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Positivity for Cluster Algebras of Rank 3
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Abstract

We prove the positivity conjecture for skew-symmetric coefficient-free cluster algebras of
rank 3.
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81. Introduction

Cluster algebras have been introduced by Fomin and Zelevinsky in [13] in the
context of total positivity and canonical bases in Lie theory. Since then cluster
algebras have been shown to be related to various fields in mathematics including
representation theory of finite-dimensional algebras, Teichmiiller theory, Poisson
geometry, combinatorics, Lie theory, tropical geometry and mathematical physics.

A cluster algebra is a subalgebra of a field of rational functions in n variables
Z1,...,Ty, given by specifying a set of generators, the so-called cluster variables.
These generators are constructed in a recursive way, starting from the initial vari-
ables z1,...,z,, by a procedure called mutation, which is determined by the choice
of a skew symmetric n x n integer matrix B or, equivalently, by a quiver Q. Al-
though each mutation is an elementary operation, it is very difficult to compute
cluster variables in general, because of the recursive character of the construction.

Finding explicit computable direct formulas for the cluster variables is one of
the main open problems in the theory of cluster algebras and has been studied
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by many mathematicians. In 2002, Fomin and Zelevinsky showed that every clus-
ter variable is a Laurent polynomial in the initial variables z1,...,z,, and they
conjectured that this Laurent polynomial has positive coefficients [13].

This positivity conjecture has been proved in the following special cases

o Acyclic cluster algebras. These are cluster algebras given by a quiver that is
mutation equivalent to a quiver without oriented cycles. In this case, positivity
has been shown in [17] building on [5, 16, 23, 24] using monoidal categorifications
of quantum cluster algebras and perverse sheaves over graded quiver varieties.
If the initial seed itself is acyclic, the conjecture has also been shown in [9] using
Donaldson-Thomas theory.

o Cluster algebras from surfaces. In this case, positivity has been shown in [22]
building on [27, 28, 26], using the fact that each cluster variable in such a cluster
algebra corresponds to a curve in an oriented Riemann surface and the Laurent
expansion of the cluster variable is determined by the crossing pattern of the
curve with a fixed triangulation of the surface [11, 12]. The construction and the
proof of the positivity conjecture have been generalized to non-skew-symmetric
cluster algebras from orbifolds in [10].

Our approach in this paper is different. We prove positivity almost exclusively
by elementary algebraic computation. The advantage of this approach is that we
do not need to restrict to a special type of cluster algebras but can work in the
setting of an arbitrary cluster algebra. The drawback of our approach is that
because of the sheer complexity of the computation, we need to restrict ourselves
in this paper to rank three. Rank three is crucial since it is the smallest rank in
which nonacyclic cluster algebras exist. Our main result is the following.

Theorem 1.1. The positivity conjecture holds in every skew-symmetric coefficient-

free cluster algebra of rank 3.

Our argument provides a method for the computation of the Laurent expan-
sions of cluster variables, and we include some examples of explicit calculation. We
point out that direct formulas for the Laurent polynomials have been obtained in
several special cases. The most general results are the following:

e A formula involving the Euler-Poincaré characteristic of quiver Grassmannians
obtained in [15, 8] using categorification and generalizing results in [6, 7]. While
this formula shows a very interesting connection between cluster algebras and
geometry, it is of limited computational use, since the Euler—Poincaré character-
istics of quiver Grassmannians are hard to compute. In particular, this formula
does not show positivity. On the other hand, the positivity result in this paper
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proves the positivity of the Euler—Poincaré characteristics of the quiver Grass-
mannians involved.

e An elementary combinatorial formula for cluster algebras from surfaces given
in [22)].

e A formula for cluster variables corresponding to string modules as a product of
2 x 2 matrices obtained in [1], generalizing a result in [2].

The main tools of the proof are modified versions of two formulas for the
rank two case, one obtained by the first author in [18] and the other obtained
by both authors in [20]. These formulas allow for the computation of the Laurent
expansions of a given cluster variable with respect to any seed which is close
enough to the variable in the sense that there is a sequence of mutations in only
two vertices which links seed and variable. The general result then follows by
inductive reasoning.

If the cluster algebra is not skew-symmetric, it is shown in [25, 19] that (an
adaptation of) the second rank two formula still holds. We therefore expect that
our argument can be generalized to prove the positivity conjecture for non-skew-
symmetric cluster algebras of rank 3.

The article is organized as follows. We start by recalling some definitions and
results from the theory of cluster algebras in Section 2. In Section 3, we present
several formulas for the rank 2 case when considered inside a cluster algebra of
rank 3. We use each of these formulas in the proof of the positivity conjecture for
rank 3 in Section 4. An example is given in Section 5.

§2. Cluster algebras

In this section, we review some notions from the theory of cluster algebras.

§2.1. Definition and Laurent phenomenon

We begin by reviewing the definition of cluster algebra, first introduced by Fomin
and Zelevinsky [13]. Our definition follows the exposition in [14].

To define a cluster algebra A we must first fix its ground ring. Let (P, @, -) be
a semifield, i.e., an abelian multiplicative group endowed with a binary operation
of (auziliary) addition @ which is commutative, associative, and distributive with
respect to the multiplication in P. The group ring ZP will be used as a ground ring
for A.

As an ambient field for A, we take a field F isomorphic to the field of rational
functions in n independent variables (here n is the rank of A), with coefficients
in QP. Note that the definition of F does not involve the auxiliary addition in P.
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Definition 2.1. A labeled seed in F is a triple (x,y, B), where

e x = (x1,...,x,) is an n-tuple from F forming a free generating set over QP,

e v =(y1,--.,Yn) is an n-tuple from P, and

e B = (b;;) is an nxn integer matrix which is skew-symmetrizable.

That is, z1, ..., 2, are algebraically independent over QP, and F =QP(x1, ..., z,).
We refer to x as the (labeled) cluster of a labeled seed (x,y, B), to the tuple y as
the coefficient tuple, and to the matrix B as the exchange matriz.

We use the notation [z]4+ = max(x,0), [1,n] = {1,...,n}, and
-1 ifz <0,
sgn(z) =<0 ifz=0,
1 if z > 0.

Definition 2.2. Let (x,y, B) be a labeled seed in F, and let k € [1,n]. The seed
mutation py in direction k transforms (x,y, B) into the labeled seed pg(x,y, B) =
(x',y’, B') defined as follows:

e The entries of B’ = (b};) are given by

, —bij ifi=Fkorj=k,
(1) bi; = |
bij + sgn(bii) [birbrj]+ otherwise.

e The coefficient tuple y’' = (y1,...,y,,) is given by

_1 [P
Yk if j =F,
(2) y; B [br;]+ —bi;  if 4
Yy, (e @ 1) if j # k.
e The cluster x' = (27,...,2;,) is given by 2 = z; for j # k, whereas z} € F is

determined by the exchange relation

WL e
(3) Ty =
(yr © 1)y,

We say that two exchange matrices B and B’ are mutation-equivalent if one

can get from B to B’ by a sequence of mutations.

Definition 2.3. Consider the n-regular tree T, whose edges are labeled by the
numbers 1, ..., n, so that the n edges emanating from each vertex receive different
labels. A cluster pattern is an assignment of a labeled seed ¥; = (xt,yt, Bt) to
every vertex t € T,,, such that the seeds assigned to the endpoints of any edge ¢t ¢/
are obtained from each other by the seed mutation in direction k. The components



PosiTiviTy FOR CLUSTER ALGEBRAS OF RANK 3 605

of ¥J; are written as

(4) Xt = (T1ts - Tnst)y Ve = Wrts - Ynt)s  Be = (bj).
Clearly, a cluster pattern is uniquely determined by an arbitrary seed.

Definition 2.4. Given a cluster pattern, we denote

(5) X::ij:{miweTmlgignL

teT,
the union of clusters of all the seeds in the pattern. The elements z; ; € X’ are called
cluster variables. The cluster algebra A associated with a given pattern is the ZP-
subalgebra of the ambient field F generated by all cluster variables: A = ZP[X].
We denote A = A(x,y, B), where (x,y, B) is any seed in the underlying cluster
pattern.

The cluster algebra is called skew-symmetric if the matrix B is skew-sym-
metric. In this case, it is often convenient to represent the m x n matrix B by a
quiver Qp with vertices 1,...,n and [b;;]+ arrows from vertex i to vertex j.

If P =1 then the cluster algebra is said to be coefficient-free.

The main result in this paper is on coefficient-free cluster algebras. However,
we need cluster algebras with coefficients in Section 3.

In [13], Fomin and Zelevinsky proved the remarkable Laurent phenomenon
and posed the following positivity conjecture.

Theorem 2.5 (Laurent Phenomenon). For any cluster algebra A and any
seed Yt, each cluster variable x is a Laurent polynomial over ZP in the cluster
variables from x; = (T14y -+, Tnst)-

Conjecture 2.6 (Positivity Conjecture). For any cluster algebra A, any seed X,
and any cluster variable z, the Laurent polynomial has coefficients which are non-
negative integer linear combinations of elements in P.

§2.2. Cluster algebras with principal coefficients

One important choice for IP is the tropical semifield; in this case we say that the
corresponding cluster algebra is of geometric type.

Definition 2.7. Let Trop(us,...,u,) be an abelian group (written multiplica-
tively) freely generated by the u;. We define @ in Trop(u1, ..., um) by

a; b min(a;,b;)
[Ie eIlw =11 )
J J J

and call (Trop(uy,...,um), P, ) a tropical semifield.
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Remark 2.8. In cluster algebras whose ground ring is Trop(u1, . . ., u;,) (the trop-
ical semifield), it is convenient to replace the matrix B by an (n +m) X n matrix
B = (b;;) whose upper part is the n x n matrix B and whose lower part is an
m X n matrix that encodes the coefficient tuple via

m
(6) ue = [ L0
i=1

Then the mutation of the coefficient tuple in (2) is determined by the mutation of
the matrix B in equation (1) and the formula (6); and the exchange relation (3)
becomes

m

n m n
(7) 33;6 _ x;l (H beikh H uEb(n+i)k]+ + H xE—bm]Jr H u’[i_b(71+i)k]+).
=1 =1

i=1 i=1
Recall from [14] that a cluster algebra A is said to have principal coefficients

at a vertex t if P = Trop(y1,...,yn) and y: = (Y1, .., Yn)-

Definition 2.9. Let A be the cluster algebra with principal coefficients at t, de-
fined by the initial seed (x¢,y; B;) with

Xt:(xlw"axn)a yt:(y17"'ayn)-

o Let X, be the Laurent expansion of the cluster variable x¢; in x4q,..., 2,
Ylse s Yn-

e The F-polynomial of the cluster variable z,; is defined as Fp; =
Xea(1, o Ly, -y Yn)-

e The g-vector gy, of the cluster variable x,; is defined as the degree vector of
the monomial Xy, (z1,...,2,;0,...,0).

The following theorem shows that expansion formulas in principal coefficients
can be used to compute expansions in arbitrary coefficient systems.

Theorem 2.10 ([14, Theorem 3.7]). Let A be a cluster algebra over an arbitrary
semifield P with initial seed

((Ila cee axn)v (Qh B agn)v B)
Then the cluster variables in A can be expressed as follows:

Xo. SUYly ey Y
(8) Ty = f,t(mla Zx’na ylaA 7yn) '
Ff;t|]}"(y1, v 7yn)

where Foy|p(Y1, - - -, Yn) is the F-polynomial evaluated at 41, . .., Gy inside the semi-

field P.
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83. Rank 2 considerations

In this section, we use the rank 2 formula from [20] (in the parametrization of [19])
to compute in a nonacyclic cluster algebra of rank three the Laurent expansions
of those cluster variables which are obtained from the initial cluster by a mutation
sequence involving only two vertices.

