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Inverse Scattering for the Stationary Wave
Equation with a Friction Term in Two Dimensions
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Abstract

We consider the inverse scattering problem for the two-dimensional stationary wave equa-
tion with a friction term. We prove that the friction coefficient can be uniquely recon-
structed from the scattering amplitude at a fixed low energy. A reconstruction procedure
is also given. The method is to reduce the inverse scattering problem to an inverse bound-
ary value problem. We use the 9-method for a 3 x 3 first order elliptic system to give the
reconstruction procedure.
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81. Introduction

§1.1. Problems and results

Let b(x) be a real-valued continuous function which decays sufficiently fast at
infinity. We consider the wave equation with friction coefficient b(x):

(1.1) wy(t, ) — Aw(t, ) + b(x)w(t,2) =0, (t,z) € R x R™
The equation (1.1) is regarded as a perturbation of the free wave equation
wo (8, ) — Awp(t,2) =0, (t,z) € R x R™.

Then we can consider the scattering problem and the inverse scattering problem of
identifying the friction coefficient b(z). There are some works on these problems for
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the wave equation (1.1). In the multi-dimensional case n > 3, Mochizuki ([?]-[20])
proved the existence and completeness of wave operators for (1.1) with small b(x).
He also gave an expression for the scattering amplitude and gave a reconstruction
procedure of small b(x) from the scattering amplitude at a fixed energy. For the
scattering problem, we also refer the reader to [24].

In two dimensions, Nakazawa [25] studied the scattering problem for the wave
equation (1.1) with small dissipative terms. Recently, Kadowaki, Nakazawa and
Watanabe [13] improved the smallness assumption on the dissipative terms.

As reviewed so far, smallness assumptions on b(z) have been required in the
scattering and the inverse scattering problem. For the problem of two-dimensional
inverse scattering at a fixed energy, while a uniqueness theorem was proved in [30],
there has not been much research on the reconstruction problem of b(z). Here, the
uniqueness problem is whether the scattering amplitude uniquely determines the
friction coefficient b(z), and the reconstruction problem is whether b(x) can be
calculated in terms of the scattering amplitude.

The purpose of this study is to give an answer to the reconstruction problem
in two dimensions.

Consider the stationary wave equation of (1.1). The substitution w= ei‘/Etu(x)
in (1.1) yields

(1.2) ~Au+iVEb(z)u=Eu in R

To begin with, we define the scattering amplitude via outgoing eigenfunctions.
For s € R, we consider the weighted L? space

[25(R™) = {u : </R 01+ |x|)su(x)2d:z:>1/2 < oo}.

Theorem 1.1 ([12]). Assume that b(x) is a complez-valued C§°(R?) function.
Then there is a discrete set & in a neighborhood of (0,00) such that for E €
(0,00) \ & and w € S, there exists a unique solution u(z, E,w) of (1.2) with the
radiation condition

(aar — i\/E)w c L**R?), 0<a<l1/2,

where r = |z| and Y = u — cVEwz

The solution u has the asymptotic expansion
(1.3)

u(z, B,w) = eVEwT 4

|l‘|1/2

A(E,0,0) +o(|z|71?), 0=ux/la|, |z = oo
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The first term of the right-hand side is an incident plane wave. The second term
is a spherical wave, termed the scattered wave, since it is caused by the frictional
force of the medium. Theorem 1.1 and the asymptotic expansion (1.3) show that
the scattered wave exists and for large value of |z|, where the scattered wave is to
be measured, the solution u to (1.2) has the asymptotic form (1.3).

The amplitude of the scattered wave is called the scattering amplitude, and is
represented by

(1.4) A(E,0,w) = —1\/5E1/4e”/4/ eii\/ﬁg'xb(m)u(a:) dz,
4V R2
where u is the solution given in Theorem 1.1.

In this paper we consider the inverse scattering problem of whether the fric-
tional force of the medium is uniquely determined from observations of the am-
plitude of the scattered wave. The mathematical formulation of this problem is as
follows: Determine b(x) from A(E,0,w).

The following statement shows that if the friction coeflicient has compact
support and is bounded by a constant, then for any sufficiently low energy level,
the coefficient can be uniquely reconstructed from the scattering amplitude at a
fixed energy. This result does not require the smallness assumption on the friction
coefficient, which means that global uniqueness holds for low energy levels.

Let @ = Br = {z € R? : |z| < R} and let W™P(Q) denote the usual
L? Sobolev space of order m. In what follows, C(a,b,c) always means a positive
constant, possibly different in different occurrences, depending on a, b, c.

