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Probabilistic Representation and Fall-Off of
Bound States of Relativistic Schrodinger
Operators with Spin 1/2

by

Fumio HIROSHIMA, Takashi ICHINOSE and Jézsef LORINCZI

Abstract

A Feynman—Kac type formula for relativistic Schrédinger operators with unbounded
vector potential and spin 1/2 is given in terms of a three-component process consisting
of a Brownian motion, a Poisson process and a subordinator. This formula is obtained for
unbounded magnetic fields and magnetic fields with zeros. From this formula an energy
comparison inequality is derived. Spatial decay of bound states is established separately
for growing and for decaying potentials by using martingale methods.
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§1. Introduction

In the paper [HIL09] we constructed a Feynman-Kac formula for a generalized
Schrédinger operator with spin of the form

(1) U(h(a,o))+ V.

Here V is a real-valued external potential, ¥ is an arbitrary Bernstein function
with U(0) = 0, and h is a Schrodinger-type operator of the form

(2) h(a,0) = %(0’ “(p—a))?
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including a vector potential a = (a1, as,as) describing a magnetic field, and
the Pauli matrices o = (01, 02,03) describing spin 1/2. As we have shown, the
Feynman—Kac representation of (1) involves three independent stochastic pro-
cesses; a Brownian motion, a Poisson process and a subordinator. Moreover, spin
1/2 was also extended to higher spins in [HILO09] (see also [ARS91]).

In this paper we consider a functional integral representation of the strongly
continuous one-parameter semigroup generated by the relativistic Schrodinger op-
erator with spin 1/2 in three-dimensional space,

3) Ve @l tm? —mt V.

Here m is the mass of the relativistic particle, which we regard as a parameter; see
[Car78] for standard Schrodinger operators, where a = 0. This Hamilton operator
is a special case of (1) obtained by choosing

4) U(u)=+v2u+m?—m, m>0.

In this case we have the %—stable subordinator about which more details are known
than about subordinators related to a general W. Using this extra information, our
main goal in this paper is to prove a Feynman-Kac type formula for (3) under
weaker conditions than needed for general ¥, and use it to derive the fall-off prop-
erties of bound states. In particular, in contrast to [HIL09] we can cover unbounded
magnetic fields in Theorem 3.6 and magnetic fields with zeros in Theorem 3.8.

This paper is organized as follows. Section 2 is devoted to introducing the
relativistic Schrédinger operator with spin 1/2 as a self-adjoint operator on C? ®
L?(R3) and an equivalent unitary representation on L?(R?® x Z). In Section 3.1
we reassess the results in [HIL09] and give a Feynman—Kac formula with bounded
magnetic fields. In Section 3.2 we prove a Feynman—Kac formula for unbounded
magnetic fields, and in Section 3.3 for magnetic fields having zeros. In Section
4 we derive the decay properties of bound states separately for growing and for
decaying potentials by using martingale methods.

§2. Relativistic Schrédinger operator with spin 1/2
§2.1. Definitions

We begin by defining the self-adjoint operator h(a, o) and \/2h(a, o) + m2—m+V
rigorously.

The spinless Schrodinger operator hg with vector potential @ and zero external
potential is defined as a self-adjoint operator on L?(R?). Let D,, = p,, — a,,, where
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u = —i0,, is a momentum operator. Define a quadratic form ¢ by

3
Z D, f,D

where Hl(Rg) ={fe LQ(RS) | Dllf € LQ(R?))a p=123}1fac (L IOC(RS))
then the quadratic form ¢ is non-negative and closed, and hence there exists a

() H'(R?) x H'(R?) > (f,9) = a(f,9)

l\')\r—l

unique self-adjoint operator hg satisfying (hof,g9) = q(f,g) for f € D(hg) and
g € H', where D(ho) = {f € Q(¢)|q(f.") € L*(R®)'}. Let C§°(R®) = Cg° be
the set of infinitely differentiable functions with compact support on R3. It can
be seen that C§° is a form core for hy under the assumption a € (LZ _(R?))? (see
[LS81)).

Next we introduce a magnetic field b = (by, by, b3). Physically it is given by
b =V X a, but in this paper we consider the magnetic field b independent of the
vector potential a. We will use the following conditions on a.

Assumption 2.1 (Vector potential). The vector potential a = (a1,a2,a3) is a
vector-valued function whose components a,,, ¢ = 1,2, 3, are real-valued functions
such that a € (L (R?))? and V - a € L (R?), where V - a is understood in the
distributional sense.

Assumption 2.2 (Magnetic field). D(—A) C D(b,) and for f € D(—A) the
conditions [|b,fI| < kull — Af| + &, Ifll, p = 1,2,3, and k1 + k2 + k3 < 1 are
satisfied.

Finally we introduce the spin variables. Let o = (01,09, 03) be the 2 x 2 Pauli
matrices given by

o1 S e N P
Yool 2Pl oo P lo <1

They satisfy the relations 0,0, +0,0, = 26,,1 and 0,0, = i2§:1 Mgy, where

123

M is the anti-symmetric Levi-Civita tensor with €22 = 1. Then it can be seen

directly that

3
O’®b=ZO‘M®bM—

— bi+by  —b3

by by — ibg]

Under Assumption 2.2, o ® b is relatively bounded with respect to 1 ® 2hg, as an
operator in C? ® L?(R?), with a relative bound strictly smaller than 1,

6)  [o@b)fll < (k1 +r2+k3) 1@ 2ho f|| + ClIfIl,  f € C*® D(h).
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This follows through the diamagnetic inequality |(f, e~ g)| < (|f], e *(~22)|g])
under Assumption 2.1. Thus the self-adjoint operator

(7) h=1®hy—s0®b

in C? @ L*(R?) is bounded from below under Assumptions 2.1 and 2.2. We choose
m so as to guarantee that

2h+m?=1®2hg—oc@b+m?>0.

