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81. Introduction

In this paper, we study certain invariants arising from (geometrically meta-abelian)
arithmetic fundamental groups of once punctured elliptic curves. Suppose we are
given an elliptic curve F over a number field k& with Weierstrass equation

(1.1) E:y? =42° — gox — g3

with discriminant A = A(E,dz/y) = g3 — 27g3 € k*. The local coordinate ¢t :=
—2z/y at the infinity point O of E \ {O} := Spec(k[z,y]/(42> — g2 — g3 — y?)

gives rise to a tangential base point W and a split exact sequence of profinite
fundamental groups

(1.2) 15 m(Ep \ {0}, W) = m(E\ {0}, 1) 2 G = Gal(k/k) — 1.

It is well known that the geometric fundamental group 1 (E% \ {O},@) has a
presentation with generators x1,xs,z and relation [x1,x3]z = xlexl_lxglz =1
so that z generates an inertia subgroup over the missing infinity point O.

Let ! be a rational prime and 7 the maximal pro-l quotient of 71 (£} \{O}, ).
Write ¢ @ G — Aut(m) for the Galois representation induced from (1.2). In
[BI84], S. Bloch considered an elliptic analog of Thara’s construction of the univer-
sal power series for Jacobi sums [Th86a], and proposed a new power series repre-
sentation

(1.3) € : Gi(p) = T[T, Tl = Z[[7™]] (0 &)

from the meta-abelian reduction of ¢ in /7" Here k(Ej~) is the field obtained
by adjoining the coordinates of all I-power torsion points of E, and Z;[[7®"]] is the
l-adic complete group algebra of the abelianization 72P of 7 identified with the
commutative ring of two-variable formal power series in T; := ‘the image of x;’—1
(i = 1,2). This construction was first applied by H. Tsunogai [Tsu95a] to deduce a
result of anabelian geometry. Subsequently, an explicit formula for the coefficients
of &, using Kummer properties of special values of the fundamental theta function
0(z,7) = A(1)e =20 (2, 7)12 at 2 = 217 + 29 (21, 22) € Q?\ Z?) was given in
[N95]. The main motivation of the present paper is to generalize these results to
more general o € Gy not necessarily contained in G(g,e)-

In [Tsu95al, Tsunogai also derived an equation (see Remark 3.4.4 below)
suggesting a naive difficulty of extending Bloch’s construction of &, to general
o € Gy, which makes the elliptic case more complicated than Ihara’s case of
71 (P —{0,1,00}). In fact, Thara’s universal power series for Jacobi sums is natu-
rally defined on G, whereas Bloch’s power series &, is not on G,. In this paper, we
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propose a way to bypass the difficulty in the elliptic case by still extending Tsuno-
gai’s treatment but in a somewhat twisted way. Consequently, for each I-power m,
we will construct a certain continuous mapping

(1.4) Ep: G x 28 7 ((0,(2) = Enloiu,0) )

from the meta-abelian reduction Gj, — Aut(w/7”) of p. The value E, (03 u,v)
is not periodic in u, v modulo m for general o € G, but turns out to be periodic
for 0 € Gj(p,e) s0 that it determines an element E,,(c) of the finite group ring
Zy|(Z/mZ)?). Then &, can be recovered as the limit measure on Z7:

(15) gcr - m(Em(U) + TlgpA(E,mdx/y) (J)em) (U S Gk?(Eloo))ﬂ

m

where pa(g,mdz/y) means a Kummer 1-cocycle along (a specified sequence of)
l-power roots of A(E,mdx/y) = m~'2(g3 — 27g2), and e, € Z[(Z/mZ)?] desig-
nates the group element sum (cf. §6.10 for details).

In this paper, we work in a slightly more general setting of pro-C versions,
namely we allow 7 to be the maximal pro-C quotient of the geometric funda-
mental group for any full class C of finite groups closed under formation of sub-
groups, quotients and extensions. Moreover, we consider elliptic curves in the
Weierstrass form (1.1) for k being regular algebras B over Q, which naturally
fits in the language of T'(1)-test objects in the sense of N. Katz [K76]. One can
leave the role of Gy to m(S,b) for S = Spec(B) with a chosen base point b
on S, and start the same group-theoretical construction from the monodromy
representation ¢ : m1(9,0) — Aut(m). Writing |C| := {m € N | Z/mZ € C},
Ze := @Melﬂ (Z/MZ), we then obtain the invariants (as continuous mappings in
profinite topology)

(1.6) E,, : m1(8,b) x Z& — Z¢  (m € |C)).

These invariants, collected over all m € |C|, will turn out to recover the meta-
abelian reduction of ¢ in m/7"" (Proposition 3.4.5(ii)). Meanwhile, &, is defined
on the pro-C congruence kernel 71(S¢,b°), the kernel of the monodromy repre-
sentation p¢ : 71(S5,0) — Aut(n®?) = GLy(Zc) in the abelianization 7" of 7.
One then also gets a generalization of the above formula (1.5) on 71 (S¢,6¢) (cf.
Theorem 6.10.3).

At this stage, enters the anabelian geometry of the moduli space Mj’
(= Spec(Q[g2,93,1/A])) and the universal once punctured elliptic curve M{’,
over it: In the geometric fundamental group of the punctured Tate elliptic curve
Tate(q) \ {O}, we can specify a standard generator system xp, Xo,z with relation
[x1,X2]z = 1 by the van Kampen gluing of 7 (P! — {0,1,00}) along Néron poly-
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gons as considered in [IN97], [N99-02, §4]. Then, choosing such a generator system
in the geometric fiber of an arbitrary elliptic curve E\{O} — S over b corresponds
to choosing a specific path on My, from the representing point of b to the locus
of the Tate elliptic curve Tate(q)/Q((¢))- In §5, we will discuss location of several
significant tangential base points on Mj’; and Mj’; in the spirit of our collabo-
ration with L. Schneps [NS00] and H. Tsunogai-S. Yasuda [NT03-06, NTY10] on
the “Galois—Teichmiiller theory” of Grothendieck’s programme [G84].

Our first main theorem is an explicit formula for the values of E,,(o;u, v) in
approximation modulo arbitrarily higher modulus in Z¢:

Theorem A (Modular unit formula, Theorem 6.2.1). Let o € 7(S,b). For any
M € |C] and (u,v) € Z2 \ (mZc)?, pick two pairs of rational integers v = (ry,72),
s = (s1,82) such that v = (u,v) mod mM?22¢ (where ¢ = 0,1 according as 2 M,
2| M respectively) and (g;) = p%(0) (:2) mod m2M?ec, where ec = 1,3,4, or 12
according as C contains both, either or none of Z/3Z, Z/2Z (cf. §5.10). Then

2,72
Em(a;u7 1}) = %(Ii:‘r};t?ﬁs/m(o-) — PA(E,mdz/y) (O)) mod M27

2 2 ~
where n:}’s_f/m(cr) € Zc 1is defined by certain Kummer properties of power roots

of modular units “o(3/0r/m)/(3/0s/m)” for rational pairs x/m = (ri/m,r2/m),
s/m = (s1/m,sy/m) with specified branches of ¥/O’s introduced in §5. O

Here we also note that by definition, E,,(c;0,0) = 0 and that E,,(c; u,v) for
(u,v) € (mZc)? can be evaluated from E,,(o;u + 1,v), E,,(0;1,0) together with
an elementary arithmetic term (cf. Proposition 3.4.8).

Application of the above theorem to the complex analytic case of the universal
(once punctured) elliptic curve provides us with exact integer values of E,, (o; u, v)
for 0 € Bs (3-strand braids) and (u,v) € Z?2, as the congruence assumptions
modulo mM?2¢, m?M?ec turn out to be void (or hold true for M = oo) when
s is obtained from r = (u,v) by multiplication with a matrix in SLy(Z). In §7,

m,m200
r/m—s/m
choices of logarithms of Siegel units. It turns out that the main periodic term

we are led to evaluation of the quantity x (o) through examining specific

can be described in terms of the generalized Rademacher function of weight two
studied by B. Schoeneberg [Sch74] and G. Stevens [St82, St85, St87], which is, for
z = (z1,22) € Q% and A = (¢ ) € SLy(Z), given explicitly by

_Pm)b
2 d

-1 . .
= Py(z1)a  Pelaxy + cxe) d < Ty 41 141
5 3 5 C+§ 1 p | 22 4+ a - (c>0),
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where P; and P, denote the fist and second periodic Bernoulli functions respec-
tively. We shall also deduce an explicit formula evaluating the complementary
non-periodic term “K,(A) € Q" by comparing the infinite product expansions of
Siegel units and generalized Dedekind functions. Our main assertion in this setting
is then summarized as follows:

Theorem B (Generalized Dedekind sum formula, Theorem 7.2.3). Let By =
(11, T2) be the braid group of three strands with relation T1ToT1 = ToT1T2, and let
pA 2 Bs — Z be the abelianization homomorphism given by T, 7 — —1. For each
o € Bs, let A, € SLo(Z) denote the transposed matrix of the image of o in the
homomorphism Bs — SLa(Z) determined by 71 — (24 %), 72— (§ 1). Let m > 1,
and for (r1,r9) € Z*\ (mZ)?, set v = (z1,x9) = (r1/m,ra/m). Then, for o € Bs,

Em(o;r1,m2) = Ko(As) — ®0(Ag) — 150a(0). O

Since each of the above three terms %pA(a), 0, (A,) and K,(A,) gener-
ally has a rational value with denominator, it would be of interest to find how
the integer value E,,(o;71,72) can be composed of those three rational values in
the above right hand side, say, in computer calculations (see Example 7.2.4). We
will also obtain an explicit formula to compute E,,(o; mky, mks) from elementary
arithmetic functions (see Proposition 7.5.1).

As mentioned above, our main motivation is to construct an elliptic analogue
of Thara’s universal power series for Jacobi sums [Ih86a] hoping to discuss analogs
of deep arithmetic phenomena in 71 (P! — {0, 1, 00}) studied by Deligne, Thara and
other authors (cf. e.g., [De89], [Th90, Th02], [MS03] etc.) Our approach basically
follows the combinatorial group-theoretical line of S. Bloch [B184] and H. Tsunogai
[Tsu95al, and the principal idea of our proof of Theorem A is, generalizing [N95],
to closely observe monodromy permutations of inertia subsets in m(E \ {O})
distinguished by punctures on a certain family of meta-abelian coverings of E\{O}.
Along with our early work [N95, N99] together with subsequent complementary
results of [NO1, N02j, NO3j], the author realized that the main obstruction to
integration of his results in a uniform theory lies in the problem of descending
the field of definition of &, from Gy (g, to Gi. This obstruction is, as suggested
in the equation derived by Tsunogai (Remark 3.4.4), an essential feature which
distinguishes the treatment of Galois representations in w1 (E —{O}) from those in
71 (P! — {0,1,00}). We hope that our innovation of the bypass object E,,(c;u,v)
could provide one possible solution to the problem. It is probably good to stress
that, in our approach here, the extension is constructed so as to keep integrality
of values of invariants even after extension to Gj. In topological higher genus
mapping class groups, this sort of extension problem was successfully treated by
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S. Morita [Mor93] by introducing the “extended Johnson homomorphism” which
keeps the cocycle property but allows denominators. In the genus one case, we
should still leave it for future studies to investigate an unknown extension in
Morita’s direction.

Connections of &, to Eisenstein series of weight > 2, especially to Eichler—
Shimura type periods of them have been studied to some extent in [NO1, N02j,
NO03j]. In future work, we hope to discuss them in more detail. More investigation
of anabelian geometry of moduli spaces of pointed elliptic curves should also be
pursued from the viewpoint of [NT03-06], [NTY10].

Before closing this introduction, we should like to mention some related work
suggesting further hopeful directions. The good reduction criterion of Oda—Tama-
gawa (cf. [0d90-95], [Ta97]) ensures that one can think about the pro-l version of
E,.(0;u,v), say, at Frobenius elements o for primes (not equal to [, bad primes),
in which we might expect some newtype arithmetic nature of elliptic curves. The
fundamental groups of once punctured elliptic curves have also been studied in
depth by M. Asada [As01], B. Enriquez [E10], R. Hain [Ha97], M. Kim [Ki07],
S. Mochizuki [Moc02], J. Stix [Sti08] and H. Tsunogai [Tsu95b, Tsu03], which
enlarges (and enriches) our perspective on these fundamental objects. Z. Woj-
tkowiak [Woj04] studied Galois actions on torsors of paths on once punctured
elliptic curves from a viewpoint close to [N95]. It would certainly be interesting
to investigate this direction from the point of view of the present paper. It seems
apparently relevant to the motivic aspects of elliptic polylogarithms studied by
several authors, e.g., Beilinson—Levin [BL94] and Bannai-Kobayashi [BK10]. At
the time of writing this paper, however, the author does not see explicit links
between their work and ours. We hope to see relations to their work in future
studies.

The construction of this paper is as follows. In §2, we prepare some terminol-
ogy on elliptic curves and our basic objects, especially recalling some language of
['(N)-test objects in the sense of N. Katz. In §3, we introduce and discuss our main
object E,, mainly from the combinatorial group-theoretical viewpoint. In §4, we
review basic modular forms, especially, Siegel units and Eisenstein series and their
behaviors under the GLy-action. In §5, we focus on the universal once punctured
elliptic curves Mj’y over the moduli space Mj’; and discuss their anabelian geom-
etry from the viewpoint of Galois—Teichmiiller theory in the sense of Grothendieck
[G84], Drinfeld [Dr90] and Ihara [Ih90]. In §6, we present our first main theorem
(Theorem A, modular unit formula), and the most part of that section is devoted
to its proof. In §7, we apply the modular unit formula to the complex analytic
model, and deduce our second main theorem (Theorem B, generalized Dedekind
sum formula).
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§2. Some terminology on elliptic curves

In this section, we shall prepare some notation and terminology on elliptic curves
and their moduli space, following mainly the paper by N. Katz [K76]. Since we
will only be concerned with the Galois theory of fundamental groups of algebraic
varieties of characteristic zero, we restrict ourselves to treating schemes over Q-
algebras.

§2.1. I'(1)-test objects

An elliptic curve over a Q-algebra B is a smooth family of elliptic curves over S =
Spec(B) with a fixed 0-section O : S — E of the structure morphism f : E — S.
The direct image sheaf of the relative differentials wg, s := f.(Qg/g) is a locally
free sheaf over Og; suppose that we are given a global basis w of wg/g (“nowhere
vanishing invariant differential”). Following [K76], we shall call the triple (E, O,w)
a ['(1)-test object defined over B. If Ip denotes the ideal sheaf of the (image of
the) zero section O, then, for each n > 2, the direct image sheaf f,(I;,") is locally
free of rank n on S (cf. [KM85, Chap. 2]). Thus, everywhere locally, one has an
affine neighborhood Spec(A) C S such that the restriction 4 = F ®p A has a
formal parameter ¢ near the zero section O and a unique basis {1, z,y} of f.(I5?)
such that

(1) the formal completion (E4/O)" is isomorphic to Spf(A[[t]]);

(2) w|g, is of the form (1 + O(t))dt;

(3) @ ~t72, y ~ —2t=3 (~ means “up to a factor of 1 + O(¢)”);

(4) the affine ring H°(E4 \ {O},0) = lim | HY(E4,I5") is of the form

A[a:,y]/(y2 = 42® — gox — g3) for some go,93 € A.

The above x,y and gs, g3 are uniquely determined on each Spec(A) independently
of the choice of #’s. Moreover, g5 — 27g5 € A*.

§2.2. The moduli space M}, and associated parameters

The universal I'(1)-test object is defined over the affine variety

1
DA R
H g3 — 2743

where g2, g3 are indeterminates. We understand the superscript w of Mj’; here
as only a symbol (not indicating a particular differential form etc.) Note that,
over M;j’y, there is a canonical family of elliptic curves £ C P2 o defined by
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the equation y2z = 423 — gow2? — g323 with a specific zero section O given by
(r:y:2)=(0:1:0).

To see the universal property of (£/M{’;,0,w = dx/y) for the moduli problem
of (E/B,O,w) (in characteristic zero), suppose we are given any I'(1)-test object
(E/B,0O,w). Pick any Zariski open covering U = {Spec(A;)}icr of S = Spec(B)
as in §2.1, and consider the family of representative morphisms f4, : Spec(4;) —
MY,. By the uniqueness of z,y and ga, g3 for each Ey4,, one sees that the f4, patch
together to yield a (canonical) morphism S — M{’;.

It is obvious from the construction that any I'(1)-test object (E/B,O,w)
can be realized as the pull-back of (£/M{’;,0,w = dr/y) by a unique morphism
S = Spec(B) — M{’;. Through the pull-back morphisms, we in particular find
specific elements g2, g3 € B and z,y € H°(E, I;?) satisfying

E\ {0} = Spec(Blz,y]/(y* = 42° — gox — g3)).

Then it turns out that w = dz/y and the function ¢t = —2x/y could play the role
of t of §2.1 globally over B. We shall call the tuple (z,y, g2, 9gs3,t) the associated
parameter for the T'(1)-test object (E/B,O,w).

§2.3. Weierstrass tangential base point

Let (E/B, O,w) be aI'(1)-test object with the associated parameter (x,y, gz, g3, t).
In this and the following subsections, we assume that B is a regular domain (D Q).
Note that the formal power series ring Bl[t]] is then also a regular domain, hence
in particular is a noetherian normal domain (cf. [Mh86, Th. 19.4, 19.5]).

Suppose we are given a geometric point b : Spec(2) — S = Spec(B) (Q an
algebraically closed field) which is defined by a ring homomorphism B — . We
shall define a tangential base point Bﬂ; on E\ {O} near the origin lying over b as
follows, and call it the Weierstrass tangential base point over b. Observe first that
the coefficientwise application of the above ring homomorphism B — €2 induces
a homomorphism of B[[t]] into the (algebraically closed) field of Puiseux power
series, Q{t}} = o2, Q(#'/™)), which gives a base point for 7 ((E/0)"), the
fundamental group of the formal completion (E/O)" = Spf(B][t]]) with ramifica-
tions allowed only along the regular divisor O in the sense of Grothendieck—Murre
[GMT71]. Obviously this tangential base point naturally lies in the geometric fiber
Ey = E®p 2 over b minus O; denote it and its natural images on Ej \ {O},
(E/O)" by the same symbol ﬁg for simplicity. Also let 3%, b be their natural
images in the universal family & /Mi‘j 1- Then, applying the Grothendieck—Murre
theory ([GMT71]), we obtain a commutative diagram of exact sequences of funda-
mental groups:
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1 7(1) O((E/O), W;) —= m1(S, b

| l

1 — (B \ {0}, W5) — m(E\ {0}, ®;) —=m1(S,b

l |

1 — 1 (& \ {0}, W) — m(€\ {0}, W}) —m (M, b) —1

In fact, the exactness of the bottom sequence follows from the fact that Mj’; (C)
is K(m,1) and from the center-triviality of w1 (E5; \ {O}). The injectivity of the left
horizontal arrow follows from this observation (and from the GAGA interpretation
of Z(1)), since the upper left vertical arrow (hence the upper middle vertical one
too) is injective (it is an embedding of Z(1) into a free profinite group of rank 2).
This explains the exactness of the above three lines.

§2.4. Weierstrass tangential section

We keep our assumption that B is a regular domain D Q. We shall write R(x) to
denote the total quotient ring of * (the fraction field when x is a domain).

In the above diagram, we would also like to have a canonical section 7y (S, b) —
T (E\ {O},r—0>,;) (depending only on the choice of ¢ and its power root system
{t'/"}), which we shall call the Weierstrass tangential section. The following ar-
gument to construct such a section may be viewed as a simple digest of (a special
case of) “tangential morphism” explained in [Ma97] or in a more thorough for-
mulation using log geometry [Moc99], [Ho09]. Here we shall argue in the classical
context using the device of Grothendieck-Murre [GMT71] to construct an exact
functor of Galois categories ® : Rev®((E/O)") — Rev(S) (in the sense of SGA1
[GR71, Exp. V]) which produces a section 7 (Spec(B),b) — Wlo(Spf(B[[t]]),ﬁg)
as follows.

First, we interpret the top exact sequence in the diagram of §2.3 under
the assumption that b is a generic geometric point, i.e., Q includes the regular
domain B. Let B"™ C 2 be the universal etale cover of B. The structure of
7O ((E/O)", W) as an extension of m(B,b) by Z(1) implies that any connected
object of Rev?((E/O)"), i.e., a finite connected cover of (E/O)" = Spf(B[[t]])
with ramification only over {t = 0}, is dominated by Spf(B™[[t'/"]]) for some
multiplicatively large enough n.

Given any Y = Spf(C) of Rev?((E/O)"), take a multiplicatively large
enough n so that each component of Y is dominated by Spf(B™[[t}/"]]). Form
the B[[t'/"]]-algebra C ®py B[[t'/"]] and denote by C the integral closure of
BI[[t"/™]] in R(C ®p B[[t'/"]]). Then, by Abhyankar’s lemma and the Zariski-
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Nagata purity theorem, C is etale over B[[t'/"]] in the category of schemes
(cf. [GMT71, 4.3.4 a])). Let C denote the formal completion of C' along t = 0,
which is etale over Spf(B[[t'/"]]) in the category of formal schemes ([GMT71,
Prop. 3.2.3]). But since the category of finite etale covers over Spf(B[[t'/™]]) (for
fixed n) is equivalent to the category of those over Spec(B) ([GMT71, 3.2.4]; in-
deed, only its easy direction suffices here), there corresponds to C a finite etale
cover ®(Y) over S = Spec(B) which turns out to be determined independently
of n.

This construction gives an exact functor ® : Rev®((E/0)") — Rev(S). In-
deed, for a given diagram Spf(C) — Spf(D) «+ Spf(C’) in Rev® ((E/O)"), pick n
multiplicatively large enough so that Spf(B™[[t'/"]]) dominates each component
of Spf(C) USpf(C’) USpf(D). Then we have (by use of [B-1, Chap. 2, §3, Prop. §]
(twice) and [B-1, §5, Prop. 3] (once))

(C ®B[[t]] B[[tl/n]]) ®D®B[[t1/"}] (C' ®B[[t]] B[[tl/n]])
= (C@p C') @pe Bl

Through the LHS above, C® 5 (" sits in the total quotient ring R((C®pC")@p
BI[[t'/™]]) of the RHS as an etale cover over B[[t'/"]] which is itself normal and
has the same total quotient ring (EGA I, 3.4.9). From this observation it follows
that the functor ® preserves fiber products. That ® preserves finite sums follows
immediately from a basic property of integral closures in products of rings ([B-2,
Chap. 5, §1, Prop. 9]). It is also obvious from the construction that a non-empty Y
gives rise to a non-empty ®(Y). Thus, by [GR71, Exp. V, Prop. 6.1], we conclude
that ® gives an exact functor of Galois categories.

Conversely, if a connected finite etale cover Spec(B’) over Spec(B) is given
(B C B’ C B"), then the above ® turns Y = Spf(B’[[t]]) back to Spec(B’) itself.
Thus, the functor Y — ®(Y) inverts the canonical pull-back functor Rev(S) —
Rev® ((E/O)").

