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Abstract

We define higher homotopy commutativity of H-spaces using the cyclohedra {W,}n>1
constructed by Bott and Taubes. An H-space whose multiplication is homotopy com-
mutative of the n-th order is called a By-space. We also give combinatorial decompo-
sitions of the permuto-associahedra {K P,},>1 introduced by Kapranov into unions of
product spaces of cyclohedra. From the decomposition, we have a relation between the
By,-structures and another notion of higher homotopy commutativity represented by the
permuto-associahedra.
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§1. Introduction

The concept of higher homotopy commutativity was introduced by Sugawara [26]
and Williams [28] in the case of topological monoids. In the definition, Williams
used permutohedra, which were introduced by Milgram [20] to construct approxi-
mations to iterated loop spaces. The homotopy commutativity of the third order
in the sense of Williams is illustrated by the left hexagon in Figure 1.

Later Hemmi-Kawamoto [11] considered another type of higher homotopy
commutativity of topological monoids using the resultohedra {Ny,.»}mn>1 con-
structed by Gel'fand-Kapranov—Zelevinsky [7]. In particular, we have higher ho-
motopy commutativity represented by the simplices {A™},,>; since Ny, 1 = A™
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Figure 1. Homotopy commutativity of the third order.

for m > 1. A C(n)-space is a topological monoid with homotopy commutativity
of the n-th order (see Section 4). From the definition, a topological monoid is a
C(2)-space if and only if the multiplication is homotopy commutative. The C(3)-
structure is illustrated in Figure 11. By Proposition 4.3, X is a C(co)-space if and
only if the classifying space BX is a T-space in the sense of Aguadé [1].

In this paper, we show that the C(n)-structures can be defined only assuming
that multiplication is homotopy associative of the n-th order.

According to Sugawara [25], there is a criterion for an H-space to have the
homotopy type of a topological monoid. His criterion is higher homotopy asso-
ciativity for multiplication. Later Stasheff [22] expanded the theory of Sugawara,
and introduced the concept of A,,-spaces. An A,-space is an H-space whose mul-
tiplication is homotopy associative of the n-th order. When defining A,,-spaces, he
constructed special polytopes { K, }n>1 called associahedra.

Bott-Taubes [4] introduced another family {W,},>1 of special polytopes
called cyclohedra to study topological descriptions of self-linking invariants of
knots. Since the cyclohedra are constructed by combining simplices and associ-
ahedra, we can use these polytopes to generalize the C(n)-structures to the case
of A,-spaces.

An A,-space with homotopy commutativity of the n-th order is called a
B,-space (see Section 4). From the definition, a Bs-space is the same as a ho-
motopy commutative H-space. Let X be an Asz-space with a Bs-structure. Us-
ing the associating homotopy puz: K3z x X3 — X and the commuting homo-
topy p2: Wo x X2 — X, we can define @3: OWs x X3 — X illustrated by the
left hexagon in Figure 2. Then X is a Bs-space if and only if @3 extends to
p3: W3 x X3 = X. We note that the above hexagon is similar to the one of Mac
Lane [16, p. 38, (4.5)]. In this manner, X is called a B,-space if there is a family
{pi: W; x X* = X}i<i<,, of maps with the relations stated in Definition 4.4.
When X is a topological monoid, X is a B,-space if and only if X is a C(n)-space.



HicHErR HomoTOPY COMMUTATIVITY 739

,u3(t,ac1,y,a:2) (leQ)y
r1(yz2) (z1y)z2 x1(22y)
z1p2(t, 22,Y) w2 (t, 1, y)T2
z1(yz2)
x1(z2y) (yz1)w2 (2), (1) [(1,2)[ (1),(2)
(z1y)z2
ps(t,z1, 2,y) pa(t,y, 21, w2)
(z122)y y(z132) (yz1)z2
Palt (1122),y) y(z122)

Figure 2. The Bs-structure on X and the decomposition of K Ps.

In [9], we also generalized higher homotopy commutativity in the sense of
Williams to the case of A,-spaces (see the right dodecagon in Figure 1). In the
definition, we used the permuto-associahedra { K P, },,>1 originally constructed by
Kapranov [13] (see Section 3). An A,-space with higher homotopy commutativity
of this type is called an AC,,-space.

May [18] introduced the concept of F,-space to give a criterion for a space
to have the homotopy type of an n-fold loop space. The types of higher homo-
topy commutativity we are considering in this paper are just truncations of Es-
structures, just as A,-spaces are truncated versions of F;-spaces.

According to Hemmi [8, p. 108, (5.1)] and Kapranov—Voevodsky [14, Theorem
6.5], permutohedra can be combinatorially decomposed into unions of product
spaces of simplices (see [14, p. 245, Figures 14 and 15]). To describe a relation
between B, -structures and AC,,-structures, we generalize their result to the case
of permuto-associahedra.

We now recall some notation and terminology. Put n = (1,...,n) € N” and

T"n] = {(t1,...,tm) EN" | t1+ -+ +ty =n} form,n>1.

A subsequence of n of length ¢ is written as a = (a(1),...,a(t)) with a(l) <

- < aft). A partition of n of type (t1,...,tn) € T™[n] is an ordered sequence
(a1,...,0u,) consisting of disjoint subsequences «; of n of length ¢; for 1 <
i < m with aq U--- U, = n as sets. Let Affl""’t’") denote the set of all

partitions of n of type (t1,...,tm) € T™[n]. For example, Ag) = {((1,2))},

AP = {((1,2.3)} A8 = {((1),(2,3)), ((2), (1,3)).((3), (1,2))} and AV =
{((1,2),(3)), ((1 3),(2)),((2,3),(1))}. Moreover, we see that

D ={((0(1),....(0(n)) |0 € S} forn>1,

where ., denotes the symmetric group on n letters. Put

Ap = {(o1,... ) € Alvtm) | (4 t,) € T™[n] with m > 1}.
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Our result is as follows:

Theorem A. Let n > 2. There is a family

{g(alv v ?am)}(alauwam)eAn—l
of subspaces of K P,, with the following properties:

(1) If (a1y..., ) € Affi’l'"’t’"), then we have an isomorphism

plaom) Wing1 X KPyy X - X KBy = D(au,. .., o).

(2) KP, decomposes as

KP, = U Do, ..., 0m).

