6.3, BLPW, Theorem 6.1]). Assume that we have
cit+cip1+--+ci—1 #0 forall 0 <i<j<I, and that
Ci+Cip1+ -+ cj_1 €ZL>o implies 0y + 01+ + 0,1 <O,
i.e. 1 > j. Then we have the following equivalence of categories:
Ay, M).

Mod%ood(g/f:) ~ A.-mod, M — HOmMOd%OOd('QZ;)(

Its quasi-inverse functor is given by M +— eﬂaZ@)Ac M.

Remark 3.11. As we will see in Section 4, the algebra A, is isomorphic to the
spherical subalgebra of the rational Cherednik algebra of type Z/IZ.

In the rest of this paper, we assume the assumptions of Theorem 3.10.
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Let 1. be the image of the constant section 1 € #5 in .Z.. For a G-invariant
section f € #%, a G-invariant endomorphism of ;. is uniquely defined by the
right multiplication gl. — gf1. € &ndy () for g € #5. By abuse of notation,
we denote the image of the above G-invariant endomorphism in &?J by the same
symbol f.

Consider the global sections x1---xy, y1 -y, T;y; of QZJ fori = 1,...,1L.
Although they are not F-invariant, the global sections h="/2x1 - - - a;, =12y, -y,
h~!x;y; are elements of A, = (EndMOd%OOd(:Qf;) (7.))°PP. In ,, we have the relations

Tiv1Yit1 — Ty +he; =0 fori=1,... L

Next, we consider the local structure of the W-algebra ,9,7: on the affine open
subset X; for i =1,...,1. Set <. ; = H|x,. fie/call the arrangement of the indices
m,-.-,m in (2). We define local sections of «7. on X; by

fi= (g, - xp,) 0 (ym+1 "'?Jm)_1> 9i = Yni - Yn) o (T, - Ty _y)

Note that z,, (1 <j <i—1) andy,, (i+1 <k <) are invertible on p~*(X;), and
fi and g; are well-defined (see property 6 in Section 3.1). We have f; o g; = x,,yp,
and g; o fi = &y, Yy, + h. That is, (fi; g;) are quantized symplectic coordinates of
szz/l for i = 1,...,1. Thus, as explained in [KR, 2.2.3], 42,7:1 is isomorphic to #p«c1
via x — f;, £ g;.

We have

-1

(3) YU :gio(xmym)O"'o(xmqymfl) on Xj.

Moreover gi110 f; = fiogiy1 = 1in @|x,nx,,,- Sometimes, we denote the section
-1

XiNXit1 by fz .

Fori=1,...,1—1, we set

gi+1

(4) CGi=Cp + 1+ + Cnip1—1-

Under the assumption of Theorem 3.10, we have ¢; 4 Ciy1 + -+ + ¢j—1 & Z<o for
1 <i<j <l Then

(5) Tniv1Ynizr — TnyYn, + héz =0.

84. Rational Cherednik algebras and categories O

In this section, we review the definition of, and fundamental facts about, rational
Cherednik algebras of type Z/IZ and their categories O.

Let Z/IZ = (v) be a cyclic group with an action on C given by v — ¢ =
exp(2my/—1/1). Let D(C*) be the algebra of algebraic differential operators on C*.
Let z be the standard coordinate function on C. Then we have C = Spec[z] and
C* = Spec C[z, z71]. The algebra D(C*) is generated by z*! and d/dz.
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The action of Z/IZ on C induces an action of D(C*) given by v(z) = ¢!z,
~v(d/dz) = (d/dz. We denote by D(C*) # Z/IZ the smash product of D(C*) and
Z)IZ.

For a parameter x = (k1,...,/;_1) € C'~1, we define the Dunkl operator 0,
by

P
8}{ = 5 - €4
dz * z ; nie
where we regard ko = 0 and let e; = (1/1) Zé;t ¢¥~7 be an idempotent of C(Z/IZ)
fori=0,1,...,01—1.

Definition 4.1 ([EG]). 1. The rational Cherednik algebra H, = H,,(Z/IZ) is the
subalgebra of D(C*) # Z /17 generated by z, 0, and ~.

2. The spherical subalgebra of H, is the algebra egH,eq.

The following proposition is an analogue of the triangular decomposition of
semisimple Lie algebras.

Proposition 4.2 ([EG]). We have the following isomorphisms of C-linear spaces:
H, ~ Clz] ®c C(Z/IZ) @c C[0,] and egHqey ~ C|z,d,]"? = C[#!, 20,, 8.

