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Hodge Theory of the Middle Convolution

by

Michael DETTWEILER and Claude SABBAH

Abstract

We compute the behaviour of Hodge data under tensor product with a unitary rank-one
local system and middle convolution with a Kummer unitary rank-one local system for
an irreducible variation of polarized complex Hodge structure on a punctured complex
affine line.
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Introduction

Given an irreducible local system on a punctured projective line (over the field of
complex numbers), the Katz algorithm [12] provides a criterion for testing whether
this local system is physically rigid: this algorithm should terminate with a rank-
one local system (cf. §1.5). This procedure is a successive application of tensor
product with a rank-one local system and middle convolution with a Kummer
local system. If the local monodromies of the rigid local system we start with
have absolute value one, then so do the eigenvalues of the terminal rank-one local
system, which is then a unitary local system. Going the other direction in the algo-
rithm, we conclude that the original local system underlies a variation of polarized
complex Hodge structure (see also Theorem 2.4.1 due to C. Simpson for a more
general argument). According to a general result of Deligne [4] (cf. Prop. 2.4.2),
any irreducible local system underlies at most one such variation, up to a shift of
the filtration.
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Our purpose in this article is to complement the Katz algorithm with the
behaviour of various Hodge numerical data, when they are present, in order to be
able to compute these Hodge data after each step of the algorithm. There are data
of a local nature (Hodge numbers of the variation, Hodge numbers of vanishing
cycles) and of a global nature (degrees of some Hodge bundles), and this set of
data is enough to compute the same set of data after each step of the algorithm.
One of the main tools is a general Thom—Sebastiani formula due to M. Saito
[19].

As an application we compute the length of the Hodge filtration and the degree
of the Hodge bundles of some local systems with Ga-monodromy. A restricted set
of possible lengths may be obtained from [10, Chap. IV] and, on a given example,
the actual length may be deduced by eliminating various possibilities, as in [13,
§9], which treats an example of [7]. Here we do not use this a priori knowledge.

On the one hand, by a direct application of the Katz algorithm with Hodge
data, we compute the Hodge data of a physically rigid Gs-local system ¢ on
P!\ {x1,22, 73,24} whose existence is proved in [7, Th. 1.3.2]. We find a Hodge
filtration of length three, which is the minimal possible length for an irreducible
local system with Ga-monodromy.

On the other hand, we compute the Hodge data for one of the orthogonally
rigid local systems with Ga-monodromy classified in [8]. Since this local system is
not physically rigid, we cannot directly apply our formulas, as in the previous case,
and a supplementary computation is needed. The result is that the Hodge filtration
has maximal length, equal to the rank (seven) of the local system. By applying
the recent generalization of the potential automorphy criteria of [2] by Patrikis

and Taylor [15] we are able to produce potentially automorphic representations
Gal(Q/Q) — GL7(Qy) for each prime number .

81. Preliminary results

81.1. A quick review of middle convolution for holonomic modules
on the affine line

We review the notions and results introduced by Katz [12], in the frame of holo-
nomic Z-modules (cf. [1]).

Let Al be the affine line and let M, N be holonomic Z(A!)-modules. The
external product M ® N is a holonomic Z(A! x Al)-module. The (internal) tensor
product M ®@% N is the pull-back 5+ (MxN) of the external product by the diagonal
embedding 6 : Al < Al x AL. Tt is an object of DP(Z(A!)). If N is 0(A!)-flat, then
M @Y N = M @ N is a holonomic 2(A!)-module.
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Convolutions. Consider the map s : Al x Al — A} (where the index is the
name of the corresponding variable) defined by ¢ = s(z,y) = = + y. The (usual)
*-convolution M , N of M and N is the object s, (M ® N) of D*(C[t](d;)). The
x-convolution is associative. On the other hand, the !-convolution is defined as the
adjoint by duality of the x-convolution: M xj N = D(DM x, DN), where D is the
duality functor DPSP(Z(A')) — DP.(Z(AY)). Tt is also expressed as s:(M = N),
if sy := Ds, D denotes the adjoint by duality of s. Similarly,  is associative.

Let us choose a projectivization 5 : X — A} of 5, and let j : Al x A} < X de-
note the open inclusion. Since § naturally commutes with duality, we have 5; =5
and st = 54 o ji. Since there is a natural morphism j; — j; in DY (Zx), we get
a functorial morphism s (M ® N) — s (M ® N), that is, M xy N — M %, N, in
Dy (2(AL)).

Remark 1.1.1. If M and N have only regular singularities, then so do the coho-
mology modules of M xy N and M %, N.

Convolutions and Fourier transform. Let 7 be the variable which is Fourier
dual to t. The Fourier transform (with kernel e~*7) of a C[t](0;)-module M is
denoted by “M. It is equal to the C-vector space M on which C[7](9,) acts as
follows: T acts as 9, and 9, acts as —t. If p: A} x AL — AL denotes the projection,
it is also expressed as py (M|[r]e™t) = Hp, (M|[r]e~t7).

Due to the character property of the Fourier kernel, we have

(1.1.2) F(M x, N) =M oL FN,

Recall (cf. [14, pp. 86 & 224]) that Fourier transform is compatible with duality
up to a sign ¢ : 7 — —7, that is, DFM ~ (+¥DM. It follows that

(1.1.3) E(M % N) = D(D*M o DFN).

Denote by do = C[t](d;)/C[t](D;) - t the Dirac (at 0) Z(A')-module, which
satisfies £6y = C[r]. Then, clearly, &y is a unit for both x, and *.

Middle convolution with P. We introduce the full subcategory P of
Modyo1(C[t](0;)) consisting of holonomic C[t](d;)-modules N such that “N and
FDN (equivalently, DFN) are C[r]-flat. Clearly, P is a full subcategory of
Modye1 (C[t]{0)) which is stable by duality.

From (1.1.2) and (1.1.3) it follows that, for NV in P and any holonomic M
(resp. for M in P), both M %, N and M x N are holonomic Z(A!)-modules
(resp. belong to P). Clearly, o belongs to P.

Definition 1.1.4. For NV in P and M holonomic, the middle convolution M *y;q N
is defined as the image of M xy N — M %, N in Mody1(Z(A)).
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Lemma 1.1.5. For N € P, x.N and x/N are ezxact functors on Mody1(C[t]{(;)).
On the other hand, xmigN preserves injective morphisms as well as surjective
morphisms.

Proof. The first assertion follows from the exactness of ¥ and of D on
Modpo1(C[t]{(0:)), and the exactness of ®@N on Modpe1(C[7]{;)). The second one
is then obvious. O

Middle convolution with Kummer modules. For y € C* \ {1}, choose
a € C \ Z such that exp(—2wia) = x and let L, (or L,(¢) to make pre-
cise the variable t) denote the Kummer C[t](9;)-module (C[t,t71],d + adt/t) =
C[t](0:)/C[t](Oy) - (t0: — «). Tt does not depend on the choice of a up to iso-
morphism. The second representation makes it clear that DL, = L,-1 and
F(Ly(t)) = Ly-1(7). It will also be convenient to set L; = dy. From (1.1.2) and
(1.1.3) we conclude that L, belongs to P and, for any of the three x-products,

(1.1.6) Lyx Ly = Ly if xx' # 1.

We also deduce that Ly #miq Ly-1 = Ly. If M is a holonomic C[t](0;)-module, we
set

(1.1.7) MC, (M) := M %mia Ly.

Proposition 1.1.8. If x # 1, then "MC, (M) is the minimal extension at the
origin of M ® L.

Proof. By construction, “MC, (M) C M ® L, -1, hence it has no submodule
supported at the origin. Since DFL, = L,, DFM ® D¥L, has the same property,
and thus its dual module has no quotient module supported at the origin. As
a consequence, MC, (M) does not have any quotient module supported at the
origin. It remains therefore to show that *MCy (M) ® C[r,77'] = FM @ L, -1,
ie., F'MCy (M) and M ® L, -1 have the same generic rank. We will restrict to a
non-empty Zariski open subset not containing the singularities of A/ and L, (7).
It is then a matter of showing that, on this open subset, D(D*M ® L, (7)) has the
same rank as “M (or YM ® L, ~1(7)). On such an open set, the dual as a Z-module
coincides with the dual as a bundle with connection, so the assertion is clear. [

Proposition 1.1.9. The middle convolution functor MC,, : Modyo (C[t](0:)) —
Mody,o1 (C[t](0:)) satisfies MCyy» = MCys o MCy, if xx' # 1 and MCy = 1d. It sat-
isfies MC,-1 o MC, = Id on non-constant irreducible holonomic modules. In par-
ticular, it sends non-constant irreducible holonomic modules to non-constant irre-
ducible holonomic modules.
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Proof. That MC; = Id is clear by Fourier transform and can also be seen as
follows: since M ® L, is nothing but the push-forward i M by the inclusion ¢ :
AL x {0} — AL x Al we have s{(M ® Ly) = s; (M ® Ly) = M since s o4 = Id;
then the image of /(M ® L;) into s4 (M ® Lq) is also equal to M.

We are reduced to proving an associativity property.' Indeed,

MCXX'(M) = M*mid (LX *mid LX/)7
MCX/ o MCX(M) = (M *mid LX) *mid LX"

On the one hand, let us consider the following diagram:

M * LX *1 LX' EE—d (M *mid LX) *1 LX' — (M K LX) *| LX'

l l |

(M *1 LX) *mid LX' —» (M *mid LX) *mid LX/ — (M Ky LX) *mid LX’

[ [ [

(M %y Ly) %y Ly ———» (M *mid Ly) %5 Lyy “——— M %, Ly, *, Ly

Lemma 1.1.5 shows that the horizontal arrows have the indicated surjectivity /in-
jectivity property. The vertical arrows of the first line are onto and those of the
second column are injective by definition of *p;q. It follows that (M *mid Ly )*mid Ly’
is also identified with the image of M x1 Ly x1 Lys — M %y Ly %y Lyo.

