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The Spherical Growth Series for Pure Artin
Groups of Dihedral Type
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Abstract

We consider the kernel of the natural projection from the Artin group of dihedral type
I>(k) to the corresponding Coxeter group, which we call the pure Artin group of dihedral
type. We present a rational function expression for the spherical growth series of the pure
Artin group of dihedral type with respect to a natural generating set.
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81. Introduction

For a finitely generated group G with a given generating set I', we have the concept
of the spherical growth series

o0
Sar(t) = Z ant”,
n=0

where a, for n € NU {0} is the number of elements in G whose lengths with
respect to I' are equal to n (cf. [Mil] and [Sc]). The series Sg,r(t) provides a
method to derive the combinatorial structure of (G,T'). In many cases, this series
is known to be rational (cf. [Br], [C1], [C2], [Ca], [Ca-W], [dIH], [E], [E-IF-Z]
and [F1-P]). Rationality is usually proved by determining a particular geodesic
representative for each element of G with respect to I' and showing that the set
of all such geodesics is recognized by deterministic, finite-state automata. In fact,
Mairesse and Mathéus [M-M] constructed such automata for each Artin group
G, (k) of dihedral type and obtained an explicit rational function expression for
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its spherical growth series with respect to the standard generating set X. (The
rational function expression for the case k = 3 is also given in Sabalka [Sab].)

In this paper, we consider the pure Artin group Pr,(x), which is the kernel
of the projection from Grp,) to its Coxeter group, élz(k). The group P, is
geometrically realized as the fundamental group of the complement of some ar-
rangement of k complex lines in C2, which has a natural generating set A (cf. [R]).
In particular, in the case k = 3, Pr,(3) is the pure braid group with three strands,
and A is the standard generating set. Here, we present a rational function ex-
pression for the spherical growth series of P, ;) with respect to the generating
set A.

Although the presentation of the group Pr, () over A does not resemble that
of Gp,(ry over ¥, the arguments similar to those used in [G] regarding the latter
can also be applied to the case of P, ). For example, noting the similar structures
of the fundamental blocks considered here (defined in §2) and Garside’s genera-
tors, we can set up a correspondence between the sets of each, and using this
correspondence, we can obtain a normal form for each element of P, that is
similar to Garside’s normal form for an element of Gy, ) (see Proposition 2.9).
Then the procedure presented in [M-M] (the so-called ‘suitable-spread procedure’)
can be applied to these normal forms. Specifically, we show that for any element g
of Py, 1) that has a representative of a particular type (Type 3 defined in §3), all of
the geodesic representatives of g can be obtained by applying the suitable-spread
procedure to its normal form (see Proposition 3.7). In this way, we can determine
all of the geodesic representatives of this element. Moreover, even in the case that
several geodesic representatives exist for such a given element of Py, ), we show
that only one of these satisfies a certain necessary criterion, and hence the proper
geodesic representative for that element too is uniquely determined (see Proposi-
tion 3.9). These geodesic representatives can be expressed as elements of the free
monoid generated by a finite set A, and Proposition 3.9 presents a sufficient condi-
tion for the existence of deterministic, finite-state automata over A that recognize
these geodesic representatives. Then, in §4, we construct such automata explicitly.
Next, by considering the structure of these automata, we derive an exact form
of the rational function expression for the spherical growth series of Pr,) (see
Theorem 5.7).

We define the positive monoid PI'; (k) for Pp,(x) and show that a natural ho-
momorphism from PIt(k) to Pr,(x) is injective (see Proposition 2.7). This is by no
means obvious (cf. [G], [B-Sai], [D], [E] and [Mic]). Here, we prove it using an
argument similar to that given in [G]. (In [F-S 2], an alternative proof is given.)
The injectivity of the map from PIJ; (k) to Pr, (k) implies many fundamental results.
The most important of these are presented in Proposition 2.9 and Lemma 3.1.
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§2. Pure Artin groups of dihedral type

Let k be an integer greater than 2, and let G, ) be the Artin group of dihedral
type I>(k), which is defined by
GLk) = (01,02 | (0102)" = (0201)"),
where
(oi0))F = 0i0j0050;---.
[ —
k letters
The Coxeter group of dihedral type is a group presented by
abw) = (01,09 | (0109)F = (0201)%, 0% = 02 = 1).
The group @Iz(k) is the dihedral group of order 2k. Let o := 0109 and 7 := 05.
Then we have the usual presentation of the dihedral group:
(0,7 % =72 = (o7)?2 =1).
Next, note that there is a natural surjective homomorphism
p:Gru) = Grw-

Let us call the kernel of p the pure Artin group of dihedral type and write it
Pr, k). Then, using the Reidemeister—Schreier method, we obtain the following
presentation of the pure Artin group of dihedral type (cf. [F-S 2]):

(1) Pruy =

(a1,...,ax | a1+ ar =az---aray = az - ARa1Az = - = KA1 " - A—1).

Example 2.1 (Case k = 3). The pure braid group of three strands is a geometric
realization of the pure Artin group

Pr,3) = (a1,a2,a3 | a1a2a3 = azazay = azaiaz).

The generators aj, as and as are themselves braids and are given in terms of
) 3

the standard Artin generators of the braid group of three strands, o; and o5, as

follows: a1 = 0%05, as = 010501 and as = 01_2. Now, let Ao = a3_1 = 0%,

A3 = azas = 01_10501 = 0'20'%(7'2_1 and As3 := aga; = o3. Then we obtain the

same presentation of Pr,):
Pr,3) = (A12, A13, Ao | A12A13423 = Ay3A93A12 = Aoz A12A13).

Here, note that {A12, A1, A2z} is the standard generating set of the pure braid
group of three strands (cf. [Bi]).
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The group Pr, () can also be realized geometrically as complex line arrange-
ments in the complex 2-dimensional space C?. More precisely, the fundamental
group of the complement of k& complex lines in C? that intersect each other at the
origin has the presentation (1) with an appropriate base point (cf. [R]).

Now, we define the sets

At ={ay,... a3}, A = {a;l,...7a;1}, A=ATUA".

Then, let A*, (AT)* and (A™)* be the free monoids generated by A, AT and A~
respectively. We refer to A as an alphabet, its elements as letters, and the elements
of A* as words. The elements of AT and A~ are referred to as positive letters and
negative letters, respectively, while the elements of (A™)* and (A™)* are referred
to as positive words and negative words, respectively. The length of a word w is
the number of letters it contains, which is denoted by |w|. The length of the null
word, ¢, is zero. The null word is the identity of each monoid.

We write the canonical monoid homomorphism as 7 : A* — Pr, ). If u and
v are words, then u = v means that 7(u) = m(v) and u = v means that v and v
are identical letter by letter. A word w € 7~ 1(g) is called a word of g. The length
of a group element g is regarded as the quantity

gl =min{l | g =7(s1--- 1), si € A}.

A word w € A* is geodesic if |w| = ||7(w)||. A word wy ---w,, € A* is called a
reduced word if w; # w;_ll for all i € {1,...,m — 1}. A geodesic representative is
a reduced word.

Now, for each ¢ € NU {0}, we make the definition

aq =g € Pra | lgll = a}.

The spherical growth series of Pr, () with respect to A is the formal power series

o0
Spy, o () = Z agtd.
q=0

It is well known that the radius of convergence of the spherical growth series of
any finitely generated group is positive. Thus, Sp, , (¢) is a holomorphic function
near the origin, 0.

As a group, Pr,(x) is isomorphic to Z x Fj,_1, where F}_; is the free group
of rank k — 1 (cf. [F-S 2]). Hence, the group structure of Pr,) is quite sim-
ple. In this paper, however, we wish to elucidate the combinatorial group struc-
ture of Pr,) with respect to the presentation (1). In particular, we investi-
gate the growth series of the group P, with respect to the generating set
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A={ay,...,ap,a7", ..., alzl}. Note that the rationality of the spherical growth
series depends on the generating set for some groups (cf. [St]). We will see in
this paper that the spherical growth series Sp,, (t) of Pp,(x) with respect to A is
rational.

The pure Artin monoid of dihedral type is a monoid presented by
)+

+ _ L
Pjg(k) ={(a1,...,ax | a1 -rag =ag---agay = -+ =agay - ag_1) ",

where the right-hand side is the quotient of the free monoid (A™)* by an equiva-
lence relation on (A1)* defined as follows: (i) two positive words w,w’ € (A1)* are
elementarily equivalent if there are positive words u,v € (AT)* and indices 4, j €
{1,...,k} such that w = u(a; - - - aray - - a;—1)v and W’ = u(a; - - - aray - - a;—1)v;
(ii) two positive words w,w’ € (A1)* are equivalent if there is a sequence wy =
w,wi,...,w; = w' for some I € NU {0} such that wg is elementarily equivalent
to weyy for s = 0,...,1 — 1. We say that ' is obtained from w by a positive
transformation of chain length I. If two positive words w and w’ belong to the
same equivalence class, we say that they are positively equal and write w = ', If
w = ', then w = w’ by definition. It is also obvious that if w = w’, then w = W’
and |w| = |w'].