The following isomorphism is essentially established by Holland in [Ho, Corol-
lary 4.7]:
eOHkae[) — Ac, eozleo — h_l/2x1 e x,

(6) egdleg — h™ 2y -y,
eoz&ieo —> hill’lyl,

where

(7 c=c(k) = (¢)i=0,1,....1—-1, € =K — Kip1 — 1/l + 8, 0.

Remark 4.3. We consider the algebra A. defined in Section 3.3 instead of the
algebra 21* studied in [Ho]. As shown in [BK, Proposition 3.5], these two algebras
are isomorphic.

Remark 4.4. In [Hol] and [Ku], the parameters \; = —¢; are used for the quantum
Hamiltonian reduction A..

Lemma 4.5 (cf. [Ku, Proposition 4.4]). Assume ¢; + ¢ip1 + -+ + ¢j—1 # 0 for
0 < i< j <I. Then the rational Cherednik algebra H,, is Morita equivalent to its
spherical subalgebra egHeg ~ A., i.e. we have an equivalence of categories

H,-mod — (egHep)-mod, M +— eqgM.

In the present paper, we assume the assumption of Lemma 4.5 holds.
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The category O(H,) is the subcategory of H.-mod such that the Dunkl op-
erator 0, acts locally nilpotently on each module M € O(H,).

Consider an irreducible C(Z/IZ)-module Ce; for i = 0,...,I. We regard Ce;
as a C[0,] # Z/1Z-module by O.e; = 0. We define an H,-module by

A, (i) = Hy ®cla,#z/1z Cei
called a standard module. By Proposition 4.2, we have
(8) A (1) = Clz]e;

as a C-linear space.

By the equivalence of Lemma 4.5, we have a subcategory O(A.) of A.-mod
which is equivalent to the category O(H,). We call O(A.) the category O of A..
For i =1,...,1, we define an A.-module by

AC(Z) =epA, (l)

where ¢ is given by (7) and we regard e; = ep. The module A.(i) is the standard
module for O(A.).

The following proposition is a list of fundamental and well-known facts about
the category O(A.) and the modules A.(¢) (i=1,...,1).

Proposition 4.6 ([GGOR]). We have the following fundamental facts about the
standard modules A.(7):

1. Fori = 1,...,1, the standard module A.(i) has a unique irreducible quotient
L.(i).
2. The irreducible modules L.(i) (i = 1,...,1) are mutually nonisomorphic.

3. Any simple object in the category O(A.) is isomorphic to L.(i) for some i =
1.1

Remark 4.7. Originally [GGOR] considered the category O(H,;) of the rational
Cherednik algebra H,, and not of its spherical subalgebra egH,eq ~ A..

By (8), we have
(9) Ac(i) = egAn(i) = eoC[2!]2" e, = C[h ™ 2xy - 2y)e;

as a C-linear space where we denote epz'~’e; by e;.
In A., we have

[h_l‘rﬁl Yns h—l/2x1 cee CL‘l] = h_l/Ql‘l ez,
[h*lxmym,;rlmyl cey] = Y2y,

For i = 1,...,l, the operator h™'x,, y,, acts semisimply on the standard module
Ac(n;), ie. Ac(n;) is a direct sum of eigenspaces with respect to the action of
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F 'y, yp, - In fact, by direct calculation we have

Acm) = @ (" 2xr--a) ey,

meZZO
and
(10) (h_lxmym) © (h_l/2‘r1 e ml)mem’
= (MG 4 Epy oot En )BTV P2y ) ey,
where &, is the parameter defined at (4).
Lemma 4.8. We have
AC(ni) = Ac/(AC(h_lxmym) + Ac(h_l/2y1 T yl))
fori=1,...,1.

Proof. The standard module A.(n;) is cyclic with cyclic vector e,,,. By (5) and (10),
we have 'z, y,.e,, = 0. Thus, we have the surjective homomorphism of A.-
modules

AC/(AC(hilxmym) + AC(hil/le cey) = Ac(ni),  fer fey,.

By Proposition 4.2 and (9), this homomorphism is an isomorphism. O

85. Microlocal construction of modules
§5.1. Construction of the standard modules

In this section, we introduce ,vamodules M2 (n;) supported on Lagrangian subva-
rieties D; UD;+1U---UD; of X. Moreover, we show that Mf(m) is a counterpart
of the standard module A.(n;) of A. through the equivalence of Theorem 3.10.