Note that under a suitable condition h is positive, and in this case we can take
m = 0. From now on we omit the tensor product ® for notational convenience.
We now define the self-adjoint operator H.

Definition 2.3. Under Assumptions 2.1 and 2.2, H is defined by the self-adjoint
operator

(8) H=+2h+m2—-m

in C? ® L%(R?). Here the square root is taken through the spectral resolution of
2h +m?.

A typical example is the operator /(o - (p —a))2 +m? — m such that a €
(R3))3, V-a € L (R3) and V x a € (L2 _(R?))3. In this case it is seen that

loc loc

(Lioc
(0-(p—a)’=@-a)+o-(Vxa)
on 1® C§°(R3).
§2.2. Spin variable

In order to construct a functional integral representation of (f,e~*(#+V) g) we make
a unitary transform of H on C2® L?(R3) to an operator on the space L?(R? x Zs).
This is a space of L2-functions of € R? and an additional two-valued spin variable
0 € Zs, where

9) Zo = {—1,1}.

We define the spin interaction U on L?(R?® x Zs) by

(10) U: f(z,0) = Ua(z,0) f(x,0) + Uoa(x, —0) f (x, —0)
where (z,0) € R3 x Zs,

(11) Ua(,0) = —36b3(x)
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is the diagonal component, and

(12) Uoa(w, ~0) = — 1 (b1 (x) — i6bs(2))
is the off-diagonal component. Let

(13) hz, = ho + U.

Under Assumption 2.2, U is symmetric, relatively bounded with respect to hg with
a relative bound strictly smaller than 1 so that hz, and h are unitary equivalent,

(14) th >~ h

as seen below. Define the unitary operator F : L2(R? x Zs) — C? ® L?(R?) by
15 F:foe .

( ) f(7 _1)

Also, define 7, = F~'o,F. We see that 7 : f(z,0) — f(z,—0), 72 : f(z,0) —
—i0f(x,—0) and 75 : f(x,0) — 0f(x,0).

Definition 2.4. Let Assumptions 2.1 and 2.2 hold. Then Hyz, is defined by

(16) .IJZ2 = 4/ 2th +m2 —m.
In what follows instead of H we study Hz,, and write H (resp. h) instead of Hy,
(resp. hz,).

§2.3. Three independent stochastic processes

In order to construct a path integral representation we will need three independent
stochastic processes (Bit)i>0, (Nt)i>0 and (T})i>0 which we introduce next. We
denote the expectation with respect to path measure W starting at = by K7, .

Let (Bt)i>0 be a three-dimensional Brownian motion on a probability space
(Qp, Fp, P*) with initial point P*(By = x) = 1.

Secondly, let (IV;):>0 be a Poisson process on a probability space (Qn, Zn, 1)
with unit intensity, i.e.,

m
u(Ny =n) = ﬁe_t, n € NU{0}.

Let p® be the image measure of the process (N, + ;>0 for a € Zy and thus
ES[f(N.)] = ES[f(N. + «)]. We define integrals with respect to this process in
terms of the sum of evaluations at jumping times, i.e., for g we define

(17) / g(sts) st = Z g(rer)
(a,b] re(a,b)
Nyy #£No_
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and we also write f:Jr -+ dNj, for f(a )
cess we also define a Zs-valued stochastic process (6;)¢>0 on (Qn, Zn, u°) by

-+ dN,. Associated with the Poisson pro-

(18) 0, = (—1)Ne.

Finally, let (T});>0 denote the subordinator starting from 0 at ¢ = 0 on a
given probability space (£2,,.%#,,v) defined by its Laplace transform

(19) EJ[e~ "] = exp(—t(v/2u +m2 — m)).

Note that (T3);>0 is a one-dimensional Lévy process with right continuous paths
with left limits, almost surely non-decreasing. It can be more explicitly described
as the first hitting time process

T, = inf{s > 0| B! + ms = t},

where (B}):>0 is a one-dimensional Brownian motion independent of the three-
dimensional Brownian motion B; above. We also define the measure v°, s € R, to
be the image measure on (T} + s);>0, and use the shorthand

(20) E3ESES = Ef .

The role of these three stochastic processes is as follows. Clearly, the Schrodinger
operator —%A + V generates an It6 process which can be described using the
Brownian motion (By)¢>o under V. The Poisson process (V;)¢>o results from the
Schrodinger operator with spin. Finally, the subordinator (7});>¢ appears due to
the relativistic Schrodinger operator which generates a Lévy process. A particular
combination of these three independent stochastic processes then yields the path
integral representation of e *#+V) which we will discuss below.

§2.4. Generator of Markov process

Consider the R? x Zs-valued joint Brownian and jump process

(21) Qp x Ay 3 (w,w1) = Xi(w,wr) = (Be(w), 0:(w1)) € R x Zy
with initial value Xy. The generator of this Markov process is [HIL09]
(22) Go=—2A+op+1,

where 1 is the 2 x 2 identity matrix and o the fermionic harmonic oscillator
defined in terms of the Pauli matrices by

oF = %(03 +i09)(03 —i09) — 1 = —07.

Note that inf Spec(Gyp) = 0.
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In the relativistic case, the subordinator explained above appears in addition
to this. We define the subordinate process (g¢):>0 in terms of the R? x Zs-valued
stochastic process

(23) QPXQNXQVB(w,wl,WQ)
— qt(w7w17w2) = (BTt(wQ)(w), 9Tt(w)(w1)) € R3 X L.
In a similar manner to (X;);>o, we can identify the generator of (¢;)¢>0.

Proposition 2.5. The generator of the Markov process (q;)i>0 s

(24) G=V-A+20p+2+m2—m
and its characteristic function is given by
(25) E%}O,O[eith] _ E(I)\;IO,O[eiEBTt eizOTt]
= e MWIEPHmE=m) (o o e t(VIEPHAEME—m) o, o
for Z = (£,2) € R® x R.