There is a natural homomorphism sz k) Pr,(1)- Below, we show that this
homomorphism is injective by following the argument given in [G]. (For another
proof, see [F-S 2].)

We first show the following:

Lemma 2.2. Let X,Y € (A")*. Assume that a;X = a;Y fori,j € {1,...,k}.
Then the following hold:

(i) If j =1, then X =Y.

(i) If j # i, then there exists a positive word Z € (AT)* such that

X = (ai+1 s Qg Ay -'-ai,l)Z and Y = (aj+1 e ap Ay ~'aj,1)Z.

Proof. We refer to the assertion of this lemma in the case of words X and Y of
length r as L,.. For r =0,1,...,k — 1, this assertion takes simpler forms that are
readily proven. These are given below.

L, (0 <r <k-—2): When X and Y are positive words of length r, the following
hold:

1. If a; X =a;Y, then X =Y.
2. If j #4 and a; X = a;Y, then a; X cannot be positively equal to a;Y.
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Ly_1: When X and Y are positive words of length k£ — 1, the following hold:
1. fa; X =a;Y, then X =Y.
2. If j #4 and a; X = a;Y, then

X=aj41---ar-a1---a;—1 and Y =aji1---ar-ap---a;-1.

The proof for the general r > k case is obtained by applying induction twice,
first with regard to the length of X, and then with regard to the chain length of
the positive transformation. As the induction hypothesis, we assume

(a) L, holds for 0 < r < R for all positive transformations of all chain lengths [,
and

(8) Lg+1 holds for positive transformations of all chain lengths I < L.

Now, let X and Y be positive words of length R+ 1 and suppose that a; X = a;Y
holds through a positive transformation of chain length L + 1. Let the successive
positive words of the transformation be

W1EaiX—>W2—>W3—>'~'—>WL+QEan.

Next, arbitrarily choose any intermediate word W,, = a,, W from the sequence,
where n # 1, L+ 2 and [W| = R + 1. Then we have

(2) a; X = a,W = q;Y.

The transformations a; X — a,W and a,W — a;Y are each of chain length
I < L. Thus, we can apply () to them. We now show that Lg; holds for X and
Y. This is done by considering five cases regarding i, m and j separately.

Case 1: j =i and m = i. From (2), we have
a; X = a;W = q;Y.
Then, from (3), it follows that X =W and W =Y. Thus, X =Y.
Case 2: j =i and m # i. From (2), we have
a; X = anp,W = a;Y.
From (), it follows that there exist positive words U and V such that

Xﬁ(ai+1...ak.a1...ai71)U7 Wﬁ(am+1“'ak'a1"'am71)U7

W = (a7rL+1 M ¢ A S R a’m—l)V7 Y = (ai—i-l 7 N 5 R az‘—l)V

Thus, we have (Gpy1- - ak - a1 @m-1)U = (@my1--- 0k - a1+ am—1)V. Here,
note that [(ami2 - -ag a1+ am-1)U| = [(@my2- - ax-a1--am-1)V| = R. Then,
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by («), we obtain (amto- - ag a1+ m_1)U = (@maa - - ar - a1 am-1)V. Re-
peating this procedure, we finally obtain U = V. Hence,

Xi(a/i—‘,-l"'a/k}'a/l"'a/i—l)Ui(a/i—‘,-l"'a/k}'a/l"'a/i—])viy
Case 3: j # i and m = 4. From (2), we have
aiX = aiW = an.

From (), it follows that X = W and there exists a positive word V' such that
W = (aig1--ax-a1---a;—1)V and Y = (aj41---ax-a1---a;—1)V. Thus, we have
X = (ai—i-l Al ~a1~~~ai_1)V and Y = (aj+1~~~ak ~a1~~aj_1)V.

Case 4: j #i and m = j. From (2), we have
aiX = a]‘W = CLjY.

From (f), it follows that W = Y, and there exists a positive word U such that
X =(aj41---ag-a1---a;—1)U and W = (a;11---ag-a1---aj—1)U. Thus, we have
X = (ai+1-~-a;€ '@1"'&1‘,1)(] and Y = (aj+1~-~ak ~a1--~aj,1)U.

Case 5: j # i and m # i,j. Here, we have the equality (2). From (), it follows
that there exist positive words U and V such that

X = (aip1---ap-ay---a;—1)U, W = (amg1 - ag - a1~ am—1)U,

Wi(am+1"'ak'al"'am—l)‘/7 Yi(aj-i-l"'ak'al"'aj—l)v

Thus, we have (am41--ak a1 @m-1)U = (@m41--ak - a1+ am—1)V. Then,
applying («) repeatedly, we obtain U = V. Hence, X = (a;41---ag-a1---a;—1)U =
(ai+1 ...ak .al "'aifl)v and Yi (a]+1 ...ak .al a]il)v

It is obvious that Lg1 is true for chain length 1. Hence, by induction with
regard to the chain length, Lry; holds for all chain lengths. Finally, applying
induction to R completes the proof. O

The following lemma is similar.

Lemma 2.3. Let X,Y € (A")*. Assume that Xa; = Ya; fori,j € {1,...,k}.
Then the following hold:

(i) If j =1, then X =Y.
(i) If j#1, then there exists a positive word Z € (AT)* such that X =Z(a;41 - - - ay-
ay ...ai_l) andyi Z(a]+1 ce Qg .al...aj_l).
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As an immediate consequence of Lemmas 2.2(i) and 2.3(i), we obtain

Proposition 2.4 (Cancellativity). Let X, Y, U, V, W and Z be positive words.
Then
U=W,V=ZUXV=WYZ = X=Y.

Next, we introduce the following positive word:
Vi=ay --a; € (AT)"
This word satisfies the relation
(3) V=a, ar=as  apay = a3 - Qpa10s =+ = apay - Gp_1.
From (3), we obtain

Lemma 2.5. (i) For each a; € A", we have a;V = Vaj.
(ii) For eachaj € A', there exists a positive word W € (AT)* such that V = Wa;.

From Lemma 2.5, we immediately obtain

Lemma 2.6 (Right-reversible). If X and Y are positive words, then there exist
positive words U and V' such that UX =VY.

Proof. Let X =ry-- -1 and Y = s1--- s, be any positive words, where r; and s;
are elements of AT. Then, by Lemma 2.5, we have

VX = V" Wis, = V' 2 Was, 15, = - = W,Y,

where Wy, ..., W, are some positive words. The result follows by choosing U = V"
and V = W,,. O

With the above preparation, we obtain the following:

Proposition 2.7 ([F-S 2]). The homomorphism P;"

(k) — Pra() is injective.

Proof. By Proposition 2.4 and Lemma 2.6, the pure Artin monoid Pl'g(k) is can-
cellative and right-reversible. Hence, by Ore’s theorem (O], P;; (k) Can be embedded
in a group, say @Q. Let Q' be the subgroup of Q generated by as, ..., a;. Then P;;(k)
is embedded in Q'.

Now, suppose that X and Y are any positive words such that X = Y in
the group Pr,x). Then, because the relations of Q" include those defining Pr, ),
we have X = Y in the group @’ also. This implies that X = Y, since PI—Z(k) is
embedded in Q'.
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In this paper, we consider P;;(k) to be a subset of Pr,(), identifying the
null word ¢ with the identity of Pr,(x). Then we have the following commutative
diagram:

(At)*c A*

+
Pr iy C Praky

Recall that for u,v € A*, the expression u = v means that 7(u) = 7(v). Thus,
Proposition 2.7 implies that for u,v € (AT)*, we have u = v < u = v, and for
u,v € (A7)*, we have u = v & u~! = v~1. Note also that V satisfies

(4) VEal"'ak:a2"'aka1:a3"'akaf1a2:"':akal"'akfb

In order to elucidate the combinatorial structure of Pr, ), let us introduce
the concepts of fundamental blocks. A fundamental block is a positive word with
length smaller than k that appears as a subword in representatives of 7(V) within
(AT)* (see the equality (4)). There are k(k — 1) fundamental blocks. We list them
below:

length k —1: a1 ---ax_1,a2 - Qk, a3 QKA1 ..., 001 - - Qf—2

length k —2: a1 ---ax_2,09 - Ak—1,03 - Ak, Qg ** - QfQ1, ..., Ak " - Af—3
length 2: a1a2,a2a3, . . ., 010k, Gpd]

length 1: ai,ag,...,a

Next, we give several definitions:

FBT :={u € (A*)* | p is a fundamental block},
FB™ :={u~' € (A7) |p e FB};

for T €{0,...,k—1},
FBY :={u € FBF||p| =1}, FBZ, :={uec FB*||p| < I}
for p =a;---arar---a; € FBT,

L(p) = ai, R(w) = aj;

L) =a;, R =a.