On the other hand, if xx’ # 1, then M *myigq (Ly *mid Ly’) = M *mia (Ly * Ly)
(any *), so

M *mid (LX * LX') = image[M *1| (LX x| LX') — M *, (LX ko LX')]'

If ¥’ = x~', we consider the diagram
M*! (LX x| fol) M** (LX K fol)
M % Ly =——— M %yiq [} =——— M, L,

where in the lower line, all terms are nothing but M, and we are reduced to prov-
ing that the left vertical morphism is onto and the right one is injective if M
is irreducible and non-constant. Since (L, %, L,-1) = C[r,77!] and M and

IWe present a proof not relying on Fourier transform for further use in the proof of Theorem
3.1.2. Using Fourier transform, one can argue as follows if xx’ # 1. By Proposition 1.1.8, it is
enough to check the equality of the localization at the origin of the Fourier transforms of both
terms, which is then straightforward.
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FDM have no T-torsion by our assumption, the morphism M — M *, Ly xy Ly
is injective and therefore so is DM — DM x, Ly *, Ly, hence by duality
M %y Ly % Ly—1 — M is onto. L]

Let us decompose Al x Aly as AL x Al so that s becomes the second projec-
tion p, and let us choose 3 : PL x Al — Al as being the second projection. Since
j AL x AL — PL x Al is affine, j;(M ® Ly), j+ (M ® Ly), j1+ (M ® L, ) are holo-
nomic Zp1 , g1-modules, as is the kernel K of ji(M ® Ly) — ji4(M ® Ly) and the
cokernel C of ji1 (M ® Ly) = j+(M ® L, ), and we denote the middle extension
Ji+ (M & Ly) by M,. If M is irreducible, M, is irreducible since M ® L, is an
irreducible Z , y1-module.

Proposition 1.1.10. We have MC, (M) = 5. M,,.

Proof. Since L,, belongs to P, we have s;(M&L, ) = H's;(M®L,) and s; (MRL,)
= H% (M ® L,), so that

MC, (M) = image[H"s;(M ® Ly) — H"s (M ® Ly)]
= image[H5 ji(M ® L,) — H°S,j. (M & L,)].

On the other hand, since $ is the identity when restricted to {z,41} x AL, both 5, K
and 54 C have cohomology in degree zero only. It follows that H5, j1(M R L,) —
HYS,ji (MR L) is onto and H'S, ji+ (M &R Ly) — H5, j (MR L,) is injective,
which proves the equality MC, (M) = H°3,M,. That H*35,. M, =0 for k # 0 is
proved similarly. O

By Remark 1.1.1, MC, (M) has only regular singularities if and only if M
does.

From now on, we will only consider holonomic Z(A')-modules with regular
singularities.

§1.2. Local data of a regular holonomic Z(A!)-module

Let M be a regular holonomic C[t](d;)-module and let x = {z1,...,z,} C Al
denote the finite set of its singular points at finite distance. We will also consider
Zry1 = 00 as a singular point of M. Let x; be a singular point and let « be a local
coordinate at z; (e.g., x =t —a;ifi=1,...,randz =1/t if i =7+ 1). We set

_ C{:E}@C[t]M ife=1,...,r7
To\Ca) @e M it =71+ 1.
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These are holonomic C{x}(9;)-modules. Let h(M) = dimC(t) ®cy) M denote
the generic rank of M and h,, (M) = dim C({x}) ®cy) M denote the generic rank
of M,,. We have hy, (M) = h(M) for each i =1,...,r+ 1.

On the other hand, a C({z})-vector space with a regular connection (R, V) is
canonically equipped with a decreasing filtration V' (resp. V~%) indexed by a € R,
where V' is the free C{z}-module on which the residue of V has eigenvalues o with
real part in [a,a+1) (resp. (a,a+1]). The a-eigenspace of the residue on V¢ /Va+1
is denoted by 1) (R), with A = exp(—27ia), and the corresponding nilpotent part
of the residue is denoted by N. Giving (R, V) is then equivalent to giving the finite
family of C-vector spaces ¥»(R) (X in a finite subset of C*), called the moderate
nearby cycle spaces, equipped with a nilpotent endomorphism N.

Therefore, M, ., is completely determined by (s, ., A(M),N)xrec+. At finite
distance, (¢, x(M),N)xec+ only determines C({z}) ®c(qy M, a priori. However,
if we assume that M is a minimal (or intermediate) extension at x;, that is,
has neither a submodule nor a quotient module supported at z;, then the family
(z; (M), N) xec+ does determine M. It is however useful to emphasize then the
C-vector space with nilpotent endomorphism of moderate vanishing cycles for the
eigenvalue one of monodromy,

((bzul(M%N) = (lmage[N : d}'r“l(M) — z/Jmi,l(M)],induced N)

We then denote by can and var the natural morphisms

It is sometimes useful to set ¢y, \M = 9z, xM if X # 1 and also ¢,,M =
Dcc- Pzi 2 M. In order to ensure the minimality property, we will use the follow-
ing criterion:

Lemma 1.2.1. Assume that M is an irreducible (or semisimple) holonomic
C[t](0r)-module. Then M is a minimal extension at each of its singular points. [

Assumption 1.2.2. (1) In what follows, we always assume that M is an irre-
ducible regular holonomic Z(A!)-module, not isomorphic to (C[t],d) and not
supported on a point.

(2) We will sometimes assume that the monodromy of DR™ M around z,4; is
scalar and # Id, that is, of the form A,Id with A, # 1 (with the notation
below, this means that v, x¢(M) = 0 unless A = A\, and £ = 0).

Local numerical data attached to a regular holonomic module. The
“monodromy filtration” attached to the nilpotent endomorphism N allows one
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to define, for each ¢ € N, the space Pytpy, (M) of primitive vectors, whose dimen-
sion is the number of Jordan blocks of size £ + 1 for N acting on v, »(M). We
define the nearby cycle local data (i =1,...,7r+1, A € C*) as

Ve, ae(M) = dim Pty A(M) (£ 0),

Voo dprim(M) = e, 3 o(M),

l/ﬂﬁi,)\<M) = dlm'l/)z“)\(M) = Z(f + 1)VIi7>\,Z(M)7
>0

and we have

(1.2.4)
h(M) = hy, (M) = Z Vg, (M) (generic rank of M, independent of ).
A

On the other hand, we define the vanishing cycle local data by setting

(1.2.5) fa Ao (M) = g, 20 (M),

except if i # r 4+ 1 and A = 1, in which case we consider the values for Im N and

we set
Py 1,0(M) = V1,041,
lff:ni,l,prim<M) = Z,U/xi,l,l(M) - Vzi,l,prim(M) — Vg;,1,0y
>0
(1.2.6) paa 1 (M) =D (04 1) prg,1,0(M)
>0
= Zél/xi717é(M> =Vg;1 — in,l,prim(M)'
>0
We then set
(1.2.7) pao, (M) = i, A(M).
A

Definition 1.2.8 (Local numerical data). Let M be an irreducible regular holo-
nomic .@(Al)—module with singular points z1, ..., 2, 2,41 = 00. The local numer-
ical data of M consist of

(1) the generic rank h(M),
(2) the nearby cycle local data v, x¢(M) (A € C*, £ €N),
(3) the vanishing cycle local data pig, xe(M) (i=1,...,7, A € C*, £ € N).
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Remark 1.2.9. The formula for the missing vy, 1,¢(M)’s, ¢ =1,...,7, s
e; 1.0-1(M if £>1,
Vs no(M) = Ha;1,0—1(M) 1 >
B(M) = g1z, (M) ~ a1 prim(M) i € =0,

§1.3. Behaviour of local data under various operations

Twist by a rank-one local system. Let us fix a singular point x; of M with
local coordinate x as above, and let us focus on local data at z;. For A; € C* < {1},
let L, », denote the C{z})-vector space C({z}) equipped with the connection
d+«; dz/x, where o is chosen so that exp(—27ic;) = A;. A standard computation
(see a more precise computation in (2.2.11)) shows that, for each A € C*, we have

(w)\(Mﬂh ® Lﬂﬂi,)\i)v N) = (w/\/)\i (Mwl)a N)
We thus get
Une((Mz; @ Ly, A, )min) = Uxn,e(Me; @ La; ;) = Vaja, 0(My,).

The formulas (1.2.6) also allow one to compute the missing local data p, of the
minimal extension at x; of My, ® Ly, x, from vy, 15, ((Mz,):

/*LI,Z((MZL’,, ® Lml,)\i)mln) = Vl/)\hé-‘,-l(M:Ei)‘
As a conclusion:
(131) h((MIz ® Lfbi,)\i)min) = h(Mml)v

(1'3'2) V>\7é(M$r+l Y L17‘+1;>\r+1) = VA/)\7-+1,Z(MET+1 )7
(1.3.3) pxne((Mz, ® Ly, A;)min) (E=1,...,7)

x/xe e (Mz;) if A #£ 1, )\,
_ ) e (M) if A =1,
p1,e—1(My,) if A=\ and £ > 1,
h(sz) - .u“(Mafq) - ,ul,prim(Mx,;) if A= )\1 and ¢ = 0.
A straightforward computation then gives (i =1,...,r)
(134) M((Mxl ® L"L’i’/\z‘)min) = h(ML) - Ml/)xiyprim(Mzi)'

Behaviour of the local numerical data by MC,
Proposition 1.3.5. If M satisfies 1.2.2(1) and x # 1, we have

a2 t(MC (M) = pig, ajx (M)  Vi=1,...,r, VA€ C*, V{ >0,
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V$7~+1,/\X7€(M) if A# 17X_17

Varp1,x:0+1 M Zf )‘:17
er+17)\7g(MCX(M)) — +1,X6+ ( ) ' .

V$r+1,1,€*1(M) if A=x"",0>1,

dim H'(PL, DRM) if A=y~ !, £ =0,
h(MCX(M)) = h(M) + dimHl(Pl,DRM) + Vﬂﬂr+171,prim(M) - V$r+17X,Prim(M)'

Proof. Tt is similar to that of [12, Chap. 6]. Working with the Fourier transform
FM of M, which has a regular singularity at the origin, an irregular one at infinity
and no other singularity, leads one to extend a little the meaning of the invariants
v, it in order to keep the relations (1.3.1), (1.3.2) and (1.3.3). Their behaviour
under Fourier transform is governed by the stationary phase formula.

One could also derive the formulas for u, v from the Thom—Sebastiani formulas
proved in [19]. We will be more explicit in the Hodge case (Theorem 3.1.2).

The computation of h(MC, (M)) relies on Lemma 1.3.6 below. O

Lemma 1.3.6. Under Assumption 1.2.2(1), we have (setting y1 = 0)
Vg 1.0(FM) = dim H'(P', DRM).
Proof. Let M denote the localization of M at 2,41 = 0o, so that H*(P!, DRM) =

H*(DR M). We have an exact sequence 0 — M — M — N — 0, where N is

supported at co. Note that H*(DR M) is the cohomology of the complex M LN M,

which we can write “M = FM. Standard results on the V-filtration of holonomic

modules show that this complex is quasi-isomorphic to ¢,, 1(¥M) =5 4, 1 (FM).

