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Operator Algebra of Foliations with Projectively
Invariant Transverse Measure

by

Makoto Yamashita

Abstract

We study the structure of operator algebras associated with the foliations which have
projectively invariant measures. When a certain ergodicity condition on the measure
preserving holonomies holds, the lack of holonomy invariant transverse measure can be
established in terms of a cyclic cohomology class associated with the transverse funda-
mental cocycle and the modular automorphism group.
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§1. Introduction

In [C4], A. Connes introduced the von Neumann algebra W (M ;F ) associated

with a foliation F on a manifold M . He showed that several measure-theoretic

properties of the space of leaves M/F can be stated in terms of W (M ;F ). For

example, the ergodic components of M/F correspond to the continuous decom-

position of W (M ;F ), and the lack of holonomy invariant measure in the absolute

continuity class of transverse Lebesgue measure is equivalent to W (M ;F ) being

a type III algebra. Subsequently it was shown by S. Hurder and A. Katok [HK]

and Connes [C7] that if a foliation F admits a nonzero generalized Godbillon–Vey

class ω, then the direct summand of W (M ;F ) corresponding to the support of ω

is of type III.

When one considers the holonomy of transverse coordinates, there is an in-

teresting class of foliations with simplified transverse structure, namely that of

transversely affine foliations. For these, several sufficient conditions for the exis-

tence of an invariant transverse measure were established by W. M. Goldman, M.
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W. Hirsch, and G. Levitt [GHL]. There are also studies of more specific examples

in this class, for instance the ones given by hyperbolic automorphisms of tori, by

J. F. Plante [P].

In this paper we investigate the class of foliations with positive projectively

invariant measures, naturally including the transversely affine foliations. Our main

theorem gives a sufficient condition (Theorem 2) for W (M ;F ) to be of type III

in terms of a certain cyclic cocycle iDφ and its pairing with the K-group of the

foliation algebra. Although we closely follow Connes’s method to establish the lack

of invariant transverse measure, we note that the Godbillon–Vey classes themselves

can be trivial in our setting (Remark 15). We also obtain a more precise description

(Theorem 3) of the pairing of iDφ with K∗(C
∗
r (M ;F )) when W (M ;F ) is of type

IIIλ for 0 < λ < 1.

This paper is organized as follows. Section 2 is devoted to a review of basic

groupoid and algebra constructions associated with foliations. Next in Section 3,

we give a description (Corollary 11) of the image of invariant cyclic cocycles under

the ‘boundary map’ in R. Nest’s Pimsner–Voiculescu type exact sequence [N] of

periodic cyclic cohomology. In Section 4, we show that the transverse fundamental

cocycle φ is invariant under the modular automorphism group if the restricted

holonomy groupoid admits a projective invariant density. Due to this invariance,

one obtains a cyclic cocycle of degree q + 1 over the smooth convolution algebra

of F as the ‘interior product’ iDφ of the generator of the modular automorphism

group with φ. This cocycle is anabelian in the sense of Connes, and its pairing with

a class in the K-group gives rise to an invariant measure on the flow of weights,

leading to the theorems mentioned above.

§2. Preliminaries

§2.1. Basic definitions of foliation algebras

Let M be a smooth oriented manifold of dimension n, and F a smooth oriented

foliation of dimension p on M . We let TM denote the tangent bundle of M and

identify F with an integrable subbundle of TM . The normal bundle TM/F of F is

denoted by τ , and the codimension n−p of F is by q. Thus
∧q

τ∗ can be regarded

as the bundle of signed transverse densities. Let Det+
τ (M) denote the bundle of

nonzero transverse densities over M , which is a subbundle of
∧q

τ∗ determined by

the orientation on F . It is a principal R>0-bundle over M .

Let G be the holonomy groupoid of F . We let r, s : G→M denote the range

and source maps of G. When x is a point of M , the set of holonomies with source x

is denoted by Gx. When x and y are points on the same leaf of F , we put Gyx =
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{γ ∈ G | s(γ) = x, r(γ) = y}. The composition of holonomies is written as

Gzy ×Gyx → Gzx, (γ, γ′) 7→ γγ′,

for any triple x, y, z of points of M on the same leaf. When T ⊂M is a transversal

(of dimension q) of F , the restricted groupoid GT = {γ ∈ G | rγ, sγ ∈ T} becomes

an étale groupoid over T .

Even though GT might not be a Hausdorff space, it is possible to take a

covering of GT by open sets that are homeomorphic to Rq. A function on GT is

said to be compactly supported smooth if it is so when restricted to one such open

set. The space of compactly supported smooth functions is denoted by C∞c (GT ).

As in [C5, Section 6], the formula f ∗ f ′(γ) =
∑
γ=γ′γ′′ f(γ′)f ′(γ′′) defines an

associative algebra structure on C∞c (GT ).

There is a naturally induced action of the groupoid G on the bundle τ over M .

We make an identification of the tangent bundle TT of T with τ |T given by the

composition of the inclusion TT → TM |T and the projection TM |T → τ |T . The

action of G on τ induces one of GT on TT via this identification.

A GT -quasiinvariant measure on T gives rise to a positive definite functional

on the convolution algebra of GT . In this paper we concentrate on measures of

Lebesgue absolute continuity class among transverse densities. Hence they are

given by sections of the R>0-bundle Det+
τ (T ) which are Lebesgue measurable, and

two such sections are identified when they agree off a negligible subset.

Given a foliation F on M , a transversal T , and a density ω on T , one obtains

an inner product on C∞c (GT ) by

(f0, f1) =

∫
x∈T

(f0, f1)`2Gxωx =

∫
x∈T

∑
γ∈Gx

f0(γ)f1(γ)ωx.

Let H denote the Hilbert space completion of C∞c (GT ) with respect to this inner

product. Let us recall the definition of relevant operator algebras [C2, C5] on H

associated with the groupoid GT .

Let A denote the ∗-algebra of functions in C∞c (GT ) endowed with the convo-

lution product and the involution f∗(γ) = f(γ−1). The left convolution

πl(f)ξ(γ) =
∑

γ=γ′γ′′

f(γ′)ξ(γ′′)

defines a ∗-representation of A on H. The operator norm closure C∗r (GT ) of A is

called the reduced C∗-algebra of the foliation (M ;F ). The weak closure W (M ;F )

of πl(A) is called the von Neumann algebra of (M ;F ). These completions contain

appropriate enlargements of C∞c (GT ) such as the space Cc(GT ) of compactly sup-
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ported continuous functions, and we make use of these implicitly when there is no

confusion.

For each leaf l of F , let l̃ be the holonomy covering of l, and π be the covering

map l̃→ l. Thus, l̃ can be regarded as a copy of Gx for any x ∈ l. Then W (M ;F )

can be described as the algebra of families (Tl)l∈M/F of operators indexed by the

space of leaves of F where Tl ∈ B(`2(π−1T ∩ l̃)), bounded in the sense that there

exists a positive number C satisfying ‖Tl‖ < C for all l, and measurable in the

sense that the function (γ, γ′) 7→ (Tleγ′ , eγγ′) is measurable on GT ×T GT , and

two presentations (Tl)l∈M/F and (T ′l )l∈M/F are identified if they agree on a union

of leaves whose complement has measure 0.

The commutantW (νω) of πl(A) onH is weakly generated by right convolution

operators. Namely, there is an anti-representation of A on H by

πr(f)ξ(γ) =
∑

γ=γ′γ′′

ξ(γ′)f(γ′′).

In contrast to the case of left convolution, this representation may not be a

∗-representation, and this failure can be measured by the modular function δ(ω) de-

fined below. Nevertheless, operators of the form πr(f) for f ∈ C0(GT ) are bounded

in the commutant of πl(A).

The center Z(W (M ;F )) = W (M ;F )∩W (νω) of W (M ;F ) is naturally iden-

tified with the algebra L∞(T )GT of bounded measurable functions on T which are

invariant under the action of GT . Hence W (M ;F ) is a factor if and only if the

action of GT on T is ergodic with respect to the Lebesgue measure class.

The density ω also gives a family al of operator-valued densities [C4, C8].

When X is a section of
∧q

τ |T =
∧q

TT and l ∈M/F , the corresponding operator

a(X)l on Hl = `2(π−1T ∩ l̃) is given by the diagonal operator ex 7→ 〈ωx, Xx〉ex. It

defines a weight φ(ω) on W (M ;F ) by the invariant integral

φ(ω)((Tl)l∈M/F ) =

∫
T

(alTlex, ex) =

∫
T

(Tlex, ex)ωx

on T . The representation πl of A on H can be identified with the GNS represen-

tation of φ(ω).

The modular function δ(ω) from GT to R>0 associated with ω is defined by

(1) ωsγ = δ(ω)(γ)γ∗ωrγ .

The density ω is invariant under holonomy transformations if and only if δ(ω) is

identically equal to 1 on GT .