For p = a;---agar---a; € FB™, we call aj+1 the letter subsequent to p. When
W= a;---ag, we call a; the letter subsequent to p. The letter subsequent to u is

denoted by N'(u). For p= ' =a;'--- aflalzl e a;l € FB™, we call a;_; the letter

J
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subsequent to p~!, which is denoted by NV (u~!). When a; ! = a; ', we call aj, the
letter subsequent to p~1.

Let A be a subset of FBT UFB~ U {V,V~!'}. Further, let A* be the free
monoid generated by A. In this paper, we frequently express an element of A* as
an element of A*. In §3, we choose a unique geodesic representative for g € Pr, )
that can be expressed as an element of A*. Then, in §4, we construct automata
over A that recognize such geodesic representatives.

It is easy to show that the following lemma holds.

Lemma 2.8 ([F-S 2]). (i) The element n(V) is a generator of the center of the
group Pr,y. In particular,

oV =V*Hla  forae A=ATUA".

(ii) For each p € FBi, there exists a unique element i € FBT such that pVT!
= 1. It satisfies R(@) = N(u), N(@) = R(u) and L(7) = N(p™1), and its
length satisfies || = k — |p].

(iii) For each & € (AT)* that contains no positive word u satisfying u = V, there
exists a unique element py - f,, € (FBY)* such that € = py -+ - i, where
N(pg) # L(pj1) for 1 < j<m -1

Let g € Pr,(1). Consider an arbitrary representative w of g and suppose that
it contains n instances of a positive word u satisfying u = V and n_ instances
of a negative word v satisfying v = V~!. Then, by Lemma 2.8(i), we can obtain
a distinct representative w’ of g by moving each of these instances (in arbitrary
order) to the rightmost position of w. Write the word w’ as w’ = wy -+ - w,, - V€,
where ¢ :=ny —n_, and w; € A for each 1 < j < n. If there exists j such that
i
procedure, we obtain a reduced word w” satisfying w” = w; ---w,. This yields

the representative £ given by £ := w” - V€. We present & as

wjt1 = w; , we reduce w; - wj4;1 to the null word . Repeating this reduction

(5) =M.y @00 e
where for any i € {1,...,1}, we have
(6) e (AN, Yy e )

Furthermore, by Lemma 2.8(iii), for each i € {1,...,1}, the words z(¥) and y* are
uniquely expressed as elements of (FB1)* and (FB™)*, respectively, as

(7) 2 =gl 2V e (FBT)* and ¢y =y -yl € (FB7)",
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where
N(xgl)) #L‘(mﬂl) for j € {1,...,k; — 1},
- N £ L)) forje{l,... K — 1},
R()) # L"),
Ry) # L)

We note that the subword () -y ... 20 . 41 is a reduced word. From &, we
obtain a particular representative of g, as done in [G].

Proposition 2.9 (Normal form). For each g€ Py, ), there evist unique puy - - - i,
€ (FBY)* and d € Z such that v := iy -+ fi, - V¥ is a representative of g, where
N(pj) # L(pjg1) for 1 <j<m—1. We call v = pig -+ o, - Ve the normal form
of g and py - - - i, the non-V part of the normal form.

Proof. Cousider a representative £ of g taking the form in (5). Then, by Lemma
2.8(ii), for each y§i) in (7) there exists a fundamental block yﬁ.i) € FB' such
that yéi)v = yf). Therefore, yj@ = yg.i)V’l. From &, we thus obtain another
representative of g as

- — — — l l — (D) o— —(1) o— c
(@ al)) @V gV @) @V v v

1

Then, moving every V! to the right, we obtain the following representative:
1 — _ 1 Dy () - CKy—ee
©) @) @) @l @Y gl - e,

Using (8) and Lemma 2.8(ii), we confirm that N(a:éi)) + E(I§21)7 N@(.i)) +
ﬁ(@g»:)_l),./\f(xi?) # L@ and N(y(,?) # L(2{"™)). Therefore, (9) is the desired
representative of g with m = Y\ (k; + K;) and d = ¢ — ¥\, K;.

Finally, we demonstrate the uniqueness of the normal form. Assume that
p1 e V= vy 0y Ve in Py, k). Suppose that d’ < d and write n :=d — d’
(>0). Then gy - - - 1y V"™ = v1 - - - Uy in Py, 1y Thus, by Proposition 2.7, we obtain
U1 U V" = vy -+ - vy Hence, vy - - vy, contains a positive word u satisfying
u = V. This is impossible. We thus conclude that d’ > d, and similarly d >
d'. Hence, d = d’, and this implies, by Lemma 2.3 and Proposition 2.7, that
W1 i = V1 - - - V. Consequently, because the word on each side of this equality
has only one representative in (A1)*, we have 1 - -« fy, = vy - - - V. Finally, from
Lemma 2.8(iii), we have m = m’ and p; = v; for each j. O
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83. Geodesic representatives of elements of P,

In this section, we determine all of the geodesic representatives for each element g
of Pr,(ky- Moreover, we show that even in the case that multiple geodesic repre-
sentatives exist for a given element g, there is a criterion we can use in order to
uniquely specify a single geodesic representative for g.

First, we note the following:

Lemma 3.1. (i) All positive and negative words are geodesic with respect to A.

(ii) Let &€ be a positive word (resp. a negative word). Then there exists no word

& ¢ (AT)* (resp. & (A7)*) such that & = ¢ and |£']| = [€].

Proof. (i) First, note that the null word, €, is geodesic. Next, suppose that there
exists a positive word w(# ) that is not geodesic. There exists an element w’ € A*
such that w = w’ in P, and |w| > |w’|. Because all of the words in the relations
defining P;; ) have the same length, w’ contains at least one negative letter. Let
{s7',...,5.} be the set of all such negative letters. Now, consider the product
V" - w'. By Lemma 2.8(i), we move one of V to become a neighbor of s7*. Then,
using the relation (4), we can cancel the letters s; (in V) and s7'. Peforming
this procedure n times, we find that V" - w’ is equal to some positive word w’
in Pp,(). Note that [V™ - w'| > |w”|. It follows that V" - w = w” in Pr,) and
V™ - w| > |w”|. Thus, by Proposition 2.7, we have V" - w = w”. Then, since
all of the words in the relations defining Pg (k) have the same length, we have
V"™ - w| = |w”|, a contradiction. It can be proved in a similar manner that any
negative word is geodesic.

(ii) Suppose that there exists ¢’ ¢ (AT)* such that ¢ € 7=1(¢) and |¢| = [¢].
Then &' contains at least one negative letter. Let {s]',...,s, '} be the set of all
such negative letters. By a similar argument to that given above, V"¢’ is equal to
some positive word {” in P, ;. Note that |[V™-£'| > [£”]. It follows that V™-& = ¢”
and |V -&| > |¢”|. Thus, by Proposition 2.7, we have V" -£ = ¢” and this implies
that |V™ - ¢| = [€”], a contradiction. O

Next, we present a necessary condition for a word of A* to be geodesic.

Lemma 3.2. Lety be a geodesic word with respect to A. Then the following hold:
(i) If v contains at least one positive word u satisfying u =V, then v € (AT)*,
and moreover y = (1) .V, where ¢ > 0 and (V) € (AT)* satisfies (7) and (8).

(ii) Ifv contains at least one negative word v satisfyingv = V1, theny € (A7)*,
and moreover y = y1) V¢, where ¢ < 0 and y(!) € (A7)* satisfies (7) and (8).
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(iii) If v contains no positive word u satisfying u = V and no negative word
v satisfying v = V71, then v = M) .y . 22 . 4@ 0O Ly ywhere
2 € (AT)* and y D € (A™)* satisfy (7) and (8).

Proof. (i) Suppose that v contains a negative letter a;l. Then, by Lemma 2.8(i),
we obtain a representative ' by moving the word u (= V) so that it is a neighbor
of a;!. Then, using the relation (4), we can cancel the letters a; (in u) and a; .
Hence, we obtain another representative 4" which satisfies |v"| < || (= |v|)-
However, because v is geodesic, this is a contradiction. Therefore, v is a positive
word. Finally, from Lemma 2.8(iii), the second assertion follows immediately.

