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Localization of Cohomological Induction

by

Yoshiki OSHIMA

Abstract

We give a geometric realization of cohomologically induced (g, K)-modules. Let (h, L) be
a subpair of (g, K). The cohomological induction is an algebraic construction of (g, K)-
modules from an (h, L)-module V. For a real semisimple Lie group, the duality theorem
by Hecht, Mili¢i¢, Schmid, and Wolf relates (g, K )-modules cohomologically induced from
a Borel subalgebra to D-modules on the flag variety of g. In this article we extend the
theorem to more general pairs (g, K) and (), L). We consider the tensor product of a
D-module and a certain module associated with V', and prove that its sheaf cohomology
groups are isomorphic to cohomologically induced modules.
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81. Introduction

The aim of this article is to realize cohomologically induced modules as sheaf
cohomology groups of certain sheaves on homogeneous spaces.

Cohomological induction is defined as a functor between the categories of
(g, K)-modules. Let (g, K) be a pair (Definition 2.1) and let C(g, K) be the category
of (g, K)-modules. Suppose that (h, L) is a subpair of (g, K) and that K and L
are reductive. Following the book by Knapp and Vogan [KV95], we define the
functors P,ff and Ié’f : C(h,L) — C(g,K) as V — R(g,K) Qp(p,r) V and
V — (Hompg, ) (R(g, K),V))k, respectively. See Section 2 for the definition of
the Hecke algebra R(g, K). When g = b, the functor Ié’f = Iggf is called the
Zuckerman functor. Let V' be an (h, L)-module. We define the cohomologically
induced module as the (g, K)-module (P,i’f)j(V) for j € N, where (Pff”f)j is the
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Jj-th left derived functor of Pr?,f' Similarly, we define (I, gf)ﬂ (V), where (I, gf)ﬂ is
the j-th right derived functor of I gf

This construction produces a large family of representations of real reductive
Lie groups. Let Gr be a real reductive Lie group with a Cartan involution 6 so
that the group of fixed points Ky := (Gg)’ is a maximal compact subgroup. Let g
be the complexified Lie algebra of Gg and K the complexification of Kr. We give
examples of cohomologically induced (g, K )-modules below. In the following three
examples we suppose that h is a parabolic subalgebra of g, and L is a maximal
reductive subgroup of the normalizer Ng (h). We also suppose that V is a one-
dimensional (h, L)-module.

e We assume the rank condition rank g = rank K and that b is a f-stable Borel
subalgebra. Then under a certain positivity condition on V, (Prf’f )s(V) (or
(Igf)s(V)) is the underlying (g, K)-module of a discrete series representation
of Gr. Here s = %dimK/L.

e Suppose that b is a f-stable parabolic subalgebra. Then the (g, K)-module
(Phg”f)s(V) (or (Igf)S(V)) is called Zuckerman’s derived functor module Ag(\).
Here s = 1 dim K/L.

e Let Pr be a parabolic subgroup of Gg and suppose that h is its complexified
Lie algebra. Then (P§7’£()0(V) (or (Igf)o(V)) is the underlying (g, K)-module
of a degenerate principal series representation realized on the real flag variety
GR/PR.

The localization theory by Beilinson—Bernstein [BB81] provides another im-
portant construction of (g, K)-modules. It gives a realization of (g, K)-modules as
K-equivariant twisted D-modules on the full flag variety X of g.

These two constructions are related by a result of Hecht-Mili¢i¢-Schmid—
Wolf [HMSW8T7]. We now recall their theorem. Let Gr be a connected real re-
ductive Lie group and let (g, K) be the pair defined in the above way. Suppose
that h = b is a Borel subalgebra of g and L is a maximal reductive subgroup of
the normalizer Ng (b). Let X be the full flag variety of g, Y the K-orbit through
be X, and i:Y — X the inclusion map. Suppose that V is a (b, L)-module and
b acts as scalars given by A € b* := Homg(b, C). Write Vy for the corresponding
locally free Oy-module on Y and view it as a twisted D-module. Let Dx ) be
the ring of twisted differential operators on X corresponding to A and define the
Dx y-module direct image ¢ Vy. Then the following is called the duality theorem:

Theorem 1.1 ([HMSWRST7]). There is an isomorphism of (g, K)-modules

HS(X, i_;,_Vy)* ~ (Ig:f)u—s (V* ®Q /\top(g/b)*>
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forse N and u=dim K/L —dimY . Here the left side is the K-finite dual of the
(g, K)-module H* (X, i Vy).

The proof in [HMSWS87] is by describing the cohomology groups of both
sides by using standard resolutions and giving an isomorphism between the two
complexes. We note that by using the dual isomorphism ([KV95, Theorem 3.1])
(Pff‘”f)j(V)* o~ (Igf)f(v*), Theorem 1.1 can be deduced from

(1.1) H (X, i Vy) = (P& )ues (V@ NP (g/b)).

The relation between cohomological induction and localization has been stud-
ied further (see [Bie90], [Cha93], [Kit10], [MP98], [Sch91]). Mili¢i¢-Pandzi¢ [MP98]
gave a more conceptual proof of Theorem 1.1 by using equivariant derived cate-
gories. In [Cha93] and [Kit10], Theorem 1.1 was extended to the case of partial
flag varieties.

In this article we will realize geometrically the cohomologically induced mod-
ules in the following setting. Let ¢ : K — G be a homomorphism between complex
linear algebraic groups. Suppose that K is reductive and the kernel of ¢ is finite so
that the pair (g, K) is defined. Let H be a closed subgroup of G. Put M := i~ (H)
and take a Levi decomposition M = L x U. We write i : Y = K/M - G/H =X
for the natural immersion. Let V' be an (h, M)-module. We view V as an (h, L)-
module by restriction and define the cohomologically induced module (P,;J”f ); (V).
In this generality, we can no longer realize it as a (twisted) D-moduleon X = G/H.
Instead we use the tensor product of an i~ !Dx-module and an i~ 'O x-module as-
sociated with V' which is equipped with a (g, K)-action (see Definition 3.3). We
now state the main theorem of this article.

Main Theorem (Theorem 4.1). Suppose that V is an i~'gx-module associated
with V' (see Definition 3.3). Then we have an isomorphism of (g, K)-modules

H (Y, iy L @10, V) = (P )u-s (V@ N (8/0))
for s e N and u=dimU.

Here L is the invertible sheaf on Y defined at the beginning of Section 4 and
the direct image i, £ in the categories of D-modules is defined as

i (L ®oy Qy) ®p, i"Dx) @0y -
Hence its inverse image i~'i, £ as a sheaf of abelian groups is given by

(ﬂ Koy Qy) ®py "Dx Ri-10x i_lﬁ}/(.
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We note that if V' comes from an algebraic H-module, then we can take V to be
i~'Vx, where Vyx is a G-equivariant locally free Ox-module with typical fiber V'
(Example 3.5).

The work in this article was motivated by the study of branching laws of
representations. In [Osh1l] a special case of Theorem 4.1 was proved and it was
used to get an estimate of the restriction of A4(\) to reductive subalgebras.

This article is organized as follows. In Section 2 we recall the definition of
cohomological induction following [KV95]. In Section 3 we give the definition of
an i~ *O-module associated with an (b, M)-module. We state and prove the main
theorem (Theorem 4.1) in Section 4. Our proof basically follows the proof of the
duality theorem in [HMSWRST7]. Section 5 is devoted to the construction of the
i~1O-module associated with an (h, M)-module, which can be used for the geo-
metric realization of cohomologically induced modules. In Section 6, we see that
the module i~1i, L&V can be viewed as a twisted D-module if b acts as scalars on
V. Therefore, Theorem 4.1 becomes the isomorphism (1.1) and hence Theorem 1.1
in the particular setting.

§2. Cohomological induction

In this section we recall the definition of cohomological induction following [KV95].

