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Weyl Groups Associated with
Affine Reflection Systems of Type A;
(Coxeter Type Defining Relations)

by

Saeid AzAaM and Mohammad NIKOUEIL

Abstract

We offer a presentation for the Weyl group of an affine reflection system R of type A; as
well as a presentation for the so called hyperbolic Weyl group associated with an affine
reflection system of type A1. Applying these presentations to extended affine Weyl groups,
and using a description of the center of the hyperbolic Weyl group, we also give a new
finite presentation for an extended affine Weyl group of type A;. Our presentation for the
(hyperbolic) Weyl group of an affine reflection system of type A; is the first nontrivial
presentation given in this generality, and can be considered as a model for other types.
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§0. Introduction

Weyl groups, as reflection groups, always give a geometric meaning to underlying
structures such as root systems, Lie algebras and Lie groups. Thus to get a “good”
perspective of these structures, one needs to have a better understanding of their
Weyl groups. The present work is dedicated to the study of some new presentations
for (hyperbolic) Weyl groups associated with affine reflection systems of type A;.

Affine reflection systems are the most general known extensions of finite and
affine root systems introduced by E. Neher and O. Loos in [LN2]. They include
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locally finite root systems, toroidal root systems, extended affine root systems,
locally extended affine root systems, and root systems extended by an abelian
group. In 1985, K. Saito [I] introduced the notion of an extended affine root
system as a generalization of finite and affine root systems. For a systematic study
of such root systems the reader is referred to [AP]. Another generalization of finite
root systems are locally finite root systems; for a complete account see [LN1]. Root
systems extended by an abelian group and locally extended affine root systems,
introduced in [Y2] and [Y1], are two other generalizations which include extended
affine root systems and locally finite root systems, respectively.

In [AYY], the authors introduce an equivalent definition for an affine reflec-
tion system (see Definition 1.1) which we will use here. In the finite and affine
cases, the corresponding Weyl groups are essentially known. In particular, it is
known that they are Coxeter groups and that their actions implement a specific
geometric and combinatorial structure on their underlying root systems. In the ex-
tended affine case, however, it is known that if the nullity is greater than one, then
the corresponding hyperbolic Weyl groups, called extended affine Weyl groups, are
not Coxeter groups (see [H3, Theorem 3.6]). Here we record some advances made
on presentations of (hyperbolic) Weyl groups of certain subclasses of affine reflec-
tion systems. As the starting point in this direction, we can name the works of
[Kr], [A2] and [A1] which consider certain presentations for toroidal Weyl groups
and extended affine Weyl groups. In [ST], the authors give a generalized Coxeter
presentation for extended affine Weyl groups of nullity 2. In [AS4], [AS3], [AS2],
[H2] and [H3], the authors offer some new presentations for extended affine Weyl
groups; they achieve this by a group-theoretical analysis of the structure and in
particular of the center of extended affine Weyl groups. For a comprehensive ac-
count of the structure of extended affine Weyl groups, the reader is referred to
[MS], [A2], [AS1], [H1] and [H2].

In the study of groups associated with affine reflection systems and other
extensions of finite and affine root systems, type A; has always played a special role
and is usually considered as a model for other types. A philosophical justification
for this is that any (tame) affine reflection system can be considered as the union
of a family of affine reflection systems of type A;.

In this work, we study two groups associated with an affine reflection sys-
tem R. The first one, defined in [LN2], is called the Weyl group of R which we
denote by W, and the other, denoted by VNV, is defined when the ground abelian
group is torsion-free. We call W the hyperbolic Weyl group of R (see Definition
1.5; compare with [H2, Definition 3.1]). One should note that the notion of a hy-
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perbolic Weyl group is a generalization of the definition of an extended affine Weyl
group.

Let R be an affine reflection system of type A; in an abelian group A. In
Section 1, we give preliminary definitions as well as record some results and facts
on affine reflection systems. In Sections 2 and 3, we offer two presentations for W
and W, respectively (see Theorems 2.6 and 3.5). A quick look at these presentations
shows that both W and W have soluble word problems. Also, using the description
of the center of W given in Proposition 3.6, one perceives that W is a central
extension of WW. In Theorem 3.9, we prove under a very particular set of conditions
that the existence of a presentation for W is equivalent to the existence of a
presentation for W. This is the main tool in Section 4 for obtaining a presentation
for W in the case when the given reflectable base is elliptic-like. In Section 4, we
assume that R is an extended affine root system of type A;, i.e., R is an affine
reflection system in a free abelian group A of rank v + 1. Then we offer two
finite presentations, one for W in Theorem 4.3 and the other for the so called
baby extended affine Weyl group W of type A; in Proposition 4.5. The latter
presentation has v + 1 generators and v(v + 1)/2 + v + 1 relations, where the
relations consist of v(v + 1)/2 central elements and v + 1 involutions. The paper
concludes with an appendix, Section 5, in which we provide a geometric approach
to the proof of Theorem 4.3.

Some of our results are suggested by running a computer program designed
specifically for calculating certain relations among elements of an extended affine
Weyl group of type A;. This program consists of several algorithms, written in
Visual Basic .Net. The interested reader can find the program and its source code
at http://sourceforge.net/projects/central-exp/files/.

81. Affine reflection systems and their Weyl groups

In this section, we recall the definition and some properties of affine reflection
systems, introduced by E. Neher and O. Loos in [LN2]. Here we follow an equivalent
definition given in [AYY]. Let A be an abelian group. By a symmetric form on A,
we mean a symmetric bi-homomorphism (-, ) : Ax A — Q. The radical of the form
is the subgroup A = {a € A | (o, A) = 0} of A. Also, let A = A\ A°, A = A/A°
and : A — A be the canonical map. The form (-, ) is called positive definite (resp.
positive semidefinite) if (a, ) > 0 (resp. (o, ) > 0) for all & € A\ {0}. If (-,-) is
positive semidefinite, then it is easy to see that

A’ ={a€ Al (a,a)=0}.

Assume from now on that (-, -) is positive semidefinite on A. For a subset B of A,
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let BX = B\ A° and B® = BN A% For o, € A, if (a,a) # 0 set (8,aV) :=
2(8,a)/(a, ), and if (,) = 0 set (8,a") := 0. A subset X of A is called
connected if it cannot be written as a disjoint union of two nonempty orthogonal
subsets. The form (-,-) induces a unique form on A by

(a,8) =(a,8) fora,pe A

This form is positive definite on A. Thus, A is a torsion-free group. For a subset S
of A, we denote by (S) the subgroup generated by S.
Here is the definition of an affine reflection system given in [AYY].

Definition 1.1. Let A be an abelian group equipped with a nontrivial symmetric
positive semidefinite form (-, -). Let R be a subset of A. The triple (4, (-,-), R), or
just R if there is no confusion, is called an affine reflection system if it satisfies the
following three axioms:

(R1) R=—R,
(R2) (R) = A,
(R3) for « € R* and 8 € R, there exist d,u € Z>( such that

(B+Za)NR={B—da,...,B+ua} and d—u=(8,a").
The affine reflection system R is called irreducible if
(R4) R* is connected.
Moreover, R is called tame if
(R5) R® C R* — R* (elements of R® are nonisolated).
Finally R is called reduced if
(R6) @ € R* = 2a ¢ R*.

Elements of R* (resp. R?) are called nonisotropic roots (resp. isotropic roots). An
affine reflection system (A, (+,-), R) is called a locally finite root system if A® = {0}.

Here, we recall some results about the structure of affine reflection systems
from [AYY]. The image of R under ~is denoted by R. Since the form is nontrivial,
A #£ A° Tt then follows from the axioms that 0 € R.