Theorem 1.2. Assume that b(z) is a complez-valued C§°(R?) function and that
suppb C Q. Suppose that for some p > 2 the WHP(Q) norm of b(x) is bounded by
a constant M :

6]l ) < M.
Then there exists a constant N = N(p,Q, M) such that b(x) can be uniquely de-
termined from the corresponding scattering amplitude A(E,0,w) at a fized E €

(0, N) \ &. Moreover, we give a reconstruction procedure to identify b(x) from
A(E,0,w).

In order to prove Theorem 1.2, we reduce the inverse scattering problem to
an inverse boundary value problem. Put V(z) = v'E (ib(z) — VE ). Then we can
rewrite the equation (1.2) as

(1.5) —Au+Vu=0 inQ.

In general, assume that V(z) is a complex-valued function in LP(2), p > 2, and
suppose that 0 is not a Dirichlet eigenvalue for the operator —A+V in 2. One can
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then show that for any f € C1%(9€) there exists a unique solution u € C1%(Q)
of (1.5) with u|gq = f. Here C1(Q) is the usual Holder space and a = (p —2)/p
(p > 2). Therefore, we can define the Dirichlet-to-Neumann map (DN map) Ay :
CL2(09Q) — C*(09) by
Av:fe % ;
o0
where v denotes the unit outer normal to 02.

The inverse boundary value problem is to identify the complex-valued function
V(x) from the DN map Ay. In particular, the uniqueness problem is whether
the DN map uniquely determines V(x). When the uniqueness holds, we want to
calculate V(z) in terms of the DN map. We call it the reconstruction problem.

As is well known, for the Schrédinger equation with compact support po-
tentials, the scattering amplitude with a fixed energy uniquely determines the DN
map Ay (see, e.g., Nachman [21]). Therefore, it is enough to show that the complex
coefficient V(z) in (1.5) can be uniquely reconstructed from Ay .

There are many works on the inverse boundary value problem for (1.5).
In the multi-dimensional case (n > 3), the global uniqueness was proved by
Sylvester and Uhlmann [28]. Nachman [23] gave a solution of the reconstruction
problem. The algorithm of Nachman [23] was derived independently by Novikov
[26]. For details on the inverse boundary value problem, we also refer the reader
to [9].

In two dimensions, the local uniqueness for complex-valued potentials with
small LP(£2) norm was proved by Kang [14] and Kang and Uhlmann [15]. Bukhgeim
[3] resolved the global uniqueness problem for complex-valued V' € LP(2), p > 2.
He also showed that smooth potentials can be reconstructed from boundary mea-
surements with a special boundary condition. It is still not clear whether we can
reconstruct a complex-valued potential in terms of the DN map. A recent result of
Imanuvilov, Uhlmann and Yamamoto [8] gives the global uniqueness of a complex-
valued potential from Cauchy data measured on part of the boundary.

On the reconstruction problem in two dimensions, there are some partial
results. Isakov and Nachman [10] gave a uniqueness theorem and a reconstruction
procedure for non-negative function V(z) > 0 in LP(Q2), p > 1. Isakov and Sun
[11] proved that a real-valued potential V € C*%(R?) with compact support can
be uniquely determined from the associated scattering amplitude at finitely many
energies. For other results on the inverse scattering problem at a fixed energy, we
refer to [6], [27].

We should mention that the global uniqueness and reconstruction procedure
for the conductivity potential V' = 4~1/2A~!/2 have been established. Nachman
[22] proved uniqueness and gave a reconstruction procedure for v € W?2P(Q),
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p > 1, with a positive lower bound. Brown and Uhlmann [2] improved the reg-
ularity assumption and showed uniqueness for v € WP(Q), p > 2. A recon-
struction procedure for v € WiteP(Q) (p > 2, ¢ > 0) was given by Knudsen
and Tamasan [17]. For v € L*°(Q), the global uniqueness and reconstruction
problem was resolved by Astala and Péivérinta [1]. Cheng and Yamamoto [4]
proved the global uniqueness for real-valued coefficients of an elliptic equation
which contains the conductivity equation. Francini [5] proved the uniqueness for
the complex conductivity v € W>°(£2) with a smallness condition on the imagi-
nary part of .

As reviewed so far, solutions of the reconstruction problem in two dimensions
have been studied for real-valued potentials or conductivity type potential. How-
ever, there have been few results on the reconstruction problem for complex-valued
potentials.

In this paper we give a partial answer to the reconstruction problem for
complex-valued potentials in two dimensions.

Theorem 1.3. Assume that V is a complez-valued WP() function for some
p > 2. Then there exists a positive constant M = M (p, Q) such that if ||V |lw1.»(q)
< M, there is a reconstruction procedure to identify V(x) for any x € Q from Ay .