Let K be a complex reductive algebraic group and let Kr be a compact real
form. Since any locally finite action of K uniquely extends to an algebraic action
of K, the locally finite Kr-modules are identified with the algebraic K-modules.
Define the Hecke algebra R(KR) as the space of Kg-finite distributions on Kg. For
S € R(KR), the pairing with a smooth function f on Ky is written as

f(k) dS(k).

Kgr

The product of S,T € R(Kpg) is given by

ST :f— f(kK")dS(k)dT (k).
Krx Kg
The associative algebra R(KR) does not have the identity, but has an approximate
identity (see [KV95, Chapter I]). The locally finite Kgr-modules are identified with
the approximately unital left R(Kg)-modules. The action map R(Kg) x V — V
is given by

(S,v) — kv dS(k)

Kr
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for a locally finite Kgr-module V. Here, kv is regarded as a smooth function on Kg
that takes values in V. We have a natural isomorphism of C-algebras

R(Kg) ~ @) Ende(V;),

TEIA(

where K is the set of equivalence classes of irreducible K-modules, and V, is a
representation space of 7 € K. Hence R(Kg) depends only on the complexification
K up to natural isomorphisms, so in what follows, we also denote R(Kg) by R(K).

Definition 2.1. Let g be a Lie algebra and K a complex linear algebraic group
such that the Lie algebra € of K is a subalgebra of g. Suppose that a homomorphism
¢ : K — Aut(g) of algebraic groups is given, where Aut(g) is the automorphism
group of g. We say (g, K) is a pair if

e &(-)|e is equal to the adjoint action Ad(K) of K, and
e the differential of ¢ is equal to the adjoint action adg(£).

Let i : K — G be a homomorphism of complex linear algebraic groups with
finite kernel and let g be the Lie algebra of G. Then (g, K') with the homomorphism
¢ := Ad o i is a pair in the above sense.

Definition 2.2. Let (g, K) be a pair. Let V be a complex vector space with a Lie

algebra action of g and an algebraic action of K. We say that V' is a (g, K)-module

if

e the differential of the action of K coincides with the restriction of the action of
g to ¢, and

o (p(k)E)v=Fk(&(k™(v))) for ke K, £ €g,andv e V.

For a pair (g, K), we denote by C(g, K) the category of (g, K)-modules. Sup-
pose moreover that K is reductive. We extend the representation ¢ : K — Aut(g)
to a representation ¢ : K — Aut(U(g)) on the universal enveloping algebra. We
define the Hecke algebra R(g, K) as

R(g, K) := R(K) @y Ul(g)-
The product is given by

(S@&) - (Ton) =Y (5 (& ¢()'OT) @ &m)

i
for S,T € R(K) and &,n € U(g). Here &; is a basis of the linear span of ¢(K)¢,
and & is its dual basis. We regard (£, ¢(-) 7€) as a function on K. As in the
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group case, the (g, K)-modules are identified with the approximately unital left
R(g, K)-modules. The action map R(g, K) x V — V is given by

(S®& v)— p k(€v)dS(k)

for a (g, K)-module V.

Let (g, K) and (b, L) be pairs in the sense of Definition 2.1. Suppose that K
and L are reductive. Let i : (h, L) — (g, K) be a map between pairs, namely, a
Lie algebra homomorphism 4,1, : h — g and an algebraic group homomorphism
igp : L — K satisfy the following two assumptions:

e The restriction of 4.1 to the Lie algebra I of L is equal to the differential of 7gp.
o O (igp(l)) 0 talg = talg © ¢r(l) for [ € L, where ¢ denotes ¢ for (g, K) in
Definition 2.1 and ¢, denotes ¢ for (b, L).

We define the functors Phg,’f,lgf :C(h,L) — C(g,K) by

Pr?f V= R(g, K) ®py,) V,
IZF Ve (Hompgy 1y (R(g, K), V),

where () is the subspace of K-finite vectors. Then Pé‘y’f is right exact and I,?f

is left exact. Write (Phgf) ; for the j-th left derived functor of P,if{ and write

(I gf)] for the j-th right derived functor of I gf We can see that I hgf is the right
adjoint functor of the forgetful functor

For’'% : C(g,K) = C(h,L), V= R(g,K) @per) V=V,
and P,f}’é{ is the left adjoint functor of the functor
For'"% . C(g,K) = C(h,L), Vv (Hompg x)(R(g, K),V))z.

For an (b, L)-module V', the (g, K)-modules (P,i’f)j(V) and (Igf)J(V) are called
cohomologically induced modules.

§3. O-modules associated with (g, K')-modules

Let G be a complex linear algebraic group acting on a variety (or more generally a
scheme) X. Let a : G x X — X be the action map and ps : G x X — X the second
projection. Write Ox for the structure sheaf of X and a*, p3 for the inverse image
functors as O-modules. We say that an Ox-module M is G-equivariant if there is
an isomorphism a*M =~ p5 M satisfying the cocycle condition. For a G-equivariant
Ox-module M, the G-action on M differentiates to a g-action on M.
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Definition 3.1. Suppose that H is a closed algebraic subgroup of G, and X =
G/H is the quotient variety. For an algebraic H-module V', define Vx as the G-
equivariant quasi-coherent O x-module that has typical fiber V.

The category of G-equivariant quasi-coherent Ox-modules is equivalent to
the category of algebraic H-modules, and Vx is the Ox-module which corre-
sponds to V' via this equivalence. It also corresponds to the associated bundle
G xg V — G/H. The local sections of Vx can be identified with the V-valued
regular functions f on open subsets of G satisfying f(gh) = h=1 - f(g) for h € H.
We often use this identification in the following.

Note that Vx is locally free if V' is finite-dimensional. Indeed, let v, ..., v, be
a basis of V and take local sections v, . .., v, such that v;(e) = v; for the identity
element e € G. Then the map OF" — Vx given by (fi); +— Y., fi0; is defined
near the base point eH € G/H and is an isomorphism on some open neighborhood
of eH.

Suppose that X is a smooth G-variety. Then the infinitesimal action is defined
as a Lie algebra homomorphism from the Lie algebra g of G to the space of vector
fields T(X) on X. Denote the image of £ € g by £x € T(X). Then £x gives a
first-order differential operator on the structure sheaf Ox. Let gx := Ox ®c g.
This module becomes a Lie algebroid in a natural way (see [BB93, §1.2]): the Lie
bracket is defined by

[fegan =fox[n+ fEx(g)@n—gnx(f)®¢

for f,g € Ox and &,n € g. Here f € Ox means that f is a local section of Ox.
Similar notation will be used for other sheaves. Write U(gx) (~ Ox ® U(g)) for
the universal enveloping algebra of gx. Then a U(gx)-module is identified with
an Ox-module M with a g-action satisfying £(fm) = Ex(f)m + f(Em) for € € g,
f€0x,and m € M.

Let Tx be the tangent sheaf of X and let p : gx (= Ox ®c g) — Tx be
the map given by f ® £ — f&x. Then the kernel H := kerp is isomorphic to the
G-equivariant locally free Ox-module with typical fiber . Let Dx be the ring of
differential operators on X. The map p extends to p: U(gx) — Dx and descends
to an isomorphism of algebras

(3.1) U(sx)/U(gx)H = Dx.
We will work in the following setting.

Setting 3.2. Let ¢ : K — G be a homomorphism of complex linear algebraic
groups with finite kernel. Let H be a closed algebraic subgroup of G. Put M :=
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i~1(H), which is an algebraic subgroup of K, and write X := G/H and Y := K/M
for the quotient varieties. The map ¢ : K — G induces an injective morphism
i 1Y — X between the quotient varieties and an injective homomorphism di :
£t — g between Lie algebras. We identify ¢ with its image di(€) and regard ¢ as a
subalgebra of g.

In particular, (g, K) and (h, M) become pairs in the sense of Definition 2.1,
where b is the Lie algebra of H.

