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Transcendental Kahler Cohomology Classes

by

Dan Poprovicl

Abstract

Associated with a real, smooth, d-closed (1, 1)-form « of possibly non-rational de Rham
cohomology class on a compact complex manifold X is a sequence of asymptotically
holomorphic complex line bundles Ly on X equipped with (0, 1)-connections . for which
07 # 0. Their study was begun in the thesis of L. Laeng. We propose in this non-
integrable context a substitute for Hormander’s familiar L?-estimates of the d-equation
of the integrable case that is based on analysing the spectra of the Laplace—Beltrami
operators A} associated with ). Global approximately holomorphic peak sections of Ly,
are constructed as a counterpart to Tian’s holomorphic peak sections of the integral-
class case. Two applications are then obtained when « is strictly positive: a Kodaira-
type approximately holomorphic projective embedding theorem and a Tian-type almost-
isometry theorem for compact Kéahler, possibly non-projective, manifolds. Unlike similar
results in the literature for symplectic forms of integral classes, the peculiarity of « lies
in its transcendental class. This approach will be hopefully continued in future work by
relaxing the positivity assumption on «.
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81. Introduction

Let X be a compact complex manifold, dim¢ X = n. Fix an arbitrary Hermitian
metric w on X (which will be identified throughout with the corresponding C'*°
positive-definite (1, 1)-form on X). Let a be any real C* d-closed (1, 1)-form on X.
Thus its de Rham cohomology 2-class {a} € H3x(X,R) may be a transcendental
(i.e. non-rational) class.

For every ¢ = 0,...,n, denote as in [Dem85a] by X (¢, ¢) C X the open subset
of points z € X such that « has ¢ negative and n — g positive eigenvalues (counted
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with multiplicities) at z. Set X(a, <1) := X(a,0) U X(a,1). When {a} is an
integral class (i.e. {a} is the first Chern class ¢;(L) of a holomorphic line bundle
L on X), it follows from Demailly’s holomorphic Morse inequalities [Dem85al
that the (a priori very weak) positivity assumption [ X(@,<1) a™ > 0 suffices to
guarantee that L is big. Moreover, it is well known that the first Chern class of
any big holomorphic line bundle L — X contains a Kahler current T (i.e. a d-closed
(1,1)-current T such that T > dw on X for some constant § > 0).

On the other hand, the existence of a Kahler current (possibly of transcenden-
tal class) on X is equivalent, thanks to [DP04], to X being a class € manifold (i.e.
bimeromorphically equivalent to a compact Kéhler manifold). Thus extending to
arbitrary classes {a} the (by now) classical results for integral classes alluded to
above is of the utmost importance in the study of the geometry of X. In this paper
we make the first moves towards an eventual resolution of Demailly’s conjecture
on transcendental Morse inequalities.

Conjecture 1.1 (Demailly). Let « be any real O d-closed (1,1)-form on X of
arbitrary (i.e. possibly non-rational) cohomology class {a} € H3x (X, R). If

(1) / ot >0,
X (a,<1)

then there exists a Kdhler current in the class {a}.

In view of the results we have obtained in [Pop08] and [Pop09], this conjecture
of Demailly is the last missing link in a (hopefully forthcoming, but still elusive)
resolution of the following long-conjectured fact.

Conjecture 1.2 (standard). Suppose that in a complex analytic family of com-
pact complex manifolds (Xi)ien over the unit disc A C C the fibre Xy is Kdhler
for every t € A\ {0}. Then X is a class C manifold.

The results we obtain in this paper build on earlier work by L. Laeng [Lae02]
whose set-up and main result we now summarise. They will serve as the starting
point of the present work.

§1.1. Setting considered by L. Laeng in [Lae02]

By [Lae02, Théoreme 1.3, p. 57], one can find an infinite subset S C N* (that
will be assumed without loss of generality to be N*) and a sequence (ag)ges of
real C* d-closed 2-forms (in general not of type (1,1)) on X such that

. . C
() () {an} € HEp(X,2), (i) flax — kallow < e forall ke S,
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where C' > 0 is a constant independent of k£ but depending on X, and by :=
dimg H3x (X, R) denotes the second Betti number of X. Here and throughout,
the symbol || ||c= means that the stated estimate holds in every C'-norm with a
constant C' = C; > 0 depending on | € N (but not on k). Thus the notation used
in part (ii) of (2) is shorthand for

low — kallcr < % for all k € S and all [ € N.

It is clear that if ay, = ai’o + oz,le’l + 042’2 denotes the splitting of «y, into pure-type

components, we have
C C
. 1,1 " 0,2
(3) (1) llay —kalce < T (i) flap e~ < T forall k € S.

In particular, ozi"l (as well as ay; ) comes arbitrarily close to ko, while ag’Q converges
to zero in the C*°-topology when k — co.

Since the classes {ay} are integral, there exists for every k € S a Hermi-
tian C*° (in general not holomorphic) complex line bundle (L, hy) — X carrying
a Hermitian connection Dy, of curvature iD% = ay. In particular ¢;(Ly) = {ax}.
The complex structure of X induces a splitting of D}, into components ), and Oy
of respective types (1,0) and (0, 1):

Dy =0 + 51@7
for which one clearly has
(4) O} = —2mia)® and OOk + OOk = —2micy".

In particular, 92 # 0 (i.e. 9y, is a non-integrable connection of type (0,1) on Ly)
if L is not holomorphic. This means that, even locally, L; may admit no holo-
morphic sections, as ker J; need not contain any non-trivial elements. However,
combined with (ii) of (3), the first part of (4) shows that although the line bundle
Ly, is non-holomorphic, it comes arbitrarily close to being holomorphic as k — oc.
The sequence of asymptotically holomorphic line bundles (L )res will play a major
role in what follows.

(In the classical case when {a} = ¢;(L) is an integral class, one can of course
choose ay, = ko and Ly, = LF is then a genuine holomorphic line bundle in which

Or = 0 is integrable, i.e. 97 = 0. However, the non-integrable case is of concern
here.)

§1.2. Results of L. Laeng [Lae02]

One of the main problems considered in [Lae02] was to find a suitable notion
of approximately holomorphic sections of the approximately holomorphic line
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bundles Lj. Various such notions have been put forward by a number of authors
in similar (though not identical) situations (e.g. Donaldson in [Don90] where sec-
tions of some vector bundle E lying in the kernel of D := 8% + 9} are considered;
Donaldson in [Don96] where Gaussian sections in the local flat model are used
to construct global approximately holomorphic sections; Shiffman and Zelditch in
[SZ02] where the Boutet de Monvel-Sj6strand [BS76] and the Boutet de Monvel-
Guillemin [BG81] methods are used on a suitable circle bundle to construct a
pseudodifferential operator Dy replacing the standard 0, of the integrable case; Ma
and Marinescu in [MMO02] where the spin® Dirac operator is used and in [MMOS]
where the asymptotics of projections onto eigenspaces of low-lying eigenvalues is
established; Borthwick and Uribe in [BU0O], etc.).

However, all the works mentioned above share a common, very strong hypoth-
esis that we would like to dispense with: the curvature form of the line bundle in
whose high tensor powers approximately holomorphic sections are constructed is
supposed to be non-degenerate (i.e. a symplectic form). The Boutet de Monvel-
Sjostrand theory [BST76] relies heavily on the non-degeneracy assumption and no
version of it in the degenerate case is known.

As far as we are aware, the only attempt at tackling the non-integrable, de-
generate case (i.e. where the initial closed 2-form « does not have rational class
and may degenerate at certain points of X) was made in the thesis of L. Laeng
[Lae02] whose main result we now recall.

In the setting described in §1.1, the anti-holomorphic Laplace-Beltrami oper-
ator acting in bi-degree (0,0) (i.e. on C* sections of Ly)

=00 : C®(X, L) — C™(X, L)

may have trivial kernel, but the direct sum of its eigenspaces corresponding to small
eigenvalues is a natural substitute thereof. Thus Laeng put forward the following
space of sections (cf. [Lae02, Propriété 4.5, p. 92]).

Definition 1.3. For every k € S (= N*), let

._ 0,0 S
He= P Ey(n) € C=(X, Ly),
pu<C/ki+e

where E&z (p) stands for the eigenspace of A} in bi-degree (0,0) corresponding to
the eigenvalue p, € is any constant such that 0 < € < 2/by (where by = by(X) =
dimg H?(X,R) is the second Betti number of X) and C' > 0 is an arbitrary
constant.

The spaces H}, are not uniquely or even canonically associated with {a} since
there is no privileged choice of rational classes (1/k){ax} in H3z(X,R) approx-
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imating {a}. The C* sections of Ly belonging to the space Hy will be termed
approximately holomorphic sections of Ly by virtue of their satisfying the following
obvious property (cf. [Lae02, p. 92]).

Lemma 1.4. For every k € S and every section s € Hy, we have
() 18ks]1* < ewlls|l?,

where gy, := C/k'T¢ and || - || denotes the L?>-norm defined by w and hy on any
space Cpo (X, Li).

Proof. If {{-,-)) denotes the L? scalar product induced by w and hj on any space
Cpo (X, L), for every s € Hj, we have

15s]” = (As, ) < exlls]|?
by the definition of Hj. O

The main result of Laeng is the following asymptotic growth estimate of the
dimension of Hj which provides the non-integrable analogue of the key estimate
in Demailly’s holomorphic Morse inequalities [Dem85a].

Theorem 1.5 (Théoréme 4.4. in [Lae02]). We have

n!
liminf -— di > ",
© Jmigh o dme%> o
In particular, if we assume fX(a <1) a™ > 0 (Demailly’s hypothesis in [Dem85a)),
then dime 3y, has mazimal growth rate (i.e. O(k™)) as k — oo.

Thus Theorem 1.5 shows that the asymptotically holomorphic line bundles Ly
for which one has singled out spaces of approximately holomorphic sections
display in the non-integrable context a property analogous to the familiar notion
of big holomorphic line bundle of the integrable context.

The underlying idea in this approach to Demailly’s conjecture on transcenden-
tal Morse inequalities is to manufacture the desired Kéhler current in the class {a}
by modifying in the same class a positive current obtained as a limit of currents
explicitly constructed from approximately holomorphic sections of the approxi-
mately holomorphic line bundles Ly. If (o4 ;)o<i<n, (where Ny +1 := dim¢ Hy) is
an orthonormal basis of Hy, it is natural to consider the closed (1, 1)-currents T}
(cohomologous to a) on X defined by

. Nk
7 —
Ty = a+ —001 2 = N*
(7) ’ a+2ﬁkaaogl§|ak,z\hk, kes (=N,
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where at every point z € X we denote by |0y ;(2)|n, the hx-norm of oy ;(2) € (Li).
(see [Lae02, pp. 92-100] where an extra ¢y, is inserted to enable the calculations).
Since the sections o0y,; are not holomorphic, each current T; may have a negative
part. Moreover, the L?-estimate (5) which makes precise the sense in which sections
in Hy, are approximately holomorphic falls far short of what is needed to control
the negative parts of these currents. To obtain such a control, pointwise estimates
of the sections o},; and their derivatives of order < 2 are needed. We need to be
able to either produce sections of L that are approximately holomorphic in a
sense much stronger than L2, or to get a far better grip on the existing sections
making up the space Hy. This is where the work of [Lae02] comes to an end and
new ingredients are needed.

81.3. Results obtained in this paper

We propose in this paper a method of constructing global C'*° approximately holo-
morphic peak sections of Ly, by a careful analysis of the spectrum and (lack of) com-
mutation properties of the anti-holomorphic Laplace-Beltrami operator A} of L.
The familiar L? techniques of the integrable case based on resolutions of the 0-
operator are inapplicable in our case where 5,3 # 0 (hence dj-exact forms need not
even be Jj-closed). Thus Oy, is replaced in this approach by A/ as the main object
of study. The starting point is a Weitzenbock-type formula for non-holomorphic
vector bundles that essentially appears in [Lae02]. We only very slightly simplify
it in Section 2.