Definition 1. The transverse density ω is said to be projectively invariant if the

function δ(ω) is locally constant on GT .
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Suppose that ω is projectively invariant, and let γ ∈ GT be represented by

the germ of a local holonomy map g : S → g(S) defined on an open connected

neighborhood S of s(γ). Then the set Ug of holonomies defined by g becomes an

open connected neighborhood of γ in GT , and δ(ω) becomes a constant function

on Ug. Thus, the pullback of ω|g(S) by g is a scalar multiple of ω|S with the positive

coefficient δ(ω)(γ).

Let σ
(ω)
t be the modular automorphism associated with the weight φ(ω). Thus,

when f is a function of compact support on GT , its action on πl(f) is given by

(2) σ
(ω)
t (πl(f)) = πl((δ

(ω))itf),

where (δ(ω))itf denotes the pointwise product of the functions δ(ω)(γ)it and f(γ)

on GT .

Suppose that ω is smooth. Then δ(ω) is smooth on GT , and (2) implies that

the 1-parameter group σ
(ω)
t preserves the subalgebra πl(C

∞
c (GT )). When this is

the case, we let Rnσ(ω)C∞c (GT ) denote the linear space S(R;C∞c (GT )) of Schwartz

class functions on R with values in C∞c (GT ), endowed with the convolution product

twisted by the action σ(ω).

Let Det+
τ (T ) denote the restriction of Det+

τ (M) to T . By means of the sec-

tion ω of Det+
τ (T ), it can be identified with the direct product R>0 × T . The

natural action of GT on Det+
τ (T ) is identified with the action

γ.(r, x) = (δ(ω)(γ)r, x)

of GT on R>0 × T . We let Det+
τ (GT ) denote the corresponding groupoid GT n

Det+
τ (T ).

There is an injective homomorphism

(3) C∞c (Det+
τ (GT ))→ Rnσ(ω) C∞c (GT )

with dense image, given by the Fourier transform on the R-coordinate in R× T '
Det+

τ (GT )(0).

§2.2. Projective invariance of a transverse density

In this paper we consider foliations satisfying the following two conditions. The

first one is:

(PI) There exists a nonvanishing smooth density ω ∈ Γ(T,Det+
τ (T )) which is

projectively invariant under GT .

When the groupoid GT satisfies the condition (PI), the subgroupoid G
(u)
T =

{γ ∈ GT | δ(ω)(γ) = 1} is an open subset of GT . The second condition concerns

the ergodicity of this subgroupoid.
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(UE) The action of G
(u)
T is ergodic with respect to the Lebesgue measure class

on T .

Remark 2. If GT and ω satisfy the condition (PI), so do GS and ω|S for any open

subset S of T . Similarly, if they satisfy (UE), the groupoid GS is Morita equivalent

to GT via the groupoid bimodule

GST = {γ ∈ G | r(γ) ∈ S, s(γ) ∈ T},

endowed with a left action of GS and a right action of GT . An analogous statement

holds for G
(u)
S and G

(u)
T .

Remark 3. By imposing the condition (UE), we exclude the following kind of

‘false’ examples. When M = R and F is given by TM itself, the countable subset

T = Z of M is a transversal for F . Then a transverse density over T is equivalent

to a sequence of numbers indexed by integers. Hence any choice of density on T

satisfies the assumption (PI). The associated foliation algebra is the convolution

algebra in one real variable, which should be regarded as a trivial object in the

category of operator algebras.

Remark 4. As a consequence of (UE), C∗r (GT ) and C∗r (G
(u)
T ) are simple and the

relative commutant of C∗r (G
(u)
T ) in W (M ;F ) is trivial.

Given a transversal T , let XT denote the closure of the image of the module

morphism δ(ω) : GT → R>0. We have

XT = Sp(σ(ω))

by (2). Let S(W (M ;F )) denote the S-invariant of W (M ;F ) [C1].

Lemma 5. Suppose that GT and ω satisfy the conditions (PI) and (UE). Then

S(W (M ;F )) ∩ R>0 is equal to XT .

Proof. The centralizer algebra W (M ;F )φω is identified with the groupoid von

Neumann algebra W (G
(u)
T ), which is a factor by (UE). Then Γ(σ(ω)) = Sp(σ(ω))

= XT by [C1, Proposition 2.2.2(c)], which proves the assertion.

Example 1. A foliation F is said to be transversely affine when there exists a

covering of M by some foliation charts with respect to which the holonomy maps

become affine transformations. Suppose that T is a transversal contained in a

foliation chart

U ' {(x1, . . . , xq, y1, . . . , yp) ∈ Rp × Rq}
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of F such that the holonomy transformations are affine with respect to the trans-

verse coordinate system (x1, . . . , xq). Then the transverse volume form

|dx| = |dx1 ∧ · · · ∧ dxq|

gives a projectively invariant density on T .

Example 2. Let A be a hyperbolic matrix in SL2(Z). It defines a homeomorphism

of T2 = R2/Z2. The associated mapping cone M = MAT2 admits an Anosov foli-

ation F . Specifically, let u and v be eigenvectors of A, associated with eigenvalues

λ < 1 < λ−1. Then the subspace of TM spanned by the image of u and the

suspension flow is integrable. We obtain a hyperfinite factor of type IIIλ as the

associated von Neumann algebra [B2].

Example 3. Let X be the cosphere bundle S∗Σg of an oriented closed Rieman-

nian surface of genus g > 1. Then X admits a foliation F of dimension 2 generated

by the holocyclic flow and the geodesic flow. If one takes an embedding of π1(Σg)

into SL2(R) and identify X with SL2(R)/π1(Σg), then F is generated by the left

actions of the following matrices:

At =

[
1 t

0 1

]
, Bt =

[
et 0

0 e−t

]
.

When T is transversal to F , left multiplication by

Ct =

[
1 0

t 1

]
gives a projectively invariant coordinate on T .

§2.3. Transverse metric trivialization

By assuming the condition (PI), we are limiting our considerations to a partic-

ular class of foliations with some tame transverse measure structure, but such a

foliation does not need to possess a projectively invariant transverse metric struc-

ture. The lack of such a metric is an obstacle to extending cyclic cocycles on the

smooth convolution algebra to the C∗-algebra of GT . To remedy this, we introduce

the groupoid Metτ (GT ) of transverse metric trivializations and work with cyclic

cocycles defined on its groupoid algebra as in [C7].

For each x ∈ M , let Metτ x denote the set of all strictly positive quadratic

forms on the vector space τx. By functoriality there is a natural action of GT on the

manifold Metτ (T ) =
⋃
x∈T Metτ x. Let Metτ (GT ) denote the associated groupoid.
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The module map (1) induces a groupoid homomorphism δ(ω) from Metτ (GT )

to R>0 by the composition of the natural projection Metτ (GT ) → GT and δ(ω)

on GT .

On one hand, any density ω defines a subset of the total space of Det+
τ (M) as

its image. On the other hand, there is a natural surjection Metτ (M)→ Det+
τ (M).

We let SMet
(ω)
τ (M) denote the inverse image of ω in Metτ (M). When γ ∈ GT and

ξ ∈ SMet
(ω)
τ (T )sγ , the element

SMet(ω)
τ (γ)ξ = δ(ω)(γ)−1 Metτ (γ)ξ

is in SMet
(ω)
τ (T )rγ . It follows that γ 7→ SMet

(ω)
τ (γ) defines an action of GT on

SMet
(ω)
τ (T ). Let us denote SMet

(ω)
τ (GT ) = GT n

SMet
(ω)
τ

SMet
(ω)
τ (T ). Since the

fiber of the projection SMet
(ω)
τ (T )→ T admits a canonical spin structure, one has

the natural isomorphism between the K-groups of C∗r (SMet
(ω)
τ (GT )) and C∗r (GT ).

The modular function δ(ω) on GT lifts to a function (again denoted by δ(ω)

by abuse of notation) on SMet
(ω)
τ (GT ). It defines a 1-parameter group σ(ω) on

C∞c (SMet
(ω)
τ GT ). We have an embedding

(4) C∞c (Metτ GT )→ Rnσ(ω) C∞c (SMet(ω)
τ GT )

with dense image in the smooth crossed product analogous to (3).

§3. Periodic action and cyclic cocycles

Suppose that σ is an action of T on a C∗-algebra B. For each n ∈ Z, let Bn denote

the spectral subspace {x ∈ B | σt(x) = e2πintx}. We let A denote the fixed point

algebra B0 of σ.

The dual action σ̂ of Z on T nσ B induces the Takesaki–Takai duality

Z nσ̂ T nσ B 'KK B.

The Pimsner–Voiculescu exact sequence [PV] for the automorphism σ̂ of T nσ B
is given by the 6-term exact sequence

(5)

K0(T nσ B)
Id−σ̂∗−−−−→ K0(T nσ B)

ι∗−−−−→ K0(B)

∂

x y∂
K1(B)

ι∗←−−−− K1(T nσ B)
Id−σ̂∗←−−−− K1(T nσ B)

where ι∗ is induced by the inclusion homomorphism ι : T nσ B → Z nσ̂ T nσ B
and the natural isomorphism K∗(Z nσ̂ T nσ B) ' K∗(B).