Let e € K be the identity element and let o := eM € Y be the base point
of Y. Write

Iy ={f€Ox: flyy=0forye Y}, ZI,:={f€Ox: f(o) =0},

so Ty is the defining ideal of the closure Y of Y. It follows that i *Ox /Ty ~ Oy-.
Here i~! denotes the inverse image functor for the sheaves of abelian groups. For
an i~1Ox-module M, the support of the sheaf M/(i~1Z,)M is contained in {o}
so it is regarded as a vector space.

Let Y, be the scheme (Y,i"'Ox/(Zy)P) for p > 1. If locally we have X =
Spec A, Y = Specl, and Y is closed in X, then Y, = Spec(A/I?). The scheme
Y is identified with the algebraic variety Y. If M is an i~'Ox-module, then the
sheaf M /(i~'Zy )P M can be viewed as an Oy, -module.

The inverse image i~ 'U(gx) of U(gx) is a sheaf of algebras on Y and an
i~1Ox-bimodule. We will call i~1U(gx )-modules simply i~ 'gx-modules. The K-
action on i~!gx is given by f ® & = (k- f) @ Ad(i(k)) (&) for f € i710x, € € g,
k € K. Suppose that M is an i~ 'gx-module and let i 'gx ® M — M be the
action map. Then the inclusion g - (Zy)? C (Zy )P~ ! induces a map i 'gx ®
M/ YTy )P M — M/(i7 Ty )P~ M. The K-actions on X and Y induce a K-
action on Y),. Since Y is K-stable in X, we have ¢ - (Zy)? C (Zy)P. Therefore, we
can define a £-action on M /(i~1Zy )P M. Similarly, we have - Z, C Z, and we can
equip M /(i7'Z,)M with an h-module structure.

Definition 3.3. Let V be an (h, M)-module. We say an i~'gx-module V is as-
sociated with V if V/(i"'Zy )PV is a K-equivariant quasi-coherent Oy, -module for
all p > 1 and the following five assumptions hold.

(1) The canonical map
V/(iT Iy )PV — V/ (i Ty )PV

commutes with K-actions for p > 2.
(2) V/(i"'Zy )PV is a flat Oy, -module for p > 1.
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(3) The action map i~ *gx ® V/(i 'Zy)PV — V/(i™'Zy )P~V commutes with
K-actions for p > 2. Here K acts on i~ 'gy ® V/(i~'Zy )PV diagonally.

(4) The t-action on V/(i7'Zy )PV induced from the g-action on V coincides with
the differential of the K-action on V/(i~1Zy )PV for p > 1.

(5) There is an isomorphism ¢ : V/(i~'Z,)V = V which commutes with h-actions
and M-actions.

Remark 3.4. The g-action and the K-action on V induce an h-action and an M-
action on V/(i~1Z,)V. The conditions (3) and (4) imply that V/(i~1Z,)V becomes
an (h, M)-module.

Example 3.5. Suppose that V is an H-module and define the G-equivariant
quasi-coherent O x-module Vx as in Definition 3.1. The G-action on Vx induces a
g-action and a K-action on Vx. Then by regarding V as an (h, M )-module, i~V
is associated with V.

We will construct an i~!gx-module associated with an arbitrary (b, M)-
module in Section 5.

Example 3.6. Let V and W be i~ !gx-modules associated with (, M)-modules
V and W, respectively. Then the tensor product V ®;-10, W is associated with
the (b, M)-module V @ W.

We can define the pull-back of i~!gx-modules associated with V in the fol-
lowing way. Let K’', G’, H' be another triple of algebraic groups satisfying the
assumptions in Setting 3.2. In particular, the map ¢’ : K’ — G’ induces a mor-
phism of the quotient varieties i : K'/M' — G'/H', where M’ := (i')"'(H").
Suppose that g : K/ — K and ¢ : G’ — G are homomorphisms such that the
diagram

K—sa

" b

K——~@G
commutes and that ¢(H') C H. Then px(M') C M. The maps ¢, ¢k induce
morphisms ¢ : X' := G'/H" — X, pg : Y' 1= K'/M" = Y and ¢, : Y} =
(Y, (i")"'Ox: /(Zy+)P) = Y,. We get the commutative diagram

v s X

y — > X
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Suppose that V is an i~'gyx-module associated with an (h, M)-module V. Let
V' = (i)' Oxs @poin-10x ©x'V. We define a g’-action on V' by &(f @ v) =
Ex (vt foe@uviorécy, fe (i) 'Ox:, and v € 'V so that V' becomes
an (i') g’ x,-module. Since

V() Ty )PV = (i) T Oxr [ (Zy )P @(goiny-10x Px Y = 0y (V/ (7 Ty )"V),

the sheaf V'/((i")"1Zy/)PV’" is a K’-equivariant quasi-coherent Oy;-module. We
can easily show the following proposition by checking the five assumptions in
Definition 3.3.

Proposition 3.7. Let V be an (h, M)-module and V an i~'gx-module associated
with V.. Then the (i')~'g’ x,-module (') ' Ox/ @(poiry-10x 0"V is associated with
the (b, M')-module Forgj}\]y,(V).

84. Localization of cohomological induction

We retain Setting 3.2. In this section, we assume moreover that K is reductive. Let
M = LxU be a Levi decomposition of M, where L is a maximal reductive subgroup
of M, and U is the unipotent radical of M. The corresponding decomposition of
the Lie algebra is m =@ u.

Let V be an (h, M )-module. We can view V as an (§, L)-module by restriction
and then define the cohomologically induced module (Pbg’f ); (V) as in Section 2.

In order to state the main theorem, we need a shift of modules by a character
(or an invertible sheaf) that we will define in the following. Write A"P(¢/1) for
the top exterior product of ¢/l and view it as a one-dimensional L-module by the
adjoint action. Since K and L are reductive, the identity component of L acts
trivially on A"P(€/1). We extend the L-action on A'P(¢/l) to an M-action by
letting U act trivially. Define £ as the K-equivariant locally free Oy-module on
Y := K/M whose typical fiber is isomorphic to the M-module A\*P(£/[). The
K-action on L differentiates to a £-action. Then £ becomes a U (Ey)—module and
the kernel of the map Ey — Ty acts by zero because the identity component of M
acts trivially on A\"P(€/1). Therefore, £ has a structure of left Dy-module via the
isomorphism (3.1) for Y.

Let M be a left Dy-module. Recall that the direct image of M by i in the
category of left D-modules is defined as

(4.1) iwM =i, (M &0, Q) @p, i"Dx) o, Q%

where i, is the direct image functor for sheaves of abelian groups, 0y is the
canonical sheaf of Y, and Q¥ is the dual of the canonical sheaf of X. Via the map
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p:U(gx) — Dx, we can view i, M as a gy-module. The inverse image i~ i, M
as a sheaf of abelian groups is

7;712'_;,_./\/[ = M®po, Qy) @p, i*"Dx ®i-10y i719§,

which has an i~1gx-module structure. We note that the functor i ~'i . is exact.
Define subsheaves of Dx by

F,Dx :={D € Dx : D(Iy "' C Iy}

for p > 0. They are Ox-bi-submodules of Dx and form a filtration of Dx. It
induces a filtration of i 1 L:

Fpi71i+£ = (ﬁ Koy Qy) XDy i*FpDX Ri-10x iilg}/(.

It follows from the definition of F,Dx that Fj,i~'i, L is annihilated by (i ~'Zy )P
and hence is regarded as a quasi-coherent Oy, ,-module.
Here is the main theorem of this article:

Theorem 4.1. In Setting 3.2, assume that K is reductive. Let M = L x U be a
Levi decomposition. Suppose that V is an (b, M)-module and that V is an i~ 'gx-
module associated with V' (Definition 3.3). Then we have an isomorphism of (g, K)-
modules

H*(Y,i i L @10y V) = (PEL )us (V@ NP (8/h))
for s € N and w = dimU. (See the remark below for the definition of the (g, K)-

action on the left side.)