Once the functor ® is obtained, it is not difficult to check that, for any base
point b on S, the fiber functor 35 : Rev?((E/O)") — Sets is the composite
of ® with b : Rev(S) — Sets. Slightly more generally, for any two base points
b, b on S, there arises a natural mapping of etale homotopy classes of chains
71(S;b,0") — 7 (E\{0O}; 35, Qg,). It is also a rather routine task to see that this
gives a section of the canonical projection m (E\ {O}; Qg, Q,;,) — m1(S;b,0). We
shall write the constructed section associated with the parameter ¢t = —2z/y as

s m1(9;0,b) = m(E\ {O};ﬁg,@g,)

and call it the Weierstrass tangential section (in 7).
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§2.5. Pro-C monodromy representation

Below, we suppose that any full class C of finite groups is given and denote the
maximal pro-C quotient of IIy 1 by II; 1(C). Denote by |C| the set of positive inte-
gers N with Z/NZ € C, and write Z¢ = @Nela(Z/NZ).

We continue our discussion of a I'(1)-test object (E, O,w) over a regular al-
gebra B(D Q) which gives rise to the exact sequence discussed in §2.3:

151, =m(E;\ {0}, ®;) = m(E\ {0}, ®5) = m1(S,b) — 1

with the Weierstrass section sw (§2.4). Conjugation with s induces a monodromy
representation

¢S w1 (S,b) — Aut(I111(C)).

We shall call it the pro-C monodromy representation arising from the I'(1)-test ob-
ject (E/B,O,w). By the comparison theorem ([GR71]), the geometric fundamental
group 71 (E; \ {O}, ?g) may be identified with a free profinite group presented as
IT 1 = (x1,X2,2 | [X1,X2]z = 1) so that z generates an inertia subgroup over O.
We will take z to be a unique generator of the image of 7 ((E;/O)", Qg) (§2.4)
having the monodromy property t'/"|,. = ¢;'t'/™ (n > 1) in our later terminol-
ogy of §6.1. It is then easy to see that <p9m> (m1(S, b)) stabilizes (z) and acts on it by
the C-adic cyclotomic character.

The monodromy representation in the maximal abelian quotient of II 1(C)
gives the action on the first etale homology group of the corresponding elliptic
curve. It can be described in a more concrete way by matrices as follows. The
abelianization of IIy 1 (C) is nothing but 7¢ (Ejp) (2 Z2), which is canonically identi-
fied with the C-adic Tate module @Ne\q E;[N]. Reduction of @% to this quotient
gives the representation

o€ i m(S,b) — CL(Z2) = GLy(Zc).
82.6. Isogeny cover by multiplication by NV

For convenience of illustrations, we suppose that an identification of the geometric
fundamental group 71 (E; \ {O}, Eﬁ;) with a free profinite group II; 1 = (x1,%2,2 |
[x1,%2]z = 1) is given and fixed, so that z generates the (specific) inertia group
over O as in the previous subsection.

Let N € |C|. Then there is a canonical isomorphism between the set E3[N] of
N-division points of E; and the quotient m (Ej)/Nmi(Ep), and after selecting the
generators x1,xg of m (Fj \ {O}, E)g) =TI, ;, we may identify the latter quotient
with (Z/NZ)? by x; — (1,0), x3 + (0,1). Let p"v : m1(S,b) — GL2(Z/NZ) be
the monodromy representation obtained as the N-th component of p¢ under this
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identification, and let (S = Spec(BY),b") be a pointed etale cover of (S,b)
corresponding to the kernel of pV. If EV denotes the pull-backed elliptic curve
over BN, then the group scheme EV[N], the kernel of the isogeny EV — EN
given by multiplication by N, is a finite etale cover of BY with trivial monodromy,
hence is the disjoint union of N? copies of B which bijectively corresponds to
the set Ej[N]. Through this identification, the elliptic curve E~/BY has BY-
rational sections of N-division points labeled by (Z/NZ)?. This, together with
the nowhere vanishing differential wy inherited from w, defines a T'(IV)-test object
(EN/BY o : (Z/NZ)*> = EN[N],wy) in the sense of [K76].

The ring By necessarily contains py, the N-th roots of unity. Indeed, there
is a morphism of flat commutative group schemes ey : EN[N] x EN[N] — uy
over BY called the Weil pairing. This canonically defines a primitive N-th root of
unity ¢y = en(a(1,0),a(0,1)) € BY.

One can choose a sequence of pointed covers (SV,b") of (S,b) to be multi-
plicatively compatible for all N' € |C| so that their inverse limit (S¢ = Spec(B°), b¢)
forms a pro-etale cover of (S, b). The associated elliptic curve E€/BC has the ratio-
nal C-torsion sections whose “Tate module” is denoted by Z%. Under this setting,
the fundamental group (S, b€) is, as a subgroup of 71(S,b), nothing but the
kernel of the representation p¢ : m(S,b) — GL(Z2). We shall call it the pro-C
congruence kernel of 71(S,b). Note that the restriction of cpf_n) to the pro-C con-
gruence kernel is the same as the monodromy representation of m(S¢,b5¢) on
7§ ((EC)se \ {0}, ﬁgc) for the T'(1)-test object (E€/B¢,0,wc).

§2.7. Anti-homomorphism a : 7(S,b) — Aut(SV/S)

The covering transformation group Aut(S™/S) acts on SV from the left. The
elements of Aut(SY/S) bijectively correspond to the image of p™ : m(S,b) —
GLy(Z/N7Z) as follows. Let SN (b) be the geometric fiber of SV — S over b which
contains the above selected particular point bY. Then the fundamental group
71(S,b) acts on S (b) from the left. The action of Aut(SY /S) on SV (b) commutes
with that of 7, (S, b) and is simply transitive. Therefore, for each o € (S, b), there
is a unique a, € Aut(SY/S) such that o(b") = a,(b"). This mapping satisfies

(271) Oy’ = Og/ 0y (0’, = ’7Tl(S, 5))
and induces an anti-isomorphism
(2.7.2) aV :Im(p™) = Aut(SV/S).

By the anti-functoriality of Spec(x), each a € Aut(SY/S) comes from a unique
automorphism of the ring BY which we shall write as b — b|, (b € BY). Note that
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the mapping o + (|4, ) gives a (non-canonical) isomorphism Im(p) = Aut(BY /B).
If we change the choice of " in S™V(b), then the above anti-homomorphism differs
by conjugation by an element of Aut(S™/S).

With each morphism ¢ : T' = Spec(R) — S there is associated a I'(N)-test
object (E4/R,ay : (Z/NZ)? = E4[N],ws) by natural fiber product formation.
Given an automorphism a € Aut(SY/S), we obtain another morphism ¢/ = ao ¢
and the induced I'(N)-test object (Eg, gy : (Z/NZ)? = E4[N],wgs ). Suppose
that the morphisms ¢, ¢’ correspond to ring homomorphisms ¢g, ¢/ : BN - R
respectively. Then the values of the “functions” b and b, € B at those T-valued
points ¢, ¢’ are related by

(2.7.3) $r(b) = or(bla) (beBY, ¢' =ao00).

[For example, if s € SV (C) is any complex point, then b(as) = (b|4)(s).] Since the
two morphisms T — S through ¢, ¢’ are the same, we may canonically identify
Ey4 = Ey . Thus, we have

(2.7.4) ay =agop(o) (¢ =a,00).

Using this and a standard argument on the Weil pairing, one sees that
275) (vl = = (W el o e m(S.b),
where y : 71(5,b) — ZJ the C-adic cyclotomic character.

§2.8. Relation of p" (o) and a" (o) on M 1[N]

Now we shall consider the moduli stack M; ; of elliptic curves. The relative moduli
problem of naive level N structures for N > 3 over elliptic curves is known to
be relatively representable by a scheme M 1[N] which is etale over the stack
M, with Galois group GL2(Z/NZ). Write (E,O) for the universal family of
elliptic curves over Mj 1, and (E¥, O) for its pull-back over Mj 1[N] which has the
(universal) level N-structure o : (Z/NZ)?> = EN[N]. Pick any base point b on
M 1 and its lift b on M 1 [N]. Then we obtain the identification azn : (Z/NZ)? =
EXN/[N] = E;[N]. This gives us the monodromy representation p : my (M 1,b) —
GL3(Z/NZ). On the other hand, for each o € w1 (M 1,b), let a, be the unique
automorphism of M 1[N] over M determined by oY) = a,(bN). Given a
morphism ¢ : T = Spec(R) — M 1[N], we obtain a pull-backed elliptic curve Ey
over R with a level N-structure oy : (Z/NZ)> = E4[N]. The composition ¢’ =
a, o ¢ induces another elliptic curve Ey4 with level N-structure ay : (Z/NZ)? =
E4[N]. Similar to (2.7.3)—(2.7.4), the two morphisms T' — Mj 7 through ¢, ¢’ are
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the same, so that after identifying £y = Fy4/, we have
(2.8.1) ag =agop™(o) (¢ =a,00)

§2.9. Complex modular curves

The complex model of the “universal elliptic curve £/{£1}” over the “j-line”
Y1(C) := SLy(Z)\$ is given as the quotient space of C x ) modulo the left action
of Z? x SLy(Z) by (cf. [Mum83, §9])

2mi)(mT +n) ar+b
et +d TeT+d

(2.9.1) (z,7) <Z+( ) (4 4) € SLa(Z), (m,n) € Z?).

Fix an embedding Q(pn) < C. Then there arises a commutative diagram

EN®C——=7Z2xT(N)\Cx 9

T

Mii[NJ@C—Y(N)@C=T(N)\#H
where ® C are taken over Q(uy), in such a way that the section o®(z,y) :
M;1[N] — EN (2,y € Z/NZ) is mapped to the image of {((27i)(%z + +y),7) |
TEN}

Since the natural morphism of Mj 1[N] to the modular curve Y (N)/Q(un) of
level N is the quotient by {+1} C GL2(Z/NZ), each a, (o € m (M 1,b)) induces
also an automorphism a} of Y'(N). Suppose a, fixes . Then a’ gives a Q(un)-
automorphism of Y (N') which naturally comes from an element of Aut(Y (N)/Y (1)
®Q(un)) = PSL2(Z/NZ). Now, we realize that there arise two matrices in our
discussions so far. One is the image p" (c) € SLo(Z/NZ), where pV : m(S,b) —
GL2(Z/NZ) is the monodromy representation in the N-division points (§2.6). The
other is the covering transformation A € PSLo(Z) of $ lifting a. We then claim

(2.9.3) pN(o)='A  in PSLy(Z/NZ).

Proof. Let 1y designate the image of a small segment 7 = iy (R > y > 0) on
Y(N)(C) and let A = (? %) € PSLy2(Z/NZ) act on it as an automorphism of the

modular curve. Then, as explained in (2.9.2), the level structures on elliptic curves
on the images of 79 and A(ry) = % are given by the images of ay : (z,y) —
(2mi(%x 4+ +y),70) and oy : (z,y) — (277@'(%3: + %), A(70)) modulo the

action of Z2 x T'(N) respectively. Let us compute the latter, taking into account



428 H. NAKAMURA

the equivalences under the action of Z? x SLy(Z) on C x §. It then follows that
ato+b cto+d
omi( = aT°+b+3 (DY (g (R ERY ano b
N cro+d cro +d cro+d cro+d

<27m( 0 (az +ey) + %(bx + dy)> , TO>.

The interpretation is that the point represented by the elliptic curve &;, with level

structure o : (2,y) — 27ri(7—1\[}:v + %y) is transformed to the point represented by
the same elliptic curve but with level structure ag : (z,y) + 2mi(F (ax + cy) +
+(bz + dy)) under the automorphism of Y (V) induced by the matrix A. Namely,
the corresponding action of p™(0)/41 on E[N] must come from (¥) — (¢ §)(%).

y
Hence oy = +ag 0 (§ §), which implies pV (o) = (5 §) by (2.7.3). O

83. Monodromy invariants of Eisenstein type
§3.1. Setting

In this section, we fix a full class C of finite groups and a I'(1)-test object (E, O,w)
over a connected regular affine scheme S = Spec(B) of characteristic zero with
associated parameter (z,v, g2, g3,1) as in §2.2. Pick a geometric basepoint b on S
which induces the Weierstrass tangential basepoint @b on the once punctured el-
liptic curve E;\{O}. We then consider the pro-C monodromy representation go_> :
71 (S, b) — Aut(ﬂ'l(Eb\{O} mb) C)) as in §2.5. Set m := 71 (E;\{O}, mb)( ) and
write ' := [m, 7| (resp. 7" := [, x’]) for the commutator (resp. double commu-
tator) subgroup of 7 in the sense of profinite groups. Denote by 7#? := /7’ the
abelianization of 7. The abelianization map extends to a natural projection of the
complete group algebra of 7 to that of 72P:

()™« Ze[[n]] = Zeln*]).

The purpose of this section is to extract a sequence of arithmetic representations
of (8, b), which we wish to call of Eisenstein type, from the action of (S, b) on
the meta-abelian quotient /7" in a combinatorial group-theoretical way.

83.2. Pro-C free differential calculus

Suppose we are given a free generator system x;,X2 of 7 so that z := [x1,x5] 7!

generates an inertia subgroup over the puncture on Ej\ {O}. The pro-C free differ-
ential operator 3x : Ze|[w])] = Zel[7]] (i = 1,2) is well defined and is characterized
by the formula

(3.2.1) A=)+ 2

ox 1(X1_1)+7( 2_1)7

0xs
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where € : Z¢[[n]] — Zc is the augmentation map. Concerning the abelianiza-
tion images of the terms in the above formula, we have a pro-C version of the
Blanchfield-Lyndon exact sequence of Z¢[[w*P]]-modules:

(3.2.2) 0= ' /n" & Ze[[n*])®2 & Ze[[n*P]] — 0,

where 9(s) = (22)™" @ (£2)™ and d(i @ p2) = (%1 — 1) + pa(R2 — 1)
for %; := (x;)® (i = 1,2). It is known by [[h86a, Th99-00] that 7'/7" is a free
Z[[7?*]]-cyclic module generated by the image z of z € 7’ in 7/ /n”’. In view of this
fact, we can write each element 5 € n’/7” uniquely as p -z (u € Zc[[7*"]]). The
embedding 0 of 7’ /7" in (3.2.2) is often useful to calculate the “coordinate” y of 3.
In fact, since 9(z) = (X2 — 1,1 — X1), we have

(323) n= affl)ab/(m = (;’;)ab/a )

for s=p-z € 7’/7" given as the image of s € 7.
83.3. Gy,-invariants

For simplicity below, we shall write the action of o € 71(S,b) via <P%>, just as
b
T —

(33.1) o) = ¢S (@)@) (0 em(S,),xer—m(E\ {0} BC).

As explained in §2.5, the monodromy action on the abelianization 72 = Zex; @
Z¢Xo can be expressed by 2 by 2 matrices: we shall write

a(o) b(o)

(33.2) plo) =) = (%47 1)

) (o € m(S,b)),

T(U)Xg(a) Z{(")xg(")

so that o(x;1) =x and o(x2) =x mod 7’. Observe that, for each

pair (u,v) € ZZ, the quotient
(3.3.3) Sun(@) = (g "7 ) - (G

lies in 7/, which gives us a unique element G.,, (o) € Z¢[[7*?]] determined by the
equation
(3.3.4) Suv(0) = Gup(o) - 2

in 7' /7",

§3.4. Integral invariant ES, (o)

Let m € |C|. The above element Gy, (c) € Zc[[r*"]] can be regarded as a Zc-
valued measure (written dGy,(c)) on the profinite space 7*” =2 Z2. So one can
think about the volume of the subspace (mZ¢)? C Z2 under this measure:
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Definition 3.4.1. For m € |C|, o € m1(S;) and (u,v) € Z%, we define
ES, (o u,v) ::/ dG (o).
(mZc¢)?

Note that, by definition, Spo(c) = 1, Goo(c) = 0, hence E¢, (o;0,0) = 0. For
readers unfamiliar with measure interpretation of Iwasawa algebras, we shall here
quickly rephrase the above definition of ES (o;u,v) in more elementary terms:
Recalling that Z¢[[72P]] = hm . Zc [X1,X2]/ (X} —1,%5 — 1) (where the projective
system is formed over n € C multiplicatively), for m € C, take the m-th component
of Guy(0) € Zc[[7?*P]] and write

[
[

m—

Guv(o) = Z

1=

m

a;;X X3 mod (X" — 1,%x5" — 1)
—

<

in the group ring Z¢[(Z/mZ)?] = Zc[%1,%2]/ (X7 — 1,%5* — 1). The volume of
Definition 3.4.1 is then nothing but the principal coefficient agg € Z¢ of this
expression: EC (o u,v) = ago.

One of our principal concerns in this and the following subsections is to ex-

amine the dependence of ES, (o;u,v) on (u,v) € Z2 modulo m. Let us first express
Guv by GlO and G01~

Proposition 3.4.2. For each o € 71(S,b), we have

——b——d s—ag—cC
X%, ) -1 X%, ) —1
Guv(U) _ ( _171;_27(1) G01(0_) + ()_Cl_b)_(;d)v( _17a_2ic)
X Xyt — 1 X "%y — 1
— Rest (‘; Z)(g)

Here, (g 5)1) = p(0) € GLy(Zc) and Rest (g 2)(3) s an ezxplicit element in X1, Xo
defined by

Glo(O')

s—bv S—cCcu
X =1 xT—-1__4,
2 )

Rest (¢ 5).(4) == Ry 4+ (X "%5 )" RY .+ 51 w1

where, for any o, 8,7 € Z¢,

[ (%% -1 %" -1 %7 -1
TR -1\ g%, -1 X1 X3—1 )

Note. In the above notation Rest (¢ 4).(%), the dot between (¢ %) and (%) sepa-
rates the matrix component and the vector component. Namely, Rest gives a map
from SLo(Zc) x Z2 to Zc.
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Proof. What we need to do is to evaluate (3.3.3) in #'/7”. We may decompose
Suv into three factors lying in 7" as follows:

Suv — ((801x2_dx1_b)”xl{”xg”) . X2—dvxl—bv ((Sloxz—cxl—a)uxclzuxgu)xllwxgv

—dv . —bv_ —cu_bv_cutdv
- (3 Xy Txy X )-

Then, apply (3.2.2)—(3.2.3) to each of the three factors. Note that in free differential
calculus, we can make use of basic laws of Leibniz type as shown in [Th86b, p. 440].
Only one non-trivial point is to show a formula like

(6<x;dx;">“xlf”x%“>ab CERDT -1 % -1 %™

3x2

%0 -1 % -1 Xg— 1"~
which, however, follows easily by induction for non-negative integers v, and then

by the standard continuity argument. (Alternatively, one may skip induction by
using the general formula % = f;__l % from [Ih86b, p. 440 (iv)].) O

1

Remark 3.4.3. In general, there are no reasons to expect periodicity of the values
EC (o;u,v) in (u,v) with any modulus. But we will see later (see Corollary 6.9.8)
that ES, (0;u,v) mod M? (M € |C|) is determined by the residue class of (u,v) in
(Z)mM?2°7)?, where € = 0,1 according as 2 1 M, 2|M respectively. Namely, we
have a well defined mapping

E,ar2 2 71(S,0) = (Z/MPZ)[(Z/mM?2°)?].

In fact, one can refine E,, 52 more minutely by replacing M? with M, which
amounts to examining elementary arithmetic divisibility of |, (m)? dRZL,ng- We
discuss it in a separate article [N12].

Remark 3.4.4. In [Tsu95a, Prop. 1.12], H. Tsunogai derived, by applying o to
the relation [x1,X2]z = 1, an equation satisfied by G_1 9 := G_1,0(0) and Go,_1 :=
G()’,l(O'):
(%xd —1)G_10 — (%5 — 1)Go 1
(x§ — 1)(x§%5 —1) — (X5 — 1)(X{xg — 1)
1 -1)(x2—1)
in the notation of the above proposition. Since (%x¢x§ — 1), (X¢x% — 1) are not

zero-divisors in Zc[[Z2]] as shown in [Ih99-00, Part I, Prop. 2.1.1(i)], the above
Tsunogai’s equation implies that G_; o determines G,—1 and vice versa.

= (ad — bc) —

Proposition 3.4.5. Let o € m1(S,b) with p°(c) = (¢ 5). For (u,v) € (Zc)?
denote by Cy,(u,v) C Z% the coset modulo (mZc)? represented by (¢ 5%).(%)
u(@) +v(3)-

7
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(i) We have

/ dG1o(0) :Egl(a;u—i— 1,v) —Efn(o;um)
Ch, (u,v)

. {au;—va . qc(w;)wa B ru;dv”

where | 2] = —fch d(ii;l) for a € Zc¢.
(ii) The values of {ES,(o;u,v) | (u,v) € Z&, m € |C|} determine the action of o
on w/7".

Proof. By a simple calculation from the definition, it follows that

(3.4.6) Gun(0) = Gupr,0(0) — (X7 7%5 ) (%1 "5 1) G1o(0)
+Rest (¢ 5)-(“7) = Rest (¢ ) (4)
= Gui1,0(0) = (X% ) (%, "%5 1) " G1o(0)

c s—au—bv
X, —1x; -1

c—cu—dv
+ Xy TN = -
2 X2—1 X1—1

Integrating measures represented by the above terms over the subspace (mZ¢)? C
ZE enables us to find [, () dG1o(c) — ES (o;u+ 1,v) + ES, (0;u,v) equal to

/ d(xl—au—bv _ 1) . / d(XQ—cu—dv—c _ x2—cu—dv>
ch )_(1 - 1 ch )_(2 - 1 ’

from which (i) follows immediately. The formula (i) determines the measure Gy (o)
€ Zc[[Z2]] from the collection of values ES, (o5 u,v) ((u,v) € Z2, m € |C|). If we
put u = —1,v = 0, then we find that it also determines

o a < C
x{—-1x5—-1

G_ = —X{x5G - .

10(0) = =X{X5G1,0(0) R
Tsunogai’s equation (Remark 3.4.4) then also determines Gy _1(c). Thus, both
S_10(0) = 0(%1)%] %5 ¢ and Sy, _1(0) = 0 (X2)%; "%, ¢ are determined modulo 7.
The assertion (ii) follows since 7 is generated by x1, Xs. O

Remark 3.4.7. We may use the notation

B L) (o 5] [ (5)

for m € |C|, a € Z¢ to designate the pro-C floor (resp. ceiling) function. Obviously,
[—a/m] = —|a/m]. In fact, it is not difficult to verify the following: If & = mg,
then [a/m] = . When m t a, writing a = (@), mod m with (a),, € [0,m) C N,
it follows that [a/m] =1+ (o — (@)m)/m.
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The following proposition allows us to compute ES, (¢;u,v) with both u and
v divisible by m in Z¢ from the values of ES (0;1,0), ES (o;u + 1,v) and an

m
arithmetically elementary term.

Proposition 3.4.8. If (u,v) € (mZ¢)?, then, for each o € w(S,b) with p€ (o) =

(¢ 2),

ES (0;u,v) = ES (o;u + 1,v) — ES (0:1,0) + {au * bUJ . {CJ .

m m
Proof. Considering terms on the RHS of (3.4.6) as measures on the space ZZ, we
find that the multiplications by (X7 %% ¢)*(x; %5 %), %5 ““~% in the second and
third terms turn out to have no effect upon integration over (mZc)? under the
assumption (u,v) € (mZc)?. This observation proves the proposition. O

83.5. Twisted invariants and their composition rule

Let o € 71(S,b) and regard o as acting on 7®" through p(c) € GLa(Zc). Noting
that the G,-invariant may be rewritten as
%74 — 1

(3.5.1) Gu(o)=0c (’:(2::_1) Goi(o)+o <>‘<2”__

1
x; —1

)Gmw)—Restpw).(zf),

we shall introduce its twist by a matrix € € GL2(Z¢) as follows:

(3.5.2)
@) = w0 ()| oo+ a5 35 )] -G
— [Rest p(0)e.(3)] + x(0) - o [Reste.(3)].

