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Nonexistence of Certain Levi Flat Hypersurfaces
in Kahler Manifolds from the Viewpoint of
Positive Normal Bundles

To the memory of Marco Brunella

by

Takeo OHSAWA

Abstract

Combining the L? method of solving the J-equation with a method of Brunella in the
study of Levi flat hypersurfaces as stable sets of holomorphic foliations, two nonexistence
theorems are proved for Levi flat hypersurfaces extending a result of Brunella.
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Introduction

Let X be a connected complex manifold of dimension n and let M C X be a
closed real hypersurface of class C'. M is said to be Levi flat if M is foliated by
(n — 1)-dimensional complex submanifolds of X, or equivalently if M is locally
pseudoconvex from both sides (cf. [Sh] and [A]).

In 2008, M. Brunella [B-1] proved: Suppose that n > 3, X is compact and
admits a Kahler metric, M is a Levi flat hypersurface of class C>®, a > 0, and
there exists on some neighborhood U of M a holomorphic foliation F which leaves
M invariant. Then the normal bundle of F does not admit any fiber metric with
positive curvature. (Concerning what happens if n = 2, see [Oh-4, Appendix], for
instance.)

This result is an extension of Lins-Neto’s theorem in [L] asserting the nonexis-
tence of real analytic Levi flat hypersurfaces in CP", the complex projective space
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of dimension n, if n > 3. In fact such a hypersurface, together with a holomor-
phic foliation it induces on its neighborhood, would contradict Brunella’s theorem,
since the positivity of the holomorphic bisectional curvature of CP" induces on the
normal bundle a fiber metric with positive curvature.

The study of Levi flat hypersurfaces is related to basic questions in the theory
of foliations and dynamical systems as well as those in complex algebraic geometry
and several complex variables (see also [B-2, B-3], [C-L] and [9]). In [B-1, B-2], it is
remarked that [Oh-6] is somehow concerned with these studies. Indeed, in [Oh-5]
preceding it, it is proved: Let X be a compact Kéhler manifold and let M C X be a
real analytic Levi flat hypersurface. Then there exist no C*° exhaustion functions
on X — M whose Levi form is semipositive of rank > 3 outside a compact subset.

This gives another proof of Lins-Neto’s theorem, and was used in [Oh-6] to
classify the Levi flat hypersurfaces in complex tori. A classification of holomorphic
foliations, possibly with singularities, was done on complex tori in [B-2] in a similar
spirit.

With such background, as a continuation of [Oh-5, Oh-6], we present two
results on the nonexistence of Levi flat hypersurfaces that match Brunella’s view-
point.

The first one is as follows.

Theorem 0.1. Suppose that n > 3, X is a compact Kdihler manifold, M is a
Levi flat hypersurface of class C*>%, a > 0, and there exists on some neighborhood
U of M a holomorphic foliation F which leaves M invariant. Then the normal
bundle of F does mot admit any fiber metric whose curvature form restricted to
the tangent spaces of F is semipositive of rank > 2 at every point of M.

The proof is based on Brunella’s method of constructing a strictly plurisub-
harmonic exhaustion function on X — M under his curvature assumption, which
will be reproduced in §1 with some simplification. Brunella’s method has a novelty
compared with the previously known ways of producing plurisubharmonic func-
tions from distance functions, since they all exploited more or less the semiposi-
tivity of holomorphic bisectional curvature of some Kéhler metric on X (cf. [O],
[T-1, T-2], [E], [Oh-4], [M]). Applying Brunella’s method in our situation, we have
on X — M an exhaustion function which may not be plurisubharmonic any more,
but still can lead to a contradiction. Such an argument in [Oh-5] applies Hartogs
type extension theorems for analytic cohomology classes. The extension is based
on a Grauert—Riemenschneider type generalization of Hodge-Kodaira—Nakano’s
theory of harmonic forms to certain manifolds with boundary. The principal as-
sertion in this theory is the vanishing of some analytic cohomology classes, or
the solvability of certain O-equations in other words. In the present article, for
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the proof of Theorem 0.1, we need to apply a slight generalization of Grauert—
Riemenschneider’s vanishing theorem on complete Kéhler manifolds (cf. Theorem
2.1), essentially due to Takegoshi [Tg], and results of such kind obtained as corol-
laries of a theorem in [Oh-Tg] (cf. Theorem 2.2 and its corollaries) with respect
to the L? 9-cohomology groups. The main ingredient of the present article is an
observation that the above mentioned “almost plurisubharmonic” exhaustion func-
tions produced by Brunella’s method are exactly what is needed for an abstract
but basic harmonic representation theorem in [Oh-Tg] to hold. For other L? Hodge
theorems which are not directly applicable here, see [Oh-2] and [Dm]. We note that
the condition imposed on the rank of the curvature form is optimal (cf. [Oh-4]).
Proceeding further we shall prove

Theorem 0.2. Suppose that X is a compact Kahler manifold of dimension > 3,
and M is a Levi flat hypersurface of class C°°. Then the holomorphic normal
bundle of M does not admit a fiber metric whose curvature form is semipositive
of rank > 2 on the holomorphic tangent spaces of M .