(Q1,eeym )EA, 1

In the above theorem, isomorphism of polytopes means affine homeo-
morphism. The decomposition of K Ps is illustrated by the right dodecagon in
Figure 2 (see Figure 10 for the decomposition of K'Py). Then 2((1,2)) & Wy x K P,
via {12) and 2((0(1)), (0(2))) = W3 x KP, x KP; by means of (((7(1)).(e(2)))
for o € .%. It is remarkable that the decomposition of K P3 also appears in Mac
Lane [16, p. 40] and Bar-Natan [2, p. 171, Figure 6].

From Theorem A and an inductive argument, we see that K P, can be de-
composed into a union of product spaces of {W;}1<i<, in a combinatorial way.
Then W, can be regarded as a subspace of K P, via f(Ws(n=1) . W x KP) X
- x KPp = 2((1),...,(n—1)) C KP,.

From Theorem A, we have the following result:

Theorem B. If X is a By,-space, then X is an AC,-space for n > 1.

The above result generalizes [11, Proposition 4.5] to the case of A,-spaces.
By Example 4.12, the converse of Theorem B is not true.

This paper is organized as follows: In Section 2, we recall combinatorial prop-
erties of the associahedra { K, },>1 and the cyclohedra {W,,},,>1. In order to prove
Theorem A in Section 3, we define a poset (%, <s) describing the faces of W,,.
Then we study the face operators and degeneracy operators of W,,. In Section 3,
we recall the permuto-associahedra {K P, },>1, and give a proof of Theorem A.
It is also shown that the degeneracy operators of K P, can be reconstructed from
those of W, using Theorem A. Section 4 is devoted to studying higher homotopy
commutativity of A,-spaces. In the case of topological monoids, we first recall the
definition of C'(n)-spaces (see Definition 4.1 and Remark 4.2). Using cyclohedra
instead of simplices, we define B,,-spaces (see Definition 4.4 and Remark 4.5). It
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is shown that the property of being a B,-space is preserved by covering spaces.
We also give some examples of B,,-spaces (see Examples 4.7, 4.8 and 4.12). Then
we recall the definition of AC),-spaces, and prove Theorem B using Theorem A.

§2. Cyclohedra

We first recall the associahedra { K, },,>1 and the cyclohedra {W), },,>1 constructed
by Stasheff [22] and Bott—Taubes [4], respectively.

Stasheff [22, I, Section 6] constructed the associahedra {K,,},>1 in order to
define A,,-spaces (see Section 3). From the construction, the associahedron K, is
a polytope of dimension n — 2 whose faces correspond to meaningful bracketings
of the word xy---x, for n > 2. More precisely, a codimension ¢ face of K, is
represented by inserting ¢ pairs of brackets in a meaningful way into the word
Z1 - T, so that any pair of brackets includes at least two elements each of which is
x; or a bracketed sequence for ¢t > 1. In particular, each vertex of K,, is represented
by one of the meaningful complete ways of bracketing the word x; ---z,. For
convenience, we also put K; = {x}.

z1(w2(w324))

x172(T324) z1(T2w374)

(z122)23 -io z1(w273) (@122)(@324) @1 ((z2w3)T4)

(z122)2324 x1(x223)Ts

((z122)73)74 (w1 (w273))T4

(r17273)T4

Figure 3. The associahedra K3 and Kjy.

Denote the set of all meaningful bracketings of the word x1---xz, by J,.
Then (#,, <) is a poset (partially ordered set) ordered by defining & <, & if ¢
is obtained from ¢ by removing some pairs of brackets or &' = £. Let Ky(r,s) be
the facet (codimension-one face) of K,, represented by

X1 X1 (T Thps—1)Thogs - Tn € Ky for (1,8, k) € Ky,
where

K, = {(r,s,k) e N* | r,s > 2 withr +s=n+1and k < r}.
Then the boundary 9K, is given by

0K, = U K (r, s).
(r,s,k)EK,,
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According to Stasheff [22, I, Section 2], Ki(r, s) = K, x K via a face operator
Ok (r,8): K, x K¢ — Ky (r, s) for (r,s,k) € K,, and there is a family of degeneracy
operators {0;: K, — Kp_1}1<j<n.

Later Bott—Taubes [4, Section 1] introduced another family {W),,},>1 of spe-
cial complexes closely related to the associahedra. According to Stasheff [24, p. 58],
W, is called a cyclohedron for n > 1.

Stasheff [24, Section 10] and Markl [17, Section 1] reconstructed W,, as the
convex hull of a finite set of points in R™, and gave a poset representing all the faces
of W,,. By their results, W, is a polytope of dimension n—1 whose faces correspond
to meaningful bracketings of the string z - - -z, arranged on a circle for n > 1
(see also Devadoss [6, Section 1]). Such bracketings are called cyclic bracketings.
In particular, W, is represented by the string xi---x, without brackets, and
a codimension t face of W,, is represented by a cyclic bracketing of the string
1+ T, including just ¢ pairs of brackets for ¢ > 1. In this manner, the vertices
of W, correspond to all complete ways of cyclic bracketings of the string x1 - - - .

x1) (223
T z1))(z2 (23 Jz1) (w223
O xl)rg(mg )1’1 (3321‘3
21) (52— ) (122 21)22) (s (@1 (w2

z1w2) (T3 )(z1m273

(xle))(333 )((leg)xg

(z122)23

Figure 4. The cyclic bracketings of the strings xiz2 and xyxox3.

z1)(z273))((T4
z1)22)23)(((z4

(z1(w223))) (74

(z122))73) (74 (z122)T3)) (24
z1)22))(23((za )(z1(z213)) 74
(z172)))(%3(2a Y((z122)23) T4

Y(@122)) (2324 ) ((z122)(z374

Figure 5. The cyclic bracketings of the string xixox324.

We denote the set of all cyclic bracketings of the string x; - - - z,, by #,,. Then
(#,,,=w) is a poset, where the poset structure <,, is defined in a similar way to
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the one of (J#,, <i). Put

W, ={(r,s,k) eN* | r,s >2withr+s=n+1and k <r—1},
W;:{(T,SJOGN?’|r22withr+s:n+1andkgr}.