(ii) The assertion in this case can be demonstrated similarly.

(iii) Since any geodesic is a reduced word, by Lemma 2.8(iii), v can be de-
composed as in (5), with the conditions (6)—(8) and ¢ = 0. O

Now, we consider the following three types of words.

Type 1: A positive word £ that satisfies

(10) ¢=a2. Ve,

where ¢ > 0 and 2() € (A1)* satisfies (7) and (8). Here, we define
Pos(§) :=k, Neg(&) :=0.

Type 2: A negative word £ that satisfies

(11) §=yW.ve,

where ¢ < 0 and y(M) € (A7)* satisfies (7) and (8). Here, we define
Pos(§) :=0, Neg(¢) :=k.

Type 3: A word £ that is presented as

(12) £ =200 @ O 0.0

where 2(V) € (AT)* and y*) € (A7)* satisfy (7) and (8). Here, we define

Pos(¢) == max{|a!”| | 1 <i <1, 1< j <k},
Neg() :=max{ly,| |1 <i <1, 1<j <K}

These quantities satisfy the relations 0 < Pos(§) < k—1 and 0 < Neg(§) <k — 1.
Next, for I € {1,2,3}, we define
WT;:={¢ € A" | £ is a word of Type I},

and
WT := WT1 U WT2 U WT3
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Now, note that any g € Pr, ) has a geodesic representative. Thus, by Lemma
3.2, any g € Pp, () has a representative { € WT. Note that a word in WT is also
an element of the free monoid (FBT UFB~ U {V,V~1})*.

As the first step in determining the geodesic representatives for each element
of Pr,(x), we determine all of the geodesic representatives for an arbitrary element
of Pr, 1) that has a representative of Type 1 or 2.

Proposition 3.3. Let g € Pr, ). Suppose that g has a representative & € WTy
(resp. £ € WTy); d.e., £ € (AT)* and & = 2 - V¢, where ¢ > 0 and V) € (AT)*
satisfies (7) and (8) (resp. & € (A7)* and ¢ = yM) - Ve, where ¢ < 0 and
yM) € (A7)* satisfies (T) and (8)). Then & is geodesic, and the set of all geodesic
representatives of g equals

MV} = {y e (AN) |y =M. v},
(resp. MV, = {ve@A) |yt = (y(l) V)T,

and MV;r (resp. MV ) consists of more than one element.

Proof. We only consider the case of Type 1 words, because the proof for Type 2
can be carried out similarly. First, from Lemma 3.1(i), because { is a positive
word by assumption, £ is geodesic. Now, let v be the normal form of g. Then, as
in the proof of Proposition 2.9, we obtain v = (1) . V¢ € (A*)*. Thus, by Lemma
3.1(i), v is geodesic. Hence, for any geodesic representative 7', we have v/ = v and
|[v'| = |v|. By Lemma 3.1(ii), 7/ is a positive word. Thus, by Proposition 2.7, we
have 4" = v. Conversely, for any 7" € (A1)* satisfying v/ = v, we have |7"’| = |v/|.
Hence, v is geodesic. Therefore, MV;‘ is the set of all geodesic representatives
of g. Finally, because v contains V, MV;r consists of more than one element. [

Next, we present a necessary condition for Type 3 representatives of elements
of Pr,x) to be geodesic.

Proposition 3.4. Let g € Pr, (). Suppose that g has a representative § € WTs.
If Pos(&) 4+ Neg(§) > k, then & is not a geodesic representative of g.

Proof. Set P := Pos(¢) and N := Neg(¢). By assumption, there are words 2l

Ji
and yj(»;z) in ¢ such that

(13) ) 4 |y > k.

1
First, suppose that i; < i and consider the subword of £ given by

¢ =a) 0oy,
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Then, by Lemma 2.8(ii), there exist *gll) € FB™ and 7522) € FB* such that
Z = eIV g = Y el ] = koand [y + 75 = ke
Consequently, by Lemma 2.8(i),
r_ (i) -1 (i2) _ (i) -1 (i2) () (i2)
(14) =2, -V Vev-y =2,V " vy V= vy

Further, from (13), we have |asj1 |+ |sz2 | < k. Thus, from (14), &’ is not geodesic.
Hence, £ is not geodesic either.

The case i; > i2 can be treated similarly, with the conclusion again that ¢ is
not geodesic. O

Next, we introduce a procedure that yields geodesic representatives. It is sim-
ilar to that employed in [Be] and [M-M], and called the suitable-spread procedure.
In [M-M], there is an effective algorithm to determine whether or not words of the
Artin group G,y of dihedral type are geodesic. The suitable-spread procedure
plays an important role in that algorithm. Following [M-M], we now explain the
procedure in the case of the pure Artin groups Py, of dihedral type.

We consider the normal form of an element g € Pr, (1), as in Proposition 2.9:

(15) V=g i - VO
The word v is the input of this procedure.

[Case 1: d > 0] Here, by Lemma 3.1(i), the above normal form v is itself geodesic.
Thus, in this case, we regard v as the output of this procedure.

[Case 2: d < 0,m < —d] First, let us rewrite (15) using 6 := —d > 0:
V=[] U (v—l)é.

Then, moving one of the words V™! so that it is the right-hand neighbor of i
we obtain another representative of g,

pn g1 (V) g - (V)0

=y fo1 o g (V_1)6_1 =,
where 7i; € FB™ is given in Proposition 2.8(ii). Note that
(16) V' = [v| = 2.

Since m < §, by carrying out the above procedure m times, we obtain the following
representative of g that consists entirely of negative letters:

fiy - o (V1)



512 M. Fuin

From Lemma 3.1(i), we know that this word is geodesic. In this case, this word is
the output of the procedure.

[Case 3: d < 0,m > —d (= 0)] First, pick § fundamental blocks g, ..., tj,
from among fi1,. .., ftm so that |u;, | +--- + |u,,] is maximal. Applying the above
procedure to p;,..., s, we obtain the following representative that contains
no V1
; = /’l’l .. ./’le—l .ﬁjl . :LLj1+1 .. .:u‘jn—l .ﬁjn . uj7L+1 . '/’l’jé—l 'ﬁjé . :u'j5+1 . ',an.
Here, note that
R(pj,—1) # L(B5,),  R(my,) # L(kj,+1),
and if there exist j, and j,y1 such that j, 11 = j, + 1, then
N(@;, ) # L(@;, )

The word ¥ is the output of the procedure. In the present case, from (16), we

obtain
s
(17) 7= vl = > 2luy, |-
n=1
Note that the choice of pj,, ..., pj, maximizing |p;, |+ - -+ |p;, | is not necessarily

unique, and the output 7 depends on this choice. However, Pos(7) and Neg(7) do
not depend on the choice. We define the set of all such choices as follows:

V=1 i - V70 normal form of g (m >4 > 0),
CFBg:: (j1u~~~7j5) 1§j1<"'<j5§m,
Eizl |7n|: maximal

Let us call the above procedure the suitable-spread procedure, following Mairesse
and Mathéus. Note that the output of this procedure is also a representative of g.
We denote by SS, the set consisting of all outputs of the suitable-spread procedure
applied to the normal form of g, v. In Cases 1 and 2, we have #5S, = 1. In
Case 3, SS, is bijective with CFB,. Now, it is important to note that in Case 3,
any element of SS, is also in the free monoid (FBZp ;) UFBZ )" Then the
following provides the final piece for this procedure.

Proposition 3.5. Let g € Pr,x) and v = iy -+ fim - V< be the normal form of g,
as gwen in Proposition 2.9. Then, applying the suitable-spread procedure to v, we
obtain a geodesic representative of g.

Proof. In the cases d > 0 and d < 0,m < —d, it is already known that the output
is geodesic. Hence, it remains to consider the case d < 0, m > —d. We write
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0 := —d (> 0). First, note that there exists at least one geodesic representative
of g. Choose one of them, say . Because 7 is geodesic, by Lemma 3.2, one of the
following holds: (i) v is of Type 1 (i.e., there exists a geodesic representative 7 of
g = 7(7y) written as y = a:gl) . xgl) -V% such that v = 7, where the xgl) satisfy (7)
and (8), and d > 0); (ii) v is of Type 2 (i.e., there exists a geodesic representative 7
of g = w(y) written as 7 = ygl) . y%l) - V% such that v = 7, where the yj(.l)
(7) and (8), and d < 0); (iii) 7 is of Type 3 (i.e., v takes the form appearing in
(12), with the conditions (7) and (8)).

First, consider case (i). In this case, the normal form v of g = w(v) = n(¥) is

satisfy

identical to 7, i.e., ¥ = 7. This normal form does not satisfy the condition d < 0.
Thus, we need not consider case (i).