Roughly speaking, Brunella’s method reduces Theorem 0.2 to Theorem 0.2
of [Oh-5].

81. Constructing exhaustion functions from fiber metrics

First we briefly summarize how Brunella [B-1] constructed exhaustion functions
on the complements of Levi flat hypersurfaces with positive normal bundles. It
will then be clear what we shall have under weaker curvature assumptions.
Recall that, given a holomorphic one-codimensional foliation F on an open
set U of a complex manifold X, the normal bundle of F denoted by Nz is defined
as the quotient of the holomorphic tangent bundle Tllj’0 of U by the subbundle T}’O
consisting of the vectors that are tangent to F. With respect to an open covering
{Uu}aer of U, for which one has a system of locally defined closed holomorphic
1-forms w, (o € I) such that Kerw, C le_-’o, the system of functions e,g on
UaNUp (a, B € I) satistying eqpwg = w, is a multiplicative 1-cocycle defining the
line bundle Nr with respect to the dual frames w} of w,. Note that the system
w = {wq } is canonically identified with an Nx-valued holomorphic 1-form. We shall
call w a defining 1-form of F. One may identify w with a section of (T&’O)* ® Nr
locally expressed by w, ®w?*. For any C? Levi flat hypersurface M, defining 1-forms
of the foliation on M are defined similarly. A fiber metric of Nz is identified with a
system of positive C'™° functions h, on U, satisfying h, = |egq|hg on U, NUg. For
each vector ¢ = (,w}, (o, € C) in the fiber Nz, of Nr at z, the squared length of
¢ with respect to h is defined as |(y|>hq(2). The curvature form of the fiber metric
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h = {hqa}aer is the globally well defined (1, 1)-form ddlog(1/h,) on U, which will
be denoted by ©. We shall regard ©, as a Hermitian form on the fibers of Té’o
by ©n(E An) (&1 € Tyry, v € U).

Proposition 1.1. Let X be a complex manifold, and let M be a compact Levi
flat hypersurface of class C*>* (o > 0) in X such that there exists a neighborhood
U DM and a holomorphic foliation F of codimension one on U such that T}l-’0|M 18
contained in the complezified tangent bundle of M. Suppose that Nx admits a fiber
metric with positive curvature. Then there exist a neighborhood V of M in U and a
C™> function ¢ on X — M such that 00p > 0 on V — M and lim,_, s p(x) = +00.

Proof. By shrinking U and taking its double cover if necessary, we fix a real valued
C?° function ¢ on U such that ¢~1(0) = M and dp vanishes nowhere on M. Let
W, (v € J) be a family of local coordinate neighborhoods in X such that M
is contained in the union of W, and there exists for each v a real valued C?e
function u, on M N W, satisfying Ker(du,), = T, for every x € W, N M. Let
i, be a C*“ extension of u., to the set W, N {o < 0} such that du, = 0 on
W, n{e < 0}. Existence of @, can be seen by the classical boundary regularity
property of conformal mappings on the unit disc in C as in [B-1] (cf. [P]), combined
with the holomorphicity of the foliation F.

Let w be a defining 1-form of F on a neighborhood of M. We may assume
that w = {w, },es, where w, are defined on W,,. Let h = {h,} be a fiber metric of
Nz on a neighborhood of M such that

(L1) hs = | fesl?hy

on W, N Ws.

By the positivity assumption on the bundle Nz, one may assume that log(1/h.,)
are strictly plurisubharmonic.

Since w~ = ey di, on W,N{p < 0} for some C1 function e., which is nowhere
vanishing on W, N {o < 0} and holomorphic on W, N {p < 0}, one can infer from
(1.1) the following relation between h, and {u.}:

(1.2) hyley > (Im iy )* — hsles|*(Imas)? = O(0®)  on W, NW; N {0 <0}

for any ~,d € J. Here O(¢%) stands for any function which is bounded from above
by const - |o|?.