Assuming Theorem 1.3, we prove Theorem 1.2 as follows. Put V(z) =
VE (ib(z) — VE). Then IV llw1rq) is small when E is small. By the reduction
argument in Nachman [21], Ay can be calculated from A(FE,0,w). It follows from
Theorem 1.3 that V(x) can be uniquely reconstructed from A(FE,6,w). Thus we
obtain b(x) from
ba) = LELEE 0
VEi
The proof of Theorem 1.3 relies on the d-method for a first order elliptic
system. In the d-method given by Nachman [22], symmetry of solutions plays an
important role. A difficulty in the complex-valued case is the lack of symmetry of
solutions. This can be removed by considering the system

3. 0 0 0 ¢ 0
(1.6) 0 9. 0|—|1 0 0O P(2)=0, qg=q(z)=V(2)/4,
0 0 o, 0 ¢ 0

where we identify z = (x1,x2) € R2 with the complex variable z = 21 + iz and
use the complex notations

0. = 10y, —i0s,), D= 10y, +i0s,).
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Consequently, we give a complete characterization of the trace of the complex
geometrical optics solutions (CGO solutions). This characterization provides a
method for finding the trace of the CGO solution from Ay (see Lemma 4.2 below).
The characterization in Lemma 4.2 is the main ingredient in the reconstruction
procedure. It will also be shown that the properties of the CGO solution to (1.6)

give a new reconstruction procedure.

§1.2. Reconstruction procedure

We shall summarize our reconstruction procedure of b(x) from the corresponding
scattering amplitude A(FE,6,w). In order to do this we adopt some notations.

zr is the real part of z and z; is the imaginary part of z.
er = ex(z) = ilkz+kz),

v = (v1,12) is the unit outer normal to 9Q; n = v1 + ive; T = (—va,v1). The
tangential derivative on 0f2 is denoted by

a p—
or
Let p(s) be an arc length parameterization of 9Q2. We define an operator £ by

T-V.

whistsn = [ () d.

Let F be the Cauchy integral,

Fo)e) = 5 [ 2

_27TZ 6Q<—Z

The conjugate of F is denoted by F, i.e., (Fg)(z) := (Fg)(z). We then define
an operator F by
F 0 0 a1
Fg=|0 F 0 9o
0 ? gs
Let X = (z;;) be a 3 x 3 matrix. We define an operator Py by

11 €_rTi2 €_pT13

PrX = | exzan €22 Z23
€LT31 Z32 33
eikz 0 0
e E=E(z,k)=| 0 e %= 0

0 0 e—ikz
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e The j-th column vector of the matrix X = (z;;) is denoted by ().

e [ is the unit matrix and O is the zero matrix.

The reconstruction procedure for the friction coeflicient b(x) now consists of several
steps.

Step 1. Calculate the DN map Ay from the scattering amplitude A(E, 0,w) at a
fixed E > 0 for all §,w € ST (see, e.g., Isakov and Nachman [10], Nachman ([21],
[23, p. 567]) and Ikehata [7, pp. 38-44]).

Step 2. Let k € C. Solve the system of equations on 92
P F(PyOE ) o =1,

(1.7) ilve 0 —ingc) (7YY o0 7
s 01 0|w= " w
0 (5 0 0 0 -n 0 7

to determine the 3 x 3 matrix W (-, k) = (;;) on dQ such that ) € C*(Q) x
CLe(0Q) x C*(09), j = 1,2,3, where a = (p — 2)/p for some p > 2 (see Lemma
4.2 below).

Step 3. Define
0 5= | e~ o (¢, k) dC
) L _ 2mi JOQ .
S() <21m faQ e a1 (¢, k) dC 0

Let 5,; ! be the integral operator

Introduce the matrix

Solve the integral equation
M(z,k) =1+ 0, (M(z,)T.8S)(k)
for the 2 x 2 matrix M (z,-), z € 2, with the condition M (z,-) — I € L*°(C) for
—1 < 4 <0 (see Kang and Uhlmann [15]).
Step 4. Define (2, k) = e **m (2, k) and set

4 o
V(z) = - lim e*?0,0(z, k) dkg dk;.

T |kol—=00 J|k—ko|<1
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Then b(x) is obtained from the formula
E
) = LEL T E
VEi
(see Brown and Uhlmann [2, pp. 1024-1025]).

The properties of the third row of the 3 x 3 matrix ®, the CGO solution to
(1.6), turn out to give us another reconstruction procedure.

