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Abstract

In a previous paper we have introduced matrix-valued analogues of the Chebyshev poly-
nomials by studying matrix-valued spherical functions on SU(2) x SU(2). In particular
the matrix-size of the polynomials is arbitrarily large. In this paper, the matrix-valued
orthogonal polynomials and the corresponding weight function are studied. In particular,
we calculate the LDU-decomposition of the weight where the matrix entries of L are given
in terms of Gegenbauer polynomials. The monic matrix-valued orthogonal polynomials
P, are expressed in terms of Tirao’s matrix-valued hypergeometric function using the
matrix-valued differential operators of first and second order of which the P,’s are eigen-
functions. From this result we obtain an explicit formula for coefficients in the three-term
recurrence relation satisfied by the polynomials P,,. These differential operators are also
crucial in expressing the matrix entries of P, L as a product of a Racah and a Gegenbauer
polynomial. We also present a group-theoretic derivation of the matrix-valued differential
operators by considering the Casimir operators corresponding to SU(2) x SU(2).
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§1. Introduction

Matrix-valued orthogonal polynomials introduced by Krein [18], [19] have been
studied from different perspectives in recent years, and related to various different
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subjects, such as higher-order recurrence equations, spectral decompositions, and
representation theory.

The matrix-valued orthogonal polynomials studied in this paper arise from
the representation theory of the group SU(2) x SU(2) with the compact subgroup
SU(2) embedded diagonally; see [16] for this particular case and Gangolli and
Varadarajan [9], Tirao [21], Warner [23] for general group-theoretic interpreta-
tions of matrix-valued spherical functions. An important example is the study of
the matrix-valued orthogonal polynomials for the case (SU(3),U(2)), investigated
by Griinbaum, Pacharoni and Tirao [10] who mainly exploited invariant differ-
ential operators. In [16] we have studied the matrix-valued orthogonal operators
related to the case (SU(2) x SU(2),SU(2)), which lead to the matrix-valued orthog-
onal polynomial analogues of Chebyshev polynomials of the second kind U, in a
different fashion. In the current paper we study these matrix-valued orthogonal
polynomials in more detail.

In order to state the most important results for these matrix-valued orthogonal
polynomials we recall the following weight function [16, Thm. 5.4]:

W(x)nm=V1—2? Z ar(m, n)Upym—2t (),
(1.1) =0
2041 (20 —m)Im!

a(m,n) = 7= (20! (=1)

m—t (TL — 2€)m7t (26 +2— t)t
(n + 2)m—t t'

if n > m and W(z)p,m = W(x)m,n otherwise. Here and elsewhere in this paper
l e %N, n,m € {0,1,...,2¢}, and U, is the Chebyshev polynomial of the second
kind. Note that the sum in (1.1) actually starts from min(0, n +m — 2¢). It follows
that W: [=1,1] = Map41(C), W(z) = (W(2)nm)2 e, is a (20 + 1) x (20 + 1)-
matrix-valued integrable function such that all moments fi1 2"W(z)dz, n € N,
exist. From the construction in [16, §5] it follows that W (x) is positive definite
almost everywhere. By general considerations (e.g. [11]), we can construct the
corresponding monic matrix-valued orthogonal polynomials {P,}22 , so

1

(1.2)  (Po, Py = L Po(@)W (2) (P (2))* dt = S Hon,

0< H, € M25+1(C),

where H,, > 0 means that H, is a positive definite matrix, P, (z) = Y p_, 2" PP
with P! € M2+1(C) and P}’ = I, the identity matrix. The polynomials P, are
the monic variants of the matrix-valued orthogonal polynomials constructed in
[16] from representation-theoretic considerations. Note that (1.2) defines a matrix-
valued inner product (-, )y on the matrix-valued polynomials. Using the orthog-
onality relations for the Chebyshev polynomials U, it follows that
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(204 1)*
n—+1)(20—n+1)’

™
(13) (Ho)nm = Jnmi (

which is in accordance with [16, Prop. 4.6]. From [16] we can also obtain an ex-
pression for H,, by translating the result of [16, Prop. 4.6] to the monic case in [16,
(4.6)], but since the matrix Y4 in [16, (4.6)] is rather complicated, this leads to a
complicated expression for the squared norm matrix H,, in (1.2). In Corollary 5.4
we give a simpler expression for H,, from the three-term recurrence relation.

These polynomials have a group-theoretic interpretation as matrix-valued
spherical functions associated to (SU(2) x SU(2),SU(2)) (see [16] and Section 7).
In particular, in [16, §5] we have shown that the corresponding orthogonal poly-
nomials are not irreducible, but can be written as a 2-block-diagonal matrix of
irreducible matrix-valued orthogonal polynomials. Indeed, if we put J € Mo (C),
Jnm = Ontm,20 we have JW (z) = W (x)J for all z € [—1,1], and by [16, Prop. 5.5],
J and I span the commutant {Y € Mo (C) | [Y,W(x)] = 0 Vo € [-1,1]}. Note
that J is a self-adjoint involution, J? = I, J* = J. It is easier to study the poly-
nomials P,,, and we discuss the relation to the irreducible cases when appropriate.

In this paper we continue the study of the matrix-valued orthogonal poly-
nomials and the related weight function. Let us discuss in some more detail the
results we obtain. Some of these results employ the group-theoretic interpretation
and some are obtained using special functions. Essentially, we obtain the following
results for the weight function:

(a) explicit expression for det(W(z)), hence proving [16, Conjecture 5.8] (see
Corollary 2.3);

(b) an LDU-decomposition for W in terms of Gegenbauer polynomials (see The-
orem 2.1).

Part (a) can be proved by group-theoretic considerations, and gives an alternative
proof for a related statement by Koornwinder [17], but we actually calculate it
directly from (b). The LDU-decomposition hinges on expressing the integral of
the product of two Gegenbauer polynomials and a Chebyshev polynomial as a
Racah polynomial (see Lemma 2.7).

For the matrix-valued orthogonal polynomials we obtain the following results:

(i) P, as eigenfunctions to a second-order matrix-valued differential operator
D and a first-order matrix-valued differential operator E (cf. [16, §7], see
Theorem 3.1 and Section 3);

(ii) the group-theoretic interpretation of D and E using the Casimir operators for
SU(2) x SU(2) (see Section 7), for which the paper by Casselman and Mili¢i¢
[6] is essential;
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(iii) explicit expressions for the matrix entries of the polynomials P, in terms
of matrix-valued hypergeometric series using the matrix-valued differential
operators (see Theorem 4.5);

(iv) explicit expressions for the matrix entries of the polynomials P,L in terms
of (scalar-valued) Gegenbauer polynomials and Racah polynomials using the
LDU-decomposition of the weight W and differential operators (see Theo-
rem 6.2);

(v) explicit expression for the three-term recurrence satisfied by P, (see Theo-
rem 5.3).

In particular, (i) and (ii) follow from group-theoretic considerations (see Sections
3 and 7). This then gives the opportunity to link the polynomials to the matrix-
valued hypergeometric differential operator, leading to (iii). The explicit expres-
sion in (iv) involving Gegenbauer polynomials is obtained by using the LDU-
decomposition of the weight matrix and the differential operator D. The expres-
sion of the coefficients as Racah polynomials involves the first-order differential
operator as well. Finally, in [16, Thm. 4.8] we have obtained an expression for the
coefficients of the three-term recurrence relation where the matrix entries of the
coeflicient matrices are given as sums of products of Clebsch—Gordan coefficients,
and the purpose of (v) is to give a closed expression for these matrices. The case
¢ = 0, or the spherical case, corresponds to the Chebyshev polynomials U, (x),
which occur as spherical functions for (SU(2) x SU(2),SU(2)) or equivalently as
characters on SU(2). For these cases almost all of the statements above reduce
to well-known statements for Chebyshev polynomials, except that the first-order
differential operator has no meaning for this special case.

The structure of the paper is as follows. In Section 2 we discuss the LDU-
decomposition of the weight, but the main core of the proof is deferred to Ap-
pendix A. In Section 3 we discuss the matrix-valued differential operators to which
the matrix-valued orthogonal polynomials are eigenfunctions. We give a group-
theoretic proof of this result in Section 7. In [16, §7] we have derived the same
operators by a judicious guess and next proving the result. In order to connect to
Tirao’s matrix-valued hypergeometric series, we switch to another variable. The
connection is made precise in Section 4. This result is next used in Section 5
to derive a simple expression for the coefficients in the three-term recurrence of
the monic orthogonal polynomials, improving a lot on the corresponding result
[16, Thm. 4.8]. In Section 6 we explicitly establish that the entries of the matrix-
valued orthogonal polynomials times the L-part of the LDU-decomposition of the
weight W can be given explicitly as a product of a Racah polynomial and a Gegen-
bauer polynomial (see Theorem 6.2). Some of the above statements require some-
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what lengthy and/or tedious manipulations; to deal with these computations and
also for various other checks, we have used computer algebra.

As mentioned before, we consider the matrix-valued orthogonal polynomials
studied in this paper as matrix-valued analogues of the Chebyshev polynomials
of the second kind. As is well known, the group-theoretic interpretation of the
Chebyshev polynomials, or more generally of spherical functions, leads to more
information on these special functions, and it remains to study which of these
properties can be extended in this way to the explicit set of matrix-valued orthog-
onal polynomials studied in this paper. This paper is mainly analytic in nature,
and we only use the group-theoretic interpretation to give a new method of ob-
taining the first- and second-order matrix-valued differential operators which have
the matrix-valued orthogonal polynomials as eigenfunctions. We note that all dif-
ferential operators act on the right. The fact that we have both a first- and a
second-order differential operator makes it possible to consider linear combina-
tions, and this is useful in Section 4 to link to Tirao’s matrix-valued differential
hypergeometric function and in Section 6 to diagonalize (or decouple) a suitable
matrix-valued differential operator.

We finally remark that J. A. Tirao has informed us that Ignacio Zurrian
has obtained results of a similar nature by considering matrix-valued orthogonal
polynomials for the closely related pair (SO(4),SO(3)). We stress that our results
and the results by Zurridan have been obtained independently.

§2. LDU-decomposition of the weight

In this section we state the LDU-decomposition of the weight matrix W of (1.1).
The details of the proof, involving summation and transformation formulas for
hypergeometric series (up to 7Fs-level), are presented in Appendix A. Some direct
consequences of the LDU-decomposition are discussed. The explicit decomposition
is a crucial ingredient in Section 6, where the matrix-valued orthogonal polynomials
are related to the classical Gegenbauer and Racah polynomials.