Remark 4.2. Since i_1i+£ and V have i~!gx-module structures, the tensor
product i~ £ ®;-10, V becomes an i~'gx-module. This gives a g-action on
the cohomology group H*(Y,i i £ ®;-10, V). In order to define a K-action, we
use the filtration F,i~1i; L defined above. By definition, (i7'Zy)P*! annihilates
F,i~1i; £ and hence

(4.2) Fpi tip L @10, V= Fyi lig Loy, V/ (i Ty)1V
for p < q. Since V/(i~'Zy)?V is a flat Oy,-module by Definition 3.3(2), the map
Fp1i Vi L @0, V= Fpi iy L& 10, V

is injective. We let K act diagonally on the right side of (4.2). This gives a K-action
on H¥(Y, Fi~Yiy L ®;-10, V). Using the isomorphisms
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HY(Y,i "y L ®i-10, V) = H (Y, (@Fpi*1i+£) ®i-10x V)
P
~ 1 (Y, im(Fyi iy £ @104 V) = im H(Y, Fyimtiy L @10, V),
p p

we define a K-action on H*(Y,i7ti  L&;-10, V). With these actions, H*(Y,i71i, L
®i-10, V) becomes a (g, K)-module because of Definition 3.3(3), (4).

Proof of Theorem 4.1. Let X = G/L and Y = K/L be the quotient varieties.
We have the commutative diagram

Y
ﬂki
Y

where the maps are defined canonically.

_'ox
X

The direct image functor i, defined as in (4.1) induces the direct image functor

7

?
R

between the bounded derived categories of left D-modules, which we denote by
iy : D*(Dy) — DP(Dx). Similarly for 7., 7y, and (7x);. We have 7, o) ~
iyo(mk)y. Since Tx is a smooth morphism and the fiber is isomorphic to the affine
space C*, it follows that (mx)+ Q% = L[u] (see [HMSWST7]). Here L[u] € D"(Dy)
is the complex (- — 0 — L — 0 — ---), concentrated in degree —u. Therefore,
i+(7rK)+Q)V~/ ~ i, L[u] in DP(Dx).

Since L is reductive, the varieties X and Y are affine by Matsushima’s crite-
rion. Hence the functor 7y is exact for quasi-coherent D-modules and 7, is exact
for quasi-coherent O-modules.

Denote by T¢ /X the sheaf of local vector fields on X tangent to the fiber of 7,
and denote by {2 /X the top exterior product of its dual 7}? Ix We note that there
is a natural isomorphism Q)?/X ~ Q5 Qoy QY. Recall that for M € Db(Df()
the direct image 7y M is defined as

T M= 7T*<(./\/l ®Ok' Q)}) ®%§ 7T*'Dx) Rox Q\)/(
The left D g-module 7*Dx has the resolution (see [HMSW87, Appendix A.3.3])
(4.3) 'D}? Ko /\. T)?/X — 1 Dx,

where the boundary map 0 on Dg ®o A° T};/X is given as

d ~
D®§~1A-~-A£~,1'—>Z(—1)”1D€~i®§~1A-~-/\£~M~-~/\§:z

~ ~

=1
+ ) (CD)TIDREGEGING A NG N AE N A

1<i<j<d
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The right 7~ 1D x-module structure is not canonically defined on the complex, but
the g-action can be described as

ED®EN-NE)=—-DEg@E A NEg+DREE A NEJ)

for £ € g. Here we use the g-action on A\ T /X induced from the G-equivariant
structure.
By using the resolution (4.3), the direct image 7r+i+Q}V7 is given as the complex

T (’Z+Q;/~, ®O}? QX’ ®(93{v /\. T)}/X) Rox Q}/(
As a result, we have
iy Llu] ~ 7 (13.9f ®o . \° T )x ®ox Q)?/X)
and hence
(44) L) > i T (198 ®op N T x ®og Q5 /x)
~ i (T QL @0, TN Tx)x @105 5719)?/)()
~ (k)L (17108 @10, T (A T3/ x ®ox Q)?/X))-

There is a natural morphism of complexes of i~ 1O x-modules

(45) Y (mr)s (7107 @105, T A" Ty x ®oy Q5 )x)) ®im10x V
- (m{)*(rlhﬁé Qo A Tx/x ®ox Qz/x) Orti-10x T V).

We claim that 1 is an isomorphism. Indeed, if Fp€_1€+Q;/~, denotes the filtration
of i_li+Q}V~, defined in a way similar to Fji~'i £, then we get a map
772117 : (WK)*(FPiiliJrQ% ®i—1(9;( 571(/\. T)?/X ®O;{ Q)}/){)) ®i-10x v

= () (Fp 140 @10, T 1A Ty x ®05 U%)x) ®rli-10x T V).
It is enough to show that v, is an isomorphism for all p> 0 because li_n)lp Fpi_lhﬂ%
~ 7717, QY. Since the ideal Tt (i7 Iy )P of mti~'Ox annihilates Fi i, QY
we have
(FK)*(Fpi_li+Q3v7 ®i*10)~( 5_1(/\. T)?/X Qog Q)}/x)) ®Qi-10x V
~ (i) (Fpl 143 @m0, 1 1A Ty x @05 Q5 %)) @oy,,, (V/ (TP V).

By Definition 3.3(2), V/(i~*Zy )PtV is a flat Oy, ,-module. Hence the projection
formula shows that 1, is an isomorphism and the claim is verified.
The successive quotient of the filtration

~—1~ ~— d —
M= Fy 1Z+Q¥7 Qi-105 1 YA Tx/x ®ox Q)?/X) Or im0k TV
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is
(Fpi_li-&-Q;/?/Fp—li_li-&-Q)v?) Qo Z*(/\d T)?/X Qo Q)}/x) Qo W;{(V/(i_le)V)v

which is a quasi-coherent Og-module. Since Y is affine, H(Y, F,M/E, 1 M)=0
for s > 0. Hence H*(Y', F, M) = 0 and

s (T a—1s 1 pd -
H (Y7708 @107 (A Tz/x ©05 Q%/x) Or1i10, V) =0
for s > 0. By (4.4) and (4.5), we conclude that
HE(Y, i b i L @10, V)
~H T (Y, 171498 @10, T A Ty x ®0x Q5/x) ®p—1i-10, T V).

Since €’1€+Q¥/ 104 7'Qg ~ Oy ®p, "Dy, we have

TOE @10, TN Ty jx ®0x z)x) Ortimioy, TV
~ Of, ®Ds7 5*2))} ®i—10}‘( 571 /\. T)?/X ®ﬂ_}—(1i,1ox ’iT;(l(V Ri-10 i719§).
If we put
V=T AN T x @ im0, TR (V@10 10X,
then we obtain
(4.6) H(Y,i ™V L @10, V) 2 H (Y, Oy ®p, i"Dg @5-10, V*).
The boundary map
a: Oz @D, i*D;{ Q104 y—d Oz O, ?'Dg Qi-104 y-dtt
is given by
fODOE A NEgD
d ~ ~ = ~
Y ()T FRDGRG A ANGA AR
i=1
+ > ()T RDREGING A NG A NG A AE B,
1<i<j<d

where f € Oy, D € "Dy, &,....6 € 5_17}5/){7 and v € T (V ®-10, 171Q%).
The right side of (4.6) can be computed by using the following lemma.

Lemma 4.3. Let V' be an L-module, or equivalently an (I, L)-module. Let V' be
an 5715)? -module associated with V'. Then

I'(Y,05 @p, ©"Dg ®i-10, V') = R(g, K) @) V'.
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Proof. The proof is similar to that of [Osh11l, Lemma 3.4].
Using the right le)z—module structure of 7*Dg, we can define a g-action p
on the sheaf "D ®;-10 V' by

p)(D®v):=—-D{s @v+ D ®&v

for £ € g, D € "Dg, and v € V'. Moreover, the sheaf "Dg ®;-10, V' is K-
equivariant. We denote this K-action and also its infinitesimal £-action by v. Def-
inition 3.3(4) implies that the ¢-action v is given by

v(in)(D®v) =ngD®@v—Dng @v+ D

for € €. Here, ny D and Dng are defined by the (Dy, i7'D ¢ )-bimodule structure
on *Dg. Then it follows from Definition 3.3(3) that I'(Y,7"Dg ®;-10. V') is a
weak (g, K')-module in the sense of [BL95], namely,

v(k)p(€)v(k™") = p(Ad(i(k))E)
for k € K and € € g. Put w(n) :=v(n) — p(n) for n € £. Then w(n) is given by
wn)(D®v) =nyD .

