Publ. RIMS Kyoto Univ. 49 (2013), 111-122
DOI 10.4171/PRIMS/98

The Hadamard Product in the Space of
Lorch Analytic Mappings

by

Luiza A. MORAES and Alex F. PEREIRA

Abstract

For a complex Banach algebra F, let Hy (E) be the space of all mappings from E into E
that are analytic in the sense of Lorch, endowed with the Hadamard product and with the
topology of uniform convergence on bounded subsets of E. We study the topological and
algebraic properties of Hy (E) in connection with the topological and algebraic properties
of the underlying space E. We also study the algebraic and topological properties of the
space of sequences (an)n C E such that lim, Han||1/" =0.
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§1. Introduction

The theory of Lorch analytic mappings, a special type of holomorphic mappings,
goes back to the 1940’s and is a natural extension of the classical concept of analytic
function to infinite-dimensional algebras. A considerable portion of the classical
theory of analytic functions carries over to such mappings (see [9]). The definition
of analytic mapping introduced by Lorch in [9] is more restrictive than the standard
definition of holomorphic mappings (see [3] or [12]) since Lorch considered only
mappings whose domains and ranges are subsets of a commutative Banach algebra
with unit. But it is more natural and, in many senses, richer. For instance, it
allows concepts like Laurent series, singularities and meromorphic mappings. With
Lorch’s work as foundation, Blum [1] extended the theory to include a study
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of Laurent expansions, rational functions, and singularities of analytic functions,
and Glickfeld [5] presented a definition of meromorphic mappings and proved a
generalization of the Mittag-Lefller Theorem.

In the first part of this paper we study the space Hy(E) of mappings from FE
into F that are analytic in the sense of Lorch, endowed with the Hadamard prod-
uct and with the topology 7, of uniform convergence on bounded subsets of E.
We show that Hy (E) is a commutative (m-convex) Fréchet algebra without unit
whose spectrum M (Hp (E)) is homeomorphic to M(E) x Ny (where M(FE) is the
spectrum of E and Ny = N U {0}); as a consequence, we show that the algebra
Hp(F) is semisimple whenever F is.

In connection with the study of Hy(F), in the second part of this paper we
consider the space

Endowed with the usual operations of addition, scalar multiplication and product
in spaces of sequences, I'(E) is a non-unital commutative algebra. We show that
this algebra, endowed with the topology associated to the metric

d(a,b) = sup{|lao — bol[; lan — bn||*/™, n € N}

is isomorphic to the algebra Hy (F) (under the Hadamard product) and the iso-
morphism between I'(E) and Hp(F) is in fact a homeomorphism and preserves
the algebra structure. Hence, the study of the algebra Hy (F) leads to a better
knowledge of the algebra I'(E).

We recall that if a Fréchet algebra A does not have a unit we cannot guarantee,
in general, that every closed maximal ideal of A is the kernel of a continuous
homomorphism on A. In this paper we show that the latter property does hold for
A =Hp(F), and consequently for A =T'(E).

82. Notation, terminology and basic results

We refer to [3], [4], [12], [8] and [13] for background on holomorphic mappings and
on Banach and Fréchet algebras.

If U is an open subset of a commutative Banach algebra E with unit, a
mapping f : U — F is said to have an (L)-derivative f'(29) € FE at 2o € U if for
each € > 0 a d > 0 can be found such that for all h € E satisfying ||h|| < J we have

| f(z0 + h) = f(20) = hf' (20)ll <ellh]l.

Moreover, f is said to be (L)-analytic in U if it has an (L)-derivative at each point
of U.
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We remark that if f: U — F is (L)-analytic in U then it is clearly continuous
and Fréchet differentiable in U and hence it is a holomorphic mapping in the usual
sense of Definition 5.1 in [12] (see also [3] and [4]). However, it is well known that
the converse is not true (cf. [7, p. 116] or [11, Remark 2.3]).