In order to formulate the result we need the Gegenbauer, or ultraspherical,
polynomials (see e.g. [2], [12], [15]), defined by

2a)) —n,n+2a 1—x
2.1 c@) gy = CDn o ’ s — ).
(2.1) n (@) nl 2! a+i T2
The Gegenbauer polynomials are orthogonal polynomials;

1

_ 2a) /7T (a4 1/2)

2.2 1 — 22 Y2000 (2) 0L (2)dir = G
2 [ G- @ @ et

_s 7l (n + 2a)2t =22
" T (@)2(n+a)n!
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Theorem 2.1. The weight matriz W has the following LDU-decomposition:
W(z) = 1—- 22 L(2)T(2)L(z)!, x¢€[-1,1],
where L: [—1,1] = Map41(C) is the unipotent lower triangular matrix
0, k> m,

A, <
(m—i—k:—i—1)!]{:!Cm”c (@), k=<m,

and T: [—1,1] = M41(C) is the diagonal matriz

k 4 _
Tl = a1 -2 ) = gl Pty BEEC Rl

Note that the matrix-entries of L are independent of ¢, hence of the size of

the matrix-valued weight W. Using

. a
THO (@) = 28O0 (@)

Kk .
we can write uniformly L(z),,, = (7,?!!)2 2(75112111))!! d;g,;’” (z). In Theorem 6.2 we extend

Theorem 2.1, but Theorem 2.1 is an essential ingredient in Theorem 6.2.

Since W (z) is symmetric, in Theorem 2.1 it suffices to consider the (n,m)
matrix entries for m < n. The theorem follows directly from Proposition 2.2 below
using the explicit expression (1.1) for the weight W.

Proposition 2.2. The relation
> an(m n)Unm-20(@) = > Be(m,n)(1 = a?)F D (@) O (@)
t=0 k=0

with the coefficients ay(m,n) given by (1.1) and

m! n!

! (20 + k + 1)1(20 — k)!
(m+k+1)! (n+k+ 1)

E'R12%F (2K 4 1) @020

Br(m,n) =

holds for all integers 0 < m <n < 2¢, and all £ € %N.

Before discussing the proof we list some corollaries of Theorem 2.1. First of
all, we can use Theorem 2.1 to prove [16, Conjecture 5.8] (see (a) of Section 1).

Corollary 2.3. det(W(z)) = (1 - 2?)2(6+1/2) Hiio cx(0).

Remark 2.4. We also have another proof of this fact using a group-theoretic
approach to calculate det(®g(z)) (see [16] and Section 7 for the definition of ®g),
and W is up to trivial factors equal to ®¢(Pg)*. This proof is along the lines of
Koornwinder [17].
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Secondly, using J € Map11(C), Jnm = Ontm,2¢ and W(z) = JW(z)J (see [16,
Prop. 5.5, §6.2]), we obtain from Theorem 2.1 the UDL-decomposition for W. For
later reference we also record JP,(z)J = P,(z), since both are the monic matrix-
valued orthogonal polynomials with respect to W (z) = JW (z)J.

Corollary 2.5. W(z) = V1 — 22(JL(z)J)(JT(z)J)(JL(z)J)!, = € [-1,1], gives
the UDL-decomposition of the weight W.

Thirdly, considering the Fourier expansion of the weight function W(cos#9),
and using the expression of the weight in terms of Clebsch—Gordan coefficients (see
[16, (5.4), (5.6), (5.7)]) we obtain a Fourier expansion, which is actually equivalent
to Theorem 2.1.

Corollary 2.6. We have the following Fourier expansion:

%(74),6(% 1) (m =kt Dx(n—k+ 1 (20+F+ DL B)! 0y
o (m+ 1)k+1(n+ 1)k+1 (26)'(26)'
% (1 _62it)2k2F1(k_n7k+1;622‘15) 2F1(k_m7k+1;e2it>
—n —-m

n 20—m  m 20—m 2L—n\ (m\ (2£—m
DN IR MBS SRE ERFEE
) ) '
j=0j1=0 j2=0 i1=0 1i2=0 j
Jitj2=J i1+i2=]
Proof. In [16, §85, 6] the weight function W (cost) was initially defined as a Fourier
polynomial with the coefficients given in terms of Clebsch—Gordan coeflicients.
After relabeling this gives

Zi Qg i %Zm (") (ZL)(%;m)ei((”7j1+j2)*(m*i1+i2))t
IR

j=0j1=0 j2=0 43=0 i2=0 J
Jitj2=J i1+iz=j

= (L(cost)T(cost)L(cost)")
mln m,n )

Z Br(m,n) sm2kt0 (et 1)(cos15)6’(11,?((:0515)

m

nm

where we have used [16, (5.10)] to express the Clebsch—Gordan coeflicients in terms
of binomial coefficients.

Using the result [3, Cor. 6.3] by Badertscher and Koornwinder together with
the Fourier expansion of the Gegenbauer polynomial (see [3, (2.8)], [2, (6.4.11)],
[12, (4.5.13)]), we find the Fourier expansion of sinktanjk)‘ (cost) in terms of
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Hahn polynomials defined by

~kk+a+B+1,-j,

(23) Qk(j;aaﬁaN):3F2< O[+1,—N )

1), ke{0,1,...,N}

(see [2, p. 345], [12, §6.2], [15, §1.5]). For A =1 the explicit formula is

n

F(n+ Dgga(n = k)!

@4 5 sin® £ " (cost) = 3 Qi(5; 0,0,m)e !
2(3/2)1(2k + D) 2
: : k— ,
—_ e—znt(l o eta)k 2F1 ( n, kE+1 : 62175)
—n

using the generating function [15, (1.6.12)] for the Hahn polynomials in the last
equality. Plugging this in the identity gives the required result. O

In the proof of Proposition 2.2 and Theorem 2.1 given in Appendix A we
use a somewhat unusual integral representation of a Racah polynomial. Recall the
Racah polynomials, [2, p. 344], [15, §1.2], defined by

—kk+a+B+1,—tt+y+5+1
(25) Rk()‘(t);avﬁvva 5) = 4F3< ﬁ 7 ; 1>

a+1,8+6+1,v+1 '

where A(t) = t(t+~v+ 0+ 1), and one of «+1, 4+ + 1, v+ 1 equals —N
with a non-negative integer V. The Racah polynomials with 0 < k < N form
a set of orthogonal polynomials for ¢ € {0,1,..., N} for suitable conditions on
the parameters. For the special case of the Racah polynomials in Lemma 2.7 the
orthogonality relations are given in Appendix A.

Lemma 2.7. For integers 0 < t,k <m <n we have

1
/_1<1 ~ 2RO @)L (@)U —an() dir = ffk(liﬁf = “Ent %!k
(k41D n_p (—=1)%(2k + 2)man_ok(k + 1)!

(n—k)! (ntm+1) Rie(A(t);0,0,—n —1,—m — 1).

Remark 2.8. Lemma 2.7 can be extended, using the same method of proof, to

1
(2.6) / (1 — g2)otkt1/2gt bt ) (ol tkt ) () oB) - (2) de =

~1
(a+k4+Dmr(k+20+2)p—k (—m+8—a—D)met (B)n—tv/7L(a+k+3/2)
(m—=k)!(n —m)! (m —1t)! Nla+n+m—t+2)
" 4F3<km,m2ak1,tm,ﬂ+nt;1)
B—a—1—m,—m—an—m-+1




MATRIX-VALUED ORTHOGONAL POLYNOMIALS II 279

assuming n > m. Lemma 2.7 corresponds to the case a = 0, § = 1 after using a
transformation for a balanced 4F3-series. Note that the 4 F3-series can be expressed
as a Racah polynomial orthogonal on {0,1,...,m} in case « =0 or 8 = a + 1,
which corresponds to Lemma 2.7. We do not use (2.6) in the paper, and a proof
follows the lines of the proof of Lemma 2.7 as given in Appendix A.

In [16, Thm. 6.5] (see Section 1), we have proved that the weight function W
is not irreducible, meaning that there exists Y € My, 1(C) so that

W1 (LU) 0

(2.7) YW(:c)Yt( o Wala)

>, YYt=T1=Y",
and that there is no further reduction.
Writing

(20 () D) (L)

with A, D diagonal and B, C antidiagonal (see [16, Cor. 5.6]), l1(x), l2(z) lower-
diagonal matrices and r(x) a full matrix, we can work out the block-diagonal
structure of Y L(x)T(z)L(x)tY?. It follows that the off-diagonal blocks being zero
is equivalent to

(2.8) (Aly (2)t1 (z)+Br(z)t1(2)) (I (z)' C*+r(2)' D*) + By (2)ta(z)lz(z) D = 0.

This can be rewritten as an identity for four sums of products of two Gegenbauer
polynomials involving the weight function and the constants in Theorem 2.1 being
zero. We do not write the explicit results, since we do not need them.

83. Matrix-valued orthogonal polynomials as eigenfunctions of
matrix-valued differential operators

In [16, §7] we have derived that the matrix-valued orthogonal polynomials are
eigenfunctions for a second and a first order matrix-valued differential operator
by looking for suitable matrix-valued differential operators self-adjoint with re-
spect to the matrix-valued inner product (-,-)y. The method was to establish
relations between the coefficients of the differential operators and the weight W,
then judiciously guessing the general result and next proving it by a verification.
In this paper we show that essentially these operators can be obtained from the
group-theoretic interpretation by establishing that the matrix-valued differential
operators are obtainable from the Casimir operators for SU(2) x SU(2). Since the
paper is split into a first part of analytic nature and a second part of group-
theoretic nature, we state the result in this section whereas the proofs are given
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in Section 7. Sections 4 and 6 depend strongly on the matrix-valued differential
operators in Theorem 3.1.

Recall that all differential operators act on the right, so for a matrix-valued
polynomial P: R — My(C) depending on the variable z, the s-th order differential

operator D = >"7_, dd—;Fi(x), F;: R — My (C), acts by

(PD)(x) = Z d;Pj ()Fi(z), PD:R — Mpy(C)
=0

where (i;lf (), = %(m) is a matrix which is multiplied from the right by
the matrix F;(x). The matrix-valued orthogonal polynomial is an eigenfunction
of a matrix-valued differential operator if there exists a matrix A € My(C), the
eigenvalue matrix, so that PD = AP as matrix-valued functions. Note that the
eigenvalue matrix is multiplied from the left. For more information on differential
operators for matrix-valued functions, see e.g. [11], [22].

We denote by FE;; the standard matrix units, i.e. E;; is the matrix with all
matrix entries equal to zero, except for the (¢, j) entry which is 1. By convention,

if either 4 or j is not in the appropriate range, the matrix E;; is zero.

Theorem 3.1. Define the second-order matriz-valued differential operator

b= (1-29) ¢ (i)(é_xm_v,

2¢ 2¢ 2¢
C=> (2—i)Eiip1+ Y iB 1, U=Q+3), V==Y i20—i)Ey
=0 =0 =0

and the first-order matriz-valued differential operator

P (d)(Bo+mél)+A7

dz
- 22— - 2
By = — — L, —7 i —FEii-1,
0 ; I; ’“+Z§ 20 +;4e i
20 . 20 .
~ 0—i ~ (204 2)(i — 2¢0)
Bi=-) — B A=) = —F
=0 1=0

Then the monic orthogonal matriz-valued orthogonal polynomials P, satisfy

2¢
PuD = Ap(D)P,,  An(D) =) (=n(n—1) = n(20+ 3) +i(2 — 1)) B,
=0

PoE = A (E)Py,  An(E) = Z(”“ S0 e %))En,
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and the operators D and E commute. The operators are symmetric with respect

to W.