Since Rest I.(};) = 0 for the unit matrix [ = (§ ), it turns out that G, (o) =
Guu(a)-

The merit of introducing the e-twisted invariants is the following composition
rule:

Proposition 3.5.3. For 0,7 € 11(S,b) and € € GLa(Z¢), we have
Gluy(om) = GI(0) + X(0) - (G (7).

Proof. We start by studying composition rules for G19 and Go;. Let p(o) = (g Z),

p(r) = (2 ?) so that p(oT) = (‘Zg_tsz Sgisg) Then in 7’ /7" we have

Gio(oT) -2 = 8S19(07) = (UT)(xl_l)x'lmM’Yx;a*'d’Y.
As (o7)(x7") = o ((Gio(7) - 2¥(9))x5 %7 *), one can decompose the RHS as the

product of two factors G1o(7)(0%1, 0%2)-2X() and o(x2) Vo (x;) ~Ox I TPTx5F
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where in the former factor Gyo(7)(0X1,0X2) means the element obtained from
G1o(1T) = G1o(T)(X1,%2) € Zc[[7?P]] by substituting (0%;,0%2) = (X%, %°%3)
for (X1,%2), and the latter factor is equivalent to Ga(0) - Z mod 7 with Gay
given as in §3.4. Applying the parallel argument to Go;, we obtain

(3.5.4) Gio(o7) = x(0)G10(T)(0%1, 0%2) + Gay(0),
(3.5.5) Go1(o7) = x(0)Go1(T)(0%1, 0%2) + Gps(0).

Putting these together into G, (07) developed by the formula (3.5.1) and collect-
ing terms according to the definition (3.5.2), we obtain

(3.5.6) Gun(07) = X(0) - 0(Gun(r)) + G (@) (0.7 € ma(S.D)).

Now, if f: S — MY’ is the representing morphism, then the monodromy repre-
sentation from (S, b) factors through 7y (M§’;, f(b)) and the above formula can
hold true for all elements o, 7 € 71 (M, f(b)). Because of the surjectivity of p in
the universal elliptic curves, any given € € GLy(Zc¢) is realized as the image under
p of some T € 71 (M§,, f(b)). Applying then (3.5.6) to o = o102, one gets

(1)(0) = Guu(01027) = X(0102) - 010G (7))
= {x(01) - 01(Gun(027)) + GLT 7 (01)} = x(01) - 01 (x(02) - 02(G (7))
= X(01) - o1 (G(5} (02)) + GLT (o).

This concludes the proof. O

As in §3.4, for each m € |C|, one can consider the volume of the subspace
(mZe)® C ZZ under the measure dG{, (o), i.e.,

(357 (o) (=B o) = [ Gy (o)
mazc

Concerning the composition, noticing that the subspace (mZ¢)? is invariant under
the GLy(Z¢)-action on Zg, one derives easily from Proposition 3.5.3 that

Ef, (075 u,v) = EAV (03 u,v) + x(0)ES, (T3 u,v)
(0,7 € m(S,b), (u,v) € Z?;)

§3.6. Measure £ on the congruence kernel

In our argument so far, we have not allowed m to vary over the integers m € |C|,
as our invariant ES, (o;u,v) does not directly provide a coherent sequence in the
projective system of the group ring Z¢|[(Z/mZ)?] in general. However, this is the
case if o lies in the congruence kernel m;(S€, b¢) = ker(m1(S,b) — GL2(Zc)), i.e.,
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p€(0) = I.In fact, in this case, Tsunogai’s equation (Remark 3.4.4) reduces to the
equation (originally observed by S. Bloch [BI84])

(361) ()22 - ].)G,l’o(O') - (il - 1)G07,1(0') = 0,

from which it follows that there exists a unique measure £ € Z¢[[7*P]] such that
G_10(0) = (X1 — 1)&C and Gy, _1(0) = (X2 — 1)ES. On the other hand, by (3.4.6),

we have G_1 o(0) = —%1G19(0) and by Proposition 3.4.2, we see
x;" — 1 X —1

(362) Guv(g) i) GOl(O') + X9 1 Glo(O')
X, —1 x; —1

when p¢(o) = I. Applying u = 0, v = —1 in the latter gives also Gy _1(0) =
—X2Go1(0). Thus, putting the above equations together we conclude
(3.6.3) Gun(0) = (X7"%5" — 1) - S (0 € m1(S%,69)).
This equation implies that the image of Gy, (o) in Z¢[(Z/mZ)?], hence that of
EC (0;u,v), depends only on (u,v) modulo m: for o € m;(S¢,b°), it defines
BS (0) € Zel(Z/mZ).

Now, write the image of £ in Z¢[(Z/mZ)?] as 2 ac(z/mz)? EC (0,a)e,, where
e, denotes the image of x¥x4 under the projection Z¢[[7P]] — Zc[%1,%o] /(X7 — 1,
x50 — 1) = Z¢[(Z/mZ)?) for any representative (u,v) € Z% of the class a €
(Z/mZ)?. Then (3.6.3) allows us to express
(3.6.4) ES (0,a) = £ (0,a) — £ (;0,0).
From this, for any fixed o € 7,(S¢,b°), the incoherence of ES, (o) € Z¢[(Z/mZ)?]
with respect m, in other words, the main reason for the sequence {E¢ ()}, to
fail to form a measure on Zg, turns out to amount to the “error term” sequence
{€C (5;0,0)}. In §6.10, we will relate EC, (o) and ES by estimating exactly this
error term to be % of the Kummer cocycle along power roots of “A(E,mw)”,
which will be introduced in the next section.

Remark 3.6.5. If two full classes C, C’ of finite groups satisfy C C C’, the natural
projection I 1 (C") — TI; 1(C) induces Z¢:[[T1;1(C")*P])] = Z¢[[M1,1(C)?P]]. Then it
is easily seen that Ef,; is mapped to EC,. This means that our pro-C formulation
of EC is somehow superfluous, i.e., one can say that the full profinite version is
essentially enough. However, this is not the case when considering £S, as it is

defined only on the congruence kernel 7 (S€, b¢)—depending on the set of primes
in |C| as a subgroup of 71 (S, b) with respect to C.
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Proposition 3.6.6. The mapping EC : m,(SC,b°) — Zc[[7?P]] (0 +— EC(0) = ES)
is an additive homomorphism, i.e.,

E(or) =EC(0)+EC(1) (0,7 € m(SC,0°)).
Moreover, it is “det ® GLy ”-equivariant in the sense that
EC (oo™t = det(p(a)) - 0 (E€()) (0 € 1 (S,b), T € m (S, b°)).

This assertion can be proven in the same way as [N95, (4.8)]. We will give an
alternative proof in §6.10 using (3.5.8).

84. Review of algebraic modular forms

In this section, we review special families of modular functions and forms—so
called the modular units and Eisenstein series—in an algebraic style convenient
for our later discussions.

§4.1. Fundamental theta functions

We begin by introducing the fundamental theta function 6(z,£) (z € C) for a
lattice £ C C. Let p(2) = p(z, £) be the Weierstrass gp-function. As is well known,
the associated parameters for the I'(1)-test object (C/£, dz) are given by © = p(2),
y = ¢'(2), g2 := 60> w* and g3 = 140> w=® (3] means the sum over
we £ = £\ {0}). Then we define

(4.1.1) 0(z, L) == A(L)e M=D75(5 )12,

Here A(£) = g3 — 272, 0(z, £) is the Weierstrass o-function of £:
z 2 1/z\°

4.1.2 = 1-= Sd e

(112) o2 2) Q( w)exp(w+2(w) )

and n : C — C is the R-linear extension of the period function £ — C (w —
ff:ﬂj p(z)dz). Note here that p(z)dz = xdx/y is a meromorphic differential
form of the second kind, i.e., without residues; hence the integral is well defined.
It is easy to see that

(4.1.3) 0(z, ) = 0(\z,AL) (AeCX, zeC).

According to the above definition of n(z, £), the function §(z, £) is not holomorphic
in z. When z lies in Q£, one can show from [KL81, (K2), p. 28] that 0(z, £) behaves
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like an “almost” periodic function with respect to £, i.e.,

(4.1.4) {9(Z+W’£) =(0(z,8) (€ & weL (epun),

0(z4w,£)=0(z,8) (€ %L weNL).
The following distribution relations are also essential in our later applications.

Proposition 4.1.5. Let m, n, d, and r be integers such that n = md and r =
l.c.m.(m,d). Then

(1) Owo,m€)=¢ [ Owo+wng) (wo€&\ng ICEp);

weML/nL

(2) a?=¢ I  0wng (3¢epa).

wemL/nL, wgn

Proof. These are special forms of the distribution relations due to Ramachandra—
Robert (cf. [KL81, p. 43]). O

Now, let us restrict the lattices £ to those in the form £, = Z7 +Z1 (7 € 9),
and write o(z,7) = o(z,£;) and 6(z,7) = 6(z, £;). The infinite product expan-

sions of the first two holomorphic functions in g, = €*™%*, ¢, = 2™ are well
known (see e.g. [L87]):

A(e,) = (2mi) g [ (- a2,

n=1
=2 T (1—q2 q )(1—qrg!)
_ - /2 —1/2 T4z T4z
o(z,7) = - .
7= T 1] — )

As remarked above, the fundamental theta function 6(z,7) is not holomorphic
in z, but it is holomorphic in 7. Writing z = z17 + 23 (z1, 2 € R), from the above
expansions we obtain

12

(41.6)  0(z,7) = @m0 11— g) TT (1= gla) (1 - aras )]
n>1

where By(T') = T?—T+ 5 is the second Bernoulli polynomial. (Here, we use n(z) =

x11(7) + 22m(1) and the Legendre relation n(1)7 — n(7)1 = 27i.) Comparing this

with the classical expansion of Jacobi’s theta function ¥ (z, ), we also see that

191(27’7')
n(7)

12
0(z,7) = el2miz1z { ] (z =217 + 2, 21,22 € R),

where 7(7) 1= >™7/24 T[> (1 — ¢?) is the Dedekind 7-function.
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84.2. Siegel units

In the book [KL81] by D. Kubert and S. Lang, a 12-th power root of 6(z,7) is
introduced and intensively studied via the Klein form

(4.2a) Uz 8) = e =D/ 25(5 )

that is defined for a lattice £ C C. Given x = (z1,22) € R?, it gives a function on
7 € $ (also called the Klein form) defined by

(4.2b) Lo (7) = U217 + 22, L)

where £, = Z7 + Z (7 € $). Note that, in [KL81, p. 29], their “Dedekind 7*” is
the 2mi-multiple of our 7%, In fact, since £(z; £) is homogeneous of degree 1 (cf.
[KL81, p. 27, (K0)]), we have 2mil(z, £;) = £(2mwiz, 2mi £, ).

For z = (z1,72) € R?, let us define the Siegel function g.(T) by

(4.2¢) 9a(7) = 2min(7)*ly (),

which, after computation similar to (4.1.6) above, turns out to have the following
product form:

(4.2d) ga(T) = 7q71_92(z1)/267rim2(m171) [(1 —q.) H(l _ ngz)(l . qfq;l)]

n>1

with 2 = 217 + 2. From this it follows immediately that g, (7)'? = (2, 7). Again,

this function has a non-holomorphic factor qf 2(21)/2 grizz(21-1) with respect to the

complex variable z = 217 + z2. Observe also that g,(7) = 0 if and only if x € Z2.
Here, we shall collect several properties of Siegel functions for later use. Let

m > 1 and assume x = (r1/N,ra/N) (r1,72 € Z, N > 1). We consider the condi-

tion

If N is odd, then mrf = mr3 = mrira =0 mod N.

If N is even, then mr? = mr3 =0 mod 2N, mryre =0 mod N.
Proposition 4.2.1. Notations being as above, the following statements hold:

(i) The function 0,(7)™ = g.(7)'?™ is modular of level T(N) if and only if the
condition Q(x, N,12m) holds. In particular, 0(x17 4 x2,7) is modular of level
'(N?).

(ii) When g.c.d.
condition Q

(iii) When g.c.d.

condition Q

—~

N,12) = 3, the function g,(7)*™ is modular of level T(N) iff the
x, N,4m) holds. In particular, g, (7)* is modular of level T (3N?).
N, 12) = 4, the function g,(7)3™ is modular of level T'(N) iff the
x, N,3m) holds. In particular, g,(7)3 is modular of level T'(4N?).

—~

—
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Proof. The first claims of (i)—(iii) are only special cases of [KL81, Chap. 3,
Ths. 5.2 and 5.3]. To see the latter claim of (i), apply Q(z, N2,12) to = =
(Nr1/N?% Nry/N?). The latter claims of (ii), (iii) follow similarly by applying
Q(x,3N2,4), Q(x,4N?,3) respectively. O
Proposition 4.2.2. For z = (x1,22) € R?, put 0,(7) := 0(x17 + z2,7). Let
A= (1Y) € SLy(Z). Then

0.(AT) = b,4(1) (T €9).
In particular, 0,(17) = 0_,(7).

Proof. By [KL81, (K1)], we know ¢, (A7) = (¢7 + d) "4, 4(7). This together with
the well known formula A(A7) = (e + d)'2A(7) proves the desired formula. (In
[L87, Chap. 19, §2, (S2)], a similar formula is claimed to hold at the level of g,.
But this is false, as the transformation formula of n(7) involves another nontrivial
“Dedekind sum factor” € sy besides cr + d.) O

Before stepping forward, let us review similar behaviors to Proposition 4.2.1
for certain powers of the Dedekind n-function (7).

Proposition 4.2.3. (i) n(7)** is a modular form of weight 12 and level T'(1).
(i) n()® is @ modular form of weight 4 and level T'(3).
(iii) n(7)8 is a modular form of weight 3 and level T'(4).

Proof. This is essentially included in [KL81, Chap. 3, Lemma 5.1] (where I'(3)
should read I'(4)). We reproduce the proof for the reader’s convenience. The gen-
eral transformation formula of 7 is

at+b o + "
o(E50) =ctate [ TENE) () €Sta@), 0> 0),

where €(a, b, ¢, d) is a certain 24-th root of 1 given by a precise formula (cf. [Rad73,

(74.93)]). (i) follows immediately. For (ii), observe that
c(ab,e.d = JEPETI0A1L =) +elatd)) - (codd),
exp(%m’(ac(l —d?) +d(b— c))) (d odd),

and that in either case €(a, b, c,d)® = 1 when 3|b, c. For (iii), we also calculate in
the case of d odd that
e(a,b,c,d)® = exp(2mid) exp(Z (ac(l — d*) + d(b— ¢))).

Since 8| (1 — d?) for d odd, when 4 |b, ¢ we have &(a,b,c,d)® = exp(%m’d). Given
A= (? Z) € T'(4), if ¢ > 0, we may apply the above transformation formula
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directly, and then d = 1 (4) implies €% = i~1. Hence n(A71) = (c7 + d)3n(7). If
¢ < 0, we apply the formula for —A. Then e(—a, —b, —c, —d)® = i. But this time,
the factor from /* is (—cr — d)3/i3. Hence, we obtain again n(A7) = n((—A)7) =
(e + d)3n(T) as desired. O

We shall sometimes write A(7) for n(7)?* = A(27iL,). The following propo-
sition will be applied later in §6.5.

Proposition 4.2.4. Let z = (z1,22) = (r1/ml,ro/ml) € Q2 for m,l € N,
r1,T2 € Z.

(1) A(T)(géiT()Tl)) = 77(7)24M is a modular form of weight 12 and level

I (lm) gia (1)

m).

(i) Whenl =3, n(r)® (325229 is a modular form of weight 4 and level T'(3m).
(iii) When | =2, n(1)° (z;igjr is a modular form of weight 3 and level I'(2m).

Proof. The claims on weights are obvious, so only levels should be discussed. We
shall intensively make use of [KL81, Chap. 3, Theorem 4.1] by rewriting

912 e;zl"‘ 4\9 £36
Aei — (2771')12(12_1)772412 212 ’ 778 (Qz) _ (27”-)3277726%’
lx lz 934 3z

314 12
6 (9z) _ (27ri)91724%.
922 2x
It is easy to see that the factors Z}Ezlg/ﬁﬁ, £36/03 (for 1 = 3) and £12/¢3, (for
[ = 2) satisfy the Kubert-Lang condition QUAD(ml), QUAD(3m), QUAD(2m)
of [KL81] respectively (no matter if m, [ are even or odd). Since n?* is a full level
modular form, the proof is complete. O

84.3. Eisenstein series

. . . . dN .
Next, we review the Eisenstein series G,(Ca modN) and ,(cx). Our main reference here

is [Sch74]. Let k > 2, N > 1 be integers and let a = (a1, as) € (Z/NZ)?. We first
define

/ 1 1
G(amodN) — i c ,
k (7) s—lgl—&-an;]v (ma7 + ma)F |maT + mo|* (res)

where the sum is taken over all (mq,my) € Z2\ {(0,0)} with m; = a1, ma = a
(mod N). Note that, in the above formula, if & > 3 then we do not need lim;
and the factor |...|*, because Z:nhmz 1/(my7 4+ m2)* converges absolutely and
uniformly on each compact set. The trick of lims_,o4 (Hecke) works essentially
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when k = 2 (and k£ = 1). The function G(Qa medN) s not holomorphic as seen from
the following “g-expansion” formula:

—2m
Ner—7) " > (N, 2,a)¢ (k=2),
(4.3.1) G}gamOdN)(T) _ >0
ZOCV(N7k,a)q: (k Z 3)7
v>0
where
a ! 1
6(1\}) Z ok (v=0),
ma=az 2
ay (N, k,a) = i (N)
(—2mi) - .
NF(k—1)! m*sgn(m)(E™ (v > 1).

mlv, X=a; (N)

m

For applications, more important are certain linear combinations of the Eisenstein
series of the above type: Given a pair x = (z1,22) € (Q/Z)?, choose any (large)
N such that x € (+Z/Z)?. Then define

x k_]-‘ i am
B = Bk S amtnme gt ),
ac(Z/NZ)?

It turns out that E,(fx) (1) is independent of the choice of N with x € (%Z/Z)2
and is holomorphic unless k = 2,x = (0,0). We have the following “g-expansion”
formula:

(x) _ P’C(xl) — k—1 _2mil(zo+sT)
(432) Ek (T) = _T + Z ZS e w2
0<s€x1+Z I=1

oo
+ Z Zsk—le%ril(—wz-i-sr)’

0<se—x1+7Z I=1

for Kk > 3 or x # 0, while in the exceptional case of k¥ = 2 and x = (0,0), one
should add to the above right hand side the non-holomorphic term i/(27 (7 — 7)).
Here, Py : R/Z — R is the periodic Bernoulli function defined as follows. First,
the k-th Bernoulli polynomial By (X) € Q[X] is defined by the generating function
> i Br(X)th /k! = te'X /(e —1). Then, using the floor function ] := max{n € Z |
n < x}, define Py (¢t mod Z) to be By(t — |t]|) for k > 2. Note that since By (0) =
By(1) for k > 2, P, (k > 2) are continuous functions. Meanwhile, P; (defined
similarly as ¢t — [t] — 1/2 on R/Z — {0}) is discontinuous at 0 so that we set

P;(0) = 0 as the mean of P;(0+) and P;(0—). From the definitions of GéamOd M)
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and E,ix), we get the transformation formulae
(4.3.3) G N (A7) = (er + d)FGEAN),
E](Cx)(AT) = (e + d)kE](CXA)

for A= (*4) € SLy(Z). It then follows that both G{*™**™) and E{® are modular
forms of weight k of level T'(IV). Finally, comparing the g-expansion formula, we
may relate the Siegel function g, (7) and the Eisenstein series Eéx) (7) as follows:

(4.3.4) % log g2 (1) = —2miESY (1) (x = 2 mod Z € (Q/Z)?, » € Q% \ Z?).

Indeed, for * = (z1,72) = (m1/N,m2/N) € Q?, write z = 217 + 2 so that

q, = x%ﬂ“/N and set

o0
M= (1-q) [J—are)1 - gz,

n=1

It = H (1 _ e27r112 e27rzs'r) . H (1 _ 6727rimg e27risr).

0<s€xi1+Z 0<se—x1+7Z

Formula (4.3.4) above follows immediately after applying Lemma 4.3.5 below.

Lemma 4.3.5. For x = (x1,22) € R?, we have

I = H+ . (_1) lz1] 6727rix2 Lzlje‘/riT(P2(1:1)fBg(m1))(1 _ 627”'1?2)5”627

where we understand 0., cz = {(1) Eii;é; and 00 = 1.

Proof. When = € Z2, we have both I = 0 and (1 — e2™2)%1e2 = (), so that
the above equation is trivially true. So we shall assume x € R? \ Z2. If 21 = 0,
then ¢, = €2™®2 hence Il = (1 — ¢.)IIT, which gives us the desired equation.
For the case z; # 0, we shall compare factors appearing in II and II™, and apply
consecutively (1 — e2™#q2) /(1 — e~ 2™F =) = (—1)e?™ ¢, Suppose first z1 > 0.
Then
I=1IIt- (1 — 627TiI2)5m1€Z Lwﬁ ' 1- efzmmqu e
o 1
[z1]-1
—IIt. (1- eQwimz)Szlez H ( 27rm72q:_+{m1}>
i=0
=TIt (_1)Lz1j (627ria:2 Lwqué L$1J(221—\_$1J—1))*1(1 . 62m’x2)511€Z’

_ 62772'932 qi+{$l }

But since Pa(x) — Ba(z) = |x](|z] +1—2z), the RHS is found to be of the desired
form. Next, suppose x1 < 0. Then
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[—21] 2mizy ,—t+{z1}
H:H+_(1_62m@2)5$162 H 1—e 245 1
i=1

. ’——371-\ ‘ ‘

=TIt . (1 _ e2mwz)5zlez H (_62mw2q;z+{xl})

i=1

1— e—27\'1:£2 qj_f{xl}

=TIt (_1) f—z1162wiz2 (—11-\%% [—z1]{z1}—[-z1]-1) (1 _ eQwizg)ézlez

— H+ . (_1) I_.'L‘1J€—27Til'2 \_zqu;%l.xl]@xl—lﬁl]—l) . (1 _ eQﬂiI2)6mIEZ7

which again turns out to be of the desired form. O

In §7.3, we will discuss a standard lift of the logarithmic derivative equation
(4.3.4), which will play a crucial role in our proof of Theorem B stated in the
Introduction.