Since Y is an affine variety, (Y, Dy ) is generated by U (£) and O(Y) as an algebra.
Therefore,

I(Y,05 @p, i"Dg @10, V') ~ OY) Or @ ) I(Y,i"Dg @10, V')
~T(Y,i*Dg @10, V) /w(®T(Y,i"Dg @10, V).

Let e € K be the identity element. Write o := el € Y for the base point
and i, : {o} = Y for the inclusion map. Let Z, be the maximal ideal of Oy
corresponding to o. The fiber of "Dy Qi-104 V' at o is given by

W .= Z:(i*'D)? ®;71@X V’)

~T(Y,i"Dg @10, V) | L(YV)T(Y,i"Dg @;-10, V).

The actions p and v on "D ®i-10 V' induce a g-action and an L-action on W.
With these actions, W becomes a (g, L)-module and there is an isomorphism

(4.7) ¢ :U(g) @upy V' = W.

This can be proved by using [Osh11, Lemma 3.3] and Definition 3.3 (see the proof
of [Oshl1l, Lemma 3.4]). Hence we have

I(Y,i"Dg ®i-10. V') = R(K) @r(r) (U(9) @u@y V')
The rest is the same as in [Oshll, Lemma 3.4]. O
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Returning to the proof of Theorem 4.1, let us compute the cohomologi-
cal induction (ng)s(v ® A'P(g/h)) by using the standard resolution ([KV95,
§IL.7]). The standard resolution is a projective resolution of the (b, L)-module
V @ A"“P(g/b) given by the complex

U(h) @uqy (A°(h/) @V e AP (g/h)),

where the boundary map

9" UD) @y (N (5/0@VOAP(g/bh) = UM @um (A (1/H2VaA(g/h)
DREA-- NPV

d —~ ~
HZ( DN DERE N AEN NV —DRE A NEN - NEGRE)

~

+ ) ()DL GINEG A AEGA NG A NE DY
1<i<j<d

for D € U(h), &1,...,6a € h, and v € V @ A'*P(g/h). Therefore,

(48)  (PEE)._ (Ve A(a/h)
~ I PEE (U () @ (A (6/1) @ V @ A (a/1)))
~ H"R(g, K) ey (A" (/D @ V & A (a/h)),

where the boundary map

9" R(g, K) @r(ry (N'(5/) @V @ AP (g/h))
— R(g, K) @p) (N7 (/) @V & AP (a/h))

is given by
D®5T o ANEGR

> Z DTHDERE N - /\g/v--A@@v—D@E/\-~-/\§/\---/\5®£w)

~

+ > (—D)DRGGIAG A AGA NG A AE R
1<i<j<d

for D € R(g,K), &1,...,€a € b, and v € V @ \"P(g/h).
Put

V== ANUp/) oV @ A*(g/b)
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for simplicity. We identify the fiber of 75 /X with b/l in the following way: if a
vector field £ € T);/X equals —{¢ at the base point eL € X for { € b, then §
takes the value £ € h/l at e € G. Similarly, the fiber of Q;/?/X is identified with
AP (g/h). Then V~4 is associated with V=% by Examples 3.5 and 3.6. From (4.6)
and (4.8) it is enough to show that the isomorphisms ¢ given in Lemma 4.3 for
V' = V=4 0 < d < dim(h/l), commute with the boundary maps, that is, the
diagram

R(9,K) ®pry) V4 R(g,K) ®p(ry V4t

| !

F(?, Oy ®p, "Dy Ri-104 Vﬁd) _2. F(T/, Oy ®pg "Dy Qi-104 VﬁdJrl)

commutes. In view of the proof of Lemma 4.3, the above diagram is obtained by
: g9, K
applying the functor Pg . to

_ o _
Ulg) @y V4 ———U(g) @y V4

(4.9) wi lwl

(T Dg @10, V) —2=i3(7"Dg @10, V)

where ¢? is the map ¢ of (4.7) for V! = V~<. Therefore, it suffices to show that
the diagram (4.9) commutes.

To see this, we use the following notation. A section f € "Dy Q104 y—d
defines a section of i}, (7*D ¢ ®;71@XV_d) and hence defines an element of U (g) @y (1)
V=% via the isomorphism ¢?. We write i, f € U(g) @y V¢ for this element. Put
Z := H/L and write iz : Z — X for the inclusion map. Then iz (Z) = 7~ *({0})
and there is a canonical isomorphism i*ZT);/X ~ Ty. For &,...,§g € hand v €

V@ AP(a/b), put

m=&AN---N&@v e Ve
We will choose sections & € i_lTX/X and ¥ € T (V ®@;-10, i 'QY%) on a neigh-
borhood of the base point 0 € Y in the following way. Take &; € T)?/X such that
&ilz € iz T%,x corresponds to —(&)z. Tt gives a section of i_lT)?/X, which we
denote by the same letter @ We take a section v € 7T;{1(V ®Ri-10y 0 12%) on a

neighborhood of o such that i*% corresponds to v. Define a section m € V=% in a
neighborhood of o as

=& A AT eV
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Then the element ¢?(1 ® m) is represented by the section
l@mei* Dy @10, V7Y,

in other words, i*(1®m) = 1 ® m.
We have

o1 &) = 3 (-1 D ERE A AG A A& @)
+ Z 1) ( [é,é]/\gj/\.../\gA.../\fj/\.../\@@@

1<i<j<d

and
d(1®@m)

(71)i+1(§i®§71/\~~~/\g/\-~/\§7d®v71®EA---A§A---A@®£¢U)

I
.M&

=1

+ Z (—1)"I (1®[gi,gj]AEAmAgAmA?jAmAEI@u).

1<i<j<d

Since 5\ z corresponds to —(&;) z, the vector fields & and (&) 5 satisfy the relation
& = —(&) g at o. Recall that the g-action on T /x is defined as the differential

of the G-equivariant structure on it. Hence our choice implies that &; - é;| 7z =
—([&,&5])z- As a result,

iZ(é@éAm/\g/\---A@@’ﬁ)
=i (pE)AREA - AGANEQRTD)) —ik(1@E N A& A ANEgDED)
= Y ARG AANEGA NG AE G NG A AR TD)

1<i<j<d

- > PAGEN AN E-E)NEI A AG A A ©T)

1<j<i<d

=ERQENAEN - ANEGRU—1RE N AEN--NEGR &V

+ > (FYMeEGIAGA-- AgA---A?jA-~-A§Z®v)
1<i<j<d
+ Y (YA GIAEG A Ao NE A AE N NEa D).

1<j<i<d
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Moreover, [g,ﬁ;“z corresponds to [—(&)z, —(&5)z] = ([&.,&;]) z. Hence

A EEING A AEA NG A NE T
=-1®[&&INE N /\gz Agj e AE D .

We thus conclude that

(") o do L om) = iy(0(1 @ i)

d ~

=i (DT EOE A G A G @)
=1

+ 0y (—1)i+ﬂ'(1®[éfj]AﬁA---AéA-~-A§A---A@®5))
1<i<j<d

|
.M&

(_1)“‘1(&@5/\.../\g/\.../\5@1,_1@5/\.../\2/\.../\5@&”

i=1

+ Z (—1)j+1(1®[Smé}-]/\E/\~--/\§/\-~-/\?j/\~--/\§d®v)
1<i<j<d

+ > ® &, GING A ~A§A---A5A--~A5®v))

1<j<i<d

+ ) CD)TAREG.GING A /\é/\--#\?j/\--#\{:@v)
1<i<j<d

(—1)i+1(€i®EA-~-A§A---A?d@v—1®§TA---/\§/\---/\§Z®§Z@)

|
KM&

i=1

Z (—1)i+ﬂ'(1®[ﬁi,fj]AEA---AEA---/\@A---AEI@U)

1<i<j<d
=0'(1®m).