Proof. This is obtained through the equalities

Z / dx E]xuoc 0 QO qt EO I: Z / dx Ef)j# T)g(qt)]

a=0,1 a=0,1
—EO[(f, e T EATIE gy = (1, G

Hence (24) is the generator of (g)¢>0, while (25) is straightforward. O

83. Feynman—Kac type representations
§3.1. Bounded magnetic field

In this subsection we briefly discuss some results established in [HIL09] obtained
for a general version of the relativistic Schrodinger operator with spin and bounded
magnetic field. Write

(26) W(z) = 5v/b1(2)? + ba(2)?,
and notice that |Usq(z,0)] = W(z).

Proposition 3.1 (Feynman—Kac formula: bounded magnetic field). Suppose that
Assumption 2.1 holds and b, € L™ for u = 1,2,3. Let V be relatively bounded
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with respect to vV/—A + m?2 with a relative bound strictly smaller than 1. Assume,
furthermore, that

Ty
(27) E%LY [/ [log W (B;)| ds] <00, ae xR
0
Then H +V is self-adjoint on D(H) and
(28) (fre gy = 37 /R A B [T Flao)g(an)e” ],
a=0,1

where the exponent ./ = Sy + Sa + S5 is given by
t
(20) A= - / V(By.) ds,
0
Ty
(30) SA = fi/ a(By) o dBs,
0

T T+
(31) yS = _/ Ud(stes)ds+/ log(_Uod(Bsa_esf))dN&
0 0

Proof. Since |V f| < &l|[vV—A+m? f|| + /|| f|| with constants x < 1 and &/,
and b, is bounded, we have |V f|| < &||Hf| + C||f|| with a constant C. Hence
self-adjointness follows by the Kato-Rellich theorem. (28) follows from [HILO09,
Theorem 5.9]. O

We note that # and .%s in Proposition 3.1 stand for the stochastic integrals
—i for a(Bs)o dBg and — for Uq(Bs, 0s) derfOT+ log(—Ucsa(Bs, —0s_)) dNy evaluated
at r =T}, respectively.

A Feynman—Kac formula without spin is an immediate corollary. This was first
established in [CMS90] without a vector potential; we give a version including a
vector potential. Let

(32) Hspinless = \/m —m.

Corollary 3.2. Let Assumption 2.1 hold, and assume that V =V, — V_ is such
that V. € L _(R®) and V_ is relatively form bounded with respect to v/—A + m?2

loc
with a relative bound strictly less than 1. Then

(33)  (fer ootV Vg [ oyl (FBul(Br)e” ),
R

In particular, when a = 0,
(34)  (foe ! (VEATEIMEVE TV g) — / Az [f(Xo)g(Xp e Jo VX,
R

where (X¢)i>0 is the stochastic process defined in (21).
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By Corollary 3.2 we have the following energy comparison inequality with
(35) Hy=\/—A+m2—m.
Corollary 3.3. Under the assumptions of Corollary 3.2 we have
(1) |(f, e Hmmiens £V =V g)) < (| f, e tHo H Ve = Vo) g)),
(2) inf Spec(Ho + V4 — V_) < inf Spec(Hgpintess + V4 — V).
§3.2. Unbounded magnetic field

We extend the Feynman—Kac formula above (Proposition 3.1) to the case of mag-
netic fields b that are possibly unbounded and satisfy Assumption 2.2. This exten-
sion is not straightforward, and we need several lemmas.

Define the truncated magnetic field 5¥) by

bu(x) if [bu(z)] < N,
BN (z) =4 N if b, (z) > N
~N  ifb,(z) < —N.

Then the Feynman—Kac formula for the Hamiltonian with the truncated magnetic
field is readily given by Proposition 3.1 in which b is replaced by b¥). Let Hy be
defined by H with b replaced by b(N).

Lemma 3.4. Under Assumptions 2.1 and 2.2 the semigroup e "N is strongly

convergent to e tH as N — oo.

Proof. Let hy be h with b replaced by b¥). We see that hy — h as N — co on
the common domain D(h,) = D(h). Then e~ "~ — e=t" strongly as N — oo.
Thus it is immediate to see that

(36) (f,e v g) =Ep[(f,e T g)] = Ep[(f,e”Hg)] = (f.e™g),
which implies strong convergence. O
Lemma 3.5. Let f,g € L?>(R3 x Z3), and set

T T,
p = Flao)g(gr)eli BBl s " o W () 4, T,

Then Assumption 2.2 yields Y, _q 1 [zs dz ETlp]] < oo.
Proof. Define the spin operators |U| and |U|x by

(37) U2 f(2,0) = —L|bs ()| f(x,0) — W (@) f(z, -0),
(38) Ulw : f(2,0) = =165 ()| f(2,0) = W) (@) f (2, —0),
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where W) is W with b replaced by V), and define

(39) H=\/-A+2/U[+m?—m.

Also, we define Hy to be H with |U| replaced by |U|y. Let f,g € L*(R?) be
non-negative. For Hy we have the Feynman-Kac formula

H T,0 YN FN
(40) (Fe o) = ¥ [ doBg [ Faa(ae™ .
a=0,1
where
— Tt 1,.(n T+
(41) 52 :/0 5|b§ )(Bs)lds+/0 log WW)(B,) dNj.

By the monotone convergence theorem for forms we see that e *(—A+2lUIx)
e~t(=A+21UD) gtrongly as N — oo, and then the strong convergence e~ tAn — e—tH
as N — oo is shown in the same way as (36). Then the monotone convergence
theorem for integrals implies that p is integrable and the Feynman—Kac formula

(40) with b™) replaced by b also holds. O

Now we can state the first main theorem.

Theorem 3.6 (Feynman—Kac formula: unbounded magnetic field). Let Assump-
tions 2.1 and 2.2 as well as condition (27) hold, and suppose that V is relatively
bounded with respect to /—A + m?2 with a relative bound strictly less than 1. Then
H +V is self-adjoint on D(H) and

(42) (f, 67t(H+V)9) = Z _/ dx ]Eag/}a,o [eth(CIo)g(Qt)ey}'
a=0,1 R3
Proof. We divide the proof into five steps.