§3.1. Rank 2 formula

We start by recalling from [19] the formula for the Laurent expansion of an arbi-
trary cluster variable in the cluster algebra of rank 2 given by the initial quiver
with r arrows

1— " .9

where r > 2 is a positive integer. The cluster variables x,, in this cluster algebra
are defined by the following recursion:

Tni1 = (z,, +1)/xp—1 for any integer n.

Let {cy; ]}nEZ be the sequence defined by the recurrence relation

A

CLT] = Tcgll —Cp_2

with the initial condition c[f] =0, c[;] = 1. The CL:] are Chebyshev polynomials.
For example, if r = 2 then cgﬂ] = n — 1; if » = 3, the sequence CLT] takes the
following values:

., —3,-1,0,1,3,8,21,55,144, . . ..
The pair of the absolute values of the integers (C[T] cll ) is the degree of the

n—1r*n—2
denominator of the cluster variable x,,.

If the value of r is clear from the context, we usually write ¢,, instead of CL: I,

Lemma 3.1. Let n > 3. Then ¢y_1Cnik—3 — Cntk—2Cn—2 = ¢ for k € Z. In

particular, c2

= _1— CpCp—z = 1.

Proof. The result holds for n = 3. Suppose that n > 4. Then
Cnh—2Cn—2 = TCpik—3Cn—2 — Cntk—4Cn—2 = ICnk—3Cn—2 — (Ck + Cnk—3Cn—3)
= Cntk—3(TCn—2 — Cn—3) — Ck = Cntk—3Cn—1 — C,
where * holds by induction. O
Let (a1,az2) be a pair of nonnegative integers. A Dyck path of type a1 X as

is a lattice path from (0,0) to (a1,a2) that never goes above the main diagonal
joining (0,0) and (a1, az). Among the Dyck paths of a given type a1 X az, there
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is a (unique) maximal one denoted by D = D**%2 Tt is defined by the property
that any lattice point strictly above D is also strictly above the main diagonal.

Let D = D**%_ TLet D; = {uy,...,uq, + be the set of horizontal edges of D
indexed from left to right, and Dy = {v1,...,v,,} the set of vertical edges of D
indexed from bottom to top. Given any points A and B on D, let AB be the
subpath starting from A, and going in the northeast direction until it reaches B
(if we reach (a1, az) first, we continue from (0,0)). By convention, if A = B, then
AA is the subpath that starts from A, then passes (a1,a2) and ends at A. If we
represent a subpath of D by its set of edges, then for A = (4,5) and B = (¢, '),
we have

AB - {ug,ve i<k <i',j<£<j'} if B is to the northeast of A,
D —A{ug,ve: 1 <k <i, j <l<j} otherwise.

We denote by (AB); the set of horizontal edges in AB, and by (AB)s the set of
vertical edges in AB. Also let AB° denote the set of lattice points on the subpath
AB excluding the endpoints A and B (here (0,0) and (a1, as) are regarded as the
same point).

Here is an example for (a1,a2) = (6,4).

Vg

Gk

Figure 1. A maximal Dyck path.
Let A= (2,1), B = (3,2) and C = (5,3). Then
(AB)1 = {us}, (AB)2 = {v2}, (BA)1 = {ua, us, ue, u1,uz}, (BA)2 = {vs,vs,v1}.
The point C' is in BA° but not in AB°. The subpath AA has length 10 (not 0).

Definition 3.2. For S; C Dy, Sy C D5, we say that the pair (S7,.53) is compatible
if for every u € S; and v € Sy, denoting by E the left endpoint of v and F' the
upper endpoint of v, there exists a lattice point A € EF° such that

9) [(AF)| = 7r[(AF)2 N Saf or [(EA)o| = r|(EA)1 NS
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With all this terminology in place we are ready to present the combinatorial

expression for greedy elements. The following has been proved in [21, 19].

Theorem 3.3. Forn > 3, we have

(10)

(11)

_ . —Cn—1_—Cn—2 r|Sa2|_r|Si|
Ty = T Ty g Ty "Xy )
(S1,52)

—Cn—1 _ —Cp— r|S. r|S
wsn =gt Y Sl

(51,52)

where the sums are over all compatible pairs (S1,S3) in Den-1%cn-2,

Remark 3.4. For n = 2, the formula is consistent if we impose the additional

convention that D> is the empty set.

Example 3.5. Let » = 3 and n = 5. Then D8*3 is the following path:

The illustrations below show the possible configurations for compatible pairs

in D8*3. If the edge u; is marked == =, then u; can occur in S;.

- 7| Sa|
ZSlc{ul,...,us},ngﬂxl ’
= —— — (1 +$3)8

- T
ZSlc{u4,...,us},52:{v1}‘rl

-+ = o1 + a3
r
- ZSlc{u7,ug},82:{v1,v2} T

= 2§(1+23)?

T‘ISll
Ty

[S2], r|S1]
Lo

[Sz2|, rS1]
Lo
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Z r|Sz| r|S1|
51=0,S0={v1,v2,05} L1~ L2
= .T?
—-— r|Sa|_r|St|
Zsl C{u1,u2,uz,u7,us},So={va} T1 T2
= 27(1 + 23)°
I .
S xrlsﬂxr\sﬂ
S1C{ur,uz},So={va,v3} ~1 2
= 2f(1 + 23)?
B
S $T\52|xr|51|
S1C{ur,u2,u3,uq,us},Se={vz} 1 2
- = 2{(1+23)°
I .
3 wT|S2\$T\51|
S1C{ua,us},So={v1,v3} ~1 2
- = 4§14 a3

Adding the above eight polynomials together gives
(12) 22 4+ 8221 + 32321° + 28218 + 1523212 + 56215 + 32525
+ 302325 + 7023% + 27 + 62523 + 302325
+ 5623 + 328 + 152723 + 2825 + 327 + 8z5 + 1.
Then x5 is obtained by dividing (12) by z§z3.
The following corollary can be adapted from results of [20]. Let g, be the
g-vector and let F; be the F-polynomial of x;, for all integers ¢. Then g3 =

(=1,7), 90 = (0,-1), F3 = y1 + 1 and Fy = y2 + 1, and all other cases are
described in the following result.

Corollary 3.6. Letn > 3. Then

gn = (7071—17611)3 g3—n = (7Cn—276n—3)a
n—1—|S S n—2—|S S
Fo= Yy ISyl = N g Sl
(Sl,Sg) (51752)

where the sum is over all compatible pairs (S, Se) in Den-1%cn-2,
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Recall from Definition 2.9 that X, is the Laurent polynomial in x1, x2,y1, Y2
corresponding to the expansion of z,, in the cluster algebra with principal coeffi-
cients in the seed ((z1,x2), (y1,42), Q).

Corollary 3.7. Let n > 3. Then
Xn :zl—Cn—lx;Cn—2 Z I;‘\SQIIQSH|yin_1—\81|y|2,5‘2\'
(81,52)

Proof. This follows directly from Theorem 3.3 and Corollary 3.6. O
83.2. A preliminary lemma

Let A(Q) be a coefficient-free cluster algebra of rank 3 with initial quiver @) equal
to

where r, s,t denote the numbers of arrows.

Let x,, be the cluster variable obtained from the seed ((z1, 22, 23), Q) by the
sequence of n — 2 mutations 1,2,1,2,1,....

From Theorem 2.10, we have

X (x1, 22,91, 92)
Fols (91, 92)

Ty = y

where X, is as in Corollary 3.7, (91,92) = (25,25 "), and the denominator is the
F-polynomial evaluated in § and with tropical addition. Thus, by Corollary 3.6,

. . 1|81 —t|S o X
the denominator is Eg zg(c" 1ISID=082] - which s equal to 24" where m is the
smallest power occurring in this sum. Therefore we get
—Cpn—1_ —Cn—2 r|S: r|S S(Cn_l—‘sll)—t‘sﬂ—m
(13) Ty = T, Zqy g :z:l‘ 2|x2| 1'23
(S1,52)

where m = min(g, g,)(s(ch—1 — [S1]) — t]S2]).
We shall need a precise value for m. As a first step, we determine which
compatible pair (51, S2) in Der~1%¢~2 can realize the minimum m.

Lemma 3.8. Let s and t be nonzero integers such that there are nonzero arrows
between all pairs of the three vertices in any seed between the initial and terminal
seeds inclusive. Then there is a unique compatible pair (Sy,S2) in Den-1%¢n-2
which achieves s(cn—1 — |S1]) — t|Sa| = m. Such an (S1,S2) is either (D1,0),
(0,D3), or (0,0). Moreover, if s and t are positive, then (S1,S2) is either (D1, 0)
or (0,Ds).
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Proof. We use induction on n. Consider first the case n = 3. Since D>l =
DXV there are exactly two compatible pairs (), D3) = (0,0) and (D1,0). Thus
s(cn—1 — |S1|) — t|S2| = —s|S1| achieves its minimum at (S7,S2) = (D1,0) if s is
positive, and at (S, S2) = (0, D2) if s is negative.
Suppose now that n > 3. Consider the expression given in (13). By induction,
there is a unique (S, S2) in D»-1%¢-2 guch that s(c,_; — |S1]) — t|S2| = m.
Suppose first that (S, S2) = (D1,0). Then the term in (13) that is not divis-
ible by z3 is
(14) ] ey ey =
If ¢t > 0 then z,,41 is obtained from x,, by substituting

xh + 2%
X1 ’

Ty — To, To

So (14) becomes
_ xh + 25\ .
x, <2+3> =]y el 22 + terms divisible by 2.
T
Thus the term in the expression for x,; that is not divisible by 23 corresponds
to a compatible pair (S7,S2) in D *en-1 with |S1| = ¢y, so (S1,S2) = (D1, 0).
On the other hand, if ¢ < 0 then we substitute

ThH2g |

1

Ty — T, To

o (14) becomes

xhzg L1\

—Cp— — —Cn — e .

xy " <3> =2y "o, " 22920 + terms divisible by z3.
zy

Thus the term in the expression for z,,1 that is not divisible by z3 corresponds
to a compatible pair (Sy,S2) in D *¢—1 with |S;| = 0 and |S2| = 0, so (S, S2)
=(0,0).

Next suppose that (S1,S2) = (0,0). Then ¢,—1 — [S1| = cn_1, |S2| = 0,
m = scp—1 and ¢t < 0 since (0, ) realizes the minimum. Then

—Cn—1,_—Cn—2_r|S2|_r|S1]_s(cn_1—|S1])—t|S2|—m
E x X4 T Mxy 2

(Sl,Sz):|S1\:O
r. —t 1 Cn—2
—en_1 —cn_a 7T|Sa| —t|Ss] —cnor [ 123+
= x X x z =T ——
1 2 1 3 1 To ’
(S1,92): |S1|=0

where the last identity holds because the condition |S;| = 0 means that every
subset Sy of {1,...,¢,—2} is compatible with Sj.
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Applying the map
ThH2g |

T

Ty — T, To >

n—1_Cn—2 —Cp—1 _TCn—1

yields x, 'z = 2] ", o] 29, which corresponds to a compatible pair
(Sl,SQ) in D *n-1 with |Sl‘ =0 and |S2| = Cnp—1, thus (51752) = (@,Dg)

Finally, if (S1,5) = (0, D2), then |S1| = 0, |S2| = ¢p2, m = 51 — tcy_o
and t must be positive since (§), D) realizes the minimum. Then

—Cn—1_—Cn—2 _r|S2| r|S1]_s(cn_1—|5S1])—t|S2|—m
E Ty Tg Ty T 23

(51752): \S1|:0
r t\ Cn—2
_ 2 : xl—cn—1x2—cn—2x7l‘|sz\zécn—zr—t\szl _ xl_cn—l (zl + ZB)
T2
(SI,SQ): \Sl|:0

and applying the map
xh + 2%
r

Ty — To, To >

. —Cn—1 _ Cn— —Cn . —Cn—1 _TCn_ . . .
yields z, 2" = 27w, a7 2, which corresponds to a compatible pair

(S1,82) in Den*¢n=1 with |S;]| = 0 and |S2| = ¢,_1, thus (S1,52) = (0,D2). O
§3.3. Rank 2 inside rank 3: Dyck path formula

Let A(Q) be a nonacyclic coefficient-free cluster algebra of rank 3 with initial
quiver @ equal to

where r, s,t denote the numbers of arrows. Now suppose that r, s and t are such
that the cluster algebra A(Q) is nonacyclic. Then we can show that m is always
zZero.