The group-theoretic proof of Theorem 3.1 is given in Section 7. Theorem 3.1
has been proved in [16, Thms. 7.5, 7.6] analytically. The symmetry of the operators
with respect to W means that (PD, Q)w = (P,QD)w and (PE,Q)w = (P, QE)w
for all matrix-valued polynomials with respect to the matrix-valued inner product
(-, )w defined in (1.2). The last statement follows immediately from the first by
the results of Griinbaum and Tirao [11]. Also, [D, E] = 0 follows from the fact that
the eigenvalue matrices commute. In the notation of [11] we have D,E € D(W),
where D(W) is the x-algebra of matrix-valued differential operators having the
matrix-valued orthogonal polynomials as eigenfunctions.

Note that E has no analogue in case £ = 0, whereas D reduces to the hyper-
geometric differential operator for the Chebyshev polynomials U,,.

The matrix-differential operator D is J-invariant, i.e. JDJ = D. The operator
F is almost J-anti-invariant, up to a multiple of the identity. This is explained in
Theorem 7.15 and the discussion following it. In particular, D descends to the

corresponding irreducible matrix-valued orthogonal polynomials, but E does not
(see also [16, §7]).

84. Matrix-valued orthogonal polynomials as matrix-valued
hypergeometric functions

The polynomial solutions to the hypergeometric differential equation (see (6.5))
are uniquely determined. Many classical orthogonal polynomials, such as the Ja-
cobi, Hermite, Laguerre and Chebyshev polynomials, can be written in terms of
hypergeometric series. For matrix-valued valued functions Tirao [22] has intro-
duced a matrix-valued hypergeometric differential operator and its solutions. The
purpose of this section is to link the monic matrix-valued orthogonal polynomials
to Tirao’s matrix-valued hypergeometric functions.

We want to use Theorem 3.1 in order to express the matrix-valued orthogonal
polynomials as matrix-valued hypergeometric functions using Tirao’s approach
[22]. In order to do so we have to switch from the interval [—1,1] to [0, 1] using
x =1 — 2u. We define

(4.1) Ro(u) = (~1)"2 "Py(1—2u), Z(u) = W(1 - 2u),

so that the rescaled monic matrix-valued orthogonal polynomials R,, satisfy

(4.2) /0 Ry, (u)Z (W) Ry ()" du = 6,027 72" H,,.
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In the remainder of Section 4 we work with the polynomials R, on [0,1]. It is a
straightforward check to rewrite Theorem 3.1.

Corollary 4.1. Let D and E be the matriz-valued differential operators

d> d d
D:u(l—u)w+ (du)(CuU)V, E= (du>(uBl+BO)+AOa

where the matrices C, U, V, By, By and Ag are given by
20

20— 20+ 3 7
02—242 E17,+1+ZTE”—Z§E71)2717 U:(2£+3)[7
=0 =0 i=0
2 2t ; 2¢ .
(o0 (26 +2)(i — 20) (—i
V== Zl(% —i)Eii, Ag= Z TE“’ B = — , TEi’i’
=0 i=0 i—0
22— 2 2
By = — —Ei; —E; —F; 1.
0 ; o ,+1+; Y] +§4€ i1

Then D and E are symmetric with respect to the weight W, and D and E commudte.
Moreover for every integer n > 0,

20
RpD = Ap(D)Ry,  Ap(D) =) (—n(n—1) = n(20+3) +i(2 — i)) Ey;,
=0

24 . .
RyE = An(E)Rn,  An(E)=)_ (— n(¢ e_ e, 22)5 ) ) Ey;.
=0

It turns out that it is more convenient to work with D, = D + «aF for
a € R, so that R, D, = Ap(Ds)R, with diagonal eigenvalue matrix A, (D,) =
A (D)+al,(E). By [11, Prop. 2.6] we have A, (D,) = —n?—n(U,—1)—V,. Since
the eigenvalue matrix A, (D,) is diagonal, the matrix-valued differential equation
R, D, = A, (Dy)R,, can be read as 2¢+ 1 differential equations for the rows of R,,.
The i-th row of R,, is a solution to

(4.3)  u(l—u)p"(u) +p'(u)(Co — ula) = p(u)(Va +A) =0, A= (An(Da))ii;

for p: C — C**1 a (row-)vector-valued polynomial function. Here C, = C'+ a By,
Uy, = U —aBy, V,, =V — aA using the notation of Corollary 4.1. Now (4.3)
allows us to connect to Tirao’s matrix-valued hypergeometric function [22], which
we briefly recall below.

Remark 4.2. Given d x d matrices C, U and V we can consider the differential
equation

(4.4) 2(1=2)F"(2)+ (C —2U)F'(2) = VF(2) =0, z€C,



MATRIX-VALUED ORTHOGONAL POLYNOMIALS II 283

where F: C — C? is a (column-)vector-valued function which is twice differen-
tiable. It is shown by Tirao [22] that if the eigenvalues of C' are not in —N, then
the matrix valued hypergeometric function 5 H; defined as the power series

S

(4.5) 2m< ) g;'

[C,UV]o=1, [C,U, V)1 = (C+i)" (i +i(U—1)+V)[C,U,V],

[C,U,V];

converges for |z| < 1 in My(C). Moreover, for Fy € C? the (column-)vector-valued

function
F(Z) = 2H1 (U&V,Z)FQ

is a solution to (4.4) which is analytic for |z| < 1, and any analytic (on |z| < 1)
solution to (4.4) is of this form.

Comparing Tirao’s matrix-valued hypergeometric differential equation (4.4)
with (4.3) and using Remark 4.2, we see that

t Y/t t t Y/t t
@) o= (om (" N ) = r (e (T

for any Py € C**1 are the solutions to (4.3) which are analytic in |u| < 1 assum-
ing that eigenvalues of C? are not in —N. We first verify this assumption. Even
though V,, and U, are symmetric, we keep the notation for transposed matrices
for notational esthetics.

Lemma 4.3. For every { € %N, the matriz C,, is diagonalizable with eigenvalues
(25 4+ 3)/2, j €{0,...,2¢}.

Proof. Note that C,, is tridiagonal, so that vy = fo:o pn(N)e, is an eigenvector
for C,, for the eigenvalue A if and only if

(- Doy = G,

20+ a)(20 —n) +n(20 — a) (20 — a)n
- ( 40 )pn(A) + 40

pn—1(>\)~

The three-term recurrence relation corresponds precisely to the three-term recur-
rence relation for the Krawtchouk polynomials for N € N,
n,—x 1

Kn(z;p,N) = 2F1(__7N ;p), n,xz € {0,1,...,N}
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(see e.g. [2, p. 347], [12, §6.2], [15, §1.10]), with N = 2¢, p = 2@0‘. The Krawtchouk
polynomials are orthogonal with respect to the binomial distribution for 0 < p < 1,

or a € (—2¢,2¢), and we find
20+«
Pn(A) = K, <)\, 4€’£)

and the eigenvalues of C,, are 3/2+z, x € {0,1,...,2¢}. This proves the statement
for o € (—2¢,20).
Note that for o # £2¢, the matrix C, is tridiagonal, and the eigenvalue

equation is solved by the same contiguous relation for the 5 Fi-series leading to the
same statement for |o| > 2¢. In case a = +2¢ the matrix Cyo, is upper or lower
triangular, and the eigenvalues can be read off from the diagonal. O

In particular, we can give the eigenvectors of C,, explicitly in terms of termi-
nating o F}-hypergeometric series, but we do not use this in the paper.

So (4.6) is valid and this gives a series representation for the rows of the
monic polynomial R,. Since each row is polynomial, the series has to terminate.
This implies that there exists n € N so that [CL, U, V! + )],,41 is singular and
0 # Py € Ker([CL, UL VE+ Npia).

Suppose that n is the least integer for which [C?, UL,V + \],,41 is singular,
ie. [CL UL, VE+ N]; is regular for all i < n. Since

(A7) [CoUs VatAni = (Cotn) 7 (0 +n(Ug = 1)+ Va+ M) [Co, Ug, Vat Al
and since the matrix (C, + n) is invertible by Lemma 4.3, [CL, UL, Vi + N, 41 is
a singular matrix if and only if the diagonal matrix
(4.8) MEN) =n*>+nU —1) +VE4+ A

=024+ Uy, — 1)+ Vo + A== A, (Ds)
is singular. Note that the diagonal entries of M ()) are of the form A — A%(n),
so that M, ()) is singular if and only if A = A$(n) for some j € {0,1,...,2¢}. We
need that the eigenvalues are sufficiently generic.
Lemma 4.4. Let o € R\ Q. Then (j,n) = (i,m) € {0,1,...,2¢} x N if and only
if Ay (n) = A¥(m).
Proof. Assume A% (n) = A\{(m) and let (j,n), (i,m) € {0,1,...,2¢} x N. Then

a(20+4)

OzAJ‘?‘(n)—)\?(m):(m—n)(n+m+2+2€)+(j—z’)( 57

—j—i+2é>.

If j # ¢, then we solve for a = %(—(m_")(?ffwwz) +J7+0— 2£), which is

rational.
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Assume next that j = ¢. Then (m —n)(n+m+242¢) = 0. Since n,m, ¢ > 0,
it follows that n = m and hence (j,n) = (i,m). O

Assume « irrational, so that Lemma 4.4 shows that M, (A%(m)) is singular if
and only if n = m. So in the series (4.6) the matrix [CL, U!, V! + )],,11 is singular
and [C, UL, Vi + \; is non-singular for 0 < i < n. Furthermore, by Lemma 4.4
we see that the kernel of [CY,UL, V! + A|,.41 is one-dimensional if and only if
A=X%),1€{0,1,...,2¢}. In case A = A% (i),

by = [Cf)m U(i, Vof + /\?L(i)}:zlei
is uniquely determined up to a scalar, where e; is the standard basis vector.

We can now state the main result of this section, expressing the monic poly-
nomials R,, as a matrix-valued hypergeometric function.

Theorem 4.5. With the notation of Remark 4.2 the monic matriz-valued orthog-
onal polynomials can be written as

UL VE 4+ A% ( ,
(Rn(u))ij: <2H1( “ ac—i_ n(Z);u>n![O¢§mUcth(£+>‘%(2)];16i)

for all o € R.

t

J

Note that the left hand side is independent of «, which is not obvious for the
right hand side.

Proof. Let us first assume that « is irrational, so that the result follows from
the considerations in this section using that the i-th row of R, (u) is a polyno-
mial of (precise) degree n. The constant follows from R, being monic, so that
(R (u))ii = u".

Note that the left hand side is independent of «, and the right hand side is
continuous in «. Hence the result follows for o € R. O

In the scalar case £ = 0 Theorem 4.5 reduces to

— 2
(4.9) Rafu) = (~4) "+ 1) 2B () T ),
3/2
which is the well-known hypergeometric expression for the monic Chebyshev poly-
nomials (see [2, §2.5], [12, (4.5.21)], [15, (1.8.31)]).