Next, consider case (ii). In this case, as in the proof of Proposition 2.9, we
obtain the normal form of g = 7(y) = 7(7) as ygl) . y% - V41 From the
uniqueness of this normal form, we have m = K; and 6 = —d 4+ K;. However,
because d < 0, this normal form does not satisfy the condition m > §. Thus, we
need not consider case (ii) either.

Hence, we need only examine case (iii). If K; = 0 for all 4, then v = z(!) €
(A™T)*. This is the normal form of 7(y) = g with d = 0. However, it does not satisfy
the condition d < 0, and thus, we need not consider this case. Next, if k; = 0 for
all 4, then v = y) € (A7)*. Then, as in the proof of Proposition 2.9, we obtain
the normal form of g = 7(v) as ggl) o @%i -V with m = K; and d = —K;.
However, since m = —d, this normal form does not satisfy m > —d, and thus we
need not consider this case either.

Hence, we assume that there exist k; and K; such that k; # 0 and K; # 0.

Now, following the proof of Proposition 2.9, we obtain
1 1 _(1 (1 1 l _( _( LKy
VE(Ig)...xl(ﬁ)).(yg)...yg(z)...(xg)...xlil).(yg)...yg()l).v( Ki—-—K))

as the normal form of ¢ = w(v), with m = Zﬁzl(ki + K;) and 0 = Zi:l K;.
Then we obtain the geodesic v from the normal form v by applying the procedure
(*;i) = @y) VT = y](-i)) to yg.“ forall 4 € {1,...,l} and j € {1,..., K;} as the
suitable-spread procedure. It is clear that 22:1 Z]K:1 \y§”| is less than or equal
to the maximal length of any § fundamental blocks in the non-V part of v. (In
fact, it is equal.) Therefore, from (17), the suitable-spread procedure induces a
word of length |vy|. Hence, this word is geodesic. (Note that from the argument
above, it follows that - is also obtained from the suitable-spread procedure applied
to v.) O

From the argument given in the proof of Proposition 3.5, we obtain the fol-
lowing:
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Proposition 3.6. Let g € Pp,) and v be the normal form of g. Suppose that g
has a geodesic representative v € WT3. Then vy is obtained from the suitable-spread
procedure applied to v.

Now, we give a sufficient condition for Type 3 representatives of elements of
P51y to be geodesic.

Proposition 3.7. Let g € Pr,) and v be the normal form of g. Suppose that g
has a representative & € WT3. Then the following hold:

(i) If Pos(&) 4+ Neg(§) < k, then £ is geodesic, and the set of all geodesic repre-
sentatives of g is identical with SS,.
(i) If Pos(§) + Neg(§) = k, then #SS, > 2.
(iii) If Pos(&) + Neg(&) < k, then #SS, = 1.

Proof. Set P :=Pos(§) and N := Neg(&). By assumption, we have 0 < P <k —1
and 0 < N <k-—1.
As in the proof of Proposition 2.9, we obtain the normal form of g = 7(¢) as

(18) v= (xgl) .. 'xz(cll))'@gl) . .ggz) ... (xgl) ... x;(cll))'@gl) .. .ygl()l).v(fKerKz).
By the definition of N, we have

(19) W <N (1<i<l1<j<K).

Thus, with the assumption P + N < k, we obtain

(20) 7=k >k-N>P (1<i<l1<j<K)

Further, by the definition of P, we have

(21) <P (1<i<l 1<) <k).

First, consider the case N = 0 (resp. P = 0), in which we have | = 1 and
yM =€ (resp. I = 1 and (V) = ¢); ie., € = 2D (resp. € = y(V). Then, by Lemma
3.1(i), € is geodesic. Moreover, by Lemma 3.1(ii), any geodesic representative of
g is a positive word (resp. a negative word). Therefore, £ is the unique geodesic
representative of g, since £ has only one representative in (AT)* (resp. (A7)*).
Next, from (18), we have v = (1) (resp. v = ygl) . y%} -V ~E1). This implies that
SS, = {¢} and #SS, = 1.

Next, consider the case of P > 1 and N > 1. Then £ ¢ (A1)* U (4A7)*.
Now, let us apply the suitable-spread procedure to the normal form v. As seen
from (20) and (21), we can then choose all @;i). Proceeding with such a choice,
we obtain identically &. Thus, by Proposition 3.5, £ is geodesic. Next, note that
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there exists no geodesic representative of Type 1 or Type 2. (Suppose that there
exists a geodesic representative £, € WT;. The word £; must be positive. Then,
by Lemma 3.1(ii), there exists no word & ¢ (AT)* satisfying both & = & and
|€1] = |&1|. This is a contradiction, because || = [£1] and € ¢ (AT)* U (A7)*.
The non-existence of geodesic representatives of Type 2 can be shown similarly.)
Also recall that Proposition 3.6 asserts that all geodesic representatives of Type 3
can be obtained by applying the suitable-spread procedure to v. We thus conclude
that any geodesic representative of g is in SS,. Conversely, by Proposition 3.5, any
element of SS, is a geodesic representative of g. Therefore, the set of all geodesic
representatives of g is SS.

Now, we consider the subcase P, N > 1 and P+ N < k. Here, in place of (20),
we have

(22) 7 =k~ >k-N>P (1<i<l1<j<K).

Hence, according to (21) and (22), we must choose all y§“ in the suitable-spread
gi). Therefore, in this case, £ is the unique
geodesic representative obtained from the suitable-spread procedure. Hence, SS,
= {¢} and #SS, = 1.

Finally, we consider the subcase P, N > 1 and P + N = k. Here, from (20)
and (21) it follows that there exists at least one fundamental block xgi) of length P.
J(.i) in the suitable-spread procedure, we
obtain another geodesic representative. Thus, £ is not a unique geodesic represen-

tative, so #5S, > 2. O

procedure; i.e., we cannot choose any =

By choosing such fundamental blocks x

One immediate consequence of Propositions 3.3 and 3.7 is the following:

Corollary 3.8. Letg,g' € Pr,(x), and let v and ' be geodesic representatives of g
and g, respectively. If (Pos(y), Neg(y)) # (Pos(v'), Neg(+/)), then g # -

Proof. By Propositions 3.3 and 3.7, if (Pos(v), Neg(v)) # (Pos(v'), Neg(y')), then
v # V', where v and v/ are the normal forms of g and ¢’, respectively. Because the
normal form is unique for each element of Pr, ), we obtain g # g¢'. O

From Corollary 3.8, for each g € Pp, (1), we can define

(Pos(g), Neg(g)) := (Pos(7), Neg(v))

by choosing an arbitrary geodesic representative v of g. Note that, by Proposi-
tion 3.4,

(23) Pos(g) + Neg(g) < k.
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Now, for any g € Pr, (1), we wish to specify a unique geodesic representative. Thus,
for Pos(g) + Neg(g) = k, we must establish a criterion for choosing among several
such representatives. First, if (Pos(g), Neg(g)) = (k, 0), we choose the normal form
of g given in Proposition 2.9. Next, if (Pos(g),Neg(g)) = (0,k), we choose the
word y(!) - V¢ given in Proposition 3.3. Finally, if (Pos(g), Neg(g)) # (k,0), (0, k),
we choose the unique geodesic representative identified by the following:

Proposition 3.9. Let g € Pp,). With (P,N) := (Pos(g),Neg(g)), suppose that
P+ N =k and (P,N) ¢ {(k,0),(0,k)}. Then there exists a unique geodesic
representative 1 € WT3 of g such that all elements of FBy appear before all
elements of FB;S. In precise terms, this assertion is as follows:

24 there exist A € FBy, p € FB P, and
Ny M

eM =gVl e (FBLp_, UFB_y_y)%,
¢ =¢? ... ¢l) e (FBL,_, UFBZ,)",
5(3) = 553) e (3) (FB+P U FB<N )%

such that
(25) n= 5(1) - 5(2) - 5(3) c W—1(g)

is geodesic, where for each i € {1,2,3}, we have

26) {6 & €FBE = NG £ L)

) Tt ), e TBT - R(EV) £ L),

(je{l,...,m; —1}),

and
) € FBY (resp. FB™) = R(&h >¢c< ) (resp. N(ERD) # L),
@7 &) e FBT (resp. FB™) = R(\) # L(€?) (resp. N(N) # L)),
@) € FB* (resp. FB™) = N <£(2>>¢c< ><resp R(@%)#( ),
“‘” € FBT (resp. FB7) = N (1) # L(€1V) (resp. R(u) # L(E)).