Having fixed an arbitrary point = € X, the construction of an approximately
holomorphic peak section at x will proceed in two stages. First, a local peak section
is constructed on a neighbourhood of x as a Gaussian section lying in the kernel
of a coupled J-operator Oy 4 := 5—1—142’1 defined by an appropriate (0, 1)-form A%l
coming from the curvature 2-form ay of Lj. This local construction, performed in
§3.1, has been inspired by Donaldson’s approach in [Don96]. Second, we extend the
local section v to a global C*° section Av of Ly by multiplying by a cut-off function 6
and then we take the orthogonal projection sy of this extension onto the space Hy.
This is tantamount to correcting s := 6v to an approximately holomorphic global
section sp, of L by subtracting its orthogonal projection s,; onto the orthogonal
complement of Hy in C°(X, Ly). We are faced with the challenge of estimating
(for example in L2-norm over X and in a stronger norm on a neighbourhood
of ) the correction s, in terms of Jys. This is done (cf. Proposition 3.5) for an
arbitrary global section s € C*°(X, L) in §3.2 which is the heart of the paper.
When a > 0, the global L?-estimate obtained is

C -
l|$nnll* < EHakSHz, k> 1.
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A refined local estimate is then obtained in §3.3 in a neighbourhood of z when s
is the extension of the local Gaussian section of §3.1.

We then go on to give two applications of the approximately holomorphic
peak sections in the special case when o > 0 on X (i.e. o is a K&hler metric). This
(rather strong positivity) assumption will be removed in future work, but there
are already some interesting features in this most basic case.

The first application is an approximately holomorphic Kodaira-type projective
embedding theorem for compact Kéhler manifolds (see Theorem 4.1 for a more
precise statement).

Theorem 1.6. Let X be a compact Kdihler (possibly non-projective) manifold.
Pick any Kahler metric o (possibly of non-rational class) on X and a choice of
spaces Hy, (k € S C N*) for {a}. Then the Kodaira-type map

D), X — PN
associated with Hy, is everywhere defined and an embedding for k large enough.

Similar statements have been proved by various authors (e.g. [SZ02]) for sym-
plectic forms of integral classes. The novelty of our result lies in allowing for the
class {a} to be transcendental.

The other application, an approximately holomorphic analogue of Tian’s al-
most isometry theorem [Tia90, Theorem A], can be stated as follows (see Theorem
5.1 for a more precise statement).

Theorem 1.7. The assumptions are those of Theorem 1.6.
(a) The (1,1)-current Ty := a + 5700 log ZZ\Q‘O lokl7, defined in (7) converges
to a in the C?-topology as k — oo.

(b) If wb(f;) denotes the Fubini-Study metric of PN* and ®y, is the embedding of
Theorem 1.6, then (1/k)<1>’,§wlgks) converges to o in the C?-topology as k — 0.

The natural question arising is whether the above C?-norm convergences can
be improved to C'*°-topology convergences and, moreover, whether there exists
an asymptotic expansion for the Bergman kernel function 7 |0y |7 that would
parallel Zelditch’s results of [Zel98]. Given the non-degeneracy assumption on «,
this is likely but the approach would be probably different to the one based on
approximately holomorphic peak sections that we have undertaken here. However,
in our view, the present approach has the advantage of lending itself to generali-
sations when « is allowed to degenerate. This far more general situation that one
faces in tackling Demailly’s conjecture on transcendental Morse inequalities will
be taken up in future work.
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The global approximately holomorphic peak sections of Lj constructed in
Section 3 provide a non-integrable analogue to Tian’s holomorphic peak sections
of [Tia90]. While in the case of an ample holomorphic line bundle treated in [Tia90]
the Kodaira Embedding Theorem was already available, we show in Section 4 that
its standard proof can be imitated in the present non-integrable context using our
peak sections. Finally, the proof of Theorem 1.7 is spelt out in Section 5 along
the lines of Tian’s proof of his holomorphic case result with an emphasis on the
handling of the extra derivatives peculiar to the approximately holomorphic case
at hand.

§2. Preliminaries

We collect here a few essentially known facts about the Bochner—Kodaira—Nakano
and Weitzenbock identities for not necessarily holomorphic vector bundles on pos-
sibly non-K&hler compact complex manifolds that we arrange in a form that will be
useful to us in the subsequent sections. The references are [Gri66], [Dem85b] (the
non-Kéhler case), [Lae02] (the non-holomorphic bundle case) and [Don90] (whose
straightforward approach in the almost Kahler situation inspired the presentation
in §2.1 and §2.2). This section also fixes the notation for the rest of the paper.

§2.1. Weitzenbock formula: the non-integrable case

Let (E,hg,Dg) — (X,w) be a complex Hermitian C*° vector bundle (ranke E =
r > 1) equipped with a Hermitian connection D over a complex Hermitian man-
ifold (dim¢ X = n). One denotes by

DEzaE—l—éE and d:8+5

the splittings into (1,0) and (0,1)-type components of Dg (acting on E-valued
forms) and respectively d (the Poincaré differential operator acting on scalar-
valued forms of X) with respect to the complex structure of X. Note that in
the general case when FE is not holomorphic, we have

3% = O(E)*? £,

where ©(E)%? denotes the (0, 2)-component of the curvature form of (E, hg). Thus
Jg is a non-integrable connection of type (0,1) when E is non-holomorphic.
For all p,q =0,...,n, one considers the Laplace-Beltrami operators

Ay = 0pdf + 050E : C;f’q(X, E) — C;f;(X, E)  (hence Ay = [0g, %))
and

A = 00 + 050E Cy (X, E) = Cx5(X,E)  (hence A% = [0g,0%])
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acting on spaces of E-valued C* (p,q)-forms. (As usual, we use the notation
[A, B] := AB — (—1)®*BA for operators of degrees deg(A) = a and deg(B) = b on
the graded algebra C*°(X, E).)

If A = A, denotes the formal adjoint (with respect to w) of the multiplication
operator L = L, := w A -, one considers (cf. [Dem85b]) the following torsion
operator associated with the Hermitian metric w on X:

T:=[A, Ow].

It is clear that 7 is an operator of order zero and bi-degree (1,0). The metric w is
Kéhler if and only if 7 = 0.

The Bochner-Kodaira—Nakano identity for holomorphic vector bundles E was
extended to the case of a Hermitian (possibly non-Ké&hler) metric w by Griffiths in
[Gri66] and in a more precise form by Demailly in [Dem85b]. It was later further
extended to the case of a possibly non-holomorphic C* vector bundle E by Laeng
in [Lae02] in the following form.

Bochner—Kodaira—Nakano identity.

(8) b= A0f, +[0(E)" Al + T,

as operators acting on Cp% (X, E) (for any p,q=0,...,n), where
Be =0+ T1,05+7]:CyUX,E) = C (X, E)

is the torsion-twisted version of A%z (and clearly a non-negative formally self-
adjoint elliptic operator of order two) and

T, := [A,[A, Li0dw]] — [Ow, (0w)*] : CZ (X, E) — CZ,(X, E)

is a zero-order operator that vanishes if w is Kdihler, while i©(E)Y1 denotes the
(1,1)-component of the curvature form of (E, hg) (which is not of type (1,1) when
E is not holomorphic).

To derive a Weitzenbock-type formula for E-valued (0, g)-forms in this gen-
eral setting, one follows the usual route. For every ¢ = 1,...,n, set Q%’q =
A%9T*X ® E. This complex C> vector bundle has a natural Hermitian metric

induced by w and hg. Let
V=V +V
be the connection on Q%’q induced by Dg, w and hg, while V', V" denote its re-

spective (1,0) and (0, 1)-components with respect to the complex structure of X.
Since the vector bundle A%9T*X is anti-holomorphic, it has a natural Hermitian
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connection whose (1, 0)-component is 9, so V is the unique connection on Q%q com-
patible with the metric induced by hg and w and having 9 as (1,0)-component.
Thus

It is clear that E-valued (0, g)-forms identify naturally with sections of Q%’q
under the obvious isomorphism

(10) Ceo (X, E) = C(X,Q%9).
One naturally defines Laplace-Beltrami operators on sections of Q%’q:
O = V"™*V" : C®(X, Q57 = C=(X, 037
and
b= VPV C®(X,0%7) = 0 (X, Q%9),
as well as the torsion-twisted version of the latter by
Oy o= (V4 7)(V/ +7) : OF(X,Q5%7) — C(X,057).
It is clear that the identifications (9) and (10) give
(11) D’EJ = A'E,T + l.o.t.,

where [.0.t. stands for “terms of order < 1”7 throughout this section. The Weitzen-
bock formula will follow from a double application of the Bochner—Kodaira—Nakano
identity (8), first to relate A% and A%  acting on C§% (X, E) and then to relate
0% and O . acting on C*°(X, 0%%). The link is provided by (11).

Indeed, applying (8) on sections (i.e. (0,0)-forms) of Q%’q, we get

(12) 0% = O, + [[0QF)Y Al + T, on C™(X,Q%7).

Now using identification (10) and identity (11) and putting together the two in-
stances (8) and (12) of the Bochner-Kodaira—Nakano identity, we get:

Weitzenbdck formula for E-valued (0, g)-forms.
(13) A =0 — [i0(Q%H YL Al + [O(E)YY, Al + Lo.t.
on C& (X, E) ~= C> (X, Q%).
§2.2. Weitzenbock formula in Laeng’s special setting

We now specialise the discussion in Subsection 2.1 to the situation described in
Subsection 1.1. This was already done in [Lae02]. We only very slightly simplify
the formulae. The complex manifold X is supposed to be compact.
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If we choose E = (L, hi, Di) — (X, w) (so rankc Ly = 1), the curvature form
is 5-O(Ly) = ay and the Laplace-Beltrami operators A%, A and Alg , become

the following operators acting on Cp< (X, Ly):

" =[Ok, 0], k= [0k, 0] and A} =[O+ 7,0 +77]

If the connection on Qg’q := A%T*X ® L, induced by Dy and w is denoted (when
splitting into (1,0) and (0, 1)-components)

Vi =V} + V7,

we have V) = 0, (cf. (9)) on CF% (X, Ly) ~ C=(X, Q%%). The Laplace Beltrami
operators induced by Vj on C*(X, Q07 read

(=VEVEL D= VYL and O = (B T)(V 7).

Thus by (11) we have U = A} _ + l.o.t. and the Weitzenbock formula (13) for
Ly-valued (0, g)-forms reduces to

(14) 1= 0) 4+ AGOQY DY) — AGO(Lk)"Y) + Lot

on C§%, (X, L) ~ C=(X, Qz’q) because A (which is of type (—1, —1)) acts trivially
on (0, g)-forms for bi-degree reasons.

Now i0(L)"' = o' and i©(Q)?) = iO(A%T*X) ® Idr, + Idpoar-x
i©(Lg). Since iO(A%IT*X) is of type (1,1) (due to A®4T*X being anti-holomor-
phic), passing to (1, 1)-components in the last identity we are left with i©(Qp?)"!
= iO(A%IT*X)@1dy, +1dpears x @' The Weitzenbock formula (14) translates
to

(15) 1 =0+ Adpoarx @) = Alay ) +A>O(AT* X)) @1d, ) +.o.t.
Set R := A(iO(A™T*X) ® 1dy, ), a zero-order operator independent of k.

In order to better exploit the fact that a,lf’l is close to ka for k large, we write

a,lc’l = (a,lﬁ’l — ka)) + ko and (15) translates to the following

Weitzenbock formula for Lj-valued (0, ¢)-forms.

(16) v=0y+kV+ (Rar+R)+ lo.t.

on C§% (X, L) ~ C>=(X, A%T*X ® Ly,), where we have denoted
(17) V= A(ldpo.ar+x @ a) — Ala),

a zero-order operator, independent of k,

(18) Rak = AMIdpoarsx ® (' — k) — Aoyt — ka),
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a zero-order operator that depends on k but tends to zero as k — oo, and
(19) R := AGiO(A™T*X) ®1dy, ),
a zero-order operator, independent of k.