The action σ may be regarded as an action of R via the surjection R→ R/Z
' T. Let Ψ be the ∗-algebra homomorphism from RnσB to TnσB characterized



Foliations with Projectively Measured Foliation 687

as the unique extension of the mapping

(6) Ψ(f)t =
∑
m∈Z

f(t+m)

from L1(R;B) ⊂ Rnσ B to L1(T;B) ⊂ T nσ B.

Lemma 6. The map Ψ∗ : K∗(R nσ B)→ K∗(T nσ B) induced by Ψ is identified

with the map ∂ in (9) via the Connes–Thom isomorphism K∗(B) ' K∗+1(RnσB)

and the natural isomorphism K∗(T nσ B) ' K∗(A) induced by (8).

Proof. The crossed product Rnσ B is identified with the mapping torus

Mσ̂(T nσ B) = {f ∈ C(R;T nσ B) | ft+1 = σ̂(ft)}.

Under this identification the homomorphism Ψ corresponds to the evaluation map

f 7→ f0 from Mσ̂(T nσ B) to T nσ B. Then Connes’s proof [C3, pp. 48–49] of the

Pimsner–Voiculescu exact sequence implies the assertion.

Let B be a locally convex algebra over C. Let Ω(B) be the universal differential

graded algebra over B. It is the direct sum
⊕

n∈N Ωn(B), where

Ω0(B) = B, Ωn(B) = B⊗n ⊕ B⊗n+1 (n > 0).

An element (a1, . . . , an) ⊕ (b0, . . . , bn) ∈ Ωn(B) is understood to represent the n-

form da1 · · · dan+b0db1 · · · dbn. Thus the differential d : Ωn(B)→ Ωn+1(B) is given

by the identity map on the factor B⊗n+1 on both sides. The algebra structure on

Ω(B) can be determined using the Leibniz rule for d.

Let κ denote the operator

f0 ⊗ · · · ⊗ fn 7→ (−1)nfn ⊗ f0 ⊗ f1 ⊗ · · · ⊗ fn−1

on B⊗n+1. It satisfies κn+1 = 1. Next, there is the b′-operator

b′ψ(f0, . . . , fn) =

n−1∑
k=0

(−1)kψ(f0, . . . , fkfk+1, . . . , fn)

and the Hochschild coboundary operator b

bψ(f0, . . . , fn) = b′ψ(f0, . . . , fn) + (−1)nψ(fnf0, f1, . . . , fn−1),

from (B⊗n)′ to (B⊗n+1)′. The cyclic cocycles are precisely the ones in the joint

kernel of 1− κ and b. One also has the S-operator of Connes [C6, Section I.4].

As in the C∗-algebraic setting before, let σ be an action of T on B. In the rest

of this section we let φ denote a σ-invariant cyclic n-cocycle on B. One obtains the

following two new cyclic cocycles.
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We let R nσ B denote the space of Schwartz class functions from R to B
endowed with the convolution product. The first cocycle, φ̂, is the cyclic n-cocycle

on Rnσ B given by

〈φ̂, f0df1 · · · dfn〉 =

∫
∑n
j=0 tj=0

φ(f0
t0 , σt0(f1

t1), . . . , σ∑n−1
j=0 tj

(fntn).

Let D be the generator of the action σ. The second cocycle, iDφ, is the cyclic

n+ 1-cocycle on B defined by

iDφ(f0, . . . , fq
′+1) =

q′∑
j=1

(−1)j−1〈φ, f0df1 · · ·D(f j) · · · dfq
′+1〉.

There is also a boundedness condition for φ, namely the n-trace property,

which depends on the choice of a norm |||·||| on B. Specifically, φ is said to be an

n-trace if for any elements (gi)ni=1 of B, there exists a constant C satisfying

|τφ(f0g1df1 · · · gndfn)| ≤ C
n∏
i=1

∣∣∣∣∣∣gi∣∣∣∣∣∣ (f i ∈ B)

where τφ is the associated closed graded trace on Ω∗(B). If φ satisfies the n-trace

condition, the map Kn(B) → C induced by φ can be extended to Kn(B), where

B is the completion of B with respect to |||·|||. Moreover, when this is the case, φ̂

and iDφ are also an n-trace and an (n+ 1)-trace on RnB and B respectively [C8,

Section 3.6.β]. When the norm |||·||| is chosen appropriately, the algebra B becomes

a spectral subalgebra of the initial C∗-algebra B and has the same K-groups.

The action σ on B has a canonical extension to the algebra Ω(B), and the

closed trace τφ on Ω(B) associated with φ becomes invariant under this extended

action. Given an element f of Rnσ B, we let df denote the ‘pointwise derivation’

t 7→ d(ft), regarded as an element in Rnσ Ω(B).

For ease of notation, we introduce several notations which are only used in

this section. Given the standard coordinate (t0, . . . , tn) on Rn+1 and an integer

1 ≤ j < n, let sj denote the quantity
∑

0≤k<j tk. In addition, given elements

f0, . . . , fn of RnσB, let gj denote the function σsj (f
j
tj ) from Rj to B for 0 ≤ j ≤ n.

Lemma 7. For each m ∈ Z, the functional

φ̂m(f0, . . . , fn) = τφ((f0df1 · · · dfn)m) =

∫
(tj)∈Rn,

∑n
j=0 tj=m

φ(g0, . . . , gn)

is a Hochschild n-cocycle over Rnσ B.

Proof. The σ-invariance of φ and the assumption that σ is periodic imply

φ(fn+1
tn+1

σtn+1(g0), . . . , σtn+1(gn)) = φ(gn+1g0, g1, . . . , gn)
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whenever
∑n+1
j=0 tj = m. Thus, bφ̂m(f0, . . . , fn+1) is equal to∫

∑n+1
j=0 tj=m

n∑
k=0

(−1)kφ(g0, g1, . . . , gjgj+1, . . . , gn) + (−1)n+1φ(gn+1g0, g1, . . . , gn).

By the Hochschild cocycle condition on φ, the integrand above vanishes. Hence

bφ̂m = 0.

Remark 8. The Hochschild cocycle φ̂m satisfies the cyclicity condition when

m = 0, but otherwise the cyclicity is not guaranteed.

Let D̂ be the derivation D̂(f)t = tft on RnB. It is the generator of the dual

action σ̂ of R on Rnσ B.

Lemma 9. For each m ∈ Z, the multilinear functional

ηm(f0, . . . , fn+1) =

n+1∑
k=1

(−1)k+1τφ((f0df1 · · · D̂(fk) · · · dfn+1)m)

is an (n+ 1)-Hochschild cocycle over Rnσ B.

Proof. By definition, ηm is the action D̂#φ̂m of the derivation D̂ on the Hochschild

cocycle φ̂m [C8, Remark 3.2.30.b]. Hence it satisfies the Hochschild coboundary

relation.

Lemma 10. For any integers n and m, one has (1− κ∗)ηm = (−1)nmb′φ̂m.

Proof. For each 1 ≤ k ≤ n, the term τφ((f0df1 · · · D̂(fk) · · · dfn+1)m) contributes∫
t0+···+tn=m

tk

k−1∑
j=0

(−1)k−j−1φ(g0, . . . , gjgj+1, . . . , gn).

Hence ηm(f0, . . . , fn) is the sum of these terms. Similarly, κ∗ηm(f0, . . . , fn) is the

sum of

(−1)n
∫
t0+···+tn=m

[
tkφ(fntnσtn(g0), σtn(g1), . . . , σtn(gn−1))

+ tk

k−1∑
j=0

(−1)k−j−1φ(fntn , σtn(g0), . . . , σtn(gj)σtn(gj+1), . . . , σtn(gn−1))
]

for 0 ≤ k ≤ n− 1.

First, by the cyclicity and σ-invariance of φ, one has

(−1)n(−1)k−j−1φ(fntn , σtn(g0), . . . , σtn(gj)σtn(gj+1), . . . , σtn(gn−1))

= (−1)k−j−1φ(g0, . . . , gjgj+1, . . . , gn)
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for each j when t0 + · · ·+ tn = m. This shows that

k−1∑
j=0

(−1)k−j−1φ(g0, . . . , gjgj+1, . . . , gn)

− (−1)n
k−1∑
j=0

(−1)k−j−1φ(fntn , σtn(g0), . . . , σtn(gj)σtn(gj+1), . . . , σtn(gn−1))

vanishes for 1 ≤ k ≤ n− 1.

Next, by the Hochschild cocycle condition on φ, one has

tn

n−1∑
j=0

(−1)n−j−1φ(g0, . . . , gjgj+1, . . . , gn)

= (−1)n+1tnφ(fntn , σtn(g0), . . . , σtn(gj)σtn(gj+1), . . . , σtn(gn−1)).

Combining these, (1− κ∗)ηm(f0, . . . , fn) reduces to∫
∑3
j=0 tj=m

( n∑
j=0

tj

)
φ(fntnσtn(f0

t0), σtn+s1(f1
t1), . . . , σtn+sn−1

(fn−1
tn−1

)),

which proves the assertion in this case.