Proof. (Refer to the proof of Proposition 3.7.) The word £ and the normal form v
of g = 7(§) have the forms (12) and (18), respectively. Rewrite (18) as

VEMl."Mm.v_(S?

where m := Zézl(ki + K;) and 0 := Ei:l K;. Then, by applying the suitable-
spread procedure to v, we obtain a geodesic representative of g. In this procedure,
we choose § elements from the non-V part of v. Here, employing the assumptions
P+ N =kand (P,N) ¢ {(k,0),(0,k)}, the procedure is performed in accordance
with the following rules.
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(i) All the elements appearing in the non-V part that belong to FB} (I > P+1)
are chosen.

ii) There are at least two elements in the non-V part that belong to FB}, say

P

My s - - - [y, » Where ji < -+ < jp. At least one and fewer than n elements from
among ;. .., fj, are chosen.

iii) When choosing the elements belonging to FB},, we always choose the leftmost

P

such element. Let us refer to the elements chosen through this procedure as
My Mg, Where 1 <r < n.

In this way, we obtain a geodesic representative n containing the elements
Hjpsooosfty;, € FBy and pyj o yyeoopy, € FBL. Then, choosing A (resp. u) to
be the leftmost element, fi; (resp. p;, ), we obtain the desired geodesic repre-
sentative. O

Example 3.10. Let k = 3. In this example, we consider an element g € Pr,(3)
whose normal form v is given by

UV =ajag Az - 0agas-as 'CLQ'CLQCL;;'(ZQ'V74
= i1 - o - i3 - fha - s - g - fir - VR
Then, applying the suitable-spread procedure, we have
v=(mV") - (V) (uaV ) - g ps - (6 V) g
= a;l - (azap)~*t- al_l -as - as -al_l cag =: 1
= (V) po (V) - (paV) s - (V) - pr
= a;l - as -afl (araz)™t - ag -afl cag =: Uy

= (V) p - (usVh) - gy (usvzl) (V) - pr

= a/gl s ag - a;1 -as - (a3a1)—1 . a; cag =: 53
= (V) p2 - (V) s (V) - (07 V)
= a?jl -ag - a;l -as-ag - a]-*l . (a3a1)_1 = 54.

We have (Pos(g),Neg(g)) = (1,2) and CFB, = {(1,2,3,6),(1,3,4,6), (1,3,5,6),
(1,3,6,7)}. The four distinct geodesic representatives, vy, s, U3 and vy, correspond
to (1,2,3,6), (1,3,4,6), (1,3,5,6) and (1, 3,6,7), respectively. The first word, v,
is the geodesic representative chosen in Proposition 3.9:

n=EM X3y 6B
=az' - (aza1)™a;t az-(ag-ayt -ag) =0y

84. Automata for geodesic representatives of P,

In this section, we construct deterministic, finite-state automata over subsets of
FBT UFB~ U {V,V~} that recognize a unique geodesic representative for each
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element of Pr, ) specified in §3. (Refer to [K] for general information on automata. )
As aresult, it becomes clear that the spherical growth series for Pr, ) with respect
to the generating set A has a rational function expression (cf. [E], [E-IF-Z], [M-M]
and [Sab]).

First, we consider all of the geodesic representatives for elements of P, .
Here, we define

= {¢e A | ¢l = =)},
Loy i={& € WT | [¢] = |m(©)ll, (Pos(¢), Neg(€)) = (P, N)},
Gpn = {9 € Pryr | (Pos(g),Neg(g)) = (P, N)},

where 0 < P < k and 0 < N < k. Then, by Propositions 3.3, 3.4 and 3.7 and
Corollary 3.8, we have

P+N2k‘+1:>fp7]\f=®, GP,N:®7

(28) L
P+N<k = 7 '(Gpn)NT=Tpyn
and
T = U Tpy  (disjoint union),
(29) P+N<k
Pry = U Gpny  (disjoint union).
P+N<k

For each (P, N), the results of Propositions 3.3 and 3.7 are as follows:

(k,0): 7 (g)NT = MV and #MV} > 2 for each g € Gy o;
(0,k): m(g)NT = MV, and #MV s > 2 for each g € Go x;
< k and (P,N) ¢ {(k,0),(0,k)}: 7='(9) N T = SS, for each

1. Case (P,N)

2. Case (P,N)

3. Case P+ N
g € Gpn;

4. Case P+ N <k —1:#SS,; =1 for each g € Gpn;

5. Case P+ N =k and (P,N) ¢ {(k,0),(0,k)} : #SS, > 2 for each g € Gp n.

Next, we define a subset I'p v of r p,n such that every element g of Gp n has
a unique geodesic representative in I'p .

[Case 1: (P,N) = (k,0)] Here, for each g € G0, we choose the normal form v
of g. Then, we define

Tyo:= {u c (FBTuU{v}”

VEul"';um'vda ,U/l".MWLE(FBJr)*’
d>1,and N(p;) # L(pj1) for 1 <j<m—1["
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[Case 2: (P,N) = (0,k)] Here, for each g € Gy, consider the normal form v of
g le Gr,0- Then, we define

Loz

- B B = Vdu Ry E(FB+)*
= 1 c(FB 1\« |V =H1" fm ) 1 m ’ )
{u € (FB"U{V™}) d> 1, and N(1;) # L(pj41) for 1 <Vj <m—1

[Case 3: P+ N < k—1] In this case, SS, consists of a single element. Hence, we
define

]-‘P,N = ]-‘P,N-
Here, introducing simpler notation, we express each element £ of I' p v as follows:

(30) €=v1 v € (FBL, UFBZy)",

where for each j € {1,...,m — 1}, we have

(31) {”javﬂ-l € FB¥ = N(v) # L(vj11),

v; € FBY, v;11 € FBT = R(v;) # L(vj11),
and we have
(32) Pos(§) = P, Neg(¢) = N.
Then, I'p v is given by
Ipn={¢¢€ (FB;P UFB_y)" [ € is a word as in (30) with (31) and (32)}.

[Case 4: P+ N =k, and (P,N) ¢ {(k,0),(0,%)}] In this case, although we have
#SS, > 2 for each g € Gpn, a unique geodesic representative n of g can be
specified by Proposition 3.9. Then, we define

Ipn:={ne (FB;P UFBZ )" | n satisfies (24)—(27)}.
Now, with the above, we define I" to be the following disjoint union:

(33) .= I‘k70 @] ro’k @] U I‘pﬁN @] U I‘p,N.
P+N<k-1 P+N=k

(P,N)#(k,0),(0,k)
Since every element of Pp,() has a unique geodesic representative in T', the re-
striction of 7 to I' is a bijective map to Pr,). We call a word in T' the geodesic
normal form of the corresponding element of Py, .

We now proceed to construct automata that recognize all of the words in T'.
This is done separately in each of the cases considered above.
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[Case 1: (P,N) = (k,0)] It is clear that every word in the set I'y ¢ is recognized
by the deterministic, finite-state automaton Ay o over FBT U {V} defined by

(i) States: {e} UFBtT U{V};
Initial state: {e}; Accept state: {V};
(ii) Transitions:
(ii-1) Yw € FBT U{V}, ¢ > v;
(ii-2) Yu,v € FBT, u S0
if N(u) # L(v);
(ii-3) Yu e FBT U{V}, u > V.
[Case 2: (P,N) = (0,k)] For each word in I'gx, its inverse is recognized by the

automaton Ay o constructed in the previous case. Hence, we need not construct a
new automaton in this case.

[Case 3: P+N < k—1] It isreadily seen that every word in the set (J,<p <y T'pn
is recognized by the deterministic, finite-state automaton A<p <y over FBL, U
FBZ y defined as follows:

(i) States: {e¢} UFBE cpUFB_ N
Initial state: {e}; Accept states: {e} U FB*P UFB_Z v
(ii) Transitions:
(ii-1) Yo € FBL, UFBZy, € = v;
(ii-2) Yu,v € FBLp, u S v
if N (u) # £(0);
(ii-3) Yu,v € FBZy, u = v
if N (1) # £(0);
(ii-4) Yu € FBL,, Yv € FB_y, u = v
if R(u) # L(v);
(ii-5) "u € FBZy, " € FBEp, u B0
if R(u) # L(v). -
[Case 4: P+ N =k, and (P,N) ¢ {(k,0),(0,k)}] For each p and n satisfying
p+n<k—1,let f&gp,gn be the labeled directed graph obtained from A<, <, by
deleting the state {e} and the outgoing transitions from {e}. Let Bo n (resp. Bpyg)
be the graph consisting of k isolated nodes labeled by the elements of FBy (resp.
FB+) Combining the graphs A<p 1,<N—1, A<p 1,<n and A<p <N-1, hnked at
By, n and Bp,, we construct the deterministic, finite-state automaton A p n over