First, according to the above procedure (Steps 1 and 2), we determine func-
tions 111, %12, %21. Then we perform Steps 3’ and 4’ below.

Step 3'. Let S(k) = (s;;(k)) and T',(k) be the 2 x 2 matrix given in Step 3. Set
So(k) ="S(k),

S1 (k) — ( fo (6 ) ik521(k)> |

Solve the integral equation
m(z, k) = I+ 0, "(TiSom(z,-) —iS1)(k)

for m(z,k) = Y(mi(z, k), ma(z,k)), 2 € Q, with the condition m(z,-) — e; €

)
L*9(C) for —1 < § < 0, where T'}(k) = T',(—k) and e; = *(1,0).

Step 4’. Set
V(z) =40, lim ma(z,k), z¢€Q.
|k|—o0
Then b(x) is obtained from
E
b(x) = %

VEi

Remark 1.4. Steps 2, 3’ and 4’ are new in the case where the potential is
complex-valued.

Remark 1.5. We prove Theorem 1.3 without using an extension argument in-
volving = € R? instead of x € Q. In order to derive the boundary integral equation
to associate the boundary value of the CGO solution with the DN map, it is the
standard argument to employ the jump formula on the boundary:

Eli_r%Sf(zj:Z/e):$%f(z)-i-ipv/ &dg z € 09,

21 o BQC—Z

where S is the Cauchy integral operator

Sf(z) = ! / &dg, 2z € R?\ 99

27 00 (— %
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(see, e.g., Knudsen [16, pp. 34-48]). The argument based on the jump formula
shows that the CGO solution should be constructed in R2.

Instead of the jump formula, we apply the generalized Cauchy integral formula
to derive the boundary equation given in Step 2. Our method shows that it is
enough to construct the CGO solution in 2. Consequently, we can prove Theorem
1.3 by an argument in  which does not use an extension to R2.

The following is the outline of the remaining sections of this paper.

Section 2. Summarizes some useful lemmas.
Section 3. Presents a construction of the CGO solution and its properties.

Section 4. Discusses the determination of the boundary value of the CGO solu-
tion from the DN map.

Section 5. Provides the unique solvability of the d-equation and the proof of
Theorem 1.3.

82. Preliminaries

In this section we state some useful lemmas. Let 7' and T denote the Cauchy type
operators

Tf(z)=Taf(z) = —% /Q Cf((l dCrdCr, Tf(z) =Tf(2).

In particular, we denote Tk f by (95 ' f)(k) (k € C).

Lemma 2.1. Letp > 2 and o = 1 —2/p. Then T and T are bounded operators
from LP(Q) to C*(Q) and satisfy

ITfllca)s 1T fllca) < Cillfllr),  Vf € LP(R),
where Cy is a positive constant which depends only on p and Q.
Lemma 2.2. For f € L'(Q2), we have the estimate
10:T fllLr) < CallfllLr), V€ LP(Q),
where Cy is a positive constant which depends only on p and Q. Similarly for T.
Lemmas 2.1 and 2.2 are proved in Vekua [29, Chapter 1].

Lemma 2.3. The map k +— (0—ik)™" is holomorphic on C in the strong operator
topology L™= (2) — L (Q).

This lemma is proved in a manner similar to that of Nachman [22, Lemma
2.2] (see also [15]).
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83. CGO solutions

In this section we construct the CGO solutions for the system (1.6) and derive
some of their properties.

For x = (1, 22) € R?, we put z = x1 + ize. In what follows, we abbreviate
functions u(z, z) as u(z), 0. as 9, and 9. as 0. The equation (—A+V (z))u(x) =0
is rewritten as

(3.1) (@0 — q(2)u(z) =0, q(z) = 2V (2).

Let u be a solution to (3.1). Then it is easy to see that

Ju
(D-Q)| u | =0 inQ,
du
where B
o 0 0 0 g O
D=0 0 0], Q@=]1 0 0
0 0 0 0 g O
Consider the equation
(3.2) D-Q)®2=0 inQ.

In this section we construct the CGO solutions to (3.2) and derive some of their
properties.

§3.1. Existence

For each k € C, we seek solutions to (3.2) of the form ® = ®(z,k) = M E, where
M = M(z, k) = (mi;(2,k)) is a 3 x 3 matrix and

eikz 0 0
E=E(z,k)=| 0 e %% 0
0 0 e~ hz

Let e, = ex(z) = ¢i(kz+k2) and Py, be the operator defined by

T11 €_rT12 €_pT13
PrX = | egrar oo Z23 for X = (wij)1<i,j<3-

€rT31 32 33
Then simple computation shows that

(3.3) DP.M —PyQM =0 in Q.
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We will construct M. Let |Q = [, dz and

T 0 0
T = 0 T 0 5 Tk = ’PfkT'Pk.
0 0 T

The following lemmas require almost the same assumptions. We denote the

common part by (A-1):

(A-1) q € LP(Q) with CZ[Q|"?||q||r(@) < 1 for p > 2, where C; is the positive
constant given in Lemma 2.1.