The Taylor series expansion of an (L)-analytic mapping f takes a particularly
simple form. More precisely, it is known that f is (L)-analytic in U if and only
if given any z9 € U there exists a p > 0 and unique elements a,, € E such that
f(z) = >0  gan(z — 20)"™ for all z in ||z — 2z|| < p. For details, see for instance
[7, Theorems 3.19.1 and 26.4.1]. In the notation of [3] we have (1/n!)d" f(z0)(z) =
anz™ for every n € N.

Throughout, unless otherwise stated, F will always be a commutative complex
Banach algebra with a unit element e and, without loss of generality, we will
suppose that |le]| = 1.

Forn € N, Pr("E) denotes the space of all (L)-analytic n-homogeneous poly-
nomials from E into E, and H (F) denotes the space of all (L)-analytic mappings
f:E— E. When n = 0 we define Pr(°E) to be the set of all constant mappings
from F into E.

We denote by Ny the set NU {0}. Given any a € E and n € Ny we denote by
P, ,, the polynomial defined by P, ,,(z) = az" for every z € E. Asusual P, o(2) = a
if n = 0. It is clear that P, ,, € Pr("E) C H(F) for all n € Ng. We remark that
P e Pr("E) if and only if P = P, ,, for some a € E.

In [11] we showed that the space Pr("E) with the usual norm given by
|PllBs = sup,ep, [[P(z)] is isometrically isomorphic to £ and that Hp(E) is a
closed subspace of the Fréchet space H;,(E; E) of holomorphic mappings f : £ — FE
that are bounded on bounded subsets of E (endowed with the topology 7, of
uniform convergence on bounded subsets of E). We denote by Hp,(E) the Fréchet
space (HL(E), 7). As a consequence of Hy(E) C Hp(E; E) and from the Taylor
representation of (L)-analytic mappings we find that f € Hp(F) if and only if
there exists (a,,), C E satisfying lim,_, ||a,||"/™ = 0 such that f = > o Pann
in (Hp(E), ). We denote by T'(E) the set of all sequences (a,,), C E satisfying

limy, o0 [|an* = 0.

§3. The Hadamard product

In [11] we studied some natural algebras of (L)-analytic mappings. In particular, we
showed that the Fréchet space H (E) endowed with the pointwise product becomes
a commutative Fréchet algebra that we also denoted by Hp(F) and studied its
spectrum. As a consequence, we proved that Hp(E) is semisimple if and only if
FE is.



114 L. A. MORAES AND A. F. PEREIRA

In this paper we are going to consider a different algebraic structure in Hy, (E).
If f,g € Hi(E), there exist (ay)n, (bn)n € ['(E) such that f(w) =377, a,w™ and
g(w) =Y 07 byw™ for every w € E. It is easy to check that (a,by,), € T'(E) and
hence if we define (f-g)(w) = > 77 anb,w" for every w € E we have f-g € H(E).
We will refer to this product as the Hadamard product. It is easy to see that H (F)
endowed with this product is a commutative algebra without identity. From now
on this algebra endowed with the topology 7, will be denoted by H(F) and our
aim here is to study its spectrum.

It is known that if X and Y are Banach spaces, the family of seminorms

defined by > 1 3 (0

n!
n=0

n

for every f = Y07 P, € Hp(X;Y) and for every r € N generates the topol-
ogy 7. In particular, p,(f) = Yo" [lan |7 for every f =37 P, » € HL(E) C
Hy(E; E) and it is easy to verify that p,.(f-g) < p.(f)p-(g) for every f,g € Hy(E)
and for every r € N. So, Hf(E) is an (m-convex) Fréchet algebra.

Theorem 3.1. Let E be a commutative Banach algebra with unit e. The mapping
T M(E) X Ng — M(HL(E))
defined by T(p,m)(f) = plam) for every f =" Pu. n € HL(E) is bijective.