Let Wi(r, s) and W/ (r,s) denote the facets of W, represented by

(2.1) Ty X1 (g Tpys—1)Thps - Tp € Wy, for (r,s,k) € W,,,

(2.2) Ty T 1)Tk - Thrs—2(Thas—1 Ty € Wy for (r,s,k) € W,
respectively. Then the boundary dW,, is given by

w,= |J mrsu | Wirns).
(r,s,k)EW,, (r,s,k)eW?,
Remark 2.1. We have a simple proof of the well-known result that |vert(K,)| =
1 <2n72

n—1

) using W,,, where vert(Q) denotes the set of all vertices of a polytope @
and |S| is the number of elements of a set S. Let v be a vertex of W,,. Then
v is represented by one of the complete ways of cyclic bracketing of the string
Z1 - Tn. Replacing x; with e for 1 < i < n — 1 and removing x, and all the
closing brackets “)” from v, we have a bijection between vert(W,,) and the set of all

n—1 n—1
permutations of {(,..., (, ;,_/?} For example, the vertices of Wy represented by
(x122)))(x3(x4 and 21)x2))(23((x4 correspond to (e e (e( and e e (e((, respectively.
Then |vert(W,)| = (3"7?), which implies the required result since |[vert(W,,)| =
n|vert(K,)|.

We next give an alternative description of the poset (%}, =<.) to be used in
the proof of Theorem A in Section 3.

Consider the rectangle E,, = [0,n — 1] x I for n > 2. A lattice path in E,
is a map ¢: [0,n] — E, such that ¢(0) = (0,0), {(n) = (n — 1,1) and if we
write £(s) = (¢1(s),l2(s)) for s € [0,n], then £(i + t) is either (¢1(¢) + ¢,£2(i)) or
(€1(7),£2(i) +¢t) for 0 < i < n and t € I. We denote the set of all lattice paths in
E, by Z,.

In E,,, we label the interval [i —1,4] x {j} by ; for 1 <i<n—1and j =0,1,
and the interval {i} x I by y for 0 < i < n — 1 as in Figure 6. Then each lattice

z3

1 Z2 z3

Figure 6. The lattice path ¢ = xyxoyxs.
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path ¢ € %, is labeled by a word x1 - - - x;_1yx; - - - ©,,_1 for some 7 with 1 < i < n.
In this label of ¢, the symbol x; means the horizontal unit move from the line
x=1—1tothelinex =i for 1 <i<mn-—1,and y is the vertical move between the
lines y = 0 and y = 1. For example, the lattice path £ € % in Figure 6 is labeled
by z1zoyxs.

Put

Hm[n] :{(hlavhm) € (Z+)m|h1++hm:n} for m,nZ ]-7

where ZT ={h €Z | h > 0}.
Let & € #;, be such that x,, is covered by just t pairs of brackets for ¢ > 0.
Then we can write

(2.3) §=281)82) &)1 (Eerals - (Sat (2t 170,

where ; is a meaningful bracketing of the word @p, y..qn; 11 Thy4...qon, for
1 <j<2t+1and (hi,...,ho11) € H* 1 n — 1] with h; + harya—; > 0 for
1<j<t.

We now define %, = {f(£) | £ € #,.}, where

f(&) = (&a(&( - (&el&er1]y]éeta) - - - )2t)Eat41)
if £ € W, is written as in (2.3). Then (&#,,=y) is a poset ordered by defining
f&) =5 f(&) i € =2 & for &€ € W

Remark 2.2. Let & € #,, be written as in (2.3). From the definition, we have the
following relations:

(1) £&) =g (& (Giva (- (Sel€r1ly]€er2) - - )Eat1-i2t42-4) -+ )§2t41) for

1<i<t—1.
(2) f(&) =5 (& (Ge—r[&berr&eral¥lbirs) -+ )Ett1)-

(3) If & is obtained from &; by removing some pair of brackets or & = ¢&; for
1<i<2t+1, then f(§) <5 (610 (§l&1411Y1E42) -+ )E2011)-

Since f: (#n,=w) — (Fn, <) is an isomorphism of posets, we can assume
that the faces of W,, are labeled by (.%,,=¢). Recall that W,, is represented by
X1+ Zyp € #y. Then it is labeled by f(x1 - 2,) = [21 - Zp_1]y] € Fn. By (2.1)
and (2.2), the facets Wy (r,s) and W/ (r, s) are labeled by

[-Tl T xk—l(xk to xk—i—s—l)xk—i-s e xn—1|y] € 'g.n for (T7 5, k) €W,
and

(v1- Tp_1[Tk Thas—2|Y]|This—1 Tn_1) € F, for (r,s,k) € W/,
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respectively. In this manner, a vertex of W, is labeled by a meaningful complete
way of bracketing of some lattice path ¢ € .Z,.

The cyclohedra W,, whose faces are labeled by (%#,,=<y) for n = 2,3 and 4
are illustrated in Figures 7 and 8. For simplicity, we denote [}|y] by y, and omit

T1Yxr2

z1(yz2) (z1y)72

z1[w2]y] [z1|y]w2

[z1]y]

T1Y o————o YT1 z1(z2Y) (yz1)x2

xr1x2Y Yyrixr2

(z172)y y(z122)

[(z122)]y]

Figure 7. The cyclohedra Wy and Wj.

the outermost pair of brackets. Then Wj labeled by [z1|y] is the left interval in
Figure 7, which represents a commuting homotopy between x;y and yx;.

When n = 3, the cyclohedron W3 labeled by [zyx2|y] is illustrated by the
right hexagon in Figure 7. The bottom edge labeled by [(z1x2)|y] represents a
commuting homotopy between (z1xz2)y and y(z1z2), and the next left edge labeled
by z1x2y is an associating homotopy between (x129)y and 1 (z2y). The next edge
labeled by x1[z2|y] is regarded as a commuting homotopy between x1(z2y) and

x1(yze).

Remark 2.3. The cyclohedra {W,},>1 realizing the posets {(%,, =<s)}n>1 are
closely related to the commuto-associahedra {C'A,, },>1 introduced by Bar-Natan
[2, Sections 5 and 6] (see also [3, Section 4] and [6, p. 73, 4.2]). In particular, the
2-skeleton of W, is a subspace of C'A,, for n > 1.

z1((z273)Y)
z1(z2(73Y)) (z1(z273))y

(z122)(T3Y) ((z1w2)3)Yy

z1(v2(yz3)) y(z1(v223))
(z122)(Y23) y((z122)w3)
(z122)y)z3 (y(z172))23

Figure 8. The cyclohedron Wj.