Since M is irreducible, it is a minimal extension at y; (cf. Lemma 1.2.1), and

therefore its var is injective and its can is onto. As a consequence, H*(DR M) = 0

for k # 1 and dim H*(DR M) = dim Coker var = dim Coker N = v, 1 prim (F'M).
The exact sequence

0— ¢$7~+171(M) — ¢xr+171(jvv[) = w$r+171(jvv[) — ¢$r+1,1(N) -0
shows that dim¢,, , 1(N) = er+1,1,prim(7\~/[) = Vg, 1, 1prim(M). Since N is sup-
ported at x,.1, we obtain H¥(P!, DRN) = 0 for k # 1 and dim H!(P!,DRN) =
Va,i1,1,prim(M). Moreover, H*(P*, DRM) ~ H°(P!',DRDM) = 0 since M
(hence DM) satisfies 1.2.2(1). The exact sequence
0 — H'(P',DRM) — H'(P',DRM) — H'(P',DRN) — 0,
together with the previous considerations, gives
dim H'(P',DRM) = dim H' (DR M) — vy, ,, 1,prim (M)
= Vyl,l,prim(FM) - lj’y1,1,prim(FM) = Vyhl,O(FM)- O
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81.4. The case of scalar monodromy at infinity

Together with Assumption 1.2.2(1), we moreover assume 1.2.2(2) and we choose
X = Ao

Corollary 1.4.1. Under these assumptions, MC, (M) also fulfills Assumptions
1.2.2(1) and (2), with scalar monodromy at infinity equal to A\, 1 1d. Moreover,

(1.4.1%) h(MCy(M)) = dim H'(P*, DRM) = dim H' (DR M).

Proof. The first statement directly follows from the formulas in Proposition 1.3.5.
Since Vwr+171(M) =0 and Vﬂﬂw+1;X7Prim(M) = Vwr+17X(M) = Va1 (M) = h(M)7 we
also get from that proposition

h(MC,(M)) = dim H'(P', DRM) = dim H*(DR M),

where the last equality follows from the equality M = JV(, by our supplementary
assumption and the choice of x. O

We get a topological expression of h(MC, (M)) in terms of the perverse sheaf
DR*" M:
(1.4.2) h(MCy(M)) = i, DR* M — h(M),
i=1
where p,,, DR* M is the dimension of the vanishing cycle space of DR* M at x;,
which is equal to p,, M since M has a regular singularity at z;.

Remark 1.4.3 (Degree of VV). We keep the same setting as above. Then the
locally defined C{z}-modules V' at each singularity (cf. §1.2) are the formalization
of some Op:1-modules that we simply denote by V(M) and V*(MC, (M)), which
are locally free if a > —1. We will be mostly interested in V° and its degree,
which is non-positive, according to the definition of V° and the residue formula.
The residue formula, together with Proposition 1.3.5 (in the regular case), and
with Assumptions 1.2.2(1), (2), gives, for x = A, # 1 and a, € (0,1) such that
exp(—27ia,) = A,

deg VO(MC, (M)) = deg VO(M) +h(M) = > > fiy, exp(-2nia)(M).

=1 a€0,1—a,)

81.5. A quick review of Katz’ existence algorithm
for rigid local systems

Let ¥ be an irreducible local system on A! \ x, and let (V, V) be the associated
holomorphic bundle with connection. Its Deligne meromorphic extension on P!
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is a regular holonomic Zpi-module. Let M denote its minimal extension at each
singularity at finite distance, and set M = I'(P!, 3\7[) This is an irreducible regular
holonomic Z(A!)-module, and any such module is obtained in this way.?

Let j : Al \ & < P! denote the open inclusion. We say (cf. [12]) that ¥ is
cohomologically rigid if its index of rigidity x (P, j. &End(7)) is equal to 2. Recall
(cf. [12, §1.1]) that this index is computed as

r+1
X(PY g End (7)) = (1—r)(xk ¥)? + > dim C(4y),
i=1
where C'(A;) is the centralizer of the local monodromy A; at ;. With the notation
(1.2.3), we have

dimC(4;) = Z Z Vg; 2 fVa; a e min{k + 1,04 1}
AEC* k,£>0

<Y ekl 1) = Ve A prim  Vaae
A

AEC* k,6>0

It follows from [12, Th. 3.3.3] (in the ¢-adic setting) and from [3, Th. 4.3]
(in the present complex setting) that if M (that is, ¥') is rigid, then MC, (M) is
rigid for any non-trivial x. Moreover, as obviously follows from the formula above,
if A, denotes the rank-one local system on Al \ z having monodromy \;

~!around z,41), then ¥ is rigid if and

around x; (and hence \.y1 = (A1---Ay)
only if ¥ ® £ is.

A celebrated theorem of Katz asserts that 7 is rigid if and only if it can be
brought, after an initial homography, by successive tensor products with suitable
rank-one local systems and middle convolutions with suitable Kummer sheaves, to
a rank-one local system. We will quickly review this algorithm.

We consider the category consisting of local systems on Al \ & satisfying As-
sumption 1.2.2(2) (i.e., the associated regular holonomic Z(A!)-module M satisfies
this assumption). Given such a local system ¥, we will only consider tensor prod-
ucts with rank-one local systems and middle convolutions with Kummer sheaves
which preserve the property of being in this category. We will call these operations
(or rank-one local systems) “allowed”. Proposition 1.3.5 shows that, if ¥ satisfies
Assumption 1.2.2(2), the only allowed MC, is for x = A, (where X, Id is the local
monodromy of ¥ at x,.41).

2We use the Zariski topology when working with Z-modules, while we use the analytic
topology when working with holomorphic bundles, local systems or perverse sheaves. For vector
bundles on P! or holonomic Pp1-modules, we implicitly use a GAGA argument to compare both
kinds of objects. Although we should distinguish them by a superscript “alg” or “an”, we will
leave this to the reader.
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Given any local system ¥ on P! \. D for some finite set D, then up to adding
a fake singular point, tensoring with a rank-one local system and pulling back by
a homography, we can assume that ¥ belongs to the category above. For the Katz
algorithm, we can therefore start from a rigid irreducible local system ¥ whose
monodromy at x,4+1 i A, Id with A, # 1. In such a case, we have

2= X(P'.ju End(¥)) = (2 1)k V)2 + Y dim C(4,).

=1

The main step of the algorithm consists therefore in the following lemma.

Lemma 1.5.1. Let ¥ be such a local system of rank > 2. For each i =1,...,r,
let A\j € C* be such that vy, A, prim = MaX)eC+ Vz; A prim and let £ be the rank-one
local system with monodromy 1/A; at x;. Then £ is allowed for ¥ and the rank
of the unique allowed MC, (L @ ¥) is <rk V.

Proof. We have i, (7)) = (tk ¥ —vyg, »; prim) and dim C'(A4;) < vg, x; prim Ik Y,
hence

(r—=2)(ck ) +2 <Y vo s prim kY =r(0k V)2 =0k V> e (L@ V),
i=1 =1

by the rigidity assumption, and therefore >\, p1,, (£ ® ¥) < 2rk¥. Once we
know that .Z is allowed, (1.4.2) gives

T

rkMCy(ZL @ V)= o (L @V) =1k ¥ <1k V.
i=1

If £ were not allowed, then the monodromy of . ® ¥ at x,; would be the
identity since that of ¥ is already scalar, and a formula similar to (1.4.2) would give
dim HY (P, j (L @) =Y pas (L @Y) =21k ¥, hence > ;| pz, (L Q@Y >
2rk 7, in contradiction with the inequality given by rigidity. O

82. Basics on Hodge theory
§2.1. Variations of complex Hodge structure

Let X a complex manifold. A wvariation of polarized complex Hodge structure of
weight w € Z on X is a C™ vector bundle H on X equipped with

. agrading H = @, H?,

. a flat connection D, and

« a D-flat sesquilinear pairing k,
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such that the decomposition is k-orthogonal, the pairing k is (—1)*-Hermitian,
the connection satisfies

D'HP C (H? @ HP Y)Y @ o/y°, D"HP C (HP @ HP*') @ oy,

and the Hermitian pairing h defined by the properties that the decomposition is
h-orthogonal and h g =i~ (—1)Pk g, is positive definite.

As a consequence, the filtration FPH := @qu H? satisfies D"FPH C
FpH®4zf)g’1 and D'FPH C FT’*IH@)%;’O. The holomorphic bundle V := Ker D"
is equipped with a flat holomorphic connection V := Dj. p» and a filtration
FPV = V N FPH by holomorphic subbundles (i.e., such that each gr. V is a
holomorphic bundle) which satisfies VFPV C FP7IV @ QL for all p. We will
also denote by (V, F*V,V, k) such a variation, since these data together with the
corresponding conditions allow one to recover the data (H,@ H*, D, k).

If (H,H*,D,k) is a variation of polarized complex Hodge structure of
weight w, then (H,@ H*®, D,i~"k) has weight 0. In this way, one can reduce to
weight 0. If we do not care much about the precise polarization, which will be the
case below, we can assume that the weight is zero. We will therefore not mention
the weight by considering variations of polarizable complex Hodge structure.

More generally, given a polarizable complex Hodge structure (H,, @ H,, k),
the tensor product H ® H, is naturally equipped with the structure of a variation
of polarizable complex Hodge structure.

Definition 2.1.1 (The local invariant h?). Given a filtered holomorphic bundle
(V,F*V) on a connected complex manifold X, we will set h?(V) = h?(V,F*V) =
rkgrh. V.

For a variation of (polarizable) complex Hodge structure, we thus have
RP(V) =rk HP.
§2.2. Local Hodge theory at a singular point and local invariants

Let A be a disc with coordinate ¢ and let (V, F*V, V, k) be a variation of polarizable
complex Hodge structure on the punctured disc A*. Let j : A* < A be the open
inclusion.

Extension across the origin. We have the various extensions V¢ C V= C
j« V', where V= is Deligne’s meromorphic extension and V¢ (resp. V>%) (a € R)
is the free Oa-module on which the residue of V has eigenvalues in [a,a + 1)
(resp. (a,a + 1]). Here, the property that the eigenvalues A = exp(—2wia) of the
monodromy have absolute value one follows from the similar property for variations
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of real Hodge structure (cf. [23, §11]) and the standard trick of making a real
variation from a complex variation by adding its complex conjugate (cf. §3.2).