Let us illustrate the content of Lemma 10 for n = 1. By definition of ηm, one

has

ηm(f0, f1, f2) =
〈
τφ,
(
f0D̂(f1)df2 − f0df1D̂(f2)

)
m

〉
=
〈
τφ,
(
f0D̂(f1)df2 − f0d(f1D̂(f2)) + f0f1dD̂(f2)

)
m

〉
,

which is equal to∫
t0+t1+t2=m

[
t1φ(f0

t0σt0(f1
t1), σt0+t1(f2

t2))

− t2φ(f0
t0 , σt0(f1

t1)σt0+t1(f2
t2)) + t2φ(f0

t0σt0(f1
t1), σt0+t1(f2

t2))
]
.

Then

(1− κ∗)ηm(f0, f1, f2) = ηm(f0, f1, f2)− ηm(f2, f0, f1)

can be computed as∫
t0+t1+t2=m

[
t1φ(f0

t0σt0(f1
t1), σt0+t1(f2

t2))− t2φ(f0
t0 , σt0(f1

t1)σt0+t1(f2
t2))

+ t2φ(f0
t0σt0(f1

t1), σt0+t1(f2
t2))− t0φ(f2

t2σt2(f0
t0), σt2+t0(f1

t1))

+ t1φ(f2
t2 , σt2(f0

t0)σt2+t0(f1
t1))− t1φ(f2

t2σt2(f0
t0), σt2+t0(f1

t1))
]
.
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By the cyclicity condition φ = κ∗φ and the σ-invariance of φ, one has

t1φ(f0
t0σt0(f1

t1), σt0+t1(f2
t2)) = −t1φ(f2

t2 , σt2(f0
t0)σt2+t0(f1

t1)).

On the other hand, the Hochschild cocycle condition bφ = 0 implies

t2{φ(f0
t0 , σt0(f1

t1)σt0+t1(f2
t2))− φ(f0

t0σt0(f1
t1), σt0+t1(f2

t2))}
= t2φ(f2

t2σt2(f0
t0), σt2+t0(f1

t1)).

Combining these, one obtains

(1− κ∗)ηm(f0, f1, f2) =

∫
t0+t1+t2=m

(−m)φ(f2
t2σt2(f0

t0), σt2+t0(f1
t1)),

which implies (1− κ∗)ηm = −mb′φ̂m when n = 1.

Analogously to the R-crossed product case, we have the dual cyclic cocycle φ̂T

on T nσ B defined by

φ̂T(f0, . . . , fn) = τφ((f0df1 · · · dfn)m) =

∫
(tj)∈Tn,

∑n
j=0 tj=m

φ(g0, . . . , gn).

When B is Fréchet, the formula (6) defines a homomorphism from RnσB to TnσB,

which we denote again by Ψ. Then the pullback cocycle on Rnσ B is represented

as

(7) Ψ∗(φ̂T)(f0, . . . , fn) =
∑
m∈Z
〈τφ, (f0df1 · · · dfn)m〉 =

∑
m∈Z

φ̂m(f0, . . . , fn).

We note that this pullback does not agree with φ̂0. However, they define the same

periodic cyclic cohomology class, as is seen in the next theorem.

Theorem 1. Let σ be an action of T on a Fréchet algebra B. When φ is a

σ-invariant cyclic n-cocycle on B, the cyclic cocycles φ̂ and Ψ∗(φ̂T) are cohomol-

ogous in HCn+2(Rnσ B).

Proof. We know that mSφ̂m is a cyclic coboundary for any m by Lemmas 9

and 10, and the (b, B)-bicomplex argument as in [C6, Lemma 29; C9]. By (7),

Ψ∗(φ̂T) becomes cohomologous to φ̂0 after applying S. Since φ̂0 = φ̂, this proves

the assertion.

We now combine the considerations of the C∗-algebraic setting and the Fréchet

algebra setting to obtain the main result of this section. Let σ be an action of T
on a C∗-algebra B. Moreover, we assume that it acts smoothly on a spectral

subalgebra B of B with a Fréchet topology.
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Corollary 11. Let σ, B, and B be as above, and let φ be a σ-invariant n-trace

on B. Then for any x ∈ K∗(B) one has 〈iDφ, x〉 = 〈φ̂T, ∂(x)〉 with ∂ the homo-

morphism in (5).

Proof. The cocycles φ̂ and iDφ induce the same map (implicitly proved in [ENN,

Lemma 6.3]; see [Y, Proposition 14] for an explicit proof) via the identification

given by the Connes–Thom isomorphism Φ: K∗(Rnσ B)→ K∗+1(B). The asser-

tion follows from Lemma 6 and Theorem 1.

When σ has full strong spectrum, that is, B−nBn = A for any n, we have the

strong Morita equivalence

(8) T nσ B 'KK A.

This condition is satisfied when A is simple and Bn 6= {0} for every n, which is

relevant to our setting in view of the condition (UE). When this is the case, the

6-term exact sequence (5) for the action σ̂ of Z on T nσ B becomes

(9)

K0(A)
Id−α∗−−−−→ K0(A)

ι∗−−−−→ K0(B)

∂

x y∂
K1(B)

ι∗←−−−− K1(A)
Id−α∗←−−−− K1(A)

Corollary 12. Let σ be an action of R on a Fréchet pre-C∗-algebra B. Suppose

that the spectrum of σ is equal to TZ ⊂ R for some real number T . Then, for any

x ∈ K∗(B) one has 〈iDφ, x〉 = T 〈φ, ∂(x)〉 with ∂ the homomorphism in (9).

Proof. When R is an arbitrary positive real number, we have iRDφ = RiDφ. Hence

we may assume that T = 2π. Thus we assume that σ comes from a full spectrum

action of T = R/2πZ on B.

The cyclic cocycle φ|A corresponds to the multilinear functional

ψ0(f0, . . . , fn) = 〈τφ, E((f0df1 · · · dfn)0)〉

=

∫
T

dt′
∫
t0+···+tn=0

dt0 · · · dtn σ∗t′φ(f0
t0 , σs1(f1

t1), . . . , σsn(fntn))

=

∫
t0+···+tn=0

φ(f0
t0 , σs1(f1

t1), . . . , σsn(fntn)) dt0 · · · dtn

on S(T;B) ⊂ T nσ B via the strong Morita equivalence (8).

Example 4. Let B be the Fréchet algebra C∞(T) and σ be the action of T on B
induced by translation. There is a unique σ-invariant trace τ on B, namely inte-

gration of functions with respect to the normalized Haar measure on T. The fixed
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point algebra A is equal to C, and the cyclic 1-cocycle iDτ on B is equal to the

bilinear functional

iDτ(f0, f1) =
1

2πi

∫
T
f0 df1,

defined as the invariant integral of 1-forms over the 1-dimensional manifold T.

The 6-term exact sequence (9) is the one induced by the extension of algebras

C0(0, 1) → C(T) → C. The map induced by τ |C on K0(C) and the one induced

by iDτ on K1(C0(0, 1)) indeed agree, as each of them sends generators of the

corresponding K-group to ±1.

Remark 13. Let α be an action of Z on a C∗-algebra A. Suppose that there is a

Fréchet subalgebra A ⊂ A which is invariant under α. R. Nest [N] constructed, by

means of a spectral sequence, a homomorphism ∂∗ : HP∗(A) → HP∗+1(Z nσ A)

which is transpose to the homomorphism ∂ of (5).

If φ is an α-invariant cyclic n-cocycle on A, then one has the dual cocycle φ̂Z

on Z nα A defined by

φ̂Z(f0, . . . , fn) =
∑

m0+···+mn=0

φ(f0
m0
, αm0(f1

m1
), . . . , αm0+···+mn−1

(fnmn)).

This cocycle is invariant under the dual action α̂. Hence we obtain another cyclic

(n+ 1)-cocycle iDφ̂
Z on Z nσ A, where D is the generator of α̂.

In this setting Corollary 11 says that the image of φ under ∂∗ pairs with the

K-group in the same way as iDφ̂
Z does. The strong Morita equivalence (8) becomes

the one between Z nα A and the crossed product by the suspension flow on the

mapping torus of α. From this point of view, the correspondence of Corollary 11

is a generalization of the correspondence in Example 4.

§4. Invariance of the fundamental cocycle

We return to the setting of Section 2, so let F be a foliation on M , and T a

transverse submanifold of M . Let q′ denote the total dimension q(q+1)/2+q−1 of

SMet
(ω)
τ (T ). We consider the transverse fundamental cocycle [C7] of the groupoid

SMet
(ω)
τ (GT ). It is defined as the following cyclic q′-cocycle:

(10) φ(f0, . . . fq
′
) =

∫
γ0···γq′∈SMet

(ω)
τ T

f0
γ0 df

1
γ1 · · · df

q′

γq′
.

In the following we analyze the pairing of φ̂ with Kq′(R nσ C∗ SMet
(ω)
τ GT )

and its relation to the structure of the von Neumann algebra W (M ;F ). Following

the method of [C7], we will construct an invariant complex measure on the flow of
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weights when the cyclic cocycle φ̂ pairs nontrivially with the K-group of R nσ(ω)

C∗r (SMet
(ω)
τ (GT )) ' C∗r (Metτ (GT )).

Proposition 14. Suppose that the foliation (M ;F ), the transversal T , and the

transverse density ω satisfy the condition (PI). Then the cocycle φ of (10) is in-

variant under the 1-parameter group σt.