Step 1. Suppose that V = 0. Then the statement holds.

Proof. Recall that Hy is defined like H with b replaced by b¥). Then the Feyn-
man-Kac formula holds with .5 replaced by YSN , where YSN is defined like ¥
with b replaced by b(™):

(43) (f,e*tHNg): Z/ def\f’O[eTtmg(qt)eyg+yA],
a=0,1 RR3

The left hand side above converges to (f,e *fg) as N — oo by Lemma 3.4. On
the other hand, we have

N Ty 1 Ti+
" | Flao)gan)l |7 74 < €T Flao)a(gfe " HI (P et o8 (B X
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so that the right hand side of (43) is integrable by Lemma 3.5, and therefore the
Lebesgue dominated convergence theorem yields

li ]Eac,oz,O T, ysNerA
Jim 3 [, B aatae

= 3 [ B ao)gla)e” .
a=0,17R?
Hence the statement of the theorem follows for V' = 0.

Step 2. V is relatively bounded with respect to H with a relative bound strictly
smaller than 1. In particular, H 4+ V is self-adjoint on D(H).

Proof. Let by = (/b3 +b3,0,b3) and H,, be defined by H with a = 0 and b
replaced by by, i.e., Hy, = vV—A + 0 - by + m? —m. Set o -by = Up,. Then we have

IV =A+m?2 f|* = ||(Hy, +m)fII* + (f, ~Us, f)-

Since |(f, Up, f)| < || f||* with a constant ', and ||V f|| < ||V —A +m?2 f|| +
k|| f]l with constants x < 1 and &”, we have |V f|| < Al Hyp, f| + C||f|| with
some C and A < 1. The Feynman—Kac formula established in Step 1 implies the

diamagnetic inequality

(44) |(f,e™ g)l < (If], e o g]).

From (44) we have || Hy, f|| < [|H f|| + ¢|| f]|, and thus
VA< AIHFI+C| £l

with a constant C’. Hence self-adjointness follows by the Kato—Rellich theorem.

Step 3. Suppose V € L*°(R?) N C(R3). Then the statement holds.

Proof. By the Trotter product formula and the Markov property of (g¢)i>0 we
have

(f, et HH) ) = Tim (f, (e~ /M H e=(t/mVyng)

n—oo

- Z/ dz EL0 [T f(go)g(gr)e ==V BTy ) o 75t 7],
a=0,1"YR?

Note that s — V(Br,) is continuous in s € [0,t] except possibly at finitely many
points. Thus

n t

=Y (t/n)V(Br,,, (wn) (w)) > — ; V(BT (w,) (w)) ds
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for almost every (w,ws) € Qp x Q, as a Riemann integral. Then the conclusion of
the theorem follows for V' € L>(R3) N C(R?).

Step 4. Suppose V € L>®(R3). Then the statement holds.

Proof. Let V,, = ¢(-/n)(V * jn), where j,(z) = n3¢(axn) with ¢ € C§° such that
0<¢ <1, fRS x)dr =1 and ¢(0) = 1. Then V,(z) — V(z) for x ¢ ¥, where
A is a set of Lebesgue measure zero. Notice that

BRI (Br)l = [ Lo +)Pua) dy =0

for x € A, where

o) =2( 1) o aln )

2 ) s + |x)?

is the distribution of the random variable By, and
1 /Oo ~bere™)
= o | g e g
2.Jo
is the modified Bessel function of the third kind. Hence

t t
0= [ B3, (B ds = B3, [ / u(BTS)ds]
0 0

Then the Lebesgue measure of {s € [0, oo) | Br, (ws) (W) € /V} is zero for almost
every path (w,ws) € Qp x Q. Therefore fo (Br,)ds — fo (Br,)ds asn — o0
for almost every path (w,ws) € Qp x ,. Moreover,

Z / dezaO[ th<q0) (Qt) FatIs - J3 Vn(Bs )ds]

a=0,1

oo, Z / e B2 [T Flao)g(q )yA+5ﬂseffOtV(Bs)ds]

a=0,1

On the other hand, e~ *(H+Vn) — =tH+V) strongly as n — oo, since H 4+ V,,
converges to H + V on the common domain D(H). Then the conclusion follows
for Ve L>(R3).

Step 5. We complete the proof of Theorem 3.6. Let V =V, — V_ and V,,,,, =
Vim—V_p, with V| V_ denoting the positive and negative parts of V', respectively,
and Vi, (z) = Vi(z) if Vi(z) < m, and Vi(z) = m if V() > m, similarly
Veop(x) =V_(2) if V_(z) < nand V_(z) = n if V_(z) > n. Then by the monotone

—t(H+V,, —t(H4+Vm

convergence theorem for forms, e ) strongly converges to e =) as
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n — o0, and e HH+Vmee) strongly converges to e *H+V) as m — oo. Hence

—t(H4+Vimn) t(H+V)

lim lim e =€

m—00 N—r00

On the other hand, by the monotone convergence theorem for integrals, we have
o 2,007 Ty F Y IatTs p— [} Vin(B) ds
7r}gnoo nILH;O 0,20:1 »/RS dx ]EM [6 f(qo)g(qt)e e -0 ]

::E: iJMEﬁw&p7@5ﬂ%kyﬁy%,kVBJ“}
a=0,1"RK

This completes the proof of the theorem. O
83.3. Magnetic field with zeros

Next we consider the case when the off-diagonal component U,q (2, —6) vanishes for
some x € R3. In this case it is not clear whether fOH [log W (Bs)| dNs < oo almost
surely. An example when this is not the case is obtained by choosing b € (C§°)3.

Let
1, |zl <e
5 — b b
i {0, |21 > ¢,

for z € C and write
(45) Xe(z) =z +€b.(2), =zeC.