84.4. Algebraic modular forms

Let f(7) be a holomorphic modular form of weight & and level I'(IV), and suppose
that its ¢'/N-expansion has coefficients in a subring R C C. Then it is known
(see [K76, 2.1.1 and 2.4.1]) that there is an algebraic modular form F over R
which assigns, to each tuple (E, 3:Z/NZ x uxy — E[N], w) over an R-algebra B
(i.e., a D(N)ath_test object over B in the sense of [K76] consisting of a I'(1)-
test object (F,O,w) over B together with a B-isomorphism of group schemes
B:Z/NZ x uy = E[N]), a value F(E, 3,w) € B in such a way that

(1) F(F,B,w) depends only on the B-isomorphism class of the test object;

(2) F(E,B, \w) = A\"*F(E,B,w) for each A € B*;

(3) if (E'/B',8',w') is the scalar extension of (F, 8, w) by the R-homomorphism
¢: B — B, then ¢(F(FE,B,w)) = F(E',B',w');

(4) for any complex point s € Spec(B)(C) given by ¢s : B — C with the fiber
(Es/C, Bs,ws) over s,

211

Gu(F(Eer Bor0) = <>kf(f),

w2

where 7 = wy/wy € 9 is given as the quotient of a Z-basis (wy,ws) of the
lattice obtained as the collection of period integrals of w, along loops on Ej
so that & mod £ = B((1,1)), &> mod £ = B((0, e>™/N)).

Conversely, suppose we are given an algebraic modular form F of weight k£ and
level N over R C C. Then the corresponding holomorphic modular form f is
given by f(r) = F(C* /(qT/N)NZ7 L,Wean), Where ¢, /y = e2m7/N ', is the canonical
embedding Z/NZ x puy < C*/¢* with (a,e>™/N) (q“/N,eQ’”b/N), and Wean

T
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is the “canonical differential” coming from dX/X on G,, = Spec Z[X, X 7] (cf.
[KM85, (8.8)]). The value of F at the Tate curve Tate(¢")/R((q)) gives the ¢
(= e2™7/N)_expansion of f.

The above may be applied to the modular units and modular forms of the
previous subsections.

We first consider the case of Eisenstein series. If x € 3-Z?/Z? is given, then
the FEisenstein series E,(Cx) (1) is a holomorphic modular form of weight k& and
level T'(N) unless k& = 2 and x = 0. The g-expansion given in (4.3.2) has co-
efficients in Q(un). Hence, the corresponding algebraic modular form is defined
over Q(uy). We may apply it to any I'(IV)®*_test object (E/B,3,wy). More-
over, we shall also regard any T'(N)-test object (E/B,«a : (Z/NZ)? = E[N],w) as
a T'(N)**h_test object, defining 8 : (Z/NZ) x uy — E[N] by B8(a, (%) = a(a,b),
where (n = en((1,0),@(0,1)) € B (cf. 2.6). Thus, one can speak about

(4.4.1) EX(E/B,a (or f),w) € Blux] (k>3 or x # (0,0)).

In a similar way, since the modular forms A = n?*, 1% 7% which appeared in
Proposition 4.2.3 have rational g-coefficients, they give algebraic modular forms of
the prescribed weight and level over Q.

For example, suppose we are given a I'(1)-test object (E/B,O,w) with the
associated parameter (z,y, g2, gs,t) (cf. 2.2). Then one can easily show that

(4.4.2) g2 = 10E(E/B,0,w), g5 = LEY(E/B,0,w);
95 — 27g5 = A(E/B,0,w).

Next, we consider modular units. Assume z = (z1,22) € %22\ Z? (hence
N2 > 3). By Proposition 4.2.1, ,.(7) = ¢.(7)'? and its inverse are modular func-
tions of level I'(N?). Observing the g-expansion, we know that there are corre-
sponding algebraic modular forms ! of weight 0 and level I'(N?) defined over
Q(un2). So, we may apply 651 to I'(N?)™*h_test objects and I'(N?)-test objects.
Thus,

(4.4.3) 0:(E/B,a (or B),w) € Blunz]*

makes sense. In fact, in the case of weight 0, the value is independent of the
change of w (by multiplication by elements of B*). This means that the value
comes from the representative morphism of Spec(B) to the modular curve Y (N?)
of level T'(N?) defined over Q(uyz). The space of complex points of Y(N?) is
identified with the Fuchsian model $/T'(N?). Write O(I'(N?)) for the ring of holo-
morphic modular functions of level I'(N?) whose Fourier coefficients with respect
to €2™7/N* lie in Q(uyz2), so that Y(N2) = Spec(O(I'(N2))). Then by [Sh71,
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Prop. 6.9],
(4.4.4) 0.(1) € OT(N?))*.

The conclusion is that the image of 8, (7) under the representative homomorphism
O(I'(N?)) — B coincides with 0, (E/B, o, w).

For the other cases of Proposition 4.2.1 where each of gl?™

4m 3m
x> 9z O gy

becomes a modular function of level I'(N) under suitable conditions, one can talk
about ¢l*™(E/B,a,w) € Blun]* as the image of g}?*™(r) € O(I'(N)) etc. in
similar ways.

84.5. Compatibilities of GLs-actions

Before closing this section, we review the (left) action of GLo(Z/NZ)/{£1} on
the function field §n of the modular curve Y (N) given in [Sh71, §6.2]. Decompose
GL3(Z/NZ) as the product of SLy(Z/NZ) and D = {(§ 9) | d € (Z/NZ)*},
and define the action on Fy of each component as follows. Let f(7) € Fny have
Fourier expansion in qi/ N with coefficients in Q(pn). We define the action of A €
SL2(Z/NZ) by f +— flea. Identify D with the Galois group Gal(Q(un)/Q) and
define its action on f(7) by the Galois transformation of the Fourier coefficients.
It follows, in particular, that

(4.5.1) A(Cn) = Coetd) (4 € GLy(Z/NZ) /{£1}).

The above action is compatible with the context we developed in §§2.8-2.9 as
follows. With each o € m;(Mj 1,b) are associated the matrix A = pN (o) €
GL2(Z/NZ) and the automorphism a2 € Aut(M; 1[N]/M; 1) together with al¥ €
Aut(Y(N)/Y (1)). Our compatibility claim is then as follows.

Claim 4.5.2. The automorphism (|an) of §n defined by (flan)(s) = f@(s))
(where s : Spec(C) — My 1[N] — Y(N) is any complex point) coincides with the
above action of the matriz A = pN (o) on Fn-.

Proof. Indeed, when o fixes juy, the matrix A = p¥ (o) is in SLy(Z/NZ). Then
the claim follows from (2.9.3). So, we have only to consider the case where A =
pN (o) is of the form (§ 9) (d € (Z/NZ)*). Recall that the ¢'/~-expansion of f is
given as the value at the Tate curve Tate(q)/Q(Cx)(¢"/N)) with level N-structure
(1,0) — ¢*/N, (0,1) — Cn (where (y = exp(2mi/N) € C). We can view it as
the image of f under the homomorphism Fx — Q(ux)((¢'/")), which corresponds
to a representative morphism ¢ : Spec(Q(un)(¢*/V)) — Y(N). By (2.7.3), the
value of flgy at ¢ is the value of f at ¢ = a¥ o ¢, but (2.8.1) means that this ¢’ is
the representative morphism of Tate(q)/Q(un)((¢*/™)) with the level N-structure
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(1,0) = ¢*/N, (0,1) = (%. The resulting value is thus what is obtained from f by
changing all coefficients by the Galois transformation of Q(ux) with (y — ¢%. O

The above sort of compatibility also extends to the context of I'(1)-test objects
(§2.6) as follows. Suppose that (E/B,O,w) is a T'(1)-test object as in §2.3 and b is
a base point on S = Spec(B). Let (SV,b") be as in §2.6. Then there is a natural
commutative diagram

SN *>M171[N} HY(N)

|

S —— Ml,l

For each o € 7(S,b), there is an associated automorphism a € Aut(S™/S) of
§2.7. On the other hand, the image o’ of o in 71 (AM7,1) induces an automorphism
al of M;1[N] as in §2.8. The relation between these a) and aX is, a priori,
just a pointwise one, i.e., they convey b" on S and its image on M 1[N] to
those points obtained respectively by monodromy transformations by o, ¢’. But
this, together with the fact that S~ /S is a connected component of the pull-
back of My 1[N]/Mi1 by S — M1 which is preserved by the pull-backs of aZ,

(0 € 1(S,b)), ensures the commutativity of

SN E—— Ml,l[N]V

N N
a, i lagl

SN _— Ml)]_[N]

Thus, if ¢ : O(T(N)) — BY designates the ring homomorphism of “functions”
corresponding to the morphism S — Y (N), we deduce from Claim 4.5.2 that

(4.5.3) (Play = lflopnioy) (o €T1(S,D)).
84.6. GLy-action on modular units and its refinements

We are particularly interested in a consequence of the above discussion for the
modular units 6, g%, g2 of level I'(N?), T'(3N?), T'(4N?) respectively. First, from
the Fourier expansion of 0,(7) (z = (z1,22) € +Z?), we see that the matrix
(89 (d € (Z/N*Z)*) maps 0, — 04, dz,)- This and Proposition 4.2.2 imply the
formula

(4.6.1) 9w|tA = Qm(tA) (.%‘ S %Zz, Ae GLQ(Z/N2Z))
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Note that the lower equation of (4.1.4) implies
2
(4.6.2) 0, =0, (v=ymodN; z=(21,22),y=(y1,42) € (§%)).

In other words, GLa(Z/N?Z) has a well defined action on the indices (%Z/NZ)2
of modular units 6,.. Then, combining (4.5.3) and (4.6.1) we obtain, for any I'(N?)-
test object (F, a,w),

(4.6.3) Hz(E,a,w)|u§z =0, pn2 (o)) (B, w)
(z = (z1,22) € (%2)2, o €m(S,0b)).

In exactly the same way, parallel statements to the above for gi, g2 hold after
replacing N2 by 3N2, 4N? respectively. But we have to work in a subtler way
using the definition of g, as the product of 27in? and the Klein form £,(7). As
seen in Propositions 4.2.1 and 4.2.3, the functions g3 and g2 can be defined in
the language of lattices with level 3 or 4 basis of torsion points. For Klein forms
£y (Z;) = l(z1001 + 2209, Zwl + Zws), the transformation formulas with respect
toz = (r/N,s/N) € (%Z) y = (b1,b2) € Z* and A = (¢ %) € T(N) in [KL8I,
(K2), (K3), p. 28] read:

(4.6.4) {Zw((gé))—wy =((21).
G(AZ) = Lea((3)) = 2(AD((32)),

with
(KQ) E(xay) ( 1)b1b2+b1+b2 —271'1%’
(K3) 59:(14) = _(_1)(‘1;]1T+ﬁs+1)(%7»+%s+l>62ﬂi%+ﬂ52

One can then derive invariance of g2 (resp. g2) for z € (+Z)? modulo z >
+ (3NZ)? (vesp.  +— z + (4NZ)?), i.e

(46.5)  gt=g! (r=ymod3N; = (r1,22), y = (y1.32) € (£2)°),
(46.6)  ¢i=go (r=ymod4N; = (r1,22), y = (y1.52) € (£2)°).

Concerning the GLg-action, invariance of type (4.6.1) or Proposition 4.2.2 for g2,
g8 is not available, mainly because of the n*-factor of g, = 2min?(,. We still find

(4.6.7) Galia =C-gapay (v € 2% A GLa(Z/3N?Z), ¢ € p3),
(4.6.8) golia=C-gheay (v€ 2% Ac GLy(Z/ANPZ), ¢ € pa).

We also obtain statements corresponding to (4.6.2) by replacing N? by 3N? (resp.
4N?) for I'(3N?)-(resp. ['(4N?)-)test objects modulo 3 (resp. fi4).



448 H. NAKAMURA

85. Universal elliptic curve
85.1. Quick review of Grothendieck—Teichmiiller theory

The starting point of Grothendieck—Teichmiiller theory was Belyi’s theorem
[B79] which implies, in particular, that the absolute Galois group Gg is embed-
ded into the (outer) automorphism group of a simplest profinite group By =
wl(P}@ —{0,1,00}). We fix an embedding Q — C, and take x, y to be loops as
illustrated below:

Figure 1

This enables us to parameterize the elements of Gg in terms of the cyclotomic
character x : Ggp — 7 together with a mysterious parameter f : Gg — FQ’ =
[Fy, 3] (0 + f,) in such a way that a lift of o € Gg acts on standard generators
x, y of 5 by the formula

(5.1.1) a(x)=xM7, o(y) =f; 'y,

The above standard lift (Belyi’s lift of Gg into Aut(F)) is understood geometri-
cally via the notion of tangential base point (ﬁ introduced by Deligne [De89].

The collection {(x(0),fs) € Z* x F} | 0 € Gy} is thus a copy of Gg mapped
into the “concrete set” Z* x FQ/ One important open problem is to characterize
the copied image. In this direction, the (profinite) Grothendieck—Teichmiiller group
GT was introduced by Drinfeld [Dr90] and Thara [Ih90], and some of its refined
versions,/variants have been studied by several authors (cf., e.g., [LS06], [F10]).

Besides the fundamental property Gg — ET, important is the reason why
it is called éi namely, as expected by Grothendieck [G84], that it should act
on (a tower of) the profinite Teichmiiller groups m1(My.,) (2 —2g —n < 0) in a
certain consistent way in view of “cutting and pasting of Riemann surfaces”. This
second feature has been, to a certain extent, established in [NS00]-[N99-02] by
introducing a group II' intermediate between Gg and GT.

Thus, theoretically one can write down the action of Gg on those 71 (M,.,,)
(2 —-29 —n < 0) in terms of the two parameters x(o) and f, (¢ € Gg). One
interesting problem is to find information on the mysterious parameter f, from the
actions on various subgroups or quotients of w1 (M, ). Even in the most primitive
case of My 4 = P*—{0, 1, 00}, deep arithmetic nature was found in a series of works
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by Y. Thara and his colleagues [Th86a], [Th8&6b], [IKY87], [A89], [C89], [Ih99-00],
[Th02], [MS03]. Some other studies in this direction have also been performed, e.g.,
in a series of works [NT03-06], [NTY10].

§5.2. Tate elliptic curve
The Weierstrass equation of the Tate elliptic curve Tate(q) over Q((¢)) is given by

Tate(q) : Y2 = 4X° — g2(¢) X — g3(q),

where
(5.2.1) g2(q) =20 <_B84 + Z 03(n)qn>’
(5:2:2) w(@ = 5 (15 + X ostna”)

(Bs = —1/30, Bg = 1/42 are the Bernoulli numbers, and o4(n) denotes the sum
of the d-powers of the positive divisors of n.) Let ¢ be the generic geometric point
over S, := Spec (Q((q))) valued in the Puiseux power series field Q{{q}}, or more
economically in

o= U K@),
n=1[K:Q]<oco
and let Q,; be the Weierstrass tangential base point on Tate(q) \ {O}. The fun-
damental group m1(Sy, §) is canonically split as the semidirect product Gg Z(l)
where G acts on {2 via the coefficients of each Puiseux series. Therefore, the pro-C
monodromy representation (§2.5) has the form

(5:2.3) @& :mi(S4,9) = Go x Z(1) — Aut(my(Tate(q) @ 2\ {0}, 1))

Based on the technique studied in [IN97], in [N99] we studied the restriction of
@%q to the Gg-part. Using the formal patching of 7 (P* — {0, 1, 00}) along Néron
polygons of Deligne-Rapoport type, we introduced suitable generators x1, X2, z of
14 1 := m ((Tate(q) @ 2\ {O}, Qq) with [x1,X2]z = 1 so that z gives the generator
of the inertia group rotating once anticlockwise, and showed

Theorem 5.2.4 ([N99, Th. 3.4]). The Galois representation go%qu is expressed
by the following formulae in terms of (x(0),f,) € GT:

X1 Z(17><(tf))/2jig()(1)(2)(1717z)xlfa()(27172)717
(5.2.5) X2 - o (x5 1, 2) x5 (x5, 2) 7L,

z — zX(), O
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(This theorem was shown for C = {all finite groups}, hence holds for an arbi-
trary full class C of finite groups.) The choice of generators was given in a precise
way using van Kampen type amalgamation of groups devised in a previous paper
[N99-02, Part I]. Naively, those chosen generators may be illustrated as in the fol-
lowing picture, where x5 represents a vanishing cycle. In [N99], we gave an explicit
description of £¢ for the Tate curve with C = (p) the class of all finite p-groups and
o in the congruence kernel Gg (i, ). Note that in this case Z¢[[7*P]] is isomorphic
to the power series ring Z,[[T1,T2]] with T; = %; — 1 (i = 1, 2).

Figure 2

Theorem 5.2.6 ([N99, Ths. 3.3 and 3.5]). Consider e e Zy[[Th, o)) for the
Tate curve Tate(q) over Q((q)). Let U;=log(1+T;) (i=1,2). Then, in Q,[[U1, Us]],
we have

g(p) T1 T2 Z Xm-i—l T 2 (0_ e GQ(,u,poo))'

m>2 m'
Here xp, : G ) = Ly is the m-th Soulé character defined by the properties
Q(p
m—1\ pw(0—1)
( IT a-¢.e ) ' =@ (vn> ). O
1<a<p™
pta

In fact, in [N99] we gave two proofs; one using the explicit formula given in
[N95], and one using the formula of Magnus—Gassner type to reduce the proof to
the explicit formula for Thara’s power series (cf. [N99, (3.3); (3.5)—(3.6)]). In the
next section, we shall generalize the explicit formula for finite level ES, (m € |C]).

§5.3. Mordell transformation on MY,

The universal once punctured elliptic curve £\{O} over M{’; (§2.2) has a profile as
MYy which is by definition the fiber product of M; » and M{’; over M ;. It is the
representative scheme for the moduli problem of the I'(1)-test objects (E/B, O,w)
with an extra section P : B — FE disjoint from O.
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It is also often useful to consider Mj’; as the moduli space of quartic models
of elliptic curves Y2 = f(X) = X*+bX2%+cX +d with distinguished two infinities
(004, 00_), where cox corresponds respectively to (€,1) = (0, 1) after the change
of variables ¢ = X1, n = Y X2, In [NTY10], we introduced the Mordell transfor-
mation 91 which transforms this quartic model Y2 = f(X) = X* +bX2 +cX +d
to the Weierstrass cubic model

(5.3.1) y? =4a2® — (30° +16d)x — (— % + 22bd — 4c?)
by the variable transformation

~3y—6
e {1: = 2X2 —2Y +b/3,

(5.3.2) T 12018 !
Y = —2/24b/6 + X2, y=8X(Y - X*—b/2) — 2c.

The two marked points cot on the quartic model Y2 = f(X) are mapped to the
points on Ef by

(533 {oo+ — P; = (—2b/3,2¢),

oo_ — O.

Conversely, given an elliptic curve with Weierstrass equation E : y? = 423 —gox—g3
with a finite point P = (¢, yo) on it, we can recover the quartic model

(534) V2= (M YE,P))(X):=X"+ (-320) X*+ (3v0) X + 15(g2 — 333).

We call this latter mapping 9! from (E, P) to the above quartic the inverse
Mordell transformation.

An illustration of usefulness of these transformations was given in [NTY10],
where a modified version of 9 (written M there) is used, normalized to provide
monic cubic models of elliptic curves. (Cf. also arguments in [N99-02, §7.8].)

§85.4. Cardano—Ferrari mapping of braid configuration space

We are now at the stage of considering braid configuration spaces. Let A” \ D
denote the space of monic polynomials of degree n in variable v with no multiple
roots (here D is understood to be the discriminant locus), and let (A™\ D)y denote
its subspace of those with second highest coefficient vanishing.

In [NTY10, (2.10)], we introduced the (Cardano—)Ferrari morphism

Fo: (AL \ D)o — (A3 \ D)o
which assigns to a quartic its resolvent cubic in the following way:

Folu* +bu” + cu+d) = u® — (30> + 4d)u — (Zb° — 3bd + ).
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(In our normalization, if Ty, T, T3, Ty are the zeros of a given quartic u* + bu? +
cu + d, then the resolvent cubic Fo(u* + bu? + cu + d) has zeros U; = S; + %b
(1 =1,2,3) with S; is given by S1 = —(Th +T4) (T2 +T5), S2 = —(Th1+T3)(Ta+Ty),
Sy = —(Ty + T»)(T5 + Ty). (The term “+2b” is just for parallel transport to
have Uy + Uy + Uz = 0.) The solutions of the original quartic equation are given
by those %(\/ST + /S5 + /S3) with four choices of signs of /S;’s satisfying
V/S1v/52¢/S3 = —c. (See also loc. cit., (2.6)). Let us now define

A0 (AP\ D)o = Myy,  y(u) = y® = —4y(—x),

namely, if v(u) = u® — you + 73, then 4.(y) gives an elliptic curve defined by
y? = 423 — 4o — 473. Then we obtain the commutative diagram

(A% \ D)o == MP,V
(5.4.1) ]-'ol lproj.

(A3 \ D)o —— My,
where the horizontal arrows give isomorphisms of schemes.

Since there is a well known deformation retraction of Tschirnhaus type be-
tween the spaces A™ \ D and (Al \ D)y, their etale homotopy types do not need
to be distinguished. We shall write “F” to designate any one of the morphisms
A2\ D — A2\ D which are parallel transforms of Fy (dropping the “zero sum”
condition) giving the same homomorphism on fundamental groups.

On A7\ D, Thara-—Matsumoto [IM95] introduced a standard tangential base
point b,,. Let us briefly recall their construction: Let A\ A be the affine n-space
with distinct coordinates v = (vq,...,v,) and consider the etale covering map
(AZ\ A) — (A" \ D) which maps each point v € A \ A to the monic in A?\ D
which has v as ordered zeros. Then b,, is defined as the image of the tangential
base point v = (0,#"71,... ¢2,¢) valued in Q{{t}}. The geometric fundamental
group 7 ((A™\ D) ® Q,b,) can then be presented as the profinite completion of
the Artin braid group B, which has standard generators 7,...,7,_1 with braid
relations 7,7; = 7T, TiTix1Ti = Tix1TiTi+1 (1=1,...,n—1,i+1 < j), and each 7;
gives a specific element “interchanging marked points v; and v; positively”. The
base point b, supplies a splitting m (A" \ D,b,) = Gg ¥ B,, with Galois action in
the form of Drinfeld’s formula in terms of (x(),f,) € GT for o € Go:

(5.4.2) 0(72) = fo (12, 73) 70 (72, 73),
o (1) = fo(wi, 72) 27X gy (wiy 72) (0> 3),

9

where w; = (11 7_1)"%.
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NB. The construction of b,, and the above formula have been generalized to
higher genus mapping class groups first in [N97], and then extended fully in [NS00],
[N99-02].

Dropping the (superfluous) “zero sum” condition, we calculate the image
of by represented under (0,¢3,¢2,t) by the Ferrari morphism as (51, S, S53) =
(—t* =13, —t°—13, —t*—#), which is equivalent to (0, t* 1,3 —>) ~ (0, ¢, %) ~b3.
Here, ~ means “preserving principal coeflicients”, which does not alter coeffi-
cientwise Gg-actions on Puiseux power series; we may identify the tangential
base points F(bs) and bz (written F(bs) = b3) from the Galois-theoretic point
of view (cf. [N99-02, Part II, §5.9]). Thus we obtain a Gg-compatible homo-
morphism

(5.4.3) 71 (F) s w1 (A2 \ D,by) — 71 (A3 \ D, bs3)

as remarked in [NTY10, (2.8)]. It is easy to see that the geometric part of this ho-
momorphism is nothing but the surjection B, — Bj given by 71,73 — T, To > To.
We call ker(my (F)) the Ferrari kernel, which is a free profinite group of rank 2
generated by

-1 —-1_-1
X1 =Ty T3T2T1T3 To

(5.4.4) Xy =773 |,
zZ = (7'17'2)6(7'17'27'3)_4

with [x1,%2]z = 1. We will see that these generators correspond naturally to the
standard generators of the fundamental group of the Tate elliptic curve over Q((¢))
given in Theorem 5.2.4.