For each a € R, the Hodge bundle FPV* is defined as j. FPV NV* We have
Ve = Vatm in V= for each m € Z. Since clearly t"j,FPV = j,FPV for each
m € Z, we conclude that for each a € R and m € Z, t™FPV ¢ = [Py etm,

We now denote by M = V_.>° C V~°° the Ya-submodule generated by
V>l M =V> 4 Ve, V>l ... C V7. Recall that, if j : A* < A denotes
the inclusion and V = V'V is the locally constant sheaf of horizontal sections, we
have DRV~ = Rj,V while DR M = j,V. We have a V-filtration of M:

VM =V fora>—-1, VM=V V'+V>"1 etc
The Za-module M is equipped with a filtration:
(22.1)  FPM = FPV> 14V, FPHV> g Vh FPYRYy>—14. .. c pry ==,

That FPV® is a vector bundle follows from the nilpotent orbit theorem
[20, (4.9)], and one deduces that F*M is a good filtration of M (cf. also [16,
Prop. 3.10]). Moreover, it follows from Theorem 2.2.2 below (by computing the
dimension of the fibre at the origin) that each grh, V' is a vector bundle.

Nearby cycles. The nearby cycles at the origin are defined as follows: for a €
(—1,0] and A = exp(—2nia),
OA(M) = (V=) = grf, = V/V=2

This set is equipped with the nilpotent endomorphism N = —(¢9; —a). The Hodge
filtration

FPpy (M) := FPVFPY >0 = FPyy (V=)
satisfies NEPiy (M) C FP~1yy(M).
Theorem 2.2.2 (Schmid [20]). If (V, FPV,V) is part of a variation of polarizable

complex Hodge structure, then (Yx(M), F*¢x(M),N) is part of a nilpotent orbit.
Moreover,

(2.2.2%) rk FPV = dim FPy (M),
Aest

hence

(2.2.2+%) WP(V) =" hPgy(M).

Aest
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In the following, we will set 14(V) = hPyx(M) = kP (V) for A € C*
(in fact A € S'). Note that the associated graded nilpotent orbit (graded with re-
spect to the monodromy filtration W of N) has the same numbers h?(gr'V ¢, (M))
= hP(yA(M)). The Hodge filtration on gr'V ¢, (M) = gr'V (V=) splits with
respect to the Lefschetz decomposition associated with N. The primitive part
Pyx (M), equipped with the filtration induced by that on grgv YA(M) and a suit-
able polarization, is a polarizable complex Hodge structure ([20]). We can thus
define the numbers

va (M) =15 (V=) := WP (Peoa (M) = dim grfy, P (M),

which are a refinement of the numbers vy (M) considered in §1.2. According to
the F-strictness of N and the Lefschetz decomposition of gr'V ¢, (M), we have

Vi
(2.2.3) RM) =30 kR,
£>0 k=0
and we set
Y
(224) Vg\),prim(M) = Z Vf,E(M)’ Vg,coprim(M) = Z Vf; (M)
>0 >0
We have

VR (M) — 87N (M) (M) — 8 (M),

= Vf,coprim ;rim
Vanishing cycles. For A # 1, we consider ¢»(M) = ¥x(M), together with the
monodromy, N and the filtration FP. If we set p} ,(M) = dim gr Prox (M), we

thus have by definition, for A # 1,

Let us now focus on A = 1. We have by definition

¢1(M) = gry' (M).
On the other hand, the filtration F*¢;(M) is defined so that we have natural
morphisms

(wl(M)’N7F.) % ((bl(M)vNaF.) CE) ('(/)l(M)’NvF.)(_l)7

where the Tate twist by —1 means the shift of the Hodge filtration by —1, so
that the object (11 (M), N, F*)(—1) is also a mixed Hodge structure. Since can is
strictly onto and var is injective, (¢1(M),N, F*) is identified with Im N together
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with the filtration FPImN = N(FP). We also have, by definition of the Hodge
filtration on M,
FriMnv-im

Frou(M) = monrnve—ar

For ¢ > 0, we thus have
FPP o1 (M) = N(EPP o191 (M)),

and therefore
Nf@(M) = Vf,z+1(M)~

s

Proposition 2.2.5 (cf. [11, Prop. 2.1.3]). (¢1(M),N, F*) is part of a nilpotent
orbit. Moreover,

(2.2.5%) HE (M) = VP (M) (M) = 4~ (M) = L (M),

~ V1 coprim 1,prim

Note that, using the Lefschetz decomposition for the graded pieces of the
monodromy filtration of (¢ (M), N), we also have

l
(2.2.6) PR (M) =5 Rt

£>0 k=0
We will set, similarly to (2.2.4),
¢
(227) p’:/n\,prim(M) = Z H]/D\,Z(M)7 lu‘z))\,coprim(M) = Z ,LLI;; (M)
£>0 £>0

Comparison between M and V~°°. Let us denote by N the cokernel of M —
V' =° equipped with the filtration induced by that of V' ~°°. It is supported at the
origin.

Lemma 2.2.8. The sequence
0= (M,F*M) = (V=*°,F'V™>°) = (N,F*'N) =0

is exact and strict. Moreover, (N, F*N) is identified with the cokernel of the mor-
phism var : g1 (M) — 11 (M) (—1) of mized Hodge structures. In particular,
WP(N) =0, (V) = dimgid (N) = A5 (M),

= Vl,prim

Local Hodge numerical data. The various numerical data that we already
introduced can be recovered from the following Hodge numerical data. We use the
notation (V~=°°, F*V~>°) and (M, F*M) as above.
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Definition 2.2.9 (Local Hodge data). For A€ S, p€Z and /€N, we set:

(Local Hodge data for V' —°°)

e 13 (V™) = dimgry, Peps(V™°), where Pyipy (V™) denotes the primitive
part of gr}¥ 1, (V=) (a polarizable Hodge structure of weight w + £),

« V3(V ) given by (2.2.3),

e VP(V72) =30 A(V ™), so that vP(V=°°) = hP(V) by (2.2.2xx),

(Local Hodge data for M)

o WP(V),

o 1} (M) = dimgry, Prdi(M), where Pypi(M) denotes the primitive part of
gry) o1(M), and 1§ (M) = v} (M) if X # 1,

« (5 (M) given by (2.2.6) and pP (M) =Y, pk (M).

Remark 2.2.10. When considering a minimal extension M, we only deal with

the data . Then the data v} are recovered from the data u? together with h?(V):

o (M) = 4 Pt () He21,
b hp(V) - Mp(M) - luzlj,tiprim(M) if £=0.
Twist with a unitary rank-one local system. Let £ be a non-trivial unitary
rank-one local system on A*, determined by its monodromy ), € S* \ {1}, and
let (L, V) be the associated bundle with connection. We simply denote by L°® the
various Deligne extensions of (L, V). It will be easier to work with L. We set
Ao = exp(—2mia,) with o, € (0,1). Then LY = L% and, for each a € R,
Ve ® LO — (Vfoo ®Lfoo)a+ao C (Vfoo ®Lfoo)a.

On the other hand, the Hodge bundles on V ® L are FPV ® L so that, by Schmid’s
procedure, for each a,

FP(VT2 Q@ L™) = (FPV QL)N(V™> & L™>°)°

(intersection taken in V~°° ® L™°°) is a bundle, and we have a mixed Hodge
structure by inducing FP(V~°° @ L™°°)% on gr{, (V== ® L~>°). We claim that

(2211) FPV* ® LO — FP(V*OO ® Lfoo)a+a0.
This amounts to showing
(G FPNVY) ® LY = J«(FPV@L)N(V™>*® L*OO)a+oza7

intersection taken in V~°° ® L~°°. The inclusion C is clear, and the equality is
shown by working with a local basis of L% which can also serve as a basis for L
and L™°.
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We deduce that, in a way analogous to (1.3.1)—(1.3.3),
(2.2.12) hP(V @ L) = hP(V),
(2213) (VT RLT™) =vy, (V7%),

MI,(/,\WK(M) if A# 1A,
Nf/AO,eH(M) if A=1,

(2.2.14) ,ul/(,e((vfoo ® L™ min) = Mfl)’gfl(M) if A=X,and £ > 1,
hp(V) - :up(M) - lullj,t(l)prim(M)

if A\=X, and £=0.

§2.3. Hodge numerical data for a variation on A' \ x

Let £ = {x1,...,2,} (r > 1) be a finite set of points in A and set x, 1 = oo € PL.
Let (V, F*V,V, k) be a variation of polarizable complex Hodge structure on U =
Al \ z. Together with the local Hodge numerical data at each z; (i = 1,...,7+1)
we consider the following global numerical data. We consider the Hodge bundles
grh. VO whose ranks are the h?(V).

Definition 2.3.1 (Global Hodge numerical data). For each p, we set
6P (V) = deg gr?. V°.

Global Hodge numerical data of a tensor product. Let (L, V) be the holo-
morphic bundle with connection associated to a unitary rank-one local system on
U = Al \ z. We denote by «; € [0,1) the residue of the connection (L°, V) at x;
(i=1,...,r+1), so that deg L = — Y/ a;. We now denote by v (V) etc. the
local Hodge numerical data of V' at x; whenever A # 1, and for a = (a1, ..., ar11)
we denote by V@ the extension of V equal to V% near z;.

Proposition 2.3.2. With the notation above, we have

r+1
SP(V@L)=0"(V)+ hP(V)deg L° + ) vE (V).

L,
=1 a€l-ay,l)
A=exp(—27ia)

Proof. We deduce from (2.2.11) (at each z;) that
P (Ve L)=deggrh (Ve L) =deg[(grh V™ *) @ L°] by (2.2.11)
=deggrh, V= + h?(V) deg L°
r+1
=0P(V)+hP(V)deg L0+ > > VP (V). O

=1 pe€[-a;,0)
A=exp(—2mifB)
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Hodge data on de Rham cohomology. Let M denote the minimal extension
of V~°° at each of the singular points z; (i = 1,...,r + 1) and let F*M be the
extended Hodge filtration as in §2.2. The de Rham complex DRM = {0 - M —
Qp: ® M — 0} is filtered by

FPDRM = {0 — FPM — Qf, ® FP~'M — 0},

and this induces a filtration on the hypercohomology H*(P*, DRM)=H"* (P!, j.V),
where j : Al \ & < P! denotes the open inclusion. It is known (by applying
the results of [23] to the variation of polarized real Hodge structure obtained by
taking the direct sum of the original complex variation with its complex conjugate,
cf. §3.2) that F*H™ (P!, V) underlies a polarizable complex Hodge structure.
Note that, if V is irreducible and non-constant (as in Assumption 1.2.2(1), in the
present case with regular singularities), then H™ (P!, j,V) = 0 for m # 1.

Proposition 2.3.3. Assume that (V, F*V,V k) has an underlying irreducible and
non-constant local system V. Then
(2.3.3%)  RP(H'(P',7.V))

=P V) = 8P (V) = WP (V) = V)L (V) + D (0 (V) + 41 (M),

,41,1,prim
=1

Remark 2.3.4. In the case of a unitary rank-one local system, this result was
already obtained in [5, (2.20.1-2)].