Proposition 1.2 ([AYY, Corollary 1.9]). If (A,(-,-),R) is an affine reflection
system, then (R, (-,-), A) is a locally finite root system. In particular, if R is irre-
ducible, the induced form onV := Q ®y A is positive definite.
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The type of R is defined to be the type of R. Since this work is devoted to
the study of Weyl groups associated with affine reflection systems of type A,
for the rest of this work we assume that (A, (-,-), R) is a tame irreducible affine
reflection system of type A;. By [AYY, Theorem 1.13], R contains a finite root
system R = {0, ¢} and a subset S C R° such that

(1.1) R=(S+S)U(R+S9),
where S is a pointed reflection subspace of A°, in the sense that
(1.2) 0€S, S+25CS, and (S)= A"

In fact by [AYY, Theorem 1.13], any tame irreducible affine reflection system of
type A; arises this way.

Remark 1.3. By [AYY, Remark 1.16], the definition of a tame irreducible affine
reflection system of type A; is equivalent to the definition of an irreducible root
system extended by an abelian group, of type Aj, defined by Y. Yoshii [Y2]. If A
is a free abelian group of finite rank and R is a tame irreducible affine reflection
system, we may identify R with the subset 1® R of R®g A. Then R is isomorphic
to an extended affine root system in the sense of [AP].

Let Aut(A) be the group of automorphisms of A. For o € A, one defines

we € Aut(A) by
wa(B) = B~ (B,a")a.

We call w, the reflection based on «, since it sends o to —a and fixes pointwise
the subgroup {8 € A | (8,a) = 0}. Note that if « € A% then according to our
convention, (3,a") = 0 for all 3 and so w, = id4. For a subset S of R, the
subgroup of Aut(A) generated by w,, o € S, is denoted by Ws.

Now we can define the Weyl group of the affine reflection system R.

Definition 1.4. W := Wkp is called the Weyl group of R.

In a similar way, one defines wg, the reflection based on &, for & € A, and W,
the Weyl group of R, which is a subgroup of Aut(A) generated by wg, & € R.

Next we associate with R another reflection group. To do so, until the end
of this section we assume that A is a torsion-free abelian group. To justify this
assumption, we recall that the root system of any invariant affine reflection algebra
over a field of characteristic zero is an affine reflection system whose Z-span is
a torsion-free abelian group. Indeed, affine reflection systems corresponding to
invariant affine reflection algebras are contained in the dual space of the so called
toral subalgebras. Thus the root system is a subset of a torsion-free group.
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According to [AYY, Remark 1.6(ii)], one can transfer the form on A to the
vector space V := Q ®z A. Then the radical of the form can be identified with
V0 := Q ® A° and one may conclude that the form on V is a positive semidefinite
symmetric bilinear form. Then A and R can be identified with subsets 1 ® A and
1® R of V, respectively. Set A = Ze and V := Q ® A; then we have V =V & V°.

Since (9) = A, it follows that S = 1 ® S spans V°. So S contains a basis
B0 = {g; | j € J} of V°. Therefore, if B = {¢}, then B = B U B° forms a basis
for V. For j € J, define A; to be the element of the dual space (V°)* of V° given
by \;(0i) = 6i;. We call (B9)* := {)\; | j € J} the dual basis of BO. Let (V)T be
the subspace of (V°)* spanned by the dual basis (8°)*, that is,

JjeJ

Note that (V9)T, as a subspace of (V°)*, can be identified with the restricted dual
space ) ;(Qo;)* of VO with respect to the basis {o; | j € J}. We now set

Vi=ve (V) =veV e ()

We then extend the form (-,-) on V to a nondegenerate form on V, denoted again
by (-, ), as follows:

o (V. (V1) = (V)T (V)) := {0},
e (0,)\) :=\(0) for 0 € V" and A € (VO)T.

We call V the hyperbolic extension of V with respect to the basis {o; | i € J}. For

each a € V, we define w, € Aut(V) by
wa(ﬁ) = B - (5aav>a7

where (8,aY) := 2(8,a)/(a, @) if (a,a) # 0, and (8,a") = 0 if (a,a) = 0.
Clearly, w, is a reflection with respect to the vector space V. For a subset S of V,
we define Wy to be the subgroup of Aut(fi) generated by w,, a € S.
Definition 1.5. We call W := VNVR the hyperbolic Weyl group of R.

We note that for w € W, a €V and B,y €V, we have
(1.3) w2 =1, (wB,wy)=(8,7), and ww,w ' = Wy (a)-

Since A as a torsion-free abelian group is embedded in V), the restriction of
elements of W to V induces an epimorphism ¢ : W — W.
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§2. Alternating presentation

Let A be an arbitrary abelian group and (A4, (-, -), R) be a fixed tame irreducible
affine reflection system of type A;. As we have seen in (1.1),

R=(S+S)U(R+9),
where S is a subset of RO satisfying (1.2), and R = {0, +¢}. We may assume that

(2.1) (e,€) = 2.
Note that A = A @ A° (R) = A and (R°) = (S) = A%, Let p : A — A be the

projection onto A°.
For each o € A, we have

a = sgn(a)e + p(a),

where sgn : A — 7Z is a group epimorphism. Clearly, each a € A is uniquely
determined by sgn(a) and p(«). Then for « € R* and 5 € R, we have

(2.2) (8,a") = (B, @) = 2sgn(B) sgn(a).
Lemma 2.1. Let w := wq, - - Wqa, € W. Then for § € R*, we have

t

sgn(wfB) = (=1 sgn(B) and p(wp) = (6 2(—1)"sgn(p Z sgn ;) l)

i=1
Proof. First, let t = 1; then w3 = wa(B) = 8 — (B, a)a, so by (2.2) we have
(2.3)  sgn(wp) = sgn(B) — 2sgn(a) sgn(B) sgn(a) = —sgn(f) = (~1)" sgn(p),
and

(2.4) p(wp) = p(B — (B, @)a) = p(B — 2sgn(a) sgn(H)a).

So the result holds for ¢ = 1. Now, assume that the statement holds for ¢ < k.
Now if w' = wa, - - - Wa,,, then for t = k+1, we have wf = w'f — (w'fB, a1)aq, so

sgn(wp) =sgn(w'B) — 2sgn(w’B) sgn(as) sgn(as)
= —sgn(w'B) = —(—1)"sgn(B) = (—1)*" sgn(B).



130 S. AzaM AND M. NIKOUEI
Also

p(wp) = p(w'B) — 2sgn(w'B) sgn(a1)p(on)
k41

=p(8—2(=1)"sgn(8) Y _(~1)" " sgn(as)ai) — 2(~1)" sgu(8) sgn(ar)p(an)
i=2
k+1

= (8- 2(=1)" sen(8) Y- (~1)' sen(ai)as ). 0
i=1
Proposition 2.2. For ai,...,a, € R*, we have w := wq, -+ - Wq, =1 in W if
and only if n is even and

n

3 (1) sgn(a)play) = 0.

i=1
In particular, if n is odd, then w? = 1.

Proof. To prove the first assertion, since R* generates A, it is enough to show that,
for each B € R*, wB = B if and only if n is even and Y ;- (—1)* sgn(a;)p(;) = 0.
However, since the maps p and sgn determine w3 uniquely, the result immediately
follows from Lemma 2.1.

Now assume that n is odd; then for w? = wa, -+ W, Wa, * * * Wa, , We have

Z(_l)ngn(ai)p(ai)+ Z (—1)"sgn(ai—n)p(ai—n)
i=1 i=n+1

=D l(=1)" + (=1)"* ] sgn(a)p(ew) = 0,
=1

where the last equality holds since n is odd. So w? = 1 by the first assertion. [
Inspired by Proposition 2.2, we make the following definition.

