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Integral Formulas for
Quantum Isomonodromic Systems

by

Hajime NAGOYA

Abstract

We present integral formulas for particular solutions of quantum isomonodromic sys-
tems, which are time-dependent Schrodinger systems and quantizations of isomonodromic
deformations for certain Fuchsian systems. The functions given by these integral formulas
are generalizations of the generalized hypergeometric function r Fr,_;.
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81. Introduction

Fix integers L > 2 and N > 1. We consider the time-dependent Schrédinger system

(1) iy tan) = Hi(a b )van) (1=is)
where k € C and ¥(q,z) is an unknown function of
1 1 2 2 N N
q= (Q§ )7"'7q211aQ§ )a"'7Qé21a"'7Q§ )7"'7QE—)1)
and z = (z1,...,2n). The Hamiltonians H; are defined in Definition 2.1.

The Schrodinger system (1.1) is a quantization of the classical Hamiltonian
system #p, n obtained from a similarity reduction of the Drinfeld-Sokolov hierar-
chy by K. Fuji and T. Suzuki [3] (L = 3,N = 1), T. Suzuki [14] (L > 2, N = 1),
and a similarity reduction of the UC hierarchy by T. Tsuda [18] (L > 2, N > 1), in-
dependently. In [18], T. Tsuda showed that the classical Hamiltonian system Hr, n
is equivalent to a Schlesinger system governing isomonodromic deformations for a
certain Fuchsian system.
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On the other hand, Y. Yamada conjectured in the context of the so-called
AGT relation that the instanton partition function, in the presence of the full
surface operator in NV = 2 SU(L) gauge theory, is determined by the Schrodinger
system (1.1) for N = 1 [19]. In the case of L = 2, the Schrédinger system (1.1)
is a quantization of the Garnier systems [4], [6], which has appeared in conformal
field theory [16].

In this paper, we present a family of hypergeometric integrals as particular
solutions to the Schiodinger system (1.1). These solutions are polynomials in q
of degree M € Z>; and their coeflicients are integral representations of hypergeo-
metric type.

A key to finding special solutions to quantum isomonodromic systems is to ob-
serve special solutions to the corresponding classical isomonodromic systems. For
example, both the classical and quantum sixth Painlevé equation have a particular
solution expressed in terms of the Gauss hypergeometric function [9].

It is known that the classical Hamiltonian system Hr y has a particular solu-
tion expressed in terms of a generalization of the Gauss hypergeometric function
by K. Okamoto and H. Kimura [11] (L =2, N > 1), T. Suzuki [15] (L > 2, N = 1),
T. Tsuda [17] (L > 2, N > 1). Observing the linear Pfaffian system derived from
this generalization of the Gauss hypergeometric function, we see indeed that hy-
pergeometric integrals given in [17] yield a particular solution to the Schrodinger
system (1.1):

Theorem 1.1 (see Theorem 4.1). The hypergeometric integral

L—1 N L-1
(1.2) / IT /=TI = zito—) %% I (tnes = tn) /%
Ap=1 i=1 n=1
N L-1 ) )
% (po® =D D).
i=1 n=1

which is a polynomial in q of degree 1, is a particular solution to the Schrddinger
system (1.1). Here A is a twist cycle and o (1), gogf) (t) are certain rational (L—1)-

forms defined by (4.1) and (4.2).

In order to generalize the hypergeometric integral (1.2) for particular solutions
to the case of polynomials in q of degree M € Z>,, let us recall the equivalence
between the Knizhnik—Zamolodchikov equation in conformal field theory and a
quantization of a Schlesinger system [5], [12]. The KZ equations for the simple Lie
algebra g have integral representations of solutions taking values in tensor products
of Verma modules of g (see, for example, [1], [13]). From the point of view that the
integral representation (1.2) may give a solution to the KZ equation, one should
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view the integral variables as corresponding to the simple roots of sl;. For the case
of L =2 and N =1, it is known that the Schrédinger system (1.1), the quantum
sixth Painlevé equation, has hypergeometric solutions [9]:

M
/ H (t(a) — ¢(#))2/x H(t(“))o‘/“(l — (@) =B/m (1 — gla)y=v/x
Ay <a<h<M a=1

a 1), (a)y (1
x (o(t) =" (1)),
Note that the integrand above consists of M-copies of the integrand of (1.2) mul-
tiplied by the coupled term H1§a<b§M(t(a) — t(0))2/%,

Considering the above, we arrive at

Theorem 1.2 (see Theorem 4.3). The hypergeometric integral

RNV BRCRET LA | GRURET N

1<a<b< M, 1<a,b<M
1<n<L-1 1<n<L-2
M L-1 N

< I TL 6/ [T = =t )70 — 4y
a=1 n=1 =1
x (o) TS e D)1,

i=1 n=1

which is a polynomial in q of degree M, is a particular solution to the Schrédinger
system (1.1). Here A is a skew-symmetric twist cycle.

The remainder of this paper is organized as follows. In Section 2, we intro-
duce quantizations of the classical Hamiltonians of H; y and show that those
quantum Hamiltonians are mutually commutative. In Section 3, we introduce our
Schrodinger systems and discuss their properties. In Section 4, we give integral
formulas for solutions.

Remark 1.3. As mentioned above, the classical Hamiltonian system Hp n de-
scribes isomonodromic deformations for an L x L Fuchsian system

N+1 )
Lo =Y ),

U — U;
i=0 v

where ug =1, u; = 1/2z; (1 <7 < N), and unyy1 = 0, whose spectral type is given
by the (N + 3)-tuple

(1,1,...,1),(1,1,..., 1), (L —1,1), ..., (L —1,1)

of partitions of L. The spectral type defines multiplicities of the eigenvalues of
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each residue matrix A;. Consequently, L — 1 parameters are associated with the
singular points 0 and oo, and one parameter is associated with each singular point
u; for i+ = 0,..., N. Notice that in the integrand given in the theorems above,
L — 1 parameters are associated with the singular point 0, and one parameter is
associated with each singular point 1, 1/z; (1 <i < N).

§2. Hamiltonian
Let us define a non-commutative associative algebra Wy, y over C with generators

), plY) (1<m<L-1,1<i<N),
en,kn, 0,k (0<n<L—-1,0<j<N)

and commutation relations

m

(2.1) D, ¢V = 6pmbish  (1<n,m<L-1,1<i, j<N),

where §; ; is Kronecker’s delta, and the other commutation relations are zero, and

L—1 L1 L—1 N
z;oesz’ Z;Omm:;@-.