NB. The above choice of generators follows [N99] and differs from [NTY10,
(2.9)], [NT03-06, 11, (4.2.2)], [N99-02, I, §4] by a ‘00°-rotation’.

§5.5. Analytic resolution of 9M~!(E, P)

In this subsection, we shall construct the solutions of the quartic equation of
the inverse Mordell transformation 9~ (E, P) explicitly in any complex model.
Suppose that F is a complex elliptic curve C/(Zw; + Zws) and P is a point
(p(2), ' (2)), where p is the Weierstrass p-function with respect to the lattice
Zwoy + Zws with 7 := wi/wy € $H. Set e; = p(w1/2), ea := p(wa/2) and
es = p((w1 + w2)/2). It is known that there is a canonical choice of square root
of es — ey given by

(5.5.1) Ves —e = wl H(l — @142 (g= qi/z = emiT),

2 n=1
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See [Fr16, p. 406]. Let sn(z), cn(z), dn(z) denote the Jacobian elliptic functions
with fundamental parallelogram given by 2K = wa+/es — e1, 201K’ = wi+/es — e1.

Proposition 5.5.2. Notations being as above, set w = \/ea — e1-z. Then the four
zeros of the quartic given as the inverse Mordell transformation M~ (E, P) are:

T = YRR (),

1, — Yee—er(en(w) — 1 —dn(w)
w

= Y (L)

Proof. We make use of the “Mordell-Ferrari” commutative diagram (5.4.1). Trac-
ing the lower layer, we find that the Ferrari resolvents of the quartic 9~ (E, P)
should be given by 1 =}(E) = {—e1, —ea, —e3}. Then, if M~L(E, P) is of the form
ut+bu?+cu+d, the classical formula of Cardano-Ferrari tells us that the resulting
four solutions are obtained as %(\/ST +1/S2 +1/S3) for any choice of square roots
of S; :== —e; — 2b (i = 1,2,3) such that v/57/52v/S5 = —c. But now b = —3p(z)
and ¢ = 1¢/(2), and hence S; = p(z) — €; (i = 1,2,3). On the other hand, it is
also known (from [Fr16, p. 389]) for w = \/es — e1z that

sn(w) = Ve o ,  cn(w) = 7@(,2) _ 62, dn(w) = p(z) - 63,
Ve(z) —el p(2) —er p(2) —er

from which it turns out that they give a correct choice of \/S; = \/p(2) — e;’s for
Cardano—Ferrari solutions. Our proposition follows from these equations immedi-
ately after expressing the 1/S; by Jacobian elliptic functions and /es — e1. O

§5.6. Connection between the Tate—Weierstrass point and by

Let us fit the Tate elliptic curve Tate(q)/Q((¢)) in M{’y — M{’; to obtain a pair
of tangential points (Qg, q) on (M{y, M{;) respectively. We shall connect the
inverse Mordell transformation of Qq to the standard base point b4 on Aﬁ \ D
by using Proposition 5.5.2. Observe that the defining coefficients g2(q), g3(q) of
Tate(q) in (5.2.1)—(5.2.2) are those g2(w1, w2), g3(wi,ws2) applied to the lattice
generated by wy = (27i)7, we = (2mi). In this case, \/e3 — e1 = 5 + O(q). We
look at the point (Ty, T3, Ty, T1) of Proposition 5.5.2 on A%\ A, which, by parallel
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transportation, gives an equivalent tangential base point defined by

(0,T5 — Ty, To — Ty, Ty — Ty)
_ Vés — e (07 2(dn(w) — 1) 2(cn(w) — 1) 2(cn(w) + dn(w))).

2 sn(w) 7 sn(w) sn(w)

Recalling that the Weierstrass tangential base point (in the analytic case) is defined
by the local coordinate t = —2x/y = —2p(2)/¢’(2) = z + O(2?), we shall evaluate
the inverse image of the tangential base point im_l(E)q) on A\ A, by expanding
the above coordinates near (¢, t) = (0,0). Indeed, the well known Taylor expansions
(cf. [Fr16, p. 399))

sn(w) = w— 1+ k)% 4o, enw)=1- L 4.,

3! 2
w?
dn(w) =1-— k27 +
with
00 1 +q2n

8
(5.6.1) =\ =16¢ H<1+q2n 1) (¢=0q;/2 =€)

provide the principal terms of the components of (0,75 —Ty, To — Ty, Ty —Ty) above
as Laurent series in ‘k, 2’ or ‘q,t’ (denoted ~):

k?z z 2 t 2
0,75 =Ty, T5 =Ty, Th —Ty) ~ (0, —, =, — 0,2t
(7 3 4,142 4,41 4) <a ] ’87Z> ( Q78 t)

Now, the tangential base point by can be defined by the following homomorphism
of the coordinate ring of Al — A into a Puiseux ring:

= 1/k 1k ,/kp| L1 1
IR ||
- Uan ]]L17t2,t3

1

@[01702,7)3,114]{

Ui — Uj:| 1<i#j<4

where t1,t2 € A’ —{0,1} and t3 € A — {0} are the Thara-Matsumoto coordinates
(Cf. [11\495]) introduced by (1)2 — V1,03 —V1,V4 — Ul) = (tltgtg, t2t3, t3). To connect
by to 931’1(5%), factorize the above homomorphism through an intermediate ring

v (Ut aifz]) 2]

and put

t 2
(5.6.2) (0, t1tots, tots, t3) := (0, T3 — Ty, To — Ty, Ty — T4) ~ <0 204, 5. t>
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so that ¢, ~ 16q, ts ~ L, t5 ~ 2. The induced (U;>, Q[[t'/%, ¢*/*)][1/t,1/q))-
valued point on Spec(R) defines (a lift of) the tangential base point zm*(%}).
Arriving at this stage, one can now introduce a triple of natural paths ;1 : 014, ~~
01, =01y, e2 : 01y, ~ 16 - 01;, = 01,2, and &3 : 014, ~ J01,, = ocol; ~ 01,
on Spec(R) along the positive power roots of 2 (and of 16). (Note here that
€1, &2 are infinitesimal paths near 0 on A! — {0,1} while 3 is a global path
on A! — {0}.) Then, taking the projection image of (¢1,¢e2,€3), we obtain a path
£:by~ 93?‘1(5)6) on A1\ D. By construction, we have

o(er) = () .
(5.6.3) o(e2) = ((11712)3)~4P2(9) . gy

0'(63) = ((7.17.27.3)4);)2(0) * €3

for 0 € Gg, where py : Gg — 7 is the Kummer 1-cocycle defined by CﬁQ(U) =
o(V2)/ 2 (n = 1).

Let us also calculate the image ]-'(im_l(ﬁq)) on A3\ D. Using the above
(5.6.2), one obtains a triple of Ferrari resolvents (S1,S2,S3) on A3\ A having
lower degree terms in t,q as (S1,S2,93) = (—=1/4—4q+---,—1/4 —t2q/4+ - -,
—4q —t2q/4 + - -+ ). By parallel transportation, its Thara—Matsumoto coordinates
$1, S2 can be characterized by

(564) (O, 5182, 82) = (O, SQ — Sl, 53 — Sl) ~ (0,4(], 1/4)

so that sy ~ 16¢, s ~ 1/4, where ~ indicates principal terms as Laurent series in
‘q,t’. We observe that the image F () looks like an infinitesimal segment path

0f,, (= 16 01,) ~ %oﬁsl(z ot,)

on the s;-line. The appearance of 1—16 in this manner in Grothendieck—Teichmiiller
theory has been observed first in [N99-02, §4.10], and this feature has continuously
appeared in our works [N97], [NS00] etc.

§5.7. Standard splittings of m (MY;)

Below, we shall switch our working place to the M{’;-side of the Mordell transfor-
mation (5.4.1). We denote by the same symbols the images of the base point by
and of the above path e on A} \ D on My, under M. Let B1(0) € m1(Mfy, bs),
s51(0) € 7T1(Mf1,2,6>q) denote the elements corresponding to ¢ € Gg. Also we
represent the images under 90 of generator elements of B, by the same symbols,
which are in the first sense loops based at by but may also be regarded as loops
based at Qq by conjugation by . Under this abuse of notation, we may rephrase
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the above formula (5.6.3) as

(5.7.1) Bi(0)es1(0) ™! = & - (12)12) ((1y79)%) =420 ((ry 7o) 4)P2(@)

= (7} )4p2(cf ((7—17—2)3)*4%(0)((7—17—27-3)4)/)2(0) e

Drawing back Drinfeld’s formula (5.4.2) by €, we obtain Galois actions on 7y, 72, 73
_>

at the Tate-Weierstrass base point 1 ; as follows:

s51(0) 1y s1(0) =¥,
(5.7.2) m(a)w(o)*:w;4”2(”)fa<w§> X (2 73wy
s1(0) T 51(0) ! = Wiy (wa, 7)) Ty (s, Ty 7,

where wy = 72, w3 = (1172)%.

Next we shall look at the kernel of the projection 7 (M, E}) — m (M, q)
which is identified with the Ferrari kernel ker(m (F)) (5.4.3). In [N99-02, §4], we
considered 71 (M 2) = m1(M{’y)/{ws) as the topological mapping class group of
a torus with two marked points. The images of 71, 75, 73 were then understood to
be the Dehn twists along certain simple closed curves on it. From this discussion,
one could introduce generators X1, X2,z given by combination of Dehn twists as
n (5.4.4). Since the Ferrari kernel has isomorphic image in 71 (M 3), we see that
the Gg-action on these generators x1, X2,z of m1(Tate(g) \ {O}) in Theorem 5.2.4
exactly gives the Gg-action on the Ferrari kernel even in 7 (M{'5, 19 4).

At this stage, it is probably appropriate to show how the above formula (5.7.2)
can consistently imply a key formula of Theorem 5.2.4, namely, the fact that s1 (o)
acts on X5 by conjugation in the following form:

(*) X2'_>fU(X2 ) ) fU(XQ s ) L

In fact, our substantial ingredient for connecting (5.7.2) to (x) is what is called
“relation (IV)” satisfied by the image of Gg < GT', which was found in [N99-02,
Theorem 4.16]. It (equivalently) implies (cf. also [NS00, p. 543]) the equation

(V) fo(7d,ws) = wy P27, (15, 02) (1aws) 2 (7 2 (5 € Gy).

Proof that (5.7.2) and (IV) imply (). As x5 = 7175 ', one easily sees from (5.7.2)
that the conjugate action by 1 (o) gives the mapping

492(0)]ca( —1w3—4pz(0).

Xo W 7'3,w3) %((U)fg(7§7w3)

Applying relation (IV) here and noting that 73, ws commute with x5, the above
expression is equivalent to

Xg fU(T3aw3) f0(7-3’w3) !
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Since §, is in [F, F5], and since the pair {71, ws = (117273)*} elementwise commutes
with the pair {73 = x5 '71, w3 = zwy}, it follows that §, (73, w3) = f» (x5 ', z). Thus,
we conclude that the above (x) is derived from (5.7.2) and (IV). O

Before closing this subsection, we give a statement on how the Weierstrass
tangential section (§2.4) gives a complement of the Ferrari kernel, i.e., a splitting
of 1 (M, Qq) with it:

Proposition 5.7.3. The image of the Weierstrass section
_ —
s ﬂl(Mi‘jl,q) — ﬂl(MfQ, )

coincides with the subgroup (T1,72) % 51(Gq) so that sz (1) =7 (1 = 1,2). Con-
sequently, the conjugate action on the Ferrari kernel ker(my(F)) = (x1,X2) via s
of each split component of m (MY, q) = Bs % s0(Gq) at q is given by

x1>—>xlxgl, X1 — X1,

Xg > Xa, Xg = X9X1,

Int(sw (1)) : { Int(sy(72)) : {

on Bs and by Theorem 5.2.4 on so(Gg).
We will give the proof of this proposition at the end of §6.
§5.8. Lifting modular forms

As observed in §2.2, the moduli space M{’; and the universal elliptic curve My,
over it are themselves affine schemes. Let O, denote the former structure ring
Qlg2, 93, (95 —27¢3) '], and let OF , denote the latter structure ring which can be
written as OF [z, y] /(42> — gox — g3 — y?). We shall fix a maximal pro-etale cover
(i.e., universal cover) M\{_"/Q = Spec((’j%jz) of MYy, and a base point tg on it that

lifts Qq. Note that this determines, at the same time, the universal cover ]\7\1“’/1 =

Spec((’)il) of MY, together with its base point ¢ as the pointed subobject under
(M?;, tvg). For any pointed Galois etale covers f : (Y,y) — (X, Z) dominated by
(]\Z‘*g, 10g), we shall write ay,x : (X, ) — Aut(Y/X) for the natural surjective
anti-homomorphism determined by ay,x (0)(y) = o(¥).

In §5.1, we selected a system of (an embedding Q <+ C and) standard genera-
tors X1, X2,z of m1(Tate(g)z \ {O}, §) which determines the matrix representation
pN i m (MY, q) — GLy(Z/NZ).

As in §2.6, we obtain a system of etale coverings M{’;[N] — Mj’; which
corresponds to the kernels of p™ (N > 1). Also we pick a system of base points gV
on M{’;[N] in multiplicatively compatible way with respect to N > 1. Regard
then the associated I'(N)-test object (EN/OYY,a : (Z/NZ)*> = EN[N],wy)
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with the pair of base points (E)gzv, q") as a pointed subobject of (]T/[E, 0g), SO
that the structure rings of both EN and OT{V become subrings of (’f)%; and of (5‘?1
respectively. Note also that the Weil pairing gives a compatible system of primitive
roots of unity {{x} in (/971"/1 It turns out that (; = exp(27i/N) under our choice
of Q — C.

Now, we see how modular units, eta-function and Eisenstein series introduced
in §4 can be lifted to certain elements of (’S%Jl In fact, by Proposition 4.2.1, the
Siegel function g, (z € (+Z/Z)?) is a modular function of level I'(12N?) with
q'/N-expansion with coefficients in Q(uan2). By Proposition 4.2.3, the square n?
of the eta function is a modular form of weight 1 and level I'(12) which has Q-
rational ¢'/'2-expansion. By (4.3.2), the Eisenstein series E,(cx) (x € (XZ/Z)?) for
k > 3 or x # 0 is a modular form of weight k of level I'(IV) with q'/N-expansion
with coefficients in Q(uy ). Thus, forming algebraic modular forms corresponding
to them over suitably large cyclotomic fields (C C) (§4.4), we obtain their val-
ues at (EN/O¢Y,a : (Z/NZ)* = EN[N],wy) in (5?1 Note that an algebraic
form of level N may also be of level M N, which, however, still gives the same
element in (31“’/1 We shall use the same symbols as modular forms to designate the
corresponding elements in (/971"/1 For example, we have A = (n?)12, 0, = gl? as

elements of (5?1 Moreover, their ¢'/N

-expansions can be recovered as the values
at the Tate tangential base point, i.e., as the Puiseux power series images under

07, = QC Qf{q}} at q.
85.9. Kummer characters, power roots of A

Monodromy characters along power roots of various fundamental quantities play
important roles in our study. Besides the cyclotomic character x : Gg — 7
coming from the roots of unity, the most basic character is the Kummer character
(1-cocycle)
pa:GQ%ZZZ(l)
for a positive rational number a, which is defined with the positive power roots
Ya (n=1) by
@ = o(Ya)/¥/a (n>1,0€Gy).

Note that although the cyclotomic character x : Gg — 7% does not depend on the
choice of either Q < C or primitive n-th roots of unity ¢,, the Kummer character
pa : Gg — 7 does depend on either choice specified by the properties {/a € RNQ
and ¢, = exp(2wi/n) (n > 1). As obvious extension of notations, for any algebraic
variety S = Spec(B) with base point b : Spec(Q2) — S (given by Q C B — ), we
shall write

X :m(S,0) =2,  Xaq:7m1(5,0) = Z
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to designate the composition of the natural projection 7(S,b) — Gg with the
above X, p, (a € Qs0) respectively.

Next, we shall introduce a standard monodromy character along power roots
of the modular function A. Since n? is a unit of OAfl, its power roots (1?)%/N
also lie in (’/)\‘1"/1 The choice of their branches can be determined by specifying
their images in Q{{q}}, or more simply by specifying the principal coefficients as
Puiseux power series in g. Since 7> = ¢/ [[(1 — ¢™)?, we simply set (n?)'/N to
have leading term ¢'/1?N. Put also AN := ((n?)V/N)12,

The Kummer character

pa s T (MY, q) — Z
is defined by

A1/N|aa _ pa(o)

TALN TSN (N >1, 0 € m(M{,q)).

The following gives a complete description of pa:

Lemma 5.9.1. Let m1(M;1,q) = s0(Gg) X Bs be the standard splitting of the
fundamental group of MY, at the Tate tangential base point q. On s0(Gq), pa
vanishes. On Bs, pa is determined by pa(m1) = pa(72) = —1. Consequently,

pAlﬂl(Mfl,Q)_)Z (7-177-2'_>_1> SO(U)HO(UEGQ))'

Proof. The action from sy(Gg) is defined by coefficientwise Galois action on the
Puiseux series in q. Our choice is given by setting the principal coefficient to be 1, so
pa vanishes. On the discrete geometric fundamental group Bs, we interpret pa as
the winding number of the function A = g3 —27g2 = 16(e; —e2)?(e1 —e3)?(ea—e3)?
along the motion of three points ey, ez, e3 according to braids. The minus sign
comes from our convention of path composition. O

§5.10. Power roots of Siegel units

1/12m?

For g, (x = (r1/m,r2/m)), recall that the principal term of the ¢ -expansion
reads by definition (see §4.2)

7671'1'1’2(1’171) (m * ,’,.1)7

—ernE D= Gz) (m )
In view of this, to determine the standard N-th root of g, (written galg/ N), it suffices

to choose the standard N-th roots of those individual factors. Set

(_1)1/N (emacz(acl—l))l/N _ Crz(ﬁfm)

= CQN) = SoNm?2



ARITHMETIC MONODROMY OF EISENSTEIN TYPE 461

and let (1—¢"2)'/N be the principal branch having the least argument as the com-
plex number. Certainly, we shall define g;/ N for particular z = (1 /m,ry/m) with
(r1,72) € [0,m)2—{0} so that the principal coefficient of ¢'/12™*N is (5 ;12\,(;;2_7”),
multiplied by (1 —¢72)*" when r; = 0. However, for general z € Q?\ Z?, we take
a slightly more careful process via the real analytic continuity of g, (# 0) in
x € R?\ Z%: We consier the complex analytic model discussed in §2.9, where the
universal elliptic curve with level m structure was given as a quotient of C x §)
by Z? x I'(m). To specify ggl/ N it suffices to choose its image as an analytic func-
tion on the upper half-plane §. Observe now that the Siegel function g, (z € R?)
varies real analytically with respect to z, and is zero for & € Z? while non-zero for
z € R2\Z2. For z = (21, 33) € [0,1)2 (2 # 0), we define g2’ to be the root whose
Fourier expansion at ico has principal coefficient e™(1+22(z1=1)/N “myltiplied by
(1 — e2™@2)V/N when x; = 0. For general (z1,72) = (r1/m,r2/m) € Q*\ Z?,
pick a sufficiently small real number /m > 0, and trace the branch of gé/ N from
¢ = (g,¢) in the already considered region [0,1)? — {0} along the piecewise line
path £ = (¢,¢) — (e,e +x2) = (¢ + x1,€ +x2), and then take the limit £ — 0: the
process may be summarized as

(5.10.1) gglc/N = 31_1)% t]}/[é)xel tlé/[(())xei (g;(/(liltl,0)+(0,w2t2)+(6,8)))'

Since the path does not meet a lattice point in Z2, the real analytic continuity
of g, with respect to z € R? determines a well defined branch of g;/ N Obviously,
gglC/MN)N _ g™

gglg/ N forms a power root system with respect to N, that is, ( for

M, N € N. We also define /" := (g;/N)12~

Before closing this section, we shall introduce certain Kummer type quanti-
ties. These will be crucial in our main Theorem A on approximating the EC (o)-
invariant, which we will discuss in detail in the next section.

Definition 5.10.2. Let C be a full class of finite groups. Define

ec ‘= H €]

I prime€|C|
where ¢; = 1, 3,4 according as [ > 5, = 3, = 2 respectively.

Let p¢ : m(M{1,q) — GLa(Z¢) be the standard representation on the
abelianization of IIy 1, let m > 1 and pick any o € (MY, 7).

Definition 5.10.3. If two pairs of rational integers r = (r1,72), s = (s1,52) € Z2

(81> = p%(0) (Tl) mod m*Meg
52 T2

satisfy
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for some M € |C|, then the move of pairs

= () (i) G
m m m m m

is called p®(o)-admissible at level m modulo m?M. (Here p(o) is considered as
acting on (Z/(m2Mec)Z)? through p™ Mee (§2.6).)

Note that, in this case, as noted in (4.6.2), (4.6.7)-(4.6.8), (9z)%|a, = (- (gy)™
(¢ € pe,), where ¢; = 12,4,3 (resp. e; = 1, 3,4) according as [ > 5, = 3, = 2.

Definition 5.10.4. Notations being as above, let x — y be a move of pairs of
rational numbers which is p¢(o)-admissible at level m modulo m2M. (In this case,
by assumption x,y ¢ Z?2.) Define then the value

m>M . , 201
Katrye (@)= (532051 (0))), primeeic) € Ze
by
(gcz)l/l" ) Ii;l:n2M(o') .
(W = Ce,in vl (I" € |C|, I prime).
A . Lo mm? M .
n easy observation: Each [-component of Kely.c (o) for prime I € |C|

m,m2M
z—=y,(1)
class of I-groups (denoted (1)). Note here that p¢(o)-admissibility implies p()(o)-

can be interpreted as s (o), i.e., as obtained by replacing C by the full
admissibility.

One more crucial remark should be added here: Our move of pairs z — ¥ is
mm Mg t f ing]
zosyc does not form a single
function 71 (M 11 G) — Z¢. What we have obtained is, in general, only a “collection

chosen after o € m,(M{’,q) is given. Therefore

of quantities”, which, however, still turn out to have certain coherence as we will
see in the next section.

In particular, if we restrict the range of o to the pro-C congruence kernel
m,m?M .
sospc  Glves an
additive character (even independent of M). We will discuss this in more detail

in §6.10.

where pC(0) = 1, then we may fix z = y for all of them, and &

86. Modular unit formula
§6.1. Set up

Let C be a full class of finite groups. Suppose we are given a I'(1)-test object
(E,O,w) defined over a regular domain B (D Q) whose connected spectrum S =
Spec(B) has a fixed base point b : Spec(2) — S. We have a unique representative
morphism r : S — M{’; together with rg : E'\ {O} — M{,. Pick any path v
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from 7(b) to the standard base point g on M ; introduced in the previous section.
Then, through the Weierstrass tangential section (§2.4), we obtain a path 4 from
rE(EZ;) to ij on My, lifting . Note that this uniquely determines a lift TE(Q;,)N
on ]TJE connecting to w; selected in §5.8.