Corollary 3.9. If the cluster algebra is nonacyclic then there is a unique com-
patible pair (S1,S2) in Dr=1*"=2_ which achieves s(cn—1 — |S1|) — t|S2| = m.
Moreover (S1,S52) = (D1,0) and m = 0.

Proof. We use induction on n. For n = 3 and n = 4, computing x,, directly by
mutation yields

w3 = (25 +23) /w1, wa = (af+ 257" /22,

and hence the term in the expression for x4 that is not divisible by 23 is xgle_rx; L
which corresponds to a compatible pair (S7,53) in D°»—1*¢r-2 guch that |Sa| =
Cp—1 — |Sl‘ = O, thus (51752) = (Dl,@).
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Now the result follows by the same argument as in the proof of Lemma 3.8
using the fact that ¢ > 0. O

We have proved the following theorem.
Theorem 3.10. Forn > 3,

—Cn—1_—Cnp— r|S r|S1| _s(cn—1—]|S1])—t|S
Ty = 1, ‘2 2 § : $1| 2\$2\ 1|23( 1—[S51))—t| 2\7

(51752)
where the sum is over all compatible pairs (S, Se) in Den-1%cn-2,

Remark 3.11. It follows from results of [25] and [19] that an adapted version of
this theorem still holds if the cluster algebra is not skew-symmetric.

Our next goal is to describe cluster monomials of the form z} 2% with p,q >
0. In order to simplify the notation we define A; = pc;1+qc;. The following lemma
is a straightforward consequence of Lemma 3.1.

Lemma 3.12. For any i, we have
(a) Ai=rAi1 — Ao,
(b) A? — A1 Ai 1 = p* + ¢ +rpg. O

Theorem 3.13.

p q _ o —An-1_—An—2 r|Sa2| 7|S1|_s(cn—1—]S1])—t|S2|
Tpt1Tn = Ty Lo § Ty Xy 23 )

(51,52)
where the sum is over all (S1 = Ufilq Si Sy = Ufilq S%) such that

Dcnfl XCn—2 Zf 1 S Z S q,

i S%) is a compatible pair in
( 15 2) P p {Dcnxcnl if g+1<i<p+q.

Proof. This follows immediately from Theorem 3.10. O

Remark 3.14. It can be shown that the summation on the right hand side in The-

n-1XA

orem 3.13 can be taken over all compatible pairs in D4 n—2 instead, without

changing the sum (see [19, Theorem 1.11]).

§3.4. Rank 2 inside rank 3: Mixed formula

We keep the setup of the previous subsection. In particular, A(Q) is nonacyclic.
We present another formula for the Laurent expansion of the cluster monomial
zb 17%, which is parametrized by a certain sequence of integers 7o, 71,..., T _2.
This formula is a generalization of a formula given in [18, Theorem 2.1]. Com-
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bining it with the formula of Theorem 3.13 yields the mixed formula of Theorem
3.21 below, which is a key ingredient for the proof of the positivity conjecture in
Section 4.

For arbitrary (possibly negative) integers A, B, we define the modified bino-
mial coeflicient as follows:

A—B—-1 A—i
T ifA>B
[A} _ 11) A-B—i 077
Bl |1 if A= B,
0 if A< B.

If A>0then [%'] = [ 5] is just the usual binomial coefficient. In partic-
ular [%'] =0if A>0and B <O0.
For a sequence (7;) (respectively (77)) of integers, we define a sequence (s;)
(respectively (s;)) of weighted partial sums as follows:
i—1
50 =0, s;= Zcz’—j—i-l'rj =cit1T0o + T+ -+ eaTio,
§=0
i-1
sp=0, s;= Zci,jﬂrj{ = ci1To+ T+t coTi .
§=0
For example, s1 = co9 = 79, S2 = €379 + C2T1 = T + T1.

Lemma 3.15. s,, = rS$;,—1 — Sp—2 + Tn—1-

Proof. Since ¢,—j4+1 = rCh—j — Cn—j—1, We see that s, is equal to

n—1

> (ren—j = caj1)7

=0 n—2 n—3
= r(z cn,jTj) +reitho1 — (Z cn,j,ﬂj) —C1Tp—2 — C0Tn—1
§=0 j=0
=TSp—1 — Sn—2+ Tn—1,
where the last identity holds because ¢; = 0, ¢g = —1. O

Definition 3.16. Let L(79,71,...,Th—2) denote the set of all (7}, 7y,...,7._5)
€ 7"~ ! satisfying the conditions
e 0< 7/ <7for0<i<mn-—a3,
o s, o =kcno1 and s),_; = ke, for some integer 0 < k < p.
We define a partial order on L(79,71,...,Tn—2) by

(T0sThs oo To_a) <z (0,71, Th_o) ifand only if 7/ <7/ for 0<i<n-—3.
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Let Limax(70,71,--.,Tn—2) be the set of maximal elements of L(79,71,...,Tn—2)
with respect to <.
We are ready to state the main result of this subsection.

Theorem 3.17. Let n > 3. Then

P a4 _
(15) mn+1xn -
A rs
—Ap_1, —An_2 i+1 — 1’5 rsn—2, T(An_1—8n_1) _8Sn_1—t5n_2
Ty Ty E (H { :|>x1 D) Z3 )
. Ti
TO;T1seyTn—2 =0
where the summation runs over all integers Ty, ..., Tn—2 satisfying
OSTiSAi+1—TSi (OSZSH—?)),

Tn—2 S An—l —T'Sn—2,

(16) , ,
(Snfl - Snfl)Anf2 Z (Sn72 - Sn72)An71
fOT any (7_67 LERE 7_7/7,_2) S Emax(T07 cee 7Tn—2)~
Proof. The theorem is proved in Section 3.5. O

Example 3.18. Let @ be the quiver
1—2 -2
3

and let n = 5, p = 1, ¢ = 0. Thus our formula computes the cluster variable
obtained from the initial cluster by mutating in directions 1,2,1 and 2.

First note that in this case ¢; =i — 1, A; =iand s; =i+ (i — )11 +--- +
27;—2 + 7i—1. The first condition in (16) is 0 < 7; <4+ 1 — 2s;. From this we see
that 7o is either 0 or 1. If 79 = 1, then s; = 1, hence 71 = 0 by (16), whence sg = 2

and 0 < 75 < (2+ 1) — 2(2), again by (16), a contradiction. Thus 79 = 0 and the
conditions on 7; in (16) become

T0=0 0< <2 0<n<3-2n T3 <4 —411 — 279,
From this we conclude that there are the following 11 possibilities for (7o, 71, 72, 73):

(0,0,0,0) (0,0,0, 1) (0’0a0a2) (0’0a0a3) (0’03074) (0307170)
(analal) (O’Oala2) (O’OaQaO) (O’Oa35_2) (0317070)

Observe that each of these tuples satisfies the second condition in (16). Indeed,
the integer k € {0,1} in Definition 3.16 must satisfy

3k=2r+7, and 4k =37 + 275+ 75,



PosiTiviTy FOR CLUSTER ALGEBRAS OF RANK 3 617

so for example, if (79,71, 72,73) = (0,0,1,1) then 1) =74 =0,0 <7, < 1,74 <1
and
3k=75,<1 and 4k =275+ 75.

Thus k£ =0, £(0,0,1,1) = {(0,0,0,0)}, and the second condition in (16) becomes
(547521)143 > (5375’3)144 -~ (2+170)32 (170)4 & 9 >4,

On the other hand, the eleven 4-tuples above are the only ones that satisfy all
conditions in (16). For example, for the tuple (0,1,1,—2), we get k = 1, 7/ =
(0,1,1,—1) € Lnax(0,1,1, —2) and the condition

(s4—s8))As > (s3—s4)Ay & (3+2-2-3-2+1)3>(2+1-2-1)4 & -3>0
is not satisfied. Therefore Theorem 3.17 yields
1o = (25 + 42522 +6xdzi + 42225+ 25 + 323wiz2
+ 6232325 + 32328 + 3wtzs + 2922 + 20tad22) Jaiad.
Remark 3.19. When comparing the formula of Theorem 3.17 with the Dyck path
formula of Theorem 3.13, we have the following interpretation for the integer k
in Definition 3.16. Let Dy be the set of all vertical edges in D¢ *“»-1 and fix a

pair (S1, S2) as in Theorem 3.13. Then k in Definition 3.15 is equal to the number

of times Dy appears in Si. Moreover, if (74, 7{,...,7),_3) € Lmax is such that

n—2
H;v,:—OQ [ cAit}i—rs,i ] # 0 then
k= min(fn_zJ ,p).
Cn—1

Corollary 3.20. Let z3 = (x4 + 25)/x1 and let t' = s and s’ = rs —t be the
numbers of arrows from 1 to 3 and from 3 to 2 respectively, in the quiver obtained

from @Q by mutating at vertex 1. Then

P4 _
(17) xn+1xn -
n—3
I;An_QI;An_s Z (H {AiJrl - Tsi] > xgsn_szg(An_Qfsn_z)zg’sn_rt’sn_s’
" T;
T03T1s-yTn—3 =0
where the summation runs over all integers Ty, ..., Tn—3 satisfying
0<7 <A1 —78 (0<i<n—4), 7, 3< Apo— 78,3,
/ /
(18) (Sn—2 — 8p_2)An—3 > (Sn—3 — 5,,_3)An—2
/ /
for any (75, .., 71 _3) € Lmax(To, - -+, Tn—3)-

Proof. This follows directly from Theorem 3.17. O
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Combining Theorem 3.17 with Theorem 3.13 we get the following mixed for-
mula.

Theorem 3.21. Let n > 3. Then

(19) a2

n—3 A , ,
_ } : H i+1 — T'S4 xSAT,,_l—TSn,_2x7'Sn73_Anf2Z3 Sn—2—t'sn_s
T 2 3

T0,T1y--sTn—3 =0
Sp—2<An_1/7

2: r|S2|—Apn—1_r|Si|—An—2 _s(cn—1—|51])—t|S
_|_ xll 2‘ n 11‘2‘ 1| n 2Z3( n—1 ‘ ll) | 2‘.

(S1,52)
r|Sz|—Ap_1>0

Remark 3.22. The exponents of z3,z7; and z3 are nonnegative, which is im-
portant for the proof of Theorem 4.3. The modified binomial coefficients can be
replaced by the usual binomial coefficients, because the condition s, < A,,_1/7
implies that A,,_o — 7s,_3 is nonnegative (see Lemma 3.24 below).

Proof. The first sum of the statement is obtained from Corollary 3.20 using Lemma
3.12(a) for the exponent of x3. Observe that the new condition s,_o < A,_1/r
in the summation precisely means that the exponent of zz is nonnegative. On
the other hand, the sum of all terms in which the exponent of x3 is negative in
the expression in Corollary 3.20 is equal to the second sum in the statement of
Theorem 3.21. This follows from the formula of Theorem 3.13. O]

In [4] the upper cluster algebra was defined as the intersection of the rings
of Laurent polynomials in the n + 1 clusters consisting of the initial cluster and
all clusters obtained from it by a single mutation. The following corollary gives a
different “upper bound” for the cluster monomials in the rank 2 direction. This
new upper bound is defined as the semi-ring of polynomials in the variables in the
initial cluster, the first mutation of one initial variable and the inverse of another
initial cluster variable.