Lemma 3.1. Assume (A-1). Then (I — T1Q)~ " exists on C*(9).

Proof. 1t follows from ¢ € LP(€Q2) and Lemma 2.1 that 7, Q is a compact operator
on C%(Q2). Therefore, it suffices to show the injectivity of I — 7T 1 Q. Consider the
equation (I — 7 ,Q)X = O. Then X = (z;5)1<i j<3 satisfies

T11 — T(gxm) =0, €_jT12 — T(e_gqras) = 0,
exTa1 — Z(ekwll) =0, Tog — 29612 =0,
errs1 — T'(erqrar) =0, x32 — T(qra2) =0,

€_jT13 — T(e_gqzas) = 0,

x93 —T'x13 =0,

xr33 — T(q@'ggg) = 0
Since CZ|QY?||q|| o) < 1, it follows that z;; = 0, 1 < i, < 2, as shown in
Kang—Uhlmann [15, Lemma 2]. Using Lemma 2.1, we have

| z2sllce (@) = ITz13]lca@) < Chllzisllzr@) < C1IQMP|@1s]lca @),
lz13llce (@) < Cille_gqrasllLe @) < CillallLe@)llz2sllce @)
Now C?|QYP||g||rr) < 1 together with these estimates implies that z13 =

T93 = 0, which allows us to obtain z3; = z30 = 233 = 0. Thus X = O and
Lemma 3.1 is proved. 0

Now we define M = M (-, k) € C*(Q) by
(3.4) M=1-T,Q) 'I

Tt is easy to see that M satisfies (3.3). The function ® = M E is called the CGO
solution to the equation (3.2).
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§3.2. Asymptotic behavior of M(z,k) as |k| — oo

In this subsection, it will be shown that

1 0 0
M(z,k)—= [0 1 0], kl— oo
0 Tq 1

From this property together with Lemma 2.2 we obtain the formula

q(z) =0 lm masa2(z,k).

|k|—o0

Lemma 3.2. Assume (A-1) and let M = (m;j(z,k))1<i j<s be the function de-
fined by (3.4). Then

2C
(3.5) [ma1(, k) = Ulpe (@) + [[maz(, k) = 1 L= < |T‘1||Q||LP(Q)»
2
(3.6) [maz (-, k)l Lo () + Imar (5 k)l Lo (@) < R
(3.7 mas(z, k) = mas(z,k) =0, ms3(z,k)=1, VzeQ,
20

(3.8) [ma1 (- k)| Lo () < |T‘1||QHLP(Q)7

_ 2C%
(3.9) Ims2(- k) = (Tq) ()l L=(0) < ‘TF”(]H%P(Q)

or k € C such that 2{(1 + §2) + Co}C1|lqllr(q) < |K|, where Cy is the positive
2w (Q)
constant given in Lemma 2.2.

Proof. The estimates (3.5) and (3.6) are proved in [15, Theorem 5]. To prove the
identities (3.7) we first note that m;s (i = 1,2, 3) satisfy

mgz3 — T(qm23) =1,
mi3 — @T(ef,;qmgg) =0,
mao3 — Tm13 =0.

From the generalized Cauchy integral formula and Lemma 2.1 we have
(3.10)  [[mas(:, )|l L) = IT(m13)] L= (@)

1 - _
< AT (0ma3)| Lo @) + 1T (egO(e_gmis))llL= ()}

~ |k
1 1 mis3(C, k) =
< — o0 - . -

< |k|{||m13|L (9)4" 5.7 /89 = d¢

1 C
< |k:|{ (1 + 2:;) [mas (-, k)|l e @) + Cl||a(€km13)||Lp(Q)},

+ Cl||a(€—1}m13)||m(n)}
L=(@)
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where C3 is a positive constant independent of k. According to Lemma 2.2, the
second term on the right-hand side in (3.10) is estimated as follows:
|0(e_gmas) |l Lr ) = 10T (e_ggmas)llLe () < Callgmas||Le (o)
< CollqllLe()lmas] Loe )