85. Three-term recurrence relation

Matrix-valued orthogonal polynomials satisfy a three-term recurrence relation (see
e.g. [7], [11]). In [16, Thm. 4.8] we have determined the three-term recurrence re-
lation for the closely related matrix-valued orthogonal polynomials explicitly in
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terms of Clebsch—Gordan coefficients. The matrix entries of the matrices occur-
ring in the three-term recurrence relation have been given explicitly as sums of
products of Clebsch—Gordan coefficients. The purpose of this section is to give
simpler expressions for the monic matrix-valued orthogonal polynomials using the
explicit expression in terms of Tirao’s matrix-valued hypergeometric functions as
established in Theorem 4.5.

From general theory, the monic orthogonal polynomials R, : R — My (C) sat-
isfy a three-term recurrence relation uR, (u) = Ryy1(u) + Xp Ry (u) + Yo Ry -1 (u),
n >0, where R_y = 0 and X,,,Y;, € My41(C) are matrices depending on n and
not on x. Lemma 5.1 should be compared to [7, Lemma 2.6].

Lemma 5.1. Let {R,}n>0 be the sequence of monic orthogonal polynomials and
write R, (u) = Y p_o RRu*, R € Mn(C), and R = I. Then the coefficients X,
Z,, of the three-term recurrence relation are given by

X,=R' ,—R'"  Y,=R' ,- Rl - X,R" ,.

n—1

Proof. Let (-,-) denote the matrix-valued inner product for which the monic poly-
nomials are orthogonal. Using the three-term recursion, orthogonality relations
and expanding the monic polynomial of degree n + 1 gives

<URn - Xan - Yanfh Rn> = <Rn+1a Rn> = <’U,”+17 Rn> + Rz+1<un’ Rn>
By the orthogonality relations the left hand side can be evaluated as
<URn - Xan - Yan—la Rn> = <un+17 Rn> + R2_1<un’ Rn> - Xn<Rna Rn>

and comparing the two right hand sides gives the required expression for X, since
(Ry, Ry,) = (u™, Ry,) is invertible.
The expression for Y,, follows by considering on the one hand

<UR7L - Xan - Yan—la Rn—1> == <Rn+1a Rn—1>
= (W™ Ry 1) + Ry (™, Ry y) + Ry (w ™ Ry q)),

n—1

while on the other hand the left hand side also equals
<un+1’ Ry_1) + Ry (u", Ry1) + RZ—2<UH_1, Ry_1)

- Xn<una Rn*1> - XHRZ_1<Un71, Rn71> - Yn<Rn717 Rn71>a

and using the expression for X, and canceling common terms gives the required
L R, _4) is invertible. O

expression, since (R,_1, R,—1) = (u"~

In order to apply Lemma 5.1 for the explicit monic polynomials in this paper
we need to calculate the coefficients, which is an application of Theorem 4.5.
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Lemma 5.2. Let {R,}n>0 be the monic polynomials with respect to Z on [0, 1].
Then

~ jn - N n(20—j)
R' =Y —— _E,_ i+ Ejji1,
! ;4(n+j) S JZO ;4(267]+n A
~ _n(n-1)j(-1) —n(n—1)j
R, = Eijo—Y —22E,_
§32<n+a><n+y—1> P 8 g)
N z”: n(n — 1)(35% — 5@: —2n% +n —4nl) B,
= 16(n+j)(i — 20 —n)

" n(n—1)(20 - j)
~ 2 S@rrn_y) Pit

<.
3
o

N on(n—1)(20—5)(20— 5 —1)
3220 — j+n—1)(20+n—j)

+

b
O

Proof. We can calculate R _, by considering the coefficients of u"~! using the
expression in Theorem 4.5. This gives
n'

( Zfl)ij = (n—1)!
= n(Mg_ (A5 () M (CL +n = 1es)’!

(O UL VE XS D] [CLL UL VE+ XS @] )

using the recursive definition (4.7) of [CL,, UL, V4 A%(i)],,. Note that M2_, (A%(q))
is indeed invertible by Lemma 4.4 for irrational «. The explicit expression of the
right hand side gives the result after a straightforward computation, since the
resulting matrix is tridiagonal.

We can calculate R}_, analogously,

(Rp_s)ij = n(n— 1) (Mg_o(X3 (1)) (Ch +n—2)Mg_ (A5 (0) 7 (Ch +n = 1)e.),

and a straightforward but tedious calculation gives the result. Note that R]'_, is
a five-diagonal matrix, since it is the product of two tridiagonal matrices. O

Note that even though we have used the additional degree of freedom « in
the proof of Lemma 5.2, the resulting expressions are indeed independent of a.

Now we are ready to obtain the coefficients in the recurrence relation satisfied
by the polynomials R,,.

Theorem 5.3. For any ¢ € %N the monic orthogonal polynomials R,, satisfy the
three-term recurrence relation

uRy(u) = Rpg1(u) + XpRp(u) + YRy o1 (u),
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where the matrices X,,, Y, are given by

P i i’Ei i1 B n (20 — i) E; i1
" dn+in+i+1) 2 42U+n—i)204+n—i+1)]

20
n?(20 +n+ 1)?
Z 6(n+i)n+i+1)(20+n—0)20+n—i+1)

Proof. The calculation of X, is straightforward from Lemmas 5.1 and 5.2. In order
to calculate Y,, we need X, R,,_1. A calculation shows

2¢ 9.
nj*(j — 1)

X, R, = — _ : B
! ;16(n+]—1)(n+])(ﬂ+]+1) 32

i‘: nj(n+2j+1)
8(n+j)(n+j+1) 2t

3=0
—i’n(20 —i + 1) n
+Z<16n—|—z Yn+i+1)(20—i+1+n) 4
(20 —4)2(i+ 1)n B
1620 —i+1+n)20—i+n)(n+i+1)) "

20

_Z n2f—i)4—-2j+n+1)
8(204+n—j)(20+n—j+1) 3.3+1
+§: n(20 =) (20— j+1) .
=0 16(20 —j+n—1)(20—j+n)(20 —j+n+1) 77

Now Lemma 5.1 and a computation show that Y;, reduces to a diagonal matrix. [
Now (4.1) and Theorem 5.3 give the three-term recurrence
(5.1) xPp(v) = Poyi1(x) + (1 — 2X,,) Py(x) + 4Y, P11 (2)

for the monic orthogonal polynomials with respect to the matrix-valued weight
W on [—1,1]. The case £ = 0 corresponds to the three-term recurrence for the
monic Chebyshev polynomials U,,. Note, moreover, that lim, . X, = 1/2 and
lim,, o Y, = 1/16, so that the monic matrix-valued orthogonal polynomials fit in
the Nevai class (see [8]). Note the matrix-valued orthogonal polynomials P, in this
paper are considered as matrix-valued analogues of the Chebyshev polynomials of
the second kind, because of the group-theoretic interpretation [16] and Section 7,
but that these polynomials are not matrix-valued Chebyshev polynomials in the
sense of [8, §3].
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Using the three-term recurrence relation (5.1) and (1.2) we get

(5.2) 4V, Hp —/ P, ()W (z)Pp—1(x)*dx

/P 2) (@ Py (2))"dzx = H,,

analogous to the scalar-valued case. Since Hy is determined in (1.3), we obtain H,,.

Corollary 5.4. The squared norm matrix H, is

T (1220 — i+ 1)2 (i + 1) (20 —i+n+1)

and JH,J = H,.

In [16, Thm. 4.8] we have stated the three-term recurrence relation for the
polynomials Q% (a), a € A, (see also Section 7 of this paper). Apart from a rela-
beling of the orthonormal basis, the monic polynomials corresponding to Q¢ are
precisely the polynomials P, (see [16, §6.2, (6.4)] for the precise identification)

(5.3) Pa(2)nm = 7' Qa(Garccos 2)—t4n,—t4m,  n,m € {0,1,...,20}

(see also Section 7), where Ty is the leading coefficient of Q5.

Corollary 5.5. The polynomials Q', as in [16, §4] satisfy the recurrence
$(a)Qr,(a) = An Q7,11 (a) + Ba@Qp(a) + CnQp_y(a)

where

d n+1)(20+n+2
JID S A2 )

Eq.q;
F42€—q+n+nw+q+n+w &

L

_ (L—q+1)(l+q)
B”_E:QM—q+n+Uw+q+n+UE -t

q,q+1»

V4
56 ((+q+1)(¢—q)
—~ 20l —q+n+1)(l+qg+n+1)

‘ n(20+n+1)

C, = E,,.
g;2m+q+£+nm—q+€+m &4

Proof. We use A, = Y, Y11, B, = Y,(1 —2X,)T; L, € = Y, (4Y,) Y} and
Theorem 5.3 to obtain the result from a straighforward computation. O
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Recall from [16, Thm. 4.8, (3.2)] that the matrix entries of the matrices A,,
B,, and C), are explicitly known: each is the square of a double sum with summand
the product of four Clebsch—Gordan coefficients, hence Corollary 5.5 leads to an
explicit expression for this square.

86. The matrix-valued orthogonal polynomials related to
Gegenbauer and Racah polynomials

The LDU-decomposition of the weight W of Theorem 2.1 has the weight functions
of the Gegenbauer polynomials in the diagonal T, so we can expect a link between
the matrix-valued polynomials P,(z)L(x) and the Gegenbauer polynomials. We
cannot do this via the orthogonality relations and the weight function, since the
matrix L also depends on z. Instead we use an approach based on the differential
operators D and E of Section 3, and because of the link to the matrix-valued
hypergeometric differential operator as in Theorem 4.5, we switch to the matrix-
valued orthogonal polynomials R, and x = 1 — 2u. It turns out that the matrix
entries of P,(x)L(x) can be given as a product of a Racah polynomial times a
Gegenbauer polynomial (see Theorem 6.2).

We use the differential operators D and E of Corollary 4.1, and as in Section 4
it is handier to work with the second-order differential operator D_5p = D —
2(E. From Theorem 2.1 we know that W (z) = v/1 — 22L(2)T(z)L(x)*, and hence
Z(u) = 2y/u(l —u)L(1 — 2u)T(1 — 2u)L(1 — 2u)*. For this reason we look at the
differential operator conjugated by M (u) = L(1 — 2u).

In general, for D = dd—;F2 (u) + 4= Fy (u) + Fy(u) a second order matrix-valued
differential operator, conjugation with the matrix-valued function M, which we
assume invertible for all u, gives

dM—1

d? d
M~'DM = mM*ngM + (MlFlM +2 FOM)

1 2771
M o+ T g,
du?