Corollary 3.23. Let x1 denote the cluster variable obtained from the initial seed
by mutating in x1. Then
ab € Tsolwy, 31, 23,25 ).

Proof. This follows from Theorem 3.21 because ¥ = x3. O
§3.5. Proof of Theorem 3.17

We use induction on n. Suppose first that n = 3. Since x3 = (x5 4 25)/x1, we have

a
a _

a __ —a r(a T1) S8T1

T3 = Iy E ()552 Z3

T
T71=0 1
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and since x4 = (4 + 25°7") /22, we have

p
e 5 (2 e

T(]:()
Therefore
- D
xix% = x;p <7— )xg(PT0)+qZ§Tst)ro
TUIO 0
p r(p—70)+q
= xz_p Z (p) Z <7‘(p—T0)+Q) x;r(pfro)*qxg(r(pfro)ﬂrn)ZgnZ:(srsft)ro
70 T1
T0=0 T71=0
p r(P—T70)+q
— TP P Z < 7{; ) (r(pT:o)Jrq) 2P0 a=m) Tk (rs=00

7'0:0 T1:0
and the statement follows from A; = p, As = rp+q, s =0, 1 = 79, So = 7o+ T1.
Suppose now that n > 4, and assume that the statement holds for n or less.

Then by the obvious shift, we have

D q
$n+2xn+l
g rs (A )
_ —An1 —An o § : i+1 — T8 r$n—2 T(Apn_1—Sn—1) T
- Ti
T0,T1y--sTn—2 =0
where the summation runs over all integers 79, .. ., 7,2 satisfying (16) and

T=5s,1—ts, 2=(rs—1)8,_1 — 8S,_2.
Using Lemma 3.12(a), we see that the exponent of x5 is equal to A,, — rs,_1.

Then substituting (x5 + 2§)/x1 for x5, we get

D q
mn+2xn+l

n—2 Ap—Trsn_1
—An_1 Aip1 — s rsn_a [ Ty + 2° T
=24 E H T i z3 |-
Ti T 1

T05T1s++3Tn—2 =0
Expanding (x5 + 2%)4n»~"sn-1 yields

n—2 A i
e s (i)

T0se-sTn—2 ~1=0

« $257172 Z |:An - T5n1:| 1,71“57k1(x;)Anfrsn,l7T,L,IZ§+STTL71.

Tn—1€Z
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Note that T+ s7,—1 = ss,, — tsp—1, by Lemma 3.15. Combining the sums, we get

n—1
—A, —An_1 Aip1 — sy
X X
1 2 .
TO,T1 e Tno2; Tn—1€Z N i=0 ¢
TSp— TSp— — =T 88p —1tSp—
1 2($§)An TSn—1—Tn 123 1

X xy " Ty

and, by Lemma 3.15, this is equal to
(20)

g o} rs
—A, —An_1 i+1 — TS rSn—1, T(An—5n) _8Sn—tsn_1
R E (I I [ ])xl Ty Z3 .

T
. %
T0,T1seesTn—2; Tn—1€Z ~1=0

Remember that 7o, ..., 7,_2 satisfy (16).
Proposition 3.25 below implies that even if we impose the additional condition
on 7,_o and 7,_1 that

(21) (sn = 8h)An—1 = (sn—1 = 8p,_1)An 2 0

for all (74,...,7)_1) € Linax(T0y -+, Tn_2),

the value of the expression for z¥  ,x] , in (20) does not change. From now on
we impose the condition (21). On the other hand, in order to prove that Theo-
rem 3.17 holds for n + 1, we only need to show that 7,,_s can be limited to run
over 0 < 7,0 < A,_1 — TSp_o. So we want to show that, for a fixed sequence

(T[/)’ ce ’7—7/17277—7/171)7

n—1
(22) 3 [(H |:Ai+17.,_ rsli;snlx;mnsn)] 0,

T0,T15--+3Tn—1 i=0

where the summation runs over all integers 79, ..., T,_1 satisfying

a) (7—6’ e 77—1/1—2) € ‘CmaX(TOa cee aTn—2)7

b) OSTZ' S i+1 — T'Sg (OSZSH—3),

(Sn—l - sfnfl)An—2 - (Sn—Q - 5%72)1411—1 Z 07
(Tdy -3 7h 1) € Linax(Toy -y Tr—1),

Tnoo < Ap_1 — 18,2 <0, and

(8 — $0)An—1 — (Sp—1— 8h_1)An > 0.

n

(23)

To do so, it is sufficient to show that [CA"TZiSl"*I] = 0 for every 7,_1, be-
cause then each summand in (22) is zero. This purely algebraic result is proved in

Lemma 3.24 below.
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Assuming Lemma 3.24 and Proposition 3.25, we have proved that

P .4

$n+2xn+l
n—1 A

_ x—Anx—Anq i+1 — TS xT571—1xT(Anfsn)zssn_tsnfl
1 2 1 2 3 )
X T
T0,T15-+3Tn—1 =0
where the summation runs over all integers 7, ..., 7,_1 satisfying

0<7 <A1 —715 (0<i<n—2),
(24) (Sn—1 = $p_1)An—2 — (Sn—2 — 5, _3) An—1 2 0,
(8n — 3;1)1471*1 — (81— 5%—1)1471 >0,
for all (74,...,7,_1) € Lmax(T0, .., Tn—2). Therefore it only remains to show that

we do not need to require the second condition in (24). Using Lemmas 3.15 and
3.12(a), we see that
3.15
Sn—lAn—Q - Sn—QAn—l = (’I"Sn_g — Sp—3+ Tn—Z)An—Q - Sn—2An—1
3.12
- (5n—2An—3 - sn—SAn—Q) + Tn—QAn—Q-

Iterating this argument, we get

n—2
Sn—1An— = sn-2An_1 = (241 — s142) + Y _ TiA;,
i—2
which means
n—2
np—T0q+ »_ A = Tip — 704,
=1

because s1 = 19, $o = r79 + 71, A1 = p and Ay = rp + ¢q. Thus
(25) Sp—1Apn_2 — Sp_2An_1 > TP — Togq-

Our next goal is to estimate —s),_;A,_2 + s,_5A,_1. Let k be as in Definition
3.16, so that 0 < k <p and s),_; = k¢, and s],_5 = kecp—1. Then

(26) - 8;;-11471—2 + 3’/,7,_2141'7,—1 = k(_ann—Q + Cn—lAn—l)

= k(_pcncnfl — {CnCp—2 + PCpCpn—1 + qcifl)

=kq(—cncn—2 + Ci—l) = kq,

where the second equality follows from the definition A; = pc;y1 + gc;, and the
last equality holds by Lemma 3.1. On the other hand, s/,_, is defined as s}, _, =
Cn—1T) + Z;:f’ Cn_l_jTJ/-, which implies that kc,—1 = $),_5 > ¢n_17), and thus
k > 7{. Moreover, 79 = 7} by definition of Lyax(70,71,.-.,Tn—2), and thus (26)
implies

_SilflAn—Q + 8272An—1 > To4g-
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Adding this to (25) we get
(Sn—l - 5{,1_1)An—2 - (sn—2 - 3;1_2)1471—1 > O,

hence the second condition in (24) is always satisfied.
This completes the proof of Theorem 3.17 modulo Lemma 3.24 and Proposi-
tion 3.25 below.

Lemma 3.24. Assume conditions (23). Then
[An — rsn_l] _o.
Tn—1

Proof. By definition of the modified binomial coefficient, it suffices to show that
A, —718p—1 < Tpn—1.
On the one hand, we have

(27) An_3(Sn—2 — 5;—2) —Ano(An_1 —Sn1+ S;z—l)

3.12(a
:( ) TAn—Q(Sn—Q - 3:1—2) - An—l(sn—Q - 8;—2) - An—Q(An—l — Sp—1+ 3;_1)

= Ay o892 —1An 28, 50— Apn_1(8p_2—80_ o) —Ap_2(An_1—8n_1+5,_1)
> ApoAp_1—1An 08, 5—An_1(Sn—2—8h_o) — An_—o(An_—1—8n—1+5,_1)
(since Ay—1 —18p—2 <0)
= —rAp_28h o+ (Sn-1 = Sp_1)An—2 — (Sn—2 — s o) An—1
(23)(c)
>

—1An 28 5.

Thus

(28) Sn—2 = Sp_p > (An—2(An-1 = sn-1+ 5, 1) — T An-25,_5)/An—3.
Then

(29) An—a(sn—1—8_1) = An-1(sn—2 — 55, _5)

(28) Ap_o(Ap_1—8n_1+8,_1)—rAn_as) _
< An72(5n71_827,71)_14n71 2( ! ! 1) 2 2
An—3
An,1 T‘AnflAn72S;172

=An n—1—" , - Ap_1—8n— ,
2(8 1 An—S( 1o 1+sn1)>+ Ap_s

Anf rAnflAn72s/n_
= An*Q (Anl - (1 + Aﬂ_;) (Anfl —Sn-—1 —|—S;11)> + TQ

3~1i(a)An_2 (An—l <1 + An_q ) Ap o+ A, =181 +7’5;L_1 > 4 TAn—lAn—25/n_2 .

An73 r An73
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Now, aiming for contradiction, suppose that A, —rs,_1; > 0. Then

(30)  RHS(29)

S An—Q <An1 _ Anf?) +An71 An72 +T8,lnl) n fr‘j4ni1‘(4’”‘728;"72

An_g r An—3
3.12(a) rAp_o An_otrs, 4 rAp_1An_28),
=" Ap 2| An_1—
2( ' Ap_3 r N Apn_3
A2 2 A2 2 TA 7114. 728/
— Anf An, _ n— _ n—2 / n n n—2
2< ! An—b’) rAn—S St An—3
A, A
= T_:Qa <An1An3 —A?LQ> —rr_z (Angs’nl - AnlsLQ) .
By Lemma 3.12(b) and the definition of A;, this is equal to
An— An—
" 72 (=p* —q* —rpg) =1 72 ((pen—1 + qen—2)85_1 — (Pcn + qcn—1)$7,_2)-
Let k be as in Definition 3.16; then ke, = s,,_; and kc,—1 = s],_,, and using

Lemma 3.1, we get

An_g 2 2 An_g
Sn2 22 k
An,g,( P’ —q° —rpg) +r v

and, since k < p, this is less than or equal to

An—2, o o
An,g(fp —q *TPQ)JFTPQA

n—2

<0

)

n—3
which contradicts (sp—1 — $),_1)An—2 — (Sn—2 — $},_o)An—1 > 0. Hence

(31) A, —r1r5,_1<0.

Next we show that s,_o > A, — s,. Suppose to the contrary that s,_o <
A,, — s,,. Then

Ap1—78p_2> Ap_1—7(An—5n) (22@ I e S;L(l j_ Sn=1)4n +rs),
3.12(b) (% + ¢ +rpq) N ApAn—s r(An_l — Sp_1 jl|—_$;L_1)An s
An—1 An—1 An—1 "
3.12(a) (p? —1;;15_41— Tpq) n Afjr_zl (TSnl A s+ A2n1r8%>
— pjl:_(f + Ai: (ré$p—1 — Ap) + A:_1 (pq — Apsh,_1 + Ap_15))
3.16 pi:(f 4 Ai: (rsp—1— An) + A:,l (pq — Apken, + Ap—1kenyr).
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Now kcpAn — keni1An—1 = ken(pens1 + qen) — keny1(pen + qen—1) = kq(c? —
Cn+1¢n—1) = kq, where the last equation holds because of Lemma 3.1. Thus

2 2
+ Ap r
Aps —T8n_o > pAn_‘f 4 rsne1 = An) + —(a(p— k)
3.16 and (23)(d) p2 + q2 A, (31)
> n—1 = An 9
- An—l An—l(rs ! ) ” 0

which contradicts A, _1 — rs,—2 < 0in (23). Thus s,_2 > A, — s,, so we have

An —TSp—1 < Sn + Sp—2 —TSn—1 = Tn—1,

which gives [CA"T;”"‘I] =0. O

-1
Proposition 3.25. Let a and b be nonnegative integers satisfying
-2
>t
Ti

T0,T15--3Tn—2 =0
Sp—1=a, Sp_2=b

Let T0,...,Tn—2 Satisfy Sp—1 = a,Sp—2 = b. Then for any (74,...,7)_5) €
Linax(Toy -+ y Tn—2), we have
(32) (Sn—l - S/n_l)An—Q - (Sn—Q - 3;1_2)1471—1 2 0.