746 Y. KawaMOTO

Since the set of all faces of Wi (r, s) is described by the poset (%, x 5, C),
it follows that Wy(r, s) = W, x K for (r, s, k) € W,,, where the poset structure of
Fr X Hs is given by defining (A, &) T (N,&) if XA <y X and § <4 ¢'. In a similar
way, we see that W/ (r,s) = K, x W, for (r,s, k) € W, . Define face operators
ep(r,s): W, x Ky — Wy(r,s) and e (r,s): K, x Wy — W/ (r,s) of W,, by using
these isomorphisms. From the construction, we have the following proposition:

Proposition 2.4. The face operators {ex(r, 5)}(r.s,k)ew,, » 165 (7, S)}(r,s,k)GW;l and
{0k (7, 8) }(r,s,k)ek,, satisfy the following relations:

(24)  ex(r, s)(alp,9)(a,b),c)
Eirs—1(p+ s —1,q)(ex(p, s)(a,¢),b) if k<1-1,
=95 qg+s—1)(a,0k-1+1(g;8)(bc)) f 1<k <l+qg-—1,
ap+s—1,q)(Eu—g+1(p,s)(a,c),b) if k=1+q,
for (r,s, k) € W,, and (p,q,1) € W,;
(2.5)  ex(r,s)(el(p,q)(a,b),c)
oos (45— Lo)(@klp )@ e)) if k<1,
=9¢ep,g+s—1)(a,ex—i4+1(g,9)(b,c)) f I<k<l+q—2,
g+ s—1,0)(Ok—g+2(p; s)(a,0),b) if k=1+q—1,
for (r,s,k) € W,, and (p,q,1) € W, ;
c)

(2.6)  ep(rs)(a,e1(p,q)(b,¢)) = hyy_1(r +p —1,9) (O (r,p)(a,b),
for (r,s, k) € W and (p,q,1) € W.

We now explain the proposition in the case of n = 3 and 4.

In the right hexagon of Figure 7, the bottom edge labeled by [(z1z2)|y] is
isomorphic to Wy x K5 by means of the face operator €1(2,2), and the edge labeled
by x122y is isomorphic to K5 x Wi via €5(3,1). The intersection of these two
edges is a vertex which is the image of (e5(2,1)(*,*),*) under £1(2,2) and of
(01(2,2)(x, %), *) under £5(3,1).

The next left vertex is the intersection of the two edges labeled by ziz2y
and z1[w2|y], the image of (92(2,2)(*,%),*) in K3 x Wi under €5(3,1) and of
(%,€5(2,1)(%, %)) in Ko x Wy under €5(2,2). The next vertex, the intersection of
the two edges x1[xa]y] and zyyxa, is the image of (x,e1(2,1)(x,%)) in Ko x Wa
under £5(2,2) and of (92(2,2)(x, %), x) in K3 x W; under £5(3,1).

In the case of Wy, the front hexagon, the right rectangle and the top pentagon
of Figure 8 are labeled by [(z122)zs|y], [(z12223)|y] and z1zex3y, respectively.
Then the facet [(z122)z3|y] is isomorphic to W3 x K via £1(3,2), while the facet
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labeled by [(z1z223)|y] is isomorphic to Wy x K3 via £1(2,3). The intersection of
these two facets is an edge which is the image (£1(2,2)(a, %), *) under £;(3,2) and
of (a,d1(2,2)(x,%)) under £,(2,3) for a € W.

The facet x1x5x3y is isomorphic to Ky x Wy via €)(4, 1), and the intersection
of [(x122)z3]y] and x1x023y is an edge which is the image (e5(3,1)(b, %), *) under
€1(3,2) and of (91(3,2)(b, %), *) under €}(4,1) for b € K3.

In a similar way to the proof of [20, Lemma 4.5], we have the following propo-

sition:

Proposition 2.5. There are degeneracy operators {3;: W, — Wy_1} i<j<n—1
and 6, : Wy, — K,_1 with the following relations:

(2.7)  6pe1(2,m —1)(a,b) = b
orer(n —1,2)(a, %) = dpr1ex(n — 1,2)(a, %) =a  for 1 <k <mn-—2;

er—1(r—1,5)(d;(a),b) if 1<j<k-1,
ep(rys —1)(a,0j—k+1(0)) tf k<j<k+s—1,
ep(r—1,8)(0j_s4+1(a),b) if k+s<j<n-—1,
Ok(r —1,5)(0,(a),b) if j=mn,

for (r,s,k) € W, excluding (2.7) and (2.8);
(2.10)  0p_15(2,n — 1)(%,b) = 6165(2,n — 1)(x,b) = b;
(2.11)  Oper(n,1)(a,*) = Og(a)  for 1 <k <n;
(2.12) bpef(n—1,2)(a,b) =a for1<k<n-1;
o1 (r—=1.8)(05(a),0)  if L<j<k—1,
2(7”,5—1)(@ 6j-k+1(b)) if k<j<k+s-—2,
er(r = 1,8)(0j—s42(a),b) if k+s-1<j<n-—1,

O (r; s — 1)(a,64(b)) if j=mn,
for (r,s,k) € W/ excluding (2.10)-(2.12).

(2.9)  Sjer(r,s)(a,b) =

€

(213) 8 (r.5)(a,b) =

Proof. We prove the case of {0;}1<;j<n—1 by induction on n. When n = 2, we put
d1(a) = *. Let n > 2, and assume inductively that {6;: W,y — Wy 1} i<j<n—1
are constructed for any n’ < n.

We now define {gj: OW, = Wy_1}ti<j<n—1 by (2.8)-(2.10) and (2.13). Since
W, is regarded as the cone of oW, if a € W, then we can write a = (b,t)
with b € W, and t € I. Set §;(b) = (c,u) with ¢ € OW,_; and u € I. Let
d;: Wy — Wy be defined by 6;(a) = (¢,tu). Then {0;}1<j<n—1 satisfies the
required conditions. In the case of d,,: W,, — K,,_1, the proof is similar. O
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83. Permuto-associahedra

We recall the permuto-associahedra { K P, },,>1 constructed by Kapranov [13] and
Reiner—Ziegler [21].