From (1.2) it is obvious that there exists a C® function v on the set {0 < 0}
satisfying the equality v = hy|e,[*(Im@,)? 4+ O(0*) on W, N {o < 0} for each ~.
Then, combining the strict plurisubharmonicity of log(1/h,) with (1.3) and the
holomorphicity of e, on W, N{o < 0}, it is easy to see that the function —logv is
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strictly plurisubharmonic on V N {g < 0} for a sufficiently small neighborhood V
of M.

A desired function ¢ is obtained by regularizing —logv and a function simi-
larly defined on {p > 0}. O

Let us proceed to formulate a refined version of Proposition 1.1. Let X, M
and F be as in Proposition 1.1 and let g be a Hermitian metric on X. For any
Hermitian form © on the fibers of T)I(’O7 we shall denote by A\,(0) (p =1,...,n) the
eigenvalues of © with respect to g ordered in such a way that A1(©) > --- > A, (0),
where n = dim X.

By r(z) we shall denote the distance from x to M with respect to g. In view
of the proof of Proposition 1.1, it is clear that the following is similarly true.

Proposition 1.2. Suppose that Nx admits a fiber metric whose curvature form
18 semipositive of rank > k on the fibers of T}’O|M. Then there exists a real valued
nonnegative C* function ¢ on X — M such that

¢ +logr =0(1),

(1.4) lim inf ()21 (90p) > 0,
z—M

(1.5) limiﬁf)\p(@&o) >0 for2<p<k+1,
T—

and

(1.6) lim inf Ap(00p) >0 fork+1<p<n.
T—

If M is of class C*°, one may take the above u, to be C°°, for which one
can find a C'*° extension u-, even defined on W, not necessarily holomorphic on
W, —M, but in such a way that 567 vanishes to infinite order along M (Whitney’s
theory). For this one does not need the existence of F.

In the presence of such regularity, one can produce a function ¢ satisfying
(1.3)—(1.6) by imposing an appropriate positivity condition on the holomorphic
normal bundle of M. Here the holomorphic normal bundle of M, say N Jb’o, is
defined as

NP = (T3 M)/ Ker(9o|(T3°| M)

whose restriction to each (n — 1)-dimensional complex submanifold of M has a
structure of holomorphic line bundle induced from that of T)lgo.

In fact, it is clear that one obtains the following by pointwise applying to u.
the rest of the above mentioned construction of ¢.
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Proposition 1.3. In the above situation, suppose that NI%/}O admits a fiber metric
whose curvature form is everywhere semipositive of rank > k on Ker(do|Tx°|M).
Then X — M admits a function satisfying (1.3)-(1.6).

2. Basic facts on L? cohomolo
gy

For the reader’s convenience, we shall recall rudiments of the L? cohomology theory
on complete Kahler manifolds. The goal here is, among other things, to present
the statement of Theorem 4.1 of [Oh-Tg] (cf. Theorem 2.2 below). For the proof
of Theorems 0.1 and 0.2, Theorems 2.1 and 2.2 will be applied to X — M equipped
with a metric which is near M locally asymptotically equivalent to the Bergman
metric.

Let (Y, gy) be a Hermitian manifold of dimension n and let (F,h) be a Her-
mitian holomorphic vector bundle over Y. We denote by C?4(Y, E) the space of
E-valued C* (p, q)-forms on Y. C5'%(Y, E) will stand for the subset of C?¢(Y, E)
consisting of compactly supported forms. The pointwise length of u € CP4(Y, E)
is denoted by |u|. Then the L? norm of u, denoted by |Jul|, is defined as the square
root of the integral of |u|* on Y whenever u € CJ4(Y, E).

Let LP4(Y, E) be the completion of the pre-Hilbert space C{"(Y, E) equipped
with the L? norm. The operator 0, the complex exterior derivative of type (0, 1),
will also stand for a densely defined closed linear operator on LP4(Y, E) whose
domain of definition, say Dom 4, is {f € LP4(Y,E) : 0f € LP%*1(Y, E)}, where
f is defined in the sense of distributions.

We put
(2.1) HPY(Y,E) := KerdNCP9(Y,E)/Imd N CP(Y, E),
(2.2) HYUY,E) := KerdNCH(Y,E)/Imd N CH (Y, E),
(2.3) HY(Y,E) == Kerd 0 LP(Y, E)/In 9N LP(Y, E).

The bundle E will not be indicated if E =Y x C, the trivial line bundle. The
adjoint of & will be denoted by 9 .

Proposition 2.1. If Imd N LP4(Y, E) is closed, then

Hé’;l(Y, E)=KerdNKerd NLP(Y,E).