+ <M1F0M +

Note that differentiating M 1M = I gives d]\gu_l = —M~1M =1 and similarly

we find €M% — N1 N1y 91 dM 1AM pr—1 W are investigating
the possibility of M ' DM being a diagonal matrix-valued differential operator. We
now assume that Fy(u) = u(1—u), so that M~ Fy M = u(1—u). A straightforward
calculation using this assumption and the calculation of the derivatives of M !
shows that M~ DM = u(1 — u)af—; + %Tl + Ty with Ty and 77 matrix-valued
functions if and only if the following equations hold:
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dM d>M
6.1 FoM — —T) —u(l —u)—5 = MT;
(6.1) 0 du " u(l =) du? 0
dM
(6.2) FiM = 2u(l — ) = MTy.
u

Of course, Ty and T3 need not be diagonal in general, but this is the case of interest.

Proposition 6.1. The differential operator D = M~ D_o,M is the diagonal dif-
ferential operator

D:uu—@fj+(d>EWHﬂh

du? du
where
1 24 2¢
ﬂ@0=§f§—wﬁ, T} => (2+3)E;, To=>» (20—i)(2l+i+2)E;,.
=0 =0

Moreover, Ry(u) = Ry (u)M(u) satisfies
R.D=A,(D)R,, An(D)=A.(D)— 20\, (E).

The proof shows that M 1D, M can only be a diagonal differential operator
for « = —2¢. Note that D is a matrix-valued differential operator as considered
by Tirao (see Remark 4.2 and [22]), and diagonality of D implies that the matrix-
valued hypergeometric o Hi-series can be given explicitly in terms of the (usual)
hypergeometric series. In particular, we find as in the proof of Theorem 4.5 that

(R ())rj = (2H1 (Tll’ /\E(Jl’? o u) U)t7

(6.3) i

vk = (Ra(0)kjs  An(k) = An(D)gr,
since the condition o(371) ¢ —N is satisfied.
Proof of Proposition 6.1. Consider D, = D + oF, so that Fy(u) = u(1 — u) and
the above considerations apply and Fiy(u) = C,, — ul,, and Fy = —V,,. We want
to find out if we can obtain matrix-valued functions 77 and Tj satisfying (6.1),
(6.2) for these particular Fy, Fy and M (u) = L(1 — 2u). Since Fy is diagonal, and

assuming that Ty, 77 can be taken diagonal, it is clear that taking the (k,[) entry
of (6.1) leads to

dMy, d? My,
T —u(l —
du (T)u = w(l —u) du?

By Theorem 2.1 we have My; = 0 for [ > k, while for [ < k,

k I~k k+1+2
M (u) = <l)2F1< I+ 3/2 ;U>,

(64) (FO)kkMkl - = Mkl(TO)ll~
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so that (6.4) has to correspond to the second-order differential operator

(65) o) (e (b ) -abf () = 0. f(w) = 27150,
for the hypergeometric function. This immediately gives

3
(Tl)ll =1+ § — (2[ + 3)u, (TO)ll — (F0>Ick =k + 2k — (l2 + 2[).

Since (Fo)rx = (—Va)ir = —k> + (2€—|— a(%;f))k — (20 +2), this is only possible
for « = —2¢, and in that case

3
(6.6) (T =1+ 5~ (20 +3)u, (To)y = —1* — 21 +20(20 +2).
It remains to check that for @« = —2¢ the condition (6.2) is valid with the
explicit values (6.6). For o = —2¢ the matrix-valued function Fj is lower triangu-

lar instead of tridiagonal, so that (6.2) is an identity in the subalgebra of lower
triangular matrices. With the explicit expression for M we have to check that

M,
((5+#) - uts+20) )t~ k11~ 201 - ) S

3
= M| =+1—u(34+2I
3 kl (2 +l—u(3+ )>,
which can be identified with the identity

, doiY (1+1) (1+1)
(1 —2%)——(2) = (k + 1+ )C; 72 (2) — 2(k = DO Z 7 (2).

In turn, this identity can be easily obtained from [1, (22.7.21)] or from [12, (4.5.3),
(4.5.7)]. O

Since R,, and M are polynomial, Proposition 6.1 and the explicit expression
for the eigenvalue matrix in Corollary 4.1 imply that (R, )x; is a polynomial solu-
tion to

w(l—u) f"(u) + (G +3/2) = u(2) + 3)) ' (u) + (20 = §) (20 + 5 +2) f (u)
= (—n(n -1 —n(20+3)+ k(20 —Fk)+2n(l — k) — (20 + 2)(k — 26))f(u),

which can be rewritten as
u(l —u) f"(u) + ((G+ 3) = u(2i +3)) f'(w) = (j =k = n)(n+k+j+2)f(u) =0,

which is the hypergeometric differential operator for which the polynomial solu-
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tions are uniquely determined up to a constant. This immediately gives

j—k — k+74+2

j+3/2 o

for j —k —n < 0 and Ry,(u)r; = 0 otherwise. The case n = 0 corresponds to
Theorem 2.1 and we obtain ¢;(0) = (’;) It remains to determine the constants
cxj(n) in (6.7).

First, switching to the variable x, we find

(n +k— J)' C(j+1) ]
(27 + 2)nsp—y "TETI

(6.8)  (Pu(x))j = (Pulz)L(2))k; = (=2)"cx;j(n) (),

so that by (6.8) the orthogonality relations (1.2) and (2.2) give

20N (n+k)
Snm (Ho)g = (=2)"F™ 3" cpy(n)ey; (m)e; (£)
§=0
L k=t V(G +3/2)
CTE) M e R S D

Using the explicit value for ¢;(¢) as in Theorem 2.1 and Corollary 5.4 we find
orthogonality relations for the coefficients ¢x;(n):

20N (n+k) -
(69) (Hn)kk272n5n’m - Z ij(n)ck+m—7L,j(m)
=0
" (D225 + D)(20+ 5+ D120 — ) (n + k — 5)!
(n+k+7+DIn+k+1)20)"12

Note that we can also obtain recurrence relations for the coefficients cg;(n)
using the three-term recurrence relation of Theorem 5.3.

Theorem 6.2. The polynomials R, (u) = R, (u)M(u) satisfy

Rafuhy = ena()(- 1) 2t (T LR )

Jl(20+2 1,—k—n,—2¢
" QFl(jkv;,:;r/;chjJrQ;u)
with Ry (u)k; =0 for j —k—n >0 and
n!(20 +2),

cko(n) = (=1)"47"

(k+1D)n(20—k+1),
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We view Theorem 6.2 is an extension of Theorem 2.1, but Theorem 2.1 is in-
strumental in the proof of Theorem 6.2. Since the inverse of M (u), or of L(x), does
not seem to have a nice explicit expression, we do not obtain an interesting expres-
sion for the matrix elements of the matrix-valued monic orthogonal polynomials
R, (u) or P,(z). Note also that in the case £ = 0 we recover the hypergeometric
representation of the Chebyshev polynomials U, of the second kind (see (4.9)).

Comparing with (2.5) we see that the 4F3-series in Theorem 6.2 can be
viewed as a Racah polynomial Rj(\(j); —2¢ — 1,—k — n — 1,0,0), respectively
Ritn-m(A(j);—2¢ — 1,—k —n — 1,0,0) (see (2.5)), where the N of the Racah
polynomials equals 2¢ in case 2¢ < k +n, and k + n in case 2¢ > k + n. Using the
first part of Theorem 6.2 we see that the orthogonality relations (6.9) lead to

(6.10) (Hp) k2 " 0pm
20N (n+k)

T 241 9
=3 ke ™l 2

(27 +1)(=26);(—n — k),

j=0
X Ri(A(j); =20 =1,k —n — 1,0,0)Rsn_m(A(j); =20 — 1, —k — n — 1,0,0),

which corresponds to the orthogonality relations for the corresponding Racah poly-
nomials (see [2, p. 344], [15, §1.2]). From this we find that the sum in (6.10) equals

2+ 1(n+k+1)

Onm 20+1+n—k
Hence,
o2 M+ k+1)(20+14n—k)
2 _ 2n 2
611)  Jero(m)f = (Hoa2 "= TR
e (0042

(k+1)2(20—k+1)2

using Corollary 5.4.

We end this section with the proof of Theorem 6.2. The idea of the proof is
to obtain a three-term recurrence for the coefficients cx;(n) with explicit initial
conditions, and to compare the resulting three-term recurrence with well-known
recurrences for Racah polynomials (see [2], [12], [15]). The three-term recurrence
relation is obtained using the first-order differential operator E and the fact that
the R,, being analytic eigenfunctions to D, are completely determined by the
value at 0 (see Remark 4.2).

Proof of Theorem 6.2. Since the matrix-valued differential operators D and F
commute and have the matrix-valued orthogonal polynomials R,, as eigenfunctions
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by Corollary 4.1, we see that £ = M1 EM satisfies
(6.12) ERp = AM(E)Rpn, An(E) = A (E), ED=DE.

Moreover, in the same spirit as in the proof of Proposition 6.1 we obtain

&= (dd)Sl(u) + So(w),

2€+z+1) 20—
(6.13) S1(w) Z 12— 1) i+ 1)Ei,i—1 - 2 TEEMH’
B 2204 +1) 2L+ 1) — A0+ 1)
So(u) = (1 —2u) Z_: mEuzfl + ZZ:; 27 E;;

by a straightforward calculation.
Define the vector space of (row-)vector-valued functions

V(A) = {F analytic at u =0 | FD = AF'},

and v: V()\) — C2*1 F s F(0), is an isomorphism (see Remark 4.2 and [22]).
Because of (6.12) we have the commutative diagram

V) —5 vy

ul l"

20+1 NV 2041

with N(A) a linear map. In order to determine N(\) we note that F € V()\) can
be written as (cf. (6.3))

TEIN-T, K
Fit) = (an (M ) ror )
271 J
dF;

so that 52(0) = F(0)(A — To)(371)~" by construction of the Hj-series (see

Remark 4.2). Now (6.12) gives
NQ) = A =To)(3T1)7'51(0) + So(0)

acting from the right on row-vectors from C+1.

By Proposition 6.1 the k-th row ((Ry,)g; (- )) o of R, is contained in V' (A, (k))
(see (6.3)). On the other hand, the k-th row of Rn is an eigenfunction of & for
the eigenvalue pi, (k) = Ap(E)kk- Since v(((Rn)rj)3L0) = (crj(n))3L, we see that
the row-vector ¢, = (cx;(n))3%, satisfies ¢z N(Ay (k) = pn(k)ck, which gives the



296 E. KOELINK, M. VAN PRUIJSSEN AND P. ROMAN

recurrence relation

i+k+n+D)i—k—n—-1(20—i+1)
(6.14) — @i+ 1) ck,i,l(n)

(i+1)%(20+i+2)
(2i+1)
= (=2n(f — k) + (20 4+ 2)(k — 20))cr.(n),

+ @G+ 1) =4l +1))cki(n) + Ch,it1(n)

with the convention ¢, _1(n) = 0. Note that ¢;,(0) = (’;) indeed satisfies (6.14).
Comparing (6.14) with the three-term recurrence relation for the Racah polyno-
mials or the corresponding contiguous relation for balanced 4 F3-series (see e.g. [2,
p. 344], [15, §1.2]) gives

(1) = —1) F. i1
ckj(n) = cro0(n)(—1) 3120+ 2); 453 1,—k—mn,—2¢ ’

and cgj(n) =0 for j > k+n.