Proof. The derivative of σ∗t φ is given by

dσ∗t φ

dt
(f0, . . . , fq

′
)

=
∑

1≤j≤q′

∫
γ0···γq′∈SMet

(ω)
τ T

if0(γ0)f j(γj) d log(δ(γj)) df
1(γ1) · · · d̃f j(γj) · · · dfq

′
(γq′)

+
∑

0≤j≤q′

∫
γ0···γq′∈SMet

(ω)
τ T

log(δ(γj))f
0(γ0) df1(γ1) · · · dfq

′
,

where the tilde indicates omission of the corresponding term.

By assumption (PI), δ(γ) is constant along the transverse movement. This

implies d log(δ(γj)) = 0 for each term in the first part of the right hand side.

Furthermore, γ0 · · · γq′ ∈ SMet
(ω)
τ T implies

∑
0≤j≤q′ log(δ(γj)) = 0. Consequently,

the second part is also trivial.

Remark 15. Suppose that the codimension q is equal to 1. The Godbillon–Vey

class of (M ;F ) can be obtained from the derivation of the transverse fundamen-

tal class with respect to the action of the modular automorphism group [C7,

Lemma 7.6]. In particular, the Godbillon–Vey number has to be 0 under our as-

sumption, but the von Neumann algebra can be of type III as in Example 2.

Connes [C7] showed that the fundamental cocycle of the groupoid Metτ GT
extends to a spectral subalgebra of C∗r (Metτ GT ). We show that a similar property

holds for SMet
(ω)
τ GT although it does not have the almost isometric property; that

is, we show that φ extends to a subalgebra of C∗r (SMet
(ω)
τ GT ) which has the same

K-groups as C∗r (SMet
(ω)
τ GT ), relying on a deep result on Oka’s principle due to

J.-B. Bost [B1].

We briefly recall the relevant constructions from [C7]. Let E0 be a SMet
(ω)
τ GT -

equivariant real vector bundle over SMet
(ω)
τ T , endowed with a fiberwise metric.

We do not assume that the metric is invariant under SMet
(ω)
τ GT . Let E = E0⊗C

be its complexification with the Hermitian inner products (〈−,−〉Ex)
x∈SMet

(ω)
τ GT

,

and Γc(SMet
(ω)
τ GT ; r∗E) be the space of compactly supported continuous maps

f : SMet
(ω)
τ GT → E satisfying f(γ) ∈ Er(γ). Then Γc(SMet

(ω)
τ GT ; r∗E) admits a
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right Cc(SMet
(ω)
τ GT )-valued inner product

〈ξ, η〉
C∗r (SMet

(ω)
τ GT )

(γ) = 〈ξ(γ), η(γ)〉Er(γ) .

This allows us to take the completion of Γc(SMet
(ω)
τ GT ; r∗E) as a Hilbert C∗-

module over C∗r (SMet
(ω)
τ GT ), denoted by C∗r (SMet

(ω)
τ GT ;E). The left convolution

defines a closable (non-∗-)homomorphism

λE : C∗r (SMet(ω)
τ GT )→ L(Γc(SMet(ω)

τ GT ; r∗E)),

whose domain is Cc(SMet
(ω)
τ GT ).

Lemma 16. Let E0 be an SMet
(ω)
τ (GT )-equivariant real vector bundle, and R be

a real number. Suppose that E0 is endowed with a metric satisfying

(11) 〈γ(ξ), γ(η)〉r(γ) = δ(γ)2R〈ξ, η〉s(γ), (γ ∈ SMet(ω)
τ (GT ), ξ, η ∈ (E0)s(γ)).

Then, for any f ∈ Cc(SMet
(ω)
τ GT ), one has ‖λE(f)‖ = ‖σ(ω)

−iR(f)‖
C∗r (SMet

(ω)
τ GT )

.

Proof. It is enough to find an operator S̃ on Cc(SMet
(ω)
τ GT ; r∗E) satisfying the

two conditions

〈S̃(ξ), S̃(ξ)〉
C∗r (SMet

(ω)
τ GT )

= 〈ξ, ξ〉
C∗r (SMet

(ω)
τ GT )

, S̃(λE(f)ξ) = S̃(ξ)σiR(f∗).

We define S̃ by S̃(ξ)(γ) = δ(γ)−Rγ.ξ(γ−1). Since ξ(γ−1) ∈ Er(γ−1) = Es(γ) and

E has a distinguished real subbundle E0, this is a well-defined transformation on

Cc(SMet
(ω)
τ GT ; r∗E).

On one hand, if γ, γ′, γ′′ ∈ SMet
(ω)
τ GT satisfies γ−1 = γ′γ′′, one has

δ(γ)−Rγ(γ′ξ(γ′′)) = δ(γ′)RS̃(ξ)((γ′′)−1).

On the other hand, by definition of right convolution, one has

(ησiR(f))(γ) =
∑

γ̄′′γ̄′=γ

δ(γ̄′)Rη(γ̄′′)f(γ̄′).

Combining these, we obtain S̃(λE(f)ξ) = S̃(ξ)σiR(f∗). Next, using the condi-

tion (11), one computes

〈S̃(ξ), S̃(ξ)〉
C∗r (SMet

(ω)
τ GT )

(γ) = 〈ξ(γ−1), ξ(γ−1)〉 = 〈ξ, ξ〉
C∗r (SMet

(ω)
τ GT )

(γ).

This completes the proof.

Remark 17. Let K = T ker p be the tangent bundle of the fibers for the fiber

bundle p : SMet
(ω)
τ T → T . Since GLk(R)/Ok(R) has a GLk(R)-invariant metric,
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K is a SMet
(ω)
τ GT -equivariant real vector bundle with an invariant metric. We

define D′0 = p∗TT ⊕K, and D0 =
⊕q′

k=1(D′0)⊗k. The tautological metric on p∗TT

satisfies the assumption of Lemma 16 with R = 1. It follows that E′0 is a direct

sum of vector bundles satisfying this assumption with R = 0, 1, . . . , q′.

Let E′0 be the tangent bundle of SMet
(ω)
τ T , endowed with a natural action

of SMet
(ω)
τ GT . We fix a subbundle N ⊂ E′0 which satisfies K ∩ N = 0 and

K+N = E′0. This allows us to define a metric on E0 which is uniquely determined

by the conditions N ⊥ K, N ' p∗TT . In other words, D′0 and E′0 coincide as

metric bundles over SMet
(ω)
τ T , only SMet

(ω)
τ GT acts differently. As in the case

of D0, we put E0 =
⊕q′

k=1(E′0)⊗k.

Proposition 18. There is a Banach subalgebra A of C∗r (SMet
(ω)
τ GT ) such that

1. A is contained in the domain of the closure of λE,

2. the inclusion A → C∗r (SMet
(ω)
τ GT ) induces isomorphisms of K-groups,

3. the action σ restricts to a strongly continuous action on A.

Proof. We freely use the notation of Remark 17 in this proof.

First, put |||f |||0 = sup|R|≤q′‖σiR(f)‖
C∗r (SMet

(ω)
τ GT )

. By Lemma 16, λD is con-

tinuous with respect to |||−|||0. Moreover, [B1, Theorem 1.1] implies that the clo-

sureA0 of Cc(SMet
(ω)
τ GT ) under ‖−‖0 has the sameK-groups as C∗r (SMet

(ω)
τ GT ).

Moreover, by Lemma 16 and Remark 17, λD defines a contractible representation

of A0 on C∗r (SMet
(ω)
τ GT ;D).

Next, K is a SMet
(ω)
τ GT -invariant subbundle of E′0. Thus, the action of GT

on E′0 can be represented as a triangular block matrix with orthogonal matrices

in the block diagonals, with respect to the decomposition E′0 ' K ⊕ p∗TT [C7,

Lemma 5.2]. This implies that there is a linear map P from Cc(SMet
(ω)
τ GT ) to the

space of linear transformations on Γc(SMet
(ω)
τ GT ;E′) such that λE′(f) = λD′(f)+

P (f). As in the proof of [C7, Lemma 3.4], λE′(f) is conjugate to λD′(f) + εP (f)

for any ε > 0. Then, we can find linear maps P1, . . . , Pq′ from Cc(SMet
(ω)
τ GT )

to the space of linear transformations on Γc(SMet
(ω)
τ GT ;E) such that λE(f) is

conjugate to λε(f) = λD(f) +
∑q′

k=1 ε
kPk(f) for any ε > 0.

Now, we can imitate the proof of [C7, Proposition 3.5]. We define A to be the

intersection of A0 and the domain of the closure of λE . It remains to show that A is

closed under holomorphic functional calculus in A0. For this, it is enough to show

that, whenever f ∈ A satisfies |||f |||0 < 1, the inverse of 1 + f lies in A0 [C7, proof

of Lemma 1.2]. Suppose that this assumption holds. Then ‖λD(f)‖ is also smaller

than 1. Since the mapping (0, 1) 3 ε 7→ λε(f) is continuous and has limit λD(f) at

ε = 0, one has to have ‖λε(f)‖ < 1 for a certain ε. Now, the algebra A is equal to
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the closure of Cc(SMet
(ω)
τ GT ) with respect to the norm |||f ||| = sup(|||f |||0, ‖λε(f)‖)

for this ε. Thus, the inverse of 1 + f exists in A.