The non-commutative associative algebra Wy, y is an Ore domain, so that we

relations

can define its skew field K n (see, for example, [2, Chapter 1, Section 8]).

Definition 2.1. We introduce Hamiltonians H; (i = 1,...,N) in the rational

function field Wi, n(#1,...,2n) in variables zj,...,zn by
| Ll
= Zenqn Py +Z . wpan) + — Y alap))
j=00<m<n<L—1 v m,n=0
z = 0z
I O I CRRTD SUR SE
j=1 Zi 7 m,n=0 j=1 S
J#i J#i

where ‘
=0, + Z ¢Ppl), P =-1 (1<i<N),

@ =-1, p =km +Zq()533 1<m<L-1),
N L-1

T W S R

i=1 m=1
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The Hamiltonians H; (i = 1,...,N) are the canonical quantizations of the
polynomial Hamiltonians in [18, Appendix A]. By canonical quantization we mean
replacing the Poisson bracket with the commutator.

Since the canonical variables in the classical Hamiltonians are not separated,
quantization of the Hamiltonians is not unique. In the following, we show that
the Hamiltonians H; are mutually commutative and the Schrédinger equations
associated with the Hamiltonians H; have integral formulas.

Example 2.2. We give an example of the Hamiltonian H; in the case of L = 2.
Set (g, p;) = (qf),pgz)) The Hamiltonian H; is expressed as follows:

N N
zi(zi = 1)H; = g; (m — 6o+ qu‘pj) (m + Z(ijj) + 2i(0; + @ipi)pi
=1 =

1
N 5 N
ST +ap)am - Y (0 + qipi)a;pi
P lezl—z]
J#i J#i
N N
zi(z; — 1) zi(z;
- Z L(0 + szz q;P; — Z ‘ 9 + QJPJ)Qsz
= Z5 — % = Zj —
J#i 751

= (2i + 1)(0; + qipi)qipi
—((e1 —e)z +eo—e1 — h+ K1 — Ko)qipi

plus some function of (z1,...,2zn) only. These Hamiltonians are quantizations of
the polynomial Hamiltonians for the Garnier system [6].

Example 2.3. We give an example of the Hamiltonian H; in the case of N = 1.

Set (Gm,pm) = (q%),pgi)) H = Hy, and z = z;. The Hamiltonian H is written in

a coupled form as follows:

(z—1)H Z HVI(Z Q2p41 — Q2m—1 — 1], Z Q2p;s Z Q2n; Q2n—17]; Qm,pm)

+1 > {(@m = V)pmtm + dmPm(gm — 1) + 202m-1(qm — 1))
1<m<n<L-1

X (pn(Qn - Z) + (Qn - Z)pn)
+ ((Qn - Z)ann + ann<Qn - Z) + 20427171((171 - Z))
X (Pm(@m — 1) + (gm — 1)pm) }

plus some function of (z1,...,zy) only, where
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Hvi(ag,a1,az,a;q,p)
= &(ap(q — Dplg — 2) + (¢ — V)p(q — 2)pg + (¢ — 2)pgp(q — 1)
+ (¢ — 2)p(q — )pg + (g — 1)pap(q — 2) + qp(q — 2)p(q — 1))
— 5 (a0((¢ = )p(g — 2) + (¢ — 2)p(g = 1)) + ar(gp(q — 2) + (¢ — 2)pq)
+ (az = 1)(gp(q — 1) + (¢ — 1)pq)) + aq.

Here,
Qom—1 = Ky, — b (1<m<L-1),
O‘Zm:em_em-i-l_"fm“‘h (1§m§L_2),
20—1
Qo = €g — €1, azp—1 = —ko + (L —2)h, Z Qm = R,
m=0

L-2
77:—/{,04—91—72 h

Hyq is the Hamiltonian of the quantum sixth Painlevé equation with affine
Weyl group symmetry of type Dé(ll) introduced in [8]. The affine Weyl group sym-

metry of type Dfll)

enables us to construct integral representations of particular
solutions of the quantum sixth Painlevé equation [10].

The Hamiltonian H is a quantization of the Hamiltonian obtained by K. Fuji
and T. Suzuki [3] (L = 3) and T. Suzuki [14] (L > 3). The classical Hamiltonian
system associated with H has affine Weyl group symmetry of type AglL)fl, as
Bécklund transformations. Quantization of this symmetry as in [7], [8] will be

discussed in the near future.

§2.1. Commutativity

The Hamiltonians H; (i = 1,..., N) are expressed as follows:
N+
2 g
—z;H; = —— — z,C,
7 T Jz:% w; — uj {2
J#i

where Q; ;, C are elements in Wy y and C is a center, and ug = 1, u; = 1/z;
(i=1,...,n) and un41 = 0.
For ¢, =1,...,N, the forms €2, ; are given by

(2.3) Q;; = tr(AD ALY,
where A®) is an I x I matrix defined as

(2.4) (A\(i))m,n = qfqi)pg)



INTEGRAL FORMULAS FOR QUANTUM [SOMONODROMIC SYSTEMS 657

for m,n =0,1,...,L — 1, where (ﬁ("))m,n is the (m,n) entry of the matrix A®
The entries of A®) satisfy the following commutation relations.

Lemma 2.4. We have
1

ﬁ [(A\i)m,nv (A\j)m’,n’] = §i,j (6n,m/(A\i)m,n’ - 6n’,m(A\i)m’,n)

for0<m,n,m',n’ <L—1and1<i,j<N.

(2.5)

The proof is by straightforward calculation.
Recall the definition of Gaudin Hamiltonians (see, for example, [5, Section 2]).
The Gaudin Hamiltonians G; (i =1,...,N) for gl; are defined as

r(B®W B(J)
g Ui — Uj
i
where B® (i = 1,..., N) are L x L matrices whose entries satisfy the commutation

relations (2.5). Since the commutativity of the Gaudin Hamiltonians amounts to
the so-called infinitesimal braid relations, Lemma 2.4 yields

(€2, Q] =0 (i, 7, k, 1 distinct),
[, ik + Q] =0 (4,],k distinct)

for i,j,k,l=1,...,N.

The other elements ;o and Q; y4+1 (¢ = 1,...,N) cannot be expressed
in a similar way to (2.3) and (2.4). However, we can check by straightforward
calculation that the infinitesimal braid relations above hold even if i,j,k,1 =
0,1,...,N + 1. Therefore, we have

Proposition 2.5. The Hamiltonians H; (i = 1,...,N) are mutually commuta-
tive.