Proof. Fix (p,m) € M(E)xNjy. Clearly T(p, m) is an algebra homomorphism and
T(p,m) # 0 since T(@, m)(Puy,m) = ¢(wo) # 0 for some wy € E. Moreover, given
a bounded set B C Hp(F) there exists A > 0 such that sup e supjj, <1 [lf(w)]|
< A and by using the Cauchy inequality we see that

lamll = | Pa,,mll < sup [[f(w)]} <A
lwll<1

for all f = >° P, .n € B. Thus T(p,m) is bounded on bounded subsets of
H(E), which means that (¢, m) is continuous, as (HL(E), ) is a bornological
space. We have just proved that T(p,m) € M(HL(E)).
Now, let (¢, m), (¢,n) € M(E) x Ny be such that T(p,m) = T(¢,n). For
each a € F,
p(a) = e, m)(Pa.,m =+ Pa,n) = T(¢, n)(Pa,m + Pa,n) =(a)

and so ¢ = . Now, if m # n, it is enough to choose b € F so that ¢(b) # 0 in
order to get

T, m)(Pon) = ¢(0) = 0 # o(b) = T(p,n)(Po.n),

a contradiction. So, we must have m = n and thus ¥ is injective.
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Finally we show that ¥ is onto. First of all, to each ¢ € (HL(E),n) we
can associate a sequence (¢, ), of continuous linear functionals on E defined by
¢n(a) = ¢(Pap) for all @ € E. This sequence clearly satisfies

(a) ¢(f) =202y dnlay) for every f =3 P, n € HL(E),n),
() (llgnll*/™)n is bounded.

Let ¢ € M(HL(E)). There exists m € Ny such that ¢,, is a non-null homomor-
phism on E since ¢ is a non-null homomorphism on Hy (E). Now suppose that
there exist my, my € Ny such that my # ma and ¢, , P, € M(E). From

(Pe,m, + Pe,m2)2 = Pemy + Peom, and bm,(€) = Pmy(e) =1
it follows that

(Pm, (€) + Pm, (6))2 = (¢(Pe,7n1) + ¢(Pe,m2))2
(¢<Pe’m1 + Pe,mz))2 = ¢((Pe’m1 + Pe,mz)g) = ¢(Pe,m1 + Pe,mz)
¢(Pe,m1) + ¢(Pemw) = Om, (6) + P, (6) =2,

4

absurd. We have just shown the existence of a unique m € Ny such that ¢, # 0
and ¢,, = 0 for every n # m and hence ¢(f) = > 0" dn(an) = dm(am) for every
f =30 0Pa,n € HL(E). Thus, there exists (¢,m) € M(E) x Ny satisfying

6(f) = T2, m)(f) for every f € Hy(E). 0

Next we are going to study the continuity of the mapping ¥ defined in Theo-
rem 3.1 when M (H(E)) is endowed with the Gelfand topology 7¢ (i.e., the weak*
topology), and Ny with the discrete topology.

Theorem 3.2. The spectrum M(Hp(E)) is homeomorphic to M(E) x Ny.

Proof. Let T be the bijection between M(E) x Ny and M(H(E)) defined in
Theorem 3.1. Take a net ((¢q,Na))acr in M(HL(E)) x Ny such that

(3.1) Yo % o in M(HL(E)),
(3.2) ng - m  in Np.

By (3.2) there exists a3 € I such that n, = m for all « > a; and so, given
f=30"0Pa,n € HL(E), we have T(a,na)(f) = ¢alam) for every o > 1. As
am € E, by (3.1) we get ¢o(am) = ¢(an) and hence, given € > 0, there exists
ag € I such that |pa(am) — @(am)| < € for every o > . Now, if we take any
g € I satisfying ag > a1 and ag > as we have

IT(Pa,na) (f) = T(p,m) ()] = [palam) — plam)| <€  for every a > ay,
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and this is true for every f € Hy(E). So, T(Pa,na) — (e, m) in M(HL(E)),
showing that ¥ is continuous.

It remains to show the continuity of the inverse of ¥. Let (¢q)acr and (14 )acr
be nets in M(FE) and Ny, respectively, and let (¢, m) € M(E) x Ny be such that

(3-3) pasna) == Tp,m)  in M(HL(E)).