We see that
Ixe(Uod(z, —0))| > &, (x,0) € R® x Zy.

Define h. to be h with the off-diagonal part replaced by xe(Uoa(z, —0)), i.e.,
hef(‘T’e) = (hO + Ud(xa 0))f(xa 0) + XE(UOd(xv 70)).]0(*%) 79)7 ((E,@) € R? x L.

Also, define H, to be H with Usq replaced by xe(Uoa(x, —0)).

We note that for every (z,w,wi,ws) € R? x Qp x Qn x Q,, there exists a
number n = n(wp,w2) and random jump times r1(wi),...,7,(w1) of s — N for
0 < s < Ty(w2) such that

Ty (w2)+ n(w,w2)
/ log W (2 4+ Bs(w)) dNg = Z log W(z + By, () (w))-
0 =
Consider
(46)

T+
A {(x,w,wl,wg) ER®x Op x Oy x O, / log W(z + Bs) dN, > oo}.
0
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By definition, (x,w,w;,ws) € #¢ if and only if there exists r such that
(1) 0 <r <t <Ty(wa),

(2) s — N; is discontinuous at s = r,

(3) b1(Br(w)) = b2(Br(w)) = 0.

Lemma 3.7. For every (z,w,wi,ws) € #° we have

hm|ef0 log(—x(Uoa(Bs,—0:-))) dN< | _ .

e—0

Proof. We have |efo ' 108(=X:(Uoa(Bs,~05-))) N, /T log(W (Bo)+2) dNs | Observe

that

T+
/ log(W(Bs) +¢)dNs = Z log(W +e), ri,...,r5 €(0,Ty].
0

Since (z,w,w1,ws) € #¢, there exists an r; such that by (B,, (w)) = b2(B,, (w)) = 0.
Then
T+
/ log(W(B;) 4+ ¢) dN, = Zlog ) +¢) +loge,
0 J#i
and efOTtJr log(W (Bs)+¢€) dN, < 62?# log(W (B, )+5)€10g5. Thus

T,
hm ’efl) oF IOg(
e—=0

=0,
and the lemma follows. O

Theorem 3.8 (Feynman—Kac formula: magnetic field with zeros). Let Assump-
tions 2.1 and 2.2 hold, and suppose that V is relatively bounded with respect to
V—=A+m? with a relative bound strictly less than 1. Let W be given by (46).
Then

(47) (fe g = 3 | dwEy[e" flao)g(ar)e” Lu].
a=0,1

Proof. Put V=0 and fix € > 0. We can show that the functional integral repre-
sentation of H. is given by (42) with . replaced by #A + #5(¢) with

Ty T+

(48) ys(a)z—/ Ud(Bs,Gs)ds—i—/ 08(— X (Usa(Bs, —05_))) dN,.
0 0

That is,

(49) (fs eitHEg) = Z /Rs dx Eazi/’[a’o [eTtf(qo)g(qt)eyAJrYs(e)] )

a=0,1
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Take the limit € | 0 on both sides above. This gives
(50) hﬁ)l exp(—tH.) = exp(—tH)

in strong sense, obtained in the same way as Lemma 3.4. On the other hand, by
the Lebesgue dominated convergence theorem it follows that

lim [ deE5°[e" flao)g(ar)e” 7]
el0 Jrs3

= dx Eﬁ/’[a’o {hm eT"mg(qt)eyA""yS(s)} .
R3 el0

By Lemma 3.7 we find that lim._,g.%s(¢) = 0 on # and hence

Fa+Ss(

SA+Ss ly.

lim e”2+5(8) = lim e”2t75¢) 1, 4+ lime Iy =e

el0 el0 0

Next suppose that V' € L>(R3) N C(R?). In this case we can show the theorem in
the same way as in Step 3 in the proof of Theorem 3.6. Furthermore, the theorem
holds for the required V in the same way as in Steps 4 and 5 above. O

A diamagnetic inequality follows immediately from Theorem 3.8. Recall that
Hy, is defined to be H with b replaced by by = (1/b? + b3,0,b3) and a by zero,
respectively.

Corollary 3.9 (Energy comparison inequality). Under the assumptions of Theo-
rem 3.8 we have

(51) (e Vg)| < (|f], e~ ot ]g)).

In particular, inf Spec(Hy, + V) < inf Spec(H + V).

84. Fall-off of bound states
84.1. Martingale properties: non-relativistic case

In this section we shall prove the decay properties of bound states of relativistic
Schrodinger operators with spin by means of the Feynman—Kac formula derived
in the previous section. For simplicity we assume throughout that

t
(52) E% [/ [log W (Bs)| ds] < oo, ae. x€R3
0
and
T:
(53) E;‘;gy[/ |logW(Bs)|ds} <00, ae xR
0

i.e., the measure of #¢ in (46) is zero.
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We first consider the non-relativistic case. Let Hygr be the Hamiltonian de-
fined by

(54) Hxp =h+V,

where h is given by (7). Let Sxr be defined to be the exponent . with the
subordinator T; replaced by the non-random time ¢. If Assumptions 2.1 and 2.2
hold and V is relatively bounded with respect to —A with a relative bound strictly
smaller than 1, then h 4+ V is self-adjoint on D(—A). Then the Feynman-Kac
formula of (f,e t"+tV)g) is

@) (Fe ) = 3 | ERL [ F(Bo fo)g (B, b)),
a=0,1

where the exponent SNr = INRV + INRA + INRS 1S given by
t
SNRV = —/ V(B
0
t
yNRA = _7// a/(Bs) o sta
0
t t+
INRS = */ Ua(Bs,0s) ds +/ log(—Usa(Bs, —0s_)) dNs.
0 0
Let g be a bound state such that Hyryg = Epg, with £ € R. We consider the
spatial decay of |@g(x, (—1)%)], i.e., its behavior for large |z|.