Proof. It follows from [16, Prop. 3.10(iib)] that the inclusion of the filtered sub-
complex

F'VODRM :={0 = F'V'M - Q, @ F*'V~IM — 0}

into the filtered de Rham complex is a filtered quasi-isomorphism. By the degen-
eration at Fy of the Hodge de Rham spectral sequence, we conclude that
—h?(H' (P!, .V)) = x(gr}, H'(P', DRM))
(irreducibility and non-triviality of V)
x(H'(P', grl DRM))  (degeneration at E;)
x(H (P, gr%, VODRM))  (as indicated above)
x(H* (P!, gtk VOM)) — x(H* (P', Qp ® gr’}_l Vi)
(O-linearity of the differential)
= 0P(V) 4+ hP(V) — deg(Q: @ grb ' V=IM) — mP~L(V)
(Riemann—Roch)
= 0P(V) + hP(V) — deg(grh " V7IM) + hP~L(V).
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We now have
deg(gr? ' VTIM) = 6P H(V) 4 dim gt N (VTIM/VOM)
= (V) + ) dimgrh (g M)
a€[—1,0)

r+1
=07 V)4 (0 (V) + i 1 (M),
=1

from which one deduces the formula in the proposition, according to (2.2.2%*) and
(2.2.5%). O

Remark 2.3.5. Let us keep the assumptions of Proposition 2.3.3. We also clearly
have H°(P!,5,V) = 0, and also H%(P!,;,V) = H°(P!,5,V") = 0 since the dual
local system V¥ satisfies the same assumptions.

Let M denote the Zpi-module which is the minimal extension of (V,V) at
all z; (i =1,...,7) and the meromorphic extension V~°° at x,,1 = co. The exact
sequence of Lemma 2.2.8 at x,.41 induces an exact sequence of de Rham complexes

0 — (DR M, F*DRM) — (DRV ™", F*DRV ") — (DR N, F* DR N) — 0

where FPDRM = {0 — FPM % FP='M ® QL — 0} etc. and N = N, is
defined as in Lemma 2.2.8. Applying the previous results, one can show that the
spectral sequence of hypercohomology of the filtered complex F* DR M degener-

ates at F', and that we have an exact sequence of complex mixed Hodge structures
0— F*HY(P',;.V) — F*H'(A',j,V) - F*"H'(DRN) — 0.

It follows that

(23.5¢)  WP(H (AL, 5.V) =07 (V) =" (V) = WP (V)+ 3 (v Ly (V) 4, L ().
i=1

Remark 2.3.6. Let us keep the assumptions of Proposition 2.3.3 and let us more-

over assume that the monodromy of V around z,41 = oo does not admit 1 as an

eigenvalue (e.g. it takes the form A, Id for some A\, € C* \ {1}, cf. §1.4). Then

Ny, = 0 and F*H' (A", 5,V) = F*H'(P',;,V) is also a pure complex Hodge

structure.

§2.4. Existence of a variation of polarized complex Hodge structure
on a local system

We keep the notation as in §2.3. Given a local system V on U = Al \ , necessary
conditions on this local system to underlie a variation of polarizable complex Hodge
structure are:
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(1) the local system is semisimple, i.e., direct sum of irreducible local systems,

(2) for each i = 1,...,r + 1, the eigenvalues of the local monodromy at x; have
absolute value one.

We now consider the question of whether these conditions are sufficient.

Theorem 2.4.1 ([21, Cor. 8.1]). Assume that the local system V on U is physi-
cally rigid (cf. [12, (1.0.3)]) and semisimple. Then V underlies a variation of po-
larizable complex Hodge structure if and only if condition (2) above is fulfilled. O

Since physical rigidity is best understood when V is irreducible (cf. [12,
Th. 1.1.2]), it is simpler to work with irreducible local systems. Reducing to irre-
ducible local systems does not cause trouble when considering variations of Hodge
structure, according to the following result.

Let (V,F*V,V,k) be a variation of polarized complex Hodge structure of
weight 0 (say) on U. The associated local system V, being semisimple, decom-
poses as V = @, 4 Vi, where V, are irreducible and pairwise non-isomorphic.
Similarly, (V,V) = @,c 4(Va, V)", and the polarization k, being V-horizontal,
decomposes with respect to o € A.

Proposition 2.4.2 ([4, Prop. 1.13]). For each o € A, there exists a unique
(up to a shift of the filtration) wvariation of polarized complex Hodge struc-
ture (Vo, F*Va,V, ko) of weight 0 and a polarized complex Hodge structure
(Ho, D H. KS) of weight 0 with dim H,, = ny such that

[e2nge

(V,F*V,V,k) = @ (Ha, @ H, k) @ (Vi F*Vaa, V, ki) ). O

) (03
a€cA

§3. Hodge properties of the middle convolution
§3.1. Behaviour of Hodge numerical data under middle convolution

Let ¥ be a non-zero irreducible non-constant local system on A\ .2 which underlies
a variation of polarizable complex Hodge structure (V, F*V, V), and let (M, F*M)
be the associated complex Hodge module (a notion explained in §3.2 below).

Proposition 3.1.1. With these assumptions, MC, (M) underlies a natural polar-
izable complex Hodge module and if x, X’ # 1 and x = exp(—2wic,) with o € (0,1)
(and similarly for x'),

MCyy (M, F*M)(—1) if ao+ € (0,1],

MCy MCy (M, F* M) =~
MC,\ (M, F*M) if ao+al, € (1,2).

Our objective is to prove the following.
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Theorem 3.1.2. Under Assumptions 1.2.2(1), (2) on M, and for x = X,

(1) h?(MCy(M)) = h?» H'(DR M) (given by (2.3.5%)),

(2) Set A\, = exp(—2mia,) with a, € (0,1). Fori=1,...,r, A=exp(—2wia) € S!
and ¢ € N, we have (together with a similar formula without £):

3 e (M)if o€ (o, 1) U {0},

uii,/\/)\mz(M) if @€ (0,

(3) With the same assumptions, we have

6/ (MC, (M) = "(M) + h*(M) = 3" (w0 (M) + > ul\()).

i=1 ae(0,1—ay)

Hir 2 (MO (M) = {

Remark 3.1.3 (On duality). Given a variation of polarized complex Hodge
structure (V, F*V,V,k), its dual is of the same kind. If (M, F*M) is the com-
plex Hodge module (in the sense of §3.2 below) corresponding to (V, F*V,V, k),
we denote by D(M, F*) the complex Hodge module corresponding to the dual
variation. The behaviour of duality under tensor product is clear. Noting that, as
a unitary variation of Hodge structure, the dual of L is L, -1, we conclude, by us-
ing the standard results on the behaviour of duality with respect to push-forward
[17], that the dual of MC, (M, F'*) (as defined by Proposition 3.1.1) is isomorphic
to MC, -1 (D (M, F*M)).

Assume that we are given an isomorphism w: (V, F*V,V, k) = (V, F*V,V, k)",
hence w : (M, F*M) = D(M, F*M). Then, setting x = —1, we obtain an isomor-
phism MC_;(w) : MC_1(M, F*M) = DMC_;(M, F*M).

If w is +-symmetric, then MC_;(w) is F-symmetric, due to the skew-sym-
metry of the Poincaré duality on H?.

83.2. Polarizable complex Hodge modules

The theory of pure (or mixed) Hodge modules of M. Saito [17, 18], originally given
for objects with a Q-structure, extends naturally to the case of a R-structure.

Definition 3.2.1. A filtered Zx-module (M, F*M) is a polarizable complex Hodge
module on a complex manifold X if it is a direct summand of a filtered Zx-module
that underlies a polarizable real Hodge module which is pure of some weight.

We can therefore apply various results of the theory of polarizable real Hodge
modules to the complex case, almost by definition, since most operations (nearby
cycles, vanishing cycles, grading by the weight filtration of the monodromy, push-
forward by a projective morphism) are compatible with taking a direct summand.

Given a variation of polarized complex Hodge structure of weight w as defined
in §2.1, for which we now denote the grading by EBP HP"~P the C*° complex con-
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jugate bundle H is endowed with the grading &b, v = D, Hw—494 and with
the flat connection D and adjoint pairing k*, making it a variation of polarized
complex Hodge structure of weight w. The direct sum H @& H underlies then a vari-
ation of polarized real Hodge structure of weight w. Therefore, a variation of po-
larizable complex Hodge structure is a smooth polarizable complex Hodge module.

The converse is also true if X is quasi-projective, according to [4, Prop. 1.13]
(cf. Proposition 2.4.2). We will mainly use the case where X = Al \ z.

The theorem of Schmid (Th. 2.2.2), when applied to a real variation, produces
a polarizable real Hodge module on A.

Corollary 3.2.2. The filtered 2a-module (2.2.1) is a polarizable complex Hodge
module. O

Thom-—Sebastiani. We review here the main result of [19] in our particular situa-
tion. We consider the local setup of §2.2. Let (M7, F* M), (M2, F*Ms) be complex
Hodge modules on the disc A, where the filtrations are defined by (2.2.1), having a
singularity at the origin of the disc at most. We consider the product space A x A
with coordinates (t1,t2) and the sum map s : A X A = A, (t1,t2) — t = t1 + t2.
The moderate vanishing cycle functor ¢4 along the fibre s = 0 is defined by using
the V-filtration of Kashiwara-Malgrange (in dimension two). Since the singular
locus of the external product My ® Ms is contained in {#1t2 = 0}, the support of
¢s(My ® Ms) is reduced to (0,0).

Note that our definition of the filtration on the nearby/vanishing cycles cor-
responds to that of [17, (0.3), (0.4)].

Given A € S!, we set A = exp(—2mia) with o € [0,1), according to our
previous convention. With this in mind, we have:

Theorem 3.2.3 ([19, Th. 5.4]).
B gy b M © grh by 2, Mo
Jtk=p=—1 ifon +ag € [0, 1],
gr% ¢S,A(M1®M2) = . k
Az @ gr]F ¢t1,)\1M1 ® ng ¢t2,>\2M2

(A1,22)
A1d2=A jH+k=p Zf o1+ g € (172)

Particular cases of this result have been obtained in [6, Cor. 6.2.3]. We will
be mostly interested in the case where My = L, (x = A, # 1) with its filtration
making it of weight 0, in which case the formula of [6] makes precise the monodromy
weight filtration in a simple way:

et Py asa, M if @ € (a,,1) U {0},

(3.2.4) gty Pedps \(M ® Ly ) =
gr% PZ(ZSt,)\/AOM if a € (O,Oéo)~
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83.3. Proofs

Proof of Proposition 3.1.1. We regard L, (trivial filtration FPL, = L, for p <0
and 0 otherwise) as a polarizable complex Hodge module. We first notice that
(M,F*M)® L, is a polarizable complex Hodge module on Al x Alw according
to [18, Th. 3.28]. With the notation of §1.1 and Proposition 1.1.10, M, underlies
a polarizable complex Hodge module with filtration F'*M, defined by a formula
similar to (2.2.1) along oo x Al. We now define (MC, (M), F* MC, (M)) as the
pushforward #°5, (M,, F*M,). By [17, Th. 5.3.1], it is a polarizable complex
Hodge module, and so, as remarked above, it corresponds to a variation of polar-
izable complex Hodge structure on Al \ z.