Proof. We use Theorem 3.13. Let D, 1 (respectively D; 2) be the set of horizontal
(resp. vertical) edges in the i-th Dyck path in (Den*Xn-1)P x (Dén-1%cn-2)4,
Choose a collection of compatible pairs

5 = (617 v 7ﬂp+q)
= ((S1,1,51.2)5 5 (Sprq.1, Sprq2)) In (DX n=1)P x (Don-1Xen=2)d

such that f:f |Si2] = sn—2 and pc, + qen—1 — fif |Si1] = sn—1, and such
that 8 has the maximal number, say w, of copies of (), Dy) in D»*r-1. Say
Bi, =+ = Pi, = (0,D3) for some 1 < iy < -+ < iy < p. Since [Ds| = ¢,,—1 we
see that

o([2=])
w = min ,p |-
Cn—1

On the other hand, by Definition 3.16 and Remark 3.19, s/, 5 = kc,—1 and s,,_; =

n—1
ke, with k = w because (14, 71,...,71_5) € Lmax. Therefore
— _ !
Z 1Bilz = Sn—1 —wep = 5p—1 — Sy, 1,
ie{l,...,p+q}\{i1,...,’iw}
/
E |Bil1 = Sp—2 —wWen—1 = Sp_2 — 55, o,

i€{l,...,p+a\{i1,... iw}
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where |8;|2 denotes |D; 1| —|S;,1| and |5;|1 denotes |S; 2|. Hence (32) is equivalent
to

(33) > (An—2|Bil2 — An-11Bi1) > 0.
i€{1,...,p+a}\{i1,-.,iw}
First we show that

p+q

Z (Ap—2|Bil2 — An—1|Bi[1) > 0.

i=p+1
Due to Lemma 3.8, if p < i < p+q then either 3; = (D; 1,0) or 8; = (0,D; 2) gives
the minimum of An—2|ﬁi|2 - An—1|ﬁi|1- If ﬂz = (Di,la @) then clearly An—2‘ﬁi|2 —
An—l|ﬂi|l = O If 61' = (@,Di,g) then
An_2|Bila — An—1|Bil1 = An—2cn_1 — Ap—1cn—2
= (pcnfl + qcn72)cn71 - (an + q0n71)0n72
= p(cp_1 = CnCn2) =p > 0.
Next we show that
> (An—2|Bil2 — An—1|Bil1) = 0.
i€{1l,...,p\{i1,..si0 }
If p = 0 then there is nothing to show. Suppose that p > 1. Again using
Lemma 3.8, we see that if 1 <i <p and 5; # (0, D; ) then
cn—2|Bil2 — cn—1|Bil1 > cn—2cn — 0371 = -1,
S0 Cn—2|Bil2 — cn—1|Bil1 > 0. Also ¢, —1|Bil2 — cnlBil1 > cn_16n — cncn—1 = 0. Thus
An_2|Bila — An—1|Bili = (Pen—1 + qcn—2)|Bil2 — (pcn + qcn—1)|Bil
= p(cn—1|Bil2 — cnlBil1) + ¢(cn—2|Bil2 — cn-1lBil1) > 0. O
83.6. Divisibility in rank 2

We end this section with the following rank 2 result which we will need in Section 4
for the rank 3 case.

Theorem 3.26. Let a > A, /r be an integer. Then

n—2
Ai+1 —TSi| rsp_2—Apn_1 _r(An_1—a)—An_»
> I 7] 75
Ti

70,715+, Tn—2 ¢=0
Spn—1—a

is divisible by (1+z7)"*~A» and the resulting quotient has nonnegative coefficients.
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Proof. Using Theorem 3.17 with z3 = 1, we see that z? 2% is equal to

n—2
Aiy1 —18; rsp_o—Ap_1_Ap—rsnp_1
Y (1] . s,
Ti

T0,T15-,Tn—2 ~1=0

On the other hand, using Theorem 3.17 to express x} 2% in the cluster (zo =
(5371‘ + 1)/:52,1,'1), we get

) 7ﬁ Aip1—rs; zy +1 Tsn_l_AnxA"“_m"
- T 2 ! .

T0,T15-+,Tn—2,Tn—1 ~1=0

Since the positivity conjecture is known to hold for rank 2, it follows that all the
sums of products of modified binomial coefficients in this expression are positive.
Now the result follows by fixing s,_1 = a. O

84. Rank 3
84.1. Nonacyclic mutation classes of rank 3

In this subsection we collect some basic results on quivers of rank 3 which are not
mutation equivalent to an acyclic quiver. First let us recall how mutations act on
a rank 3 quiver. Given a quiver

where we agree that if rs — ¢ < 0 then there are |rs — t| arrows from 2 to 3.

Lemma 4.1. Let A be a nonacyclic cluster algebra of rank 3 with initial quiver

1— " .9
3

where r,s,t > 1 denote the numbers of arrows. Then

Q equal to
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(i) T? S? t Z 27.
(ii) applying to Q a mutation sequence at the vertices 1,2,1,2,1,2, ... consisting
of n mutations yields the quiver

1—————=2  ifn is even, l<—"——2  ifn is odd, where
NG O\
3 3

3(n) = cmrzs — cﬂrlt and t(n) = cg]ﬂs — .
(iii) cﬂrls — cg]t > 2 forallm > 1.

Proof. (i) This has been shown in [3]!, but we include a proof for convenience.
Suppose that one of r, s, ¢ is less than 2. Without loss of generality, we may suppose
r < 2 and s < t. Since @ is not acyclic, r cannot be zero, whence r = 1. But then
mutating @ at vertex 1 would produce the following acyclic quiver:

(ii) We proceed by induction on n. For n = 1, the quiver obtained from @ by
mutation at 1 is the following:

In both cases, the result follows from c[f] =0, c[;] =1, cg} =r, Cgr] =r2—1.

11t is shown there that A is nonacyclic if and only if 7, s, > 2 and 72 + s2 + 12 — rst < 4.
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Suppose that n > 2. If n is odd then by induction we know that the quiver
we are considering is obtained by mutating the following quiver at vertex 1:

l—"—s2
s(nx /(n—l)
3

and the result follows from #(n) = 5(n — 1) and

[r] [r] [r]

rs(n—1)—t(n—-1) = rc@rls — et — s + et = CpiyoS — Cpiql = 5(n).

n

If n is even then the proof is similar. (iii) follows from (i) and (ii). O

84.2. Positivity

In this section, we prove the positivity conjecture in rank 3.

Theorem 4.2. Let A(Q) be a skew-symmetric coefficient-free cluster algebra of
rank 3 with initial cluster x and let x;, be any cluster. Then the Laurent expan-
sion of any cluster variable in x;, with respect to the cluster x has nonnegative
coefficients.

The remainder of this section is devoted to the proof of this theorem.

If A is acyclic then the theorem has been proved by Kimura and Qin [17]. We
therefore assume that A4 is nonacyclic, but we point out that this is not a necessary
assumption for our argument. Our methods would work also in the acyclic case,
but restricting to the nonacyclic case considerably simplifies the exposition.

Since A is nonacyclic, every quiver Q' which is mutation equivalent to the
initial quiver @) has at least one oriented cycle. Since " has three vertices and no
2-cycles, this implies that every arrow in )’ lies in at least one oriented cycle.

Let x;, be an arbitrary cluster. Choose a finite sequence p of mutations which
transforms x;, into the initial cluster x and which is of minimal length among all
such sequences. Each mutation in the sequence p is a mutation at one of the
three vertices 1, 2 or 3 of the quiver, thus g induces a finite sequence of vertices
(V1,Va,...), where each V; is 1, 2 or 3. Since p is of minimal length, it follows that
Vi # Vigr.

Let egn = Vi and ep2 = Va. Let ki > 1 be the least integer such that
Vi, # €0,1,€0,2, and denote by t; the seed obtained from ¢y after mutating at
Vi,.o o, Vig—1. Thenlet e; 3 = Vi, -1 and ey 2 = Vi, . Let ky > k; be the least integer
such that Vi, # e1,1, e1,2, and denote by t5 the seed obtained from ¢, after mutating
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at Vi,..., Vi,—1. Recursively, we define a sequence of seeds X, 3, , 3¢, ..., 2,

along our sequence p such that x;, = x is the initial cluster and, for each %, the

subsequence of pu between ¢; and ¢;41 is a sequence of mutations at two vertices.
The sequence of mutations can be visualized in the following diagram:

4 Vi -1 Vi, Vi, —1 Vi, Vi —1
T ~~ e e =T e e S Ty e e @ =

The main idea of our proof is to use our rank 2 formula from the previous
section to compute the Laurent expansion of a cluster variable of ¢y in the cluster
at t1, then replace the cluster variables of ¢; in this expression by their Laurent
expansions in the cluster to, which we can compute again because of our rank 2
formulas. Continuing this procedure we obtain, at least theoretically, a Laurent
expansion in the initial cluster.

Fix an arbitrary j > 0, let d = e;1, e = ¢;2, and let f be the integer such
that {d, e, f} = {1,2,3}. Thus the sequence p of mutations around the node ¢; is
of the form

be the quiver at ¢;, and use the notation {xl;tj s T2t J)3;tj} for the cluster x;; at t;.
Let

3 r
Tet; T Tjit;

‘rd;tj =
xd;tj
and
§ ré—w
xd7t1 + mf;tj
Tejt; = Lot
e:

Thus 24, = pa(®a;;) is the new cluster variable obtained by mutation of the

cluster at t; in direction d and Teyz;, = pefta(Te;s,;) is the new cluster variable
obtained by mutation of the cluster at ¢; in direction d and then e.
Theorem 4.2 follows easily from the following result.
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Theorem 4.3. For any t;,t; with i@ < j, the Laurent expansion of the cluster
monomial x’e’i 1;ti$gi ,it; 1 the cluster x¢; is of the form

—_—— a1
E Ul T P o u2 S P2 G2
Cl;z—mzf;tjxd;tj Test; + g O2;Z—>jxf;tjxd;tj Leit,
u1€7Z, p1,q1 20 u2€Z, p2,q22>0

. pus D3 q3
+ Z Cs;imsj Lria;Tae; Lest;
u3€Z, p3,q32>0

where

Cryimsg = C1(Qt;, Viys -+, Vi, —1, 05 @ U1, D1, G1 )

Coyisj = C2(Qu;, Viys -+, Vi —1, 0, ¢ U2, P2, G2),

C3imj = C3(Qt;5 Vs - -+ Vi, —1, D, 45 U3, P35 G3)
are nonnegative integers which depend on Qy,, Vi, ..., Vi, -1,p, q, u1, u2, u3, p1, p2,
P3,41,42,93-

84.3. Proof of positivity

Before proving Theorem 4.3, let us show that it implies Theorem 4.2.

Let x be a cluster variable in x¢,. Using Theorem 4.3 with ¢ = 0 and j = m—1,
we get an expression LP(x,t;) for  as a Laurent polynomial with nonnegative
coefficients in which each summand is a quotient of a certain monomial in the

variables w ., gc/dvtj , x’e\{J ; Te;t; by a power of zy,;.. In other words, only the variable
xy;, appears in the denominator of LP(z,t;).