Suppose that (¢q, ) » (@, m) in M(E)xNy endowed with the product topology.
If for every « € I there exists S, > o such that ng, # m, then for each a € E we
have (pg,,ng,)(Pa,m) = ©s,(0) = 0 for every such §,. But by (3.3) there exists
ag € I satisfying

IZ(@asna)(Pam) — T(p,m)(Py.m)| < e forall o> ay,

and so, in particular, if we take 8y > aq such that ng, #m we get T(¢a,,n8,)(Pa,m)
= 0 and [T(eg,,ns,)(Pam) — p(a)] < €. Thus, p(a) = 0 for every a € E, a
contradiction. Hence, n, — m in Ny. Now, take oy € I such that n, = m for
every o > aq. Clearly, for each a € E we have (g, na)(Pam) = @ala) for
every @ > aq. Moreover, given € > 0, by (3.3) there exists as € I such that
IZ(pas na) (Pam) — T, m)(Pa,m)| < € for all @ > a, and if we choose ag € I
such that g > a3 and ag > as we get

pa(a) = ¢(a)] = [T(Pas na) (Pam) = o, m)(Pam)| < €

for every a > ag. From this we infer ¢, ~% ¢ in M(E), which completes the
proof of the continuity of the inverse of ¥. O

It is well known that if A is a commutative Fréchet algebra with unit, then the
correspondence that to each ¢ € M(A) associates ¢~1(0) establishes a bijection
between M(A) and the set of all closed maximal ideals of A (see, for instance,
[6, p. 82]). But if A is a commutative Fréchet algebra without unit we cannot
guarantee, in general, that every closed maximal ideal of A is the kernel of a
continuous homomorphism on A. Next we show that A = Hp(F) does have this

property.

Proposition 3.3. If T is a closed mazimal ideal in Hy(E), then there exists
¢ € M(HL(E)) such that T = ¢~1(0).

Proof. Let T be a closed maximal ideal in Hy(E). For each k € Ny define 7 :
Hy(E) = E by mp(f) = ay for all f =37 P, » € HL(E) and let Z), = 74 (Z).
It is easy to verify that 7 is a surjective homomorphism and that Zj is an ideal
in F.
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We claim that there exists m € Ny such that Z,,, C E. Indeed, suppose that
I, = E for every k € Ny, take any f = > °° (P, , € H (E) and fix k € N
arbitrary. As E = 7 (Z) there exists ¢ € Z such that mi(g) = m(f). Clearly
g - P. € Z. Moreover, from m,(g - Pey) = 0 if n # k and m(g - Pex) = m(f)
we get Py, = ¢ Pey € Z. Thus, Py, 1 € T for every k € No. As T is an ideal
in Hy (F) we infer that Zi:o P, n €T for every j € Ng. Consequently, f € T as
Zflzo P, 2t f and by hypothesis Z is closed. We have just shown that Z,, = E
for every k € Ny implies Z = H (E), and this contradicts the hypothesis that Z is
a maximal ideal in Hy, (F). So, the claim is true.

Next we show that Z,, is a maximal ideal in E. Indeed, let K,, be an ideal
in E such that Z,, € K,,. Clearly K = 7,,}(K,,) is an ideal in Hy(E). Also by
hypothesis there exists w € K,,, such that w ¢ Z,,, and since m,, is onto E we may
choose g € Hy(E) such that m,(g9) = w € Ky,. So, g € K. But w ¢ Z,,, implies
g ¢ T and hence K is an ideal in Hy(F) such that Z C K. Since Z is a maximal
ideal in Hy(E) this implies £ = Hy(E) and so K,;, = 7, (K) = 7, (HL(E)) = E.
Thus Z,,, is a maximal ideal in FE.

Next we will prove that Z = 7,1 (Z,,). Clearly 7,.}(Z,,) D Z and m,,}(Z,,) is
an ideal in Hy, (E). But Z,, is a maximal ideal in F and so there exists w € E such
that w ¢ Z,,; and since m, is onto there exists g € Hy(E) such that m,,(g) = w.