Finally, it remains to verify that σ restricts to a strongly continuous action

on A. By definition of |||−|||0, σ restricts to a continuous action on A0. Similarly, the

multiplier δ(γ) defines a strongly continuous 1-parameter automorphism group on

L(C∗r (SMet
(ω)
τ GT ;E)), which extends σ via λE . Thus, we deduce that σ is strongly

continuous on A. This completes the proof.

We are ready to apply the results of Section 3 to the transverse fundamental

cocycle φ. By [C7, Theorem 3.7], φ is a q′-trace with respect to the norm |||f ||| for

ε = 1 in the above proof. Thus, there exists a Fréchet subalgebra A∞0 of A which is

closed under holomorphic functional calculus, and to which φ extends as a q′-cyclic

cocycle [C7, Section 2]. The symmetry of the seminorms used to define A∞0 implies

that σ acts strongly continuously on A∞0 . We define A∞ to be the subalgebra of

A∞0 consisting of all smooth elements of σ. This is again stable under holomorphic

functional calculus in A∞0 . Since we ensured that the intermediate constructions

between C∗r (SMet(ω)
τ GT ) and A∞ have the same K-groups, we conclude that the

inclusion A∞ → C∗r (SMet
(ω)
τ GT ) induces isomorphisms of K-groups.

§4.1. Anabelian cocycles

Definition 19 ([C7, Theorem 7.14; C8, Section 3.6.γ, Definition 18]). Let A be

a C∗-algebra, A be its dense algebra, and B be a unital subalgebra of the center

Z(M(A)) of the multiplier algebra of A. A cyclic k-cocycle ψ on BA is said to be

B-anabelian if the (k + 1)-linear map on A

ψg(f
0, . . . , fk) = ψ(gf0, f1, . . . , fk)

is a cyclic k-cocycle for any g ∈ B.

Lemma 20. Let A, A, B be as above, and let ψ be a k-cocycle on A. Suppose

that ψ extends to a cyclic cocycle on (A+B)k+1 and satisfies

(12) ψ(g, f1, . . . , fk) = 0

for any g ∈ B. Then ψ is B-anabelian.

Proof. The Hochschild cocycle property of ψg follows from that of ψ and from the

fact that g commutes with any element of A. Hence it remains to show that ψg
satisfies the cyclicity condition.

The cyclicity of ψ and (12) implies

(13) ψ(f j , . . . , fk, g, f1, . . . , f j−1) = 0
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for any 1 ≤ j ≤ k. The Hochschild cocycle condition implies

0 = bψ(f0, g, f1, . . . , fk)

= ψ(f0g, f1, . . . , fk)− ψ(f0, gf1, f2, . . . , fk)

+

k∑
j=2

(−1)jψ(f0, g, f1, . . . , f j−1f j , . . . , fk) + (−1)kψ(fkf0, g, f1, . . . , fk−1).

Combined with (13) and the cyclicity of ψ, this implies the cyclicity of ψg.

Proposition 21. Suppose that (M ;F ), T , and ω satisfy the conditions (PI) and

(UE). Then the dual φ̂ on R nσ C∞c (SMet
(ω)
τ GT ) of the transverse fundamental

cocycle is C∞(Det+
τ T )GT -anabelian.

Proof. By Lemma 20, it is enough to show the equality

φ̂(g, f1, . . . , fq
′
) = 0

for any GT -invariant function g on Det+
τ T . Recall the decomposition Det+

τ (T ) '
T × R>0 determined by the choice of ω. Then we can write

(14) ψ(g, f1, . . . , fq
′
) =

∫
R>0

dt

t

∫
SMet

(ω)
τ (T )×{t}

g(p(x), t) df1 · · · dfq
′
,

where p : Det+
τ (T )→ T is the natural projection.

By the condition (UE), the function g(y, t) on T ×R>0 ' Det+
τ (T ) is constant

for each t. Hence ∫
SMet

(ω)
τ (T )

g(p(x), t)df1 · · · dfq
′

= 0,

which proves that the integral on the right hand side of (14) is trivial.

Theorem 2. Suppose that (M ;F ), T , and ω satisfy the conditions (PI) and (UE).

For each x in Kq′(C
∗
r (Metτ GT )), there is a θ-invariant normal functional νx on

the center of Rnσ W (M ;F ) satisfying νx(1) = 〈φ̂, x〉.

Proof. When f ∈ C∞(Det+
τ (T ))GT , we define

νx(f) = 〈φ̂f , x〉.

The right hand side is normal as a functional defined on a weakly dense subspace

of L∞(Metτ (T ))GT . Moreover it satisfies νx(1) = 〈φ̂, x〉. Hence it extends to a

normal functional over L∞(Metτ (T ))GT .

From σ̂|RnC∗r (GT ) = θ and the σ̂-invariance of the cocycle φ̂, we have

〈θ∗t φ̂, x〉 = 〈φ̂, σ̂t(x)〉.
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Since σ̂t(x) is a constant family in K∗(C
∗Metτ (GT )), one has 〈φ̂, σ̂t(x)〉 = 〈φ̂, x〉.

This proves the invariance of νx under θ.

Corollary 22. With the same assumption as in Theorem 2, assume moreover

that there exists an element x ∈ Kq′(C
∗
r (Metτ GT )) such that 〈φ̂, x〉 6= 0. Then

W (M ;F ) is a factor of type III.

Proof. The flow of weights of a semifinite factor is isomorphic to the translation

of R on L∞(R). Hence in that case there cannot be an invariant normal functional

on Z(Rnσ W (M ;F )) [C7].

§5. Period of flow and K-cycles

In this section we apply the considerations of Section 3 to the situation of Theo-

rem 2 and calculate the possible values of the pairing between the dual fundamental

cocycle and the K-group when the von Neumann algebra W (M ;F ) is a factor of

type IIIλ for some 0 < λ < 1. We will use Corollary 12 to relate the K-theory

pairing of the dual of the fundamental cocycle with Kq′(C
∗
r (Metτ (GT ))) to that

of the fundamental cocycle with Kq′(C
∗
r (SMet

(ω)
τ (G

(u)
T ))).

In order to construct nontrivial elements in the K-group of groupoid algebras,

we consider the group Ktop
∗ (GX) and the assembly map [BC], [C7], [C5]

µ : Ktop
∗ (GX)→ K∗(C

∗
r (GX))

for the base spaces X = SMet
(ω)
τ (T ) and Metτ (T ).

A cycle c in Ktop
0 (GX) is represented by a quadruple (N, f,E,D), where

N is a manifold endowed with a map f : N → X and a proper action of GX
with respect to f . Furthermore E is a Z2-graded GX -equivariant vector bundle

on N , and D = (Dx)x∈X is a family of odd elliptic operators on the fibers of f

with coefficient E. Here, D is assumed to satisfy the GX -equivariance condition

γDsγγ
−1 = Drγ for γ ∈ G. Given such data c, the G-index IndG(D∗) of the family

(Dx)x∈X defines an element µ(c) in K0(C∗r (GX)).

Similarly, the pairs of a GX -equivariant map f : N → X and equivariant

longitudinal elliptic operators over N ×R define odd cycles which are elements of

Ktop
1 (GX), and elements in K1(C∗r (GX)) via the assembly map.

Now, let us consider the case of the base space X = SMet
(ω)
τ (T ). In the

following we shall describe the natural map

Φtop : Ktop
0 (GX)→ Ktop

1 (Det+
τ (GX)),

which is compatible with the Connes–Thom isomorphism Φ from K0(C∗r (GX)) to

K1(Rnσ(ω) C∗r (GX)) via the assembly map µ.



700 M. Yamashita

Suppose that an element x of Ktop(GX) is represented by (N, f,E,D∗) of a

GX -equivariant map f : N → X and a family (Dx)x∈X of odd elliptic operators

on a GX -equivariant graded vector bundle E. Then N ×R admits an action of G

defined by

γ(x, r) = (γx, δ(ω)(γ)t).

The induced map

f̃ : N × R→ X × R ' Det+
τ X ' Metτ (T )

is GX -equivariant under this action.

Put Y = X × R2 and let Ẽ be the GX -equivariant vector bundle Ẽ(x,v) =

Ex ⊗ C2. For each (x, v) ∈ X × R2, put D̃(x,v) = Dx ⊗ 1 + ε⊗DR2 , where ε is the

grading operator on E and DR2 is the Dirac operator on R2. The latter defines a

GX -elliptic operator and the data (Y, f̃ , (D̃(x,v)∈X×R2)) is a family of equivariant

fiberwise elliptic operators parametrized by Y = Det+
τ (X)×R. Let Φtop(x) denote

this element of Ktop
1 (Det+

τ (GX)).

Similarly, we can define Φtop : Ktop
1 (GX)→ Ktop

0 (GX) by Bott periodicity.

Lemma 23. We have the equality

µ(Φtop(N, f,E,D∗)) = Φ(µ(N, f,E,D∗))

in K∗+1(Rnσ(ω) C∗r (GX)) for any cycle (N, f,E,D∗) of Ktop
∗ (GX).