This estimate together with (3.10) shows that

1 C
ImaalcBleqay < d (14 52 ) Imnallmcey + CrCalllzniolmanleca

Using the estimate
(3.11) Imas(, k)|l e () = 1T (e_ggmas)|| Lo (a) < Cille_gamas||Lr (o)
< Cillgll (@) Imas(- k)l L)
we obtain
1 Cs
[mas (-, k)l Lo () < T L+ oo )+ Co o Cullal e @ llmas( k)l (o)
Thus [|mas(-, k)| () = 0 for k € C satisfying {(1+ §2) + C2}C1|q|| (o) < |-
From (3.11) we get |[ma3(-, k)| =) = 0. Moreover, the estimate
[mas (-, k) = 1l ga@) = 1T (gmas)l o~ ()
< Cillgmaslie) < CillgllLe(o)llmas (-, k)|l Le )

yields [[m33(-, k) — 1|z (@) = 0. Thus the identities (3.7) hold.
Next, noting that ms; (j = 1,2) satisfy

ms1 — e_ 1 (eggmai) = 0,
(3.12) {mzz - T(qm(22)q— O,)
and using (3.5) and (3.6), we get the estimates (3.8) and (3.9):
Ims1 (-, k)| o< ) = 1T (exqmen) | = (9) < Cillamei (-, k)l Le o)
SOl||Q||LP(Q)Hm21(‘7k)”L‘X’(Q) < 2|g|1||11||m(9),
and
[msa (- k) = Tq(-)|| (o) = [T (gma2) = Tql| L= () = [|Tq(maz — 1)|| = (0)

2
1

2C
< Cillglze (@ llmaa(-s k) = 1L (@) < WHQHQLF’(Q)'

Lemma 3.2 is proved. O
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§3.3. O-equation

In this subsection, we derive another property of M (z, k) defined by (3.4). We
need some notations. For a 3 x 3 matrix X = (z;;), we denote a submatrix by
(X2 = (%ij)1<i j<2. We first recall that [M]y = [(I — TxQ) 'I], satisfies the
system of differential equations with respect to k € C, which is called the O-
equation.

Lemma 3.3 (Kang and Uhlmann [15]). Assume (A-1). Let T',(k) be the function
given in Step 3 and

_ 0 55 Joa e (Oma2(C. k) d¢
S(k)_<;mfagek(c)mm(ak)dé T )
Then
(3.13) On[M (z,k))2 = [M(z,k)]2T. (k)S(k) in L=(9).

Note that substituting the identity ® = M E into S(k) gives

0 o [ e’iE€¢12(C’ k) d¢
u S(k) — e 2w JOQ .
(3.14) (F) <_21m Joq €7 021(¢, k) dC 0 >

This identity means that S(k) can be determined from the boundary values of the
CGO solution, ¢12]oa and ¢21|sq.

In the previous subsection, we proved that ¢(z) can be calculated from
maz2(z, k). Hence we are interested in the properties of msa(z, k). We will show
that mgz1(z, k) and m3a(z, k) also satisfy a 0 type equation.

Lemma 3.4. Assume (A-1) and let M = (m;;(2,k))1<ij<3 be the function de-
fined by (3.4). Then

Ormsi(z, k) = —ie_y(2)s31(k) + ie_y(2)s01 (k)maa(z, k),
(3.15) {akm32(27 k) =ieg(2)s12(k)ms1 (2, k),
where
s12(k) = —%/96712(061(0"122((7/{) dCr dCr,
sall) = [ eulQmus (¢, dcrdc,

831(/€):%/Q€k(C)Q(C)m21(C7k)dCRdC1.
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Proof. We first prove the identity
(316) 51« (Tqmm) = T(qékmgg).

Since T is a bounded operator LP(Q2) — C*(£2) and q is in LP(2), it suffices to show
the uniform boundedness of d;mas by the application of dominated convergence.
Since m;;, 1 < 7,5 < 2, satisfy

ma1 — e_g T (eymr) = 0, mag — T(mi2) = 1,

(3.17) {m“ = Tlgma1) = 1, {m12 — egT'(e_ggmaz) =0,
Lemma 2.1 yields the estimates

M2z — 1| L) < C1IQUYPImaa| Ly 1Mzl < Cillallpeyllmez |l L= ()

Imi1 — Ul pe () < Cillallze lmaillzey:  Imai =) < C1lQMP|mi|pos (-

If 012|Q|1/p||q||LP(Q) < § < 1, then we obtain

1
oo i) < ——
Imanllze @), Imezlliie) < 17—
CIHQHLP(Q) 01|Q|1/p
[mazllLe @) < —1_5 [ma1 Lo (@) < 11—

By Lemma 3.3 we already know that Opmas = is12(k)e;(2)mai(z, k). Hence we
obtain the boundedness of 9jmas:

_ Oy |/ 1 0|0 P
Bumas) < S sl < LB [ fgeymane, )] don e
1 G

= (1 — 5)2 HqHLP(Q)
Using Lemma 3.3 and the identities (3.12) and (3.16), we have

Ormasa(z, k) = 0k (Tqmaz) = T(q0rmas)

=1is12(k)T (gegmar (-, k) = is12(k)er(z)ms1(z, k).