Hence, Z C 7,1 (Z,,) € HL(E) and as Z is a maximal ideal in Hy (E) we get
1= ijml(z-m) ={f € HL(E); mn(f) € Tn}-

Finally, since Z,, is a maximal ideal in the Banach algebra (commutative with
unit) E, there exists ¢ € M(E) such that Z,,, = ¢~*(0). Hence

T= {f - ;Pamn € Hy(B); an € w—l(o)}.

So, by Theorem 3.1 there exists ¢ := (o, m) € M(H(F)) such that
I={f€HL(E); é(f) =0} =¢"(0). .

We recall that the radical R(A) of a commutative algebra A is the intersection
of all maximal ideals in A. An algebra A is called semisimple if R(A) = {0}. As
Hy(F) is a commutative (Fréchet) algebra, the kernel of any non-null continu-
ous homomorphism from Hy,(F) into C is a closed maximal ideal in Hy(E) (use
Lemma 7.1 p. 68 of [10] and continuity) and we have

RMHL(E)C () ¢ 0),
PEM(HL(E))

The next proposition follows from Theorem 3.1.
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Proposition 3.4. The algebra Hy (E) is semisimple whenever E is.

Proof. Given ¢ € M(E) and m € Ny, let ¢ = T(p,m) where T is defined as in
Theorem 3.1. Clearly for each f =" P, € HL(F) we know that ¢(f) =0
if and only if ¢(a,,) = 0. So, the set

X‘P,m = {f = ZPa",n € HL(E); am € 50_1(())}
n=0

is a closed maximal ideal in Hy(E) since X, ,, = ¢~ 1(0) and ¢ € M(HL(E)).
Now, by using the fact that R(HL(E)) C Nyemm, (p)) ¢»~1(0) and Theorem 3.1
we deduce that f € X, for all ¢ € M(E) and m € Ny whenever f is in
R(HL(E)). Consequently, given any f = > ° P, ., € R(HL(E)) we see that
an € Npem(m) ¢ 1(0) = R(E) for every n € Ny. Hence a,, = 0 for all n € Ny
since, by hypothesis, R(E) = 0. This shows that f = 0 for every f € R(H(E)),
and consequently Hy, (F) is semisimple. O

§4. The sequence space I'(E)

Let T'(E) = {(an)n C E;lim, .o |la,]|"™ = 0}. One checks easily that T'(E)
endowed with the usual addition and scalar multiplication operations is a vector
space.

We define a topological structure in I'(E) and establish an isomorphism be-
tween I['(E) and Hy(E).

Proposition 4.1. The mapping d : I'(E) x I'(E) — R defined by
d(a,b) = sup{|lag — bof; [lan — ba[|"/", n € N}
for alla = (ap)n and b = (by,), in T'(E) is a translation invariant metric in I'(E).

Proof. For all a,b € T'(E) it is clear that 0 < d(a,b) < oo, d(a,b) = 0 if and only
if a = b, and d(a,b) = d(b,a). Moreover, given a = (an)n,b = (bn)n,¢ = (¢n)n in
I'(E), the triangle inequality d(a,c) < d(a,b) + d(b,c) follows from the fact that

lan — nllY™ < [lan — bp||V/™ + ||bp — cn|V/™  for all n € N.
Finally, it is easy to check that d(a + ¢,b + ¢) = d(a,b) for all a,b,c e I'(E). O
Remark 4.2. (a) For every A € C and a,b € T'(E),
d(Aa, \b) < A(N)d(a,b) where A(X) = max{1,]|A|}.
(b) Directly from the definition of d(z,0) it follows that
d(a+b,0) <d(a,0) +d(b,0) forall a,b € '(E).
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Proposition 4.3. (I'(E),d) is a topological vector space.

Proof. Addition is continuous at the origin by Remark 4.2(b) and hence at any
other point by translation invariance of d.