The proof is omitted since the calculation is lengthy.

83. Schrodinger system

Hi ((L %7 Z)
(2)

for i = 1,..., N the Hamiltonians obtained by identifying q,(a,i) and pﬁf} with ¢,

Denote by

and 9/ 8q£,?7 respectively, of the Hamiltonians H; defined in Definition 2.1.
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We consider the following Schrodinger system:

0 0
3.1 —U - Hz IR v s b)),y
(3.1) ey Wa) = (0 2) Wa.2)
where k € C, and ¥(q,z) is an unknown function of
1 1 2 2 N N
q= (q£ )7"'aQE)17Q§ )7"'7qé)17"'7Q§ )7"'aQE‘_)1)
and of z = (21, ..., 2n). Here, we regard e,, k,, 0; as complex parameters.

Proposition 3.1. The Schridinger system (3.1) is completely integrable in the
sense of Frobenius, that is,

0 0 0 0
—_H = — _H. = -
B Cr - e CPCR IR

fori,j=1,... N.

Proof. Thanks to Proposition 2.5, we have only to show

0 0 0 0
—H; —_— = —H, —_ .
821' J (qa 8qa Z) aZJ ) ((L aq7 Z)

This is easily calculated as follows. For ¢ £ j, we have

o) S )

m,n=0
(Z 4P apl) - 6.6;).
._ZJ m,n=0

From Lemma 2.4, the last line is symmetrical with respect to ¢ and j, which finishes
the proof. O

In the simplest case, namely, the case of L = 2 and N = 1, the Schrodinger
system (3.1) is the quantum sixth Painlevé equation. In the previous work [9],
we showed that the quantum sixth Painlevé equation has polynomial solutions in
terms of q.

In the general case, the Schrodinger system (3.1) also has polynomial solutions
in terms of q due to the following propositions.

For an L — 1 x N matrix A whose entries are non-negative integers, let g be
the monomial defined by

q?n 7

n',’:]z

#-I1

where A, ; is the (m,4) entry of the matrix A. Set d(A) = Zﬁ;ll ZZZ\LI Ap i
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Proposition 3.2. The Hamiltonians Hi(q,0/0q,z) (i = 1,...,N) act on ¢* as

follows:
L-1 n N

(32) ziH,»(qA) = {Z An,z’ (en — €9 — 91 - Z Am,z’) + 01' (Iio - ZHJ>
n=1 m=1 j=1
N L-1

L, +2Am)(ﬁo_iej_zz,4,j)
j=1n=1
_zil—l ] ”’i<”"+ZA”’j_1)
n=1 j=1

L—-1 L-1
+3
= Zi — Zj
J#i

> (Ani (D2 Aw + Any +6;) +6:4n;) b

n=1 m=1

_ 1 (Hn + Z An,j) ( Am,iq(An’H_l’Am’i_l)

L—-1
+Zi Z Am’iq(An,iJFLA'm,i_l))

m=n+1

1 L-1 n—1
+ § § A’n,j (Zj § Am’iq(Am,jJFl;Am,,i_17A7L,'L'+17An,j_1)
Zi — Zj

j=1 n=1 m=1
J#i

n—1
+2 3 Am iq<Am,j+1,Am,i—1,An,i+1,An,j—1>)

m=1

N L—-1
el U Z A = 1) 3 Apig et
17 B n=1

j:
J#i
N . L-1 L-1
J Api+1,A, ;-1
j=1 J m=1 n=1
J#i
where
A A (9)
gAnitD) = gAg®  g(AniD) = 4 Anittan-y L

q(i) (5)

n am
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(Arn,j+17Am,'i_17An,i+1;An.j_ ) — q qE)gL)q’SLZ)
¢ FONE)
m 7l
fori1<nmnm<L—-1,1<4j5<N.
Proof. Note that the Hamiltonian H; defined in (2.2) consists of five terms. The
actions of the first and last terms on ¢* are trivial. The action of the second term
divided by z; on ¢ is computed as follows. First, divide it into four parts:

ﬁ: Z ()p%)qn p;) - Z Z q&)p%)qrg) n)

7=00<m<n<L—-1 j=11<m<n<L-1
N L-1
(i) (7). (i (1)
=3 > awd?eP = > a0 + Z 9% D).
j=1n=1 1<m<n<L-1

By Definition 2.1, we have

SO i)

7=00<m<n<L—1

Anj+1L,An i —1,Ap i+1,A; j—1
AmjAn,iq( Gt s it 1)

L—1
(6:+ Z A= 1) D0 Aot
1 n=1

i

J
N
= 2 (R D Ay Apag A
j=1

1<m<n<L-1
L-1 L-1
(04 Y Ami = 1) 3 Anag@ .
m=1 n=1

We omit the calculation of the actions of the third and fourth terms on g%
since they are computed similarly. Summing up the results of the actions of all
terms on ¢“, we obtain (3.2). O

Let V(M) (M € Z>o) be the subspace of the polynomial ring Clq| defined by
V(M) = @, Cg*, where the summation is taken over all L — 1 x N matrices A
such that d(A) < M.

Proposition 3.3. For eachi=1,...,N, the Hamiltonian H;(q,0/0q,z) acts on
V(M) if ko— SN 0 =M

Proof. We compute the action of the Hamiltonian H;(q,d/dq,z) on ¢* such that
d(A) = M as follows. From Proposition 3.2, we have
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33 s(-DH (a2
. Zi\Zi — il 772
q dq q
N L-1 N
(k0= D20 = M) D (a3 Any)aa* + F(a).
1=1 n=1

Here f(q) is a polynomial of degree at most M. Hence, if ko — ZZ\; 0; = M, then
the first term of (3.3) vanishes, which finishes the proof. O

By Proposition 3.3, for the Schrédinger equation (3.1), we can consider poly-
nomial solutions
U(q,z)= Y ca(z)q”
AcAnm
where

(3.4) A ={A=(An;) | Ami € Z>o, d(A) < M}

and c4(z) is a function of z. In the next section, we present integral formulas for
polynomial solutions taking values in V' (M).