Since the seed ¢; is obtained from the seed ¢, by a sequence of mutations at
the vertices d and e, we see that xy,;. = xy,,, is one of the initial cluster variables
and that the variables md;tj,me;tja%,fﬁ?;j are obtained from the initial cluster
X, by a sequence of mutations at d and e. Therefore, in order to write = as a
Laurent polynomial in the initial cluster x;,, , we only need to compute the expan-
sions for the variables Tdst;> Test » xd/\?] , xe/vt] in the cluster x; _ and substitute these
expansions into LP(z,t;). But since the exponents p;,q; of these variables are
nonnegative, we know from Theorem 3.10 that these expansions are Laurent poly-
nomials with nonnegative coefficients, and hence, after substitution into LP(x, t;),
we get an expansion for x as a Laurent polynomial with nonnegative coefficients
in the initial cluster x;, . O

84.4. Proof of Theorem 4.3

We use induction on j. Suppose that the statement holds true for j, and we prove
it for j + 1. Note that f = e;11,2, since the rank is 3. Without loss of generality,
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let d = 1, so the sequence of mutations y around the node ¢, is of the form

e 1 f 1 f

—————————————— o e >ty e e e

We analyze the three sums in the statement of Theorem 4.3 separately. For

the first sum, thanks to Theorem 3.21 with x1 = @14, ,, T2 = Teyt, 1y, T3 = T1:4,,,,

23 = Tf;,,,, there exist nonnegative coefficients Cs; ;11 and Cs; j ;11 such that

—_—— q1
ur T Pl _ 51
(34) E: Cl;i—m'xf;tjzl;tj LTest; = E: Ol;i—m'xf;tj
u1€%Z, p1,91 20 u1€Z, p1,91 20
_— (1) 1) (1)
z : Ve P qs
C2§j_>j+1 're;tj+1x1;tj+1 xf;tj+1
vtV ez, p§t iV >0
X
— (1) (1) (1) ’
E . We P3 a3
+ 03;.]4)]4»1 xE;tj+1$1;tj+1xf;tj+1

w ez, p§ qf" >0

@ 1 (1) (1)

where (41 depends on ve’,py’,¢q5 °, while Cs. ;541 depends on we”’,
(1 (1)
P3 5,43 -
We can rewrite (34) as
f—— (1) (1) (1)
Ve —— Py uitq,
(35) > CriisjCo it Tty Tty - Ty
_ ) (1) )
w Ds u1+q
+) 0 CinCsjmjm Tt Tty Tpty
For the second sum, we have
U2 S P2 92 L U2
(36) Z Co; i=g Ty Pty Test; = Z 02”HJ Lyt
U2 €Z, p2,92>0 u2€Z, p2,92>0
(@ (2)  (2)
E . Ve L)
Co;j—jt1 TetjaPlitien  Tfi
véz)GZ p(22> qé2)>0
o >
S Gt |
+ 35 j—j+1 xe;tj+1$1;tj+1xf;tj+1
(2) 2 (2
We EZ,]):; »d3 >0
—_— 2) (2) (2 o 2
W(l;)ere@)Cg;jﬁjH depends on Ué )7p; ),qé ), while C, ;41 depends on wé ),
3 143 -
We can rewrite (36) as
(2) (2) (2)
E S . Ve —~— Py uz+qy
(37) C2§ =] 02;]_>J+1 xe;tj+1x1§tj+l zf;tj+1

& i ustaf?

. . . . we
+ Z C2i2 0335541 Testy 11 P5tyaa Tty 41
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Similarly, for the third sum
p3 .G
(38) D, Oaamaly, ol ol

us€Z, p3,q3 >0
— . LB
= E Cs, =g T fy

uz€Z, p3,93>0

@) 3 (3
Z Co;jsjr1 ff:ftj+1$1;tj+1p2 x?‘;tﬁl
véa) €Z, pég) ,qég) >0
" B
+ Z Cs;j—j+1 Leitjir ity 1 0 fit 40

wPez,pP,qf) >0

where C9 ;41 depends on u£3),p§3),q§3), while C3, ;41 depends on wﬁs),

3) (3
ps a5,

We can rewrite (38) as

@)~ pgs) u3+q§3)
(39) z :0317“_%70273_{7"1‘1 ze;tj+1xl§tj+1 xf;tj+1
w®) (3)

p

(3)
+ ) CainiCajjirasy,, o

3 u3z+q3
itit1” fitj

p q

So by induction we have an expression of x¢, ., @, ,,;,, With respect to the

cluster ¢;41, that is,
(40) xﬁ’;tixq = (35) 4+ (37) + (39).

eit1;ty

This expression allows us to compute the new coefficients Cy, ;41 and
C3;i—j+1 by collecting terms with nonnegative exponents on xys,. ,; we have

Coisjr1 = ch;i—m‘cz;j—m'ﬂ + Z C2;i-5C2 j5j41 + ZOS;i%jC2;j—>j+17

where the three sums are over all possible variables satisfying u; + qél) > 0,

Ug + qéQ) > 0, and ug + qés) > 0 respectively, so that the exponent of xy;, , is
nonnegative.
Similarly,

C3imj41 = E C1,i-5C3; j—jg1 + E C2,i5;C3; j—sjy1 + E Cs3,i5C3: jsjt1,

where the three sums are over all possible variables satisfying u; + qél) > 0,
Ug —|—q§2) >0, and ug —|—q§3) > 0 respectively. In particular, this shows that Ca; ;41
and Cj3,;, ;41 are nonnegative integers.

Since uy,ug or ug can be negative, zy,; ., can have negative exponents. Now

we analyze the terms in which z ., appears with a negative exponent. For every
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positive integer 6, let Py be the sum of all terms in (40) with exponent of x;, ,
equal to —0, that is, Py = Py 2 + Pp,3, where

Po2 = ZCl;iﬁjﬁngjﬂml;tﬁlp;mm;;lttf%l)
+ Z Co, i%jm x:gj)ﬂxl;tjﬂpgmx;?t_:_f%m

+ Z Cs,i5C2; jj+1 x:;éjjﬁzl;tﬁlpg)z;ﬁ?tjf?7

Poz = ZCl;iajﬁxzﬁllmzlﬂ;ézﬂx;;ltjén

) ©) (2

. . . . We Ps3 u2+q3

+ E C2;i-C3;5—5+1 Testj 1Tt 1T fit 1
D p8P ustaf”

(
. . . . We 3
+ E CS; ’L*)JC?);]A)‘]*FI xe;tj+1m1;tj+1xf;t]‘+1 ?
where the first sum in the expression for Py, (h = 2,3) is over all

U17U£1)7w((31) € Za b1, q17p;ll)u Q;(Ll) 2 0 Sa'tiSfying u + Q;(Ll) = _07

the second sum is over all

uz, U£2)7 U)((f) € Za b2, q27p22)u Q](IQ) > 0 Sa'tiSfying Uz + CI;(LQ) = _07

and the third sum is over all

U3,v£3)7w£3) € Z, ps, q3,p23), q,(f) >0 satisfying w3+ q}(f) = —4.

To complete the proof, we shall compute Py 2 and Py 3 separately. We show
that Py 3 = 0 in Lemma 4.10, and thus to complete the proof it suffices to show
the following result on Py .

Lemma 4.4. Py is of the form

6

Ue —~— D1
Trin O, Crisgm ol T,
Ue €Z,p1 20

where
Cl;i—)j+1 = Cl(Bt_H_la Vkm sy Vk_7‘+1—1ap7 q;Ue, P1, 0)

are nonnegative integers.

Proof. Py is the sum of all terms in the Laurent expansion of x’l’;tix;;ti in the
cluster x;, , with exponent of zy,;, , equal to —. Clearly Py = 0, for j =i. We
shall start over and compute Py using Corollary 3.20. To keep the notation simple,
we give a detailed proof for j =i+ 1. The case j > i + 1 uses the same argument.
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Let

Q=12 ¢

N

be the quiver at the seed u(t;41), where 71, w; and & are the numbers of arrows.

Applying Corollary 3.20 to xf;tix?;ti, with @y = gy, ., T3 = ZT1y,,,, and

23 = Te;t,,,, We Obtain

oo x ()

Tw;1
T0;15T1;15+3Tng —3;1 > w=0 ’

% Anp—1,1=T18n; —21_T18n; —3;1—Anq—2;1_WiSng—2,1—E18nq —3;1
Tlitiva fitita etit1 ’
Let ns be the number of seeds between pq(t;41) and ;4o inclusive. Suppose
that no is an even integer. The case of ny odd is similar, except that the roles of
213,41 and ey are interchanged. Let

be the quiver at the seed uj (t;42), where o, ws and & are the numbers of arrows.
Since the mutation sequence relating the quivers ()1 and Q)2 consists of mutations
at the vertices 1 and e, we see from Lemma 4.1 that

T2 = fla
(42) wy=cl?l ry =,
&= [TQ]Tl [ 2} Lwi-
Now let p2 = Any 1,1 — 180, -2;1, @2 = W1Sn, 2,1 — &18n,-3;1 be the ex-
ponents of x1;,,, and Zey,,, in (41) respectively. Applying Corollary 3.20 to
xl;tiﬂpzmgftiﬂ we see that (41) is equal to

n173 A — TS A
(43) Z (H |: w+1;1 1 w;l])x;l;:;;g?;;l nq—2;1

Tw;1
T0;15T1;15-+3Tng —3;1 > w=0

x Z (nﬁ3 |:Aw+1;2 - r25w;2:| )
Tw;2

T0;2,T1;25-+,Tng —3;2 ~ W=0

< T Any—1,2=T28n5-2;2 T28ny-3:2—Any—2,2 W2Sny—2,2—628n,—3;2
Litiyo ety fitiqo
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e Aws1;1 — 18w
— w+1;1 ™ w;
- X ()

TO;1,T15150+5Tny —351 w=0 )

e Aw+1;2 — T25w;2
- Z < H [ Tw;2 :|>

T0;2,T1;25-,Tng—3;2 ~ wW=0

Ny Ang—1,2-T28n5-2:2 ToSny 32— Any 2,2 WasSny—2,2—828ny—3,24+T18n, —3;1—An; —2;1
Litiyo estit2 fitize

where A;» and s;9 are as defined before Lemma 3.12 and Lemma 3.15 but in
i—1
terms of pa, g2, and rg, thus A;5 = p20£7:f]1 + qgcgrz] and s;0 = Z;:o C,[ff;_,'_l’rj;z.
Let 6 be a positive integer. We want to compute Py, which is the sum of all

terms in the sum above for which the exponent of z ., , is equal to —6, and show

—— 0

that it is divisible by @,;,,, . Thus —0 is equal to
WaSn,—2:2 — &28n,-3:2 + T15n, —3:1 — Apy—2:1-

It is convenient to introduce ¢ such that 7.0 = ¢ — s, —3;1. Then

n2—3
_[re] [r2]
Sny—2;2 = Cn271(§ — Sny—3;1) + § Cro—1—575;25
=1
71274
_ [re] [r2]
Sny-3:2 = Cpy-o(S — Sny—31) + Cno—2-57T5;2
=1

Using (42), the expressions for s,,_2.2 and s,,_s.2 and the fact that c[f] =0,

we have

WaSn,—2;2 — §25n,-3:2

’I’L273

= (el = 8L [l (6 = sna) + Y L]
j=1
n2—3

— (CE;]Tl — cgf;],lm) [CE;],Q& — Spy—3;1) + (Z CE;]_Q_jTj;Q) — 0[151]%2,3;2}
j=1

(6 = sny—g) (5] )2 — el )y

n273
+ Z Tjﬁ[”@fiﬁfﬂ—l—j - CE%]CE;]—%]‘) + W1(*C§§chgf§11_j + CE;]—lc[rf;}—%j)}
Jj=1

n2—3
E(—sna) i+ Y malr(—dS) +wcl).