Before proving the second statement, let us compute L, * L, (x,x’ # 1,
* = X1, %4, *mid ) as a polarizable complex Hodge module. Assume first that yx’ # 1.
Then the underlying holonomic module is L., according to (1.1.6). On the
other hand, for t, # 0, Ly, ® L,s+, has a non-trivial monodromy at infinity,
where L, denotes the Kummer module L, translated so that its singulari-
ties are at t, and oo, so its various extensions (!, *, mid) all coincide, and so do
the various L, x L, as complex Hodge modules. The fibre of L, x L,, at t, is
H' (P!, DR(Ly ® Ly +,)min) together with its Hodge filtration. Now L, ® Ly, is
a unitary rank-one local system with singular points 0, ¢,, o0 and respective mon-
odromies x, X/, (xx’)~!. Formula (2.3.3%) then gives (with the notation as in the
statement)

(Lyy's F* Ly )(—1) if o+ al, € (0,1),

(L * L /7F.(L * L /)):
A A (Lyyrs F* Ly if ap + o, € (1,2).

Assume now that xyx’ = 1. Then L, x L, -1 = Ly = &y is supported at the origin,
and we wish to compare the filtrations. The comparison, together with the twist
by —1, directly follows from the first formula in Theorem 3.2.3, with a3 + as = 1.

The second statement, which holds in a more general setting, is proved by
considering the category of complex mixed Hodge modules. As above, we can
reduce to considering real mixed Hodge modules. Then the framework of [18] allows
us to apply the arguments of Proposition 1.1.9 by considering this abelian category
instead of that of holonomic modules, since the functors %, Ly, % Ly, *miaLy are
endo-functors of this category. In all cases we obtain the associativity property in
this category: (M *mia Ly) *mid Ly = M *mia (Ly *mid Ly’). For the statement
when xx’ = 1, we use that if a morphism in the category of mixed Hodge modules
is epi (resp. mono) in the category of holonomic module, it is also epi (resp. mono)
in the category of mixed Hodge modules.

Our previous computation of Ly *yiq L+ concludes the proof. O
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Proof of Theorem 3.1.2(1). For t, € A \ z, the fibre of (MC, (M), F* MC, (M))
at t, is equal to H' (P!, DR((M ® Ly +,)min)) together with its Hodge filtration,
where L, ;, denotes the Kummer module L, translated so that its singularities are
at t, and x,1. We notice that the variation of polarized complex Hodge structure
that ¥ ® 2, ;, underlies has the same characteristic numbers as the one that
¥ underlies, except that it has singularities @ U {t,} instead of @ U {z,41}: the
assertion is clear for the local characteristic numbers, and for the 6P’s one uses
Proposition 2.3.2. Then, according to (2.3.3%), we have

hP(MCy (M)) = h?H" (P, DR((M ® Ly.¢, )min))
= h"H'(P*,DRM) = h? H' (DR M). O
Proof of Theorem 3.1.2(2). Recall that the nearby cycle functor is compatible with
projective push-forward, as follows from [17, Prop. 3.3.17]. Moreover, ¢z_,, M, is
supported at (z;,x;) € AL x Al. Therefore, ¢,,(MC, (M), F*MC, (M)) can be
computed as ¢z_, (M, F*M,) (see §1.2 for the notation). We will use the analytic

topology locally at (x;,x;) to do this computation, and we will assume that 2; = 0
to simplify the notation. Then the result is given by (3.2.4). O

Proof of Theorem 3.1.2(3). Set P = 6P — 6?1, By 3.1.2(1)—(2) and (2.3.5%), we
get

hP (MC, (M) + hP (M) = +Zuxl,¢1 )+ pily, 1 (M)]
hP(MCy (M) + hP =1 (M) = =P (MCy ( +Zux 21(MC (M)

= MG M)+ (> @D+ Y ko).

i=1 a€(0,1—a,] a€(l—a,,1)U{0}
Hence

AP (MCy (M) = 7 (M) + b (M) — b~ (M)
=S () = 0]+ RN = i3]
i=1

a€(0,1-a,)

Summing these equalities for p’ < p gives the desired formula. O

84. Examples

In the following examples (except in Lemma 4.2.2), we will consider local systems
on the punctured Riemann sphere P* \ {x1,...,24}. We will set x4 = co, and we
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will assume that 1, zs, x3 are distinct points at finite distance, so that we have
here r = 3. A rank-one local system .% on P\ {zy, ..., 24} will simply be denoted
by (A1, A2, Ag, Aa), where the A;’s are the local monodromies. For a local system
of higher rank, we use the following notation for the local monodromy matrices:
a unipotent Jordan block of length m is denoted J(m), then AJ(m) denotes the
length-m Jordan block with eigenvalue A (we will write —J(m) if A = —1), and
MJ(my) @ Ao2J(msy) denotes a matrix in Jordan canonical form consisting the
corresponding two Jordan blocks, etc. Lastly, the identity matrix in GL,,(C) is
denoted 1,,.

84.1. A physically rigid Gs-local system with minimal Hodge filtration

Set ¢ = exp(27i/3) € C be the third root of unity in the upper half-plane. It
follows from [7, Theorem 1.3.2] that there exists a physically rigid Gs-local sys-

tem & on P! \ {xy, 79,3, 24} with the following local monodromy at x1,...,z4
(respectively):
(4.1.1) “Lals, J2)eJB)el(?2), JB)elerld), Il

This local system can be constructed using the following sequence of middle con-
volutions and tensor products: Set

ZO = (_17 -, =, _5)7 9%1 = (15 _17 _15 1)7 9%2 = Z(_l’ 17 —®s SO)’
.,?3 = (17 _67 —¥, 1)7 jﬁl = (_17 17 _W7¢)7 "gf’ = (1’ _¢7 - 1)’
Zﬁ = (717 1a¢7 790)

Then ¢ is isomorphic to
Z5@OMC_y (LOMC_5(L4@MC_1 (ZL5&MC_1 (Lo@MC_, (L1OMC_5(%))))))-

(That the local monodromy of ¢ defined by the formula above is given by (4.1.1)
will be a byproduct of the proof of Theorem 4.1.2.) If L; denotes the unitary
rank-one-variation of complex Hodge structure (trivial filtration) underlying .%;
(i =0,...,6), then one constructs a variation of polarized complex Hodge struc-
ture G underlying ¢ as

Lg ®MC,¢(L5 ®MC,¢(L4 QMC_; (L3 ®MC,1(L2 ®MC,¢(L1 ®MC,¢(L0))))))

We note that this variation is real: indeed, the local monodromies being defined
over R by the formula above, the local real structures 4 — ¢ come from a unique
global isomorphism, which is a real structure on 4. By Proposition 2.4.2 it is
compatible with the Hodge filtration up to a shift, hence giving rise to a variation
of real Hodge structure.



788 M. DETTWEILER AND C. SABBAH

Theorem 4.1.2. The Hodge data of G are as follows:

p | h” M.];:l,—l,o Uiz,m U§2,1,0 Nza,ap,Q U&,@,Q or
21 2 1 0 0 0 0 -2
3 3 2 0 1 0 0 -2
41 2 1 1 1 1 1 -1

Proof. We will use (2.2.12)—(2.2.14), Proposition 2.3.2, (2.3.5%) and Theorem 3.1.2.
Let us make explicit the first steps.
The Hodge data of % are as follows:

0 _ 1. 0 _ 0 _ .0 1. 0 __
Wo=1 gy 10 = Hay—5,0 = Hag,—p0 = 15 0 = =3

The degree is computed with the residue formula: The residue a; of the canonical
extension of the connection V¢ underlying % = (—1,—%, —%, —®) at ©1,...,24
respectively is given by (recall the convention that «; = exp(—2ria;)):

S S R R
1*27 2767 376; 4767
so 6% = =3, a; = —3. It follows from Proposition 1.3.5 that the middle convo-

lution MC_g(Ly) has rank 2 and the following local monodromy at 1,2, 23,4
(respectively):

pdl, edl, ol —p-l
By Theorem 3.1.2(1) and (2.3.5%), the Hodge number h" of MC_g(Ly) is

h'(MC_5(Lo)) = —8°(Lo) — h°(Lo) = —(=3) = 1 = 2.

This implies that all other Hodge numbers h? (MC_5(Lo)) vanish. Hence, we obtain
the following local Hodge data ), , , for MC_5(Lo):

0 _ .0 _,,0 _
Pz 5,0 = Hayp,0 = Hag,p,0 = 1

and all other pf) . ,’s vanish. By Theorem 3.1.2(3), the degree 6% of MC_5(Lo) is

6% = 6%Lo) + h(L

Mw

(,U/w“l + Z Mzb,exp( 27r1a)(L0)) = —3 + 1=-2.
i=1 a€e(0,1/6)

Let us now consider L1 ® MC_g(Ly). Its local monodromy is

5@17 _90@_17 _90@_17 _90'12-
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This implies that the nonvanishing local Hodge data of L1 ® MC_5(Lg) are

o =2; Mgl,@o = “gz,—w,o = Mgzﬁl)o = Ngg,%o = Mgwl,o =1
By Proposition 2.3.2, the only nonvanishing Hodge degree of Ly ® MC_g(Ly) is
8°(L1 @ MC_5(Lo)) = 6°(MC_5(Lo)) — h*(MC_5(Lo))
2D Haew(cams)
i=2,3 B€[~1/2,0)
=-2-24+(1+1)=-2.