The Hamiltonians H; also act on other subspaces of the polynomial ring Clq].
Let F(Th,...,Tr—1) (Th,...,TL—1 € Z>() be the subspace of the polynomial ring
Clq| defined as F(T4,...,T-1) = D4 Cq?, where the summation is taken over
all L —1 x N matrices A such that the entries of A are non-negative integers and
SN A <T,(n=1,...,L—1). Set d,,(A) = N, A,...

Proposition 3.4. For eachi=1,...,N, the Hamiltonian H;(q,0/0q,z) acts on
F(Ty,...,Tp—1) if 6, = =Ty forn=1,..., L —1.

Proof. Take an L — 1 x N matrix A such that the entries of A are non-negative
integers and d,,(A) =T, for any n € {1,..., L —1}. We compute the action of the
Hamiltonian H;(q,d/dq,z) on ¢* as follows. From Proposition 3.2, we have

(3.5)  zi(1—z)H, (q, %, z) (q")

N
~(s0= 320~ 32 7o) St T
n=1
L—1
+Z/€n—|—T (ZAmq At L) 0 37 4, g m+1Am—1))
m=n+1

+ f(a).

Here, f(q) is a polynomial such that for each n € {1,..., L—1}, the degree of f(q)

(N)

as a polynomial in ¢p’,...,¢qn ’ is less than or equal to d,,(A). Thus, if k, = =T,
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forn=1,...,L—1, then the first and second terms of (3.5) vanish, which finishes
the proof. O

Consequently, we can also consider polynomial solutions taking values in
F(Ty,...,T—1).

84. Integral formulas

In this section, we construct integral formulas for polynomial solutions of the
Schrédinger systems (3.1).

Recall that the Gauss hypergeometric function is a particular solution to both
the classical and quantum sixth Painlevé equation [9]. Hypergeometric solutions
to the classical Hamiltonian systems Hy y were given by T. Suzuki [15] (L > 2,
N = 1) and T. Tsuda [17] (L > 2, N > 1) independently, under the condition
Ko — Zf\i1 6; = 0.

These hypergeometric solutions are the generalized hypergeometric functions
(Thomae’s hypergeometric functions) pFr,_1 in the case of (L > 2, N = 1) and
their generalizations in the case of (L > 2, N > 1).

We expect that these generalized hypergeometric functions are also solutions
to a quantization of the classical Hamiltonian systems Hp n, the Schrodinger
systems (3.1). Indeed, this is true if we consider polynomial solutions to the
Schrodinger systems (3.1) with kg — Ef\il 0; = 1.

Set kg — Efil 0; = M € Z>¢. We begin with the case M = 1 and later we
deal with the general case.

84.1. The case of M =1

Consider the multivalued function

L1 N L-1
U(t) = H tzn/fi H(l _ Zithl)_ﬂi/K H (tnfl _ tn)—'yn/n
n=1 i=1 n=1

with ¢ = 1 defined on the complement 7" C CF~! of the singular locus D given
by
D= |J {taa=t3u |J {ta=01u {J {tz1=1/z}
1<n<L-1 1<n<L-1 1<i<N

Let S be the rank one local system determined by U(¢), and S* the dual local
system of S. The hypergeometric pairing between the twisted homology group and
the twisted de Rham cohomology group is

Hyo(T,8%) x HE YT, W) 5 €, (A,g) /A U(t)e,
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where ¢ is a rational (L — 1)-form holomorphic outside D, and V is the covariant
differential operator given by V = d + dlog(U(t))A.
According to [17], the rational (L — 1)-forms

L-1

dty N -+ Ndt—1 1

4.1 t) =

(41) polt) i
L-1

. dti N --- ANdtp—q 1

4.2 @ (t) =

( ) Fn ( ) (1 - ZitL—l)tL—l me—1 tm—1 —tm
m#n

represent a basis of HX=1(T, V).

Define ¥y(q,z) by
N L-1 4
Wiaz) = [ U0 (w0 -3 X o 0f)

i=1 n=1

with A € Hy_1(T,S8*). From Proposition 3.3, when ko — Zf\; 0; = 1, the action
of the Hamiltonian H; (i = 1,...,N) on ¥y, H;¥;(q,2), is also a polynomial of
degree < 1, and the constant term and the coefficient of qT(Lj) (I1<n<L-1,1<
j < N) of H;y¥,(q,z) are linear combinations of [, U(t)go(t) and [, Ut (¢)
(1<n<L-1,1<j< N). Remarkably they coincide with kdyp(t)/0z; and
m?gosbj )(t) /0z; with appropriate correspondence between parameters. Namely, we
have

Theorem 4.1. If kg —Zfil 0; =1, then ¥1(q,2) is a solution to the Schriodinger
system (3.1) with

Qp = €pt1 — €n + Kptl, Bi = _ei) Yn = Rn,
for1<n<L-1andl1<i< N, whereey =¢ey and ky, = 1.

84.2. The case of M > 2

Fix M € Z>5. We consider the multivalued function

a K a b - K

viy= I @@ -2y I e -l
1<a<b< M, 1<a,b<M
1<n<L-1 1<n<L-2

M L-1

N
< T TT e/ TT0 - 2t )21 - ) =7

a=1 n=1 i=1
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defined on the complement 7' C CE=DM of the singular locus D given by

p= |J ¢@=tu |J ¢@0=3u | #0 =0

1<a<b<M 1<a,b<M 1<a<M

1<n<L-1 1<n<L—2 1<n<L—1
u U =130 | =1

1<a<M 1<a<M

1<i<N

Let S be the rank one local system determined by U(t), and S* the dual local
system of §. The hypergeometric pairing between the twisted homology group and
the twisted de Rham cohomology group is

Hip_ymu(T,8%) x HEDM(T V) 5 C, (Ap) /A U(t)e,

where ¢ is a rational (L —1)M-form holomorphic outside D, and V is the covariant
differential operator given by V = d + dlog(U (%)) A.
Denote by 6%{1 the (L — 1)-th product of the symmetric group of degree
M. Let G5! act on a rational function f(t) of variables t = (tgl), e ,t(lel, cee
1 e L—l) y

4.3)  o(f(t) = f W) oMY @) o (M),

for o = (o1,...,00-1) € &Y. Let Sym[f(t)] be the symmetrization of f(t), given
by Sym{f ()] = X, cot+ oUF(1):
Definition 4.2. For M € Z>,, we define

M N L-1
1 a 7 a 7
Urlas) = [ U0 sy ] (Aol - X 3 0048)] .
a=1"L—1 i=1 n=1
where A € H_1)y(T,S*) and
o1 L = (a)
Wt =11 @@ ) = I o =1
m=1 tf(n)—l — tsn) 1-— Zitgll mil t,(m)_l — tgn)

dt=dtO A nat AdD A ndt P A A dtM A A )

Theorem 4.3. If kg — vazl ;=M and k, =1 (2<n<L-1), then Up(q,2)
is a solution to the Schrodinger system (3.1) with

Op=¢€ny1—€n+1, Bi=—-0;;, ~v=r1+M-—1,

fori1<n<L-1andl1<i<N, whereep = eg.
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Note that the hypergeometric integral ¥,/ (q, z) is also a polynomial in V(M)
defined in the previous section, namely, it can be expressed as

(g, z Z /

Ae A

with some rational (L — 1) M-forms @4 (t).