Definition 5.1. For 1 < ¢ < ¢/ <[, a parameter A = (\j)j=it1,...,ir € Ci'—i is

called admissible when A\; — \jy1 — & € Z for j =4,...,i' — 1, where we regard
A =0.
Definition 5.2. For i = 1,...,l, fix an admissible parameter \ = (Aj)j=it1,...1-
We define an «7-module M., x(n;) by gluing local sheaves as follows:

Mex()X, = Hei| Terii

M (i) x, = Hoj) e(fi 0 g5 — BA;)
- C,j/%yj(xﬁjynj 7h>‘j) (fOI‘j:Z'JrL...,l),
Mex(mi)lx; =0 (for j=1,...,i—1).
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The gluing is given by

(11) u; = f],)‘j_)\j+l_éjuj+1 on Xj n Xj+1

where u; is the image of the constant section 1 € . ; in M. (n:)|x, for j =

Note that we have
(12) MC,)\(ni”Xj = %)\j? Uj > Vx,s
under the isomorphism DQZ § = Wrsecr.

Lemma 5.3. The module M. (n;) is a well-defined good JZ—module supported
on the Lagrangian subvariety D; U D;4 1 U---U Dy.

Proof. For j =i+ 1,...,1 -1, set A = M.x(m)|x; and A5 = M ()] x4,
By (5), we have

Jj+109j+1— fjog; +hé; =0
on X; N Xjy1. Thus,

Max;nX500 = el x;nx500 [ Delx;0x 00 (Fi1 © gjv1 — BAj41),
= %|XjﬂX_7’+1 /%|X]‘QX]‘+1 (fj o g] - h(>\J+1 + é]))'

Since A is admissible, by Lemma 3.7, A1|x,nx,,, is isomorphic to J1/2|ijxj+l
via the map u; — fJ»Aj_Aj+1_6JUj+1. For j = i, we set M = 5221/@?;1(]‘} ° gi),
and A3 = M z(7:)|x,.,- By the same argument for the case j =i+ 1,...,1 -1,
M|x:nx,., i isomorphic to A3|x,nx,,,. By Proposition 3.9, this isomorphism
induces an isomorphism between 42,7: i /;szcv i9i
sequence, M. (1;) is well-defined. .

Set A1(0) = #(0)|x,u; and A2(0) = (0)|x,,,uj41. Clearly .45(0) is
an .Q,{;(O)|Xj—1attice of A, for a = 1, 2. Moreover, the above isomorphism be-

and A5|x,nx,,, induces an isomorphism of .o7.(0)|x;nx, .-

X;nX.p, and A2|x,nx,,,. As a con-

tween A1|x;nx;4.

modules between A1(0)|x;nx,,, and 45(0)|x;nx,,,- Thus we have an @ (0)-

lattice M, »(0) of M. x, which is defined by M. x(0)|x; = #(0)|x,u;. Therefore
M. A(n;) is a good @/ .-module. O

Lemma 5.4. Fiz i € {1,...,l}. Take an arbitrary admissible parameter A\ =
(Aj)j=it1,..1 € C7F such that A € (C\ Z<o)"™% (resp. A € (C\ Zx0)'"%) and
N € X+ (Z0)'™% (resp. N € A+ (Z<)'™%). Then we have an isomorphism of
uQZ—modules

M (n;) = Mex(m;).
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Proof. We will prove the case where A € (C\ Z<o)'"" and X' € A + (Zxo)!' "% It
is enough to show that the claim of the lemma holds when there exists an index
je{i+1,...,1} such that \; +1 = \; and X}, = Ay, for k # j.

By (12), we have

Mex(mi)lx; = AMy;,  Mex(ni)lx; = My, 11

Thus, there exists an isomorphism of @’/:’j—modules Mex(i)lx; = Mex(ni)|x,

by Proposition 3.8. For k # j, we have a trivial isomorphism of 47 x-modules
Mea(mi)lx, = Mecx(m:)|x,- These isomorphisms induce an isomorphism of o7.-
modules M x(1;) =~ M ().

The case where A € (C\Zxo)'~" and X' € A+ (Z<o)'~? is proved similarly. [

Next, we define .o7-modules M2 (n;), MY (m;).
Definition 5.5. For an admissible parameter A € (C\ Z>0)' ™%, we denote
ME (i) = Mex(mi)-
Remark 5.6. For an admissible parameter A € (C\ Z.()!~*, we denote
M (1) = Mex(mi)-

The module MY (1;) is an ,-module (conjecturally) corresponding to a costan-
dard module of A..