Definition 2.3. Let P be a subset of R*. We call a k-tuple (aq,...,ax) of roots
in P an alternating k-tuple in P if k is even and Zle(—l)j sgn(a;)p(a;) = 0.
We denote by Alt(P) the set of all alternating k-tuples in P for all k. By Propo-
sition 2.2, if (a,...,ax) € Alt(P), then wq, - wq, =1 in W.

Corollary 2.4. For ay,...,a; € R* we have, as elements of W,

Way *+ Way = Way ** Way Way o Way g Way Way g7 Wey

whenever 1 <4 <t — 2.
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Proof. Clearly equality holds if and only if wae, e, Wa; » = Way o Wa;  Wa,, and
this in turn holds if and only if (wa,Wa,,, Wa,,,)* = 1, which holds by Proposi-
tion 2.2. O

For our next result, we recall a definition from [AYY, Definition 1.19(ii)]. First
we recall that for a subset S of A, Wg is by definition the subgroup of W generated
by all reflections w,, a € S.

Definition 2.5. Let P C R*.

(1) The set P is called reflectable if WpP = R*.

(ii) The set P is called a reflectable base if P is a reflectable set and no proper
subset of P is reflectable.

Obviously, if P is a reflectable set, then W = Wp. In [AYY], reflectable sets
and reflectable bases are characterized for tame irreducible affine reflection systems
of reduced types. As shown in [A2], one can find finite reflectable sets and bases for
many interesting affine reflection systems, such as extended affine root systems.

Here is our main result of this section which provides a presentation for the
Weyl group of an affine reflection system of type Aj.

Theorem 2.6. Let (A, (-,-), R) be an affine reflection system of type Ay and let
IT C R* be a reflectable set for R. Then W is isomorphic to the group G defined by
e generators: xo, o € 11,

o relations: To, -+ Tay, (1,...,ax) € AlL(II).

Proof. By definition of a reflectable set we have W = (w,, | @« € IT). Let x4, « - - Ta,
be a defining relation in G. Then by definition, & is even, Z?Zl(—l)j sgn(a;)p(a;)
=0 and «o; € II for 1 < ¢ < k. By Proposition 2.2, we have wy, - - wq, = 1.
So, the assignment z, — w,, a € II, induces an epimorphism ¢ : G — W. Let
T =Tq, " Ta, € Kerg, a; € Il. Then we have

1=0¢(r) =wa,  + Way-
By Proposition 2.2, k is even and p(Z?Zl(fl)j sgn(a;)a;) = 0. Therefore, we
have (aq,...,ax) € Alt(II) and so ¢ is an isomorphism. O

Remark 2.7. Let IT' be obtained from IT by changing the signs of all elements of
a subset of IT. Then it is clear that IT is reflectable if and only if II” is reflectable. So
without loss of generality we may assume that IT C e+ .S. Now if we set IT = p(II),
then the above presentation can be written in the form:

e generators: x,, T € ﬁ,

e relations: @, -~ @, k is even and > 7, (—1)’7; = 0.
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83. Hyper-alternating presentation

Throughout this section, we assume that A is a torsion-free abelian group. Let
(4, (-, ), R) be an affine reflection system of type A;. Asin Section 1, let V = Q®7A
and consider the basis B = {e} UB" of V where B" = {o; | j € J} is a basis
of V. Let (B°)* = {\; | j € J} be the dual basis of B defined in Section 1 and
consider the corresponding hyperbolic extension ¥V =V @ (V)T of V. As we have
already seen, since A is torsion-free, we can identify R with 1 ® R as a subset of
V C V. This is done in order to study the hyperbolic Weyl group W of R (see
Definition 1.5). We fix a reflectable set

MI={wo;|i€l} CR
where I is an index set. Recall that p : A — A° is the projection with respect to
the decomposition A = A@® A° of A. Since A is identified with the subgroup 1® A
of V, one can consider p as the restriction of the projection ¥ — V° with respect
to the decomposition V = V@ V0. For a € R, let pj() € Q be the j-th coordinate
of p(a) with respect to the basis B of V0, that is,
@)=Y pj(@)a,
jeJ
where p;(a) = 0 for all but a finite number of j € J.
Now let (o, ..., ax) € Alt(IT). Then
k

0= Z( 1) sgn(a;)p ZZ ) sgn(i)p;(aq)o;.

i=1 jeJi=1

So for s € J, we have

(S sttanlades) = 331 s(apani (o)

jeJ i=1 jeJ i=1
k
= E Sgn az ps(az)

Summarizing the above discussion, we have
k

(3.1) (a1,...,0) € Alt(Il) < Z(—l)i sgn(a;)ps(a;) =0 for all s € J.
i=1

For our next result, we note that A\; —w(\;) € V for all j € J and w € W.

Lemma 3.1. Let w = wq, -+ Wq, € W, a; € II. Then, for j € J, we have
k

sen(A; —w(X;) = (=)' sen(a:)p;(as)

=1
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and
k k s—1
= ij (as)p(as)+2 Z(_l)spj (as)sgn(o) Z(_l)r sgn(a;)p(a).
s=1 s=2 r=1

Proof. We have wq, (Aj) = Aj — (A, ag)ay s0

P(way, (Nj) = Aj) = (Nj, ar)plar) = Aj(p(ar))p(ar) = pjlar)p(a).

Now if w' = wq, -+ - Wq,_,, then
w(j) = w' (N — pjlar)ar) = w'(N;) — pj(ar)w (o).

Then by the induction hypothesis and Lemma 2.1, we have

p(A; —w(X;) =p(A; —w'(A ))+pj(ak)p( (k)

k—1 s—1
= Z p(as) + 2 Z ¥ sgn(as Z( 1" sgn(a,)p(ar)
s=1 r=1
k—1
+pj(en) (plaw) = 2= sgn(ar) Y (~1)" sgn(ar)p(ar))
k k s—1
= ij(as)p(as) +2 Z(*l)s sgn(as) > (—1)"sgn(ay)p(as).
s=1 s=2 r=1
Also
sgn(A; —w(Xj)) = sgn(w'(A;)) — pj (o) sgn(w'(ax))
k—1
= . (—1)"sgn(ai)p; () — (1) ' p;(on) sgn(o)
k
= Z(q)i sgn()p; (). O

The following is now clear from Lemma 3.1.

Proposition 3.2. Let w = wq, -+ Wa, € W, a; € R*. Thenw =1 in w if and
only if k is even and for all j € J,

k
(3:2) > (=1)"sgn(ai)p;(ai) = 0
i=1
and
k k s—1

(3.3) Y pilag)plas) +2 (—1)°pj(as) sgn(as) Y (—1)" sgn(ay)p(ay) = 0.

s=1 s=2 r=1
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Proof. Let w be as in the statement. From the definition of V, it is clear that
w=1in W if and only if w = 1 in W and w(};) = A, for all j € J. Now from
Proposition 2.2, we have w = 1 in W if and only if k is even and (3.2) is satisfied.
Also by Lemma 3.1, w(A;) = A; if and only if (3.2) and (3.3) hold. O

Remark 3.3. Since w, =w_,, we may assume in Proposition 3.2 that sgn(a;)=1
for all i. Then the statement can be written in the form: w =1 in W if and only
if k£ is even and for all j € J,

k
> (=1)'pj(as) =0
i=1
and
k k s—1
ij(as)p(as) +2 Z(il)spj (as) Z(il)rp(ar) =0.

Inspired by Proposition 3.1, we make the following definition.