Because p4(t) is the sum of the products of Hy_l 1/t(La) 15

Folt ), o foltR00), = O (), L gD "An)
for al,a"l =1,..., M such that a? # am and a"Z + amlc if (n,i,7) # (m, k, 0),

since ¢4 = Hn:l Hi 1(qn )Ani we have the followmg expression:

pa(t) = sym| (-0 (Y] )ﬁﬂ f[ 79O ()

i=ln=1,_g0) 44
M M

X H Ht(a) } 4
a:MonJrl
where v o
Ao =M - 1<§<:N Aniy (A> AT 1<ign, Ang!
1<n<L-1 lsnsl-1
i—1 L—1
SO =3">"An 7]+2Am
j=1m=1

Here, we used the following relations:
(44)  Sym[g(# @)t ™) £ () £ ()] = Symlg (™), #) 19 (¢ ) £5D ()],
(45)  Sym[g(¢,t®) D () fo (t)] = Symlg(t®), ) £ (¢®) fo ()]

for 1 <nm<L-1,1<14,j <N,1<a,b< M, and a rational function
(1), 1),

We introduce a linear operator V; (i = 1,..., N) acting on ¢ via
10U Op
vi = )
YT U0 0
since in general, for an (L — 1) M-form ¢,

/ / 1 aU 8<p
821 U 3,21 8zi '

Let us explain our proof of Theorem 4.3 briefly. We compute kV;p4(t) and
obtain the linear Pfaffian system for { [, Upa(t) | A € Ap}. On the other hand,
we compute the action of the Hamiltonians H; on ¢ and obtain the coefficient of
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A'in H; W (q,2) as a linear combination of elements of { [, Upa(t) | A € An}.
Finally, comparing both results, we obtain Theorem 4.3.

Proof of Theorem 4.3. Fix i€ {1,...,N} and A € Ayp;. We compute V,;p4(t) as
follows. First,

M t(La) . L-1 t(a)
kVipa(t) = Sym{(ﬁi Z ﬁ +tkK Z @)@A(t)} dt,

. 1 — 2zt
a:Sél)-&-l "L-1

where @ 4(¢) is defined by

N L-1 S M Mo
palt) = (—1 MAO( )HH I e I w11 -

i=1n=1, S()1+1 a=M—Ap+1 a=1"'L—1

Using the relations (4.4) and (4.5), we obtain

N L-1 An, S,&")) Aot M Aog+1)
(46) KZVI'@A( - Sym[(ﬁl Z Z S“)) ﬁl 1_ . (M Ag+1)
j=1n=11 Zity,_4
J#
L—1 (S”))
A ‘t n
+ (Bz + K) Z (Sm) ) @A(t>:| dt.
n=11— 21"
Since
1—z; 1 1
(4.7) I ki - :
172it Zi — Zj ].721t 172jt
the first term of (4.6) equals
N L-1
Bi Z Z . n it 1)<)0(An,j717An,i+1)(t) - An,j@A(t))>
1 n= 1 J
g

where (4, 1,4, ,+1)(t) is the rational (L — 1) M-form defined for the matrix in
Apr whose (n, j) entry is A, j —1 and (n,4) entry is A, ; + 1, and the other (m, k)
entries are A,, .

As for the second term of (4.6), since

tor 1 0
(1) L (a+ >4 )
the second term of (4.6) equals

—B; L1

=(Aopa(® + D (Ani + Deoa, (1)),

2 —
v n=1
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where ¢4, ,4+1)(t) is the rational (L — 1)M-form defined for the matrix in A/
whose (n, ) entry is A,, ; + 1, and the other (m, k) entries are A, .

In order to calculate the third term of (4.6), we compute the coboundaries
X (n=1,...,L—1) defined by

L—-1
. () i
(4.9) X0 =rw 3 9( D ot pa(t)rdtlye ),
m=n 0661%,,_1

where *dtﬁﬁ) is defined by
xdt(@) = (=1)E=Da=Dtm=1g, (0 o grl) a M)

so that dtly) A xdtly) = dt.

For m # n, denote by ¢(4, ,~1,4,, ,+1)(t) the rational (L — 1) M-form defined
for the matrix in Ap; whose (n,4) entry is A, ; —1 and (m, ?) entry is A, ;+1, and
the other (I, k) entries are A; , and denote by (4, ,—1)(t) the rational (L —1)M-
form defined for the matrix in Aps whose (n,4) entry is A, ; — 1, and the other
(I, k) entries are A j.

By the definition of the covariant differential operator V, we have

L—1

; 0 Sy 0 50y _
X0 =k Sym[ St palt) + — - (log UB)tin ) pa(t)| dt,
m=n 8t$§") aig")

because log U (t) is invariant under the action of &%
Using the relations (4.7) and (4.8), we obtain by straightforward calculations
H(58)

X = Sym {(ﬁi + F«')%Hmw‘(ﬂ] di
1— 25
tYL—1

+ (Lil am —(L—1 —n)><pA(t)

L—1
Am,i +1
+ 146y —1) > T‘MAm,m,An,H)(t)
m=n-+1 n,?
1 Ap +1
+ (1 +0p1(y = 1)) L i n(t) + palt).
Zi = 1 An,z
L—1
Apm,i+1
+ Z WX‘P(A"L,#l,An,il)(t))
m=1 n,?
m#n
e Ay +1
_FPicg _ Any T L @)
+ Z Zi — % (@A(t) A ‘P(An,il,An,jJFl)(t)) +Y,@,
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where
. L1 () )
(4.10) Y :Sym[z W Ga(t)] dt
with
M
, ~1 2 ~1 1
(i) _ - -
Wim = Z ((s“)) (a) * (85) _ (a) * (517 _ 4(a) Ot (85 )
a=1 “typ" ) —t ) —t o o) 1
o m m—1 m m m m+1 1