Calculation of V. Let \; < --- < )\, stand for the eigenvalues of a with respect
to w ordered non-decreasingly. Let us fix an arbitrary point x € X. We can find
local holomorphic coordinates z1, ..., 2z, about x such that

a:):iZdzj/\déj and oz sz)\ x)dz; A dZ;.
j=1

Fix some 0 < ¢ < n and let u € C§%,(X, L) be arbitrary. Then in a neigh-
bourhood of x we can write

u = E uydzy  for some smooth functions u s,
[T|=q

where dz; := dz;; N--- A Zj, for every J = (j1 < --- < jg). The first identity in
the following formula is known to hold at x (cf. e.g. [Dem97, VI-§5.2] or [Lae02,
I1.2.6, p. 68]):

([a, AJu,uy = Z(ZA —Z)\l)|uJ|

[J|=q j&J
=> (ZA )|UJ| - (ZN) > Jugl?.
|J|=q j€J =1 |1=q
Since [or, AJu = —(Aa)u (because Au = 0 for bi-degree reasons) and since y ;- ; A

= Tr,, « is the trace of o with respect to w, we have obtained the formula
(20) (Aa)u,u) = (Tr, a)|ul® — Z (Z )\J>|UJ|2
|J|=q j€J

at x for any Lg-valued (0, ¢)-form w.
We can now regard u as a (0, 0)-form with values in Qg’q. The above formula
(20) applied to QF%-valued (0,0)-forms reads:

(21) (A(Idpo.aps x @ @)u,u) = (Try, o) |ul?

at x for any section u of Qg’q.
Combining (20) and (21), we obtain the formula

(22) (Vu,u) Z (Z)\ )\uj|
[J|=q jeJ

at every point z € X and for every u = Z\J\:q uydz; € C§o (X, Lg).
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Consequently the Weitzenbock formula (16) translates to the following
Explicit Weitzenb6ck formula for C§%, (X, Ly,) ~ C®(X, A"IT*X © Ly).

(23)  (AYu,u) = (OYu,u) + k Z (Z )\j) lus® + ((Rak + R)u,u) + lLo.t.
|J|=q Jj€J
at every point x € X and for every u = Z‘J‘:q ugdzy € Cg (X, Lg).
The lo.t. can be incorporated into 00} u after replacing O}/ u with O7u+.S (see
[Dem85a, §3] or [Lae02, I1.2.6, pp. 67-68] for the definition of S). When ¢ = 1, we
get

(24) (Afu,u) = (u,w) + kY Alug)? + ((Rak + R)u,u).
j=1

Note that 0} is a non-negative operator (i.e. (O}u,u)) > 0 for every u) and
R, 1+ R is an operator of order 0, bounded independently of k (see (18) and (19)).
Hence in the special case when « is supposed to be positive-definite (i.e. A;(z) >0
forall j=1,...,n and all z € X), we immediately get

Corollary 2.1. Suppose that o« > 0 at every point of X. Then the Laplace—
Beltrami operator Ay : C§9 (X, L) — C§4 (X, Ly) satisfies

(25) AY >80k >0 forall k> 1,

(i.e. (AYu,u) > dok|ull® for all uw € C§ (X, Ly) and all k> 1), where 6y > 0 is
any constant for which o > 25pw on X.

§2.3. The spectral gap in bi-degree (0,0) when a > 0

Before developing the new arguments, we explain in this subsection how a result
of Laeng [Lae02, 4.2.2, pp. 90-91] gives additional information on the spectrum of
A} C®(X,Ly) — C*(X, L) in a special case. This will be needed in the next
section.

Since 92 # 0, Oy does not commute with Ay. Indeed, the commutation defect
is easily seen to be

(A)Oy — O AY)s = 050%s, s € C°(X, Ly),
and the following L?-norm estimate was given in [Lae02, p. 90]:

(26) 10z07s]1* <

c 3 o]
< o7 (Kllsl® +119ks]®), s € C(X, Ly).

Since 9y and A do not commute, an eigenvalue A of A} in bi-degree (0,0)
need not be an eigenvalue of A} in bi-degree (0, 1). In particular, Ok need not define
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an injection of the eigenspace E&B (A) into Eg,l, (M) when A # 0 as is the case when
k

Ok is integrable. However, it was shown in [Lan2] that a part of the spectrum in bi-
degree (0, 0) injects into an appropriate part of the spectrum in bi-degree (0, 1). For
any (p, q), let EZ’,q,( ) stand for the eigenspace of A} : 2% (X, Ly) — C5%, (X, Ly.)
corresponding to ‘the eigenvalue p (with the understanding that EZZ( ) = {0} if
u is not an actual eigenvalue). For any 0 < A; < Ay and any &), > 0, considering
the intervals I = (A1, A2] and J = [0, A2 + (] of R and setting

EO O @EA// C COO(X Lk) and Eg’l . @EA// C COO,Ol(X7 Lk)
AeT pneJ

(the present notation differs from that of [Lae02] where A and p stood for eigen-
values of + A} rather than A}), it was shown in [Lac02] that the map

5 0,0 0,1
Myody: B — Ey,

which is the composition of J), with the orthogonal projection II; of Ce5 (X, Ly,)
onto E8’17 is injective if appropriate choices of A1, A2 and g, are made. The rea-
soning proceeds in [Lae02] by contradiction in the following way: if for some

s € )"\ {0} we had T1;(dgs) = 0, then s € D roter EA,,( ), hence

(27) 1A% sll = (A2 + £6)[19ksll,
while, on the other hand, we have
18s]1” = (Afs, ) > Mlls|?

which, for this particular s, transforms (26) to

C
(28) 1073851 < s (1 1 ) sl
Writing now A} 0gs = 0x A} s + 0507 s, we get
"5 a Al % 52 1/bp V7 \f
(29) [AKOks]| < 10xA)s]| + 050l < A2+ CE™ 10051
"
if we choose A\; < k. (Indeed, AYs € EY° for s € EY°, so |0 AYs|| < Xa||Ors]|.
Meanwhile, 1 + k/A\1 < 2k/\; if we choose A1 < k; the factor 2 can be absorbed
in the constant C' in (28).) Now putting (27) and (29) together and using the fact
that Oxs # 0 (because Oys = 0 < (AYs,s) =0 s € EZ’Z (0), which is ruled out
by the choices made above), we get

vk

b < Ck~1/02
A1
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Now fix an arbitrary € > 0 independent of k and choose €(, = (k) := (k. The
above inequality translates to

(30) el < C’k’l’l/bzﬂ.

VAL
Choose moreover A\; = A\;(k) = Ck~'~¢ with an arbitrary 0 < & < 2/by. Then
(30) reads
C
1"
0= L1/

which is impossible if k is large enough since 2/bs — & > 0 with the above choices.
Thus no s as above exists, which means that the map II; o ), is injective when
k> 1. Hence

(31) dime ES' > dimc EY? >0 if k> 1,

with the above choices of Ay = Ai(k) > 0, gy = ¢((k) (for any fixed ef > 0
independent of k) and every Ay > 0 (that may or may not depend on k). This
inequality (31) was used in [Lae02] in the proof of Theorem 1.5.

Alternatively, we can use it in the following way. If we assume that a@ > 0
on X, Corollary 2.1 implies that all the eigenvalues of A} in bi-degree (0,1) are
> dok for k large enough. Hence EY' = {0} if we choose Ay > 0, €f > 0 and
gy = gk > 0 such that Ay + ejk < dok. (We can choose, for example, 0 < g < dp
and Ay = A (k) := (09 —ep)k where 0 < g < g9 < dp with g¢ independent of k). In
this case, (31) implies that EY° = {0}, which means that A{ acting in bi-degree
(0,0) has no eigenvalues in the interval I = (A1, A2]. We thus get the following

Corollary 2.2. Suppose that o > 0 at every point of X. Let SpecO’O(Ag) denote
the set of eigenvalues of A} : C*°(X, L) — C*°(X, Ly). Then, for any constants
C>0,0<e<2/by, §o > 0 such that a > 20pw on X and any 0 < g9 < 0y, we
have

(32) Spec®® (A N (C/EYE, (69 —e0)k] =0 if k is large enough.

83. Construction of peak sections

To control the negative part of Tj, (defined in (7)), the first estimate we need is a
pointwise lower bound for the Bergman kernel function

Ny,
(33) ag(x) == Z o1 (z)* = sup lo(x)]?, =e€X,
=1 o€BE(1)
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where Bk(l) C Hy denotes the closed unit ball of H; and the latter identity
follows by considering the evaluation linear map Hy > o — o(z) € C (whose
squared L2-norm equals both ay(x) and the right-hand term of (33)) at any given
point x € X. The function a; features in the denominators of expressions that
make up T when the derivatives of log a; are calculated.

In the integrable case, the only known way of obtaining a pointwise lower
bound for expressions similar to as (in which the o ’s are genuine holomorphic
functions) is Demailly’s method of [Dem92, Proposition 3.1] consisting in an ap-
plication of the Ohsawa-Takegoshi L2-extension theorem at the given point z: a
global holomorphic function ¢ exists with prescribed value at z (o(x) = e#*(®)
is chosen if ¢, denotes the psh local weight of hy, near z) and with L?-norm un-
der control. After normalisation, o can be made to fit in the unit ball By (1) and
const - |o(x)|* provides an explicit lower bound for ay(z) in terms of ¢y (x). By
construction, this section o is “not too small” at x.

Genuine peak sections in the sense of L?-norms were constructed by Tian
for high tensor powers of a positive holomorphic line bundle L in [Tia90] (where
the term peak section was used). Hérmander’s L2-estimates were employed there
to produce global holomorphic sections of L* whose L2-norms get increasingly
concentrated on increasingly smaller balls about a given point x as k — oo.

Both these methods completely break down in our case: no non-integrable
analogues of the Ohsawa—Takegoshi and Hérmander’s theorems are known and no
positivity assumption is made on the possibly degenerate form a.

As a substitute for these (by now) classical techniques, we propose a method
of constructing global C'* sections of Ly, belonging to the space Hy, (hence approx-
imately holomorphic) that peak at an arbitrary point € X given beforehand and
whose L?-norms are under control. The starting point of the construction, consist-
ing in the use of appropriate locally defined Gaussian sections, has been inspired
by Donaldson’s approach in [Don96].

83.1. The local model

The notation is that of 1.1. Fix an arbitrary point € X. Since « is a real closed
(1,1)-form, one can find a C*° function ¢ : U — R on an open neighbourhood U
of  such that

o= Lagw on U.
2m

It follows that

i - i i _
ad<27r5<p> d(%&P)a S0 ad(M(aw&p)) = idA,
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where we have denoted A := L (9p — dp), a 1-form on U. Since the (possibly)
non-rational class {a} need not correspond to a line bundle on X, A need not be
associated with a connection of a holomorphic line bundle with curvature form «,
but can be thought of as mimicking such a connection. We have

1 1 -
AV = ——9p and A% = _—0yp onU.
4 dr

On the other hand, shrinking U about x if necessary, L; may be assumed
trivial on U. Let 2w Ay be the C*° 1-form representing the connection Dy of Ly

0
(known to have curvature form o) in this local trivialisation Ly LU xC:
Dy =d+21A, on U.

It follows that oy, = ﬁDi = id A}, (hence ak = u?AO 1) on U and

(34) O =0 +2mAY" on U

Since ||ka — apllc= = ||d(kA — Ag)|lc= < C/kY?2 by (2), we can choose ¢
and 6, such that ||kA — Ax||c~ < C/k'/*, which amounts to

C

1,0 1,0
(35) [RASS — Ay S

and kA% — AVM | o <

C
g < T/

To exploit the proximity of kA%! to Ag’l, we define the following coupled
d-operators on U (which unlike d;, do not globalise to the whole of X since the
class {a} need not be rational).

Definition 3.1. On the Lg-trivialising open subset U C X, set
(36) 04 =0+21A% and Oga = 0+ 27kA%, ke N~

Thanks to (35), Oy is close to J as will be seen shortly.
Now choose local holomorphic coordinates z1, . . ., z, centred at = (and defined
on U) such that

Z. n
(37) w(z) = Zdzj ANdZ; and a(z) = =50 Z)\J )dz; A dZ;,
j 1 j=1
where A\ (z) < .-+ < A, (x) are the eigenvalues of a with respect to w at x (cf.

notation in §2.2). It is clear that the C*° function ¢ : U — R with the property
(i/27)00¢ = a can be chosen such that

(38) ©(2) :Z)\j(x)|zj\2+0(\z|3), zeU.
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Consider now the following C*° function u : U — R:
u(z) == e~ 30(2) — o3 X7 Aj(r)\Zj|2+O(\Z\3)7 L el.
We have du = —e_%*"(z)(%&p) = 27 A% A, so
dau=0 onU.
Similarly, for
(39) W (z) = e 59() = =3 Eim M@= P00 L e g e N,

we have
Oea(u®) =0 onU.