Definition 3.4. Let P be a subset of R*. We call (ay,...,a;), a; € P, a hyper-
alternating k-tuple in P if k is even and (3.2) and (3.3) hold for all j € J. We denote
by Avlt( ) the set of all hyper alternating k-tuples in P for all k. By Proposition
3.2, wg, - —1in W if and only if (a1,...,0p) € Alt(RX)

Using an argument similar to the proof of Theorem 2.6, we summarize the
results of this section in the following theorem.

Theorem 3.5. Let IT C R* be a reflectable set for R. Then W is isomorphic to
the group G defined by

e generators: Yo, o € 11,

o relations: Ya, -+ Yoy, (A1,...,0p) € ATt(IT).

We note that if w = wgy, -+ w,, with a;’s in R, then depending on the
context we may consider w as an element of either W or W.

Proposition 3.6. Let R° # {0} and w := wq, - - wa, with a;’s in R*. The
following statements are equivalent:

(i) (a1,...,ax) € Alt(R™),
(ii) w=11in W (or equivalently wy, = idy),

) ifw= We, W, with B;’s in R*, then (B1,...,Bm) € Alt(RX),
(iv) we Z(W )

(iii
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Proof. The implications (i)<(ii)<>(iii) follow at once from Proposition 2.2 or The-
orem 2.6.

(il)=(iv). Assume w = 1 in W. Therefore w(a) = « for all & € V and so for
any a € R we have wwow™" = wy,(q) = wa. Thus w € Z(W).

(iv)=(ii). Let z € Z(W). For each o € R*, we have zw,2~! = w,. By (1.3),
W(a) = Wa-
The definition of a reflection and the fact that R is a reduced root system yield
z(a) = +a.

It is enough to show that z acts as the identity on € + S, which is a spanning set
of V. We use the fact that each w € W acts as the identity map on V°. Since
RY # {0}, there exists 0 # o € S. Then if z(¢ + 0) = —e — 0, we have

z(e) +o0=—€e—o,
which is a contradiction in both cases z(e) = e. Thus
z(e+o0)=€+o.

Then
z(e)=z(e+0—0)=€e+o—0=c¢ O

Corollary 3.7. The group W is a central extension of W by Z(VNV), that is,
15 ZOV) SWEW 1
is a short exact sequence, where p(w) = w),, for w € W.

Proof. As mentioned at the end of Section 1, the map ¢ is an epimorphism. Now,

by Proposition 3.6, we have Ker ¢ = Z(W). O

An interesting subclass of affine reflection systems is the class for which the
center Z (W) of W is a free abelian group. The next theorem shows that in this case
the existence of a presentation for WV is equivalent to the existence of a presentation
for W. Notice the crucial role of Z (W) in the proof.

Convention 3.8. Suppose that H is a group and {h, | @ € P} is a fixed subset
of H. For a k-tuple f = (a1,...,ax) in P, k a positive integer, we set

Fit = ha, -+ ha, € H.
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Now let II be a reflectable set for R, and {z }icr, be a fixed set of generators
for Z(W). Then, using Proposition 3.6 together with the fact that {w, | a € II}
generates W, each zy, £ € L, can be written in the form

ze = [y

for some f = (ai,...,a;) € Alt(II) (see Convention 3.8).

As usual, [z, y] denotes the commutator zyx~1y~! of elements x,y of a group.

Theorem 3.9. Let I be a reflectable set for R and assume that Z(W) is a free
abelian group. Fix a free basis {z }icr for Z(W), and for each ¢ € L let f* =
(af,.. akz) be a fized element of Alt(II) such that zy = f%, Then the following
statements are equivalent:

(i) The assignment ws — o, @ € 11, induces an isomorphism i from the Weyl
group W of R onto the group G defined by

e generators: xo, a € 11,
o relations: 22, fé, acll le L.

(ii) The assignment Wo — ZTq, a € 11, induces an isomorphism 0 from the hyper-
bolic Weyl group w of R onto the group G defined by

e generators: To, o € 11,

e relations: 72, [fa,fé], acll, le L.
Proof. (i)=(ii). Consider the assignment
0: {Zo}tacn = {Watacm, Tar> wq.

Since any defining relation in G corresponds to a relation in W the map 6 can
be extended to an epimorphism from G onto W. We proceed with the proof by
showing that € is injective.

Consider the subgroup Z := ( lé | 1 € L) of G. We show that Z = Z(W)
and G / Z =~ W. From the defining relations of é, it is clear that Z is contained in
Z(G). Since

0(fg) = fry =

and {z |l € L} is basis of Z(W), it follows easily that
91 = 9‘2 : Z—} Z(W)

is an isomorphism.
Next, from Section 1, recall that ¢ : W — W is the epimorphism which is
defined by p(w) = w),,, with Ker ¢ = Z(W), and consider the epimorphism ¢ o6 :
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G — W. We have Z C Ker(po8). So, there is an epimorphism 65 : G/Z — W such
that 65(Z2) = pof(z) for 7 € G. In particular, for a € IT, we have 6(ZoZ) = w,.

Let 7 : G — G/Z be the canonical map and 1 : Z — G be the inclusion. Then
we have the following commutative diagram of exact sequences:

1 —= ZW) s w —2 o w 1

A

1 7' > G —"-G/Z —= 1

Since 67 is injective, if we show that 65 is injective, it will follow that 6 is injective,
and thus W =~ G.

To show that 65 is injective we show that 05 is invertible. For « € II, we have
(5042)2 =7 and, for [ € L, we have fl Z = Z. Thus any defining relation in G

corresponds to a relation in G/Z. So, there is an epimorphism & : G — G/Z, where
K(2a) = ToZ for a € I1. Ultimately, we have an epimorphism o ¢ : W — G/Z
such that x o ¥(wa) = ZaZ. Clearly o1 is the inverse of .

(ii)=-(i). From Theorem 2.6, we know that the assignment wy — ya, o € II,
induces an isomorphism from W onto the group G’ defined by

e generators: y,, o € II,

e relations: Yo, ** Yo, (Q1,..., ) € Alt(II).

It is clear that every relation in G is a relation in G. Thus we can extend the
natural one-to-one correspondence p : {ZTs}aen — {Zatacn to an eplmorphlsm
p: G — G, where p(To) = xo. Thus p o @ is an epimorphism from W onto G. We
will show that G = G'.

Let ¢ : {za}aen = {Ya}aen be the natural one-to-one correspondence be-
tween the set of generators of G and the set of generators of G’. Since, for a € II,
we have (o, ) € Alt(II) and f! € Alt(II) for I € L, each relation in G corre-
sponds naturally to a defining relation in G’. Thus ¢ can be extended to a group
epimorphism ¢ : G — G’, where () = yo for a € IL.

Now, let Yo, - - Yo, bearelationin G’. Thus (aq, ..., ax) € Alt(IT). By Propo-
sition 3.6, we have w = wq, -+ Wy, € Z(W). So there are ly,...,l, € L and
ni,...,ns € Z such that

w= ()" ()" = ()™ - ()™
Thus

o o, = p0 B) = poO((F)™ - (Fg)™) = (F)™ -+ (f5)"™ = 1.
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So, any defining relation in G’ corresponds to a relation in G. Thus ¢~! can be
extended to a group epimorphism 7 : G’ — G. Since 9 is an extension of ¢ and 7
is an extensions of ¢!, they are inverse of each other. Thus G = G’ = W. O

Remark 3.10. (i) The implication (i)=-(ii) of Theorem 3.9 is in fact a conse-
quence of a more general result concerning presented groups (see [J, Theorem
10.2]). However, to be applicable to our situation, this general fact would need
quite a few adjustments. For this reason, we preferred to give a direct proof for
this special case.