Let yNR(m, Oé) = cfﬂNRv(LL‘) —I—yNRA(a:) —|—§ﬂNRs(1‘, a) be Anr with By and N
replaced by Bs + = and Ng + a, respectively:

t
Frewr (@) = —/ V(B, + ) ds,
INRA (T z/aB + x) o dBs,
0
t
yNRS l’ a / Ud l)aes)ds
0

t+
+/ log(~Usa(Bs + 7, —(—~1)%6,_)) dN,.
0
Define the stochastic process (M;(z, a))i>0 by
Mt(.’L‘, Oé) = et(E+1)eyNR(m7a)50g<Bt + x, (_1)a9t)? t 2 07

and the filtration
My =0((Br,0,),0<r<t), t>0.
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Note that e *(Hxr=F)p = o, and then

(56) E?gu[Mt(oa O)] = ]E(I)D,gu[Mt('ra Oé)] = @g(a:? (=1)%)

by (55).
Lemma 4.1. The stochastic process (My(z,a))i>0 is a martingale with respect to
(Mr)iz0, i-e., B, [My(w, ) | M) = My(x,a) fort > s.

Proof. We consider the case (x,«) = (0,0) for notational simplicity; the proof for
(z,a) # (0,0) is similar. Let Sxr([u,v]) be SNr with the integration domain in
f(f -+ replaced by [”---. Write M; = M;(0,0). We sce that

0,0
EY:

qu[Mt | M) = 6t(E+1)eyNR([O;5])E%?<M [efﬂNR([S,t])ng(Bt7 0,) |///S].

By the Markov property of the R? x Zy-valued stochastic process (B, Ni)i>o we
have

6) B[R (B by) | ]

Bg,Ng _ [t—s _ s [t—s t—s
— ]EPKXM. |:€ o V(B,) dre Zfo a(BT)odBrejo U4(B,,0,) dreK‘pg(Bt—saot—s)]

The off-diagonal part K in (57) is

K = Z log(_U0d<Bu—S7 —Q(U,S),))
s<u<t
Nu—s)+FN(u—s)—

(t=s)+
= > log(—UOd(Br,—BT_)):/ log(—Upa(By, —0,_)) dN,..
o<r<t—s 0

N,y #N,._

Hence we conclude that
EpS 6”0 Doy (By, 60) | 4] = Epsy (e O Doy (B, 6,-0)),
which implies that

0,0
EPX/L

(M | ] = D7 ODE T (M, ] = M,
Thus the lemma follows. 0
84.2. Martingale properties: relativistic case

Next we discuss the relativistic case H 4+ V. Let ¢, be a bound state of H + V
such that

(58) (H +V)pg = Epg
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for £ € R. We use the same notation ¢, as for the non-relativistic case. Consider
the stochastic process

(59) V; = e'Belie” py(qr), t>0.
Furthermore, we define
(60) Yi(z,a) = ePelte” @y, (g2, 0), 20,

where ¢:(x, o) = (Bp, + z,(—1)%01,) and S (z, a) = Sy (z) + Sa(z) + Ss(z, )
is given by

(61) / V BT —l—l‘
0
(62) /TtaB +x) o dBs,
0
Tt
(63) / Ua(Bs + z, (—1)%05) ds
qﬂ+
/ log(—Usa(Bs + @, —(—1)*05_)) dN5.
Then
(64) E3 1Y) = By Yo (2, )] = pg(, (=1)).

We introduce a filtration under which (Y;);>0 is a martingale. Define Y;(w) and
Yi(x, a,w) for every w € Q, to be Y; and Y;(z,a), respectively, with subordina-
tor T; replaced by the number Ty(w) > 0. Let

(65) F M (w) =o((B,,N,),0<r < Ty(w)) € Fp x F,
for w € Q,, and define

66) F = { U (Aw),w) j Aw) € 325”(@} C Fpx Fyx Fy,
weN,

67 F? = { U (@ BW) ‘ Bw)eo(Tp,0<r < t)} C Fpx Fyx Ty

weNPp XN
We see that 3@(1) and 3@(2) are sub-o-fields of #p x .F, x &#,. Write
(68) F =7 nF?, 1>

The conditional expectation EY[V;(z, @) |£Zt(1)] = By [YVi(z, @) |¢?t(1)](~7 -+) is
a stochastic process on Qp x Qn X .
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Lemma 4.2. We have

B, 0) | V) w) = B i, a,0) | Z0 @) )

Pxp

forallw e Q,.

Proof. Let A=J_.q (A(w),w) with A(w) € .Z"(w). Then

wEeN,
]E(I)\}IO,O[IAYt(x’a)]:/ dy(w)]E(I);gu[lA(w)Yt(z,oz,w)]
= | (W) ER, [Law) (5 ) ERY Yi(w, 0 w) | 70 )] )]
PxpltA(w) Pxpltt\s & t ) .
On the other hand, we have

ES)C[1aYe(, )] = B30 [LAEY [V, a) | 7]

1
= [ B, [ (B Wil 0) | 200
A comparison of the two formulas above completes the proof. O

Lemma 4.3. The stochastic process (Yi(x,a))i>0 s a martingale with respect to
(Z1)i>0, i-e., Eg}[O’O[Yt(a:,a) | #5) = Ys(z, @) fort > s.