In the rest of this section, we show that the Asz'cv—module M2 (n;) corresponds
to the standard module A.(n;) via the equivalence of categories in Theorem 3.10,

i.e. we have HomModgFood(gz)(.@fc,M?(m)) >~ Ac(n;).

Theorem 5.7. We have an isomorphism of,zaffcv-modules M2 () ZJZZ/Q@AC Ac(n;).
In other words, we have an isomorphism of A.-modules

Homy g, qaood (7 (e, ME (i) 2 Ac(ns).
Proof. By Lemma 4.8, we have
(13) Lo @A Do) = o/ (Setn Yo, + Ser - y1)-

For j =1,...,4, by (5), on X; we have

Yr "Y1 =95 © Ty Yny © O Ty _1Yn;_1 = G5 © H(f] © gj +h(Cp + -+ Ej—l))-
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Since, fi(é + -+ + ¢;—1) € C((h)) is a nonzero scalar for k =1,...,7 — 1, we have

Ao i(fjog; —h(E+ - +E-1))

J—1
+ g gio [[{(fiog —hE +-- +E1) = hEx+ -+ 1)}
k=1

j—1

Aoj(fj 095 —h(E+ -+ 1))+ Hejgio [ [ hew+- + 1)
k=1

Ao j(fj0g) —hE+ - +E1)) + e jg;.

Therefore, on X, the isomorphism (13) reduces to

Aoy @a, Acln) =~ @Z,j/{@Z,j(fj 0gj — (¢ + - +¢-1))
j—1

+ g0 [[(Fiog — h@n+-+ 5];1))}
k=1

= e j[{Aej(fj09; —E + 4+ 1)) + e g5}
_ Aoi| Sy gi for j =1,
0 forj=1,...,i—1.

For j =i+1,...,1, on X, we have

Yr---Yyr=gj50° (xmym) ©--0 (xmym) ©---0 ("Tnj—lyﬂj—l)

by (3). Since x,, Yy, and z,,y,, commute with each other, on X; we have

Hej @a, Do) = "Z{c,j/<"z{c,jxmym + ejg; © (H xnkynk) © xmym)
ki

= :]'/”Q}:vj($”7jy”7j +h(él++6]_1)) fOI‘jZi—I-l,...,l.

Note that A = (Aj)j=it1,..1 € C!~% where Aj = —(& + -+ ¢—1) is admissible
and A € (C\ Zso)'~*. Thus, the #.-module o ®4, A.(1;) is clearly isomorphic
to M2 (n;). O

85.2. Construction of irreducible modules of .QZ/

In this subsection, we construct modules L.(i) over the W-algebra ﬂ?: for i =
1,...,l, and show ,t\}/lat they are irreducible. Under the equivalence of Theorem 3.10,
Hom,, 45004 %z)(;zfc,ﬁc(i)) is isomorphic to the irreducible module L. (i) over A,
defined in Section 4.
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Fix ¢ € {1,...,1}. We denote by €(i) the unique integer in {i +1,...,1+ 1}
such that ¢; + Ciy1 + -+ + Ee(i)fl € Z and ¢ + Gy + - + Ej,1 ¢ 7 for any
i< j<e(d).

Definition 5.8. Fix an admissible parameter A = (Aij1,..., Acs)—1) € Cet)—i—1

where we regard A.;) = —1. We define an .@Z/—module Lea(n;) by gluing local
sheaves as follows:

L)l x, = Tei| i,
Leami)lx, = Hoj| Sy (f; 0 g — BNy
= Ao | T (On,yn, —hN;)  (or j=i+1,... €(i) = 1),
Lexa(i)lx. ) = Ay e(iy] Do e(i) fe(i)
Leami)lx, =0 (forj=1,...;6—1e(i)+1,....1).

The gluing is given by
(14) wj = N Y00 on XN X
where u; is the image of the constant function 1 € @ZJ- in Lea(mi)|x, for j =
By, €(D).
Remark 5.9. If ¢, + Gi41 + -+ -1 € Z for any j = i+ 1,...,1, we regard
€(i) =1+ 1 and the definition of L. x(7;) is given by
Lea(ni)lx, = %2/%1917
EC,A(nz‘HXj = %,j/%,j(fj ©g; — h/\j) (forj=i+1,... 51)7
L:C,)\(ni”Xj =0 (fOI'jzl,,Z—l)

Clearly L. x(n;) =~ M, x(n;) in this case.
Note that we have an isomorphism of @2; j-modules
(15) Ec,/\(Th')|Xj = '/%AJW Uj = Uy,

for j=4i+1,...,e(d) — 1, under the isomorphism JZZJ ~ Wrect.
The following lemmas are proved similarly to Lemmas 5.3 and 5.4 by using
(15) instead of (12).