(ii) According to [A2, Lemma 3.18(i) and Corollary 3.29], if R is an extended
affine root system in the sense of [AP, Definition I1.2.1], then Z(W) is a free abelian
group of finite rank. So Theorem 3.9 is applicable to extended affine Weyl groups
of type A;. In the next section we will show that when R is an extended affine
root system, W is isomorphic to the group G defined in Theorem 3.9 for a special

reflectable set II and a particular set of f'’s.

84. Application to extended affine Weyl groups

Let (A, (-,+), R) be an affine reflection system. In this section, we assume that A°
is a free abelian group of rank v. Then 1 ® R as a subset of V := R ®q A turns
out to be an extended affine root system of type A; in the sense of [AP, Definition
I1.2.1]. So the hyperbolic Weyl group W is just an extended affine Weyl group in
the sense of [A2, Definition 2.14]. Now, similar to what we have seen in Section 3,
R can be identified with 1 ® R and we have V =V @& V°, where V = spang A and
VO = spang A°. Set
A= A°

Then

R=(S+S)U(R+S9),
where, in this case, the pointed reflection space S is a semilattice in A in the sense
of [AP, Definition I1.1.2], that is, a subset of A satisfying

0eS, S+£25CS, (S)=A.

By [AP, Remark II.1.6], we have

m

S=J(m +2A),

=0

where 7;’s represent distinct cosets of 2A in A for 1 < i < m, and 7y = 0. By
[AP, Proposition I1.1.11], A has a Z-basis consisting of elements of S. So we may
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assume that
{o1:=71,...,0, =7}
is a Z-basis of A. It follows from [AYY, Theorem 3.1] that

(4.1) M:={e,e+71,...,6+Tm}

is a reflectable base for R. Considering these facts, there are two extreme cases
for S which we would like to treat separately. The first case is when m = v. We
call the corresponding root system the baby extended affine root system and we
denote it by Rp. Another extreme case is when S is a lattice, namely S = A. The
corresponding root system is called the toroidal root system, which we denote it
by R;. With our conventions, for any extended affine root system R of type Ay
in A, we have R, C R C R;. This justifies special treatment of R, and R;.

The following proposition is essential for obtaining a new presentation for W.

Proposition 4.1. We have

(i) Watots = WatoWaWars for a € R and 0,8 € A.
(i) WaskoWa = (Warowa)® fork € Z, a € R} and o € A.
(iii) W =W, for any extended affine root system R in A.
Proof. (i)—(ii) The tuples
(a+o0+0,a+o0,a,a+d),
2k
(,a+ ko,a+o,a,...,a+0,a) fork >0,
—2k
(o, a+ko,a,a+o0,...,a,a+0) fork <0,

are elements of Alt(R)). Also (ii) is nothing but w? = 1 for k = 0. Thus by
Proposition 2.2 and Definition 2.3, (i) and (ii) hold.

(iii) It is enough to show that w, € W, for each o € e+ A. Since w, = W4,
we assume that sgn(a) = 1. Let @« = ¢ 4+ ¢ and

v
g = E kio—i;
i=1

where k; € Z. Using (i), we have

Wo = WetkioaWe ** " Wetky_10,_1 WeWe+k, o, -

Now for each i, from (ii) we have

Wet ko, We = (w€+0'i wﬁ)ki .
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This way we obtain an expression of w, with respect to the reflections based on
elements of Iy = {¢,e + 01,...,¢ + 0, }. Since I is a subset of R;, we have
We € Wh. O

Here we offer a finite presentation for VW which is essential for the rest of this
section. Let Iy := {ap := €, 1 := €+ 01,...,a, := € + 0, }. First we analyze the
elements of Alt(Tlp) which we need for our presentation.

Remark 4.2. Let f = (o, ..,a;,) be an element of Alt(Ily). The following can
be easily checked from the definition of Alt(Il).
(i) From Corollary 2.4, for any 1 < s < k, we have

(aj17' s Oy O O O Qg .,Oéjk) S Alt(H()).

(ii) Note that Iy is a linearly independent set. So, if n; is the number of «;
in f for 0 < i < v, that is,

ni={s|1<s <k j, =i},

then n; is even. Also, for each 1 < r < k there is an odd integer p such that
jr = errp'

(iii) If k = 2 then we have f = (o, «;) for some 0 < ¢ < . If k = 4 then either
f= (o, 0,05, a5) or f= (o, ;a4 q;), for some 0 <4,j < v. The only possible
alternating 6-tuple f = (aj,,..., ;) which does not contain an alternating 4-
tuple of the form (a,,...,a;,,,) has to be of the form f = (ay, o, am, a4, o, )
for some 0 < 4,5,m < v.

Theorem 4.3. Let R be an extended affine root system of type A1 and nullity v.
Then the Weyl group W of R is isomorphic to the group G defined by

e generators: x;, 0 < i < v,

o relations: z2, (voxiz;)?, 0<k<v,1<i<j<v.

Proof. By Proposition 4.1, we have W = W, Since Il is a reflectable base for Ry,
Theorem 2.6 implies that W, is isomorphic to the group G’ defined by

e generators: y,, a € I,

o relations: Yo, - Yoy (1, .., ) € Alt(Ilp).

Let ¢ : {x;}Y_y = {¥a, }7_o be the natural one-to-one correspondence between the
set of generators of G and the set of generators of G’. Since, for a € Iy, we have
(o, @) € Alt(Ilp), and (oo, oy, aj, o, o, ) € Alt(Ip) for 0 < 4 < j < v, each
relation in G corresponds naturally to a defining relation in G’. Thus ¢ can be



AFFINE REFLECTION SYSTEMS OF TYPE A1 141

extended to a group epimorphism ¢ : G — G’, where ¥(z;) = yq, for 0 < i < v.
We will show that v is an isomorphism.

Let Ya,, * " Ya;, be a defining relation in G'. Then (ay,,...,q;,) € Alt(Ip).
We now prove that = := z;, ---x;, is a relation in G. Notice that k is even. We

argue by induction on m, where k = 2m.
2

79

From Remark 4.2(iii), for k = 2,4, we see that z is one of the expressions x

a:?xf or x,x?ml which are clearly relations in G.

Next we examine the case k = 6. It follows easily from the defining relations
of G that

(4.2)  (zpzsze)®> =1 and z,x.2; = x4x,x,, if at least one of 7,5 or ¢ is 0.

If (cj,, ..., ) contains an alternating 4-tuple f = («j,,...,a;,,,) and y is the
element in G corresponding to f’, then x has to have one of the forms z?y, YT
or yx?, and so by the case k = 4, x is a relation in G. Thus by Remark 4.2, we may
assume that the alternating 6-tuple under consideration is (o, as, o, i, i, @),
where none of r, s and ¢ is 0. By (4.2), we have

2 2 2
= (Tr2s2¢)” = 5(TrTsTt)° = ToTsTrLoTtTrTsTt = TOTsTrT1TrXoTtLrLOLOL 5Tt

2
= 20X s Tt (T4 T0) “ToTsTy = TTsTToTsTy = 1.
Thus x is a relation in G when k& = 6, and
(4.3) TrTsTi = T1TrTs  forall 0 <7, st < w.