Similarly, using the identity

T(exqOrmar) =T (erqisa (k)e_pmaa(-, k) = isa1 (k)T (gmaa(-, k)
=189 (k')m32 (z, ];;)
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together with Lemma 2.3, we obtain the equation
Ormsi (2, k) = O (e T (epgmoan))
= 1 e —z
(-1 [ D gtcmanc. ) dncr )
Q

T (—Z

1 ( /Q ex(C — 2)a(Q)man (¢, k) dCr dCr

™

ex((—2) 5
+ [ EEE g Bmar (€. e dg)
= —ie_x(2)s31(k) + e_1(2)T (exqrmay)

= —ie_p(2)s31(k) +ie_p(2)s21(k)msa(z, k).
Thus, Lemma 3.4 is proved. O

By Green’s formula,

s12(0) === [ e QuQman(C Wy dcnder = 5 [ e Fana(c.) dc

™

210 = 1 [ Ok derdds = —5 [ Fom (e

which shows that s;2(k) and s21(k) can be determined from the boundary values
of the CGO solution, ¢12|sq and ¢a1]aq. We can also determine s3; (k) from the
boundary values ¢11|9a and ¢o1|9q. Indeed, it follows from (3.17) and Green’s
formula that

1 — _
(3.18) ss1(k) = = / {0(exm11) — m110ey } dzp dzp
Q

1 — 1 -
:f/a(ekmu)dszzI—f/ikekmudszzI
™ Ja ™ Ja

1 (= ik
:f/a(ekmu)dszzI—Z—/ O(exmor)dzrdzy
T Jo ™ JQ

1 k
=5 . ex(2)mui(z, k) dz + 2 Jog er(2)mar(z, k) dz
1 )
— Tm , 61162@11(2’ k) dz — ZkSQl(k)

§4. From Ay to ®|sq

In this section we show that the boundary value ®|gq of the CGO solution can
be constructed from the DN map Ay . Let us denote column vectors by boldface,
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e.g., f =1(f1, f2, f3). We define a set of Cauchy data by
D, = {v|oq : v € C¥(Q) x CH*(Q) x C*(Q), (D — Q)v =0 in Q}.
Let Hy = Ay L and define a set of functions on 952 by
B = {h € C*(0Q) x C*(8Q) x C(AN) : (nhy — fjhs) € Cy*(OQ),
iHy (nh1 — fhs) = nhy + fhs, 7 Vhe = i(nhy — fhs)},

where Cj"*(99) denotes the set of C* functions on & such that Joq fdo =0
(do is the Euclidean surface measure on 0f).

The following characterization of the Cauchy data for the first order O-system
is shown in a manner similar to that of Knudsen and Tamasan [17].

Lemma 4.1. Let ¢ € L?(Q). Assume that

Q=

o = O
QO K
o O O

Then D, = B.

Proof. We first show that B C D,. Let h € B and u be a C1:%(Q) solution of

—Au+Vu=0 1in Q,
uloq = iL(nhy — fhs) € CH(09).

tH(Ou,u, 0u) € C*(Q) x CH2 () x C*(Q), we deduce that
= 0. Since h € B, we obtain the relation

Puttlng tHp, 1,
(D —-Q)' (¢ ¥,

X) =
X) =
(D), =30 )Gt ) =50 ) ()

(7 (s )= ().

The identity ¥|aq = ulsn € C1*(0€) implies that h € D,.
Next we show that D, C B. Let h € D, and *(p,1, x) € C*(Q) x CH*(Q) x
C*(Q) be a solution of

fa]

M| —

(D - Q) (p,0,x) =0 inQ,
"o, 9, x)|aa = h.

Simple computation shows that ¢, 1) and x satisfy d¢ = q1p, O = ¢ and Oy = q1p.
Since there exists a C1*(Q) function u such that ¢ = u, ¢ = du and x = du, we
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obtain the relation

hy () ou 1 Ay hy —inT - Vho
ho | = |9 = v =3 2hs
hs X/ o0 ou 00 nAyhs +int - Vhe
. (n 0 —in Avhs
n 0 in 7-Vhe

The identity

Avhs n 0 7 hy
ho =10 1 0 ha
T -Vhy m 0 —in hs
implies that h € B. Lemma 4.1 is proved. O

Next we give a characterization of the traces of the CGO solutions.