Let us show that scalar multiplication is also continuous. Since d is translation
invariant, all we have to show is that d(Ay,a”,0) — 0 whenever (a?) C T'(E),
a € I'(E) and (\,) C Csatisfy d(a”,a) — 0 and A\, — 0. Without loss of generality
we may suppose that |\,| < 1 for all p € N. Let a? = (ap), for all p € N and
a = (ap)n. Fix € > 0. As a = (ay)n € T'(E), there exists ng € N such that

(4.1) an||*/™ < €/2  for all n > ny.

Moreover, there exists po € N such that for every p > py we have d(a?,a) < €/2

and
(4.2) [Apaoll < €/2 and [[Apan|V/™ <€/2 forn=1,...,n0— 1.
Also
(4.3) lapo — aoll < €/2 and |lap, — an||*'™ < €/2 forall n € N.

Now, by using (4.2) and (4.3) we get

(4.4) [Apap.oll < [Apl llap.o — aoll + [[Apaoll <€

for every p > py and

(4.5) ||)‘pap,n||1/n < ‘)‘p|1/n||ap,n - anHl/n + H)‘panHl/n <e€
forn=1,...,n9 — 1. Moreover, for all p > py and n > ng, by (4.1) we get

(4.6) Al < Al lapn = anlV™ + Al lan |V < e

Finally, (4.4)—(4.6) imply d(Apa?,0) < € for all p > py. O
Proposition 4.4. The metric space (I'(E),d) is complete.

Proof. Let (ap), be a Cauchy sequence in I'(E). Let ap = (ap,n)n for all p € N.
Given 0 < € < 1, there exists r € N such that

(4.7) lap,0 = aqoll <€,

lapn = agull'™ <,

for all n € N and p, g > r. It follows that (a,.,), is a Cauchy sequence in E for all
n € Ny and so there exists a,, € E such that a,, = a, as p = oo, for all n € Ny.
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Fix n € Ny and p > r; by letting ¢ — oo in (4.7) and (4.8) we get

(4.9) llap,0 — aoll <e,
(4.10) llapn — anHl/” <e mn>1,

for all p > 7. Moreover lim,,_,, [|a, |'/" = 0 for each p € N since a, € I'(E).
Now, by taking p =  in (4.10) the triangle inequality yields lim,, oo [|an||*/™ = 0,
s0 a = (an)n € I'(E). Finally, (4.9) and (4.10) imply that d(ap,a) < e for all p > r,
which completes the proof. O

Remark 4.5. For some authors (see, for instance, Conway [2]) a Fréchet space is
a topological vector space X whose topology is defined by a translation invariant
metric d such that (X, d) is a complete metric space. Propositions 4.3 and 4.4 tell
us that I'(E) is a Fréchet space in this sense. Meanwhile, most authors require a
Fréchet space to be a locally convex space. Since balls in I'(E) are not convex, a
priori we cannot guarantee that I'(E) is a Fréchet space in this more restricted
sense. But the next result shows that I'(E) is indeed locally convex.

Theorem 4.6. (I'(E),d) and (Hp(E),7) are isomorphic as topological vector
spaces.

Proof. Define T : (I'(E),d) — (HL(E),n) by T(a) = Y07 Pa,n for all a =

n=0

(an)n € T(E). Clearly T is a linear bijection and so all we have to show is that T
is a homeomorphism. We will show that if a = (a,), € I'(E) and (a?), C T'(E),
then

d(a?,a) — 0 asp — oo if and only if T(a?) = T(a) as p — oc.

Let a? = (ap,n)n for each p € N. Given a bounded subset B of E, let R > 1 be such
that ||lw|| < R for every w € B. To each € > 0, we may associate n > 0 satisfying
nR < 1 and n(1+ %) <e If d(aP,a) — 0, there exists pp € N such that for all
p > po we have

lapo —aoll <n and |lapn, —an| <n" for every n > 1.