Now, let m > 3 (or k > 6) and assume every expression in G corresponding

to an alternating 2n-tuple is a relation in G, for all n < m. First assume that for

2

some 1 <7 <k —1, j, = jry1. Since x5 = 1, we have

LT =Tg, Tjpy = Ljy " L1 Ly " Ly,

and (a,,...,05,_, 04 o,...,0;,) is an alternating (k — 2)-tuple. Thus z is a
relation in G, by the induction hypothesis. So, we may assume that j, # jr41
for all 1 < r < k — 1. From Remark 4.2(ii), the number of «;, appearing in
(agy,...,aj,) is even and there is an even integer 2 < s < k such that j; = j,.
Since by (4.3), zj,xj,2j, = xj,x;,2;,, we have

T =Tjy - Ljp, = LjaLjaLjy Lyt Ly, -

By repeating this process we can move x; next to x;_, namely

L =Tjy Ly, = LjgLjaLjs Ly " Ljg 1 Ljg o Lj1 L+ Ly, -
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By Remark 4.2(1), (o, 0y, O, Qs oo oy Q15 QG o, 0y, Oy, oo, @ ) 1S an alter-
nating k-tuple. Thus (o, , @y, Qs Oy ooy QG G, _y, Qs - - -, Oy, ) IS an alter-
nating (k — 2)-tuple and

LT =Tj, ++Ljp, = LjagLjaLjsLjy Ljo 1 Ljs oLjorq """ Ly

By the induction hypothesis, the right hand side is a relation in G. Thus every
relation in G’ corresponds to a relation in G. So, ¢! can be extended to a group
epimorphism 7 : G’ — G satisfying on =1andnotyp = 1. Thus G =G =W. O

A slight modification of generators and relations in the statement of Theorem
4.3 provides a new presentation for YW which is more useful for our purposes. We
do this in the following proposition. Even though the proof is elementary and
straightforward, we provide the details for the convenience of the reader.

Proposition 4.4. Let B be a subset of {(i,7) | 0 < i < j < v}. Then W is

isomorphic to the group G defined by

e generators: Ty, x(; 5y, 0 <k <v, (i,j) € B,

e relations: x3, x%m.), 0<k<v,(i,j) € B; x; rizox;, (i,§) € B; (ziwo;)?,
(1,7) & B.

Proof. If B = () this is Theorem 4.3. Suppose that B # (). By Theorem 4.3, W is

isomorphic to the group G’ defined by

e generators: y;, 0 <7 < v,

e relations: y7, (yoyiy;)%, 0<k<v,1<i<j<uv.

By the proofs of Theorems 2.6 and 4.3, this isomorphism is in fact induced by the

assignment Wet,, — y; for 0 < i < v. We show that G = G'. For (i,j) € B, we

set Y ) = Yoy € G'. Let Y = {yr}i_o U{ya, ) }u,jyep and define ¢ : Y —

{we}izo Uiz tagen by ¢(yk) = zi for 0 < k < v, and ¢(y,j) = ¢y for

(i,7) € B. It is obvious that Y is a set of generators for G’. In G, we have z7 = 1

for 1 < k <w. Since (z;x0z;)? = 1, (i,7) & B, we have (z;z;70)* = x? = 1. Thus

(l‘oxix]‘)2 = (xjxixo)_Q =1

for (i, j) ¢ B. Also, (z;zox;)? = 27, ;) = 1 for (i,j) € B. Thus

(zoziz)? = 2)(vjm02;) W) = x? =1

for (i,7) € B. Thus ¢ can be extended to an epimorphism ¢ : G' — G.
On the other hand, in G’, we have y(; jyyivoy; = y;¥oyiyiyoy; = 1 and y(Qi 7
=1 for (i,j) € B,

(wivoy;)* = i (wivivo)*v; = v (woway;) 2y; =5 =1
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for (i,j) € B, and y7 = 1 for 0 < k < v. So, any defining relation in G corresponds
to a relation in G’. Thus ¢! can be extended to a group homomorphism 7 :
G — @'. Since 1) is an extension of ¢ and 71 is an extension of ¢!, they are
inverse to each other and G = G’ = W. This completes the proof. Note that
under this isomorphism the generator xj of G maps to the element wey,, of W
for 0 <k < v, and the generator z(; ;) of G maps to the element weq Wewe s, Of
W for (i,5) € B. O

Recall that each o« € R* can be uniquely written in the form +e 4 Z;.':l $i0;
mod 2A, where s; € {0,1} for all i. Let IT = {ag,...,an} be as in (4.1). Set

supp(a) = {i | s; # 0}, and
supp(IT) = {supp(a) | a € II}.

Since II is a reflectable base, 7;’s represent distinct cosets of 2A in A, so 7; = 75 if
and only if supp(e;) = supp(«;). Here we consider all sets supp(«a) as ordered sets,
namely if supp(«) = {i1,...,i:}, then i3 < --- < i;. We call the reflectable base II
elliptic-like if |supp(a)| € {0, 1,2} for all « € TI, or equivalently |[supp(ay)| = 2 for
v+ 1 <k < m. Since |[supp(e)| < v for a € R*, all extended affine root systems
of nullity < 2 are elliptic-like. Finally we set

Bu ={(i,j) | {i,j} € supp(Il), 1 <i < j < v}
For (i,j) € B, we denote by «;; the unique element in IT with supp(a) = {i, j}.

Proposition 4.5. Let R be an extended affine root system in A and II be the
reflectable base for R as in (4.1). Assume that I is elliptic-like. Then W is iso-
morphic to the group G defined by

e generators: Ty, 0 < k <m,

e relations: T3, [Tk, Ts:T0%;| if {i,j} = supp(as); [Tk, (TiT0T;)?] if {i,7} ¢
supp(II), 0<k<m,1<i<j<v,v+1<s<m.

Proof. We proceed with the proof in the following steps.

Step 1. We show that Z(W) is a free abelian group with basis {z;; | 1 <i < j < v},
where z;;’s are defined, as follows. If {7, j} € supp(II) set z;; = Wepr, , Wetr, WeWertr,
where i; is the unique integer satisfying supp(a;;) = {4,7}. If {i,j} ¢ supp(II)
set zij = (Wegr,WeWerr,)?. From [A2, Lemma 3.18(i) and Corollary 3.29], we
know that the center Z(W) of W is a free abelian group of rank v(v —1)/2. For
1<i<j<vdefine ¢;; € GL(I}) by

cij(v) =v and c¢;jAp = A\ — Opjoi + 0oy (veEV, 1<k <vw).
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By [AS4, Proposition 2.2(vi)],

{cij | (i,4) € Bu}u{c}; | (i,§) & Bu}

is a free basis for the group Z(W). We are done if we show that z;; = ¢;; for
(i,4) € B and zi; = ¢} for (i,7) ¢ Bu. Now for (i, j) € By, we have e+0;+0; €

R*, and so z;; € W. Moreover, by Lemma 3.1 (or a simple verification),
Zijly, = idy and 2z A = A — Onj0 + 0nio; = cij Ak
for 1 <k <w. Thus z; = ¢;;. For (i,7) € Bn, we have
Zijly, = idy

and
Zij/\k =\ — 25]@01‘ + 25[“‘0']‘ = C?j)\k-

Thus z;; = ¢3;.

Step 2. We show that the assignment wq, — Zq,, 0 < k < m, induces an isomor-
phism from the Weyl group W onto the group G defined by

e generators: z,,, 0 <k <m,

e relations: :1:(2%, 0 g k< m, fg, 1<i<j<v, where fii := (i, gy g, ) for
(7’5.]) S BHa and flj = (011‘70[0,06‘]',0[1‘70[0,0&]') if (7’?.]) ¢ BH'

(Recall that for (4, j) € B, ay, is the unique element in IT with supp(as, ) = {i,5}.)

By Proposition 4.4, the assignment w,, — z, 0 < k < m, induces an isomorphism
from W onto the group G’ defined by

e generators: xg, T(; ;), 0 <k < v, (i,7) € B,
e relations: 27, x%m), 0<k<v,(i,4) € B, xj riroxj, (i,j) € B, (ziwo;)?,
Using the correspondence z,, <+ x; for 0 < i < v and z,, ¢ T(4,5) forv+1<

k < m with supp(ag) = {i,j}, the defining generators and relations of the groups
G and G’ coincide and so we identify them.