FB; p UFB_y depicted in Figure 1, which recognizes all of the geodesic normal
forms in I'p y:



(i)

(if)
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States: {e} U {vertices of Kgp_léN_l} U {nodes of By n}

U {vertices of KSP—LSN} U {nodes of Bpo} U {vertices of AgP,gN—l}Q
Initial state: {e}; Accept states: {nodes of Bp} U {vertices of Acp<n_1};
Transitions:

(ii-1) Between the initial state and the outgoing blocks:

Yo € {vertices of KSPfl,SNfl} U {nodes of By n}, € v
(ii—2) Inside of ;&SP*LSN*M ;&SP*LSN and ;&SP’SNfll

The transitions are represented by the directed edges that come from

the original automata A<p_; <y—1, A<p_1,<nv and A<p <n_1;

(ii-3) Between the other blocks:

(ii-3-1) Between ;&SPfl,SNfl and Bg n:

(ii-3-1-1) Yu € {vertices of Agp,l’SN,l} NFBT, Yv € {nodes of By x},
u v if R(u) # L(v);

(ii-3-1-2) Yu € {vertices of Agp,l,SN,l} NFB~, Yv € {nodes of By x},
u v if N(u) # L(v);

(ii-3-2) Between Bg y and Bpg: "u € {nodes of Bg v}, v € {nodes of Bpo},

u v if R(u) # L(v);

(ii-3-3) Between By y and A<p_; <n:

(ii-3-3-1) “u € {nodes of By x}, "v € {vertices of KSP—LSN} NFBT, u 5w
if R(u) # L(v);

(ii-3-3-2) Yu € {nodes of By n}, Yv € {vertices of Acp_1 <y} NFB™, u > v
if N(u) # L(v);

(ii-3-4) Between -&SP—LSN and Bp:

(ii-3-4-1) Yu € {vertices of JAXSP_LSN} NFBT, "v € {nodes of Bpp}, u = v
if N(u) # L(v);

(ii-3-4-2) Yu € {vertices of IAXSP_LSN} NFB™, Yo € {nodes of Bpo}, u Y
if R(u) # L(v);

Ac<p_1,<nN-1 A

IN

P-1,<N

Figure 1. The automaton Apn (P+ N =k, (P,N) ¢ {(k,0),(0,k)}).
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(ii-3-5) Between Bpg and A<p<y_;:

(ii-3-5-1) Yu € {nodes of Bpg}, "v € {vertices of ASP,gN—l} NFBT, u 3w
if N(u) # L(v);

(ii-3-5-2) Yu € {nodes of Bpy}, Yv € {vertices of Acp<y_1} NFB™, u 5 v
if R(u) # L(v).

85. Spherical growth series for P,

In this section, considering the structure of the automata constructed in §4, we de-
rive an explicit rational function expression for the spherical growth series S Pryci) (t)
with respect to the generating set A.

For each pair (P, N), let

Spn(t) =Y #H{€eTpy | ¢l =q}tt!
q=0

be the spherical growth series for I'p y. Then, from the partition (33), we have

(34) Sk, () =Sko) +Sox®)+ Y Sen(t)+ > Sp.n (t).
P+N<k-1 P4+ N=k
(P,N)#(k,0),(0,k)

In order to simplify the presentation of the growth series, for each ¢ € NU{0},
we introduce the following:

T, =t+t>+ -+t forqg>1,
TO =0.
First, consider the case P + N < k — 1. In this case, we obtain

Proposition 5.1. For each P, N satisfying P+ N <k — 1, we have

1+ Tp+ T

D Spnlt) = lf(ktll)g(; iT )’
0<p<P pAN
0<n<N

Proof. Choose any P € {0,...,k—1} and N €{0,...,k—1} with P+ N < k—1.
For ¢ € NU {0}, we define

B,(P;N) := {g =v-vme |J Thm
0<p<P
0<n<N

I3 =q},

Bq(P; N) := §By(P; N).
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Then
o0
Z Spn(t) = Zﬁq(PQN) ¢t
0<p<P q=0
0<n<N

Further, note that for ¢ = 0, we have
(35) Bo(P;N) = 1.
Also, it is obvious that the result holds for (P, N) = (0,0).

Lemma 5.2. We have the following recursive formulas for Bq(P;N):
(i) If P#0 and N # 0, then

(36) Ba(P;N) = (k= 1D){Bg-1(P; N) + -+ + B—p(P; N)}
+ (k= D{Bg-1(P;N) + -+ + Bg—n(P; N)},
where ¢ > max{P, N} + 1.
(ii) If N=0and P > 1 (resp. P=0 and N > 1), then

(37) Be(P;0) = (k = 1){Bg-1(P;0) + -+ + Bg—p(P;0)},
(resp. By(0;N) = (k — D){Bg—1(0; N) + - -+ + Bg—n(0; N)}),
where ¢ > P+ 1 (resp. ¢ > N +1).

Proof. (i) Employing the automaton A< p <y, we observe the following:

e Let I € {1,...,P}. For each vy - - - vp,—1 € By_(P; N), from (ii-2) and (ii-5) of
Acp <y, we have k — 1 choices of v, € FB}r such that vy ---v,,_1 - vy, is in
By(P;N).

e Let J € {1,...,N}. For each vy -+ vy—1 € By_j(P; N), from (ii-3) and (ii-4)
of A<p<n, we have k — 1 choices of v, € FBJ such that vy ---vp,—1 - vy, is in
B,(P;N).

Thus, we obtain the recursive formula appearing in (36).
(ii) Employing the automaton A<pg (resp. Ag <n), we obtain the recursive
formula appearing in (37) in the same manner. O

Now, we consider several beginning coefficients g, (P; N) for each pair (P, N).
First, consider the cases N = 0,P # 0 and P = 0, N # 0. In these cases, we

have

P;0)=k1 forl1<g<P,
(38) {ﬂq(o ) q

Bq(0;N) =k? for 1 <qg<N.
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Thus, using the recursive formula (37) with (35) and (38), we deduce

( > S,O(t)) x{1—(k—1)(t++ - +t")} =1+t +2 4+ + 1",
0<p<P

( > Som(t)) x{(1—=(k=1(t++ -+t =1+t +82 4+ + V.

0<n<N
Hence,
S Spolt) = i 1+ Tp
P.0 - — — 2 Py _ _ ’
0<p<P 1= (k=1 +t24---+tF)  1-(k-1)Tp
S s EEE Y ey
0<n<N R e e o R A S )

for each t in a sufficiently small neighborhood of the origin, 0.
Next, consider the case P = N = 1. Then

(39) Ar(1;1) = 2k,
and, from (36), for ¢ > 2,

Bqg(1;1) =2(k — 1)B,-1(1;1).
Hence, from (35) and (39), we obtain

1+ 2t 1+ + T
Zsm(t) + + 11+

0<p<1 1-2k-1t 1-(k-—1)T—(k—1)T
0<n<1

Now, consider the general case, P, N > 1 with (P,N) # (1,1). In this case,
we have

Lemma 5.3. Let PN >1 and (P,N) # (1,1). Then

2%(2k — 1)1 (1 <Y¢ <min{P,N}),
@0) 5, = 2%k(2k — 1)9-1 — k (¢ =min{P, N} + 1),
(2k —1)Bg—

- (k - 1)qumin{P,N}fl (min{Pa N} +2< Vq < maX{P’ N})’
where B4 represents Bq(P; N).

Proof. Tt is easy to see that the first equality of (40) holds. In the case P = N,
the second and third equalities do not appear. Thus, we turn to the case P # N.
Here, we consider only the case N < P, because the result for P < N can be
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shown similarly. Thus, we have min{P, N} = N and max{P, N} = P. In this case,
it is readily verified that Sy = 2k(2k — 1)V -1,

Now, let w € By (P, N). Then there are 2k — 1 choices of a € A = AT U A~
such that |w-a| = ||7(w-a)| = N+1. Among such elements w-a (a € A), there are
k elements that belong to FBy ;. We do not regard these k elements as elements
of By11(P; N). Hence, we obtain the second equality in (40).