Proof. See [K] for instance.

The following variant of Grauert—Riemenschneider’s vanishing theorem is es-
sentially contained in [Tg] up to Serre duality.



NONEXISTENCE OF CERTAIN LEVI FLAT HYPERSURFACES 235

Theorem 2.1. Let (Y,gy) be a connected complete Kahler manifold of dimen-
sion n, let (L,h) be a Hermitian holomorphic line bundle over Y, and let k be
an integer such that Z;‘:,H_l Ap(©4) is everywhere nonnegative and > ¢ for some
positive constant ¢ outside a compact subset of Y. Then H("Q’)"_]’C(Y7 L) ={0} and
H(OQ’;C(Y, L*) = {0}. Here L* denotes the dual bundle of L equipped with the dual
fiber metric.

Proof. By the curvature condition, there exists a compact set K in Y such that
(24) [Py < (@l + 7
Y-K

for any u € Domd N Domd N L™" *(Y, L), where dV denotes the volume form.
(See [Oh-3] for instance.) From this estimate, it follows by Rellich’s lemma and
Hoérmander’s theorem that Imd N L™" (Y, L) is closed and dim 1117("2’)”_k(l/7 L)
< oo (cf. Theorem 1.1.3 in [H]). See also [Oh-1].

Hence H(n2’)"_k(Y7 L)~ KerdNKerd N L™ *(Y,L) by Proposition 2.1. By
(2.4) it then follows that every element of Kerd N Kerd N L™ *(Y, L) is zero
outside some compact subset of Y so that it vanishes identically by Aronszajn’s

unique continuation theorem. Hence H ("2)" _k(Y, L) = {0}. Similarly one obtains

Hisy (V. L*) = {0}, 0

Corollary 2.1. Let (Y, gy) be as above and let ¢ : Y — [0,00) be a C*° exhaustion
function on'Y such that ZZ:kH )\p(ﬁgcp) is everywhere nonnegative and > c for
some positive constant ¢ outside a compact subset of Y. Then H™P(Y) = {0}
(resp. HYP(Y) = {0}) for p>n—k (resp. p < k).

Proof. Let u € Ker dNC™"~¥(Y'). Then one can find a convex increasing function
v such that v € L™"*(Y) with respect to the fiber metric e *(¥). Hence, by
Theorem 2.1 and the strong ellipticity of the complex Laplacian, one obtains u €
Imd N C™"=k(Y). Hence H™" *(Y) = {0}. Clearly one has also H™?(Y) = {0}
for p > n — k + 1. Hence, by the Serre duality one has Hy?(Y) = {0} for p < k.

Moreover, from the solvability of the d-equation in the spaces LOP(Y') with
respect to the fiber metrics ™% (m = 1,2,...), the following is inferred directly.

Corollary 2.2. Let (X, g) be a compact Kihler manifold, let M be a real hyper-
surface such that there exists a C*° function ¢ satisfying (1.3)-(1.6). Then, for
any m >0 and v € Kerd N COP(X) (p < k) satisfying v = O(e™™%), there exists
a (0,p—1)-form u of class C* on X such that u|X — M € COP~Y(X — M), Qu=v
on X and u|M = 0.
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The main ingredient of [Oh-Tg], slightly strengthened for our purpose, is

Theorem 2.2. Let (Y, gy) be a complete Hermitian manifold of dimension n, let
(E, h) be a Hermitian holomorphic vector bundle over Y whose curvature form is
zero outside a compact subset of Y, and let k be a nonnegative integer. Suppose
that gy is Kahlerian outside a compact subset and there exists an exhaustive C'*°
function ¢ : Y — R such that

(2.5) Clgglo ;Eg v <14+1/100n and clggo Yug/ Vn—k+1 > 1 —1/100n
and
(2.6) lim _inf X, (99 — 89y A ) > —1/100n

c—ooY Y,

where 1 > --+ >, are the eigenvalues of 0y and Y. := {x € Y : () < c}. If

p+q>n+k then dim H?4(Y, E) < oo and HPY(Y,E) & Hfz’;l(Y, E).

For the proof the reader is referred to [Oh-Tg]. In (2.5), the condition lim sup v,
[4+1/100n (resp. liminf vy, ;41 > [—1/100n) is stated there as limsupy; = (resp.
liminf v, _r4+1 = 1), but (2.5) suffices in the proof (cf. (4.6) in [Oh-Tg]).

Corollary 2.3. Under the above situation, dim H* (Y, E) < co and HY (Y, E) =

Hg’Q’;I(Y, E) both hold if p+q <mn — k.