Proof. We consider the case (x,a) = (0,0) to keep the notation simple; the proof
for (x,a) # (0,0) is again similar.
Note that

BN Y| 7] =By | Z0 0 F ) =By (B | F V]| 7]

We first compute IEPXM[ (W) | Fs 1)( )]. Write

v Ty
V(BTT)dr—i/ a(B,) o dB,

Tu

Al = |

u

T, T,+
7/ Ud(BT,GT)err/ log(—Usa(Byr, —6,—)) dN,
Ty T

and, for every w € Q,,

Ty (w)
(] / V(B )dr — z/ a(B,) o dB,

Tu(w)

Tv(w) Ty (w)+
/ Ua(By.,0,) dr + / log(~Una(By, —0,_)) dN,
Tu(w)
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and qt(w) = (Br,(w), 01, (w)), t > 0. Since T(w) is non-random, we see in a similar
way to the non-relativistic case that

E%Y[Yi(w) | ZO (w)]
_ etEeTt(w)ey([O,st)E%gu[eY([s,th)s@g(qt(w)) |ys(1)(w)]

T
_ etEeTt(w)ey([O,S]»w)]EBTS(“’)’NTS(“)) [67 JEV(Br, (w)=Ts () drg Tf((:) a(By_r,(w)) ©dBr
Tt (w Ty (w)+
-Jr t((w; BTy (w)0r— T (w)) AT th<(w)) log(—=Uosa(Br—1, (w)»—0(r—Tg (w))—)) dNr

X g (BT, (@)~ T, ()1 07, ()~ T ()] -
Hence by Lemma 4.2 we have

SO, | 0] = etPele” 0 7,

where

. T,
Z, . SEBTSaNT‘S [ —J! V(BTT_TS)dre—sz; a(By_r1,)0dB,

58

_ T T+ _ _
X e Jr! Ud(Br—1,,0 7‘7T3)drefTs log(—Uoa(Br_1,, a(rfTs)—))dNrwg(BTt_ 07, )]

Here Z; s is given by
u—vpBu,No [ = [P V(Br,._y)dr ,—i [* a(Byr_y) 0 dB,
e EPX“ [e s e v

_[u u+ _ _
e fU Ud(BT—mer—v)dTer IOg( Uod(Br—zn g(r—v)f))dNrspg(Bu7v79u ’U)]

evaluated at v = T; and v = Ts. Take the conditional expectation of the right
hand side above with respect to %, ( ). We note that

(69) E?\}[O,O[f | e9;(2)]((“)17("}27 ) = Eg [f(wla w2, ) | '/1/5]()7

where A = 0(T,,,0 < r < s). Since etBeTs e ([0:5]) is measurable with respect to
ﬁ}@), by (69) we consider the conditional expectation of Z; s giving

Eo (2 | ZP]

_ IEO [e S]EBTSaNTS [ — [*V(Br.—1,) drefifoT"_Ts a(B,)odB,
—Ts (T¢—Ts)+ _ _
e~ f U4 (Br,0;) drefo log(—Uoa(By,—0,_)) dN, (BTt . 79Tt } |</V]

where we used the Markov property of ((By, N;))i>0. By the Markov property of
(Ty)i>0 the above equals

ETs [eTt_S—TOEBTmNTO[ — [EV(Br,_ —zg)dr =i [0 a(B,) 0 dB,
v X

Tt—s—To (Tt —s=To)+
- Ua(By,6,) dr log(—Usd (By,—6y_)) dN
e~ o'~ a(Br,0r) dr [ 0g(=Uod (Br,—0r-)) T‘Pg(BTt,SfToaeTt,szo)H~
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Since E4[f(T))] = E2[f(T. + u)], we see that this equals

RO [eTt,szO]EBTOM,NTOM e JEV (B, —ry)dr i [ 7" a(By) 0 dB,
v Pxp

Ty o —T, (Ty_ s —To)+
e Jo' T (B O dr [y T log(—Uoa(Br,—60,-)) AN

X 9g(Br,_~15: 01, o—10)| [ .

t—s .o Te—s
_ EZTVNTS’O [eTt,se— Jo V(BTT,)dre—lfo a(B;)odB,

Ty _ g Ty _ o+
s e~ Jo T Ua(Br.0r)dr o [y log(=Uoa(Br,—0r-)) dNy

= (e7 72 ) (gs)-

Hence we conclude that

‘Pg(Qtfs)}

BP0, | 7] = Pl (0 (TP g) = v,
and the lemma follows. O
84.3. Upper estimates on bound states
We will use the following conditions.

Assumption 4.4. (1) by € L™ and W = /b? + b3 € L.
(2) With my = [|b3]|oc + [|[W]|oo, We have m, < m?/2.

(3) V is of relativistic Kato class, i.e.,

t
(70) lim sup E%Y / V(Br,)dr| = 0.
t10 zcRr3 0

Lemma 4.5. If Assumption 4.4 holds, then py € L>°(R?) and

(T lpales (~1))] < ER, [eADE e " VB 4a) dr 3 Tincm. ]

el
for every stopping time T with respect to (Fs)s>0 and t > 0.

Proof. Notice that ¢, (z,(—=1)*) = EL*°[v;] for every t. Then the Schwarz in-
equality yields that
|50g(x7 (71)a)| < etEEﬁ/’Ia’O [62Tt672 J§ V(Br,) drefOTt |b3(B:)| drefOT”' log W (B;.) dN,.] 1/2
x,a,0
< Bl eg(a) )V

5 —2 [t z)dr Tim. 1/2 jmz,a, 1/2
< P (ERS, le2 o VIPraw drTem N IR By () [F]) .

Here we used that ES [eN7: 108 W] — eT'W=1) Note that

xT,o, * . a-r+n Sn —S8
B llesa)Pl = [ dsmls) [ M@y 3 leulo+ 0 (<)),

n=0
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where

_ tetm 7%(t2/s+m2s)1
Dt (3) me [0,00) (S)

denotes the distribution of the subordinator T;. Since

- a+n Sn —S8
D les(@ +u, (D e < pgla+ 4, DI + lpg(a +y, —D,
we obtain

E5 (g (a)]?] S/W dy ; ds pe(8)Is (y) (|pg (@ + v, D? + |pg(z +y, —1)[?)