We can now easily go from dj4 to Op:

[0k (u¥) || oo < |0k (u*) — Opa (u¥)||coe + [|Tpa(u¥)]|coe = [|2(AY" — KA )u¥||coo

C
<2 A — KA o et o < o ¥ o
having used (34)—(36). We have thus obtained
= C
(40) 185 (w*) o= < m\\ukch

It is clear that the same estimate also holds with C°-norms and L2-norms in place
of C'*°-norms. So we also have

= C = c
(41)  Noe@hlleo < 77 lutllee and [10p(wM) 2wy < 1377 10 ez @)

Now u* can be regarded as a C™ section of Ly, over U. If e(¥) denotes the C>
local frame of Ly corresponding to the trivialisation 8y over U, we have

(42) WP = e B E (D ee® (), el

where f, := 0, (u") is the C> function on U representing the section u* of L in
the trivialisation €. With respect to the fibre metric hy of L we have

(43) [k (2)] = e 59) = | fi(2) ® e®)(2) .

where |u*| is the modulus of the function u*, while |f, ® e®)|;,, is the pointwise
hi-norm of the corresponding local section of Ly.

The crucial estimate (40) shows that the Gaussian function u*

, viewed as a
local C*° section of Ly, is an approximately holomorphic section of L over U in the

strong sense of the C*°-topology (cf. the much weaker L2-norm inequality (5)).
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In the special case where \j(z) > 0, the local section u* peaks at z and does
increasingly so as k — oo.

We can go further and define jets of approximately holomorphic sections of Ly
at z. Notice that for every mq,...,m, € N we have on U:

514(2;”1...221"67%(’0):0 and 5%(21"1...2'2“"67%“’):0,

2% = 2™ . 2mny® satisfies the same esti-

mates (40) and (41) as u* does. This motivates the following

so, in particular, each z{"'...z"e

Definition 3.2. For all m, k € N and every x € X, the space of m-jets of approz-
imately holomorphic sections of Ly at x is set to be

m my, ,—&
(JmLk)x = { Z C(m1,~~~7mn)zl . "Zn ne 2<p; C(mlv-",mn) € C}’

Myt dm, <m

where z1,..., 2, are local holomorphic coordinates of X centred on .

As with u”, these jets can be regarded as C'™ sections of L;, over U:

c 4 mi,...,m
2 MR (2) = M 2mmemse(a) f,g T ”)(z) ®e®(z), zel,

n n

and the norms are given by
(44) et () = 2 e B = | ) (2) @ e (2)]

In particular, (J°Ly), consists of multiples of u*. These jets will be used
later on to show that a Kodaira-type map defined by approximately holomorphic
sections of Ly is an embedding when o > 0 and k > 1. (The reader may wish
to compare the discussion of the integrable case treated in [Tia90] where (jets of)
holomorphic peak sections (in the L?-sense) are constructed in high tensor powers
of an ample holomorphic line bundle—a strategy that inspired in part our present
treatment of the non-integrable case.)

The next step is to construct a global C*° section of L that belongs to Hy
(so is approximately holomorphic in the L?-norm sense) starting from the locally
defined peak section u*. We can define a global section s by multiplying by a cut-
off function € with support in a neighbourhood of z. However, there is no reason
for s constructed in this fashion to belong to Hj, so we need to correct it in the
most economical way possible to bring it into Hj. This will be done in the next
subsection for an arbitrary s € C°(X, Ly).

83.2. Approximately holomorphic corrections of global C'"*° sections

For every k € N*, the non-negative, formally self-adjoint Laplace—Beltrami opera-
tor AY : C®(X, L) — C*°(X, Ly,) is elliptic. So, since X is compact, there is an
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orthonormal basis (e;)jen of C°°(X, Lj) consisting of eigenvectors of A/, while the
spectrum of A} is discrete with +o0o0 its only accumulation point. Fix any constant
6 > 0 independent of k£ and let

(45) 0<po < <pun, <0< pn+1 <---

denote the eigenvalues (ordered non-decreasingly) of A} acting in bi-degree (0, 0).
Thus Ale; = pje; for every j. (Actually e; = ey ; and p; = pg,; depend on k
but we drop the k-index to lighten the notation.) The corresponding eigenspaces
are denoted Eg’g (i) C C*°(X, L) (and similarly EZ’Z (1) € CX, (X, Ly,) for A} -
Coo, (X, Ly) — O, (X, Ly,)). Set

(46) 3 = D EXy () and Ny:= P Exy(n)
pu<s p>6

(with the understanding that Eg’g () = {0} if p is not an eigenvalue of AY).

We can regard i}/{vk as the space of approzimately holomorphic sections of Ly (in
a sense less restrictive than for H; of Definition 1.3), while Ny, is its orthogonal
complement in C°(X, Ly).

Remark 3.3. In the special case when o > 0, Corollary 2.2 shows that
C .
(47) 0§,u0§SuNk§W<5<(5o—so)k§uNk+1§ if k>1.

In particular, Laeng’s space Hj, of approximately holomorphic sections of Ly,
introduced in Definition 1.3 coincides with the space Hj defined in (46) if k is
large enough.

In all cases we have an orthogonal splitting
(48) C*(X, Ly) = Hy, & N
For every j =0,..., N, let
Py ;i C™(X, L) — Cey

be the orthogonal projection onto the C-vector line of C*°(X, Lj) generated by e;.
We introduce the following operator.

Definition 3.4. For every k € N*, let

Ny,
(49) Ppi= A} = Py C(X, L) = C®(X, Ly).

Jj=0
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It is clear that ker P, = 5{; Meanwhile, if s € C*°(X, L) is an arbitrary
section, there is an orthogonal splitting of s induced by (48):

(50) S = Sy + Snh, with s, € }T;,th € Ny.

Moreover, if s = 3772 ¢je; (with ¢; € C) is the decomposition of s with respect
. Ni

to the orthonormal basis (e;);en, we have s, = 377" cjej, Snh = D5 N, 41 Ci€)

and

(51) P.s = Z picje; = Ag( Z cjej> = Alspn € Ni.

JjZNik+1 j=Ni+1

In particular, Pyn, = AglNk. If we denote by P,;l : Ny — Ny, the Green operator
of Py, (i.e. the inverse of the restriction Py, : Nx — Ny), we have

(52) Pglpks = Z Cj€j = Sph € Np..
Jj>Ni+1

Our goal in this subsection is to estimate the L?-norm of s, in terms of the
L2-norm of dys for any section s € C*°(X, Ly). Being the orthogonal projection
of s onto Ny, s, has minimal L?-norm among all sections & € C*°(X, L) for
which s — £ € ﬂ?k In other words, s,; is the minimal correction of an arbitrary
s € C*(X, L) to an approximately holomorphic section sp,.

Estimating the L?-norm of s,; can be seen as a non-integrable analogue in
this particular situation of Hérmander’s familiar L?-estimates of the integrable
case. Indeed, recall that the standard method of correcting an arbitrary global
C° section s of a positive holomorphic line bundle Lj to a global holomorphic
section sp, of Ly is to solve the 5—equation

6]95 = 5k8 on X

by selecting the solution & € C°°(X, L;) of minimal L?-norm which is given ex-
plicitly by the familiar formula

(53) ¢ = G1.0}(Ors)

(where Gy, stands for the Green operator of A}) and to set sp, = s—¢. It is clear that
sp, and € are nothing but the orthogonal projections of s onto the subspace of global
holomorphic sections and respectively its orthogonal complement in C*° (X, Ly).
In our non-integrable case, the roles of these two subspaces are played by U?k and
respectively Ny, while formula (52) is the analogue of (53) for s,, = &.

We shall now obtain the desired estimate in the particular case when the
initial (1, 1)-form « is supposed to be strictly positive on X. (Recall that in the



334 D. Porovict

general case « is only to be assumed to satisfy Demailly’s substantially weaker
hypothesis [ X(a,<1) a™ > 0.) This assumption, which parallels the strict positivity
curvature assumption in Hérmander’s L?-estimates of the integrable case, will be
relaxed in future work.

Proposition 3.5. Suppose a is a C*° positive-definite d-closed (1,1)-form of
possibly non-rational de Rham cohomology class on a compact complexr Hermi-
tian manifold (X,w). Fix an arbitrary constant § > 0.

Then, with the notation of Subsections 1.1, 1.2 and 3.2, the following property
holds. For every s € C*°(X, Ly), the non-approzimately-holomorphic component
Snh of s (cf. (50) and (46)) satisfies the estimate

4 C 1 _
2 2
(54) lsonll® < 5oz (14 555 oo 10wl 2 b
where || || stands for L?>-norm, &y > 0 is any constant for which o > 25ow, while
C > 0 is a constant depending only on (X,w) and ks € N* depends only on § > 0
and a.

Proof. By Remark 3.3, 9767g = Hj, under the present assumptions. Note that by
(51) and (45) we have

<<Pk575>> = <<Agsnh75nh>> > HNk+1||8nh|2 > 5”37Lh‘25 s € COO(Xv Lk)'

If we extend the Green operator P,c_1 : N — N to P,;1 : C°(X, L) — Ng by
letting (Pk_l)\i}fk = 0, we infer
[n 1 <

lsnnl® < <lIslI?

SN
SO

(55) <<P];18,8>> = <<P];15nhvsnh>> S

Ni+1
for all s € C*°(X, Ly), where the last inequality follows from s; and s,; being
orthogonal (hence [[s||* = [lsn[|* + [[snnll* = lIsnnl|®)-

On the other hand, definition (49) of P, makes sense in any bi-degree (p, ¢) and
gives an operator Py, : CpS, (X, Ly,) — C%, (X, Ly,) defined by the same formula (49)
as in bi-degree (0, 0) if we make the convention that Py ; and u; Py ; are the zero
operator when p; is not an eigenvalue of A} : O (X, Li) — Cp%, (X, Ly). Indeed,
due to the non-commutation of A} with J; (because 02 # 0), the eigenvalues i,
of A} in bi-degree (0,0) need not be eigenvalues of A} in bi-degree (p, q) # (0,0).
Furthermore, Corollary 2.1 of the Weitzenbock formula shows that in bi-degree
(0,1) we have

Pk:Ag250k>O on Cg?l(X,Lk) ifk>1 (i.e. 1fk‘>6/50)
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(Implicitly Py ; = 0 in bi-degree (0,1) for all j = 0,..., N, and all large k.) So
Py O59(X, Li) — C§9(X, L) is invertible for k large enough and its inverse
satisfies the estimate

1
56 Pt< —
( ) k. = 5ol€

Let us introduce the operator

on Cgq (X, Ly) if k> 1.

Qu =P, 05 — 0p Pyt C5(X, L) — C™(X, Ly)
measuring the commutation defect of P ! with 5,:. Similarly we set
Sk := p Pr — POy : C35(X, L) — C=(X, Ly),
which measures the commutation defect of Py with 5‘,:. We clearly have
(57) Qr =P 'SPt

In all these expressions, P, ' and Py act on C*°(X, L) or 59 (X, L) according

to the case.
Now fix an arbitrary s € C°°(X, Lg). Using (52) and (51), we get

Snh = P,;lpks = PlzlAZth = Plslélzéksnm
which, after writing P~ 15,: = aij_ L4 Qp, transforms to
(58) Snh = Of Py Oksnn + QrOkSnh.
We shall estimate separately the L2-norms of 5,:Pk_ L0k Snn and QrdkSnh.

In the case of 5,:Pk_15ksnh, we have

(59) ||5]:Pk_15ksnh”2 = <<5I:Pk_15ksnh75lzpk_15k5nh>>
5k5,:PI:15kth,P];1(§k3nh»
( Z — 525k)Pk_1({§kth, Pk_léksnh»
(Py — 050k) Py Ok Snns Py O snn)
OnSnns Py ' Oxsun)) — (OkPy ' Oxsnny Ok Py ' Oxsnn)
© (P sy Fesan) — |10ePy Fsonl)®

P 1 .
< <<Pk 18ksnh,8ksnh>> < 607||8k8nh||2 if k> 1.