Step 3. By Step 1, Step 2 and Theorem 3.9, W is isomorphic to the group G
defined by

e generators: Z,,, 0 <k <m,
e relations: fik, 0<k<m, [5ak,fg], 1<i<j<v, where fJ = (i, iy 0, )
if {i,j} € supp(Il), and f¥ = (ai, 0, 0, o, g, ) i {4, 5} & supp(IT).
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Now using the correspondence z,, <+ z; for 0 <7 < v and Loy, < Ts forv+1<
s < m with supp(as) = {i,j}, we see that W is isomorphic to the group defined
by

e generators: T, 0 < k < m,

e relations: T3, [Tk, ZsT;70x;) if {i,j} = supp(as); [Tk, (TiT07;)?] if {i,j} &

supp(I), 0 <k <m, 1 <i<j<v,v+1<s<m. O

Remark 4.6. (i) We recall that if v = 0 (v = 1), then R is a finite (affine)
root system of type A;. Therefore Proposition 4.4, together with Proposition 4.5,
reproduces the following known presentations for W and W:

W (20 | 23) 2 W =7, (

W%(xo,a:ﬂxg,x%)%/l/v%ZQ*Zg (

0),
1).

(ii) Proposition 4.5 provides a finite presentation for the baby and the toroidal

174
174

extended affine Weyl groups of type A; of nullity 2. In this case, these are the
only possible extended affine Weyl groups. Considering the nature of the relations
one might consider this presentation as a generalized Coxeter presentation. We
encourage the interested reader to compare our defining set of generators and
relations with those given in [ST] for types Agl’l) and Agl’l)*.

85. Appendix: A geometric approach

In this section, we provide a geometric approach to the proof of Theorem 4.3. For
w € W suppose that wg, - - W, i an expression of w with respect to R*. We

define

k

k
(5.1) e(w) = (=¥ and T(w):= Z(—l)k_isgn(ai)p(ai).

i=1

From Lemma 2.1, it follows that the maps ¢ : W — {—1,1} and T : W — A are
well-defined, that is, their definitions are independent of the choice of expressions
for an element of W. Furthermore, ¢ is a group homomorphism and

(52) T(wlwg) = E(wQ)T(’LUl) + T(wg) (wl, wo € W)
One can easily see that for a € R,
(5.3) w(a) = e(w) sgn(a)e + p(a) — 2sgn(a)T(w),

and so w is uniquely determined by e(w) and T'(w).
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For o =7 | kio; € A and 7 € {£1}, consider the v-simplex

By, = {Z(Qk:,» +0t)oi |6 >0,0<ty 4+ +1, < 1}.
i=1
Let B={Bs, | 0 € A, n € {£1}}. Now from (5.2) and the fact that ¢ is a group
homomorphism, it follows that W acts on B by

(54) w - BU,’!] = Ba’+77T(w),6(w)77~

If w- Bsy = Boy, then T(w) = 0 and e(w) = 1, so w = 1. This shows that W
acts on B freely, in particular the action is faithful. Moreover, (5.4) shows that
B =W By 1, so the action is transitive.

Remark 5.1. In (i)—(iii) below, we explain our motivation for the action of W
on B defined in (5.4) (a similar idea is given in [Ka, §6.6]).

(i) We show how the action of W on R can be transferred to the action (5.4)
on B. From (5.3), it is easy to see that the action of W on =+e + 2A is faithful.
Using the map ne + 20 — B, n € {£1}, 0 € A, we can identify the set +e + 2A
with B. We use this identification to transfer the action of YW to an action, denoted
by e, on B. In fact, since for w € W we have

w(ne + 20) = e(w)ne + 2(c — nT(w)),
the corresponding action on B reads

w e Boy = By yT(w),e(w)n-

The action of W on +e + 2A, and so on B, is faithful and transitive. The two
actions e and - on B are related as follows:

WeWWe @ Ba,n = Wew ® Ba,—n = We ® BO’+7]T(IU),7E(U))’I7 = BU+7]T(w),E(w)n =w- BU,W'

(ii) Since we have identified € + 20 and —e + 20 with B, 1 and B, _1, re-
spectively, one can interpret this identification as a polarization of elements of 2A
through elements of R*, i.e., we consider B, ; and B, _; as positive and negative
poles respectively for each element 20 € 2A. In this way, the action of WW on B can
be interpreted on 2A as a translation together with a polarization.

(iii) In contrast to the action e, the action - on B given in (5.4) has this “nice”
property that for any a € Ily, w, takes any simplex in B to another simplex
in B, topologically connected to it. This has been our main reason for choosing
the action - instead of e. This completes our remark.
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For ai,...,ar € R}, we define the path corresponding to wey, -+ wa, in B

starting at B, , to be the (k + 1)-tuple

k

(Bons Way, = Boyy + -+ Way - Way - Bo )

We denote this path by Pp,, (wa, ---wa,), and we say that this is a path of
length k. If 0 = 0 and n = 1, we simply denote this path by P(wg, - Wy, ). We
call a path a loop based at B, ), if its starting and ending points are B, ,. We call
the single tuple (B,,,) the trivial loop based at By, and denote it by Pp,  (1).
Since W acts freely on B, the path Pp_, (wq, ---wy,) is a loop if and only if
Wa, -+ We,, = 1. Thus, by Proposition 2.2, the path Pp,  (wa, - - Wa, ) is a loop if
and only if (a1, ...,ax) € Alt(R)). Finally, note that W acts on the set of paths
in B corresponding to wy, - - - ws, € W by

w - PBa,n (woq " 'wak) = Iw-B,, (woq " 'wak) (weW).

Let P be the set of all paths corresponding to wf_H,i for 0 < i < v, and
(wew5+aiw€+gj)2 for 1 < i < j < wv. Any path in P is a loop of length either 2
or 6.

Definition 5.2. (i) Let P = (Bo,,5,,---,Bo,5.) be a path in B. For 1 < ¢ <
Jj < n, we call (Bs, p;,...,Bs; ;) a subpath of P. The trivial loops (B, ) for
1 <1 < n are called trivial subloops.

(ii) Let Pi = (Boy s+ -3 Bonm,) and Po = (By, 5., - - ., Boy 1, ) be two paths
in B, where the ending point of P; is the same as the starting point of P,. We
define

Py Py :=(Bo, s s Bons s Boyoni)-

(iii) Let P; and P, be two paths in B. A move of P; is obtained either by
replacing a trivial subloop based at B, , with a loop based at B, , from P, or
by replacing a subloop based at B, which is an element of P with the trivial
loop (Bs,,). We say that Py can be moved to P, and we write Py — P, if P» is
obtained from P; by a finite number of moves.

It is easy to see that if Pp,  (Wa, - Wa,) = Pp,, (wg, -~ wg,) then

(5.5) w- Pp,, (Wa, *~Way) = w- Pp, , (wp, - wg,),
and
(5.6) Pg, ,(Wa, - wa,) - P'— Pp, (wg, ---wg,) - P,

for any w € W and any path P’ in B for which the product on the left of (5.6) is
defined.
Recall that W =W, = (w, |« € Iy = {e,e + 01, ...,e + 0, }).
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Theorem 5.3. Let R be an extended affine root system of type A1 and nullity v.
Then the Weyl group W of R is isomorphic to the group G defined by

e generators: x;, 0 <1 < v,

o relations: z3, (voxiz;)?, 0<k<v,1<i<j<v.
Proof. By Theorem 2.6, VW has the presentation with

e generators: w,, a € I,

o relations: wey, <+ Way, (Q1,...,ax) € Alt(Ilp).