/dy(nog rty,1 |2+|sog<x+y,—1>\) -2

m2(|y|2+t2)/4 +f )/4
ce~ (¢+ s )df
e,

< Cillpgl?2@s xzs)
with a constant C;. Furthermore, let m?/(2m.) > ¢ > 1 and 1/p+1/q = 1. Then

]E?gu[e* Jo V(Br,) d""eTtm*] < (Ef;gy[edp Jo V(Br,.) dr])l/p(E?gy[ethm*])l/q.
The first term at the right hand side above satisfies

(72) sup (E50 (=20 Js V(Br) a1 < o
S

since V is of relativistic Kato class, and

> temt 1042 2
73 ELO ethm* — ]EB ethm* :/ £d5M 67§(t /s+m*s) ds
( ) qu[ ] [ } 0 \/W

_ €+t(m—\/m2—2qm*) < oo,
Hence ¢, € L>°(R?). Notice that by the martingale property of Y;(z, a),
(74) g (@, (=1)%) = B [Yinr (2, @)]

for every stopping time 7 and ¢ > 0. Now (71) follows from (74) and

|S0g(x’ (_1)a)| < E%?(V [e(tAT)Ee— fJAT V (B, +x) dreTt/\Tm*/Q:I H(ng O

84.4. Decay of bound states: the case V' — oo

In this subsection we show the spatial exponential decay of bound states of H +V
at infinity.
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Lemma 4.6. Let 7 = inf{t | |Br,| > R}. Then Tg is a stopping time with respect
to the filtration (F)i>0.

Proof. It suffices to show that {rr <t} € .%,. Notice that

{rr<ty= {J (Aw)w),

we,

where A(w) = {w' € Qp | supg<<; | Br, () (W) > R} € ﬁt(l)(w). Consequently,
{rr <t} € ﬁt(l). Moreover

{TR < t} = U (W7B(w))’

weNp

where B(w) = {w’ € Q, | supg<y<; |Br, () (w)| > R}. Therefore {Tr <t} € yt(2)
and hence {Tg <t} € F. O

Theorem 4.7. If Assumption 4.4 holds and

(75) lim V(z) = oo,

|z|—o00

then for every a > 0 there exists b > 0 such that
(76) g (, (=1)*)] < be~ eI,
Proof. By Lemma 4.5 we have

|pg (2, (1))

s T — INTR Hx)dr 1/2 s My Tinr
< (BpY, [mmFent o BV BT @) RS fem T ) 2 g
Let W(z) = Wg(x) =inf{V(y) | |x — y| < R}, and notice that

(77) lim W(z) - E = 0.

|z] =00
In particular, we may assume that W(x) — E > 0. This gives
(E(IJD,ZV [eQ(t/\TR)E672 JINTR V(By, 4) dr] ) 1/2
< (E%gu[672(t/\'rR)(W(x)fE)])1/2
—o(tAr 2 —E)1\1/2 7 —o(tAr ) — 1/2
< (B2, LTIV CIDN Y (0 12000851
< (]E(I)D,gu[l{TR<t}])l/2 + eft(W(a:)fE).

We see that

(78) E%())(V[]‘{TR<t}] = E%gu[l{supogsgt | Br, ‘_RZO}]
< B, [ePosese Pr =]
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for any a > 0. It can be shown that (E3) [e®stPose<t IBrl])1/2 < 01eC2t for
sufficiently small a (see [CMS90, Proposition I1.5]). Hence

(B, [Lrpeey])/? < e7@B/2C %,

and
(79) (E%g [eQ(t/\TR)Ee—QfOMTR V(Br, +x) dr])1/2 < e_t(W(x)_E)+e_aR/QCleCQt.
We also see that
YR e ] < BB, vy 0]+ B (g™ T
SBR[ T+ BB, [Lisrpye™ T7r] < 2ED[e™ 7],

where we used that 17, <T; for 7 < t. Thus we have
50) LS, o Toea] /2 < (B

by (73). Hence by (79) and (80),

(81) ‘Sog(aj ( ) )| < \f( —t(W(z)— )+€7QR/201€C2t) t(m—vm2—2m.,) /QHQO H

Notice that by inserting R = plz| with any 0 <p < 1, W(z) — E = Wg(z) — E =
Wiz () — B — oo as |z| — co. Thus substituting ¢ = dé|z| for sufficiently small
d > 0 and R = p|z| with some 0 < p < 1 in (81) yields the conclusion. O

84.5. Decay of bound states: the case V — 0
In this subsection we consider the case of potentials decaying to zero as |z| — cc.
Theorem 4.8. Let Assumption 4.4 hold and suppose that
(82) lim V(z)=0

|| — 00

Also, assume that

(83) m —\/m2 — 2m, < —2E.

Then there exist a,b > 0 such that

(34) e, (~1))] < be=elel,

Proof. Define 7 = 7g(x) = inf{t > 0 | |Br, + | < R}. Then 75 is a stopping

time, which can be seen in the same way as in Lemma 4.6. Thus

|pg (2, (=1)%)]

S M i VR N

— (B3, [ O B2 TV B )2 (g0 [omeTunen@]) gy
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We rewrite 7r(0) as 7. Let € > 0 be arbitrary. Then for sufficiently large R it
follows that sup, g [V (2)] < & by (82), and we see that |fJMR V(Br,)dr| <
(t A Tr)e. This gives

e (@, (—1)*)| < (B, [2RIEFIN2EE] [em=Terra]) 2 og].
Thus

E:;gy[eQ(t/\TR)(E-i-a)] _ Ef)’gy[ 2t(E+a)} +E® 0 27’R(E+E)]

1{t§7-R}e F;Xu[l{t>7R}e

< 62t(E+s) + Clefmshz\
by making use of [CMS90, (I1.29)(I1.22) and (IV.3)] as above, where

I if 2|E| > m,
: 2y/m|E| — |E? if 2|E| <m.

Also, notice that
ERy, [emTnmn] < get(m=vim=ams),

Therefore

(85) g, (—1)%)| < (et(E+e) + Cle—meu\/z)\@et(m—mvz

On inserting t = é|z| with sufficiently small 4, the theorem follows from (83). O
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