Let (x,y,92,93,t) be the associated parameter for (E/B,O,w) and let Op
denote the structure ring H°(E \ {O},0) = Blz,y]/(y*> = 42> — gox — g3) of
the affine scheme E \ {O}. Fix a maximal etale extension Op whose spectrum
E\ {0} := Spec(Og) serves as an etale universal cover of E\ {0} over B. We also
pick and fix a lift wj : Spec(Q{{t}}) — E/\_\{a} of the Weierstrass base point E}g.

The fiber product P of M}’/Q and E\ {O} over My, is, in general, not con-

nected. But since there is a canonical bijection between the fiber set ]TJE(T E(r_0>l;))

and the fiber set P (35), we have a canonical point pg in the latter set correspond-
ing to rg (E)l;)w. This determines the morphism of pointed schemes

7 (E\{0},195) = (P.po) = (i, r(5))
which actually factors through the connected component of P carrying the pg.
Correspondingly, we have a canonical ring homomorphism
For any connected pointed etale Galois cover f : (Y, §) — (X, Z) dominated by

(E\ {0}, w5), we write ay/x : 71 (X,Z) — Aut(Y/X) for the natural surjective
anti-homomorphism determined by ay,x(0)(y) = o(y) for o € m(X,Z) (which

has monodromy action on § € Y(Z) = Y ®x T on the RHS). In terms of the
corresponding rings Ox C Oy C Og, it induces a canonical left action of 71 (X, Z)
on the functions in Oy (written f +— f|, ) characterized by the property

f(as(9)) = (fla,)(#) (¢ € Y(R) =Hom(Oy, R), f € Oy, a5 = ay/x(0))

for variable rings R. (Note that this use of notation a, is compatible with that
in §2.7.)

Let B"" be the maximal unramified subextension of B inside the above (5E
One observes that then S = Spec(B") is naturally pointed by b, the image of tv;.
Thus, each of the spectra of the rings in the inclusion series

BCBNCBC: U BNCBur
NeC|
has a standard base point valued in Q which we will write b, b, b€, b™ respec-

tively. From the anti-isomorphism agu /g : 71 (S, b) — Aut(S%/S), we have a
standard isomorphism 7 (S,b) — Aut(B"/B) written ¢ — (x|a,). The above
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homomorphism 7" induces by restriction a ring homomorphism (5{’/1 — BY,
This enables us to consider the images in B"" of algebraic modular forms or of
selected power roots of A and Siegel units in the last section (§§5.8-5.10). Accord-

ingly, pa, K?_{’;zM’C make sense on 1 (S, b) and factor through m (M{’,q) via the

representative morphism r : S — M{’; and the selected path 7 : 7(b) ~ q.

§6.2. Main approximation theorem

In this subsection, we state our main approximation theorem. The proof will be
given in the last part of this section.

By taking conjugation via the above rg and 7, we can also pull back the
standard generators x1,x2 of ITy 1 = m (Tatez\{O}, ﬁq) (85.2) to m1 (E5\{O}, 35)
(denoted by the same symbols) so that z = [x;,X»] ™! generates an inertia subgroup
over the missing point O on E;\{O}. Throughout this section, we keep the symbols
X1, Xa,z to denote these specified generators of w1 (Ej \ {O}, 35) and their images
in the maximal pro-C quotient:

m(B; \ {0}, W35)(C) = (x1,%2,2 | [x1,%2]z = L)proc.

Plugging this into the setting of §3, we obtain, for m € |C|, the monodromy
invariants (of Eisenstein type) ES, : 71(S,b) x Z& — Z¢ (Definition 3.4.1).

Theorem 6.2.1 (Modular unit formula). Let o € m1(S,b). For any M € |C| and
(u,v) € Z2 \ (mZc)?, pick two pairs of rational integers v = (r1,72), s = (1, 52)
such that v = (u,v) mod mM?2¢ (where ¢ = 0,1 according as 2 { M, 2|M
respectively) and x = (ri/m,rs/m) — y = (s1/m,s2/m) is pC(c)-admissible at
level m modulo m?>M?. Then

ES (o;u,v) = 1—12(/@;':';261\42(0) — pa(0)) + pm (o) mod M.

Here, p,, is the Kummer character along positive power roots of m in the
sense of §5.9. Since A(E,mw) = m 12A(FE,w), the above right hand side can
be written in the form of Theorem A of the Introduction. We also note that
by definition E,,(0;0,0) = 0, and recall from Proposition 3.4.8 that E,,(c;u,v)
for (u,v) € (mZc)? can be evaluated from E,,(o;u + 1,v), E,,(0;1,0) and an
elementary term.

For the proof of the above theorem, observe first that, without loss of general-
ity, we may assume C is the full class of all finite groups (cf. Remark 3.6.5). By the
Chinese Remainder Theorem, we may also assume M = 1" for a prime [. Below,
we shall start the proof with these assumptions being supposed. In particular, we
drop C from the notation IQZL_:ZzCM ’ (o), which means C is supposed to be the class
of all finite groups till the end of §6.9.
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86.3. Geometrically abelian coverings

Let N be an integer in |C|. The isogeny E Xp by multiplication by N gives an
etale B-cover of degree N2. Let us write this covering as EN — E to distinguish
the copy EY from E/B. We have specified differential forms both on E/B and
EX | which will be written w and wy respectively. The pull-back of w to E% is then
Nwy. The associated parameter of EX is of the form (g2, g3, 2N, YN, tn), Where
the last three parameters xn,yn,tn can be explicitly written from the original
ones for E/B by classical well known N-division formulas for elliptic functions. In
particular, ¢y can be expanded in a power series of the form £ (1 + tB[[t]]).

The above isogeny by multiplication by IV also induces the etale cover

EY .= EY \ EN[N] — Ey := E\ {O}.

The etale neighborhoods of the zero sections O in both E{Y and Fy are canonically
isomorphic, i.e., Rev®? ((EY /0)") ~ Rev® ((E/O)"). From this we obtain a unique
tangential base point w ~ valued in Q{{t}} near the zero section of E} that lifts the
Weierstrass base point E>5 on Ejy. Note that the Weierstrass base point 5);;\[ of BYY
valued in Q{{tn}} itself has to be distinguished from 0 . But since ty ~ t/N and
since we have a standard power root system { YN > 0}, we can fix an isomorphism
of Puiseux power series

Qv S Qe NtV YN n=1,2,...)

N N
which defines a standard path from E>N to @5 . Through this path E>N ~ t'—0>5 , the
fundamental group 71 (EY, QN) , which is a subgroup of 7 (Ey, BZ;), is isomorphic

—N
to 7T1(Eév, oy )

§6.4. Geometrically meta-abelian coverings

Suppose N = ml with [ a prime factor of IN. We shall construct a sequence of etale
covers of B}’ of degrees I™ (n = 1,2,...) whose geometric fibers form connected
cyclic covers of (E});. As in the previous subsection, let Nwy on EX be the pull-
back of w and let (g2, g3, Xn, YN, tn) be the associated parameter of (Eg, O,wn)
(§2.2). Define then

AEYN, 0,wy)" 1
— - || —— (I 25),
12 _ 6
I Pt (o) Ky = Xn(P))
A(EN @] U.}N)3 1
6.4.1 S e N | ==
(6.4.1) LY 34 Xy —xwE 3

PeE[BN\{O}
A(Ega 07 (UN)
(=Yn)?
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Note here that A(EX,O,wy) € B*. Also, each P € E[l] (C EJ[N]® B') means a
section S! — EY ® B! and 2y (P) gives an element of B! (C BY). Although each
factor zy — zn(P) is a function on B ® B!, the product is easily seen to lie in
the structure ring Opy of E}¥ over B. The associated divisor div(©; y) of ©; y is
given by

122 - 1) [0] - 12- (B[ \{0}) (L =5),
(642)  div(Oy) = {4-8-[0]—4- (E}[3]\{O}) (i=3),
3-3-[0] - 3- (E§[21\ {0) (i=2).

Now, consider the function ©; x = O} ,,,; as a B-morphism of EY \ EX [ml] to
G, = Spec B[T,1/T) (via T + Oy ). And further take the pull-back ymil by
the [*-isogeny of G, = Spec B[U, 1/U] = Gy = Spec BT, 1/T] (T +s U'"). Then
we have the commutative diagram
@1/1’c

l,ml

1,1k ml 1"
L Y,

Spec({{t}})

* O

G <m0 B\ B ml] < B\ B i) <2 Spec(Q{t}})
(6.4.3)
Ey = B\ {0}~ B, \ (0} =~ %%TWH
g b =———Spec(?)

where ﬁy is the induced base point on Y}—)ml’lk. Since the degrees of div(©; )
at irreducible divisors in E[l] are prime to [, the pull-backed scheme ymbl® g
geometrically connected over S. One can regard 7T1(le’lk, B)y) naturally as a
subgroup of 7T1(E6nl, e mi). Moreover, regarding the toroidal type transformation
t s V17 of Q{{t}} as equivalence of base points, we see that a unique etale
morphism (E \ {0}, 105) — (Y™:" 1) is determined as a pointed cover. In this

way, @ l c o(ym L )* is considered as a specific element of Oj.

86.5. Inertia classes and theta values

We inherit the notations of the previous section. If we extend the base scheme S to
SN = Spec(BY) which corresponds to the kernel of the monodromy representation
pN i m(S,b) = GLa2(Z/NZ) (§2.6), the divisor E[N] ® BY (C EY ®p BY) is a
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union of N2 copies of SV indexed by the level structure o™ : (Z/NZ)? = EV[N].
The geometric fiber (E}Y); = EYN \ EN[N] is an abelian etale cover of (Ep); =
Ep \ {O} with Galois group (Z/NZ)%. The puncture of (E}); corresponding to
a®N(a) will be denoted by Pi.

Let o™ : (Z/mIZ)? = E™[ml] be the level mi-structure induced from our
choice of generators x1,x2 of m1(E; \ {O}, Qg) in §6.2 (cf. §2.6). For convenience,
we shall use the notation

(Z/mIZ)§ = {a = (a1,a2) € (Z/mIZ)* | la # 0}.

For a € (Z/mlZ)2, since the image of the section a™!(a) : S™ — E™! does not
intersect the support of div(0; ,,,1), the value ©; (™ (a)) lies in (B™!)*. In fact,
the classical formula (cf. [KL81, §10, Th. 2.2]; see also [Frl6, pp. 383-384] for the
case | = 2) gives

A- (990)12/9190 (l 2 5)a
(6.5.1) Ormi(a) = O™ (@) = ¢ 0 (¢2)4/gd, (1=3),
1% (92)*/93, (1=2),

for a € (Z/miZ)3, where x = (ry/ml,ro/ml) € Q? is such that r; € [0,ml]
(i = 1,2) are integers with a; = 7; mod ml. The right hand side of (6.5.1)
is in total an algebraic modular form of level I'(ml) (Prop. 4.2.4), and can be
evaluated at the I'(ml)-test object (E™/B™ o™ w,,;) with value in (B™)*.
However, in fact, we may evaluate the RHS at our compatible sequence of I'(N)-
test objects (EV /BN, o™, wy) as long as ml| N to obtain a well defined value in
Ux=, (BY)* C (B")*. This observation is crucial to our subsequent arguments
in which, by Proposition 4.2.1, the numerator and denominator of the RHS of
(6.5.1) individually make sense as elements of (B2™°1”)Xor more simply, just as
elements of (B")*.

Now, we shall consider distributions of inertia subsets in m; (Y;—)ml’lk , ﬁy) Since
the support of the divisor of ©; ,,; is in E™[I], in the (completion of the) cyclic
cover of curves Y})ml’lk — E\ Etml], each Py € Ef'I] (a € (mZ/miZ)?) is
ramified, while each P, € E[mi]\ E;"[I] (a € (Z/mlZ)3) is unramified and splits
into I* points on the cover. In particular, if (u,v) € (Z)?\ (mZ)2, then the inertia
group generated by

Zuo = (3 ")zt xch)

still lies inside ﬂl(Y})ml’lk,@y) (C m(E5\ {O},E%)). Here, notice that xi,xs

denote the prescribed generators of 71 (Ej; \ {O}, ?5) and that z,, is in general

k
not conjugate to z in the subgroup m; (Yl—)ml’l , ﬁy): As remarked above, the inertia
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groups over P, (a € (Z/mlZ)32) split into a union of I* conjugacy classes of inertia
. mil* =
subgroups in m (Y, Wy ).
Definition 6.5.2. For (u,v) € (Z)?\ (mZ)?, define the missing point lel on
k
Yz—)ml’l to be the one determined by the inertia group (z,,). Let Xm" be the
k
integral closure of ER'\ E%[] in yml* The specific element 61/ll is considered as
a unit of the structure ring of X™" . Moreover, the above point Quh " determines

a B"-point of X™b * /B, which we shall write 87 hogur _y xymblt, Composing
these two, one obtains a unit of B"" which will be Written as

(6.5.3) O1/" (u,v) = O}/1 (B (5)) € (B™)*.

l,ml

On the other hand, the B""-point ﬁml A gur Ly xm® of Xml’lk/B lies over
the B™-point of E%!\ E%[] induced from the section o™ (a) : S™ — E™ for
a = (ay,az) € (Z/miZ)3 representing the residue class of (u,v) modulo ml.

Lemma 6.5.4. Let ¢; = 12,4,3 according as | > 5,= 3,= 2 respectively. For
(r1,m2) € Z2\ (mZ)?, set x = (ri/ml,r2/ml) € Q2. Then

k72
(g

. k
where (nz)l/lk, gi/l are the pull-backs by S™ — (M{1)™ of the corresponding
elements introduced respectively in §5.9 and §5.10.

lk

@zl,inz(ﬁa?b) =(n

Proof. Put N = ml. By functoriality of the construction, it suffices to work in the
complex analytic model of Tate form: EN = C/NL, - E=C/L, (&, =Z1 + Z,
T € ) so that, say, A(EV,0,2ridzy) = A(C/NE;,0,2mi%) = A(2miL,) =
A(C/L,,0,2midz), which coincides with 7(7)?*. Express the elliptic curve EV as
Yﬁ, = 4x§’v — g2 XN — g3 with

. . 1
Xy = p2mizy,2miNLN) = W@(zN,NEN),
. . 1
Yy = ¢/ (2mizn, 2miNEx) = W@/(ZNaNSN)a
. 1 n
go = gg(Zﬂ"LST) = E <1 + 240 2:03(71)%_)7
n>1

g3 = ga(2miS;) = o (1 — 504 o5(n )

n>1

Then the fundamental local coordinate at O € EY is given by ty = —2zy/yny =
2mizn (1 4+ O(zn)). First, we shall see that one of the inertia groups over P, is
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generated by z,, with (u,v) € Z2 satisfying (u,v) = a mod N. The starting in-
ertia element z = zpg determines the origin puncture O = Py on EV \ EVN[N]
which is the anchor point of the tangential base point ?N represented by (the
image of) a real analytic small segment {zy | 0 < ty < €}. Note that, for any
u,v € Z with (u,v) = a mod m, the puncture P, is the anchor point of xi‘xg(E)N)
which is obtained by continuously tracing the paths x{'x¥ from 6" The automor-
phism ayuyxy € Aut(EN \ EN[N]) is determined by X%XS(E)N) = Oxuxy (Eﬂv) =
ay, o, (Eﬂv) Extend a, € Aut(EY \ EN[N]) to a unique automorphism @, of EV.
Observing

we see that the element z,, = x5 "x; “zx{x} ((u,v) = a mod N) generates an
inertia subgroup over Pp = Gxuxz (0) = fxg 8xx (0) in 1 (EN \ EV[N], Eﬂv)
Next, recalling N = ml, we consider the Kummer cover ymilt g \
k
E™[ml] by G)llﬁbl and its partial compactification X™" — Fml \ E™[1]. Observe
first that the following quotient of Siegel functions with zy = z17 + 22 (x =
(l‘l,mg) € RQ)S
l2
Iz
iz
2 . 2 2
(_1)l2 . qfiz(zl)l /2 - emxz(m—l)z? . (1 —C]zN)l2 H (1 _ q:}qZN)l (1 _ngz—]\})l
—1 gtz emtealn )L =g o (1 gl ) (1 - gz

(6.5.5)

[ e

= ()" g2 ¢ )

2 o 2
(1—q.)" 1 (1-qq. )" (1 — qqzl)!
L—dy ooy (T—qral,)(1—qrezy)

turns out to be holomorphic in zy (non-holomorphic factors are canceled) and

that the infinite product factor has an expansion in zy with principal coeffi-
12

oz
cient (q;1/2477(7))2l2*2. Since (liq;{V) = (’27”5)1 i (14 O(zn)), it follows that

1
ZN

O mi(zn) may be expressed as

l2

al <Z> = T Crizn) PN 0(N) (129)
4

(656) 6l7N(zN> = 77(7—)8 <“qgf> — %5(27(’1.2]\])32(1 + O(ZN)) (l _ 3),
4\ 3

n(r)° (;;;) = 2%(27%21\7)9(1 +O(zn)) (1=2).

k
Our task is to look closely into a specific branch of @llﬁll and to evaluate it at
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N = % = 474 I3 when (r1,r2) € Z*\ (mZ)?. (Note that ©;,; = 0,00

according as (r1,72) € (mlZ)? or € (mZ)?\ (mlZ)? respectively.) To identify the
k

branch of ©/" it suffices to specify [¥-th roots of all factors of (6.5.5) on the

l,ml>
infinitesimally small segment 0 < zy < 1, i.e., z1 = 0 and 0 < x5 < 1. For those
(-)” ()
T Tied,

-th roots on the segment. For the remaining two factors (that contribute to the

factors other than
lk

, we shall take canonical (principal branch)

principal coordinate 27izy), we employ the following argument. By our definition

of Wy lifting w6 (cf. (6.4.3)), the branch @%Z should be taken so that the I*-th
root of the segment 0 < ty < ¢ in Gy, be kept positive real under the pull-back
by the isogeny G, — Gy, of degree I¥. Since tn = 2mizy (1 + O(zx)), this means
that the real infinitesimal segment 0 < zy < 1 attached to w" on EN \ ENI]
should be lifted to a real infinitesimal segment determined by Arg((27mizy)/ lk) =
5% attached to t'_0>y on Y™u!" | This latter condition is equivalent to choosing
(—1)1/lk = e™/!" and (1 —qm)l/lk to be the principal branch for 0 < z < 1 so that
Arg((—l)l/lk) = o, Arg((1 —qm)l/lk) = — 4= and hence (—1)1/lk (1 —qZN)l/lk =
@2mizn) (1 + O(2n)), (=D)V - (1 = ¢t )VY = (2milzn)" (1 4 O(zy)) on
0<zy K 1.

Now, for (r1,r2) € Z*\ (mZ)?, we shall figure out the place QML deter-

71,72

mined by the inertia element z, = (x5 "?x; ™ )z(x]'x5?). It must be obtained as a

unique puncture on ymit® anchoring the tangential base point x]'x5? (gy) whose
location is detected by tracing the continuous move of the tangential base point
B>y (represented by the above infinitesimal segment on le’lk) along the (lifts
of) paths x5? first and x|' afterwards. As observed above, our selection of [*-th
power roots of (6.5.5) is given factor by factor, hence it can be separated to [*-th
power roots of its numerator gf and denominator g;, real analytically, each of
which can move continuously along the path x7'x5* so as to keep our choice of
branch of power roots of Siegel units (§5.10) from the start Wy During the trip,
the non-zero continuity of both (g&)"/" and (g.)"/"" in & = (21, 22) along the
path keeps correct determination of [¥-th root branches, and hence, upon arrival
at the goal x}'x}?(1y) anchored at ,mll,f:, we obtain the desired value as stated

in the lemma. U
86.6. Estimating difference of sections
We now work in the extension of the profinite groups
1 m (B \ {0}, ®;) =11 — m(E\ {0}, ;) = m(S,b) — 1

with the Weierstrass tangential section s : m1(S,0) — m1(E \ {O},ﬁg). Write
& := sz (o) for each o € 71 (S, b).
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Since Oy, is defined over B and has zeros of order prime to [, the etale cover
ymilt EmE\ ERml] is connected, defined over B and total ramified over O.
Taking k — 00, we can consider the subgroup 71 (Y™™ W) of m (E\ {O}, W)
surjectively mapped onto 7(S,b). The above totally-ramifiedness of Y™h!" —
ERU\ EWmi] at O implies triviality of the intersection of the inertia subgroup
(z) € m(E\ {0}, ®3) with m (Y™™ Wy), ie, m (Y™ Wy)n (z) = {1}.
Therefore, for each o € m(9,b), there exists a unique o, € m (le’lm,gy)
which normalizes (z) and is mapped to o. Let us compare & and o,,. Note that &
is also contained in the normalizer of (z), and 71 (E%\ E%ml], ﬁml) contains this
normalizer. The difference 50,,' thus belongs to m (Ef" \ E™ [ml], le). Since
T (EP\ EFYml], gmz)/m(ng’loc ,Wy) is generated by the image of z, it follows
that there exists a unique l-adic integer &,,(c) such that zfm(9)5 is contained
in Wl(Ylm’loo,Qy). So, without loss of generality we may take o, in the form
om = 289G for a unique &, (o) € Z;.

Lemma 6.6.1. We have
2 1 _
fm(J)—mpA(U)—mPl(U)—PmZ(U) (o € mi(S,0)),

where p; and py; are the Kummer characters along positive roots of I, ml respec-
tively (§5.9).

Proof. Let t,; be the associated parameter “t” for the cover E™\ E™![ml] (§2.2).
Then, near t,,; = 0, we have

llQ (t:r%l)l -t (l Z 5)7
819 A3
(6.6.2) Oumt ~ VL )0 = 2on® =3,
6\4
n A
O )" = S a=2),

where ~ means equality ‘up to a factor of 1 + O(t,,;) . Since t,,; ~ t/ml, we may
also understand ~ to designate ‘up to a factor of 1 4+ O(¢)’ and get

A12t12(12—1) A3432 A9
112(ml)12(l2—1) " 34(3m)32" 23(2m)"

Opmi ~

1/1*

l,ml

in the respective cases [ > 5, = 3, = 2. By definition, o, keeps © invariant,

while & acts on its coefficients in the fractional powers of ¢. Noticing that ¢1/!" la, =

_ ko, . .
Clkltl/l in our convention, we obtain when [ > 5,

Cl;uu?fl)pml(a)fum(a)H%A(o) .leklz(l“‘fl)ém —1
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From this the desired formula follows. By similar arguments for the cases [ = 3, 2,

we also see
(o) = {%mw ~ (o)~ pam(e) (=)
5oa(0) = 3p2(0) — pam(0)  (1=2),
both cases of which fit into the same formula as the case [ > 5. O

86.7. Monodromy permutations of inertia subsets

As explained above, since our 0, ,,,; gives an S-morphism E%\ ERl] — Gy, the
pull-backed scheme yml® still has a canonical model over S. In particular, we
have an exact sequence

(6.7.1) L= m (V™ Wy) = m (™ Wy) = m(S,5) - 1

which is our main working place in this subsection.