We compute ngi) in Lemmas 4.4, 4.5, 4.6 and 4.7. Owing to those lemmas,

we obtain

(4.11) kziVipa(t ZA,”X(Z

_ {LZlAM(LZ am— L= it Y A
" lmzn L—1 m=;] L—1
— MB; + zlfl (Ao (Z A — 51‘) - Z Z Ap A+ Ay (M — ’Y))
n=1 =1 n=1
L L—1 ’
+2 P - 2 Z(ATH(Z Amg + Anj = &) - &Aw) }@A(t)
j n=1 m=1

J#i

Ao +1 Z (i nj + Ona( M))tp(An,i—l)(ﬂ

( myi — )ZAerl oA, .+1) (1)

_1(2An3+5n1 ))

n—1 L—1
X (Z (Ami + DA 14,00 +20 > (A + 1)%0(Am,i+1,An,i—1)(t)>
m=1 m=n+1
N —
An;+1
JrZﬁ( Z Amz + 1)80(Amj—1 A i+1,A, -1 Anj-i-l)( )
g=1 7
j#i
L—-1

+zo Y (Am,z'+1)<P(Am,j—1,Am,i+1,An,i—l,An,]-+1)(t))
m=n+1
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N . L—1 L-1

+ Z . : - (/Bz‘ - Z Am,i) (Ani +Doa, ;-1.4, 41 (1)
j=1 m=1 n=1
J#i
N .. L—1 L—1

+ Z 2 j 2 (/8] - Z AmJ) (AnJ + I)SD(An,ifl,An’jJrl) (t)7
j=1"" J m=1 n=1
Jj#i

where the rational (L — 1)M-form ¢(a,, ;—1,4,, ,41,4,..-1,4,,+1)(t) is defined for
the matrix in Ay whose (m, j), (m, 1), (n,4), (n,j) entries are A, ; — 1, Ay +1,
A, i—1,and A, ; +1, respectively, and the other (I, k) entries are A; ;. Hence, for
A € Ay, as an element in the twisted de Rham cohomology group H(*~VM (T, V),
kVipa(t) is expressed in terms of elements of {¢p(t) | B € Anp}.

On the other hand, from Proposition 3.2, it is easy to see that the coefficient
in ¢* of H;¥;(q,z) is equal to the hypergeometric pairing between the cycle A €
H—1)m(T,8*) and the right hand side of (4.11). This completes the proof. [

84.3. Lemmas

In the lemmas below, fix 1 < n < L —-1,1 < ¢ < N and A € Ay,. For a
triple (n,i, A), the coboundary X,(:’) is defined by (4.9) and expressed as a linear
combination of elements in {¢g5(t) | B € A}, and Y,) In this subsection, we
compute Y,S“ and thus show that they can also be expressed as linear combinations
of elements in {pp(t) | B € Ay}
We decompose Yni as
YO = 3 (Ve + (%)

1<j<N
1<0<L—1

and we compute (Y,Si))gyj and (Y,gi))g, where for £ # n or j # i,
(V) = Sym[Ae;,C(n, 8, 57 )@a(t)] dt,
(Vi )i = Sym(An ;s = 1)C(n, 82, S = Dpa(t)] dt,
(Yi)o = Sym[AoC(n, S, M — Ao + 1)@a(t)] dt,
with, for 1 <a #b< M,

C(n,a,b) Lgl t(a)( 1 + 2 + - ) +0
,a, = m p 2 2 n,1
t( ) ts;)—l tsn) _ tﬁfi) tsn) _ t(b)

)

m+1 tga) -1

m=n m
Let the rational functions fé(jgb(t(“)) be defined by

1 Lz‘l 1

1- th(Lall k=1 tgca—)l - tl(ca) .

,m

Fim () =
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Lemma 4.4. When1</{¢<n, for1 <j#i<N, we have

<(Ae,i + 1)@, —1,4041)(t)

(Y es = (Aei + Dpga,,—1.4,,41) (1) + —2—
T J

Ap; +1D)(A,; +1
_AZ,jSDA(t)_( L, 2( »J )

Anj+ 1) A
+ W‘P(An,ﬁl,An,i—l)(t))a

) P(Apj—1,A0+1,An i —1,A, ;+1) (1)
n,i

and for j =i, we have
(YiD)ei = Avipalt).

Proof. 1t suffices to show that

(4.12) Sym[cml,z) - FO D) —— E) f“(t(”)}

L—l
L) @) ,(2)
= Sym| - f" (¢ )—f (@)
t ¢t
L—1 L—1
1 1 ) . 4
+ Sym { ®) (f(z (t(l)) fT(LJ)(t(l)))(fe()(t(z)) _fg(])(t(2))) ’
s Zj L 1 thl

where Sym][f(t)] stands for 2066571 o(f(t)) (see (4.3)), the rational functions

fr(f) (t()) are defined in Definition 4.2, and if j = i, then we understand that the
second line of the right hand side of (4.12) disappears.
Firstly, we claim that for n < k < L — 2,

(4.13)
k (1)
-1 2 ~1 1
m (8 (1) (3) 14(2)
Sym[Z( M _ e TTh @ o ) ) W [t )t2 fo(t )}
m=n m m—1 m m m m+1 L=
— Sym ! 1 ’51(<1+)1 FOEmy_ L) )
D @ w5 @ ok '
k k+1 “k+1 L—1

We show (4.13) by induction. Let k = n. Then

—1 1 tn L)
(4.14) Sym{( @ " <2>> f})( N £®)
n —lin L-1

1 1 &) o oe)
=Sym{ n D) —— ) (¢ )}
e (2) b
-1 1 1
:Sym{ f o <1>> f(” <2>],
t) — D D — () e t(jl (D T bt

where in the last line, we interchanged tn with tgl and
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4.15 S ! -1 i @ L )@
n n n t tL*]. t

n+1 L—-1
1 1
_ e ¢t
—SymL(l)t@) A0 4 t“) f" ) & (2) fMH( )]'
n n n n+1 L—-1 L—-1

Thus, the left hand side of (4.13) for k = n, that is, (4.14) plus (4.15), becomes
the right hand side of (4.13) for k = n.
Suppose (4.13) holds for k — 1. Then