Jj=1
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[51] [€1]

And since —c=} = ¢y, we get

na 3
(44) —0 = 1 (C - 5n1—3;1) + Z Tj;g(cgil_}zrl — C[gl]lwl) + T18n;—-3;1 — An1—2;1
j=1

no—3
T W DR )
j=1

Also, the exponents of m and Zey,,, in (43) can be expressed as follows:

ng—3
An2—1;2 —T28p,—2;2 = ngl]p2 +C[E21_ q2 — 51( ril]— (g_8"1—3 1)+ Z cgglfl jT]72)
—céla _ [€1] —
Cr, (Any—101 7‘18n1—2»1)+0n2_ (w15n1—2;1 &18n,-3:1)
'I’LQ—
_§1< 5217 (¢ _5711*31 )+ Z CE;]—l 37 2)
= CE;](AMAJ —718n,—2:1) +C£f2]_1wlsn172 1

na—3

—& ( [nil—1§+ Z o —1—5T4; 2)

and similarly

E15n,-32 — Apy_22 = fl( EZI_ s+ Z C,il] 2 Ti; 2)

( Lil]—l(Anl—l;l - 7"18n1—2;1) +c [5 ] L oW18n, —2; 1)

By fixing ¢, 71,2, ..., Th,—3;2 in (43), we have

£ ()

Tw: Tw:
T0;15T1;15-+yTng —3;1 > w=0 w;l w=0 w;2
3
/vc,[,le](Anl—l;lf’l’lsnlfml)*‘r [£1] L WiSng —2; 1761(6[521_1§+Zn2 cLi)l]_l §Ti2)
X Tlstigo
4 [&1] (& (€11
&1(Cn2 2S+G2T Crrgsa_jTi2) = (Cn;,l(Anl—l 1= 7180, —21)+C 1L 5W18n, —2:1)
e7tz+2
3, [t
— Ay —2at+rie+ 02 A (S~ w7
Tfitiro

and this is equal to a product ¢ where ¢ is a Laurent monomial in 1.4, ,, Test;, 5
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Tfit,,,, While ¢ is equal to

S ()

To- Top-
T0;1,T1;150+3Tny —3;1 > w=0 wil w=0 w;2

(€1

[€1] — ] Ang—1;1
Cry "1 Cpy 191N\ [(An;—1;1—S)——— | —Sn;—21
X Tiitiys : " Anpit e
c[51] rr— [€1]
ng—1T17Cpy oW1

e;tiyo

and transferring the 0-th term of the second product to an (n; —2)-nd term in the
first product, we get

o x ()

Tw;1 Tw;2
T0;15T151 50, Tny —2;1  w=0 ’ w=1 ’

3 [€1] Ap 1,
f\'/cglzl]rlicnz—lwl L(Anlfl;lfg)zli.lllstn1*2;l
% Litiyo n
bl
szl]flrlfcfglzwl
ejtiyo

where Tny—2;1 = Anlflgl — T18n;-2;1 — T0;2 = Anlfl;l — T18p;-2:1 — S+ Spy—3;1-
Moreover, using Lemma 3.15, we observe that

(46) Sni—1;1 = T18n;—2;1 — Sn;—3;1 + Tni—2;1 = Anlfl;l -G,

and by Theorem 3.26,

n1—2
( H |:Aw+1;1 - 7“15w;1:|>$An11;17‘18n12;1
z : it

Ton-
T0;15T1;15-++5Tny —2;1 w=0 w;l
Snl—l;l:Anl—l;l—s‘

is divisible by (1 + @1y4,,,")1Am-10=9= Ay Z[xli;iiﬂ], and the re-
sulting quotient has nonnegative coefficients. Multiplying the sum with
Pl (Any—1a =) T AL

Ty, v shows that
sbi41

(47)

ni;—2 Ap. 11
( H |:Aw+1;1 - 7‘15w;1:| > (l‘ rl)L(An,l—l;l—C)ziil_lyj —Snqy-—2;1
E : 1itiga ’

Top-
T0;15T1;15+5Tny —2;1 w=0 w;l
Sny—1;1=An; —1,1—§

is also divisible by (1 + xiltiﬂ)Tl(Anl—l:l—g)—val, and the resulting quotient has
nonnegative coefficients. Moreover, we shall show in Lemma 4.5 below that the

exponents in (47) are nonnegative, which implies that the quotient is a polynomial.
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Note that the statement about the divisibility of (47) also holds when we
replace z7,,, , with any other expression X. We can write (45) as follows:

- XSt

where
ni—2 ns—3
_ Aw+1;1 — T1Sw;1 _ Aw+1;2 — T28w;2
q(m) - H T ’ p(m) - H T ’
w=0 w;l w=1 w;2
An 1;1
1—1;5
b= L(Anll;l - §)T ) m = Sp;—-2;1,
ni;l
[51]T1 c51] L@
X — L1itiqo
- el [&1]
ng—1T17Cpy oW1
etita

Then Lemma 4.7 below yields

232=713 Tw;2 I_(A Anl—l;l
ni—11 — g)AiJ — Sn1—2;1
o= g (e =9 =)

i=0 v
and using Lemma 4.6 with ¢ = r1(Ap,—1,1 — <) — Ap,;1 and h = 2?213@ 0, We
find that the expression in (45) is divisible by

3 no—
-'L'/l—;/ [£1]T1—c[ 1]71{”1 e (An1*1:1_§)_‘4"1:1_2j21 ? Ti52
i+2
(48) (1 + clél - [51] Hw1 )
Crg—1 —
ejtita /1—;_/& An172;1—r1§—2;21_3 i
1+2
- (1+ ) ,
€; *'L+2

and the resulting quotient has nonnegative coefficients. Finally, dividing (48) by
x?;ti“ and using the fact that

(W2 £
Lfitipos = (xe;tzdrz + Llstiyo )/x.f§tri+2
———0

we see that Py, is divisible by ., . O

Lemma 4.5.
An171~1

{(Aml;l - <)AnllJ — Sp;—2;1 = 0.

Proof. We have
An1—1;1
An172;1

An1;1

/ / /
Sny—1;1 = Spy—1;1 > (5n1—2;1 - 5n1—2;1) > (5n1—2;1 - Sn1—2;1)7A e
ny—

where the first inequality follows from (16) and the second from Lemma 3.12(Db).
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Hence
(49) (Sny—11 — 3211—1;1)14711—1;1 > (Sny—2;1 — 3%1—2;1)‘4711;1'
On the other hand, since s;, 5, = kclel;l, Spy—11 = kc[rzlll, by Definition
3.16, and A;q = pckﬁ]m + chll], we have
(50) Sy —1;14n, —151 = kcg;ll] (pcgﬁ} + chll]—l;l)

2 kcgll]fl;l(pcgjr]l;l + ch[:;l]) = 3;1—2;1An1;1a
where the inequality follows from Lemma 3.1. Adding (49) and (50) we get
Spi—151An —1;1 = Sny—2,1Ans i1
Therefore (46) yields
(Ani—11 — ) An—1.1 > Sny—2.1 40,11,
and we get

Any 10
An1;1

Lemma 4.6. Suppose that a polynomial in x of the form

> q(m)zt—m

mel

(Ap,—1;1 —%) — 8py—2;1 = Spy—2;1 — Sny—2;1 = 0. O

is divisible by (1 + )9 and the quotient has nonnegative coefficients. Let

h b—m
s =Y ai("")
=0
be a polynomial in m with d; > 0. Then

> p(m)g(m)z"~"

mel

is divisible by (1 + x)9~" and the quotient has nonnegative coefficients.

Proof. This is because xidd—; > mer @(m)x®=™ is divisible by (1 + 2)9~" and the
quotient has nonnegative coefficients. O

Lemma 4.7. With assumptions in the proof of Lemma 4.4, we have
-3 222:73 Tw; Apq— ;
ni—[ <Aw+1;2 - T’2£w;2> B 21: 2dl(\‘(An11;1 B b wrnd 3n12;1>
- Tw;2 .7 ! 7
w=1 ) 1=0

for some d; € N, which are independent of sp,—2.1-
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Proof. Once we know that there are nonnegative integers a¢ and b such that

Aw+1;2_r25w;2 = a('_(Anl—l;l —§)AAH:L7;111J _Sn1—2;1) —|—b, it is clear, by Lemma 48,

that
Tw;2 Ani—151
Aw+1;2 T285w;2 Zd/ TL1—1;1 - C) A:Ll:l J — Sni1-2;1
Tw;2 7

for some d; € N, and by Lemma 4.9, for any nonnegative integers j and k,

k

n A1,
(L(Am— i1 g)linJ - Sm—?;l) <L(An1—1;1 - g)ﬁJ - 5n1—2;1)
J
k Ani—1;
_ Jid”( ni—1:1 —S) Ail;lllJ - sn1_2;1>

?

for some d € N. Then the desired statement easily follows.
Thus we need to show the existence of the nonnegative integers a and b. Using
the definitions of A, 41,2 and ¢ as well as the fact that ro = &1, we get

Aw+1;2 — T25w;2

= S, (A, 151 — 7180, —01) + €5 w18, 2 — € ( 16+ Z el T 2)

which can be written as

Ap, 1.
Aw+1;2 —T28w;2 = ( [wéﬂzrl - C»[Lfﬂlwl) < {(An,l—l;l C)AlllJ - 5n1—2;1> +C(w)a
mni;

where C'(w) is some function of w, which is independent of s, _2.1. Note that

c[gﬂzrl — c[gl] qwi >0,

because, by Lemma 4.1, this is the number of arrows between some pair of ver-
tices in some seed between t;; and ¢;yo. Thus it suffices to show that C(w) is
nonnegative. Indeed,

Apy 1, Ap 1.
C('LU) ( [5332741 - C’Eﬁi wl) ((Anl—].;l - g)lim - \\(A’I’Ll—l;l — g)ll’lJ)
A”“l Am;l

+ C(w)f(w),
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where

Anlfl;l

Clw) = eifly = (eitlyrs = e =2,
ni;l

¢ ¢ ny -1
0 _4 &1 Cw+1 (c L;Erlzrl - C[wﬂlwl) Ail;lll
(w) = An 11 = e [€1] Y it
Cooa — (Coppam1 — w+1w1) I
—1
> S ;
- 3 3 3 o1 932
j=1 C£u£2 ( Eul] = chﬂlwl) Ail;lll

We want to show that C'(w) is nonnegative for w > 1, for which it suffices to show
that C(w) and #(w) are nonnegative for w > 1.

First we show that C(w) are nonnegative for w > 1. Note that C(w) =
&C(w — 1) — C(w — 2). Moreover & > 2, by Lemma 4.1. Hence if we show
C(1) > 0> C(0) then induction on w will show that C(w) is increasing in w. It is

easy to see that C(0) =1 — 7, A;{l 11 < 0. On the other hand,
~ An—1n A —1mAn —151 An 1
C(1) = _ N —w ni—hiL 15 1 S w ny— il
(1) =& — (&1 —wi) A &1 o .
—Ap 2,1 Api—1a
— 51 1 3 +W1 1 3
An1;1 Anl;l ’

which is positive because

(51) wlAn1—1;1 - glAn1—2;1 == wl(pcnl + qcnl—l) - 61 (pcnl—l + qcn1—2)
= p(wicn, —&1cn—1) + gwicn, -1 — &1¢n,—2)) > 0,

where the last inequality follows from

{wien, = &ien,—1,wicn,—1 — &i16ny -2}
= {the number of arrows between e and 1 in the seed ¢;,
the number of arrows between e and f in the seed ¢;}.