Lemma 5.10. The module L. x(n;) is a well-defined good C;szcv-module supported
on the Lagrangian subvariety D; U Diy1 U~ U D).

Proof. The well-definedness is proved similarly to Lemma 5.3.
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Similarly to the proof of Lemma 5.3, there exists an gZ(O)—lattice of L A(m:)
given by Lcx(1:)(0)|x, = #(0)|x;u; for j =i,...,€(i). Thus, L. \(n;) is a good
.-module. O

Lemma 5.11. For any admissible parameters X\, N € C¢()—i=1

morphism of &Z,—modules Lexa(m) = Lo (mi)-

, we have an iso-

Proof. Note that A\; ¢ Z because A is admissible and satisfies ¢; 4+ €;41+ -+ +¢j—1
€ 7 for any ¢ < j < €(i). Thus this lemma is proved similarly to Lemma 5.4. O

By the above lemma, the é{—module L. x(m;) is not, up to isomorphism, de-
pendent on A € Ce()—i—1,

Definition 5.12. We denote the &Zmodule Lex(m) by Le(n:)-

In the rest of this subsection, we show that the QZmodule L.(n;) is irreducible.

Fori=1,...,1, the good C;szcv-module L.(n;) is supported on the Lagrangian
subvariety D; U Dj 1 U---U Dy Thus, L.(n;) is a holonomic module. The irre-
ducibility of £.(n;) now follows immediately from Propositions 3.5 and 3.9.

Proposition 5.13. The module L.(n;) is an irreducible JaZ-module.

Proof. Assume there exists a nonzero submodule N of £.(7;). By Proposition 3.5
and Lemma 3.6, Supp N = D)ZEJ Djt1U---UDy, for some i < j <k < ¢(i). Assume
J # i; then L.(n;)|x; is an @ j ~ #p-ci-module and it has a nontrivial #7-c1-
submodule Ny, supported on {z = 0}. On the other hand, by the definition of
L.(n:), we have L.(n;)|x; ~ #»; and \; ¢ Z. By Proposition 3.9, L.(1;)|x; is
an irreducible #7-ci-module, which contradicts the assumption. Thus we have
j = 4. Similarly, k& = €(i). Therefore N' = L.(n;), and thus L.(n;) is an irreducible
sz//:—module. O

Theorem 5.14. Fori=1,...,1, we have
HomMod%ood(m;C)(Jch, [:C(rh-)) = Lc(m).

Proof. By Proposition 3.9 together with the definitions of M2 (n;) and L.(n;)
(Definitions 5.2 and 5.8), L.(n;) is a quotient of M2 (n;). Applying the equiva-

lence of Theorem 3.10, the A.-module HOmMOd%ood('d;)(e/Jc, L.(n;)) is a quotient of

HomMOd%ood(ﬂgc)(JzZ, ME(1;)) =~ Ac(n;). Since L.(n;) is an irreducible o,-module,

the A.-module HomMOdgood(J)(mfc,ﬁc(m)) is an irreducible quotient of A.(n;).
F c

Therefore, it is isomorphic to L.(n;). O

In [KS2, Sections 2 and 3], Kashiwara and Schapira introduced the notion of
regular holonomic o7.-modules. By the definition, the full subcategory of regular
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holonomic ﬂZmodules is closed under extensions. Thus we have the following
corollary.

Corollary 5.15. For any Ac-module M in O(A,), the corresponding ,fo:—module
e ®a, M is regular holonomic.

Next, we discuss the decomposition of the standard modules of O(A.) in the
Grothendieck group of O(A.).