— 1 2 1
o= -
Sym[(ztm <t<1>t<2) oo @t oo >

m=n m m—1 m+1

(1) -1 1 () (4(1) 1 (9) (4(2)
+ 1, ( 1 + )) L) f (1)
) 2 (1) 2) (1) 7n (2

g =2 g =), £

L-1

(1)
1 1 1 b () (L ()2
:Sym{ 1 2) (2 D . 2 If AR 2 £
tl(c)_té)téjl_té)tif)l_tlg)t() t(Lzl

- ! 1 () (42
- Sym{ 3@ (@ _ 00 ) (1) fn o (V) (2) SR )1,
tk - tk tk - tk+ - tk-‘,—l ty,

where in the last line, we interchanged t(1 with t(2). Since

1 -1 1 ;
Sym [( + ) f(’)(t(l)) f(])(t(2))]
g @) oL

k+1 L—-1

(1)
1 1 )
_ (2) (4) 2)
Sym{ M 4@ ) t(l) AR <2> Tekat )]’
k k+1

the left hand side of (4.13) for k becomes the right hand side of (4.13) for k.
Secondly, using (4.13) for k = L — 2, we have

= -1 2 -1
svm| (4 (s + o + )
D WO B B C B Y tgﬂ)ﬂ
(1) -1 1 (i) (+(1) () (4(2)
“L—l(tu) PO RE) )> w I (t )( e ()
L—1 L—2 L—1 L—1 L
_ 1 1 1 OREPACI IR SPTC) BEPAC)
—SymLu) OO O RO JE) frr () fufl(t )
L—1 L—-1 L—-1 L—2 L—1 L—1

-1 , .

— (7)) (¢ (1) (4(2)

- Sym |:t(1) _ t(2) fn (t )t(l) fl (t ):| ’
L-1 L-1 L-1

where in the last line, we interchanged t 1 with t(L) 1- Hence, the left hand side
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of (4.12) is equal to

1

_ D () (@) Dy L eG) e
Sym{()_t(%ﬂlﬂ)(t( ) M £ @) + Wﬁg)(t( ))t 3 f ()
tr” L1 L1 b

1 2 1 2
= Sym { 1 f ( 1))f¢(i)(t(2)) (t( )1+t() )+Zizjt5:)1t(LZ1]
n .
tl <211 (1= ztp) )1 = zt))

Therefore, the relation (4.12) holds. O

Lemma 4.5. Whenn <{<L—1, for1<j+#i<N, we have
; ) Z; Zi
@Oy, — _4,. n,1 J ‘ i
(v, )E,J = — Ay, <21 1 + 7 — Zj)(pA(t) + (Afﬂ + 1)21' —z SD(AL]'*LAe,Hrl)(t)
(A +D)(An; +1) 7
An,i Zi — Zj

(Anj + DAr; 2
+ Anz Zi _ Z] SO(An,jJFLAn,i_l)(t)

P(Ap,j—1,A0,+1,An i —1,A, ;+1) (t)

AZ,' 6n,1 Ll
- Anji H ((AO + 1)80(14"’7"_1) (t) Tz Z (Am,z + 1)S0(Am,i+1,z41,7‘,—1) (t))a

m=2
and for j =1, we have

On1Aei (Ao +1)
Tl <¢A(t) + T‘P(Au—l)(t)

Apmi+1
+zi Z (7141 Z )@(Am 1,41 (t ))

m=2

Proof. 1t suffices to show that for n > 2,

1 .. 1 ;
(4.16) Sym[om,l,fz) A () - fé”(t@)}
t 4

L—-1 L—1
1 1 1 i i j
= _Sym[m G W) = ))(zz-fg()(t@))—ij§‘7)(t(2)))],
#i T tyytry

and for n =1,

B A () 10

L-1

—_
»—"‘

1 ; . '
= — ‘Sym[t(l) t(2) (fy (@ )( ) f(])(t(l ))(szé )(t(2)) . ijéj)(t(z))):|

L-1 "L-1

L-1
! i ; 1 ,
oS () A0 = 3 A )

L—-1 m=2 L—1
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where Sym[f(¢)] stands for 2066571 o(f(t)) (see (4.3)), and if j = i, then we
understand that the right hand side of (4.16) and the first line of the right hand
side of (4.17) are zero.

We shall show (4.16). Firstly, using (4.13) for k = ¢ — 2, we have

-2 1 2 1
1) - —
(4.18) Sym[(z b ( O _@ T @m0 >
m m m+1

m=n m—1 m

(1) —1 1 L cwypmy_ L o) ne
+t@1<t<1> — T )) S () ey ()
P R 220 S 706 Rl 7/ trZ L1

1 1 1 ¢,

:Sym{ 1 2 1 2 2 1 1 fr(zlé 1((1)) 2 (J) (t(Q))}
T T .

—1 1 1 G) /(2
:Sym[ @ @ . fn L) = £ ) |,
1) — 12 1Y) — 1 ) ! tLL

where in the last line, we interchanged tE_)l with tf_)l. Thus, (4.18) is equal to

i ;) @) (1) () (4(2)
—Sym[(l SN 2>1f7f(t)2fj(t )]
i, — 62— D 2,

Secondly, we claim that for £ < k < L — 2, we have

(4.19)
k _t(ll_l o4(1) (1)1 (40 () @
m m m J
Sym[Z(t(l @ o, *t() <2>)t<1> St )t<2> (t >]
m={ m+1 "~ m m m m—1 L—1
(2)
1 1 L 1) bt () (2)
:Sym[tu)_t(z) (@ 00 T (! )y e ()]
k+1 k1 ‘L1 L1
We can prove (4.19) by induction; we omit the details.
Using (4.19) for k = L — 2, we have
L—2 (1) (1) (1)
—t 2t —t
m+1 m m—1
Sym[(z <t<1> @ @ T t<2>>
m=0 ~"m+1 m m m—1 m
(1) +
i g tr o Lovay,on L 20) @
RO T 7 S e S )
L1~ trir tp—a Tty L1
1 1 1 ;
= + Dy £0) (2)
SymL(l) PGB O R ) R C) R €Y 1) VRICN )}
Lo1—tply b =ty tio — ittty
-1 1 : ;
- () (1Y @) (4(2)
Sym|:t(1) —t(z) t(2) fn (t )f[ (t ):|7
L-1 " tro1
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where in the last line, we interchanged t(Llll with t(Lgll. Hence, the left hand side
of (4.16) is equal to
-1 - 1 u 1 - 1 ;
Sym| i D) 5 P (00 + g S () 5 17 (1)
D @) +2) (D) @) +2
=1~ traa L1 L-1 —tr—1 L1

1 . 1 G)
= (2 — 2;)Sym [fff)(t(l)) i ]

1- th(lel tS:QL(l - zitfll)
Therefore, the relation (4.16) holds.