Proof. Let α(t) denote the action α
(t)
s (x) = σ

(ω)
ts (x) of R over C∗r (GX), and A =

(At)t∈[0,1] be the continuous field of C∗-algebras over [0, 1] whose fiber At at t ∈
[0, 1] is given by the crossed product R nα(t) C∗r (GX). Then the evaluation map

e0 : A → A0 at t = 0 is a KK -isomorphism, and e1 : A → A1 at t = 1 can be

considered as a KK -morphism

Λ: C0(R)⊗ C∗r (GX) ' A0 → A1.

The Connes–Thom isomorphism K∗(C
∗
r (GX))→ K∗+1(Rnσ(ω) C∗r (GX)) is given

by the composition of the Bott periodicity isomorphism

K∗(C
∗
r (GX))→ K∗+1(C0(R)⊗ C∗r (GX)) ' K∗+1(A0)

and the map induced by Λ.

Put Z = X × R2 × [0, 1] and consider the action of GX on Z by

γ.(x, v, t) = (γ.x, (t log(δ(ω)) + v1, v2), t).

Then the groupoid algebra C∗r (GX n Z) is isomorphic to A as a C([0, 1])-algebra.

Given a geometric cycle z = (N, f,E,D∗) for GX , let z̃ be the geometric cycle
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(N × R2 × [0, 1], p∗1(D∗)) over GX n Z. Then e0(µ(z̃)) = µ(z) and e1(µ(z̃)) =

Φ(µ(z)), which proves the assertion.

Let c = (N, f,E,D) be a cycle in Ktop
∗ (Det+

τ (GX)). We take the map N → R
given by the composition of f and the projection Det+

τ X → R induced by ω.

Then the inverse image N0 of X × {0} in N is a submanifold of codimension 1,

and it has a G
(u)
X -equivariant map into X. Moreover, E and D restrict to N0.

The data ι∗(c) = (N0, f |N0 , E|N0 , D|N0) defines an element of Ktop
∗ (GX). This

correspondence defines a well-defined map Ψtop : Ktop
∗ (Det+

τ (GX))→ Ktop
∗ (GX).

It can be easily seen that this map corresponds to the homomorphism Ψ of (6)

via µ.

Lemma 24. We have the equality

µ(Ψtop(N, x)) = Ψ(µ(N, x))

in Ktop(G
(u)
X ) for any (N, x) ∈ Ktop(Det+

τ (GX)).

Let A be the C∗-algebra C∗r (SMet
(ω)
τ GT ). As a consequence of Lemmas 23

and 24, we have the following commutative diagram:

Ktop
∗ (SMet

(ω)
τ GT )

Φtop
//

µ

��

Ktop
∗+1(Metτ (GT ))

Ψtop
//

µ

��

Ktop
∗+1(SMet

(ω)
τ G

(u)
T )

µ

��
K∗(A)

Φ //

∂

00K∗+1(Rnσ(ω) A)
Ψ // K∗+1(C∗r (SMet

(ω)
τ G

(u)
T )).

Theorem 3. Let (M ;F ) be a foliation, T a transversal and ω a smooth density

on T , satisfying the conditions (PI) and (UE). Suppose that the von Neumann

algebra W (M ;F ) is of type IIIλ for 0 < λ < 1. Then

{〈iDφ, µ(x)〉 | x ∈ Ktop(SMet(ω)
τ (GT ))} ⊂ log(λ)Q.

Moreover,
log(λ)Z ⊂ {〈iDφ, y〉 | y ∈ Kq+1(C∗r (SMet(ω)

τ (GT )))}.

Proof. By Lemma 5 and the assumption on the type of W (M ;F ), the spectrum

of σ(ω) agrees with log(λ)Z. By (UE), the action σ(ω) is saturated.

By Proposition 18 and the following remark, we can find a σ-invariant Fréchet

subalgebra A∞ of C∗r (SMet
(ω)
τ GT ) with the same K-groups, such that φ extends.

Hence we may apply Corollary 12, and obtain the equality

(15) 〈iDφ, y〉 = log(λ)
〈
φ|
C∞c (Metτ G

(u)
T )

, ∂(y)
〉

for any y ∈ K∗(C∗r (GT )).
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For any (N, f,E,D) ∈ Ktop
q (G

(u)
T ), we have

〈φ, µ(N, z)〉 =

∫
N

Todd(f) ch(σD) ∈ Q,

where ch(σD) denotes the Chern character of the symbol of D in the compact

support cohomology group H∗c (N,C), and Todd(f) is the relative Todd class of f .

This and (15) imply the first assertion.

Let [G
(u)
T ]∗ ∈ Kq(C

∗
r (G

(u)
T )) be the dual fundamental cocycle defined in [C5,

Section 8]. It is represented by µ(Dq, x), where Dq → T is an immersion of the

q-dimensional open disk and x ∈ Kq(Dq) is the generator of Kq(Dq) ' Z.

We show that [G
(u)
T ]∗ is in the image of Kq+1(C∗r (GT )), which is equivalent

to

(16) (1− σ̂)(Ξ([G
(u)
T ]∗)) = 0

for the isomorphism Ξ: K∗(C
∗
r (G

(u)
T )) → K∗(T nσ(ω) C∗r (GT )) induced by strong

Morita equivalence.

Let GT ×ω Z be the groupoid whose object set is T × Z, the arrow set is

GT × Z, and the structure maps are given by

s(γ, n) = (sγ, n), r(γ, n) =

(
rγ, n+

log(δ(ω)(γ)

log λ

)
.

Then GT ×ω Z is strongly Morita equivalent to G
(u)
T as a groupoid, and one has

an isomorphism

C∗r (GT × Z) ' T nσ(ω) C∗r (GT )

of algebras. Under this isomorphism the dual action σ̂ on T nσ(ω) C∗r (GT ) corre-

sponds to the action of Z on GT ×ω Z given by αm(γ, n) = (γ, n+m).

If Ξ([G
(u)
T ]∗) is represented by an immersionDq → T×{n} for some ι : Dq → T

and n ∈ Z, then α(Ξ([G
(u)
T ]∗)) is represented by (ι, n+ 1): Dq → T × {n+ 1}. By

replacing Dq with a smaller disk if necessary, we may assume that the image of

ι is contained in the domain of an element γ ∈ GT satisfying δ(ω)(γ) = λ. Then

γ ◦ ι is an immersion of Dq into T and one has the equality

(17) (γ ◦ ι, 1)∗[D
q]∗ = ((γ, 0) ◦ (ι, 0))∗[D

q]∗ = γ(ι∗([D
q]∗))γ∗ = ι∗[D

q]∗

in Kq(C
∗
r (GT ×ω Z)). By the condition (UE), there is an element γ1 in G

(u)
T whose

domain contains the image of γ ◦ ι and codomain lies in the same connected

component as the image of ι. With this γ1 one has

(18) (γ ◦ ι, 1)∗[D
q]∗ = γ1((γ ◦ ι, 1))∗[D

q]∗γ∗1 = (ι, 1)∗[D
q] = α((ι, 0)∗[D

q]∗).



Foliations with Projectively Measured Foliation 703

Combining (17) and (18), we obtain α(ι∗[D
q]∗) = ι∗[D

q]∗, which proves (16).

From 〈φ, [G(u)
T ]∗〉 = 1, (15), and Corollary 12, we obtain

log(λ) ∈ 〈iDφ,Kq+1(C∗r (SMet(ω)
τ (GT )))〉.

This proves the latter half of the assertion.

§5.1. The 1-form corresponding to the dual of fundamental cocycle

In this last section, we consider the case where M is compact and there is a covering

π : M ′ →M and a holonomy invariant transverse density ω of (M ′, π∗F ) such that

ω is projectively invariant under the deck transformation group of M ′. Under this

assumption, if we take a transversal T which admits a section f : T → M ′, the

pullback of ω on T by f defines a projectively invariant transverse density for F .

The Radon–Nikodym cocycle of the deck transformation group with respect

to the density ω defines an R+-valued group 1-cocycle. By taking the natural

logarithm and considering the double complex of Ω∗(M ′)-valued Γ-cochains, this

group cocycle can be regarded as a class [log δ(ω)] in H1(M ;R).

We can also define [log δ(ω)] by a Čech 1-cocycle in the following way. Let

(Ui)i∈I be a covering of M by foliation charts admitting sections fi : Ui → M ′.

Then for each pair (i, j) of indices there exists a unique element gij of the deck

transformation group. The scalar cij characterized by cijω = g∗ijω satisfies the

Čech 1-cocycle identity with respect to the group law of R×+. The R-valued Čech

1-cocycle (log(cij))ij for (Ui)i∈I defines the desired class [log δ(ω)].

For each open set U of M , let AU be the convolution algebra of compactly

supported smooth functions over the full holonomy groupoid of F |U . On the one

hand, any family (Dl)l∈M/F of leafwise elliptic operators defines an element Ind(D)

of the K0-group of AM . On the other hand, by strong Morita equivalence, there

is a natural isomorphism HCn(C∞c (GT )) and HCn(AM ) for each n.