We shall consider the set of conjugacy unions of inertia subgroups in
wl(}%m”k,@y) over the missing points Q™" of E%ml’lk lying on the integral clo-
sure X" of ERN\ BRI in ymhi* (Definition 6.5.2). Denote, for each Q € qQmil*,
by J¢ the conjugacy union of the inertia subgroups over @ in Wl(le’lk, E)y) We
now realize the following twofold actions.

On one hand, the standard generator z € II;; = m(E \ {O},ﬁg) lies in

m (EmE\ Eg‘l[ml],gml), which contains Wl(}/gml’lk, Qy) as a normal subgroup.

Conjugation by z induces a permutation of UQ Jg, hence of qQmit*,

On the other hand, we also have the conjugate action by a preimage oy,
of o under the natural surjection m; (le’lk,gy) — m1(S,b). Recall that we have
already specified a particular choice of oy, in §6.6. (However, the induced action
on the set Q™" does not depend on the choice of o,,, as long as it is chosen up

to the kernel ﬁl(}%ml’lk,ﬁy).)

Note that the point ’u”fjlk determined by the inertia element z,, (Defini-

tion 6.5.2) also lies in QM Tn the following proposition, we examine the above
twofold conjugate actions on those inertia subsets including those z,, with numer-

ical quantities to evaluate distances of permuted points.

Suppose we are given an element o € 7 (S,b) with p(0) = (¢ %) € GLy(2)

and two pairs of integers r = (ry,72) and s = (s1,82) in Z? \ (mZ)? so that

s = (ary + cro, bry + dry) mod m21*.

Proposition 6.7.2. Notations being as above, there is a unique v = V;”?Sl’lk €7

determined modulo ¥ by any of the following equivalent conditions:

) . . Koy
(1) omzr0,,! is conjugate to z_”zzf(g)z” n wl(Y;—)ml’l , Wy ).
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AN )
(2) I,mi\"1,12))]as _ C;cz(l —1)v

I , where ¢; = 12,4, 3 according asl > 5,=3,= 2
/1
S} (81’32)

l,ml
respectively.
1/lk Cll2 2 1/lk Cllz
(3) Cg?k(a) ((gzl/lk)> ' = Cl_kq(l o <W>, where x = (r1/ml,r2/ml),
(91 )/ las (gly )<

y = (s1/ml, sa/ml) € Q2, ¢; is as above and e; = 12/c;.

The remaining part of this subsection is devoted to the proof of this propo-
sition. Recall from §6.5 that we write P, for the point in E%![ml] \ ER'[l] lying
on the component o™ (S™) over b. The set Qmbl® g naturally mapped onto the
set P := {P, | a € (Z/mIZ)3}. Since the cover (le’l}c — BB\ {0}); is totally
ramified in (z), the conjugate action by z gives a transitive orbit in QML as the
fiber set at each P,. Since the action of 71 (S, b) on ™ is given by the matrix p™
on the index set, the existence of v and its uniqueness modulo ¥ as in (1) is easy
to see. To see the coincidence of v given by the conditions (1) and (2) needs more
arguments.

Before going further, it is convenient for us to introduce a labeling of the
set Q™" Recall first that X™" is the integral closure of ERL\ ERU in
ymi* (Definition 6.5.2). The structure ring of XY s a subring of that of
le’lk; both are dominated by Spec(@E) = E’B. The partial compactifications
ERU\ ERUL © EFt = ERL\ ERlml] and XM 5 yml® give rise to the se-
quence Spec(Op) = Ey — Ymh" oy xmii" ER\ BRI — S™ equipped
with the set of sections ay,;(a) : S™ — EW\ ER!I] (a € (Z/mIZ)3). Each sec-
tion auyy(a) fits in the following cartesian diagram yielding a canonical morphism

Spec(Op) — 5™(©OY (a)):

l,ml

(6.7.3) Spec O

1/tk -
1,ml SpeC(Bml [U]/(Ulk_@l,ml(a)))

G Xml,lk
m

lk:

Ormi . m
G <~— EBZ \EBI[Z]

ami(a)

Sml

k
Namely, we have a specific element @lléfll (a) € (B"™)* as the image of U in

B C Op. Now, the carriers of the points Q™" as schemes over % = Spec(B™)
are of the form



474 H. NAKAMURA

6.74) (X" —ym e = || Spec(BU[U)/(UY — ©4(a)))
ac(Z/miZ)?2

-1
= || | Spec(BUN/(U - chOi(a)/)).

a€(Z/mlZ)3 b=0

Each (physical) component Spec(B™ [U]/(U — (5O, (a)t/ 1) carries a unique miss-
ing point Qa (a € (Z/mIZ)3, b € [0,1* —1]) on the algebraic curve Xg"l’lk. Thus,
we have obtained natural labelings of our sets:

bt — (xmbl* _ ymbity, — {Qap | a € (Z/mIZ)E, be [0,1F — 1]}

o | |

Pt = (ER![m] — ER'[l)) === {Pa | 2 € (Z/miZ)3}

Remark 6.7.6. From a real analytic argument similar to the proof of Lemma
6.5.4, one would also see that @l ml(n,rg) = @l ml( a) in (S"™)* at least for
(r1,72) € [0,m)2. This observation, however, will not be used in our proof of
Theorem 6.2.1.

Now, we shall interpret the above two group-theoretic conjugate actions by
z € I, ; and oy, € m1(S, b) on Qb i geometric terms.

On one hand, the standard generator z € II; ; = m(E \ {O},Qg) lies in
T (Egl \Eg” [ml], E)ml) and also induces an automorphism a, of ymbt® ®p BYT,
which extends naturally to an automorphism a, of X ml, 1t ®p B". Denote by the
same symbol @, the induced permutations of the points Qmilt .= (Xmlvlk—le’lk )5-

On the other hand, QM s also regarded as a set of B"-rational points on
(Xmlvlk - Ym“k)/B on which there is a natural monodromy action of 71 (S, b). We
simply write it o, (%), as it corresponds to a preimage o, of o under the natural
surjection 7r1(le’lk,E>y) — m1(S,b). In view of diagram (6.7.4), this action is
given by the left action (x)|q, in the value ring B"" on the images of U from the
carrier schemes for points in Qmit®

Thus, the coincidence of the quantity v of (1) and (2) amounts to the following

Lemma 6.7.7. For each Q € Q" Jar () =2z "Jqz".
Proof. This is only a general theory (but needs a careful treatment of conventions

on path compositions). Consider the pointed universal etale cover Y of E{)"’l \

Eml [m!] dominating le = and partial compactification X as the projective limit
of the integral closures of finite layers over E7" \ E![I]. The profinite set Q
X —Y is regarded as the set of cusps. Then, for each vy € my (B \ B [ml] ml)s
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let @, denote the restriction to 9 of the naturally extended action on X from
a, € Aut(Y). If v is contained in the inertia group for Q € 9, i.., a,(Q) = Q,
then it follows from our convention (cf. (2.7.1)) that

az_lvz(@(Q)) = az-z_l’yz(Q) = T’YZ(Q) = ?Z(W(Q)) = aiz(Q)

The statement is only a reflection of this computation. O

ml,1*
r,s

Thus, we established the existence of v = v, and their coincidence in the
conditions (1) and (2). The condition (3) is only a restatement of (2) in view of
Lemma 6.5.4 and the Kummer property

(678) (n2cl)l/lk|a — (n2cl)1/lk . pA(O‘).

€] lk

Thus, the proof of Proposition 6.7.2 is complete. O

86.8. Count character for winding numbers

Now, recalling that Yl{"l’lco is given as the Kummer cover over E"\ E/''[ml], we
have the exact sequence

1= m (" Wy) = m (B B ml), W) 225 2y — 1,
where ¢; - Oy - 7r1(E5ml \ Eg”l[ml],ﬁmz) — Z; (with ¢ = 12,4, 3 according to
Il > 5,= 3,= 2 respectively) counts winding numbers of the images of paths
by Oy mi around zero. Now, the fundamental group m (Eg”l \ Ei“l [ml],?ml) is
normally generated by x7*, x7*! and the z, (r € [0,ml)?) as a subgroup of 7 (Ej; \
{O},ﬁ) = (X1, X2,2 | [X1,X2]z = 1). Indeed, as observed in [N95, (2.6)], we may
characterize 9,,; as follows:

Lemma 6.8.1. The above homomorphism ¥, is given by

(i) D (x{") = =11 = 1)/2,

(if) O (x5") = 1(1 = 1)/2,
(I =1), remlz?

(iii) Imi(ze) = < —1, r € mZ? \ miZ?,
0, otherwise.

Proof. Tt suffices to show the lemma for a complex elliptic curve E(C) = C/£
given by a lattice £ = Zw; + Zws (7 = wi/wa € $H) with a tangential base
point of E \ {O} represented by (the image of) a small arrow W= (O,awgi ccC
(0 < £ < 1). We take the generators x1,x2,z based at 8 to be (the images in
C/£ of) certain standard paths (along Rw; URws U {w+62”it5>|w €L,0<t<1})
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illustrated by: x; : [y Wi, Xo e”tﬁ(t 0—1) — W —wy and z : €27
(t:0 — 1) respectively (and their shifts by the elements of £). Observe then that
the composition x;x2x] x5 'z is contractible on C \ £, hence gives the standard
relation [x1,xg]z =1 in m(E\ {O}, E>) Now, the function

1
o= Pe(m):/l;[lz){o} (p(z,miL) — (P, mig))S

12/(;{

is a constant multiple of @l’ml

whose winding number is given by 12¢,,(y) =

ﬁ f7 J;,((ZZ)) dz for any path ~ connecting two points in £ + .

(iii) follows immediately from the fact that f(z) has only zeros of order
12(I1%—1) at the points in ml£ and only poles of order 12 at the points in m£\mlL.

To show (i), (ii), we shall consider integration surrounding a side of the mi-
magnified fundamental parallelogram. Let § denote the semicircle path emit S
(t : 0 — 1) and its shifts with £, and consider the loop x7*§(—x;)™ 3§~ which
negatively surrounds one zero and [ — 1 poles. Since f(z) = f(—z), the integral of
f'(2)/f(2) along x; is the same as that along —x;, while the periodicity of f(z)
implies the integral along ¢ and that along 6! (= §~! at —miw;) cancel with each
other. Hence, 12(12 —1) —12(1— 1) = —2-129(x), which implies (i). Similarly, we
obtain (ii) by considering integration of f'(z)/f(z) along x3"6(—x2)™ 5~ which
positively surrounds one zero and [ — 1 poles. O

Before proceeding with the proof of Theorem 6.2.1, we shall present an imme-
diate application of 1,,; concerning the points on ymi" determined by the inertia
elements z,, = (x¥x3) " 'z(x¥xy) ((u,v) € Z2).

We note that this abelian quotient of my (Ef™ \ Ef™ [ml], le) is generally not
invariant under the conjugate action of m (E3 \ {O}, Bﬁ;), in particular we do not
expect a formula like 9,,,;(2z2~1) = U,,1(2).

If (u,v), (u',v') € Z? satisfy the congruence (u,v) = (u/,v’) mod ml, then the
quotient of x¥xy by x%' x4 lies in 7 (BN B ml], E)ml). The following lemma
gives an estimate of its value via ¥,,;.

Lemma 6.8.2. If (u,v),(«/,v") € 7? satisfy (u,v) = (u/,v') mod mi*t!, then
o (%' x5)~1(x4x3)) and 9, (x4 x4 ) (x4x5) 1) are divisible by I*. If moreover
1 >3, then the assumption may be replaced by (u,v) = (u/,v") mod mi*.

Proof. By assumption, we may write v’ = u + ¢, v = v + § with e = mlFt1a,
§ = mlF*t1 3 for some «a, B € Z. We shall first prove

ﬂml(x;”/x;“/xqfxg) = 19ml((xgﬁxfa) - (x5x5 %7 °x3)) = 0 mod 1k,
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One immediately sees that 9, (x5°) = BIF1 5L, 0, (x7%) = al* 1151 each of

which vanishes modulo [¥. ((*): When [ > 3, even modulo [**1.) For the second
factor, using free differential calculus, we have in IT} ; /TIY ,

e v
e xi—1 x;"—-1
xXix,'x e xy =~ 2— -2 —— ) -z

X1—1 X2—1

Write the RHS as p -z (p € Z[[H‘f}’lﬂ), and consider p as a measure on Z2 of
separate variable type; we may then compute

x7—1 X, ' —1
19m e TV —ELVY d 1 d 2
ot = [ (5=) ()
) L)
mlZ X —1 mlZ Xy —1

Then, taking into account that ¢ = mi**'a, we see that the first factors of the
.k

above two terms vanish modulo [F+1, {2 respectively. When [ > 3, the above
remark (*) gives the refined implication as in the statement.
As for ﬁml((xqf/xg/)(xi‘xg)_l) = D (x5x3) + 19ml(xgéx%xgxfu), we may ar-

gue in a similar way. This completes the proof. O

Corollary 6.8.3. If (u,v), (u/,v') € Z2\ (mZ)? satisfy the congruence (u,v) =
(u',v") mod mi**L, then zy, and z,., determine the same cusp on ymblt If
[ > 3, then the assumption may be replaced by (u,v) = (u/,v’) mod mi*.

Proof. To prove the proposition in this case, it suffices to show that the difference
of conjugating factors for z,, and z,. to z is mapped to I¥Z; by ¥,,;. This is
nothing but the statement of the above lemma. O

Consider the above corollary when [ > 3 and & = 1. Then all inertia elements
Zyy With a fixed residue class of (u, v) modulo ml give the same cusp in Q™. From
this remark, one should notice in particular that the points of the form Zﬁf’lk with
(u,v) € Z2\ (mZ)? do not exhaust all cusps in Q™"

86.9. End of the proof of Theorem 6.2.1

Given a pair (u,v) € (2)%\ (mZ)?, pick (r1,72) € Z2\ (mZ)? such that (ry,7) =
(u,v) mod mi?>"*1. Then, by Lemma 6.8.2, the cusps determined by z,, and z, are
the same on Y™ Set @ = (r1/m,ra/m), y = (s1/m, sa2/m), so that x — y is
p(o)-admissible at level m modulo m?(*® (Def. 5.10.3). Then [~tx — [~y is p(0)-
2p2n=2 2]2"). Proposition

admissible at level ml modulo m in fact, still modulo m

6.7.2(3) then implies
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Corollary 6.9.1. Notations being as above, in particular e; designating 1,3,4 ac-
cording as | > 5, =3, =2 respectively, we have

1202 = Dt (o) = w1 ™ () = Pap L (o) = pale) mod e - 127,
Therefore, the following congruence holds with a uniquely determined congruence
class on the right hand side:

n 212n—2

m,m2[2 (O') _ ZQKZTill,;n;)ll_ly (O') _ pA(O')
12(12 - 1)

le7l2n (0‘) = Ry

r,s

mod [?™. O

We now enter the heart of our proof of Theorem 6.2.1. Let t = (t1,ty) € Z>
be such that t; = a(o)ry +c(o)re, to = b(a)r; +d(o)re so that t = s mod m21%"e;,

—t1 —s1

and put x¢ = x2_t2x1 , Xs = X5 °2x] °" so that zy = xtzxt_l, Zg = xszxs’l. Then

we calculate

(6.92) O'mzro",;l = ZEM(U)azra—lz—Em(J)
= ZgT'L(U)Sr(O—)(thgl)zz(g)(ths—l )7151,(0)712’5’"(")

= 2 Dw{Gre(0) - 2} (xex. ) 2E 7 (3o 1) THGr(0) - 2} w2

for some w € IIf ;. By Corollary 6.8.3, the inertia elements z¢ and zs deter-

mine the same cusp in YEmlz". Therefore, by Proposition 6.7.2(1), there exists

-1

o is of the form hz_”zzf(a)z”h_1

some h € m (ngl,ﬁ",gy) such that o,,zy0
with v = y;’jsl*lzn (o). Since (z,) is self-centralizing in 71 (Ej; \ {O}, Q,;) and since
m (%ml’loo, Qy) D (2, I 1), we see that v = Vl?sl>l2n (o) satisfies

l2n

(6.9.3) 27V =28 {G(0) - z}(xex7 ) mod m (YEml’ ,@y).

Then, apply ¥,,; mod [?>" to both sides of (6.9.3). Noticing that 9, (x¢x5!) =0
mod [?" by Lemma 6.8.2, we find

lZn

(6.9.4)  (1—Wwrl (0) = 0 (257 (Gry iy (0) - 2) (x6%5 1))
1({&n(0) + Grira(0)} - 2) + I (xexg )

Tm
em ()12 — 1) + 12 / dGy, (o) — / dG,, 1, (o)

(lec)2 (ch)2
é“m(a)(l2 -1+ 2 Eni(o;ri,re) — Ep(o;r1,7m2),

where the congruence is taken modulo [2".
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l2n li, 12n72i (’L —

12n72i.

Now, let us apply the above (6.9.4) by replacing m, by m

0,1,...) respectively. Then we obtain the following congruence modulo

i+1 12n—21
it (2n—2i

(6.9.5);  (L—1*) (0)
(I = D&pii (0) + PEp+i (0571, 72) — Eppi (0371, 72).

Taking 3,5 %" x (6.9.5);, we obtain

(6.96)  Ep(osrim) = (12— 1) > P& (0) + " (0)} mod 127,

i=0
where Y77 is essentially a finite sum. Combining Lemma 6.6.1 and Corollary

6.9.1, we compute, for 0 <i<n —1,

i+1 72n—2i palo Pl 0')
Emli(0-> + Z/Klsl ! (U) = ( ) - 12 <7 1 = Pmiit+1

1 mi? m212n =2

12([2 _ 1) (Hl*ix—ﬂ*iy

i+l p22n—2i-2
(o) = PRI o),

+
Noting that Y ;= (i + 1)I?* = (1 —(?)~2 in Z,, we finally obtain the fundamental
equation

2712n
(6.9.7) B (oir1,72) = 1560700 (o) — Hpalo) + pm(o) mod 12"
This completes the proof of Theorem 6.2.1. O

Corollary 6.9.8. Let M € |C| and let € = 0,1 according as 21 M, 2|M respec-
tively. Then the value ES, (o;u,v) modulo M? is periodic in (u,v) modulo mM?2¢.
Consequently, for o € m1(S,b), the values E,,(o;u,v) mod M? at (u,v) € Z32
determine a unique element of the finite group ring (Z/M?Z)[(Z/mM?2°Z)?).

Note. From numerical evidence (as in §7), one could immediately observe possibil-
ities to improve the above corollary by refining modulus and period more generally
(e.g., not only for squares M? € |C|; cf. Remark 3.4.3 and [N12]).

Proof. Suppose first that (u,v), (v/,v") € Z2\(mZ)? satisfy the congruence (u, v) =

(u',v") mod mM?2¢. Then the congruence ES, (o;u,v) = ES, (o;u’,v') mod M? fol-

lows from the congruence formula (6.9.4) and the determination of y;?sl’ln through
the cuspidal point determined by z,, according to Corollary 6.8.3. Suppose next
that (u,v), (v/,v") € (mZ)?. Then Proposition 3.4.8 reduces the desired congruence

to the above case and the obvious congruence v — v = v — v’ = 0 mod M?22°. O
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§6.10. Explicit formula for £¢

Let C be a full class of finite groups. We shall study behaviors of ES, () and €S
introduced in §3.6 on the pro-C congruence kernel (S, b¢). As p°(c) = 1 for
— 2 2
o € m (S, 0°), for every x € (;5Z)%, the quantity x,"7 (o) = /1;";";7?/[(0) is
well defined (independent of M € |C|). Recalling that the structure ring B¢ of
2 —
S¢ contains all C-power roots of unity, we find that Kpm e 71 (SC,6¢) — Z¢ is

defined by the ordinary Kummer property

m,mzoo —
(6.10.1) OL/N |, = OL/N L ra T g e (SCE6), N e |e)),

and depends only on the class of x in Q?/Z2. Here, note also that, no matter
whether 2 or 3 belongs to |C|, the above quantity ™™ ®(s) € Z¢ for o €

711 (S, b°) is divisible by 12 by Proposition 4.2.1. Define now uS, (0) € Zc[(Z/mZ)?]
(with notations of §3.6) by

(6.10.2)
uo(0) (= Y Hea)ea) == —pulo)eo+ D AL (0) ea.

a€c(Z/mZ)? mx€a#0

The distribution law of 6, in Proposition 4.1.5 ensures that the sequence
{1S,(0)}mejc| forms a measure p¢ € Ze[[ZE]] on Z% with no constant term (i.e.,
the image under the augmentation map ¢ : Z¢[[Z2]] — Z¢ vanishes): e(u€) = 0.
Note also that, by Proposition 4.2.2, u¢ (c,a) = uS (o, —a), i.e., u°(o) is an “even
measure”. Set e, := Zae(z/mz)2 e,.

Theorem 6.10.3. For o € m,(S¢,b°), we have

where g indicates the unit Dirac measure at 0.

Proof. As observed in §3.6, EC (0,a) = £ (0,a) — £5,(;0,0). On the other hand,
by Theorem 6.2.1, it follows that E¢ (0,a) = pS (0,a) — Lpa(o) + pm(o) for
0 # a € (Z/mZ)?. Combining these, we obtain a formula

(6104) S (0.0) — E5(0,8) = 15pa(0) — puul0) — E6.(030,0) (=: V(o).

Now, observe that uS (o,a) — S (0,a) varies coherently with respect to m in
a € (Z/mZ)* \ {0}, while the RHS, denoted Y,,(c), does not depend on a.
Hence, for any prime power I* € |C|, we obtain [?Y,,;i+1(0) = Y,,;i (o). This means
1°°] Yin(0), hence Y, (o) = 0 (cf. also [N95, p. 220]). This, together with 6.10.4,
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completely determines &, (o) as

II'S@ (Uv a) = p’fn(07 _a) (a 7é O)v
13Pa(0) = pm(0) (a=0).

(6.10.5) Em(0,a) = {

The statement of the theorem is nothing but the limit case of the above formula
as m — oo in the language of measures on Z2. O

Proof of Proposition 3.6.6. By using the composition law (3.5.8) repeatedly, in
general, we have for o, 7 € 71(S,b) and € € GLy(Z¢),

(6.10.6) ES,(071) = —x(0) AT (o),
(6.10.7)  E (oro ) = x(0)EAD) ¢ (r) + LT (o) — x(T)ELC De(q).

m

Now, in the second formula above, put p(7) = 1 (hence x(7) = 1) and € = 1. Then
(6.10.8) E,,(c10™1) = X(o—)Ef,g")fl(r).

Let us compute the coefficient of e, for a # 0. For the left hand side, it turns out
that
En(oro™ "t a) = En(omo ™" a) = x(0)Em(730,0)
as £, (*,0,0) is the Kummer 1-cocycle %pA — Pm. Let us examine the right hand
side of the definition of twisted invariants in §3.5. If p(o)~! = (¢ §), then calcu-
lations with (3.5.2) yield
Gr () = (kM Py T —1)E€.

T

Therefore, taking the mod m measure at 0, we see that

X(O)ELD " (r,2) = x(0) (Em (75 au + Bv, 71 + 60) — Exn(730,0))
= X(0)Em(Tia-"p(0) ") — x(0)Em(7;0,0).