It follows from Proposition 1.3.5 that MC_,(L; ® MC_3(Lo)) has rank 3 and the
following local monodromy at 1, z2, x3, x4 (respectively):

_1@127 @@90@1, ¢@@@17 _6'13'

Using Theorem 3.1.2(1), we have

3
W' (MC_g(L1 ® MC_5(Lo))) = 6% = 6" = h' + > (4, o1+ p13,.1)

i=1

=-2-0-0+(1+2+2) =3,

where we use the convention that the Hodge data on the right hand side are those
of the convolutant Hy := L1 ® MC_g(Lg). Consequently, the other local Hodge
data of MC_,(H1) are

1 1 1 1 1
Hay,—1,0 = Hay 5,0 = Has 0 = Hag 5,0 = Hag,p0 = 1
By Theorem 3.1.2(3),

3
S MCp(H)) =" +0 =3 (bt Y i cpamia))

i=1 a€(0,1—ap), xp=1/6
—04+0— (14242 =-5

(again, we use the convention that the Hodge data on the right hand side are those
of Hl)
The local monodromy of Hy := Ly @ MC_,(H;) is

1@_127 669506917 _90@_1@_67 _]-3‘
Consequently, the local Hodge data of Hy are

1 _ 9. 1 _ 1 _ 1 _ 1 _ 1 _ .1 _
ho=3 gy, -10= 20 Moy 5.0 = Hagp0 = Hag,—9,0 = Hag,—1,0 = Hay,—p,0 = 1.
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By Proposition 2.3.2, the only nonvanishing global Hodge number of Hs is (with

1 5 4\.
O[1:§,OLQZO,O[3:6,OL4:*).

S(Ha)==543-(=2)+ Y > £ o amia

i=1,3,4 a€[l—a;,1)

=11+ (1+2+3)=-5.

In the following, we only list the Hodge data for the sheaves involved in the con-
struction of H. Each value can be immediately verified from the preceding Hodge
data, using Proposition 1.3.5 for the local monodromy, Proposition 2.3.2 and equa-
tions (2.2.12)—(2.2.14) for the tensor product, and Theorem 3.1.2 for the middle
convolution.

MC_;(Hy):

J2)®J(2), -PD—pdly, ¢aJ2)0p —ls

P P P P D P P P
PP || Ha10 | Fay—50 | Has,—0 | Has00 | Has1,0 | Has 0 || O

2 0 0 1 0 0 1 —2

2 2 2 1 0 1 1 0 —2

H3 = L3 & MC_l(HQ):

P p P p P P P P
PP P10 | Fas o0 | Pas —50 | Fas,—5,0 | Pag,—p1 | Mag—10 || 9

2 0 0 1 0 0 1 -3
21 2 2 1 1 1 1 0 -3
MC_;(H3):
_126913’ 12@_80@¢123 @EBSOJ(Q)@J(QL _15

P p p p p p P P
PP || =10 | By —00 | oy 30 | Has 0 | Paset | Has0 || O

1 0 0 1 0 0 0 -1
2 3 2 1 1 1 0 1 —4
31 0 0 0 0 1 0 -1
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H4 = L4 X Mc_l(Hg):

—l®ls, Lo-—poply, —-16-2J2)®-pJ(2), -2'1s
P PPty 10 | By g0 Niz,@o Hiy 1,0 N§3,7¢,1 Moy —p || 7
1 1 0 1 0 0 0 -2
20 3 1 1 1 1 0 1 -5
3| 1 1 0 0 0 1 0 -2
MC_z(Hy):
L®pls, J2)®-pla®ly, POEJ2)OI3), -—¢-1ls
P Mgh?ﬁ M-th,—LO 'u;;m—%o '1#;3@70 ”237%1 'ugs-,hl oF
1 1 0 1 0 0 0 -1
2| 3 1 0 1 1 0 0 -2
31 2 1 1 0 0 1 1 -1
H5 = L5 (9 MC,E(H4)Z
Lopls, -9J2)Ol®-ply, -10-0J2)®-pJ(3), -—¢ 1
p|n” /1’51»5,0 'ui‘%—@l /15'27—5,0 Mi&*lﬁ 'uza,—@l Mg&*%? or
1 1 0 0 0 0 0 -1
21 3 1 0 1 1 0 0 -4
3 2 1 1 1 0 1 1 -3
MC_,(Hs):
Le—-ls JB)eJ2)eJ?2), ¢sJB3)epl@3), -»-17
P AP | Bey 10 | Hoand | Hos1,0 | Hagp0 | Mg, N£3,¢,2 0P
2 2 1 0 0 0 0 0 -3
31 3 1 0 1 1 0 0 —4
4| 2 1 1 1 0 1 1 -2
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G :=Ls @ MC_,(Hj):

—Lel;, IB)el2)el?2), FIB)eleeld), 1

p|h* Nfcl,—l,o U§2,1,1 #22,1,0 N§3,¢,2 M§3,¢,2 oP
21 2 1 0 0 0 0 -2
31 3 2 0 1 0 0 -2
41 2 1 1 1 1 1 -1

O

We remark that the Hodge filtration of G has minimal length among the
irreducible rank-7 local systems with Gs-monodromy which underlie a variation
of polarized real Hodge structure, according to [10, Ch. IV] (cf. also [13, §9]).

84.2. An orthogonally rigid Gs-local system
with maximal Hodge filtration

By the classification of orthogonally rigid local systems with Ga-monodromy given
in [8] there exists, up to tensor products with rank-one local systems, a unique
Z-local system # on a 4-punctured sphere P!\ {z1, ..., x4} which is orthogonally
rigid of rank 7 and which satisfies the following properties (this is the case P3,6
in [8]):

« The monodromy of J# is Zariski dense in the exceptional algebraic group Gs.

« The underlying motive is defined over Q (i.e., we use only convolutions with
quadratic Kummer sheaves and the tensor operations use motivic sheaves defined
over Q).

« The local system 57 does not have indecomposable local monodromy at any
singular point.

The construction of J# is as follows. Start with a rank-one local system %, on
A\ {z1, 22, 23} with monodromy tuple (=1, —1, —1, —1). Similarly, we define local
systems of rank one %, %%, % on AL\ {z1, x2, 3} given by the monodromy tuples
(1,1,-1,-1), (-1,1,1,-1), (—1,1,—1,1), respectively. Let —1 : 71 (G,,(C)) - C*
be the unique quadratic character. Then define

A =MC_ (L5 @ MC_1 (% ® A2(MC_; (4 ® Sym*(MC_,(%)))))),

where A2 is defined as follows. Notice first that Z; (j =0,...,3) are self-dual
unitary local systems. According to Remark 3.1.3 and to Corollary 1.4.1 for the
computation of the rank, MC_; (%) is a symplectic irreducible variation of Hodge
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structure of rank two, and then Sym?*(MC_;(.%)) and £ ® Sym?*(MC_;(.%))
are orthogonal irreducible variations of Hodge structure of rank three (see
the proof of Theorem 4.2.1 for the argument concerning irreducibility). Then
MC_, (L ® Sym*(MC_,(.%))) is a symplectic irreducible variation of Hodge
structure of rank four.

Now, any symplectic irreducible variation of Hodge structure ¥ of rank four
having Sp,-monodromy has the property that the exterior square A?(¥) is the
direct sum of a rank-one variation & (given by the symplectic form) and a varia-
tion K2(7/) of rank five (this construction establishes the exceptional isomorphism
Sps =~ SOs5). We will explain below that the local monodromy of KQ(”I/) at 3 is
maximally unipotent. Since we a priori know that 1~\2(“//) is semisimple, being a
direct summand of ¥ ® ¥, it is therefore irreducible.

It is proved in [8] that the local monodromy of JZ at z1,...,z4 is given by

J2)eJB)®J(?2), lLse-J2)e-J(2), J2&-J3)aIJ?2), -1,

respectively.

If Ly, L1, Ly, L3 denote the unitary variations of complex Hodge structure
(with trivial Hodge filtration F°L; = L;, F*L; = 0) underlying %, 4, %, %3,
then one obtains a rank-seven variation of polarized complex Hodge structure

H =MC_(Ls ® MC_(Ly ® A2(MC_;(L; ® Sym*(MC_1(Lo))))))

whose underlying local system is J#. It will be clear from the computation that
each local system which MC_; is applied to has scalar monodromy — Id at x4.

Theorem 4.2.1. The variation of polarized Hodge structure H has the following
local and global Hodge data:

P 1 2 3 4 5 6 |7
hP 1 1 1 1 1 1|1
Mf:l,l,o

P
P11

p
My —1,3

)

0
0
Mgz,—l,l 0
0
0

p
H’I:;,LO

oP -1|-1}-2|-1]-2|-1]0
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We will need the following lemma:

Lemma 4.2.2. Let (E,V,F*E) be the filtered flat bundle underlying a polarizable
variation of complex Hodge structure on P ~ {0,1,00}. Set x1 = 0, x5 = 1,
x3 = 00. Assume the following:

(1) (B, V) is irreducible,

(2) tkE =3,

(3) the monodromy at each singular point is mazimally unipotent.

Then the canonically extended Hodge bundles HP have degree P (E) as follows:
(E)=1, ¢&(E)=0, &(FE)=-1.

Proof. The local data must be as follows (up to a shift of the filtration) because
of the assumption on the local monodromies:

(1) h?(E) =1 for p=0,1,2 and h?(E) = 0 otherwise,
(2) fori=1,2, 2, ;, =1 and all other 1, 5.0 are zero, hence B 1= e =1,
and all other ;ﬂ;i’ ) are zero,

(3) 1/337172 = 1 and all other 1/;73 ,¢ are zero, hence v/? = 1, and all other

x3,1,prim
Vzg,l,prim are zero.
We have dim H'(P', &) =32, j1,,—21k E = 0. Therefore, according to (2.3.3%),
0=h"H (P!, ji&) = 6*(B) = vz, 1 prim(B) = 6°(E) — 1,
0=h"H'(P',j.&) = 6'(B) = 6*(B) — h*(B) + 3, 1 + u3, 1 = 0 (E) = 6°(E) + 1,
0=h'H P, j.&) = °(E) — 6" (E) — h*(E) + pb, 1 + ph, 1 = 6°(E) — 0*(E) + 1,
0=h"H' (P, j.&) = -6°(E) - h°(E) = —6°(E) — 1. O

Proof of Theorem 4.2.1. From Proposition 1.3.5 one derives that MC_;(Lg) is
a variation of rank 2 whose local monodromy at xzi,zs,x3 is indecomposable
unipotent and is the scalar matrix —15 at oo. Since h%(Lg) = 1, §°(Lg) = —2
and p9 _;(Lo) = 1 (and all other Hodge data are zero), formula (2.3.5%) gives
ROMC_1(Lg) = ht MC_1(Lo) = 1.