Kapranov [13, Section 2] constructed a family { K P, },>1 of special complexes
such that K P, is homeomorphic to the ball of dimension n — 1 for n > 1. Later
Reiner—Ziegler [21, Theorem 2] reconstructed K P, as the convex hull of a finite
set of points in R™ (see also Ziegler [29, Definition 9.13 and Example 9.14]). The
polytopes { K P, },>1 are called permuto-associahedra.

From the construction, there is a natural way of describing all the faces
of KP,. Let KP,, = {(aq,...,ap,) € A, | m > 2}. By the above results, a

facet of KP, is represented by (aq,...,an) € KP,, and a codimension-two face
is represented by inserting a pair of brackets in (a1, ...,an) € KP, as
(1, ey @1, (Qy oy Qlts—1)s Qlotsy - - -, Q) for (m—s+ 1,8, k) € K.

In general, a codimension t face of K P, is represented by inserting ¢ — 1 pairs

of brackets in a meaningful way into some (ai,...,q,;,) € KP, for t > 1. In
this manner, each vertex of K P, corresponds to a meaningful complete way of
bracketing of some (aq,...,a,) € ALY,
(1,2),(3)
(2),(1),(3) (1),(2),3)
(2),(1,3) (1),(2,3)

(1),(3),(2)
(1,3),(2)
(3),(1),(2)

(2,3), (1)
(3),(2),(1)

(3),(1,2)

Figure 9. The permuto-associahedra K P, and K Ps.

Let KP(aq,...,q,) denote the facet represented by (ai,...,q,) € KP,.
Then the boundary 0K P, is given by

(3.1) OKP, = U KP(ay,...,om).

(a1,s0m ) EKPy,
By [13, p. 139] and [9, Proposition 2.1}, K P(aq,...,0m) & Ky X KPy, X+ XK Py, |
via a face operator (@ 0m) s K, % KPy x ---x KP;, — KP(aq,...,0,,) for
(a1, .., Q) € Altrtm)
To prove Theorem A, we show the following lemma (cf. [22, I, Proposition 25]):
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Lemma 3.1. There is a family {nm,: W3 X K,y = Wig1bm>2 of homeomorphisms

with the following relations:

(32) 77771(51(272)(0'7 *)ab) = 51(27m)(a7b)7
(3.3) Nm(a, Ok(r, s)(b,¢)) = ex(r + 1, 8)(nr-(a,b),c)  for (r,s,k) € Ky,

Proof. We work by induction on m. When m = 2, we define ns(a,*) = a for
a € Ws. Let m > 2, and assume inductively that {n; }2<j<m are constructed.

We now define %, %, — Wint1 by (3.2) and (3.3), where %, = W1(2,2) x
K,,UWs3 x 90K,, C W3 x K,,,. Then 7, is homeomorphic to the ball of dimension
m — 1, and the image of 7,, is given by

ﬁm(%n) = U Wk(’/‘, S)
(’I‘,S,k)ew-m+1
Let 1,,: W3 x K, — W41 be defined by 7,,,(b,t) = (m(b),t) with b € ¥, and
t € I since W3 x K,;, and W,,, 11 are homeomorphic to %, x I and 7, (¥,) x I,
respectively. Then {n; }a2< ;< satisfy the required relations. O

Proof of Theorem A. We work by induction on n. When n = 2, put 2((1)) = Ws
and define (1) : Wy x KP;, — 2((1)) by «{))(a,*) = a. Since KPy = Wy = I,
the result is clear.

Let n > 2, and assume inductively that the result is proved for any n’ < n.

We first define a complex %, with the properties of Theorem A. Put %, =
W1(2,2) x KP,—1 UWs3 x 0KP,_1. Then %, is homeomorphic to the ball of
dimension n — 1. Let (((on=D): Wy x KP,_1 — 2((1,...,n — 1)) be defined by
LLn=1) (g b) = (£1(2,2)(a, *),b), where 2((1,...,n—1)) = W1(2,2) x KP,_;
C U If (0, ) € AT ") with m > 2, then J(@1om): W, ) x KP,
XX KP, — P(ai,...,0n,) is defined by

(384) o) (g (a,b) e em) = (0,60 (bcy o),

where Z(ay,...,0m) = Wy x KP(a1,...,0m) C %, and 0y Wy X Ky = Wi
denotes the homeomorphism of Lemma 3.1. By (3.1), we have

Uy, = U D, .., am).

(a1yeeny QU )EA, 1
To see %, = K P,,, we show that there is a family
{% (a1, .., am)}a,....am)cKP,

of subspaces of 0%, with the following properties:
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(1) If (a1, ..., ) € At with m > 2, then we have an isomorphism
gldtam) [ KP, X oo X KPy, = U (a1, .., ).
(2) 0%, decomposes as
OU,, = U U(ai,...,om).

(al 7-<~7am)eKPn

D(an, ..., apy) =01 "“’“)< U Wi(r,s) x KP, ><~--><KPtm) C 0,
(r,sJ@)GW;n_H

for (a1,..., ) € Agi,l...,tm).

Since

nm( U Wi (r,s) x Km) = U Wi(r,s)

(r,5,k)EWY, (r,s,k)EW;nJrl

by Lemma 3.1, we have

(3.5) OU, = U D(ay,. .., 0m).

Given (aq,...,am) € At with m > 2, we have ag(ty) = n for some k

with 1 < k < m. When t;, = 1, define e(®tem): K x KP,, x --- x KP;, | X
{*} XKPtk_H Xoee XKPtm —)(902/” by

QYyeeny 255
E( ! )(a,cl,...,ck_l,*,ck+1,...,cm)

= L(“""’W"”*l)(sﬁc(m, D)(a,*), €1y vy Cho1y Chit1s- -5 Cm),

1ot Lt Lyt oo
) € A;il Fope ) is given by

where (y1,...,Ym—-1
a;(s) if1<i<k-—1,
Yi(s) = . :
aiy1(s) itk<i<m-—1.
If tx > 2, then

KP, = U P(Brs-- - Br)

(B1,-,Br) €A, —1
by inductive hypothesis, where
D(Br,...,Br) = 1P P (W,y x KPy, x---x KP, ) C KP,,
for (B1,...,B,) € Al
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Let e(@m0m): K, x KPy, % --- x KP;, — 0%, be defined by

€(al """" am)(aaclv"'ack’—hL(ﬁl ’’’’’ BT)(b7d17"'adr)7ck+17"'7cm)

=0 77"'+T*1)(5§€(m, r+1)(a,b),c1,. oy Ch—1,d1, ooy dry Cht1y -+ Cm),
where (71, .-+, Ymar_1) € Agi’l'”’t’“_l’ul """ Ut dseentm) o given by
a;(s) if1<i<k-—1,
(3.6) Yi(8) = § apBi—ki1(s) fk<i<k+r-—1,

irt1(8) fk+r<i<m-+r-—1.