Corollary 5.16. In the Grothendieck group of O(A.), we have
[Ac(ni)] = > eyl
j:6i+"'+5j71€Z
Proof. By Proposition 4.6(3), we have

l

[Acm)] =D n[Le(n))]

j=1

for some n; € Zso. If Supp L.(n;) ¢ Supp M2 (n;) = D; U --- U Dy, we have
n; = 0. The modules M2 (n;) and L.(n;) are (at most) multiplicity-one on Dy, i.e.
ME(0:)(0)/ M2 (1;)(=1) and L(n;)(0)/Lc(n:)(—1) are invertible Op, -modules on
D\ {pk,pr+1}. Thus we have

Z nj=1 fork=1,...,10

J:Supp Le(n)NDy#0D

That is, [Ac(n;)] is multiplicity-free in the Grothendieck group. Since L.(n;) is a

unique irreducible module whose support is of the form D; UD;; U---, we have
n; =1 for j =14,...,l such that ¢; +--- 4+ ¢;_1 € Z by comparing the supports of
MZ (1:) and Le(n;). O

Remark 5.17. We can also determine the multiplicity [Aq(n;) : Le(n;)] in the
Grothendieck group of O(A.) algebraically in this case. The same result of Corol-
lary 5.16 follows immediately from [Ku, Lemma 4.3].

Finally, we discuss the subcategory of Mod%o‘)d(ﬂ}:) corresponding to the cat-
egory O(A.). Since a section f of the W-algebra 42}/: is invertible if and only if
its symbol o¢(f) is invertible in Ox, A~ ly; ---y; acts locally nilpotently on an
A.-module M if and only if Supp JZ%Z@AC M C Uli:1 D;. Thus, as mentioned in
[Mc, Remark 8.8.2], we have an equivalence of these subcategories:

O(A,) ~ Mod?i‘jg:l D, (),
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where Modi‘?c&_l D (o7,) is the full subcategory of Mod%,md(ucff:) whose modules

are supported on Ui‘:1 D;. As a consequence of Corollary 5.15, good @Zmodules
with F-action supported on Uézl D, are automatically regular holonomic.

Appendix. Global sections of the standard modules

We can explicitly calculate global sections of M* (1;). Fix an admissible parameter
A= (N\j)j=it1,..1 € Ccl—. First, the restriction homomorphisms are given explicitly
as follows:

Resy : T(Xj, Me (i) = T(X; N X1, Mea(ni),

f]muj — fjmu] (m S 220)7

g7 uj C’Lm’jfj*muj (m € Zso),

Resy : T( X1, Mea(m:)) = T(X; N X1, Mea(mi)),
m+Aj41+E—A;

gitiui1 = f; ‘uj  (m € Zxo),
m m )\j Ci—M\j
Fltujen o Cojia fi 0T N0, (m€ Zixg),
where
Cmj=h"(m+X)(m+ X —1)--- (N +1)  (m € Zxo),
C,’n’j:h_m(m—i—)\j+1)(m+>\j+2)-~-)\j (m€Z<0)
are scalar constants. For an index j = 4,...,[ such that ¢ +--- 4+ ¢j—1 € Z, we

have G, j, Cy, ; # 0 for all m.
Assume A = (\;)j=i+1,..1 € (C\ Z>0)!"*. For an index j =4,...,[ such that
Ci+ -+ ¢j_1 € Z, we have

(16) Cnj;#0 (form< —=Xj,and j=4,...,1—1),
Cr.; #0  (for any m,and j =1i,...,1 —1).
Now, we construct global sections of M2 (n;) explicitly. Fix i = 1,...,l and

)\i+17~~~7)\l such that )\j<_éi_5i+l_"'_éj71 forallgzz—f—l,,l
For j=4,....,land k =j,...,[, set

Mk = —Ap — Cp—1 — Ch—2 — **+ — G5

Note that we have mj + A\ + Cr—1 — Ag—1 = mj r—1. For j =14,..., [l such that
¢+ -+ ¢j_1 € Z, take m € Z such that 0 < m < & + -+ + E(;)—1 (we regard
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¢ = 00). Then we define a section

(ﬁ_l/2fl)mf*l+mul on Xj,
l
Ujom = ( 11 Cm_,»,wm’k)(h_j TR i) g on Xy (7 < 51 <),
k=j'+1
0 on Xj/ (jlgj—l)

Note that Cy,, . 4mxr # 0 by (16), and v;,, is a well-defined global section.
Moreover, because vj,, is an F-equivariant section, we can identify it with an
F-equivariant homomorphism

A3 vjm € ME ()

in HOJfrll\/[od%;od(Wrc)(,Q?c/7 MZ(m;)). Tt is clear that the vectors {v; m, };.m are linearly

independent. By Theorem 5.7 and (9), {vj,m }j,m is a basis of the C-vector space
HOmMOd%ood(lggc)(e%, MCA(UZ))
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