Now, let ¢ be an integer satisfying N 4+ 2 < ¢ < P. Choose v € B,_1(P; N).
Then there are 2k —1 choices of a € A such that |v-a| = ||7(v-a)|| = ¢. Among such
elements v-a (a € A), there are 8,_n_1 X (k—1) elements for which v-a = u; - ug
and |uy -ug| = ||7(u1 -uz)|| = q for some uy; € By_n-1(P; N) and uz € FBy ;. We
do not regard these (k — 1)8,_n_1 elements to be elements of B,(P; N). Hence,
we obtain the third equality in (40). O

Using (35), (40) and the recursive formula (36), we obtain

> Spalt) = Ltt+t2+ P et 4 Y
T — (k- 21 ... 4P _ (L T LN
0<p<P 1—k-D@++--+tP) = (k=1 +2+---+tN)
0<n<N
o 1+Tp+ TN
1—(k=1)(Tp+1Tn)
for each ¢ in a sufficiently small neighborhood of the origin, 0. 0

By considering subseries of the above, we obtain

Corollary 5.4. Let P and N be integers such that P+ N < k—1. Then, for each
u € FB’SLP (resp. w € FB;N), the spherical growth series for the set

o =)
e

A, = {Ul'-~1}m€ U T'yn

0<p<P
0<n<N

(resp. Ay, = {vl C Uy € U |
0<p<P
0<n<N

18
thul

tlwl
1—(k—1)(Tp + Tn) (mp' 1— (k—1)(Tp + TN)>'

Proof. Let L(u) = a; and £(w) = a;. Then, we define

AO = {Ul U € U Fp,n

0<p<P
0<n<N

if v € FB;‘P7 then L(v1) # a4,
if v; € FB_y, then L(v1) # a; ’
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Replacing (ii-1) of the automaton A<p <x by the new specification

(ii-1-1)" " € FBL 5, e B v
if L(v) 7é_ai;

(ii-1-2) "w € FBZy, € > v
if L(v) # aj,

we obtain a deterministic, finite state automaton A’y that recognizes all of

(ii-1)/

the words in Ag. Thus, the spherical growth series Sa,(t) for the set Ay has a
rational function expression. Hence, we can write
E(t)
41 Sap(t) = ==
(1) 7o ()= Foy-
where E(t) and F(t) are polynominals.
Now, for each I € {1,...,P} and J € {1,..., N}, we define

+._
A7 = {vl--mm € U Ty
0<p<P
0<n<N

A = {v1~-~vm € U r,,

0<p<P
0<n<N

V1 € FB;—, ,C(’Ul) = ai},

v1 € FB}, L(v1) = aj}.

(42) U Ton=AcUAJU---UAFUAT U---UA}.

0<p<P
0<n<N

Next, we define
A}'r = {’Ug""Um S U I‘p,n

0<p<P
0<n<N

V1 Um EA?}.

Consider the Cayley graph of Pr,(;) over the generating set A. It is then seen
that the subgraphs corresponding to K}r and Ag are isometric. Thus, the spheri-
cal growth series for ./A&;r is identical to that for Ag. Hence, the spherical growth
series for A}r is equal to t! x Sa,(t). Similarly, the spherical growth series for A5
is equal to t7Sa,(t). Therefore, from Proposition 5.1, the equality (41) and the

decomposition (42), we obtain

1+Tp+Ty  E(t)  E@) E®t)  E(t) E(t)
T o Rl 0 R 2 R T R 2 R )
= (1 +Tp + TN)@

F(t)
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Consequently,

and

Sr+(t) = . Sa-(t) = )
a7 () 1—(k—1)(Tp +Tn) a; () 1—(k—1)(Tp +Tn)
Finally, since A, = Alt‘ and A, = A‘_w| by definition, the result follows. O

Now, consider the positive monoid Pl'g (k)" Following Proposition 2.9, we regard
Pl'g(k,) as a subset of P, ;). Moreover, we identify PI—:(k) with Uy<,<j T'p,0 (disjoint
union). Also, we identify (Jy<,<;_1 I'p,0 with the maximal subset of Pg(k) whose
elements contain no positive word u satisfying u = V. With these identifications,
we consider the growth series for subsets of PE (k)" Using Proposition 5.1, we can
obtain their rational function expressions according to the following (see [F-S 2]
for the proof):

Proposition 5.5. Let Dy(t) be the polynomial defined by
Di(t):=1—kt+ (k—1tF =1 —t){1 — (k- 1)T}_1}.

Then
Seall) = 5 Sy (= Y Sl = =
POV Dty TPae T PO Dty

0<p<k

Next, consider the case P+ N = k with (P, N) ¢ {(k,0), (0,%k)}. In this case,
we have

Proposition 5.6. Let P and N be integers that satisfy P+ N =k and (P,N) ¢
{(%,0),(0,k)}. Then

Sp.n(t)
- k(k—1)tF
T {1—k—D)(Tp1+Tn_ ) 1= (k=) (Tp_1 +Tn) {1 = (k—1)(Tp+Tn_1)}

Proof. Let

(43) n= 5(1) - 5(2) e 5(3)

be the geodesic normal form of the form given in Proposition 3.9. Then the sub-
words A, p, €1 €2 and ¢G) satisfy the conditions (24)—(27). Fix . Then, for
each J € {1,...,N} (resp. I € {1,...,P — 1}), there exists a unique element
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wy € FB; (resp. uy € FB}) such that L(wy) = N(\) (resp. L(uy) = R(N)).
Hence, by Corollary 5.4, the spherical growth series for the sets

{vl---vme U r,. Ule)\}, {v1-~-vm€ U Ty

0<p<P-1 0<p<P-1
0<n<N 0<n<N

v = u,\}

are
t! t
1—(k=1)(Tpo1+Tn) 1—(k—1)(Tp_1+Tn)’
respectively. Also, there are k—1 choices for p that yield the geodesic normal form
(43). Consequently, with Proposition 5.1, the spherical growth series for the set

AP X-€@ - pis a subword as in (43)}
is found to be
( 1+Tp_ 1 +1Tn B Tp_1+Tn >(k ek
1= (k=1)(Tp-1+Tn) 1-(k=1)(Tp-1+Tn)
B (k — 1)tk
1= (k= 1)(Tp1 +Tn)

Then, applying similar arguments to £ and ¢®) (and noting that there are k
choices of \), we obtain the result. O

With the above preparation, we finally obtain the rational function expression
for the spherical growth series of Pr,):

Theorem 5.7. The spherical growth series for the pure Artin group Pr,) of di-
hedral type with respect to the generating set A has the rational function expression

otk
SPIz(k) (t) = (1 _ t){l — (k — 1)Tk—1}
k—1
S k(k—1)tF

{1_(k_1)(Tp71+kalfp)}{1_(k_1)(Tpfl+kap)}{1_(k_1)(Tp'i'kalfp)}

S 14T, + T,

1— (k- 1)(Tp + Tk*2fp)

14+T, +Th1—p
+
Z 1— (k- 1)(Tp + kalfp)

14tk
(1 =t{1 = (k= 1)Tk-1}

p=0

— k(tEP 4 t7)
D% T g ¥ T




ARTIN GROUPS OF DIHEDRAL TYPE 529

Proof. The first equality is obtained by simply combining Propositions 5.1, 5.5
and 5.6, and using the trick described in Lemma 5.3 of [M-M]. Next, note that

(44) Sio(t) = So.i(t)
for each i € {0, ...,k}. Using (44), we add each term of S, ,,(t) as follows:

(45) SPIQ(k) (t)

= Y {SP,N(t)— > S,n(t)—k%{ Y S+ > Sp,n(t>}}

P,N>1 0<p<P-1 0<p<P-1 0<p<P
P+N=k 0<n<N-1 0<n<N 0<n<N-1
+Skot)+ Y Spolt).

0<p<k

Then, for each P (> 1) and N (> 1) satisfying P + N = k, by Propositions 5.1
and 5.6, we obtain

(46)  Sex)— Y Su+z{ X Suh+ Y S

0<p<P-1 0<p<P-1 0<p<P
0<n<N—1 0<n<N 0<n<N-—1

- k(N +tP)

21— (k=) (Tp1 +Tn)H1 = (k = )(Tp + Tn-1)}
Finally, using (45) and (46), with Proposition 5.5, we obtain the second equality
of the theorem. O

Example 5.8.
(1+8)(1—2t)(142t2)

Sp, . (t)=
Py () (1—t)(1—4t)(1—2t—2¢2)
= 1+6t+30t2 +134t3 +570t* +2370¢° + 9722t° 439546t + O (¢8),
3 ()= (14+8)(1—9t+15¢2 + 213 - 27¢4 +27¢5 - 275+ 9¢7)
Pra@ = (1—1)(1—6t—3t2)2(1—3t—3t>—3t3)
= 1+8t+56t2 +392t3 +2702t* + 18488¢° +125912t5 + 854480t" + O (¢8),
s “)_(1+0(L+%+2ﬁx1—Lu+5m2—2u3—1&4+3%5+1m0
Prae W (T 24) (1 -8t — 8t2) (1 — 8t — 412 — A4t3) (1 — 4t — 412 — At3 — 4t4)
= 1+10t+90¢% +810t3 + 7290t* + 65522t + 58845016 4+ 5281730t” +O(?).
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