Put

%(al’ h '7am) - e(ah“"am)(K’m X KPtl X+ X KPtm) C a%n
for (Ozl, .. .,am) e Altistm)

Then
a%n = U %(a17 ) am)
(a1,...,0m ) EKP,,
by (3.5). This completes the proof of Theorem A. =

(3),(2), (1)
3),(1,2)

(2,3),(1)

(3),(1),(2)

(1,3),(2)

Figure 10. The decomposition of K Py.

Remark 3.2. Assume that (aq, ..., ;) € AlTtm) Gigh m >2and (B1,...,0r)

n—1

€ Agjl """ “) with r > 2. Then by (3.4) and [9, Proposition 2.1], we have the
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following relations:

(3.7) L(O‘l"“’“m)(a7 Cly. vy Che1, 5(’81"“”8’")(1), dyyeooydy)y Chgly ey Cm)

=, "“'7’"+T*1)(5k(m +1,7)(a,b),c1y oy Chm1,d1, o Ay Cht 1y e -+ s Cm),s
where (Y1, -+, Ymtr—1) € Agi’l’"’tk_l’ul"”’u“t’““""’tm) is defined by (3.6).

According to Hemmi-Kawamoto [9, Proposition 2.3], there is a family
{wj: KP, — KP,_1}1<;j<n of degeneracy operators of KP,. From Theorem A
and an inductive argument, we can reconstruct {w;}1<;<n, using the degeneracy
operators {0; }1<j<n of W,.

When n = 2, we put wj(a) = = for j = 1,2. Assume inductively that

{wj: KP, — KP,_1}1<j<n are constructed for any n’ < n. Let (a1,...,ay,) €
P

We first consider the case of 1 < j < n — 1. Then ay(t) = j for some k,t with
1<k<mand 1<t <ty Ifty, > 2, then wj: KP, — KP,_; is defined by
ij(o‘l""’O‘M)(a, ClyeeeyCm) = L(al"“’am)(a, ClyenesChe1,Wt(Ch)y Chtls -+ Cm),s

&m) c A"(flai“:tk—l7tk_17tk+17---atm)

where (aq, ..., is given by

Ga(s) = {ak(s) if ag(s) <7,
ap(s+1)—1 if ag(s) > 7,

and
_ ;s if a;(s) < 4, . .
(3.8) a;(s) = (5) (s) <J for 1 <i < m with i # k.
a;(s) =1 if a;(s) > 4,
When ¢, = 1, we put
wjtl@vem) (g ey em)
= L(al7m7&k717&k+17m’&m)<6k<a); Cly ooy Ch—1,Ckt1y---, cm)7
where (1, ..., Gp—1, Qhgls .- s Om) € ALy PmbIRebtm) 5o given by (3.8).

In the case of w,,: KP, — KP,_1, we define w,((1»*»=1)(q, ¢) = ¢ and

(alwwam)(

Wit 4, C1y . Cp) =@ 0m) (5 (a) e, cm)  form > 2.

84. Higher homotopy commutativity
Let A™ denote the m-simplex
A™ ={(to,....tm) € RT)™ | tg+ -+ +t, =1} form >0,

where RT = {t€R|t>0}. Then we have face operators {Jy: A™~ 1 —
A™}o<p<m and degeneracy operators {o;: A™ — A"} . (cf. [8, p. 109]).
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Definition 4.1. Let n > 1. A topological monoid X is called a C'(n)-space if there
is a family {¢;: A1 x X* = X }1<;<p, of maps with the following relations:
(41) iy =y

(42) ¢i(6k(a‘)71‘1a"'axi—lay)

x1¥i—1(a, o, ..., Ti—1,Y) if k=0,
= Yi—1(a,z1, ..., (TpTre1), . xim1,y) HO0O<k<i-—1,
Yi—1(a, X1, o T2, Y)Ti—1 ifk=1-1;
(4.3) i@, @1, T o1, R T, T, Y)
=i—1(oj(a),z1,.. ., &j—1, 41, .., i1, y) for 1 <j<i—1;

(44) ¢i(a,x1,...,xi_1,*) = X1 Tj—-1-

to

ha(t, (T122),y) z12(t, z2,y)

Yyrizr2 T1YT2

/ P2 (t, w1, y)T2 \

to t1

Figure 11. The C(3)-structure on X.
Remark 4.2. By Definition 4.1, a C(n)-space is the same as a C;(n)-space in the

sense of Hemmi-Kawamoto [11, Definition 4.3] for n > 1.

A C(1)-space is just a topological monoid. Since 12(09y(1),x,y) = zy and
o(01 (1), z,y) = yx for z,y € X, a topological monoid X is a C(2)-space if and
only if the multiplication of X is homotopy commutative. Any abelian topological
monoid is a C(co)-space whose C(00)-structure {t; };>1 is given by

Yi(a, v, zim1,y) = 21wy fori > 1

In particular, Eilenberg—-Mac Lane spaces are C(oo)-spaces (cf. [23, Corollary
13.10]).
According to Aguadé [1, p. 939], a space Y is called a T-space if

QY — Map(S',Y) S Y

is fiber homotopy equivalent to the trivial fibration, where QY is the based loop
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space of Y and e: Map(S',Y) — Y denotes evaluation at the base point. While
an H-space is always a T-space, the converse is not true.
Let Y denote the based loop space of Y in the sense of Moore defined by
QY ={a: [0,7] » Y |r € Rt and a(0) = a(r) = =}

(cf. [23, Definition 4.1]).
By Remark 4.2, we have the following proposition:

Proposition 4.3 ([11, Corollary 1.1]). A connected topological monoid X is a
C(o0)-space if and only if the classifying space BX is a T-space. In particular,
if Y is an H-space, then QY is a C(o0)-space.