In (a), we have used the identity A} = P, on C§9(X, Ly) (see the discussion
preceding (56)—a consequence of the Weitzenbock formula), while (b) has used
the fact that (Oxsnn, Pk_lgksnh» = <<Pk_15ksnh, OkSnn) is real. The last inequality
follows from estimate (56).
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We shall now estimate the second term Q05,5 in the expression (58) of s,
We shall actually estimate the L2-norm of S0 5,5, and then use (57) to go from Sy,

to Qk-
Since Pp = A} on C§% (X, L) (hence also on Ospp) for k> 1, we get

Ny,
SkOksun = (OO} — ALOF) (Onsun) + Y 115 Pr O (Onsnn)
j=1
= 0820k (Oksnn) + > _ 115 Pu jOf(Onsnn)  if k> 1.
j=1

(Indeed, O Ay — ALOF = 0520y, — 0k 02 but 9;%(Oksnn) = 0 for bi-degree reasons.)
Since A} = ;0 in bi-degree (0,0), we see that Py ;05 (Iksnn) = P j (A snn) =0
for every j € {1,..., Ny }. Indeed, s,;, € Nj by definition, so A}s,, € N, while
Py, ; is the orthogonal projection onto a subspace of J(;, = Nlj Thus

(60) Skgksnh = 51:25k(5k5nh) if > 1.

We pause briefly to prove in full generality (i.e. without using the positivity
assumption on a made in Proposition 3.5) the following estimate reminiscent of
Laeng’s estimate (26).

Lemma 3.6. For every section s € C*(X, L) we have

10720k (Bges)II* < 12/ (Kllsll® + 18ks]®), &k € N*,
where C' > 0 is a constant independent of k.

Proof. Recall that the fundamental commutation relations for non-Kéahler metrics
(that are common to the integrable and non-integrable cases—see e.g. [Dem85b)]
or [Lae02] or [Don96]) give (cf. notation in Subsection 2.1):

(61) i(0f +7%) =[A, 0] or equivalently 9f = —i[A, 0] — 7*.
Thus for every o € CF9 (X, L), from (61) we get
51:25]47 = (’L[A, 8k] + 7_'*)(1'[/\, 8k] + 7_'*)((5]@(7

= (i[A, Bk] + ?*)(i/\akéko + 77*((5]@0))

= 7/\3]6/\81{5]60' 4+ 1AOLT" (5}4‘)’) + if'*AakékO' + F*2 (5]47)
Since the second half of (4) amounts to 90, = 72m'a]1€’1 — Or0, we get
(62)  0;20,0 = AORA(2micy" A o + 8yOxo) + i7* A(—2miay " A o — O0k0)

+iAOT* (Opo) + 7*2(Ok0).
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Now suppose that o = 95 € C54 (X, Ly,) for some s € C°°(X, Ly.). Then

OpOpo = 5k(8k3ks) = —27‘('2'519(04116’1 As)— 6,%8k8

= —27ri5‘a,1€’1 NS — 27ri04,1§’1 A Ops + 2m'042’2 A Ok,

having used the first half of (4) to obtain the last term. Now day = 0, so passing
to the (1,2)-component we see that da," = —day?. Hence

OLOko = 271'2'(80(2’2 ANs— a,lc’l A Oks + ag’Q A Oks),
from which, since dys = o, we further get
(63) 271'2'04,1’1 Ao+ OpOpo = 27ri(8oz2’2 As+ 042’2 A Ogs).
Combining (62) and (63) gives

(64)  9520k0 = 2miNIRA(DAY? A 5+ ) A Bys)
+ 27r7"*A(3a2’2 As+ a%z A Os) + iNORT* (0} s) + 72 (03 s)

for all 0 = Ops € C§3(X, Ly). Recall that dfs = —2mia”® A's (cf. (4)) and
a2 || g < C/kY?2 (cf. (3)). Consequently, in (64), the L*norms of the expres-
sions 925 (a zero-order operator acting on s) and 8a2’2 /\s—&—ag’2 AOgs (a first-order
operator acting on s) can be controlled in terms of the L?-norms of s and Os.
Meanwhile, A, 7* are zero-order operators independent of k, hence bounded inde-
pendently of k. Thus so are 7*A and 7*2, too.

Putting these facts together, we see that the L2-norms of the terms featur-
ing on the right of (64) are estimated as follows (where the constant C' > 0 is
independent of k£ and is allowed to vary from line to line):

C
0,2 0,2
[0ay,™ A's + )" A ds| < W(HSHWLHGWH%

and similarly

[AGEA (DY A s + af? A dgs)|| < (sl + 110%sll),

C
kl/bz

17 A0y * As + ap® A dis) | < (sl + N9k,

C
kl/bg
. c
[ADRT* (a® A s)|| < iz sl + 19D,

c
42 0,2
172 (" A sl < W”SH-
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If we now take the squared L?-norm on either side of (64) (with 0 = s €
C59 (X, L)), the above estimates add up to

(65) 1050k (Os)|I* <

< 22/ (IIs]1* + |Oks||?)  for all s € C°°(X, Ly,).

Since J s (measuring how far short a section s of Ly, falls from being holomor-
phic) is better adapted to our purposes than dys, we wish to replace dys by Os
on the right-hand side of the above estimate (65). The transition from Oxs to Oxs
was done in a natural way by Laeng in [Lae02, p. 89] using the Bochner-Kodaira—
Nakano identity (8) which, when specialised to the case E = (Lg, hg, D) —
(X, w), reads

"

= 277 + ZW[allc’l, A+ T,.
This allows one to express ||0s||? = (A}s, s)) in terms of ||Os+7s||? = (VAVASEREDS
The straightforward calculation performed in [Lae02, p. 89] gave the estimate

(66) 10ks]* < C(klsl® + 10ks]®), s € C=(X, L)

Note that the factor k of ||s||? comes from the curvature term ai’l which is close
(in C*°-norm) to ko
Using (66), (65) transforms to

. C
1320x 03I < 175,

(||s]|* + ||Oks||?)  for all s € C*°(X, Ly,),

which is precisely the estimate claimed in the statement. The proof of Lemma 3.6
is complete. O

Thanks to (60), Lemma 3.6 immediately implies the following

Corollary 3.7. Under the hypotheses of Proposition 3.5, every s € C*(X, Ly)
satisfies the following estimate:

(67) 150k snnl|* <

C _
= L2/bs (kllsl® + 10ksl?), &> 1,

where C' > 0 is a constant independent of k.

Proof. Applying Lemma 3.6 to s,, and using (60), we get

(68) 1Sk Brsnnll® <

< 257 Kllsanl* + 19ksnnll®), k> 1.

As already noticed, ||s,z||? < ||s||? by virtue of s, and s, being orthogonal
in the splitting s = s, + snh-
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On the other hand, taking 0y, in this splitting, we get Oxs = Oksp + Opsnn. We
claim that the Lj-valued (0, 1)-forms ys;, and s,y are orthogonal. Indeed, we
see that

(Oksh, Oksnn) = (OkOksh, snn) = (AYsn, snn)) = 0.
The reason for the last equality is that s;, € Hy, (by construction), hence AYsj, € Hy,
while s,,;, € Nj (again by construction) and 3, L Nj. Thus Oysp, L Opsp, and it
follows that ||Oks||? = [|Oksul|® + |OkSnnll? > ||Oksnnl|®-

It is now clear that the right-hand side of (68) is < than the right-hand side
of (67). This completes the proof. O

End of proof of Proposition 3.5. By (57) we have
QiOksnn = Py Sk Py (Oxsnn).

Using (68), (55) and (56) we get for every s € C*°(X, Ly) the estimate

C

WU?H%HF +|Oksanl?),  k>1,

(69) 1QxBrsnnll” <
where C' > 0 is a constant independent of k. By (55), the 62 of the above denomi-
nator can be improved to u%;, , , hence also to (6 — £9)?k? by (47), but this will
be of no consequence in what follows.

Using now the splitting (58) and the estimates (59) and (69) of its two terms,
we get for every s € O (X, L) the estimate

[snnll” < 201105 Py Oksnnll* + | QrOksnnl?)

2 c 1 .20 1 )
S(Sok<1+6062k“2/b2>”6k5"h” +(6(T)2W||S"h“’ k>1,

which is equivalent to
2c 1 , 2 c 1 .
(1 T o) ng/bz) [snnll” < 3ok (1 + 5.0 k;1+2/bz> [Oksnnll™, k> 1.
Now it is clear that the coefficient on the left-hand side above satisfies

1 2C 1
<1 =
5 < 1 (800)2 k1+2/b2

<1 fork>1,

so we get

4 C 1 _
lsonl? < 5oz (1+ 55z s ) 1ol for k35 1.

Since ||Oksnn|| < [|Oks|| (as explained in the proof of Corollary 3.7), the above
estimate implies estimate (54). The proof of Proposition 3.5 is complete. O



340 D. Porovict

83.3. Global approximately holomorphic peak sections

We now bring the discussions of Subsections 3.1 and 3.2 together. We suppose that
a >0 on X as in Proposition 3.5. As in the previous subsections, the symbol || ||
will stand for the global L2-norm on X when it has no index, while an index will
change its meaning to the norm it indicates.

Let x € X be an arbitrary point and let U C X be an open neighbourhood
of = as in Subsection 3.1 with local holomorphic coordinates as in (37). Consider,
for every k € N*, the Gaussian section u* of Ly over U defined in (39). Choose an
open neighbourhood V of z such that V' € U and a C* cut-off function 6 : X — R
such that

#=1onV and Suppfd cU.

We can apply the results of Subsection 3.2 to the global section
5:=0u" € C®(X, L)

whose s,,;, component satisfies thus the L2-estimate (54). This estimate can be
refined in the special case of s = fu” using the C>®-estimate (40) satisfied by u*.
Indeed, applying 0y, we get

5k8 = 5k(9uk) = Hgkuk + (59)uk,

hence Jys =0 on X \ U and Ors = Opu® on V. Thus

_ - 1 X
Ouslc < Biatllow + Ol e < 01+ 5 )t
having used (40) to get the last estimate. The analogous estimate holds for C°-
norms by (41), so

(70) |0ks]|coe < ClluF||ce  and  ||Oks|co < Clju*|jco = C  for k> 1.
(The last identity holds whenever a > 0 since u*(0) = 1 and u*(z) < ©*(0) in this
case for all z € U\ {0} if U is small enough.) Thus (54) yields

4 C 1
2 3 —
) owl? < O k1wt = g (1455 ),

since [|0ks]|? < ||Oks]|Zo Volu(X) < C?Vol,(X). Here we have set C(X,w) :=
C'Vol,(X) > 0.

We can now go from this global L?-estimate to a local L>-estimate, but we
first need to rescale the coordinates in a way similar to [Don96, §2]. If B(0,1) C C"
denotes the unit ball in C™ and x = (21,...,2n) : U — B(0,1) is the chart of
coordinates z1, ..., 2z, centred at x already used above, let aq stand for the closed
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(1,1)-form on B(0, 1) such that x*ap = ajp. If ¥ : (1/Vk)U — B(0,1) is the chart
of rescaled coordinates w; := \/Ezj (j = 1,...,n), then (ko‘)|(1/\/E)U = X*ag.
Since the curvature form ay, of Ly is close to ka (see (2)), if we denote by ozék) the

(k)

closed 2-form on B(0, 1) for which N VR = )Z*ozgk), we have [joyy ' — apllce <

C/k'" by (2). Now X lifts to a connection-preserving bundle map
X Lyav =&

where £, — B(0, 1) is the algebraically trivial complex line bundle endowed with
the connection of matrix Ay (see 3.1). Thus local sections s € CW(ﬁU, Ly)
identify with sections of & over B(0,1).

Applying the a priori estimate to the elliptic operator A} on the interior of
V (say on some open subset V’ € V), we get the following Sobolev W?2(V')-norm
estimate:

(72) ||5nhH%/V2(ﬁvl (” 3nh||L2( _V) + HthHLz( 1 v))

The constant C' > 0 depends only on the ellipticity constant of A}/, hence only
on the principal part of A} and this is independent of k. Indeed, the operators Ok
have the same principal part (= 0, see (34)) for all k£ € N*, hence the Laplacians
A} have the same principal part for all £ € N*. Thus C' > 0 is independent of k.
Using (71) for the second inequality below, we have

(73) Isanll22 vy < lsanl® < C(X, )00, k> 1.

2

On the other hand, for s = Ou* = s;, + 5,5, we have (since § = 1 on V)

Snp = uf — sp, onV,

S0
2 _ k 2
(74) H ;clsnhH[ﬁ(ﬁv) = HA%U - ;clsh”m(ﬁv)
1" k12 " 2

<2[|Aju ||L2(ﬁv) + 2([Agsall

< 2D 4 )+ 2 P
having used the fact that s, € Hy, (see Definition 1.3) and that ||sy] < ||s||. To
estimate [|A)u k||L2(1/\fV from above, we see that [|A}u k||L2(1/Iv) < || Afu*|?