+

Since 9, @' and ¢? commute with g-actions,
A(¢™(D @m)) = DA(¢"(1@m)) = D™ (' (1 @ m)) = 19/ (D @ m))

for D € U(g). Consequently, the diagram (4.9) commutes and the proof of the
theorem is complete. O

85. Construction of modules

In this section, we will construct an i~'gx-module V associated with an (f, M)-
module V', which can be used in Section 4 for the realization of cohomologically
induced modules.
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Let Vy be the K-equivariant quasi-coherent Oy-module with typical fiber
the M-module V. Let p: Ox ®c g — Tx be the map given by f ® £ — f€x and
put H := ker p. The Ox-module H is G-equivariant with typical fiber . Hence
a section £ € H is identified with an h-valued regular function on a subset of G
satisfying &€(gh) = Ad(h~1)(&(g)) for h € H. Let &,& € H. By regarding gx =
Ox ®c g as a submodule of U(gx) = Ox ®c U(g), we have [£,£'] :=¢&' — €€ e
and [£,¢'](g) = [£(g), & (9)] with the identification above. If we write { = ), fi®&;
for fi € Ox and &; € g, then £(g) = 32, fi(g) Ad(g~") (&)

Let A be the subalgebra of i 71U (gx) = i !Ox®U(g) generated by i "1 H, 1€,
and i~ 1O0x ® 1. We view i_lU(ﬁx) as an i~ 1O x-module and consider the inverse
image Oy ®;-10, i 'U(gx) (= Oy @ U(g)) of U(gx). Let A be the image of the
map Oy ®;-10, A — Oy ®;-10, i 'U(gx) so that A~ A/(AN (i~ 'Zy @ U(g))).
Since A - (i~'Zy ® U(g)) C i~ 'Zy ® U(g) in the algebra i 'U(gx), the algebra
structure of A induces that of A, and Oy ®;-10, i 'U(gx) becomes a left A-
module.

We give a left A-module structure on Vy in the following way. We view a
local section of Vy as a V-valued regular function on a subset of K and define a
(1 ® i~ H)-action and an (Oy ® 1)-action by

(P& &o)(k) = E@@(k)v(k), (f@Dv=fv

for € € i7'H, v € Vy, f € Oy, and k € K; define a (1 ® £)-action on Vy by
differentiating the K-action on Vy. These actions are compatible in the following
sense: if f; €17 1Ox, n; € € and & € i~ 'H satisfy

d(fien)—¢ciT'y®g,

(2

then we have

(5.1) S (fily @ )(L@n)v) = (1 &v

3

for v € Vy. In the proposition below, we will see that these actions give a well-
defined A-module structure.

Let V := Hom7z(Oy ®;-10, i~U(gx), Vy ), namely, V consists of the sections
v € Home(Oy ®i-10, iU (gx), Vy) satisfying

v(1®(f® D)) =(1ef)(fe D)),

v((1@n)(f® D))= (1@n)(v(f® D)), and
v(f'f® D)= (f ®@1)(v(f® D))
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for f, f' € Oy, D € U(g),n € £, and £ € i~ 'H. We endow V with an i ~!gx-module
structure by defining (f ® D) - v as

(feD)-v)(f'@D)=u(f ®(1xD)(f®D))
forveV, fei lOx, f' € Oy, and D, D’ € U(g).

Proposition 5.1. Let V be an (h, M)-module. Then the left A-action on Vy given
above is well-defined, and the i~'gx-module

V= Homz(Oy ®i-10, U(gx), Vy)
is associated with V' in the sense of Definition 3.3.

Proof. Let kg € K and yg := koM € Y. We fix a trivialization near gy in the
following way. Take sections &1,...,&, € i7'H on a neighborhood U of 1y in YV
such that the map

(i_lox)@n|U_>(i_lH)|Ua (f17'~'afn)’_>z.fi£ia
i=1
is an isomorphism. Take elements 7, ..., 7, € £ that form a basis of the quotient
space £/Ad(ko)(m) and take (q,...,¢{; € g such that n1,...,9m,C1,...,¢ form
a basis of the quotient space g/Ad(i(ko))h. Modifying U if necessary, we get an
isomorphism

(5.2) (i7'0x)* Ty — (iT'Ox ©c 9)|u,
l

(fl?"'7fn7glv"'7gmah1a"'7h'l) = Zf7€7+2(gl®nl) +Z(h’l®<l)
=1 =1

=1

For integers s,t > 0, let
Lyg={i=(i(1),...,i(s) : 1 <i(1) <--- <i(s) <t}, Lpo= ] Lon
s=0

If s = 0, the set Iy, consists of one element (). For ¢ = (i(1),...,i(s)) € I, we
put ¢; == 1®G1) - Cis) € i1Ox®@U(g). If s =0 and ¢ = () then put ¢; := 1®1.
In the same way, for ¢/ = (i'(1),...,i(s)) € I, and ¢ = (i"(1),...,i"(s)) € Is m,
put & = &y -+ - &irsy and nyr = 1@ 1y - - - Mo (). From the isomorphism (5.2)
and the Poincaré-Birkhoff-Witt theorem, we see that a section of i ~*U(gx )|y is
uniquely written as

Z it i &armir Ge

i€l i’ el,, i €l,,
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where f; ;v € i7'Ox, and f; ;7 ;v = 0 except for finitely many (z,3’,4").
Hence a section of (Oy ®;-10, i 'U(gx))|v is uniquely written as a finite sum
Diiti Jasit i &armir G for f g0 4 € Oy

Lemma 5.2. The subsheaf Aly of Oy ®;-10, i 'U(gx) consists of the sections
written as a finite sum
Z for i © Gy
i'€ln, 3" €l

fO'f‘ fi,,i” S OY

Proof. Tt is enough to prove that for any section a € A|y there exist functions
fira € 17 'Ox such that

(5.3) a— Z firan&imgr €17 Ty @ U(g).
il,ill
For this we consider relations in the algebra i ~'U(gx ). By our choice of &1,...,&,

and 71, ..,7Nm, we can find fi, g; € i"'Ox for each n € € such that
(1en) — (Z f&i+> gi® m) €i Iy ® U(g).
i=1 i=1

We also have

i, fel]=0, [leonlen]=1hy], [D1enfell=mOx(f)e1

for f € i7'Ox, n,n’ € & Further [§,&;],[1 @ n;,&;] € i~ 'H and hence there exist
fijks 9ije € i 1Ox such that

6261 = figkber [1@00G]1 =D gijnén-
k=1 k=1
Since A is generated by i 'H, 1 ® £ and i 'Ox ® 1, we can prove (5.3) by using

these relations iteratively and using A(i~1Zy @ U(g)) C i 'Zy @ U(g). O

From the lemma above and its proof, we see that the algebra A is generated
by Oy ® 1, 1®&,...,1®¢&,, and 1 ® ¢ with the relations:

Lon=> fi®&+> g

i=1 i=1

le&g fell=0, enlen=1h], [1enfell=my()e1l,

n n
@614 =) fijx®& [100,105]=Y gir®&,
k=1 k=1
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where f, gi, fi,j,k Gi,5,k are the restrictions to Y of the corresponding functions in
the proof of Lemma 5.2 and f € Oy, n,n’ € £. We can check that these relations
are compatible with the action on Vy (see (5.1)) and hence the A-action on Vy is
well-defined.