Stasheff [22, I, Section 2| defined A,,-spaces using the associahedra {K; }1<i<n.
An A,-form on a space X is a family of maps {u;: K; x X* — X }1<;<,, with the
following relations:
(4.6)  pi(O(r,s)(a,b),z1,... ;)

:Nr(av'rh' s 7I’k—17.us(b7 Ly axk+s—1)7xk+sa s axi) for (T,S,k’) GK“
(47) Mz‘(a,l’l,...7$j,1,*,$j+17...,.’)3i)
= pi—1(05(a),z1,. .. x5 1, 541,...,2;)  for 1 <j <

A space with an A,-form is called an A,-space for n > 1. From the defini-
tion, an Aj-space is just a space. Since ps(*,x,%) = pa(x,%,2) = x for z € X,
13(01(2,2)(*, %), 21, 2, x3) = (x122)x3 and u3z(92(2, 2)(x,*), x1, 2, x3) = x1(T223)
for x1,x9,23 € X, we see that an As-space and an As-space are the same as an
H-space and a homotopy associative H-space, respectively.

If there is a family {p;};>1 of maps such that {u;}1<i<pn is an A,-form on
X for any n > 1, then X is called an Aoo-space. By [23, Theorem 11.4], X is an
Aoo-space if and only if X ~ Q(BX).

Using the cyclohedra {W;}1<i<y, we generalize Definition 4.1 to the case of
A, -spaces.

Definition 4.4. Let n > 1. Assume that X is an A,-space with an A,-form
{pit1<i<n. Then X is called a B,,-space if there is a family of maps {¢;: W; x X* —
X}i<i<n with the following relations:
48)  wilxy) =y
(4.9) viler(r,s)(a,b),z1,...,Ti—1,Yy)

=@r(a, 21,y The1, s (by Thy o oy Thdrs—1)s Thogsy -+ s Tiz1,Y)

for (r,s,k) € W;;
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(4.10) @i(er(r,s)(a,b), 21, ..., i1, Y)
= Mr(aaxh vy T—1, @S(ba Thy ooy $k+s—2,y)a$k+s—17 e awifl)
for (r,s, k) € W;

(411) (pi(a,xh...,:Cj,h*,xjgrl,...,a:i,l,y)
=i-1(0;(a),z1,. .., Tj-1, 2541, o1, y) for 1<j<i—14
(412) (pi(a,xh. .. ,,Ti,l,*) = ,ui,l(én(a),xl, N ,$i,1).

Remark 4.5. (1) A Bj-space is just a space. Since @o(e5(2,1)(*, %), 2,y) = xy
and p2(£7(2,1)(x, %), z,y) = yx for z,y € X, a Bo-space is the same as a homotopy
commutative H-space.

(2) When X is a topological monoid, X is a Bj,-space if and only if X is a
C(n)-space.

Let X and Y be A,-spaces. According to Stasheff [22, IT, Definition 4.1], a map
f: X — Y is called an A,-homomorphism if fuX = pY (1g, x fi) for 1 <i <mn,
where {1 }1<i<n and {p) }1<i<n are A,-forms on X and Y, respectively.

Definition 4.6. Let n > 1. Assume that X and Y are B,-spaces with
B,,-structures {go;»x}lgign and {go}/}lgign, respectively. An A,-homomorphism
f: X =Y is called a B,,-homomorphism if foX = oY (1, x %) for 1 <i < n.

Example 4.7. Let ()z,p,X) be a covering space. If X is a B,-space, then X
is also a B,-space so that the projection p: X — X is a B,-homomorphism for
n>1.

Proof. We give an outline of the proof. Since the result is clear for n = 1, we
assume 1 > 1. Let {y;}1<i<n and {@;}1<i<n be an A,-form and a B,-structure
on X, respectively.

Put g; = pi(1g, x p') for 1 <i < n. Let a € m (K; x X?). Since m (K; x X*)
~ 7(X), we can write a@ = (aq,...,a;) with a; € m(X) for 1 < j < i. Let
wo: K x Xt — X be defined by pl(b,z1,...,7;) = (- ((x122)33) - - - ). Since
X is an H-space and p; =~ pj, we have giy(a) = pylar) + - + pgla;) =
pu(ar*---%a;) € py (m1(X)), where + and * denote the multiplications of 71 (X)
and 71(X), respectively. Then iy (m1 (K ¥ X%) ¢ pz(m1 (X)), and so we have
a lifting fi;: K; x X' — X with pji; = ¢; for 1 < i < n (cf. [12, Chapter III,
Section 16, Theorem 16.2]).

In a similar way, we have a map @;: W; x X* — X with p@; = @i (1w, x p)
for 1 < ¢ < n. From the uniqueness of lifting, {i; }1<i<n and {@;}1<i<n are an
A, -form and a B,,-structure on X , respectively. O
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Consider the double suspension ¥?: ($*™~1)) — 52(52’”*1);\ which is the
double adjoint of the identity 1(gzm+1yn on (S*™*H1)) ~ ¥2(S*m~1)1 for m > 1,
where p is a prime and Yp/\ denotes the p-completion of the space Y in the sense
of Bousfield-Kan [5, Chapter VI, Section 6]. By Proposition 4.3 and Remark 4.5,
we deduce that 52(52’”“)1@ is a Boo-space.

According to Stasheff [22, I, Theorem 17], (52’”_1)1’7\ is an A,_q-space such
that X2: (§2m~1)) — 52(52””1)2 is an A,_;-homomorphism.

Example 4.8. Let p be a prime. Then (SQm_l);\ is a Bp_1-space such that the
double suspension ¥?: (§2™~1)7 — (NZQ(SQ’”H)Z/)\ is a Bp_1-homomorphism for

m > 1.

Proof. Since the result is clear for p = 2, we consider the case of p > 2. As in the
proof of [22, T, Theorem 17], we assume that (S>"~1)/ is a subspace of 522(52””’1)1/}
and ¥2: (§?m1)) — S~22(Szm+1)]/g\ is the inclusion.