It remains to determine the constants cgo(n), and we have already determined
their absolute values in (6.11) by matching it to the orthogonality relations for
Racah polynomials. From the three-term recurrence relation of Theorem 5.3 we
see that the constants cg;(n) are all real, so it remains to determine the sign of
cko(n). Theorem 5.3 gives a three-term recurrence for R,,(u), and taking the (k, 0)
matrix entry gives a polynomial identity in u using (6.7). Next taking the leading
coefficient gives the recursion

n+k+2 (20 — k)?

e ey iy | ALl 7 gy 7 ey ey LS ICLCOM

and plugging in cxo(n) = sgn(cro(n))|cko(n)| and using the explicit value for

leko(n)| gives

sgn(cgo(n +1))(n+1)(20+n+2)
= —sgn(cro(n))(n+k+2)(2l — k+n+1) +sgn(cpt1,0(n))(2¢ — k) (k+1).

This gives sgn(cro(n)) = sgn(ck+1,0(n)) for the right hand side to factorize as on
the left hand side, and then sgn(cgo(n + 1)) = —sgn(cko(n)). Since cxo(0) = 1, we
find sgn(cgo(n)) = (=1)™. O

Remark 6.3. Theorem 6.2 can now be plugged into the three-term recurrence
relation for R, of Theorem 5.3, and this then gives an intricate three-term re-
currence relation for Gegenbauer polynomials involving coefficients which involve
sums of two Racah polynomials. We leave this to the interested reader.
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Remark 6.4. We sketch another approach to the proof of the value of cgo(n) by
calculating the value ¢k 2¢(n) in case k +mn > 20 or ¢ p1x(n) in case k +n < 20,
For instance, in case k +n > 2¢ we have

(R ()2 = (R ()M (w)) k20 = (R (4))ie,2¢ = (R (w))20—k,0

using that M is a unipotent lower triangular matrix-valued polynomial, and the
symmetry JR,(u)J = R, (u) (see [16, §5]). Now the leading coefficient of the right
hand side can be calculated using Theorem 4.5, and combining with (6.7), the
value ¢ 2¢(n) follows. Then the recurrence (6.14) can be used to find cio(n).

87. Group-theoretic interpretation

The purpose of this section is to give a group-theoretic derivation of Theorem 3.1
complementing the analytic derivation of [16, §7]. For this we need to recall some
of the results of [16].

87.1. Group-theoretic setting of the matrix-valued
orthogonal polynomials

In this subsection we recall the construction of the matrix-valued orthogonal poly-
nomials and the corresponding weight starting from the pair (SU(2)xSU(2), SU(2))
and an SU(2)-representation T¢. Then we discuss how the differential operators
come into play and what their relation is to the matrix-valued orthogonal poly-
nomials. The goal of this section is to provide a map of the relevant differential
operators in the group setting to the relevant differential operators for the matrix-
valued orthogonal polynomials in Theorem 7.8.

Let U = SU(2) x SU(2) and K = SU(2) diagonally embedded in U. Note
that K is the set of fixed points of the involution 6 : U — U : (z,y) — (y,x).
The irreducible representations of U and K are denoted by T2 and T*, as is
explained in [16, §2]. The representation space of T* is denoted by H’, which is a
2¢ + 1-dimensional vector space. If T* occurs in T2, upon restriction to K we
defined in [16, Def. 2.2] the spherical function (1)21,62 as the T-isotypical part of
the matrix T¢+*2. Let A C U be the subgroup

eit/2 0 efit/2 0
(2 2]

and let M = Zg (A). Recall the decomposition U = KAK [13, Thm. 7.38]. The re-
stricted spherical functions @ﬁl’ 4,14 take values in End s (H ) (see [16, Prop. 2.3]).
Since Endy(H*) = C?**+1 this allows us to view the restricted spherical functions
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as being C**!-valued. The parametrization of the U-representations that con-
tain 7 indicates how to combine the restricted spherical functions. Following [16,
Fig. 3] we write (¢1,2) = {(d, h) with {(d,h) = (3(d+ €+ h),L(d+ ¢ — h)). Here
deNand h e {—¢—0+1,...,£}. We recall the definition of the full spherical
functions of type ¢ [16, Def. 4.2].

Definition 7.1. The full spherical function of type ¢ and degree d is the matrix-
valued function @4 : A — End(C%**1) whose j-th column is the restricted spherical
function ®f , with (¢1,02) = ¢(d, j).

The full spherical function of degree zero has the remarkable property of being
invertible on the subset A,eq 1= {a; | t € (0, 7)U (7, 2m)U(27, 37)U (3, 4m)}, which
was first proved by Koornwinder [17, Prop. 3.2]. The invertibility follows also from
Corollary 2.3. Let ¢ = <I>(1) /2,12 be the minimal non-trivial zonal spherical function
[16, §3]. Together with the recurrence relations for the full spherical functions
with ¢ [16, Prop. 3.1] this gives rise to the full spherical polynomials [16, Def. 4.4].

Definition 7.2. The full spherical polynomial QY : A — End(C**1) is defined
by Qg(a) = (®(a)) " ®(a).

The name “full spherical polynomial” comes from the fact that the QY are
polynomials in ¢. The full spherical polynomials QY are orthogonal with respect
to

(Q. Py = /A Qa)V'(a)P(a)da,  V*(ar) = (®h(ar))*BL(ay) sin’ ¢

(see [16, Cor. 5.7]).

In [16, §5] we studied the weight functions V* extensively. It turns out that
the matrix entries are polynomials in the function ¢, apart from the common
factor sint. Upon changing the variable z = ¢(a) we obtain the following system
of matrix-valued orthogonal polynomials.

Definition 7.3. Let R : [0,1] — End(C2?**!) be the polynomial defined by
R%(¢(a)) = Q4(a). The degree of R is d. The polynomials are orthogonal with

respect to
1

(R, Py = / R(z)W*(2)P(x) dz,

-1
where W* is defined by W*(¢(a))de = V*(a)da.

The weight W*(z) from Definition 7.3 is the same as the weight defined in
(1.1) where we have to bear in mind that the basis is parametrized differently. The
matrix-valued polynomials RY correspond to the family {Py}4>0 from Theorem 3.1
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by means of making the Rfl monic. Given a system of matrix-valued orthogonal
polynomials as in Definition 7.3 it is of great interest to see whether there are
interesting differential operators. More precisely we define the algebra D(W?¥) as
the algebra of differential operators that are self-adjoint with respect to the weight
W* and that have the RY as eigenfunctions. We define a map that associates to a
certain left invariant differential operator on the group U an element in D(W).

Before we go into the construction we observe that the spherical functions may
also be defined on the complexification A®, using Weyl’s unitary trick. Indeed, all
the representations that we consider are finite-dimensional and unitary, so they
give holomorphic representations of the complexifications U® and KC.

A great part of the constructions that we are about to consider follows Cas-
selman and Milic¢ié [6], where the differential operators act from the left. In this
section we follow this convention, except that we transpose the results at the end
in order to obtain the proof of Theorem 3.1 where the differential operators act
from the right.

Let U(u®) be the universal enveloping algebra for the complexification u® of
the Lie algebra u of the group U = SU(2) xSU(2). Let 6: U(u®) — U (u®) be the flip
on simple tensors extending the Cartan involution 6: su(2) x su(2) — su(2) xsu(2),
(X,Y) — (Y, X). Recall £ = su(2) is the fixed-point set of 6. Let U(u(c)EC denote
the subalgebra of elements that commute with €°. Let 3 denote the center of U (£°).

Lemma 7.4. U(u(c)EC 2333

Proof. From [14, Satz 2.1 and Satz 2.3] it follows that U(uC)¥ = 3 ®z@) (3®3)
where j C u® is the largest ideal of u® contained in £C. Since j = 0 the result
follows. 0

Proposition 7.5. The elements of the algebra U(uC){’C have the spherical func-
tions @51’42 as eigenfunctions. This remains true when we extend @51& to UC.

Proof. See [23, Thm. 6.1.2.3]. The second statement follows from Weyl’s unitary
trick. O

The spherical functions @gh ¢, have T*-transformation behaviour:
(7.1) OF, ¢, (kruka) = T (k1) @7, 4, ()T (k2)

for all k1,k2 € K and u € U (see [16, Def. 2.2]). Let C(A) denote the set of
continuous (C-valued) functions on A. Casselman and Mili¢ié¢ [6] define the map

,: UMW) — C(A) ® U(a®) ® End(Endy (HY))

and prove the following properties [6, Thm. 3.1, Thm. 3.3].
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Theorem 7.6. Let F': U — End(H") be a smooth function that satisfies (7.1).
Then (DF)|a = T(D)(F|a) for all D € Uu®)Y. Moreover, I, is an algebra
homomorphism.

We call IIy(D) the T* radial part of D € U(uC)PC. In particular we have

¢ ¢ ¢ ¢
(D) (@, p,14) = AD ooy 0a Py 00las ADoy e, € C.

Upon identifying Endys(H?) =2 C?**! we observe that we may view II,(D) as a
differential operator on End(C%**!)-valued functions that acts from the left. In
particular, let C(A, End(C%*1), T*%) denote the vector space generated by the ®4,
d > 0. The following lemma follows immediately from the construction.

Lemma 7.7. LetD € U(u.(c)EC be self-adjoint and consider I1y(D) as a differential
operator acting on C(A, End(C?*+1), T from the left. Then I1y(D) is self-adjoint

for (-, )ye.

Definition 7.8. Let f: U(u(C)EC — D(W*) be defined by sending D to the conju-
gation of the differential operator II,(D) by ®§ followed by changing the variable

x = ¢(a).

The map f: U(uC)EC — D(W*) is an algebra homomorphism. It gives an
abstract description of a part of D(W*). Note that f is not surjective because in
[16, Prop. 8.1] we have found a differential operator that does not commute with
some of the other differential operators in D(W*). However, the algebra U (u‘c)'?C
is commutative by Lemma 7.4.

From Lemma 7.4 we know that U(u(c)EC has ) = Q¢ ®1 and Qs = 1 ® Q¢
among its generators, where ¢ € 3 is the Casimir operator. In the following
subsection we calculate (21 + Q2) and f(Q; — Q2) explicitly. Upon transposing
and taking suitable linear combinations we find the differential operators D and E
from Theorem 3.1.