Thus, we obtain

Em(07071;2) = X(0)Em(mia - Tp(0) 1),
which turns out to hold for all a € (Z/mZ)?2. Noticing that the action of p(c) on
the group ring Zc[(Z/mZ)?] is given by e, +— €a.tp(c), We conclude the proof. [

Proof of Proposition 5.7.3. We have only to show that the restriction of the Weier-
strass tangential section s : 7 (M{1,q) — m (Mfz,gq) to the geometric part
maps 71, Te € Bj to those in By respectively. Since the image of s is in the normal-
izer of (z), without loss of generality we may set sg(71) = 112, s (72) = T22%

for some ¢1,c; € 7. The commutativity of z = (w3)?w; ' and the braid rela-
tion 7172 = ToT1T2 allow us to assume ¢ = ¢; = c¢o. Now, consider the element
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o := (117)°, which is in the congruence kernel ker(Bs — SLy(Z)). The constant
term of &, is then 75pa (o) = —1. On the other hand, the monodromy action ¢(o)

on II; ; is given by the inner action by sw(0) = (1172)825% = 2! t6¢w,. Taking into
consideration
o —1_-1 ab
(6.10.9) (lele) = (% — 1)1 — %)
(9X1

with (3.2.3), we see Go(Int(z)) = 1 — %, ' = (X7 — 1) - Ene.. Therefore, by the
definition (§3.6), & = (—1 — 6¢)dg (dp the unit Dirac measure). Thus we obtain
—1=-1+6¢in Z. Comparing the l-adic components, we conclude ¢ = 0 and the
proof of Proposition 5.7.3. O

87. Generalized Dedekind sums
§7.1. Elementary characters

In this section, we study our invariant E,, on the fundamental group m (M7’ (C), )
>~ By in the universal setting introduced in §5. The braid group Bjs has a simple
presentation By = (71,72 | 717271 = ToT1T2), whose generators 71,7 are given
standard identification as elements of 71 (M{’;(C),q) (§85.4-5.7). For any given
full class C of finite groups, we have a pair of elementary characters:

(7.1.1) (% pa): By = SLa(Ze) x Ze, o ((ig; ZE‘;D,M(U))

Recall that, with our notational conventions, p¢ maps 71, 72 to (_11 (1)), (5 %) re-
spectively, and pa maps both of them to —1. In the pro-C setting, the above
pair of characters never gives an injection, as most of the congruence kernel
s (Mf’lc,(jc) = ker(p®) must be annihilated by pa. But if we restrict the range
of o to the discrete fundamental group Bz = m (M7, (C)*™,q) (C Bs), then the
discrete group Bj is embedded into SLg(Z) X Z by the elementary characters.

In this section, generically we drop the superscript C to designate objects at
the discrete level. The main purpose of this section is to give an explicit formula
for E,,(0;u,v) where o € Bz and (u,v) € Z>.

8§7.2. Generalized Dedekind sum formula

In the beautiful work [St87], G. Stevens gave an interpretation of the Rademacher
function on GLo(Q)T and its generalizations by using the Borel-Serre compactifi-
cation of the upper half-plane. The special case of weight 2 had also been studied
intensively in [St82], [St85] as well as in the classic work [Sch74] by B. Schoeneberg.
We quote it in the restricted form on SLa(Z) and with weight 2 in our notation.
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(A generalization to higher weights and its arithmetic properties are also discussed
in [NO3], which we hope to continue in future work.)

Definition 7.2.1. The generalized Rademacher function of weight two on SLo(Z)
is defined, for z = (z1,22) € Q% and A = (¢ %) € SL2(Z), by

PQ(.’El) b -
- 9 E (C*O)v
Py(xz1) a Py(axy + cxo) d
D, (A) (= 2P (4) =<~ 9 ¢ 9 c
c—1 . .
+ +
JrZPl(xlc Z>P1<x2+axlc Z> (¢>0),

1=

— o

so that it factors through PSLy(Z
Bernoulli functions as in §4.3. The last term in the above description for ¢ > 0 is

for ¢ < 0. Here, P; and P, are the periodic

called a generalized Dedekind sum.

It is known that ®,(A) is invariant with respect to z mod Z?2. We consider it

only for A € SLy(Z), but still its values generally have denominators. If z € (3:7Z)?,

then ®,(A) has integer values for A € I'(12N?).

Definition 7.2.2 (Correction term). Let [z]° and P} (x) denote respectively the
“mild flooring function” and the “right continuous periodic sawtooth function”
defined by

[2]° =2 —1/2 = Pi(z), Pi(z):=DBi({z})=2—|z]—1/2.
For x = (z1,22) and A € SLa(Z), define
1 X2 (1’1 — ].)
2 + 2

The main result of this section is the following

K.(A):=C, — Cpa, where C,:= — P (29) - [21]°.

Theorem 7.2.3 (Generalized Dedekind sum formula). Let m > 1 and for every
(r1,m2) € Z?\ (mZ)?, set v = (x1,72) = (r1/m,r2/m). Then, for each o € Bs,

En(o;r1,m0) = Ky (As) — @ 2) (A,) — f—sz(a), where A, = "p(0) € SLo(Z).

X

Note that by definition E,,(c;0,0) = 0, and E,,(c; mki, mky) can be evalu-
ated from E,,(o;mk; + 1,mks), E,(0;1,0) and an elementary term as remarked
in Proposition 3.4.8. We will also compute it in detail later in Proposition 7.5.1.

Most of this section will be devoted to the proof of the above theorem. Our
basic idea is to apply Theorem 6.2.1 in this discrete situation. Obviously, the con-
gruence condition on (u,v) = r modulo mM?2¢ and p°(c)-admissibility condition
on r/m — s/m modulo m?M? become void if we put (u,v) = r and s = r (o).
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The Kummer quantity ngl_{’;zoo(a) turns out then to be a unique rational inte-
ger, and the assertion gives an equality of integers. This allows us to evaluate

E,.(0;u,v) in the complex analytic model of §2.9, §4.5.

Example 7.2.4. Let us here present an example to illustrate how the above The-
orem realizes the integer valued invariant E,,(o;r1,72) for o € Bz and (r1,73) €
Z2\ (mZ)?. Pick any braid o € Bs so that

fo(o) = A= (151 il) € SLy(Z).

Such a o can be given (say, 7 *757272(1172) %) up to ((1172)%), hence 5pa(0)
is determined up to integer values. Set m = 3. Calculation using generalized
Dedekind sums yields the following (3-stride periodic) matrix for (ri,rs) =
(i—4,j—4) €[-3,3]* (CZ?%):

1 2 2 1 2 2 17

6 9 9 6 9 9 6

1 —19 2 1 —19 2 1

12 36 9 2 36 9 12

1 2 -19 1 2 19 1

12 9 36 12 9 36 12

— (2) 7 _ |1 2 2 1 2 2 1

D(A) = ( (I)(i74)/3,(j74)/3(A))i,jil — | s 9 9 6 9 9 6 |

1 =19 2 1 =19 2 1

12 36 9 12 36 9 12

1 2 =19 1 2 =19 1

12 9 36 12 9 36 12

102 2 1 2 2 1
L & 9 9 6 9 9 6

while the correction terms turn out to provide the (non-periodic) matrix

K(A) == (K(i—ay/3,j-1)/3(A)] 1

r —8723  —6707 —3863  —2567 §
—289 36 36 —139 36 30 —44
—1039 —1238 —3467 —379  —383  —767 —49
6 9 36 6 9 36 6
—523  —2243  —320 —103  —263 -5 —13
6 36 9 6 36 9 6

N —587  —155 —47 -335

- 30 36 36 0 36 36 25
—13 4 —83 —73 —221  —1703  —463
6 9 36 6 9 36 6
—25 —443  —266  —325 —2783 —1031 —955
6 36 9 6 36 9 6
_ —1955 —3107 _ —5735  —7607
[ =35 36 36 125 36 36 270 ]
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The resulting right hand side in Theorem 7.2.3 on [—3,3]? (C Z?) for a o with

Lpa(o) = —3 (such a o is, in fact, equal to 7] >7§ 7272 (7172) %) is then
- —1155 —555 —175 7
SUS5 _gg9 186 =5 107 —71 =L
-173 -138 -96 —-63 —43 -21 -8
—87 —-62 =36 -17 -7 -1 =2
—P(A)+KA)+E1 T = 22 16 —4 1 -1 -9 =2
—2 0 -2 —12 =25 47 =77
—4 -12 -30 -54 =77 -—-115 —159
| =¥ 54 86 =2 —159 —211 =10

By Theorem 7.2.3, we conclude that the components of the above matrix coincide
with those of (Es(o;i — 4,5 — 4))1'7,j:1’ except for */4 at (i, j)-components with
i—1=7—1=0 mod m = 3. Generally, exceptional gaps between the two
sides of the equality in Theorem 7.2.3 appear at locations of (mZ)? (C Z?). This
phenomenon essentially signifies the singularity at 0 of the Eisenstein—Dedekind
symbol of G. Stevens [St87] that is reflected in the periodic part @&2)(140) for

x € 72

§7.3. Siegel units vs. generalized Dedekind functions

To evaluate the left hand side of the congruence in Theorem 6.2.1, we need to
identify the branch of power roots of the Siegel units g, (7) (z = (z1,22) € Q?\Z?)
in the complex model. This can be attained by identifying the branch of log g,
which, in view of (4.3.4), requires determining a suitable constant term for the
indefinite integral of the Eisenstein series Eéx) of weight 2 (x = & mod Z). We
achieve this by comparing g, with the generalized Dedekind function “n,(r) =
e¥=(7)” given in the book of B. Schoeneberg [Sch74, Chap. VIII, §1.3], whose

infinite product form is given by

(731) N (7_) — e'yo(m)ewin(zl)'r H (1_€2m'902 qf—) H (1_6727rim2q7s_)7
0<s€x1+Z 0<s€E—x1+7Z

where

miP(13) +log(l — e~ 27@2) ) € Z, x5 € 7,

0, otherwise.

(7.3.2) To() = {

Comparing this with the infinite product form of g, (cf. §4, Lemma 4.3.5) (and
noting —e?mwze= T (22) = emiP1(=2) for 1y ¢ 7,), we obtain the following relation
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between them:

(7.3_3) Ja (7_> _ eﬂie‘ﬂ'il'g(l'l—l),r]a: (T)e—Qm'Lle(xg—l/Q) [em'Pl (xg)]émlgz
(x € Q*\ 2%,
where 0,,¢cz = 1,0 according as x1 € Z or ¢ Z respectively.
A careful examination shows that Schoeneberg’s lift 1, (1) for n, (1) = e¥=(7)

can be identified, in fact, with = €70@)+¢2 (") where ¢5¢(r) is “half of G. Stevens’
lift” given in his book [St82, Def. 2.3.1]) as follows:

(7.3.4) (1) = miPy(xy)T

1 1
E 2 : 2mixgk sk § § —2mixgk sk
_ Ee TiT2 qf_ _ Ee T Q-zs—

0<scxi1+Z k=1 0<s€—z1+Z k=1

—2mi (/ ao(Eém)) du + / Eém) (u) du),
0 100

where ao(Eéx)) (resp. Eéx)(u)) is the constant term (resp. the remaining part) of
the Eisenstein series Eéx) (4.3.2).
In view of (7.3.3), in the home region {x = (z1,22) | 0 < z1,22 < 1},

g.(7) can be written as e™t72(=1-1)p (1) 50 we choose the branch of log g,
to be i + mizo(xy — 1) + (7). For general x € Q2 \ Z2, we will make it a
principle to fit with our normalization of Kummer characters given in §5.10, which
is compatible with its use in the proof of Lemma 6.5.4, i.e., with our moving rule:
“walk first along x5? and then along x]'”. For this purpose, we shall choose a
branch of log g,(7) so as to be continuous in the complex plane minus ((—oo,0) U
(1,400)) X Z with limits from the right (above) in lim._,o log g,,+e for z1 & Z,
To € Z. For a fixed xo & Z, if 1 moves continuously from n — e to n + ¢ for
some n € Z, then ¢3¢ gets one new term — Y, e?™#2Fe2™ekT and looses one old
term + 3, e~ 2mi@2ke2mi(—)kT 5o that when e — 0, the jump of ¥5%(7) is counted
as - Z eszQk + Z 6—27rix2k _ log(l _ €2m'm2) _ 1og(1 _ efQTrizz)
k k

= 2mi(zg — 1/2).

Therefore, to keep continuity of our lift log g, (7), each time x; goes up across an
integer value, we need to add an extra —2wi(xs — 1/2). This explains the term
—27i(xy — 1/2)|21]. The term coming from the inside of [#]%1€% is to back up
Schoeneberg’s term which intends to take the mean of the upper and lower limits
at every discontinuity point. Finally, after reaching the nearest unit square, one
may want to arrive at a destination with zo € Z from above. So we substitute
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!
Xy

Figure 3

P (25) for Py(z). Consequently, our choice of logarithm of Siegel units can be

summarized as

(7.3.5) log g.(7) = 2m’(; + w - P;(m)[m]o) + Y (T)

=2miC, + (1) (2= (z1,22) € Q? \ 22)7
which uniformizes our choice of gi-/ N as ex 1089z for all N > 1.

§7.4. Completion of proof of Theorem 7.2.3

To finish the proof of Theorem 7.2.3, we only need to identify the Kummer char-
acter wIM() for = (1 /m,ra/m), y = (s1/m,s2/m) with (32) = p(0)(12),
Le., (s1,82) = (r1,m2)A, where A = p(0) € SLy(Z) for a given o € B;. We now
have

0o, wmmie(o) .
s (00 = A4 = *9(0))
Yy

Recalling Schoeneberg’s formula from [Sch74, Chap. VIII, §3 (30), p. 199]:

(7.4.1) $a(AT) = thea(r) = —2mi®) (A)
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together with our convention of SLy-action on the upper half-plane (cf. §4.6), we
deduce from (7.3.5) that

C”‘Tﬁw(a) (exp (F 2miCh +va(r)) |4 _ xp (24m'(Kw(A) - q>§c2>(A))>
N exp (R (2miCra + pa(7))) N

for all N > 1. Thus, nm’m%o(o) =12(K,(A) — <I>§;2)(A)). Applying Theorem 6.2.1

Ty
to the present situation where p,,(c) = 0, we complete the proof of Theorem

7.2.3. 0
§7.5. Explicit formula for E,, on B x (mZ)?
We shall compute E,,(o;u,v) for 0 € Bs in case u,v € Z are divisible by m.

Proposition 7.5.1. Let m € N. For o € By with p(c) = (¢ %) € SL2(Z) and for
(k1, ko) € Z2%, we have

E.(0;mky, mka) = —bckiks — ${ki(acks +a — ¢ — 1) + ko(bdks + b —d + 1)}.

Observe that the term in curly brackets is always an even integer, since a
and c (resp. b and d) have different parity in view of ad — bc = 1.

By using the above proposition, one can “repair” the last matrix in Example
7.2.4 at components of (3Z)? (C Z?) to get

[—289 —242 -18 —-139 -—-107 —-71 —44

—-173 —138 —96 —63 —43 21 -8
-87 62 36 17 -7 -1 -2

(Es(o,i—4,j—4))] =y =| -30 —16  —4 0 -1 -9 =25
-2 0 -2 12 —25 —47 77

-4 -12 =30 -54 =77 —115 —159
-35 —-54 86 —125 —159 -—-211 —270]

Proof of Proposition 7.5.1. Applying Theorem 7.2.3 to the RHS in Proposition
3.4.8, we obtain

(752) Em(a;u, 'U) = K((u+1)/m,v/m)(A) - K(l/m,o/m)(A) + \‘au;; b’UJ ) \J;J 7
where A =p(0) = (§ §). It is easy to see that the terms of K((y11)/m,o/m)(A4) —
K(1/m,0/m)(A) can be classified into three families of terms: a quadratic form in
k1, ko, a linear form in k; and a linear form in k. After a simple computation,
we obtain from it those terms of the RHS of the desired formula together with
—(aky + bka)|c/m] which cancels with the last term of (7.5.2). O
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§7.6. Examples of special cases

Now, we shall examine, for some simple braids o € Bs, the values E,,(c;u,v) for
(u,v) € Z? by means of their original definition given in §3. These examples are
also useful to check the validity of the above Theorem 7.2.3 and Proposition 7.5.1.

Case 0 = 7{* (o € Z). First, using Proposition 5.7.3 one sees that the action of
the Weierstrass lift s (o) is given by x; — x1X5 %, X2 > Xo. Therefore, according
to (3.3.3), Suv(o) = x5 ¥ (x1x5 %) " “xix3™ Y. The corresponding G, (o) (3.3.4)
can be deduced by the formula (3.2.3) of free differential calculus, and is found to
be

o Ugau—v —u_l .o @ u_l
(7.6.1) Cu(r0) = T %2 (xl _ %) .
X9 — 1 X1 — 1 X1X9  — 1

Recalling (Definition 3.4.1) that our invariant E,,(o;u,v) is the integral of the
measure dGy, (o) on (mZ)?, we find

;(Punﬂ == wso
(76.2)  E,(ru,v) =10 m w_0).
OSkSZ—u—l(_ P“m— ﬂ ’ {—a:%— UD (u<0).

m|k

In the calculation, we make use of the definition of the (profinite) ceiling function
as an integral (Remark 3.4.7). The following matrix illustrates Egz(m,u,v) for
(u,v) € [—6,6)%

<E3(Tlai - 77] - 7))13

=17

== =0 OO0 OO OO =W
== 0O O O O O O - FH = WwWww
_ O O O O O O = = = W Www
— R OO0 0000 R~ W
== 0O O O O O O K = = Www
_ O O O O O O = H = W Www
R O O O O O O~ = = W
_— = O O O O O O F = = Www
_H O OO0 00O K K WWww
_ RO OO0 00O KR =W
O O O O O O~ = Ww
_ O O O O O O = K = W Www
_ == O O O O O O = =W
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Case 0 = 75 (o € Z). In this case, the Weierstrass lift s (o) acts as x; — x3
and xg — x2x§, and hence Sy, (0) = (x2x§) 7Ux$VxY. It follows that

(RoXD) ™" ((RoX§)" —1 %3 — 1
7.6.3 Gup(15) = — —— — X7 = .
( ) (72) x;—1 XoX{ — 1 1 Xo — 1

Integration over (mZ)? then yields

3 - [‘;ﬂ (v>0),
1%?
(7.6.4) E.(m55u,0) =<0 (v=0),
Z — FZL:—‘ (v<0)
O<k§z‘fkv71

In this case, it is remarkable that E,, (75; u, v) does not depend on w. The following
matrix illustrates Ez(m2,u,v) for (u,v) € [—6,6]%:

(]ES(T27i - 77] - 7))'}3:1

1 -1 -1 000000 —1 -1 —1 =3
1 -1 -1 000000 —1 -1 —1 -3
1 -1 -1 000000 —1 —1 —1 -3
1 -1 -1 000000 —1 -1 —1 -3
-1 -1 -1 000000 —1 -1 —1 -3
1 -1 -1 000000 —1 -1 —1 -3

=|-1 -1 -1 000000 —1 -1 —1 -3
1 -1 -1 000000 —1 -1 —1 =3
1 -1 -1 000000 -1 -1 -1 -3
-1 -1 -1 000000 -1 -1 -1 -3
-1 -1 -1 000000 -1 -1 -1 -3
-1 -1 -1 000000 -1 -1 -1 -3
-1 -1 =10 0000 0 —1 -1 —1 -3

Case 0 = 717271. In this case, the Weierstrass lift sy (o) maps x1 +— x2_1, X9 >

1

—1 —v ,u— —u
X2X1X5 . Then Sy, (0) = xox7 "x5 ™ " xYx5 ", and

Xy %y %' -1

(7.6.5) Guy(T1727m1) =

Xo—1 x1—1°
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By integration of dG., (o) over (mZ)

(7.6.6) Epn (7172715 U, 0) = (1 - MD : hﬂ

The following matrix illustrates E3 (717271, u,v) for (u,v) € [—6,6]2:

2. we obtain the formula

(Es(mimam,i— 7,5 — 7)i5—

6 6 6 3 3 3000 -3 -3 -3 -6

4 4 4 2 2 2000 -2 -2 -2 -4

4 4 4 2 2 2000 -2 -2 -2 -4

4 4 4 2 2 2000 -2 -2 -2 -4

2 2 2 1 1 1000 -1 -1 -1 =2

2 2 2 1 1 1000 -1 -1 -1 =2

= 2 2 2 1 1 1000 -1 -1 -1 =2
0 0 0 0 0 0 0 0O 0 0 0 0

0 0 0 0 0 0 0 0O 0 0 0 0

0 0 0 0 0 0 0 0O 0 0 0 0
-2 -2 -2 -1 -1 -1 0 0 O 1 1 1 2
-2 -2 -2 -1 -1 -1 0 0 0 1 1 1 2
-2 -2 -2 -1 -1 -1 0 0 0 1 1 1 2|

Case 0 = 772. In this case, the Weierstrass lift sz (o) transforms generators as

X1 > xz_l, Xg — Xoxi. Therefore, Sy, = (x2x1) UxYx{x5" ", and it turns out
that
()7(2)7(1)71) _ )Z’i] -1 _ ()21)22)” -1
7.6.7 Guu(mim) = Xy - X .
(7.6.7) winm) =2 =% 7 X R o1

By integrating over (mZ)z7 we find

(7.6.8) Ep (11705 u,v) = Om‘k o
Oﬁk’ﬁz—:v—l(_lrurzv—‘ - P;;kD (v<0)
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The following matrix illustrates Ez(1 72, u,v) for (u,v) € [—6,6]%:

(Es(i72,i — 7,5 — 7))i% 2y

3 3 3 2 2 2000 -3 -3 =3 -7

1 3 3 1 2 2000 -2 -3 =3 -5

1 1 3 1 1 2000 -2 -2 =3 =5

1 1 1 1 1 100 0 -2 -2 -2 =5
-1 1 1 0 1 100 0 -1 -2 -2 =3
-1 -1 1 0 0 1000 -1 -1 -2 -3
=|-1 -1 -1 0 0 o000 -1 -1 -1 -3
-3 -1 -1 -1 0 0 0 00 0o -1 -1 -1
-3 -3 -1 -1 -1 0 0 00 0 0 -1 -1
-3 -3 -3 -1 -1 -1 0 0 O 0 0 0 -1
-5 -3 -3 -2 -1 -1 0 0 O 1 0 0 1
-5 -5 -3 -2 -2 -1 0 0 O 1 1 0 1
|- -5 -5 -2 -2 -2 0 0 O 1 1 1 1

Errata to [N95]:
205, line 4: order 12(I> —1) in I™£ and poles of order 12 in I™ 'g\I™L.

206, (2.6): Y¥m(*) should be defined by 12-multiples of the RHS.

2_ 1\, m
207, (2.10) Lemma: RHS should read (h ' ~Yab(?)

2 2
207, line? 5,6: Replace C;,V(l - by {;,12”(1 -,
209, (3.5.1): RHS should read (™ (*7),
(o
210, (3.8): RHS should read (" (7).

212, (3.11.4): RHS should read (x 7.

‘v v ' ‘v ‘v ‘U ‘U

Errata to [N99]:
On p. 204, p. 213 figures should be inserted (same as in §5 of the present
paper) .

P. 211: sign of g3(q).

P. 212, (3.3): X’ffill,ff) should read X’l"’fi;ff).

P. 213, line 6: (1 —q™)?**; line 22: oo’

n—1-
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