Lemma 4.2. Assume that Q satisfies the assumption of Lemma 4.1. Then there
exist Y9 € D, (j =1,2,3) such that

(4.1) P,k.’F'(’Pk'IlE_l)bQ =1,

. . n 0 0 _
(4.2) <ZA(‘)/£ _O@ “BVL> 01 0 \1::<77 8 7) v,
iZ 00 7 n o0

where ¥ = (¢(j))j:172,3 is a 3 X 3 matriz. Moreover W is the only CGO solution
on 69, i.e., v = §|5Q.

Proof. Let ® = ME be the CGO solution. Then (D — Q)® = O. By Lemma
4.1 we have ® € B, which shows that ® satisfies (4.2). Taking into account that
M is a solution to DP,M — P QM = O, it follows from the generalized Cauchy
integral formula that

M —P_ . TPQM =P_ . F(Pr.M]|oq).
By (3.4),
P_1F(PMl|oq) =T - TrQ)M =1,

which implies (4.1).
Now, suppose that ¥ satisfies (4.1) and (4.2). Then ¥ € B. According to
Lemma 4.1, there exists a 3 x 3 matrix H such that

(D-Q)H =0, Hly,="1.
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Let G = HE'. Then G satisfies P_; DP;G — QG = O. The generalized Cauchy
integral formula yields

(I-TwQ)G =P F(PLYE " |p0).
By (4.1), G = (I = T}Q) 'I = M, which gives
¥ = Hl|pqo = ME|sq = ®|sq.
Lemma 4.2 is proved. O

The characterization (4.1) and (4.2) gives a method for finding the CGO
solution ®|sq from the DN map Ay.

§5. From ®|sq to mss

In this section we show the unique solvability of the system (3.15). Let s12(k),
s21(k) and s31(k) be the functions given in Lemma 3.4.

Lemma 5.1. Assume (A-1) and suppose that ¢ € WP(Q). Then for k € C,

71(q) v
k)| < 1,p s k)| < P 1,
s12(k)| < 1+|k|HQHW @), |s21(k)| < 1Jr|I€|(||L1||L @ +1)
V2
21 (k)| < —=— .
|31 (k)| < 1+|k|HQHLP(Q)7

where v1(q) is a positive constant depending on | q|lw1.»(qy and uniformly bounded
from below, and v and o are positive constants independent of |k| and q.

Proof. The estimates on si» and sy are proved in [15]. Let CF|Q[Y?|q| 1r(q) =
0 < 1. The estimates

[maillre(oy < C1lQYPImalln=(o),  lmitll=@) < Cillgllre@)lmall=@) +1

together with the assumption (A-1) show that for k € C,

CI|Q‘1/IJ
Im21 (k)=o) < ——5
Thus we obtain
CLIQMP | C1]Q]
|31 (k)| < 191 g/l Lo 0y = (=0 lqllzr ()

m(l —9)
for k € C. By Lemma 3.2, there exists a positive constant N such that

1 2101/7 1
s51(B)I < lmarllz~ca [ lao)] deeder < L SN AT
m Q ™ |k|
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for |k| > N. Thus we get the estimate

Y2 G192+ N) | 2QY
‘ k < — p s =
s < prglaller@. 02 = ===+ ==
for k € C. Lemma 5.1 is proved. O

Let M = (m;;) be the 3 x 3 matrix defined by (3.4). Then m = *(mgz1, ms2)
is a solution to the system (3.15). The uniqueness of the solution follows from the
next lemma.

Lemma 5.2 (Kang and Uhlmann [15]). Let dy,ds and £ be positive constants.

Assume that
di(e +1) dae

k) < ————, .
bl < T 1+ [k]
If ¢ is sufficiently small, then the solution of the system

[b(k)| <

such that f — 1,9 € L*°(C) (=1 < § < 0) is unique.

Proof of Theorem 1.3. We have already justified Steps 2, 3’ and 4’ stated in Sub-
section 1.2. By Lemma 4.2, we obtain the boundary value of the CGO solution
from the DN map. The functions s13(k), s21(k) and s31 (k) defined in Step 3’ satisfy
the estimates given in Lemma 5.1. Therefore we can get the function msa(z, k) on
2 x C by solving the system (3.15). The estimate (3.9) given in Lemma 3.2 shows
that ¢(z) can be obtained from ms3(2, k). Thus Theorem 1.3 has been completely
proved. O
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