For simplicity, we write X = (SQm_l);\ and Y = 62(527”"'1)1/,\. Let {k;}i>1
be a Bu-structure on Y. By induction on ¢, we construct a B,_;-structure
{piti<i<p—1 on X with $2¢p; = k; (1w, x (£2)%) for 1 <i<p—1.

Put 1 (%, ) = z for x € X. Assume inductively that {¢;}1<;<; is constructed.
Let F; = OW; x XtUW,; x X!, where Z!! denotes the i-fold fat wedge of a space
Z given by

A {(zl,...,zz-) €7 zj = * for some j with 1 Sjgi} for ¢ > 1.

Then we have (W; x X*)/F; ~ (S*™~1)7.
Define @;: W; x X =Y by ¢; = r;(1w, x (X?)%). By inductive hypothesis,
we have @;(F;) C X. Then the obstructions to obtain ¢;: W; x X* — X with

¥2¢; ~ @; rel F; appear in the following cohomology groups:
(4.13)  HN(W; x X', Fy;me(Y, X)) = HF((S*™ 1D mp(Y, X)) for k> 1

(cf. [12, p. 197, E.6]). Now, (4.13) is non-trivial only if k = 2mi—1 < 2mp—2m—1 <
2mp—3. On the other hand, 74(Y, X) = 0 for & < 2mp—3 by Toda [27, Proposition
13.1]. This implies that (4.13) is trivial for any k, and we have a map ;. From the
homotopy extension property, we have a map &;: W; x Y = Y with &; ~ ; rel
OW; x Y UW; x Y and ¥2¢; = %;(1yw, x (22)). This completes the induction,
and we have a B,_;-structure {¢; }1<i<p—1 on X. O

Hemmi-Kawamoto [9, Definition 3.1] introduced another type of higher ho-
motopy commutativity of A,-spaces using the permuto-associahedra { K P; }1<i<n.
Let X be an A,-space with an A, -form {p;}1<i<n for n > 1. Then X is called
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an AC,-space if there is a family {v;: KP; x X' — X}1<;<n of maps with the
following relations:

(4.14) vi(x, ) = x;
(4.15) vt ) (a by, b)) @ 1)
=t (@, Ve, (b1, Tay (1)s -5 Tay (81))s -+ > Vo (B Tar (1) -+ -5 Ta (£0)))
for (aq,...,am) € Agtl""’tm) with m > 2;
(4.16) Vi@ @1y i1, %, Tty e, T5)
=vi_1(wj(a),z1,...,j_1,Zj41,...,2;) for1<j<i.

Remark 4.9. (1) An AC)-space is just a space. Since v (e (x %, %), 21, x5)
= z129 and vo (@MW) (%, %, %), 21, 29) = Tom for 21,29 € X, an ACy-space is the
same as a homotopy commutative H-space.

(2) When X is a topological monoid, X is an AC,-space if and only if it is a
Cy-space in the sense of Williams [28, Definition 5].

Proof of Theorem B. We work by induction on n. The result is clear for n = 1.
Assume inductively that the result is proved for any n’ < n.

Let X be a B,,-space with a B,,-structure {¢; }1<;<n. By inductive hypothesis,
X is an AC),_1-space with an AC),_;-structure {v; }1<i<n—1. From Theorem A and
Remark 3.2, we can define v,,: KP, x X" — X by

l/n(L(O‘1 """ O"")(a, bl s bm)y X1y ey )
= @m(aa Uy (bla Tay(1)y--- 7xo¢1(t1))7 s UVt (bm7 Loy, (1) -+ 7xo¢m(tm))7 xn)
for (aq,...,am) € Asfi’l‘"’t’”) with m > 1
(w2z1)w3 (w122)T3
x2(r123) x1(z223)
p3(a,z2,z1,3) p3(a,z1,z2,3)
x2(r3w1) x1(T372)
(2), (1) ](1,2)[ (1), (2)
(z223)21 (z123)T2
(z3z2)21 b (z321)22
x3(x2x1) z3(z122)

w2(a,va(b, x1,w2), 3)

Figure 12. The Bs-structure on X.

(see Figure 12). From the proof of Theorem A, we see that {v;}1<;<, is an AC),-

structure on X. O
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Let p be a prime. An H-space X is called p-Postnikov if there is an integer
Ix > 1 such that m;(X) is finitely generated over the p-adic integers Z;, for 1 <
j < lx and 7;(X) = 0 for j > lx. For example, Eilenberg-Mac Lane spaces
K(Z,m) and K(Z/p', m) are p-Postnikov H-spaces for i,m > 1.

Remark 4.10. By the result of McGibbon-Neisendorfer [19, Theorem 1], if X
is a connected p-Postnikov H-space whose cohomology H*(X;F,) is finite-dimen-
sional, then X is homotopy equivalent to a p-completed torus.

Let (CP)7 denote the p-completion of the infinite-dimensional complex pro-
jective space. Its cohomology is given by H*((CP>)7;F)) = Fy[u] with degu = 2.
Denote the homotopy fiber of the map f;: (CP*) — K(Z/p,2t) corresponding
to the class u’ € H?((CP>);F,) by Y; for t > 1. Put X, = QY;.

Remark 4.11. (1) X; is a p-Postnikov H-space.
(2) Y; is an H-space if and only if ¢t = p’ for some i > 1.

By Remarks 4.5 and 4.9, we have the following example:

Example 4.12 ([11, Propositions 5.3 and 5.5]). (1) If ¢t =1 or ¢t = 0 mod p, then
X; is a Boo-space.

(2) If 1 <t < p, then X; is a B;_1-space, but not an AC}-space.

(3) If t > p with ¢ # 0 mod p, then X; is an AC-space, which is also a
B;_1-space, but not a B;-space.

From Theorem B, all results stated for AC),-spaces also hold for B,,-spaces
(cf. [9], [10] and [15]).

For example, if X is a connected B,-space whose cohomology H*(X;F)) is
finitely generated as an algebra over the Steenrod algebra <7, then XpA is a p-
Postnikov H-space by [15, Theorem B]. Moreover, if H*(X;F,) is finitely generated
as an algebra over F,, then Xé\ is homotopy equivalent to a finite product of
(8')ps, (CP*)ps and BZ/p's with i > 1 using [9, Theorem B]. On the other hand,
(52m=1) is a Bj,_1-space which is not p-Postnikov for any m > 1 by Example 4.8
and Remark 4.10.
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