(if we extend u* to X by setting (u*);x\y = 0) and

(Afu®, u*) = [|opu”|? < [

k2/b2
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having used (41). Hence
(15) I ey < AR < o
C? C?
< VOlw(X)W”UkHQco = VOlw(X)M,
where the last identity holds since |[u*||%, = 1 whenever a > 0.
Putting (74) and (75) together, we get

C(X,w) C
2 ’ 2
HAgsnhHLZ(ﬁV) < J:4/ba L2+2e ||S||

and combining this with (72) and (73) we finally get

C(X,w) C
2 ’ 2
Hth”Wz(ﬁV/) < 70 + ot IIs]| + C(X,w)dk, k> 1.

Since s = Ou*, we have [|s||co < [[u¥||co = 1, hence ||s|| < Vol,(X)]s]|co <
Vol, (X). Thus the above estimate gives

1
(76) Isunlyaayry < C(Xw )(W +5k> k> 1

because 2 4 2 > 4 /by (since 0 < 2e < 4/by with 2¢ very close to 4/bs).
We can now go from this W?2-norm estimate to a W?P-estimate for any p € N*.
Indeed, the a priori estimate applied to the elliptic operator (A})? on V' € V gives

(77) ||5nh||€vzp(ﬁv/) < C(”(A%)pth”sz(ﬁv) + ||5nhHiZ(ﬁv))-

Repeating the above arguments for every p € N* and using the Sobolev embedding
theorem, we finally get

1
(78) ||th||%oo(ﬁw) < C(X, )(k4/b +5k) k> 1.

We have thus constructed a global approximately holomorphic section s;, =
OuF — s, € Hy, of Ly, that peaks at an arbitrary point z € X given beforehand.
y g

Proposition 3.8. Suppose a > 0 is a d-closed (1,1)-form on a compact Hermi-
tian manifold (X,w). Then, for every x € X and every k € N*, there exists a
global section sp, = sglk) € Hy, of Ly, such that, for all k> 1, we have

Gi) 1- C(X,w)<k4/b +5k) <sn(@)|pe <1 +C(X,w)<k4/b +5k)
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in particular, sp(x) # 0 if k is large enough; and

(ii) C(X,w)(1 = 017) < [Isn]| < C(X,w)(1+ 6,72,
1 1/2
(111) —O(X,CU) <k4/b2 + 5k> S HSh”CO(ﬁv/) -C
1 1/2
< O(X,w) (W + 5k) .

Proof. The statement follows immediately from the above considerations. For
s = Ou*, we have s(z) = u*(0) = 1, so (i) follows from (78) (in which the
C%((1/vk)V')-norm on the left suffices).

To get (ii), recall that [[sy]|> = |[/s]|> — ||snnl|?, use (71) and notice that
s < Vol,(X)l|s|lco while |[s|co = [[u*||corsy is bounded independently of &
since ©*(0) = 1 and u* is non-increasing on a neighbourhood of 0. Finally (iii)
follows from the same arguments as (i) and (ii). O

We end this subsection by noticing that all the above estimates still hold if
u® is replaced by any m-jet of approximately holomorphic sections of Ly, at z (cf.
Definition 3.2). Indeed, as pointed out before that definition, any linear combina-
tion of expressions of the form 2" - .- z™ny* (with my,...,m, € N) satisfies the
same estimates (40) and (41) as u* does. It follows that if we start off with a global
section s € C°(X, L) obtained by multiplying a local jet (with coefficients, say,

Clma,...,my) € C) by a cut-off function 6:
S(Z) = Q(Z)C(ml """" mn)zinl e Z:{L”uk(z), = )(7

the non-anti-holomorphic component s,,;, satisfies the C*°-estimate (78) for k large
enough. Moreover, setting m := my + --- + m,,, we have

L 0" Cmpm A 2t) o—he0) _
myl--omy! R = Cma,emn) = Cma,mn)s
SO |m1! s mn!c(mh.u,mn)' —e < |{)zl"?1m78(’;zf:‘"(0)| < |m1! T m”!c(m17~--,mn)| + ek

on a neighbourhood of z, where we have denoted ¢, := C(X,w)(1/k**> +6;) | 0
(when k& — o0) the right-hand term of (78). Therefore ]ﬁ%(o)] # 0 for
k> 1if cin,.....m,) # 0. Thus we obtain the following addition to Proposition 3.8.

Proposition 3.9. The assumptions are the same as in Proposition 3.8. Fixx € X
and local holomorphic coordinates z1, ..., z, centred on x. Then, for every k € N*
and every mq, ..., m, € N, there exists a global approximately holomorphic section
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Sp = sék’(ml"“’m")) € Hy of Ly, such that

ot tma g,

m(m) #0 if k is large enough.

(We have denoted by sy, both the global section of Ly and the function that repre-
sents it in a local trivialisation of Ly on a neighbourhood of x = z(0).)

This means that H; generates all m-jets of approximately holomorphic sec-
tions of Ly at any x € X for any m € N.

84. Approximately holomorphic projective embeddings

In this section we prove the transcendental analogue of the Kodaira Embedding
Theorem: any C°° d-closed positive definite (1,1)-form « > 0 on a compact
complex manifold X with a (possibly) non-rational de Rham cohomology class'
{a} € H3x(X,R) defines, by means of the spaces Hj, of Definition 1.3, approx-
imately holomorphic embeddings of X into complex projective spaces PN+ for k
large enough. The classical Kodaira Embedding Theorem corresponds to the case
when {a} is integral (or merely rational): one then gets genuine holomorphic pro-
jective embeddings.

As noticed in (i) of Proposition 3.8, for every point € X one can find a
global section of Lj belonging to H; that does not vanish at x if & is large enough.
In other words, the sections in Hj have no common zeroes for k > 1. Hence the
approximately holomorphic Kodaira maps

(79) Pp: X = PH ~ PV ®p(2) = H, := {s € Hy; s(z) =0}

(where PHj, stands for the complex projective space whose points are hyperplanes
of H},), defined equivalently by choosing any orthonormal basis (oj,;)o<i<n, of Hy
and putting

(80) Byt X = PV Bp(2) = [opo(2) i o, (2)]
are everywhere defined on X.

Theorem 4.1. Suppose there exists a C* d-closed positive definite (1,1)-form
a > 0 (i.e. a Kdhler metric) on a compact complex manifold X. Then, for every
k large enough, the map @i : X — PN* is an embedding.

1Giving such an « is, of course, equivalent to giving a Kihler metric of (possibly) non-rational
class on X.
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We will adapt to our non-integrable context the classical strategy of proof
of the Kodaira Embedding Theorem. It remains to prove that, for k& > 1, the
sections in Hy separate points on X (i.e. for any distinct points z,y € X, there
exists a section s € 3y, such that s(z) # 0 € (Lg), but s(y) = 0 € (Lg),) and
generate 1-jets of sections of Ly at every point x € X. We will work our new
arguments peculiar to the present context and the necessary modifications of the
classical integrable case into the presentation of Demailly’s book [Dem97, Chapter
VII, §13].

We begin by analysing a situation to which our case will be reduced.

Lemma 4.2. Suppose there exists an effective divisor E on X and let x € X \
Supp E. Fixz any m € N. Then, for every k large enough, there exists an approxi-
mately holomorphic section T € Hy, of Ly such that

7(x) #0 and T vanishes on E to order > m + 1.

Proof. Consider open subsets U,V such that x € V € U € X, Ly is trivial on
U and U N Supp E = . Let u¥ € C>(U, L) be the local Gaussian section of Ly
peaking at = constructed in Subsection 3.1. For a cut-off function 6 : X — R such
that # =1 on V and Suppf € U set, as in §3.3,

s:=0uf € C=(X, Ly).

We know by (i) of Proposition 3.8 that, in the splitting s = sp, + sy, with s, € Hy,
and s, € N, we have s, (x) # 0. However, there is a priori no reason for s to
vanish on E.

Let h € H°(X,O(E)) be the canonical holomorphic section of the holomorphic
line bundle associated with E. Thus div(h) = E. Since s vanishes identically on a
neighbourhood of Supp F, we get a smooth section of the C*° complex line bundle
F .= O0(—=(m+ 1)E) ® L by setting

o:=h""D @5 c O%(X, F}).

Put any C'*° Hermitian metric hg on O(F) and endow the holomorphic line bundle
O(—=(m 4 1)E) with the Chern connection associated with the induced metric
hg(mﬂ). Together with the connection Dy, = 0y + 0y of Ly (cf. §1.1) this induces
a connection

Dp, = 0p, + 0r,

on Fj, that is compatible with the metric hp, induced on Fj by hg(mﬂ) and the
metric hy of Ly. Since O(—(m + 1)E) is holomorphic, we actually have dp, = 0y,
in the following sense: the (0, 1)-type connection 9y, of L, = O((m + 1)E) ® F},
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splits as
(81) O =0®1dp, +1d(mi1)r @ OF, .
The corresponding curvature form of Fj, reads
i
21
where 7, 1= 5=0(0(—(m + 1)E)) is of type (1,1). Hence

@(Fk) = Ym + af,

( 0,2 _ 0,2 i 1,1 _ 1,1
ge(Fk) =a;” and EG(Fk) =Ym + 0oy,

so using (3) we see that

X2 11 1 ¢

(82) ’ 27T@(Fk) k<a+ k%) oo KU/b2
7 0.2 C

‘ %G(Fk) oo < k1/b2’

where o + %’ym > 0 for all k large enough since o > 0 by assumption.

This shows that the sequence (Fj)i>1 of C* line bundles on X is asymptot-
ically holomorphic in the same way as the sequence (Ly)x>1 (introduced in §1.1)
is. We can thus apply to the bundles Fj, the results obtained for Ly in the previous
sections. In particular, we can define anti-holomorphic Laplace-Beltrami operators

A/}/;vk = 5Fk(§;‘k + g}képk : C;?q(X, Fk) — Cgf}q(X, Fk)

and spaces of approximately holomorphic sections of Fj analogous to those of
Laeng (cf. Definition 1.3):

Heo:= @ Exy (0) CO®(X, Fy)
u<C/k1+e 4

which induce orthogonal splittings
C®(X,Fy) =Hp, ®Np,,
where Np, := (Hp, )t (cf. (46)). Accordingly o splits as
CO(X,F)30=h"""YQs=0,40mm, onecHr,, o €Np,.

By Proposition 3.5, o, satisfies (in the same notation) the L2-estimate

4 C 1 _
2 2
(53) lowl? < 5oz (1+ g3 s ) 10molPe k2 k.

while 0, also satisfies by §3.3 the C*°-estimate (78).
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Now set € := h™ Tt ® 0, € C*°(X, Ly,) and
Ti=5s—¢{=h""" Q0o € CF(X, Ly).

It is clear that 7 vanishes to order > m + 1 on E, by construction. On the other
hand, estimate (83) reads

4 C 1 -
(84) [V e¢|? < ok (1 55 W) [R=" D @ 9s|?, k> L.
Now ||~ @ ¢||2 > C1||€||? for a constant C; > 0 independent of k (depending
only on [|h™*1]|c0) because the holomorphic section h™*1 is bounded above on
the compact manifold X. Meanwhile s vanishes identically, hence so does s,
on a neighbourhood W of Supp E in X. So ||~ ™+ @ ds||? < Cy||0ps||? for a
constant Co > 0 independent of & (depending only on inf x\ |h™+1]). Therefore,
(84) yields

4Cs C 1 _
*< 1 2 L.
1617 < Gz (14 5o e ) W0eslPs 63>

This estimate is the analogue of (54) for £ in place of s,j,. It leads, by a repetition
of the arguments of Subsection 3.3, to the C*-estimate for £ analogous to (78),
which, in turn, leads to the analogue for £ of (i) of Proposition 3.8:

7(z) = (s = §)(x) # 0. O
We can now show that Hj, separates points on X (and even more).

Lemma 4.3. Let x,y € X be such that x # y. Fix any m € N. Then, for every
k large enough, there exists an approximately holomorphic section T € Hy of Ly
such that

7(x) #0 and T vanishes aty to order > m + 1.