Hence, for every w € B and all p > py we have

1T (@) (w) = T(@) ()| <Y lapn = anll ol < n+ Y (0R)"
n=0

n=1
1-— ’I’]E ’

ie., T(a?) — T(a) uniformly on B. As this is true for every bounded subset B
of E, this means that T'(a?) = T'(a).
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Conversely, suppose that T'(a?) ~% T(a). In particular, for B = {0} we get
llapo — aol| = 0. Given € > 0, let R > 1/e. By hypothesis, there exists py € N such
that for every p > py we have

llapo —aol| <€ and ||T(aP)(w)—T(a)(w)|| <1 forall |w|| <R.

For all n € N and p > pg the Cauchy inequality yields

lap,n — anll = sup |lapnw"™ —a,w™|| < sup |lapnw" —apw"||
flwl|<1 lwl|<R
< IT(a) (w) — T(a)(w)]| < =
< — sup a’)(w) —T(a)(w)]| < —,
R"™ <R Rn
and 0 ||a,., — an '™ < 1/R < e. Hence, d(aP,a) < ¢ for every p > py. O

As (HL(E), ) is a locally convex space, from Theorem 4.6 and Proposition
4.4 it follows that (I'(E), d) is a Fréchet space in the restricted sense.

Proposition 4.7. The Fréchet space (I'(E),d) is not normable.

Proof. As (T'(E),d) is a locally convex space, by Kolmogorov’s Theorem (see [2,
p. 107, Proposition 2.6]), it is enough to prove that T'(E) does not have a bounded
neighborhood of zero. Fix € > 0 and take n = ¢/4. For each A > 0, take m € N
large enough that \'/™ < 2. If a = (a,), € I'(E) is defined by a, = 0 for all
n # m and a,, = (¢/2)™e, it is clear that a € U.(0) = {a € T'(E); d(a,0) < €},
and moreover |, /A||'/™ > e/4 = n since a ¢ AU, (0). This shows that U.(0)
contains an open set U, (0) = {a € I'(E); d(a,0) < n} such that Uc(0) ¢ AU,(0)
for every A > 0. Hence, U.(0) is not bounded and this completes the proof. O

If we endow T'(E) with the usual product (a,) - (b,) = (anby)n, the isomor-
phism established in Theorem 4.6 preserves the algebra structure. So, T and 7!
are homomorphisms of algebras. Hence, T'(F) is a commutative Fréchet algebra
without unit when endowed with this product.

Proposition 4.8. The spectrum M(T'(E)) is homeomorphic to M(E) x Ny.

Proof. Define S : M(T'(E)) — M(HL(E)) by S(¢) = ¢ o T~ for every ¢ €
M(T(E)), where T~ is the inverse of the mapping 7' defined in Theorem 4.6.
Clearly ¢poT ! is a homomorphism from Hy (E) into C. Moreover, as ¢ € M(T'(E))
and T~! is onto, there exists f € Hy(FE) such that ¢oT~1(f) # 0 and so S is well
defined. The injectivity of S follows from the fact that 7! is onto and it is clear
that S is onto. So, S establishes a bijection between M(T'(E)) and M(H(E)).
On the other hand, the continuity of 7 and 7! implies the continuity of S and
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S~1, so that S is an isomorphism between M(T'(E)) and M(H(E)). Now the
result follows by using Theorems 3.1 and 3.2. O

Proposition 4.9. If T is a closed mazimal ideal in T'(E), then there exists 1 in
M(T(E)) such that T = ~1(0).

Proof. Let Z be a closed maximal ideal in I'(E). From the fact that the mapping T’
defined in Theorem 4.6 is an injective homomorphism from I'(E) onto Hy (E), we
deduce that T'(Z) is a closed maximal ideal in Hz (E), and so by Proposition 3.3
there exists ¢ € M(Hy(E)) such that T(Z) = ¢~1(0). Thus, ¢ = ¢oT € M(['(E))
with Z = ¢~1(0). O

Proposition 4.10. The algebra T'(E) is semisimple whenever E is.
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