Recall that, for a variation of polarized Hodge structure (V, F*V, V. k), VQV,
Sym? V and A%V also underlie such a variation and, setting gr];/ 2V =0if p/2 &7,
we have natural isomorphisms

gh(VeV)~ @ (enVeehV),
Jt+k=p
grh(Sym* V)= @ (e V @ erh V) e Sym® (g * V),

j<k
j+k=p
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(4.2.3) gh(AV) = @ (2rhVeahV)e A (gh?V).

j-{-iip
We will use these formulas when rk gr’f; V =1 for all k, so that we will replace
Sym2(gr’;:/2 V) by gr%/2 V and 1\2(gr’;¢/2 V) by 0.

It follows that the symmetric square Sym?(MC_; (L)) is a variation of rank 3
whose local monodromy at x1, x2, x3 is easily seen to be indecomposable unipotent
(and identity at oo). It is irreducible (a rank-one sub or quotient local system
would come from a rank-one sub or quotient local system of MC_;(.%) by the
diagonal embedding, according to the form of the local monodromies). It follows
from Lemma 4.2.2 (by shifting the singularities 0,1, 0o to z1, z3, 3, respectively),
that

62(Sym?(MC_1(Lo)))
6%(Sym*(MC_1(Lo)))

1, &%Sym*(MC_(Lg))) =0,
—1.

The local Hodge data of L; ® Sym?*(MC_;(Lg)) are as follows:
R=ht=nr"=1, p2 ,,=10=12), p2, 1,=1,

and all other 42 ,’s vanish, according to (2.2.12)(2.2.14). By Proposition 2.3.2,
the Hodge degrees of L1 ® Sym?(MC_; (L)) are

2 =0, o&=-1, M=-2

Set V = MC_;(L; ® Sym*(MC_1(Lp)). By Theorem 3.1.2(1) and (2.3.5%),
we have ,
WP(V) =Pt = 6P —hP + Y (P L 44l ).
i=1
Hence h?(V) =1 for p = 0,1, 2,3. By Proposition 1.3.5, the local monodromy at
T1,T9,T3,x4 of V is

Lo-J2), Lae-J2), J4), -l

By Theorem 3.1.2(2), the local Hodge data of V' are as follows: For i = 1,2 we have
p3, 1, =1and 0 else, so from Remark 2.2.10 we obtain v, | o =v3 ;o =1, and
Ni3,1,2 = 1 and 0 else. Using Theorem 3.1.2(3), one obtains the following global

Hodge data 67 = 6P(V):
(4.2.4) 0=-1, s=-2 =-1 =0.

Let us now consider A2V, which has rank 5. We will need a specific argument
to compute its local and global Hodge data. From (4.2.3) we obtain isomorphisms
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over P\ {z1,..., 24}
p#3
(V)@ egrh (V) for {0<j<k<3
25 gy |ERV O EED) <j<k<3
j+k=p,

(grp(V) @ gri(V)) ® (er% (V) @ griy(V))  for p= 3.

Locally at x; (i = 1,...,4), let ef,...,e} be a basis of the canonical ex-
tension VO of V lifting a basis €, ...,e5 of V?/V! such that € induces a basis

of the rank-one vector space grh(V?/V1). We will use below the identification
Yy, —1(V) = gr%//z(V) instead of gr;l/2

of view of the Hodge filtration, according to the definitions in §2.2). Hence, locally,

(V) (this is equivalent, even from the point

we have a basis of A2(V)~° given by (the anti-symmetrization of)

vi = eé@e’i, vé = eé@eg, v§ = ei@eé, vgi = eé@eg, vi = ei@eé, vé = eé@eg.
At x3, we can choose € such that t9;&} = €3 ;, which implies the following

properties (locally at x3):

« the local monodromy of A%V is J(5), with basis v3, v}, v§® + v3, 203, 20}, and the
direct summand F of rank one corresponding to the symplectic form has basis
v — o3,

. M23,1,3(52V) =1 and all other i, , vanish,

. formula (4.2.5) extends to a similar formula for the local Hodge bundles
grh VO(A%V),

and then, over P! \ {z1,..., 14},
« E=gr? F,
« BL(A2V) = ... = B5(A2V) = 1.

Let us now consider the local situation at x;, ¢« = 1,2. From our compu-
tation of ”Zi,—l,t’(v)’ we can choose the basis €’ so that the nilpotent oper-
ator t9y — 1/2 : g, —1(V) = 9y, —1(V) acts as e, +— € — 0. We also have
toyel, = tel, = 0. Therefore, the corresponding operator t9; —1/2 on 1, —1(A?V)
acts as 04 — 0% + 0 and 0% +— 0} + 0. In a similar way one checks that v} belongs
to VI(A2V), while v§ belongs to VY(A?V). We also note that E = gr}. E (seen
above) is generated by some combination of v§ and vj. Moreover,

. the local monodromy of A2V is —J(2) @ —J(2) @ 1,

« the local Hodge data are uii,7171(1~X2V) = uii771)1(K2V) = 1 and all other f, , ,
vanish,
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« the first line (p # 3) of (4.2.5) extends locally at x; as it is to the Hodge bundles
gr? VO(A2V), while the second line extends as

gry VO(A?V) = 27 Herp(VO) @ gri (V) @ (er%(VO) @ grik (V?)),
where z is a local coordinate at z;.

Lastly, at x4, 01,...,05 form a basis of gri,(A%V). We conclude that

. the local monodromy of A2V is 15,
o Hzy = Oa
. formula (4.2.5) extends to a similar formula for the local Hodge bundles
gr?. VIH(A2V) =z grh VO(A?V).
We can now compute the degree of grh, VO(A?V) by using the local shift
information comparing this bundle with gr’, grl, (V) ® gr’ grl, (V). We find

e F VO(A2V) = (grh(VO) @ grk(VO)(1)  if ji + k # 3 (shift at 24),
gri VO(A?V) = (grp(V0) @ gri (V) (3) @ (g (V) @ gria (V) (1)

(shift at x1, z2, 24).
Taking now into account (4.2.4) we find, for p = 1,...,5 respectively,
SP(A?V) = —2,-1,0,-1,0.

We have 07(A2V) = 62(A2V) for p # 3. On the other hand, E = gr3, E is a direct
summand of gr.(A?V) ~ &2, by the previous degree computation. It follows that
both E and gr?,(A2V) are isomorphic to Op1 and §3(A2V) = 0.

We can now continue the computation as in §4.1 in order to obtain the desired
table. O

Let us now specialize the points 1, z2, 23 to 0,1, —1 (respectively). Note that
for each prime number ¢ there are lisse étale Qg-sheaves .Z; ¢, i = 0, 1,2, 3, of rank
one on Alz[l/Q] ~{0,1,—-1} = Spec(Z[%][z,%,ﬁ,%H]) whose analytifications
have a Z-form given by .%;, ¢ = 0,1,2,3 (respectively). One may construct .4 ¢
by considering the étale Galois cover g : X — Alz[l/g] ~ {0,1,—1} defined by the
equation

y* =x(x —1)(z+1).
Denote the automorphism y +— —y of X by o. Then the sheaf %, =
1(1 — 0)9+(Qq,x) has the desired properties. The sheaves %, (i = 1,2,3) can

be constructed in the same way. Define

I =MC_1(L @MC_1(L2y ® /~\2(MC—1($1¢ ® Sym*(MC_1(Z.0)))))),



798 M. DETTWEILER AND C. SABBAH

where MC_; is as in [12, Chap. 4 and Chap. 8]. The monodromy representation
of 7,

takes values in G3(Qg) x Center(GL7(Qy)). For any Q-point s of Alz[l/Q] ~
{0,1,—1} the composition of p, with the map of étale fundamental groups
Go = Gal(Q/Q) — m (Alz[l/z] ~ {0,1,—1}) induced by s by functoriality defines
a rank-7 Galois representation

i Gg — GL7(Qy),

the specialization of py at s. A Galois representation x : Gg — GL,,(Qy) is called
potentially automorphic if there exists a finite field extension K/Q and an auto-
morphic representation 7 of GL,,(Ax) (Ag denoting the adéles of K) such that
the L-functions of k and of = match (up to finitely many factors). The following
result can hence be interpreted as a weak version of Langlands conjectures on the
automorphy of the Galois representations pj:

Theorem 4.2.6. For all Q-rational points s of Alz[l/Q] ~{0,1,—1} the specializa-
tions pj : Gg — GL7(Qy) are potentially automorphic. In particular, the associated
partial L-function has a meromorphic continuation to the complex plane and sat-
isfies the expected functional equation.

Proof. Tt follows from [12, Th. 5.5.4] that for a fixed Q-rational point s # —1,0, 1,
the collection of Galois representations (p})¢ prime has the property that for p
outside a finite set of primes .S, the characteristic polynomial of the Frobenius
elements at p is an element in Q[t] which is independent of ¢. Moreover, each
p; is pure of weight 8 for each Frobenius element belonging to a prime outside
S U {¢} (since the tensor operations preserve purity by doubling the weight and
each middle convolution step increases the weight exactly by 1). By the motivic
nature of MC,, and of tensor products, the system (p7), occurs in the cohomology
of a smooth projective variety defined over Q (use equivariant desingularization
and the arguments from [7, Section 2.4]). In fact, it follows from the same argu-
ments as in [7, Section 3.3] that p}, inside the ¢-adic cohomology of the underlying
variety, is the kernel of a restriction morphism, cut further out by an algebraic
correspondence associated to an involutive automorphism. Hence, for s fixed, the
restricted Galois representations (p§|Gal(@Z /QZ))g are crystalline at places of good
reduction and de Rham elsewhere (this follows from the work of Faltings [9] and is
also implied by more general results of Tsuji [22]). The above can be summarized
by saying that the system (p§), is weakly compatible and pure of weight 8 in the
sense of [2] and [15]. It follows inductively from Poincaré duality and from the fact



HODGE THEORY OF THE MIDDLE CONVOLUTION 799

that the weight is even that the Galois representations pj factor through a map
to the group of orthogonal similitudes GO7(Qy) with an even multiplier, i.e., the
system (p]), is essentially selfdual in the sense of [15]. We claim that the system
is also Hodge—Tate regular, i.e., the non-vanishing Hodge-Tate numbers

dimg;, gr'(pj @ Bpr) @@/

(where Bpgr denotes the usual de Rham ring) are all equal to 1 (cf. [2], [15]):
it follows from the de Rham comparison isomorphism (which is compatible with
tensor products, filtrations, cycle maps and Galois operation; see Faltings [9]) and
from Theorem 4.2.1 that

dimg, gr'(pj ® Bpr) @/ = dimgry’ H, < 1,

as claimed. Taking the above properties together we conclude by applying [15,
Th. A and Cor. CJ. O
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