Proof. Let 7 : X — X be the blow-up of y in X and let E be the exceptional
divisor. Then 7*«a is a C*° (1,1)-form on X (since 7 is holomorphic) satisfying

™a>0 onX and ma>0 on)?\SuppE.

Since O(E)|g ~ Op(r, x)(—1), we can equip O(E)|g with the smooth metric coming
from Opn-1(—1) (n := dimc¢ X) and then extend it in an arbitrary way to a smooth
metric of O(E). Thus there exists ko € N* such that 20(0(—FE)) + kom*a > 0
on X. It follows that

(85)  (m+ 1)%@(0(—}3)) +Er*a>0 onX forall k> ko(m+1).
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If we equip the C* complex line bundle Fy, := O(—(m + 1)E) ® n*Lj, with
the smooth metric induced from the metrics of O(E) and Ly, the (1, 1)-component
of the associated curvature 2-form reads

. 1 N
L@(Fk)l’l =k mrl i@(o(—E)) +7*a ) +7*(ayt —ka) on X,
27 k27

while 5-0(F,)"? = m*ay?, where, thanks to (3), we have

x 0,2

. C
7 ()t = ka)|lo= < and |70y ||ce < Tk for k > 1.

C
= k1/b2
These relations compare to (82). Given the strict positivity property (85), the
C* approximately holomorphic line bundles Fj, — X are analogous to the line
bundles Fj, — X of the proof of Lemma 4.2. Thus if we take open neighbourhoods
V €U € X of x in X such that y ¢ U, a cut-off function # and the section
s = Ou* € C~(X, L) peaking at = as in the proof of Lemma 4.2, we can run
the argument of that proof for n*s € COO()?JT*Lk) on X in place of s on X.
Keeping the notation of the proof of Lemma 4.2 (possibly up to a 7), we get
sections £ = K™t @ g, € C(X,7*Ly,) (so € vanishes to order > m + 1 on E)
and

Fi=mts—{=n"T" @0y € C(X, 7 Ly)

with 7(Z) # 0 (where 7 := 7—1(z)) and 7 vanishing to order > m + 1 on E. Since
7* Ly, is trivial on a neighbourhood of E (because Ly, is trivial near y), there exists
a section 7 € Hj; C C*°(X, L) such that 7 = n*s — € = m*7. Since € vanishes to
order >m+1on E and 7 X \ Supp £ — X \ {y} is a biholomorphism,
we see that

|X\Supp E *

s—=¢{=T€eH, CC®(X,L;) onlX,

where ¢ := m,& € C°°(X, L) vanishes to order > m + 1 at y. Since s vanishes
identically on a neighbourhood of y, 7 € H, C C*°(X, Ly) is the desired section.
O

End of proof of Theorem /.1. The space Hy separating points on X (the case
m = 0 in Lemma 4.3) amounts to the Kodaira-type map @y, (cf. (79) or (80)) being
injective for k large. On the other hand, by the case mi+- - -+m,, = 1 of Proposition
3.9, the sections in Hj generate all 1-jets of approximately holomorphic sections
of Ly at any point x. This amounts to ®; being an immersion if k is large enough.
The proof of Theorem 4.1 is complete. O
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85. The original form o as a limit

In this section we prove the analogue for transcendental classes of Tian’s almost
isometry theorem [Tia90, Theorem A]. We assume throughout that o« > 0 on X
but its class {a} € H?(X,R) need not be rational.

Let ®, : X — PNr be the approximately holomorphic embedding of the
previous section defined by the subspace 3, C C°°(X, L) and let wl(;ks) denote
the Fubini-Study metric of PVs. Then %(DZw(FkS) is again a d-closed C'°*™° 2-form
on X but in general not of type (1,1) (since pull-backs under non-holomorphic
maps need not preserve bi-degrees). On the other hand, the current T}, introduced
in (7) is now a genuine C* (1,1)-form on X (since the sections in H; do not
have common zeroes when « > 0—see Proposition 3.8) if k is large enough. In
the classical case when the class {«} is integral, T, coincides with %@2%(7]2 (since
®;. is holomorphic in that case, hence it commutes with 85) and is termed the
k*® Bergman metric on X. However, in our case the class {a} is non-rational and
the above 2-forms are different for bi-degree reasons. Since ®j, is approximately
(or asymptotically) holomorphic, the (2,0) and (0, 2)-components of %@2%{@ are
intuitively expected to converge to zero as kK — oo. This fact will be borne out by

a calculation below. On the other hand, the (1, 1)-component of %ézwg’g need not

be closed, hence it need not coincide with T} but we will show that %(@Zw(FkS))l’l
and T}, converge to the same limit, so they are in a sense asymptotically equal.
Moreover, we will prove that this limit is the original Kéhler form « as was the

case in [Tia90] when {a} was integral.

Theorem 5.1. Suppose there exists a Kahler metric a > 0 on a compact complex
manifold X. For an arbitrary orthonormal basis (ok,1)ien of Hy, set

) Ni
1

o 3 2
(86) T = a+ ﬂaa log ; o3,

(and note that Ty, is independent of the choice of orthonormal basis). Then:

(a) |Tx — allc2 = O(1/Vk) as k — .
(1) [[E@rw®) — Ty||co = O(1/VE) as k — .

In particular, Ty, and %szl(;ks) converge to a, while %(@;wl(fs))l’l—Tk, %((I);w%ks))lo

and %(@2@&?)0’2 converge to zero in the C?-topology as k — oo.

The rest of this section will be devoted to proving these statements. Notice
that it suffices to prove the estimates locally with constants independent of the
open subset chosen. So fix a point z € X, local holomorphic coordinates z1, ..., z,
centred at x and a local trivialisation 6 of Ly over a neighbourhood U of x as
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in §3.1. For any global section o of Ly, denote by f the C*° function on U that
represents ¢ with respect to ¢j. In particular, the functions f;; represent on U
the sections o,; forming an orthonormal basis of Hj:

O'kvlellifhl@e(k) on U, for I/ =0,..., Ng.

We will choose an orthonormal basis (ox,;)o<i<n, of Hj that will enable us to
compute derivatives of fy; at = in the same way as Tian chose his basis in [Tia90,
(3.7)]. Since the evaluation linear map

evy : Hy = C, o f(x),

does not vanish identically (cf. (i) of Proposition 3.8), its kernel is a hyperplane
in Ky and we can choose o1 € Hy \ ker(ev,) such that ;¢ L ker(ev,). Thus
fr,0(z) # 0. Since the evaluation linear map

of

:ker(ev,) = C, o~ 8—21(36),

eVy——
$ 82’1
does not vanish identically (otherwise Hj would not generate the approximately
holomorphic 1-jet z;e= /2% at z—see Proposition 3.9), its kernel is a hyperplane
in ker(evy) and we can choose oi,1 € ker(evy) \ ker(evxaizl) such that o, L

d
ker(evza%l). Thus fi1(z) = 0 but ggl’l
a decreasing sequence of subspaces

(z) # 0. We can thus construct inductively

Hy D ker(ev,,) D ker 9 D+ Dker 9 D ker > >
& D ker(ev, er{ evag— er{ eva g — e evwaZ% ey

each containing the next as a hyperplane (since 3}, generates approximately holo-

morphic jets at z), choose o, € ker(evmc%)l C ker(evz%) foril =1,...,n
and og p+1,---,0k,nN, in the analogous way. Normalising each o} to norm 1, we

get an orthonormal basis of Hj, such that (cf. [Tia90, (3.7)]):

fe0(0) #0 and fr,(0)=0 foralll>1,
Sk Sk Of

02 ()=---= Do (x) =0 but ; (£) #0 foralll<Il<mn,
(87) Ok Ofkn 0 frn
%(m)z--~=%(m)zo but %(w)#(),
n 1
2
86’];1%,1 ()=0 foralll>n-+2.

To streamline the calculations, we may assume that the local holomorphic
coordinates z1,..., 2, about z, chosen originally as in (37) (where A;(z) > 0 for
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all j since o > 0), have been further rescaled so that
(88) alz) = —68@ Zdzj NdZ;.
Lemma 5.2. Suppose the local coordinates z1,...,z, about x have been rescaled

as in (88) and the local potential ¢ of a has been chosen as in (38) (with each \;(z)
replaced by 1). For u* defined in §3.1 write u* = f, @ e®) on U as in (42), where

e'®) denotes the local frame of Ly, with respect to 0. Then, for all j =1,...,n, we
have of 9
k P
= - eU.
() = —5 hele)ge ).
In particular, %(0) 0 and 8‘2 5’; (0)=—%£,(0) forallj=1,...,n

The statements still hold if we replace u* by any jet 2™ - - zmny®.

Proof. Since Oga(u*) =0 on U (see §3.1), we have
0= 5kA(uk) = (Ofp + 27rkka0’1) ®ep, hence Jf, = —gfkéw on U,

having used the identity A%! = (1/47)dp on U. The first statement of the lemma
follows. The first part of the second statement follows by taking z = 0 in the first
one and using (38) to see that (0¢/0%;)(0) = 0 for every j. The second part follows
by applying 0/0z; in the first statement and using (38). These properties still hold
for jets since Opa(2]"* -+ 2 uk) = 0 on U. O

We need one more preliminary observation in the spirit of [Tia90, Lemmas
2.1-2.3] before performing the actual calculations. We can apply to every ap-
proximately holomorphic jet z{"! - zmny® at x the procedure described in §3.2:
multiply it by a cut-off function 6 (with § =1 on V and Suppd € U) and then

take the orthogonal projections s, := sgizlh my)> T€SP Snh 1= sg:zlnh ) of
5= 027" 2k € O°(X, Ly) onto H, resp. Ni. So
k).h wok  (B)mh
SEml,...,mn) = 02{”‘1 e Z’;,n u — 5(77’317»-,7?’7‘”) on X.

The results obtained in §3.2 and §3.3 starting from u* still apply if we start off
with 2" - .. 2Mny® instead. Therefore sgﬁzlnhmn) satisfies the L?-estimate (54) on
X and the C®-estimate (78) on (1/VE)V' € (1/VEk)V € (1/VE)U

On the other hand, given the properties (87) satisfied by the orthonormal

basis (0k,)ien of Hy, it is not hard to see, after normalising each peak section

sgglhm) to S(ma,....mn) of L?-norm 1, that ok,0 is close to 5?5,)...,0)7 o, is close
to %fg)m 1,.0) (with 1 in the I*® spot) for every | = 1,...,n, ok ny1 is close to

3{(5)0 .0 ete. In Tian’s holomorphic case, this was an L?-norm proximity (cf.
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[Tia90, Lemma 3.1]). We can show furthermore that the forms in each of these
pairs are close to each other in the C'"*°-norm on a neighbourhood of x.

Lemma 5.3. We have
k 1
||Uk,0 — E{(O?m)o)ncw(ﬁw) < C(X,w) <k4/b2 + 5k)a
k 1
HG']CJ — gEO,)...,l,...,O)”Cm(\%kV/) S C(X,(JJ) (]{;4/172 + 5k), | = ]_, ey

1
O)”Coo(ﬁvl) S C(X,w) (k4/b2 + (Sk) .

Proof. The proof is essentially contained in [Tia90], we only re-interpret it in the

k
[CAE

.....

light of our estimate (78). It is well known that, for every I € N, any homoge-
neous polynomial P(Xy,...,Xy) € R[Xq,..., X4] of degree [ for which AgraP =0
(where Aga is the usual Laplacian of R?) restricts to an eigenvector Pga-1 of the
(non-positive) Laplace-Beltrami operator Aga—1 of the unit sphere S9! c R¢
of eigenvalue —I(I + d — 2). Furthermore, all spherical harmonics arise as such
restrictions. For z € C™, it follows that

/ 22t P do(2) =0, (M, .., my) # (P D),
SZn—l

hence, after integrating by parts, for all (my,...,m,) # (p1,...,Pn) We get
z”/ 2y PP (12)2) d2y AdEL A - Adzy AdZ, =0
l2|<R

for any function p(z) = p(|z|) depending only on |z|. This means that differ-
ent approximately holomorphic jets 2™ oo zmnyk and 2 <o z2Pryf oat x (with

(my,...,my) # (p1,...,Pn)) are mutually orthogonal on a neighlz(l:)u}lzhood of x.
(m;,...,mn)
) is due solely to the distorsion introduced by the correcting sections
(k),nh (k),nh

(ma,...;mq) (P15+-5Pn

so they are small in C*°-norm on (1/vk)V’. The lemma follows. O

The orthogonality defect on X between the global sections s and

k),h
s
(P1se-sPn

and s ) However, these correcting sections satisfy estimate (78),

With the choice (87) of an orthonormal basis of H; we shall now estimate
the latter term on the right-hand side of (86) in the same way as Tian did in
the holomorphic case. Extra terms containing z;-derivatives of f; appear in our
approximately holomorphic context compared to Tian’s case; Lemma 5.2 will con-
tribute to their estimates. The terms containing only z;-derivatives of fi; can be
estimated as in [Tia90] and we will be rather brief on details. However, we will spell
out in detail the estimates of the new terms peculiar to our non-holomorphic case.
It suffices to obtain C?-estimates at the fixed point z that are independent of z.
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Thanks to Lemma 5.3, we can compute the derivatives of (86) at z as if the
sz were the approximately holomorphic jets u* (for [ = 0), zu* (for 1 <1 < n),
22uF (for | = n + 1), etc. Indeed, only distortions very small in C*°-norm on
(1/Vk)V' are 1ntroduced by this substitution, hence the derivatives at x are only
distorted by O(1/k*/*2 + §;). Thus by (43), (44) we have

Ny

(89) T —05|U+76810g2|fkl|
=0

where | ;| denotes the modulus of fy ;.