By Lemma 5.2, (Oy ®;-10, i *U(gx))|v is a free A|y-algebra with basis
1 ® (;. Therefore, the map

¢: Vg = [[Wwlv
iel;
given by ¢(v) = (v(1 ® (;)); is bijective.
Our choice of (y,...,(; implies that they form a basis of the normal tangent
bundle of U in X. Since ¢ is bijective, we see that

(i Iy)PVIy) = H H Vylu,

s=p 1€ly;

and hence
V/(i Iy )PV) |y ~ H II vriv-
s=0 i€l

If we endow the right side of the last isomorphism with an Oy, -module structure
via this isomorphism, it is written as follows. Let f € i~'Ox and v = (v;);. For
a subset A C {1,...,s} with A = {a(1),...,a(¥)}, a(l) < --- < a(t), and for
t=(i(1),...,i(s)) € Ly, let {b(1),...,b(s—t)} ={1,..., s} \ A withb(1) <--- <
b(s —t) and put ¢’ := (i(b(1)),...,i(b(s —t))) € Is—¢;. Then the i-term of f-v is

(5.4) (f-v)i= Z ((Cita()))x - (Citaey)) x )l - var-

Ac{1,...,s}
On the right side here, we use the Oy-action on Vy. This i~ 'Ox-action on
= [licr., Vv v induces an Oy, -action.

We now show that V/(i~'Zy )PV is a quasi-coherent and flat Oy, -module.
Suppose first that Vy |y is a free Oy-module on U so there exist sections v; €
T(U,Vy), j € J, such that the map OF — Vy|u, (fj)jes — > jer fivjs is
bijective. We define the map

¥ : (Oy,lv)® —>H II vlv

s=0 iely,

by letting the i-term of ¢(f) for 2 = (i(1),...,i(s)) € I,; and f = (f;);es be
Y(f)i = Z((Cm))x o (Gis)) x fi)lu - vy

jeJ
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Then 9 is an isomorphism of Oy, |y-modules and hence (V/(i~'Zy )PV)|y is a free
Oy, |u-module.

For the general case, we write V as a union of finite-dimensional M-submod-
ules: V' = J, V. Then the K-equivariant quasi-coherent Oy-module Vg with
fiber V¢ is locally free. If we define the Oy, -module structure on = [Licr,, V¥lu
as in (5.4), then the preceding argument proves that it is a locally free Oy, |v-
module. Since Vy is the union of V&, we see that (V/(i~'Zy)PV)|y is isomorphic
to the union of [[", [Lic,, V¥lu as an Oy, [y-module. Hence V/(i~ Iy )PV is a
quasi-coherent and flat Oy, -module.

We define a K-action on V by

(k-v)(f® D)=k (o((k~" - f) ® Ad(i(k)~") D))

forke K,veV, fe Oy,and D € U(g). This action descends to a K-action on
V/(i"*Zy )PV and makes it a K-equivariant Oy, -module. From this definition, it
immediately follows that the maps V/(i71Zy )PV — V/(i"'Zy )P~V and i~ 1gx ®
V/(i 1Ty )PV — V/(i71Zy )P~V commute with K-actions for all p > 0.

We have checked conditions (1), (2) and (3) of Definition 3.3. We can verify
condition (4) by computing the t-action as

(n-v)(f ® D) = v(f © Dn)
= —vo(f @, D)) +o((l@n)(f© D)) —v(lny(f)) @ D)
=—v(f@[n, D)+ (1A @n)(v(f @ D)) —v((ny(f) ® D)

fornet,veV, feOy,and D € U(g).

For condition (5), we get an isomorphism of vector spaces ¢ : V/(i"1Z,)V ~ V
by taking the fiber of the isomorphism ¢ : V/(i~'Zy)V =~ Vy at o. The map ¢ is
written as t(v) = (v(1®1))(e) for v € V. For £ € b, there exists a section & € i~1H
near the base point o such that 1 ® & — ¢’ € i7'Z, ® g, or equivalently, &' (e) = &.
Then

Ugv) = ((Ev) A @ 1)(e) = (v(1 @ E))(e) = (v(€))(e) = E(v(1 @ 1)(e)) = Ex(v).
Moreover, we have
mo) = (mo)(1 @ 1)(e) = (m(v(1 @ 1))(e) = m(v(l © 1)(e)) = mu(v)
for m € M and hence ¢ commutes with the (b, M)-actions. O

Remark 5.3. The i~!gx-module V constructed above in this section has the
following universal property. If V' is another i~ !gx-module associated with V,
then there exists a canonical map V' — V such that the induced map

VeV )i )V = V6T L)YV =V
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is the identity map. Moreover, it also induces an isomorphism
V' /G Ty )PV = V/ (i Ty )PV

for any p € N. Therefore, the tensor product i i} £ ®;-10, V' does not depend
on the choice of V' up to canonical isomorphism. We will give another description
of the i~'gy-module i~ £L ®;-10, V in Proposition 6.1.

86. Twisted D-modules

Retain the notation of the previous sections. Let V' be an (h, M)-module and
V an i~ lgy-module associated with V. Since V/(i"'Zy)V is a K-equivariant
quasi-coherent Oy-module with typical fiber V| there is a canonical isomorphism
V/(i™1Zy)V ~ Vy. We view H :=ker (p: Ox @ g — Tx) as a subsheaf of U(gx).
Since H(Zy ®@U(g)) C Zy ®U(g), the i1 H-action on V induces one on V/(i "1 Zy ) V.
By regarding local sections of these equivariant modules as vector-valued regular
functions, this action is written as

(6.1) (Ev) (k) = &£(i(k))v (k)

for £ € i7'H, v € V and k € K. Indeed, since the action map i 'H @ V/(i~1Zy )V
— V/(i~'Zy)V commutes with K-actions by Definition 3.3(3), it is enough to
prove (6.1) for k = e. This follows from H(Z, ® U(g)) C Z, ® U(g) and Defini-
tion 3.3(5).

The Oy-modules £, Vy, Qy, and i*QY are K-equivariant with typical fiber
AP/, V, AP(e/m)*, and \"P(g/h), respectively. Hence the tensor product
LRo, Vy R0, Uy R0, i* QY% is also K-equivariant and has typical fiber AP (¢/)®
V@ A"P(e/m)* @ A'P(g/h). We define a right i~ 'H-module structure, a right &
module structure, and a right Oy-module structure on the sheaf £ ®p, Vy ®o,
Qy ®o, i*QY by

(fevowew))(k) =—f(k) @ (E@i(k)v(k) @ wk) @ w' (k)
— f(k) @ v(k) ® w(k) @ ad(£(i(k)))w' (k),
(fRrvewewWw)n=—-0f)vewew — fQ (M) dwew
~fRUe (W) ew - frIewe (nw),
(fevewed)f =ffeovewew

for feLl,éei'H,netveVy, weQy,w €i*Q¥%, f/ € Oy, and k € K.
These actions are compatible: if f; € i71Ox, n; € € and £ € i~ 'H satisfy

Y (fiwm) —¢ei Ty @U(g),

K2
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then we have

d((fevewew)fily)n=(fovewew).
Therefore, we can prove in the same way as in Section 5 that these actions define
a right A-module structure on £ ®0, Vy ®0, Qy Qo QY.
By using this right A-module structure, we consider the sheaf

(£ ®oy Vy Qoy Qy Qo i*U%) @7 (Oy ®i-10, i U(Gx)),

which has a right i~ 'gx-module structure. We view it as a left i~!gx-module via
the anti-isomorphism

S:U(@gx) = U(gx), [@l=fol, 10— -18¢,
for f € Ox, £ €g.

Proposition 6.1. Let £ be as in Section 4. Let V be an i~ 'gx-module associ-
ated with an (§, M)-module V.. Then there exists a K -equivariant isomorphism of
i~ 'gx -modules

i71i+£ ®i-10, V (L ®oy Vy R0y Qy Qo Z*Q}) Sz (Oy Ri-10x Z‘ilU(ﬁx)).

Proof. Let F,i~ti, L be the filtration of i~'i, £ as in Section 4. Then Fyi~ti L
®;-104 V is regarded as a subsheaf of i 'i; L®;-10, V (see Remark 4.2). We have

Foi i L @10, V= Fyiti LRy, V/(i7 Ty)V
~ L R0, Uy o, i*V% @0, V/ (i Ty)V.
Therefore, we get an isomorphism of K-equivariant Oy-modules
(6.2) Yo : L ®oy Vy oy Uy ®oy i*Q% > Foi 'iy L @10, V,
fRUAWRW » (fRweW) .