Next, recall that there is a map of Z2-graded vector spaces [C8, Section 3.7.γ]

(19) Λ: HP∗(AM )→
( ⊕
k∈q+2Z

Hk(M)
)
⊕
( ⊕
k∈1+q+2Z

Hk(M)
)

which satisfies

〈Ind(D), ψ〉 =

∫
M

Todd(τ ⊗ C)−1ΦH(ch([σ(D)]))Λ(ψ),

where ΦH is the Thom isomorphism H∗c (F ∗) → H∗−pc (M) in cohomology. Let us

recall the construction of Λ.

We take an open covering U = (Ui)i∈I of M . For each open set U ⊂ M and

k ∈ N, put

ΩkF (U) = (A⊗kU ⊕A
⊗k+1
U )′.
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Next, for such U and k, let Ωτk(U) denote the space of F |U -holonomy invariant

transverse k-currents on U . By choosing a transverse bundle H ⊂ TM , one can

define a map of complexes

(20) Ωτk(U)→ ΩkF (U)

for any k, natural in U , and which does not depend on the choice of H when one

passes to cohomology.

Note that when U1 ⊂ U2 are open sets of M , we have natural maps ΩkF (U2)→
ΩkF (U1) and Ωτk(U2)→ Ωτk(U1).

We then consider the following triple complexes Γa,b,cU and Γ′
a,b,c
U . The first

one is given by

Γa,b,cU =
∏

i1<···<ic

Ωb−aF (Ui1 ∩ · · · ∩ Uic),

together with the differential B (which increases the index a), the Connes–Reinhart

operator b (which increases the index b), and the Čech coboundary map (which

increases the index c). Similarly, the second triple complex is given by

Γ′
a,b,c
U =

∏
i1<···<ic

Ωτb−a(Ui1 ∩ · · · ∩ Uic).

with the de Rham differential d (which increases the index a), the zero differential

(increasing b), and the Čech coboundary map (increasing c). Then the map (20)

induces a map of complexes

(21) Λ0 : Γ′
a,b,c
U → Γa,b,cU ,

which is a quasi-isomorphism when each Ui is contained in a foliation chart.

When U is a foliation chart of F homeomorphic to T × V for T ' Rq and

V ' Rp, we have the isomorphism AU ' C∞c (T ) ⊗̂K∞, which implies

HPn(AU ) '

{
C (q ≡ n mod 2),

0 (q 6≡ n mod 2).

On the other hand we also have Ωτk(U) = Ωk(T ) for such U . It follows that

the cohomology of the complex Ωτ∗(U) is trivial except in degree q, and that

Hq(Ω
τ
∗(U)) = C. When (Ui)i∈I is a good cover of M by foliation charts, the

cohomology of the triple complex Γ′
a,b,c
U is equal to the Čech cohomology of the

orientation sheaf of τ (up to shift in degree), which is isomorphic to the usual

cohomology group of M .

Hence the cohomology of the triple complex Γa,b,cU is equal to the right hand

side of (19). The restriction homomorphism Ωb−aF (M)→
∏
i∈I Ωb−aF (Ui) gives the

required map Λ.
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Although the manifolds Det+
τ (M), Metτ (M) are not compact, the above con-

struction of Λ still makes sense for the foliations induced by F on these mani-

folds. For example, when U is a foliation chart of (M ;F ), its inverse image in

Det+
τ (M) becomes a foliation chart of the canonical lift F̃ of F . Thus (Det+

τ (M), F̃ )

admits a finite covering by foliation charts, which allows us to define the map

Λ: C∞c (Det+
τ (G))→ H∗(Det+

τ (M)) in the same way as in the compact case.

This correspondence Λ has two important special cases. The first case concerns

a holonomy invariant transverse measure (if any) of (M ;F ). In that case, the

associated trace, which is a 0-cyclic cocycle on Cc(M ;F ), is mapped to the Poincaré

dual q-form of the Ruelle–Sullivan p-current. The second is that the transverse

fundamental class is mapped to the class of the unit in H0(M).

Here, we are interested in the image of the (q + 1)-cyclic cocycle iDφ when

(M ;F ) admits a projectively invariant transverse measure. From the consideration

of parity, it follows that Λ(iDφ) is a class of odd degree. The following theorem

identifies this cohomology class.

Theorem 4. Suppose that there is a covering π : M ′ →M and a holonomy invari-

ant transverse measure ω of (M ′, π∗F ) which is projectively invariant under the

deck transformations of π. Let φ be a transverse fundamental cocycle on C∞c (GT ),

and D be the derivation of the modular automorphism group associated with ω.

Then Λ(iDφ) coincides with [log δ(ω)] in H1(M).

In order to prove the above we take a well-behaved open sets of M with

respect to the given foliation.

Definition 25. An open set U in M is said to be F -straight when we have a

complete transversal T in U with trivial holonomy for F |U .

Remark 26. Since any foliation chart is F -straight, M admits a covering by F -

straight open sets.

Let U be an F -straight open set of M . Let Ũ be the preimage of U under

the projection map π̃ : Det+
τ (M) → M . Then Ũ is a π̃∗F -straight open subset of

Det+
τ (M). Let f be a section of the covering map. Then the pullback of ω by f

determines a trivialization Ũ ' R×U . We let t denote the coordinate on the first

component of the right hand side. Let f0, f1 be two sections U →M ′, and cf0/f1

be the scalar such that cf0/f1ω = g∗ω where g is the deck transformation satisfying

g ◦ f0 = f1. Then the t-coordinates determined respectively by f0 and f1 differ

by translation by the constant log(cf0/f1).

Proof of Theorem 4. We choose a covering (Ui)i∈I of M by F -straight open sets,

and let (Ũi)i∈I be the corresponding covering of Det+
τ (M) by the inverse images
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of the Ui. For each i, we choose a section f i : Ui → M ′ and let ti denote the

corresponding t-coordinate on Ũi. The coordinate transforms between the Ũi are

given by the ones for Ui, and the ones between the ti-coordinates induced by the

holonomy transformation. We see that the 1-forms dti on the sets Ũi are invariant

under these coordinate transforms. Hence we obtain a global 1-form on Det+
τ (M),

denoted by dt.

Since the projection map Det+
τ (M) → M has the contractible fiber R×+, it

induces an isomorphism of cohomology. It is easy to see that the Čech 1-cocycle

corresponding to dt is precisely the one used to define [log δ(ω)]. We claim that dt

is the image of φ̂ under Λ: HP∗(C∞c (Det+
τ (G)))→ H∗+q+1(Det+

τ (M)).

First, the restriction of φ̂ to C∞c (Ũi; π̃
∗F ) corresponds to the holonomy in-

variant transverse q-current on Ũi defined by∫
R
dti

∫
{t}×Ti

f0 df1 · · · dfq.

Integration by parts shows that this current is the boundary of the invariant trans-

verse (q + 1)-current

ψi(f
0df1 · · · dfq+1) =

∫
Ũi

tif
0 df1 · · · dfq+1.

The Čech coboundary of (ψi)i∈I is given by ((ti − tj)φ̃ij)i,j∈I , where φ̃ij is the

transverse fundamental current for π̃∗F . This shows that Λ(φ̂) is indeed equal to

the class of dt.

By Lemma 23, iDφ and φ̂ induce the same map on geometric K-groups. From

this it already follows that Λ(iDψ) and [log δ(ω)] pair the same way against homol-

ogy classes of the form Todd(τ⊗C)−1 ch(σD)∩ [M ] for a longitudinal elliptic oper-

ator D. To see that they agree as elements of H∗(M), we may use the fact that the

construction of φ̂|C∞c (Ũ ;π̃∗F ) and the natural isomorphisms HP∗(C∞c (Ũ ; π̃∗F )) →
HP∗+1(C∞c (U ;F )) for the open sets U of M are compatible with the localization

maps used in the definition of Λ.

Remark 27. The setting of this section was already considered by H. Moriyoshi

[M], who raised the question about the relationship between the structure of

W (M ;F ) and a certain geometrically defined subset of R, called the K-set of

(M ;F ).

Let HF
1 be the intersection of H1(M ;Z) and the joint kernel of all closed

F -basic 1-forms. Intuitively, HF
1 can be thought of as the span of the 1-cycles in

the leaves of F . Then the K-set of (M ;F ) is defined as the values which [log δ(ω)]

takes on HF
1 .
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Suppose that the von Neumann algebra W (M ;F ) is of type IIIλ. Theorem 4,

combined with Theorem 3 and the compatibility of Λ with ΦK , shows that the

pairing of [log δ(ω)] with the twisted Chern character of the cycles in Ktop
∗ (M ;F )

is contained in Q log(λ). If the Baum–Connes conjecture for (M ;F ) holds, the

number log(λ) itself can be realized by some cycle. The set 〈iD, φ,Ktop
∗ (M ;F )〉

will contain the K-set if the twisted Chern character of an element y ∈ Ktop
∗ (M ;F )

satisfying ∂(µ(y)) = [G
(u)
T ]∗ (see the proof of Theorem 3) lies inHF

1 , which happens

in many examples.
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