Proving that the latter term on the right-hand side of (89) converges to zero
amounts to proving that, for every r,s = 1,...,n, the 8?/02,0%,-derivative of
(1/k)log > | fx.1|? converges to zero. Using an orthogonal transformation, it suffices
to prove this fact for r = s = 1.

We begin with the C?-estimate.

Lemma 5.4. With the above choices we have

1 91og Yo% |fial? c
< — k>1
k/’ 821621 ( ) . fOT’ “ > L

where C' > 0 is a constant independent of x.

Proof. Straightforward calculations give

(90)

af, E)
1 0? logzgo Z 0 fk,1 af;’ Z o fr.i J;"
— 0 (z)=— (z)
k 021071 k le Zz:o | il
Ny |O0fk1 2 Ni |0fk.1 12 N, 82 fi 82 fi
L |G S | SN fra i+ S Fa it
1=0
Ny, o,  Ofn1 2
1 | >0 fri azkll + Z k,l azkll | ()
k (0 | fral?)?
af 2 of af
_1 } e (@ x)| 1 Zz 1|2 (@ ‘ e (@ |
ko lfeo(@)? "k | fr0(x)[?
827 — 82
1 fro(@) G52 (@) + Jrole) 252 ()
k | fr0(x)?
aF% d d b
1 fr.o(x)? g;‘io (z) g;“( )+ fro(z )ngklo(x) gZO (z)
k | fro(x)|* .

We have used (87) in fi () =0 for all [ > 1 and in aj (z) =0for all I > 2.
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By Lemma 5.2, the anti-holomorphic first-order derivatives 9/0Z; vanish at
0 = z(x) in the case of jets, so we are left with calculating the first term and the
terms containing second-order derivatives 92/9z10z1 at 0 in (90).

By Lemma 5.2, we further have

9 fr0
021071

2
(0) = ~5 fio(0). Hence Fio(0) 5252 0) = ~ Lo (0)P

Thus fx0(0) g:fg’;; (0) is real and therefore equals its conjugate fx o(0) gjfg; (0).

It follows that at x = 0 we have

2 7 — 2
1 fro(@) e (@) + Jrole) 250 @)
k | fr0(x)]?

The first term in the last sum on the right-hand side of (90) can be estimated in

=—1

(91)

the same way as the analogous term in [Tia90]. Indeed, if ~ stands for equality
up to O(1/k) terms involving constants independent of z, we have, as in [Tia90,

§2, §3]:

821

k |fk,0(50)\2 kc(zo,_..,o)’

1 }Wk’l ($)|2 0(21,0,...,0)

where C(10,....0), C(0,...,0) are the coefficients of the normalised peak sections

k k),nh
50 0)(2) = Clr,..0) (2108 (2) = 5370 (2)),
~ k),nh
5000)(2) = Cl0.0,...0) (1" (2) = 555" (2))

given by the formulae
1

f|z|§(logk)/\/E |21|2e_k¢(z) de(Z)’
1

0(21,0,..4,0) ~

C’(20,0,...,0) ~ f

2l<(log kv € P AV (2)

In the rescaled coordinates of (88), \;(x) becomes 1 in (38), so
e ) =122+ 0(z]), =zeUl,

hence

1
02 ~ — —
(1,0,..-,0) f|z|§(logk)/\/E [21]2(1 = |2[2)F dzy Adzy A -+ - Adzp N dZ,

1
Jizi<tog iy v — 12P)Fdas AdZL A - Ndzg N dZy

C(Qo,o,‘..,o) ~
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from which it follows that

1|5 @)
(92) k |fk,o(90)|2

Sai<tog iy veL = 1212 dzs AdZL A - AN dzn A2,
F ) <og v |1 PO = [ dzr Adzr A A diy A dZ,

~ 1+ O0(1/k),

the last estimate appearing in [Tia90, proof of Lemma 3.3].
Putting together (91) and (92) we see that

) 2 9? fi 3 9?
1 | gfil ()] 1 fro() azlfg’;l () + fro(z) azlfak’;l (z) ~ O(1/k)
ko |feo@)> & | fr0(x)]? .
This completes the proof of Lemma 5.4. O

It follows from the uniformity with respect to x of the estimate of Lemma 5.4

that 5400 log Zl[\[:’“o log | fx.1|* converges uniformly to zero on U. Thus we have
Corollary 5.5. As k — oo, T}, converges to o in the C°-topology.

The C'-estimate is handled in a similar way. It suffices to estimate uniformly
the 03/0230z -derivative of (1/k)log " |fx.1|* at .

Lemma 5.6. With the above choices we have

1 9% log 32 | fral?
k 82%821

where C' > 0 is a constant independent of x.

()] < % forall k> 1,

Proof. The third-order 0%/9230z -derivatives of the fr, and fk,z (which would
vanish if the f;; were holomorphic, but do not in our case) are handled as follows.
Applying 9%/ Bzf- in the first conclusion of Lemma 5.2, we get

P fi Py (2) — Ofk ; Py ; k9P S (z)a—@(z)
82’]2-82j 82]282j 8zj 32’]'823' 2 32]2 823' '

() = 2 fra(2)

A similar formula is obtained for 93 fy /3,2]28@-. Taking now z = 0 and using
the facts that 9¢/0z;(0) = 9p/9z;(0) = 0 (by (38)), 9%p/02;0%;(0) = 1 (again
by (38) in which each A;(x) becomes 1 in the rescaled coordinates of (88)) and
Of1.1/92;(0) = 0 (by Lemma 5.2), we find for j = 1 that

P fra k P Ofk,i

0 fre ks PP
07207, (0) = =5 1a(0) 02207, (0).
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Using these facts and (87), straightforward but tedious calculations give

100108 S0 [fal? . T OFERO) 2 (0)[250(0) 220 0)
T L T Y (0| AR Y A (O
N ka,O(O) ngo (0)
Fro(0)

The two terms on the right-hand side of the first line above also appear in the
holomorphic case. The estimates of [Tia90, Lemma 3.2] apply to the sections in-
volved in all of the above expressions thanks to arguments very similar to those
recalled in the proof of Lemma 5.4. Using those estimates, we get the following
uniform growth rates for the three right-hand terms above:

o Ok k" 1;/227?”“) = O(4z4y7z) (for the first term);
° O(%) - O(kz,%) (for the second term);

D O(M) = O(4) (for the third term).

The contention follows. O
The C?-estimate can be proved in the same way and is left to the reader. We

have thus proved part (a) of Theorem 5.1. We now prove (b).

Since for any system of homogeneous coordinates [wp : - - - : wy, ] of PN+ the
Fubini-Study metric reads w( ) = 5-00log ZlN:ko |w;|?, we get
1 o 1 Al i
k) _ _ _
Wpg = ( —dwl dw; — w, W —dw; A dwr)
Sy lwn Z 2m S lun 172::0 27

Hence

L or ) 1 Sk - _ _
E(I) FS — m <Z %(&fk,l + Ofe1) AN (Ofk;+ Ofii)

=0

Z fkrfkl 8fkl+5’fkl) (afk,r+8fk,r)>a

I= 0|fkl| 1,r=0

from which it follows that
w)" 1 Ly i
(I)* - o AV - r a
(93) ( 7 Dk Fs) AT (Z (27T8fk,l AOfka = - 0fki A 6fk,l>

Z fr, rfk l (Qirafk’l A 5fk,r - %afk,r A 8fk,l)>u

|fkl‘ l,r=0
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N,

2,0 .
o () _ 1 ¢ 7
(94) <k(1)k FS> = kZNk TR (E 57 0Fkt N Ok,

Z l;gfkrsz afkl/\afkr)a

1 * 0,2 1 Ny .
(95) < ) ) _— ( éka A 5]‘71671
foEES kS0 | fal? Z 2

Z [, rfkl aflcl Aafkr)

er

Z_o

where |fx,| stands for the modulus of the function f;; that represents oy ; in
a local trivialisation of Lj. Thanks to Lemma 5.2, if the f;;’s were the actual
approximately holomorphic jets at = = 2(0), we would have

(96) Ofe(0)=0, 1=0,...,Ng,
and implicitly (Q>Zw1(fs))
noticed earlier, the f;;’s need not be the jets at = but they lie within a C*°-
topology distance O(l/k4/b2 + 0p) of the jets by Lemma 5.3. This estimate being

uniform with respect to x, we infer that

w\>" 1 w\ "
H( it ) sz0<@> and H( it )

On the other hand, straightforward calculations show that

and (<I>;wl($ks))0’2 would vanish at z. Now, as already

~=o(x)

Z~ Nk 1 Nk .
(97) —00log Y |fruul’ = ——— ( Ofuy AN Ofiy
27k lz:; kz |fkl|2lzg 27
78fkl/\afkl+fkl 3afkl+fkl 88fk,l>
S (et 0 0BT+ futfor 07 051
HN 2 ki 5 0fwi bt Soafir o 0fwi &,
1=0 /K, 1,r—0

+ fk,rfk,lziafk,l A 5fk,r + f_k,lfk,riafk,l A 5fk,r)-
T 2

Notice that the right-hand sides of (93) and (97) contain precisely the same terms
featuring products 0 fi; A 5f;w, while all the products containing a factor 8fk7l
or dfx; would vanish at 0 = z(z) if the fi,’s were the actual approximately
holomorphic jets at 0 by (96). Thus the terms in this latter group are negligible in
the C'*°-topology by Lemma 5.3. The only two terms featuring on the right of (97)
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but not on the right of (93) are those containing second-order derivatives i90 f ;
and i(?éfk,l. Thus we have

i B Ny 1 1,1
99) 500l ) = (0ild) o)
=0
1§(f 00fei + aéf )(x)+0<1>
Zl 0‘ka| ar klq— k,l k:l k,l \/E .

Now by Lemma 5.2, if the fi;’s were the actual approximately holomorphic jets
at 0 = z(x), for every | =0, ..., Ny the following would hold on U:

_ k _ 7= k 1 =
Ofrg = _gfk,la@a hence Taafk,z fkl 38@ - *7afk,l N Op.
T 221

Since i00p = 2ma on U (see §3.1) and dp(0) = 0 (see (38)), the last identity
applied at z = 0 reads

%&ﬁfk’l (0) = —gfk,l(o)a(0)7

from which we get (at = = z(0)):

<fkl aasz-kaz agfk,l)(o):_kfk,l(0)2a(0)a [=0,...,Nyg.

Since fx,1(0) =0 for all [ > 1 (cf. (87)), we infer that

Ni

1
S o 2 (35200 Teigy s ) O =<0

Since z = 0 in the chosen coordinates, from (98) we get

LN oo wm) 1
ﬁaalog;\fhﬂ (z) = <k: kW FS) (13)—04(93)4‘0(\/%)-

On the other hand, the left-hand term above equals Ty (x) — a(x) thanks to (89),

so we get
0 1,1 1

Since the constant implicit in O(1/v/k) is independent of z and corresponds to a
C'* estimate, we have obtained the uniform estimate proving part (b) of Theorem
5.1.

This completes the proof of Theorem 5.1. O
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