Here v € Vy and we choose a section of V that is sent to v € Vy ~ V/(i"1Zy)V
by the quotient map, which we denote by the same letter v € V. Write Vi, :=
LRo, Vy ®o, Qy Qo, i*QY% for simplicity. The isomorphism (6.2) extends to the
homomorphism of i =g x-modules
¢ : V{/ Rc (OY ®i_10x z_lU(:gvX)) — i_li+£ ®i_1(’)x V}
v® (1@ (f®D))— S(f®D)-o(v).
We can check that the map 1 descends to

V:Vy @7 (Oy @10, i U(Gx)) = i i L @10y V-
A
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Let
m: Vy @c (Oy @10, i 'U(@x)) = Vy @7 (Oy @10, i 'U(3x))
be the quotient map and put
Vp =7 (Vy @c (Oy ®c Up(9))),
where {U,(g)}pen is the standard filtration of U(g). We have
D(Vp) = (Vs ®c (Oy @c Up(g)) C Fpi 'iy L @10, V-

Let us take an open set U C Y and elements (1,...,(; € g as in the proof of
Proposition 5.1 and use the same notation. Then by an argument similar to the
proof of Proposition 5.1, we obtain a bijective map of sheaves

P

IT II vl = Vlo, (vi)iHZW(W@)(l@Q’)),

s=014€l,

and hence

1T Yo =Ve/Veilo.
1€l
We also see that

(Bpi™l it L@s10x V) (Fp1i M i L&i-10, V) = (Fyi™ i L)/ Fypi™li L) @0y Vy
and
Fpi iy L) Fpai™lip L= L @0, Qy Qoy Q% ®oy i (Ty)P/(Ty )P )

by [Oshll, Lemma 3.3]. Since (; for ¢ € 1I,; give a trivialization of
i~ ((Zy )P /(Zy )P*!), we conclude that the map

Vp/vp—l - (Fpi_1i+£ ® V)/(Fp—li_li-ﬁ-c ®V)

induced by % on the successive quotient is an isomorphism. Therefore the map
1 is also an isomorphism. We can also see that 1) commutes with the K-action.
Hence the proposition follows. O

Let A € b* be such that Ad*(h)A = X for h € H. For a section £ € H, we
define a function f¢ ) € Ox as

fea(gH) = ME(9))-

Let Z, be the two-sided ideal of the sheaf U(gx) = Ox ® U(g) generated by
E— (fea®1) for all £ € H. We define the ring of twisted differential operators as

Dx» :=U(gx)/Zx.
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Let p := A|w and define Dy, similarly. Then we can define the direct image of a
left Dy, ,-module M by

7;+M = Z*((M Koy Qy) ®DY,—H Z'*Dx)_)\) Rox Q}

Suppose that V is an (h, M)-module and b acts on V by A € h*. The K-
equivariant Oy-module £ ®o, Vy has a natural structure of left Dy,,-module.
Therefore, we can define the direct image i+ (£ ®o, Vy) as a left Dx y-module.

Proposition 6.2. Suppose that V is an (h, M)-module and b acts on V by A € h*
such that Ad*(R)A\ = X for h € H. Let V be an i~ *gx-module associated with V.
Then we have a K -equivariant isomorphism of i~ 'gx -modules

i L @10, Vi i (L R0y Vy).
Proof. We define a filtration F,i~li (L ®0, Vy) of i71ii (L ®e, Vy) in the same
way as F,i~1i; L. Then
Foi iy (L ®o, Vy) ~ L R0, Vy ®o, Qy o, i*Q%.

By using the same argument as in Proposition 6.1, we define a map of i~ !gx-
modules

Vi @c (Oy ®i-10y iU (8x)) = i it (L ®oy Vy)

and we see that it induces an isomorphism
Vg/ Sz (Oy ®i-10y i_lU(ﬁx)) ~ i_1i+(£ ®oy Vy).

Hence
i L @10, Vil (L ®oy, Vy)
by Proposition 6.1. O

Recall that £ is the K-equivariant invertible sheaf on Y = K/M with typical
fiber A'°P(¢/1). We view a one-dimensional vector space A\"P(¢/1)* as an (b, M)-
module in the following way: h acts as zero; the Levi component L of M acts as
the coadjoint action A Ad™; the unipotent radical U of M acts trivially. Let £’ be
an i~ g x-module associated with A" (€/1)*. Then £'/(i~*Zy )L’ is isomorphic to
the dual of L. Therefore, by Proposition 6.2 we have

iYL L @10, V @10y L iy Dy

Example 3.6 shows that the i~'gx-module V ®;-10, L is associated with V &

AP (e/1)".
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Theorem 6.3. In Setting 3.2, assume that K is reductive. Suppose that V is an
(6§, M)-module and § acts on V by X € b* such that Ad*(h)A = X for h € H. Let
M = L x U be a Levi decomposition. Then

H (Vi i Vy) = (P )us (V@ AP (8/D)" @ AP (g/h))
= (I3 Py (Ve N (g/b))
forse N, u=dimU, and y =dimY.

Proof. The first isomorphism follows from Theorem 4.1 and the argument above.
Since the functor P,i’LL is exact, (Prf‘f Vs 2 (P;’f Yus © P}i’LL. Hence the duality
([KV95, Theorem 3.5])

(o amare/ny-s (- & NP @/D7) = (I ()
and dim K/L = dimU + dimY" give the second isomorphism. O

By Theorem 6.3 we obtain the convergence of the spectral sequence

(6.3) H (X, R'iy Vy) = (P& u—sat (V@ NP/ @ AP (g/b))
~ (19" Py (Ve AP (g/h).

)

Here R%i, is the higher direct image functor for a twisted left D-module.
We will now see that this spectral sequence implies results of [HMSW87] and
[Kit10].

Example 6.4. Let Gg be a connected real semisimple Lie group with a maximal
compact subgroup K and the complexified Lie algebra g. Let K be the complex-
ification of Kg and G the inner automorphism group of g. There is a canonical
homomorphism i : K — G, which has finite kernel. Suppose that H is a Borel sub-
group of G. Let us apply Setting 3.2. Then X = G/H is the full flag variety of g.
Since L is abelian and K is connected, L acts trivially on A"°P(¢/1)*. Moreover in
this case it is known that Y is affinely embedded in X. Therefore, R'i, ~ 0 for
t > 0 and the spectral sequence (6.3) collapses. We thus get (1.1) and hence the
duality theorem (Theorem 1.1).

Example 6.5. Let Gi be a connected real semisimple Lie group with a maximal
compact subgroup Kgr. We define K, G, and ¢ : K — G as in the previous example.
Suppose that H is a parabolic subgroup of G and apply Setting 3.2. Then X =
G/ H is a partial flag variety of g. In this case Y is not necessarily affinely embedded
in X. Let X be the full flag variety of g and let p : X — X be the natural
surjective map. Then we have an isomorphism H*(X,p* M) ~ H*(X, M) for any
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Ox-module M. Hence (6.3) becomes
He(X,p" Rl Vy) = (Ig0)" B (V@ A (/D)),
which is [Kit10, Theorem 25 (6.6)].

Let V be any (h, M)-module and V an i~1gx-module associated with V. Since
il L ®i-10y L'~ i i Oy, we have

i L @10y L @10, Vi iy Oy @10, V.
We can thus rewrite Theorem 4.1 as

Theorem 6.6. In Setting 3.2, assume that K is reductive. Let M = L x U be a
Levi decomposition. Suppose that V is an (h, M)-module and V is an i~'gx-module
associated with V' (Definition 3.3). Then

H*(Y,i 'Oy ®@i-10, V) = (P8 ues (V@ NP(/D)" @ AP (g/b))
ISEWHPEL(V @ NP (g/h))

R

forseN, u=dimU, y=dimY.
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