§7.2. Calculation of the Casimir operators

The goal of this subsection is to calculate f(2) and f(€’) where f is the map
described in Definition 7.8 and where Q = Qq + Qs and ' = Q1 — Q5. We proceed
in a series of six steps. (1) First we provide expressions for the Casimir operators €2
and Q" which (2) we rewrite according to the infinitesimal Cartan decomposition
defined by Casselman and Mili¢i¢ [6, §2]. These calculations are similar to those in
[23, Prop. 9.1.2.11]. (3) From this expression we can easily calculate the T*-radial
parts (see Theorem 7.6). The radial parts are differential operators on End s (H*)-
valued functions on A. At this point we see that we can extend matters to the
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complexification A€ of A as in [6, Ex. 3.7]. (4) We identify End,(H?) = C**! and
rewrite the radial parts of step (3) accordingly. (5) We conjugate these differential
operators with ®g and (6) we make a change of variables to obtain two matrix-
valued differential operators f() and f(Q'). Along the way we keep track of the
differential equations for the spherical functions. Finally we give expressions for the
eigenvalues Ag and T'y of f(Q2) and f(Q) such that the full spherical polynomials
Qq are the corresponding eigenfunctions. Following Casselman and Mili¢ié [6, §2]
the roots are considered as characters, hence written multiplicatively.

(1) First we concentrate on one factor K = SU(2), with Lie algebra ¢ and
standard Cartan subalgebra t. The complexifications are denoted by €C, €, and
we use the standard basis

O £ S W A A W (L
0 -1 2\0 0 2\1 0

for €°. The Casimir of K is given by Q¢ = 1H? + 4{E,E,1 + E,-1E.}. It
is well-known that the matrix elements of the irreducible unitary representa-
tion T of SU(2) are eigenfunctions of the Casimir operator {2 for the eigen-
value % (£% 4 () (see e.g. [13, Thm. 5.28]). The roots of the pair (¢* & €©, € @ %)
are given by R = {(a, 1), (a1, 1),(1,a),(1,a™!)}. The positive roots are cho-
sen as RT {(a,1),(1,a71)}, so that the two positive roots restrict to the
c C) which we declare positive. The corresponding root vectors

same root R(u
= (Fa,0), etc. Define

are By 1) =
E= (EOM O)(Eaflvo) + (Ea*%())(EavO)

Then we have Oy = (H,0)? + 4F and €, = 6(). In particular, the spherical
function @21762 is an eigenfunction of €; for the eigenvalue (¢ + ¢;) for i = 1,2.

We have (H,0) = 3((H,—H) + (H,H)) and (0,H) = 3((H,H) — (H,—H))
and from this we find, in U(u®),

1
2

Q=0 40 = i(H, H) + i(H, “H)? 4 4(E + 0(E)),
(7.2) ‘
O =~ 0y = J(H, ~H)(H, H) + 4(E — 6(F).

(2) Following Casselman and Mili¢i¢ [6, §2] we can express 2 and 0’ according
to the infinitesimal Cartan decomposition of U(u®). Let 8 € R and denote X g =
Es+0(Eg) € €. Denote Y@ = Ad(a™!)Y for a € A. In [6, Lemma 2.2] it is proved
that

(1 - B(a)*)Xp = B(a)(E§ — B(a)Ep)
for all @ € A,eg. This is the key identity in a straightforward but tedious calculation
to prove the following proposition, which we leave to the reader.



302 E. KOELINK, M. VAN PRUIJSSEN AND P. ROMAN

Proposition 7.9. Let a € Aoy and 8 € RY. Then

(7.3) Q= %((H, —H)?+ (H, H)?)
2

~ BT Ay VKAXE + X XG o+ Xp X 4 X X
1 B(a) + B(a)~!

—(B(a) + Bla) ) (XGXp-1 + X5 Xp)} + 1 W(H, —H),

and
,_ 1 B 1 B(a) + B(a) !
(7.4) QO = 8(H,H)(H7 H)+4ﬂ(a)—ﬂ(a)*1(H’H)
+#(X571X5—X5X5_1).

Bla) = Bla)!

The calculation of (7.3) is completely analogous to that of [23, Prop. 9.1.2.11]
and it is clear that (7.3) is invariant under interchanging 8 and 3~!. The expression
in (7.4) is also invariant under interchanging 8 and ~! although it is less clear
in this case. In either case the expressions (7.3) and (7.4) do not depend on the
choice of B € RT.

(3) Following Casselman and Mili¢ié¢ [6, §3] we calculate the T*-radial parts
of Q and . This is a matter of applying the map II; from Theorem 7.6 to the
expressions (7.3) and (7.4). At the same time we note that the coefficients in (7.3)
and (7.4) are analytic functions on A,eg. They extend to meromorphic functions
on the complexification A® of A which we identify with C* using the map

a:C* = A% w alw) = ((1(1)) w(il)’ (w(gl S)))

Under this isomorphism the differential operator (H,—H) translates to w%. To

see this let g : A® — C be holomorphic and consider (H, —H)g(a(w)), which is
equal to

(t = Hgta(w) = { Gotale'n))} = wi(goam)

w

Following [6], [23] we find the following expressions for the T*-radial parts of
e 1 d\> 1w4+w? d 1
(7.5) mm:m@mJ 1w w20 " 16
2
C(w? —w—
+ o T (E)T (Ey-1) + T (E,-1)TH(E,) }
w? + w2

+ 2m{T€(Ea) ¢ T (Ep1) + T (Eq-1) « T'(Ey)},

772 {TYEo)T (Ey-1)e + T (Ey-1)T(Ey)e
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and
fol 0 d 1w2+w*2 y)
2
g (T (Bat) o T (Ba) + T (Ea) o T (Ba)}

where the bullet (o) indicates where to put the restricted spherical function. The
matrices T¢(E,) and T'(H) are easily calculated in the basis of weight vectors.
Note that T*(E,-1) = JT*(E,)J. We give the entries of T*(E,) in the proof of
Lemma 7.11.

The following proposition is a direct consequence of Theorem 7.6 and Propo-
sition 7.5.

Proposition 7.10. The restricted spherical functions are eigenfunctions of the
radial parts of Q and €V,
1
T (Q)(85 % ac) = S + 01+ 63+ ) 2(" e,
1
I () (25" ac) = 5 (6 + 0 = 63 — L))" e

(4) The spherical functions @517 ¢, Testricted to the torus AT take their values
in Endys(H*), which is a 2¢ + 1-dimensional vector space. We identify

Endy (HY) — C**1 .Y s YUP

to obtain functions (@517132 | ac)"P. The reason for putting the diagonals up is that
we want to write the differential operators as differential operators with coefficients
in the function algebra on A with values in End(C?**!), instead of the way I1,(f)
and I1,(Q') are defined. The differential operators that are conjugated to act on
C?"*'valued functions are also denoted by (-)"P. The differential operators (7.5)
and (7.6) that are defined on End s (H*)-valued functions conjugate to differential
operators I1,(€2)" and II,(Q)"? on C**!-valued functions. All the terms except
for the last ones in (7.5) and (7.6) transform straightforwardly.

Lemma 7.11. The linear isomorphism Endy (H') — C2*!1 : D s D" con-
jugates the linear map Endy (H') — Endp (HY) : D — TYEL)DT!(E,-1) to
C24+1 — C2+L . DYy O*DYP, where C* € End(C2*1Y) is the matriz given by

1 . ) '
Cﬁ,j = 1(5‘*‘])(5—] +1)0j_p1, £<p,j<L.

Likewise, D v T*(E,-1)DT*(E,) transforms to D"° s JC*JD"P where J is the
anti-diagonal defined by Jij = 0; —; with —€ < 1,5 < {.
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Proof. Working with the normalized weight basis as in [17, §1] we see that T*(E,)
is the matrix given by

TY(EL)ij = 6101

C+it1 [(C—i—2)N+i+2)!
2 (—i—DI+it1)

and TY(E,-1) = JT*(E,)J. The lemma follows from elementary manipulations.
O

We collect the expressions for the conjugation of the differential operators
(7.5) and (7.6) by the linear map Y — Y"P where we have used Lemma 7.11:

1 2 1w+ w? 1
(7.7 TI(Q + Q)™ = (d) wtw ¢

_ _ - el e 24 2
~ 16\ Vdw 1w 02w T 160 H)
4
~ (L BT (Ba) + T (Ba- )T (Ba)
2 -2
T S o EueY

(w — w7

2 0 4

w2

The differential operators (7.7) and (7.8) also act on the full spherical func-
tions <I>fl’t. Collecting the eigenvalues of the columns in <I>§’t in diagonal matrices
we obtain the following differential equations:

(79) H@(Ql + QQ)up(I)d = (I)dAd;
(7.10) (Q1 — Q22)P 0y = Bl

where (Ag)p; = 0, (d* + 52 +2d(0+ 1)+ £((+2)) and (Tq)p; = 30,;i((+d+1).
For further reference we write

d? d
(7.11) IT (2 + Q2)"P = ag(w)w + al(w)% + ap(w),
(712) H[(Ql - QQ)up = bl (’LU)% + bo(u))

(5) Recall from Definition 7.1 that the full spherical polynomials Qf;’t are ob-
tained from the full spherical functions <I>f;’t via Qz’t = (q)g’t)_lfbg’t. We conjugate
the differential operators (7.7) and (7.8) with ®y to obtain differential operators
for which the polynomials Q)4 are eigenfunctions. We need a technical lemma.
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Lemma 7.12. Let o’ : C* — End(C2*1) be defined by o' (w) = £(w?+w=2)[+S5*
where S* is defined by (S*),; = —( — §)0p—j1 — (£ + j)3;—p1. Then

(7.13) %w(w2 - w*‘l)%@gvf(w) — % (w)ot (w).

3

Let vt : C* — End(C*T) be defined by v'(w) = § 4 (12%’4 Uliag +UL,), where

(Uléu)i,j = (—-20+ 2j)6i7j+1 + (20 + 2_]')(51‘4_17]‘ and (Ugiag ij = —210;;. Then

(7.14) bi(w) @y (a(w)) = 85" (a(w))v’ (w).
Proof. The matrix coefficients of ®§"(a(w)) are given by

(715)  (®5 (a(w)))yy = (¢ j)!(€+j()2!é)€!p)!(€+p)!

min(¢—p,£—j) whr—2e+2p+2j

r"l—p—n)l—j—r)l(p+j+r)

X

r=max(0,~p—j)

(see [17, Prop. 3.2]). The matrix-valued function b;(w) is equal to the constant
matrix %T * where T*(H )ij = 20;5j. We can now express the matrix coefficients of
the matrices in (7.13) and (7.14) as Laurent polynomials in the variable w, and
comparing coefficients of these polynomials shows that the equalities hold. O

Definition 7.13. Define Q, = (®5°)~! o II,(Q)™ o &' and A, = (®5) 1 o
T ()% o 0.

Theorem 7.14. The differential operators 0y and A, are given by

1/ d\* 1 s o g wd
d
(717) Ag = ve(w)% + Fo.