Next we show that 6(w) is nonnegative for all w such that 1 < w < ng — 3.
Recall from (44) that

n2—3
t t
0= An1,2;1 — s — Z (Cg_,'l_}QTl — cg.j_]lwl)Tj;g > 0,
j=1

which implies that

w— 1 [t1] [ 1]
A ’rlAnl 11 ]+2T1 g+lw1)A”1—1;1
ni—L1 — — S E

n1 —2;1 n1—2;1

Tj2 > 0.
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So it is enough to show

€1] [€1] [€1] Any—1;
TlAnl—l;l S glcwfl—l - (Cwii-27ﬂ1 - Cwii-lwl) Ail;lll
Ang— 5
Any 21 0512 - (CE£2T1 - 05£1w1) A;I;lfl
and ) ]
(Cjigﬁ - Cji1w1)x4n1—1;1 flcwﬂrl,j ]
Apg—11"
Anoan T~ L - Bl S
but these inequalities can be proved by induction on w. O

Lemma 4.8. Let a,b,c be any nonnegative integers. Then there are nonnegative
integers dy, . ..,d. such that

X+b (X
<a + > = Z di< . ) for all nonnegative integers X .
c — i

Proof. The Vandermonde identity shows

() 2 )

Wo+wi+-FWa=C, Wo,...,Wq EN

and then the statement follows from Lemma 4.9. O

Lemma 4.9. Let a,b be any nonnegative integers. Then there are nonnegative

integers eq, . .., €q1p such that
X X a+b X
( ) ( ) = Z ei< ) ) for all nonnegative integers X .
a b pard i

Proof. There are many proofs. This proof is due to Qiaochu Yuan and Brendan
McKay. It is enough to prove the result for large enough integers X, because both
sides can be regarded as polynomials in X. Now (f ) (); ) is the number of ways to
choose a subset of size a and a subset of size b from a set of size X. The union of
these two subsets is a subset of size anywhere from max(a,b) to a + b, so e; is the
number of different ways a subset of size i can be realized as the union of a subset

of size a and a subset of size b. O
This completes the proof of Lemma 4.4.
Lemma 4.10. Py 3 = 0.

Proof. In trying to keep the notation simple, we give a detailed proof for j =i+ 1.
The case j > i+ 1 uses the same argument.
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Let

Q=13

N

be the quiver at the seed py(t;+1), where r1, w; and &; are the numbers of arrows.
For a compatible pair § = (S1, S2), let |2 denote |D1| —|S1| and | 3|1 denote |Sa|.
Applying Theorem 3.21 to 2%, %, , we obtain

(52) ) (Hd [Aw+1;1 1w } )

Top-
T0;15+-,Tny —3;1 w=0 wil
Anq—1,1—718n, —2;12>0

Any—11-T18n; 2,1 T18n; —3,1—An; 2.1 W1Sny —2,1—E18n, —3;1

X Tlitiga fitiva etit1
(53)
n-nl, —Any—2;1 ri|Bl1 r1(Any—1;1—18l2) 51\5\2—(§1T1 w1)\5|1
2y tz+11 T, t1+11 Z Titia Ty, t1+11 Testin
B:r1|Bli—Any —1;1>0
where the second sum is over all 8 = (S; = JF7 S, Sy = (JI77 S3) such that

Demi-11Xen-21 §f 1 <4 < gq,

S, 8%) i tible pair i
(51,52) Is a compatible pair in {DX ifg+1<i<p+aq

Let no be the number of seeds between pg(t;+1) and ;42 inclusive. Suppose that
N is an even integer. The case of ny odd is similar, except that the roles of 1,11
and ;11 are interchanged. Let

Q2 = 1<\76

be the quiver at the seed p;(t;12), where ro, ws and &, are the numbers of arrows.

Here we show that if Cy.;,;C3. ;41 # 0 then us + q( ) (the exponent of z )
can never be negative, so that the second sum in Py 3 is equal to 0. A similar
argument can be applied to show that the other sums are 0.

Let po = Ap,—1;1 — T18n,—2:1 and g2 = w1n,—2:1 — &15n, —3;1 be the exponents

q2

of 1.4,,, and ey, ,, in (52), respectively. Applying Theorem 3.13 to x/l_;;:lm T

n (52), we have
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n1—3
2 : ( ] l |:Aw+1;1 _rlsw;1]>mrls7zlii;lAn12;1
iti
7-w;l f i+l

T0;15++,Tny —3;51 w=0
Apy—1,1—T18n, —2;120

% Z rz\ﬁ\1—An2_1;2xAnz;z—m\5|2x£2|,6’|2—(£2T2—w2)|ﬁ|1
1itito eiliyo fitite

s (i)

Top-
T0;15-++3Tny —3;1 w=0 wil
Anq—1;1—T18n, —2;120

% xTz|5|1—An,2—1;2mAn2;2—T2|ﬁ|2x§2\ﬁ\2—(§27’2—w2)\5\1+7“15n1 —31—An;—2.1
2 : Litiqo etita fitite ’

where each second sum is over all 8 = (S; = [JP2T% 8§, S, = JP2T% Si) such
that

DEng—1;2XCng—2;2 if 1 < 7 < q2,

¢ S%) is a compatible pair in
(51, %) P P {an if o +1<i<ps+qo

The exponent of z; is positive by definition of Py 3. Therefore A,, 1.2 <
2|81, hence A,,_1.2/(r2]8]1) < 1 and thus

TlAn271‘2 T1|5|1 An271'2 7”1|5|
= = : < &|Bl2 = (Lorg — w2)|B1,
clr2] ro clrel 1 2|81 [

nzfl nog — 71

where the last inequality is proved in [21, Lemma 4.10] and [19, Proposition 4.1].
Using 72 = &1 and the definition of A,,_1,2, we get

T18n,—31 — Any—2.1 + &2|Bl2 — (§ar2 — w2)|B)1

> T15p,—3;1 — Apy—2.1

1 (CEQ](AM—1;1 —T18p,—2;1) + 052]_ (W18ny—2.1 — §18n1—3;1))
nli&
r1 (CE;](Anlflgl —T18p,—2;1) + »[,151]71‘*}137’“72 1)
=—Ap, 21+
[fl 5
’nzfl 1
T1 (CE;]Anl—l;l (051}7‘1 [fl] 1w1)5n1—2 1)
= _An172;1 +
ng—lg
(Any—1;1—T180, —2;1>0) ] (CEQ}Anl_l;l (c%l]r cgiﬂ_lwl)y)
> —Apy 21+ :
’ [51 5
’I’Lg*l 1
1 (51)

§1 — (W1 An, —11 — & AR —21) > 0.
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Thus the exponent of 4., ., in the expansion of (52) is positive. The proof for the
expansion of (53) uses a similar argument. O

§5. Example

Example 5.1. Let X;, be a seed connected to the initial seed ¥, by the following
sequence of mutations:

2 1 3

1 2 1 2 1
to ~ <>t ~Tety %

Sth sty e o men e iome o>t

Suppose that the quivers corresponding to the first 5 seeds are as follows
3 3 3 3 3
1———=2 1l<——2 1———=2 1l<——2 1——2
3 3 3 3 3

We want to illustrate the proof of positivity for ., .

First, we compute its expansion in the cluster x;, using Theorem 3.21. The
mutation sequence from ty to t; is at the vertices 1 and 2. Thus we have r = 3,
n=3,p=1, ¢ =0. Moreover,

01:0762:1763:3, A1:17A2:3, S1 = 7o,

and the summation is on 79 = 0,1. The condition s,_9 < A,_1/r in the first
sum of Theorem 3.21 becomes 79 < 1, which is always satisfied, so the second
sum in the theorem is empty. Finally, the variables in the theorem are zo = x9,,
z3 = x3y, and 3 = 21y = (23, + 23, ) /21,1, . Thus zoy, is equal to

1 a3y, + 23, ’ 1
—1 3 3 —1 3
(54) x2;t1 <0) 11,1_751 : = x2;t1 (0> xl;t/l
—1 1 3
(55) + x2;t1 1 ‘r3;t1'

Now we compute the expansion of this expression in the cluster x;, again
using Theorem 3.21. We treat the two terms (54) and (55) separately. For the first
term, we need to expand x‘i’; " which lies in the cluster x;; . The mutation sequence
from ¢} to to is at the vertices 1 and 3. Thus we have r =2, n =4, p =3, ¢ =0.
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Moreover,

c1=0,c0=1,c3=2,¢4=3, A1 =3, 4,=06, A3 =09,

S1 = 70, So = 219 + 71, S3 = 319 + 21 + To.

The two binomial coefficients in the first sum are (f;) and (6_7_?70), so their product
is zero unless

0<75<3, 0<7<6-27.
Finally, the condition s,_s < A,_;/r in the first sum of Theorem 3.21 implies
that 79 < 3, and that y < 4 if 7 =0, 4 < 2if 79 =1, and 7y = 0 if 1o = 2.
Therefore, the first sum is over the following pairs (79, 71)

(0,0) (0,1) (0,2) (0,3) (0,4) (1,0) (1,1) (1,2) (2,0),

and the corresponding terms are

(56) xQ_; (é) arg_fz 3) g) x?;té

o7 raid, (o)ait. (5) (0 st
(58) + o, (é) T3ty (3) (g) Y %5t
(59) waz, (o)ait, (3) (5) et
(60) wazh (o)ot (5) (§) oot
(1) rai, (o)ai (7) (3) ehate
(62 rai, (o)ait (3) (7 ataste
(63 v, (o)75t (1) (5) st

1 (1N 5 3\ /2
(64) + x?;%g <0) x3;t22 (2> <0> x%;té‘rg;tQ'

The second sum in Theorem 3.21 is over all compatible pairs (Sy, S3) in D9*6
such that |Sz| > 9/2. The condition |Sz| > 9/2 implies that S; must be equal to
Dy or Dy \ {any single vertical edge}. If S; = D5 then S; must be the empty set.
If 52 = D2 \ {1}21'_1} for i = 1,2,3, then Sl = {U3i_2} or @ If 52 = D2 \ {Ugi}
for i = 1,2,3, then S; = {ug;} or (). Therefore the second sum in Theorem 3.21 is
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equal to
(65) Tyt ! 6250 3
2ito 0 35ta 1;t2x2;t2
(1 6 3 o
(66) T Toy, (0) T340 L1585 T2:t,
1 (1 _
(67) + ',1:2;%2 (O) 6x3;;12‘r1§t2xg;t2 .

This shows that (54) is equal to the sum of all terms (56)—(67).
Applying Theorem 3.21 to the expression (55) and using a similar analysis,
we see that (55) is equal to

1 (1\ _5 /3
(68) 1‘2;%2 (1> l’3;?2 <0> x?;té
4 (1\ 5 /3
(69) + x2;%2 (1) ‘r3;§2 (1> mé]%;t,zxg;t2
1 (1\ _5 (3
(70 vz (7)ot (3) bt

(1N 3 /(3
(71) + xz;%rz <1> 173;?2 (3> xg;tQ-

So 2, is equal to the sum of all terms (56)—(71). Observe that the powers
of the variables w1, ,21;t, in all terms are positive and that the powers of the
variable xa,, are positive in all terms except for (56) and (68).

On the other hand,
x?;tfz + x%;tg

—6 —6
(56) + (68) = x?);tz ‘T?;té ( ) = xS;tQ‘x?;téxQ;tQ’

L2ty

where x;; = [LQ(Xté) denotes the cluster obtained from Xy, by mutation at 2.

Thus we obtain an expression for 9, as a Laurent polynomial in the variables
Ty T1stys Tlity, T2ty T3, With nonnegative coeflicients and in which only the
variable z3;, appears with negative powers. Note that xg,y = ﬁ and 1,4, =
T1it,, thus the sum (56)+(68) is of the form of the first sum in Theorem 4.3, the
sum of (57)—(64) and (69)—(71) is of the form of the second sum, and the sum of
(65)—(67) is of the form of the third sum in Theorem 4.3.

Since the mutation sequence linking the seeds Xy, ¥, and ¥, to the seed
Y, consists of mutations at the vertices 1 and 2 only, we see that xs,;, = 3,1, and
replacing the other variables with their expansions in the seed ¥, (which have
nonnegative coeflicients by the rank 2 case) produces again a Laurent polynomial
with nonnegative coefficients in the cluster x,.
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