This means that every relation in W corresponds to a loop in B. For 0 < i < v,
let us denote we4,, by x;. Then the theorem is proved if we show that, for o € A
and 7 € {£1}, any loop based at B, corresponding to x;, - --x;, can be moved
to the trivial loop (B, ;). Now, using (5.5) and the fact that the action of W on B
is transitive, it is enough to show that any loop based at By ; can be moved to the
trivial loop (By,1). We show this by induction on the length 2m of a loop based
at (Boa)-

Unless otherwise mentioned, all loops are considered based at By ;. First, we
show that the assertion holds for m = 1,2,3. Let m = 1. From Remark 4.2(iii),
we know that any loop of length 2 corresponds to x? for some 0 < i < v. Thus
any loop of length 2 is an element of P and so by definition can be moved to the
trivial loop. Next, let m = 2. By Remark 4.2(iii), a loop of length 4 is of the form
either P(z}x3) or P(xx3x;), for some 0 < 4,j < v. Each of these loops can be
moved to the trivial loop as follows:

P(2?2?%) = P(2?) - P(2?) — P(x?) — P(1)

iy J
and

P(a:zxizz) = P(z;) 'P.r7¢~Bo,1(iE?) - Pp,.By, (i) — P(m?) — P(1).
Let m = 3 and consider a loop corresponding to = x;, - - - xj,. Then (o, ,. .., o )
€ Alt(Ily). If (ay,, ..., ) contains an alternating 4-tuple f' = (o ,...,q;.,,)

and y is the element in W corresponding to f’, then z has to have one of the
2
7
can be moved to the trivial loop. So we may assume that (a;,, ..., ;) contains

forms m?y, x;yx; or yxs, so by the cases m = 1,2, the loop corresponding to x
no alternating 4-tuple f’ as above. By our assumption we know that the loop
corresponding to (zox;x;)% for 1 <i < j < v is an element of P, so by definition it
can be moved to the trivial loop. Now, consider (z;x;2¢)?, the inverse of (zoz;x;)?.
Since P((zoz;z;)?) — P(1), using (5.6) we have

P(zoz;xjzox;) — P(xf) - P(zozizjzox;)
= P()) - Pu;.B,, ((zoxiz;)?) — P(z;).



AFFINE REFLECTION SYSTEMS OF TYPE A1 149

By repeating this process, we obtain P((z;x;z¢)?) — P(1). Using similar argu-
ments, we conclude that

(5.7) if 0¢{r st} then P((x,x,x)?) — P(1).
Also if 0 € {r, s,t}, we have
(5.8) P(x,rxszy) — P((a:txszt)Q) - P(z,xs2y)
= P(x1x5,) - Pryo,2, Bos (z,x,02,2,) — P(Tiw,wy).

Now to finish the case m = 3, consider the element x = (xrxsxt)Q, where none of
r,s and t is zero. We have

P(z) = P(x) - P(xf)
= P(x42,252¢) - Prozozoz,-Boo (TsZr0) * Proo,wozie, oz, Boa (T0)
— P(xs2t) - Py.z, By, (:Eg) Pye, By, (TrroTi2y)
+ Prywowiarwewi-Boa (T7) * Powowiwrwswr-Boa (T0Ts)
= P(202s%¢) * Pogw.ay-Bor (212720)°) * Pagwsws-Boy (ToTsTt)

— P(x075%t) - Proz,az,-Bo, (T0TsTt) = P((moxsxt)2) — P(1).

Thus any loop of length 6 corresponding to expressions with respect to Il can be
moved to the trivial loop. Also using the same argument as in (5.8), we get

(5.9) P(z,zszt) — Plapxsx,) (0 <r st <v).

Now, we assume that m > 3 and that any loop of length smaller than 2m can
be moved to a trivial loop. Let P(z) be a loop of length 2m, where = x;, - - - 245, -
First assume that for some 1 <r < 2m—1, j, = jp41. Since Pp, (23 ) = Pp, (1),
we have

P(x) = P(xj, - @j,_ Tjy Ty, )-
Now since (aj,,...,0;,_,,Qj, 55,04, ) is an alternating (2m — 2)-tuple, the
path P(za;, Ty Tag "+ Tqy, ) is a loop of length 2m — 2 in B and so by
the induction hypothesis it can be moved to the trivial loop. So, we may assume
that j, # jr41 for all 1 <7 < 2m—1. From Remark 4.2(ii), the root «;, appears in
(0y s ..., @j,, ) an even number of times and there is an even integer 2 < s < 2m
such that j; = js. From (5.9), we have

P(x) = P(2j,m5,05, 5, - T, )-
By repeating this process, we can move x;, next to x;_, so that

P(z) = P(2j,5,@j5 g, - Tj,_ Tj, T4, T4, Tjy,,,)-
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By Remark 4.2(i), the 2m-tuple

(ajen Qg Mgy Qjgy o5 Oy Qg5 Oy gy v v vy O‘j2m)

is alternating. Thus (a;,, oy, @y, gy ooy 0L, QG gy Oy o0, Q) IS an alter-
nating (2m — 2)-tuple and

P(x) - P(xja.szxjs)mh B ST PP S N T szm)'

By the induction hypothesis, the right hand side, which is a loop in B of length
2m — 2, can be moved to the trivial loop. Thus every loop in B can be moved to
the trivial loop. O

We conclude this section with the following example which gives a geometric
illustration of the method we used in the proof of Theorem 5.3. We use the same
notation as in Sections 4 and 5.

Example 5.4. Let V° = Ro; @ Roy and

W = We4 gy WeWet-gyWet o) WeWe o) WeWet oy Wet-01 Wet-o Wetoy We-

Since (09,0, 09,01,0,01,0,09,01,09,01,0) is an alternating 12-tuple, w is a rela-
tion in W. Now, we use our approach to illustrate geometrically how the path
P(w) can be moved to the trivial path P(1). With the notation of Theorem 5.3,
we write w = TaXT221Z0T1T0T22T122T1%0, Where ; = Weqq, for 0 <7 < v. We
have
P(w) = (Bo,1,Bo,~1, B—6,,1, Boy—01,-1, Boy—201,1, B2oy—201,—1, B2oy 204 1,
Bsoy—o1,~1, B2gy 01,1, B20y,—15 By, 1, Boy,—1, Bo,1)-

In the first move, we have
P(w) = P(xoxoxox1Tox1X0Tox1T2T1%0) = P(Tox1Tox1T0Tox1ToT1X0).
Let wq := ToxoToX1X2T1ToT2X1X2T1To = ToL1TaL1XoL2L1T2L1Lg. Lhen

P(wl) = (BO,la BO,—la B—a'l,la BO'Q—Ul,—la Ba’g—Zal,la 3202—201,—17 BQGg—Qal,h
Booy—01,~1,Boy—01,15 Boy,—1,Bo1)-

As one can see, the first move replaces the path (B7, Bs, By, B1g, B11) in Figure
5.1 by the path (By, Bs, Bg) in Figure 5.2.
In the second move, we have

P(U}l) — P(.’L‘gl‘lxowlxgl‘gxll’ga?lxo) = P((QL‘Q.’L‘l.Z‘())Q).
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Figure 5.1. The complex P(w) in V°
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Figure 5.2. The complex P(w;) in V°
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Figure 5.3. The complex P(ws) in V°
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Let wy := (z22179)%. Then
P(wsy) = (Bo,1, Bo,~1, B—6,,1, Bsy—01,~1: Boy—c1,1, Boy,—1, Bo,1)-

The second move replaces the path (Bs, By, Bs, Bg, B7, Bs) in Figure 5.2 with the
path (B3, By) in Figure 5.3. Since w2 belongs to P, from Definition 5.2(iii), P(ws)
moves to P(1).
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