Recalling that the Lefschetz isomorphism exists between the L? harmonic
forms of type (p — s,q — s) and (p,q) whenever gy is Kéahler and h is flat, one
infers the following from Theorem 2.2 and Corollary 2.3.

Corollary 2.4. Under the above situation, assume that g is Kdahler and h is flat.
Then the natural homomorphisms Hg*(Y,E) — H{;{(Y,E) and H{(Y,E) —
HP(Y, E) are surjective (resp. injective) if p+q>n—+k (resp. p+q <n—k).

In view of the exactness of the sequence

HP=N (Y, E) — lim HPHY — K, B|(Y — K)) = Hy*(Y, E) — H"(Y, E)
KCY

where K runs through the compact subsets of Y, one infers from Corollary 2.3 a
Hartogs type extendibility:

Corollary 2.5. In the situation of Corollary 2.3, the restriction homomorphisms
HPY(Y,E) — h—H>1KcY HPYY — K,E|(Y — K)) are surjective for p+q <mn — k.

Corollary 2.6. In the above situation, suppose that Y = X — M for some com-
pact complex manifold X and a real hypersurface M C X, and that E extends to
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a holomorphic vector bundle E over X. Then the homomorphisms HP1(X, E) —
li%me’q(U, E|U) are surjective for p+q < n —k. Here U runs through the neigh-
borhoods of M.

Similarly, one infers from Corollary 2.4 the following.

Corollary 2.7. In the situation of Corollary 2.2, for any v € Imd N C1(X)
satisfying v € LYY (X — M) with respect to a metric which coincides with eg+8600¢
on U — M for some neighborhood U of M and for sufficiently small € > 0 and
§ > 0 with e < §, there exists a u € LY°(X — M) such that Ou =v on X — M.

Note that, if v = df for some C> (1,0)-form f on X, f — u becomes a
holomorphic 1-form on X which coincides with f on M, because of the asymptotic
behavior of the volume form of g 4+ §00¢ along M.

§3. Proof of Theorem 0.1

Let X, M and F be as in the hypothesis of Theorem 0.1, let g be a K&hler metric
on X, and let ¢ be as in Proposition 1.2 for k = 2. Then, for any sufficiently small
€ > 0, the Hermitian form g + 90y becomes a complete Kihler metric on X — M
in such a way that the hypothesis on 99¢ in Corollary 2.1 is satisfied with respect
to g 4+ €00¢p.

Hence the bundle Nz extends from a neighborhood of M to X as a topo-
logically trivial holomorphic line bundle, say N. Since X is a compact Kahler
manifold, N is flat.

By Corollary 2.6, any defining 1-form w of F on a connected neighborhood
of M is analytically extended to X as an N-valued holomorphic 1-form, say w.
Since N is (unitarily) flat, w is d-closed. This means that the leaves of F that are
disjoint from M stay away from M forever. Namely, the distance, with respect
to g, from a leaf, say F, of F to M is positive whenever F N M = ) (cf. [Oh-5]
or [Oh-7]). This clearly means the existence of a leaf F’ such that p|F’ attains its
maximum, which contradicts the property of the Levi form of . O

Remark. The above proof in the spirit of [Oh-5] shows in particular that what
really leads to a contradiction is the existence of a Kahler metric on X, the foliation
F and an exhaustion function ¢ on X — M as above. However, it must be noted
that the curvature assumption on Nz, combined with Hy*(X — M) = 0, leads
more directly to a contradiction as shown by Brunella [B-1]. Namely, the curvature
form of Ny then extends to X as a closed form which turns out to be 90-exact
by the Kéhler assumption. This contradicts the maximum principle on M. In this
shorter proof, the curvature assumption is used in two different places.
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84. Proof of Theorem 0.2

Let ¢ be a function satisfying (1.3)—(1.6) guaranteed by Proposition 1.3. Then, sim-
ilarly to the proof of Theorem 0.1, by applying Corollary 2.2 instead of Corollary
2.1, the holomorphic normal bundle of M is extended to X as a flat line bundle,
say N. Then, exploiting the injectivity of H(12’)1 (X—M,N)— HYY (X —M, N) with
respect to eg + 600 as in Corollary 2.7, one can extend any C™ defining 1-form
of the foliation on M to an N-valued holomorphic 1-form, say w, on X. Since w
defines a foliation on a neighborhood of M, the rest of the argument is similar to
that for Theorem 0.1. (See also [Oh-5, §3], and the remark in §3 above.) O
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