Proof. This is a straightforward calculation using the expressions (7.11) and (7.12),
bearing in mind that the coefficients are matrix-valued. In both calculations the
difficult parts are taken care of by Lemma 7.12. O

(6) The elementary zonal spherical function @é/ 21/2 i3 denoted by ¢ and

we have ¢(a(w)) = §(w? + w™?). In this final step we note that the differential
operators €y and A, are invariant under the maps w — —w and w — w™!. This
shows that the differential operators can be pushed forward by ¢ o a to obtain
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differential operators on C in the coordinate z = ¢(a(w)). Using the identities
d 2 /
d*(hWb)( w) = (w* —w™?)h'($(w)),

(dd) (ho §)(w) = (w* —w 22" ($(a(w))) +2(w + w2 (Bla(w))) and
(w? = 4(6(a(w))* - 1)

we transform (7.16) and (7.17) into

~ 1 d\?> 1 d
1 Q==(z2-1(— - i g
(7.18) 0= 1)(dz> +{2043)2 4+ 8%+ Ay,
~ 1 d
(7.19) A= g(2,zU§iag + Ufjl)% +Tg.

Recall that the End(C2+!)-valued polynomials Ry’ are defined by pushing
forward the End(C2*+1)-valued functions Q4 by ¢ o a (see Definition 7.3).

Theorem 7.15. The members of the family {Rz’t}dzo of End(C**+1)-valued poly-
nomials of degree d are eigenfunctions of the differential operators ﬁ; and Kg with
eigenvalues Ag and Ty respecively. The transposed differential operators (@)t and
(Ar)* satisfy

— - 2 .
—4(Q) +2(? +0) =D, —Z(Ae)t —((+1)=E,
where D and E are defined in Theorem 3.1.

Proof. The only things that need proofs are the equalities of the differential op-
erators. These follow easily upon comparing coefficients where one has to bear in
mind the different labeling of the matrices involved in the two cases. O

Note that the differential operators D and Q are invariant under conjugation
by the matrix J, where J; ; = §; _;. The differential operator A, is anti-invariant
for this conjugation. The differential operator E does not have this nice property.

Appendix A. Proof of Theorem 2.1

The purpose of this appendix is to prove the LDU-decomposition of Theorem 2.1.
We prove instead the equivalent Proposition 2.2, and we start by proving Lem-
ma 2.7.

Note that the integral in Lemma 2.7 is zero by (2.2) in case t > m, since

C’r(,fj,i)(x)Un+m_2t(x) is a polynomial of degree n +2m — k — 2t <n — k.
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In the remaining case we use the following well-known connection and lin-
earization formulas for Gegenbauer polynomials (see e.g. [2, Thm. 6.8.2], [12,
Thm. 9.2.1]):

[n/2]
D — N~ = Br(Vnk (ﬂ+n2k> ()
On (‘T) kzzo k"(ﬁ + 1)n7k 6 Cn—Qk('r)a

mAn

B (n+m—2k+a)(n+m—2k)!(a)
() = Z (n+m—k+a)k! .

(A1) ) (z)C()

m

k=0

(@) n—k () m—k(20) ntm—k (a) (z)
(n — k)l (m — k) () ntm—k(20)n+m—2k me 2R
Proof of Lemma 2.7. We only sketch the proof, so that the reader can easily fill
in the details. Calculating the product of two Gegenbauer polynomials as a sum
using the linearization formula of (A.1) and expanding the Chebyshev polynomial
Untm—2t(z) = ’fi‘szzt(‘r) in terms of Chebyshev polynomials with parameter
k 4+ 1 using the linearization formula of (A.1), we can rewrite the integral as a
double sum with an integral of Chebyshev polynomials that can be evaluated
using the orthogonality relations (2.2) reducing the integral of Lemma 2.7 to the
single sum
min(t,m—k)
m4n—k+1—2r(k+1),(k+1)p—p—r(k+1)m_p—_r
m+n—k+1—r rim—k—nr)l(n—Fk—r)!

(2k —+ 2)m+n,2k,7~(—k)k+r,t(n +m—-t— k — 7’)' ﬁf(/ﬂ + 3/2)
(k+ Dman—ok—r(k =t +r)(k+2)pntmrt—r—r (E+1)I(k+1)

r=max(0,t—k)

Assume for the moment that k > ¢, so the sum is > ™5™ ) Then this sum can

be written as a very-well-poised 7 Fg-series

\/7?1‘(13 + 3/2) (k4 1)m—t (/4; + 1)n—k: (2k 4+ 2)man—ok (_k)k—t (n+m—t— k)!
(k+1)r(k+1) (mik)' (nik)' (k+1)m+n—2k (kft)' (k+2)n+m—t—k
F(é(kanrl),kJrl,km,kn,kmn1,t,tmn1 )
7416 5

%(k—mfn—1),fm,—n,fmfnfl,k—tJrl,fn—erkth ’

Using Whipple’s transformation [2, Thm. 3.4.4], [4, §4.3] of a very-well-poised
7 Fg-series to a balanced 4 F3-series, we find that the 7 Fg-series can be written as
(k—m—mn)(—t): —kk+1,—-t,t—m-n-—1

4F3 1.
(k—t+1)(—m—n—1) —n,—m, 1

Simplifying the shifted factorials and recalling the definition of the Racah polyno-
mials (2.5) in terms of a balanced 4 F5-series gives the result in case k > t.
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In case k£ < t we have to relabel the sum, which turns out again to be a
very-well-poised 7Fg-series which can be transformed to a balanced 4F35-series.
The resulting balanced 4F3-series is not a Racah polynomial as in the statement
of Lemma 2.7, but it can be transformed to a Racah polynomial using Whip-
ple’s transformation for balanced 4F3-series [2, Thm. 3.3.3]. Keeping track of the
constants proves Lemma 2.7 in this case. L]

As remarked in Section 2, Theorem 2.1 follows from Proposition 2.2. In order
to prove Proposition 2.2 we assume oy (m, n) to be known (see (1.1)) and we will
find Bi(m,n). Given the explicit a;(m,n), multiplying by V1 — 22 Uy ypm_o:(2)
and integrating we find, from Lemma 2.7,

(A.2) a(m,n) Zﬂk m,n)Cr(m,n)Rk(A(t);0,0,—m —1,—n —1)
k=0
where
VID(k+3/2) (k+ Vmek (k+1)p—k (=1)*(2k + 2)1min_ok(k + 1)!
(k+1) (m—k)! (n—k)! (n+m+1)!
Using the orthogonality relations for the Racah polynomials (see [2, p. 344], [15,
§1.2]),

Cr(m,n) =

D (mA+n+1—26)Re(A(£);0,0,—m — 1,—n — 1)Ry(A(£);0,0, —m — 1, —n — 1)
t=0

(n+1(m+1) (m+2)k(n+2)k
2k +1 (=m)p(=n)p

we find the following explicit expression for S (m,n):

= gyl

1 2k +1 (—m)r(—n)g

(A.3) Br(m,n) = Cr(m,n) (n+1)(m+1) (m+2)x(n+2)

xS (m+n+1—26)Re(A(1);0,0, —m — 1, —n — 1)at(m,n)g
t=0
Now Proposition 2.2, and hence Theorem 2.1, follows from the following summa-
tion and simplifying the result.

Lemma A.1. For/{ e %N, n,m,k € N with 0 < k <m <n we have

i n—%mt(%JrZ—t)t

(n+2) 7l (m+n+1-=2t)R(A(£);0,0,—m —1,—n — 1)
m—t .

t=0
_ 1 m+k(2€+k+1)! (2£—k>' n+1
= (-1) (20 +1)! m!(20 — m)!
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Proof. Start with the left hand side and insert the 4F3-series for the Racah poly-
nomial and interchange summations to find

k m
(=k)j(k+1); (n—20 . (m1=n—m),
;j!j!(*m)j(*n)j (n+2)m ;(_1) (20—n—m+1)
20— 1),
y %

Relabeling the inner sum ¢ = j + p shows that the inner sum equals

(=) (m+n+1-2t)(=t),;(t —m—n—1);.

(=1—n—m)y
(2€—n—m+1)j
m—j

X

(—1)

(—20—-1);(14+m+n—2j)

(-1=n—m+j), (=20—1+7),
(20 —n—m+1+yj), p!

p=0
Xu+§@1—m—n+%»ppi—m—n+m%
(%(—l—m—n—i—Qj))p (=1=m—n+j)

G=m)p(G—")p , the

and the sum over p is a hypergeometric sum. On multiplying by G=m)G=n)
D P

sum can be written as a very-well-poised 5 Fj-series

P 1—|—%(—1—m—n+2j),—1—m—n+2j,—1—2€+j,j—m,j—n.1
o i(-1-m-n+2j),20—n—m+j+1,j—nj—m '
(—m—n—|—2j)m_j (—m—|—1—|—2€)m_]

(—m—n+j+1420,_; (—m+j)m_j

by the terminating Rogers—Dougall summation formula [4, §4.4].
Simplifying shows that the left hand side of the lemma is equal to the single

sum
(n—20), (—n —m)m, (20+1—m)p,
— (1™ 1
(n+2)m( )" (ntm+ )(2€—n—m—|—1)m m!
k
—k). 1), (=20 — 1),
% Z ( k/’)J.('kf"" )J ( K% )J7
= Y (=20);
which can be summed by the Pfaff-Saalschiitz summation [2, Thm. 2.2.6], [12,
(1.4.5)]. This proves the lemma after some simplifications. O

Appendix B. Moments

In this appendix we give an explicit sum for the generalized moments for W. By
the explicit expression
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U (x) = (r+1)2F1<_7“’7“+2. 1—%)

3/2 7 2
we find

[1(1 —z)"Up(2)V1 — 2% dx

B (=m)k(r +2)k o kon I'(n+k+3/2)T(3/2)
_(r+1)k2207k!(3/2)k 9—konth-+2 RS T

I'(n+3/2)I'(3/2) —r,r+2,n+3/2
= 1)2n+? F ’ ’ i1
(r+1) 7200 3243

I(
= (r+1)2"*2
ey (n+3),
using the beta-integral in the first equality and the Pfaff—Saalschiitz summation
[2, Thm. 2.2.6], [12, (1.4.5)] in the last equality. For m < n, the explicit expression
(1.1) gives the following generalized moments:

(B.1) (1 — 2)PW (2) iy daz = 2PT2

1 I(p+3) n+1 (20)!

/1 L(p+3/2)['(3/2) 2¢+1 (20 — m)!m!

(_p)n+m72t
(p + 3)n+m—2t

x 2(1)"” ((n = 20m—: (2042 1); (n+m—2t+1)

n—+ Q)m—t t!
Addendum

In the remark following Theorem 6.2 we state that L(x) does not seem to have a
nice expression. Tom Koornwinder has pointed out to us the following. First, the
inverse of L(x) can be explicitly given by

(3 i .
—1 P Z(Z+j) (—1) . .
(L7 (2))i; = Wq’—j (x), >4,
in terms of Gegenbauer polynomials (with negative parameter) with the convention
C(()O)(z) = 1. This follows from the following more general identity communicated
to us by Koornwinder:

kA (atka ko
> P @) R T Y @) = G0
k=0

where P\ )(a:) denotes the Jacobi polynomial. The inverse of L follows by taking
135

25959
the case o € N of the more general identity of Koornwinder.

a= .. A closely related result is Theorem 3.2 of [5], which follows from
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