We shall show (4.17). We compute

_+®
L.H.S. of (4.17) = Sym[(l

L cogoy_ 1 g
t(l)_1+c<1,1,2>)t(1)f1 (1) £0(1)

L—1 L—1
(1) (#) 1)y L 2
+Sym[ (1) (1) h (t( ) (2) ff(t( ))]
tro

The first line of the right hand side becomes the first line of the right hand side of
(4.17) in the same way as in the proof of (4.16). On the other hand,

1 1
Sym{ M4 t“) fl (¢ 1))<2)fé(t(2))}
L—1 ~
(1) L—-1 (1) (1)
123 +Z (t —tm') 1 i 1
= Sym { = 5) - ) f)(t(l))fz) fe(t@))]
7 —1 t, 4 to)
1 L-1 . 1
_Sym{ —1 <1> (o) fl(t(l))_zizfﬁ)(t(”))@)ff(t(z))}
m=2 s}
Therefore, (4.17) holds. O

Lemma 4.6. For1<j#i<L—1, we have

; 1-96 1 2z 1-96 1 (A0+1)A i
v (® ni= An nl J ¢ n, n,j (¢
(Yo" )n. J( P 7 = ZJ)‘:DA( )+ Z—1 A P(An,—1)(1)

1—6p1 Anj /o
o1 A (mz_:l(Am,i+1)80(Am,i+1,An,1—1)(t)

L-1

+ z; Z (Api + 1)80(Am,i+17An,ﬁl)(t))
m=n-+1

+ (4, +1)

(Ang +DAn; 2
An,i Zi — Zj§

. @(An,j_LAn,iJrl) (t)
J

SD(An,jJFLAn,i_l) (t)’
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and for j =i, we have

(V)i = (A — 1)(

1—6

Zi — nz

Zi — (5n,1 1-—- 5n,l (AO + 1)("4”,1 — ]‘)
i1 )@A(t)+ 2i—1 Anz

* (i Amyi + 1)0(A, 41,4,,-1)(1)

L—1
+ao Yy (Am,z'+1)<P(Am‘7‘,+1,An,7z—1)(t))o

m=n+1
Proof. 1t suffices to show that

1 .
(420 Sym|Cn,1,2) 7 F(E0) - 1002
tL—l tL—l

— Sym |—— FD D)L 0 42))
NORLE (@ In
L—-1 —

1-6, ne)
+ iISymK fotM) + Z FOEW) ¢ Z FD M) )t“ ((2))}

(3

m=n-+1 L 1
2 1 1 . . . .
+ s <f,9><t“>>—fﬁ”(t(”»(fs)(ﬂ”)—fﬁ”(t@)))},
S byt

where Sym|[f(¢)] stands for 2066571 a(f(t)) (see (4.3)), and if j = i, then we
understand that the third line of the right hand side of (4.20) disappears.
Firstly, we have

(1)
—t
__—m (8) (4(1) () (¢
sy ) 1)
1 L-1
(€] (1)
B tp + T (b =) 1 o 1 o)
—sym| i T ) 26
n 1 -
1 fn ( )
_ (1) (5 (4(1) Z Wy)In 22 )
_zz-—lsym[( Jolt +Zf (¢ f ) m & ]

m=1 m=n+1

Secondly, we notice that for n < m < L — 2, we have

“tky 2 b\ L ipmy Lo

m m m— 7 J _

SymKt(l) @ T e T _t<2>)t(1> S ) = I )] =0
m+1 m m m m—1 m L—-1 L-1
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Thirdly, we compute the remaining term as follows:

2 ) 1 .
2 gy ) (@)
L-1 L-1 L-1

-1 ’ 1 . 1 . 1 )
— = G @@y = @) () ()
Sym[t(l) @ f (@ )t“) fa( )+t(1) @ £ )t@) Ot )}

L—1 " tr—1 L—1 L—1"tL—1 L—1
_ . (+D) (2) 41 4(2)
- Sym[ (11) (21) FO) (#D) £0) (4(2)) 1—z(tp 2, tlt)L—l)Jerzj(Zf—ltL—l]'
tpla thly (L—ztp 2y ) (=25t .74)
Therefore, the relation (4.20) holds. O
Lemma 4.7. We have
L—1
Y(z) = - " A t 2 Ami 1 i t
(500 = = 250 A2+ 275 32 (At Dt ®)
1 Ap(4p+1)
—0n1 po— A (A, —1)(t)
zi o= Ao(Api+1)
i 0(Am,i
- 6”!1 Zi _ 1 T’; Al,i s0(14771,,1L“!‘17141,i_1)(t)'
Proof. 1t suffices to show that
1 1
@420 Syn|COn1.2) 1060 - o)
tro tra

] Z_ L—1 i
= Sym | ) () 2 3 ) )|

L1
1 )
+ 6n,1sym|:( ]_)t(l) t(z) fO(t(Z)) (f()(t(l)) —Zi Z fr(r? (t(l))>:| ’
i Wtpatpoa m=2
where Sym|[f(¢)] stands for 20665—1 o(f(t)) and the rational functions fo(t(*)
are defined in Definition 4.2.
Firstly, using (4.13) for I = 0 and k = L — 2, we have

16 Ly L 2)
Sym[(C’(n,l,Q) +0n1 D D ) D 2@ ) folt )}
=Lt Sty trlq
I R 1
= Sym [ & @) (2;1 fé’)(t(”)ﬁfo(t@))
trly —tpoy 1—zitpy trlq

1 ; 1
= @)y (2)
+t(1) —t(Z) fn (t )t(2) fO(t ):|
L-1 L-1 L-1
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2
tp (1= Zitg;zﬁ

Secondly, we have

(
b () 41

lfo(t@))}

(
tLl

0 W Lo

#9000 + Yooty — ti) i

[ - e <1> A ) 5 @ f(t(z))}
it —1 £

= Sym

= Sym| 5 7 - (e >—f1<t<1>>—zimeun)t(j)fo<t<2>>].
% m=2

L-1

Therefore, the relation (4.21) holds. O
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