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Abstract

We study central extensions of Lie algebras graded by an irreducible locally finite root
system.
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§1. Introduction

Motivated by work of G. Seligman [13], S. Berman and V. Moody [8] introduced
the notion of a root graded Lie algebra. They defined a Lie algebra graded by
an irreducible reduced finite root system. Their definition was extended to Lie
algebras graded by a reduced locally finite root system by E. Neher [10] and also
to Lie algebras graded by an irreducible finite root system of type BC by B. Allison,
G. Benkart and Y. Gao [3] in 2002. Finally, this definition was generalized to Lie
algebras graded by a locally finite root system in [11] and [19]. Root graded Lie
algebras play an important role in infinite-dimensional Lie theory, namely, they
are important in the study of extended affine Lie algebras [1]. More precisely, the
so-called centerless core of an extended affine Lie algebra £, which is the main
part of the structure of L, is a specific root graded Lie algebra called a Lie torus;
see [4], [17] and [11].

A complete description of Lie algebras graded by an irreducible finite root
system is given in [8], [7], [3] and [6]. Also in [10], the author realizes Lie algebras
graded by an irreducible reduced locally finite root system which is not of type
Fy, Gy or Eg, as central extensions of Tits—Kantor-Koecher algebras of certain
Jordan pairs.
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Because of the important role of central extensions in the theory of Lie alge-
bras, the next natural step in the study of root graded Lie algebras is to consider
their central extensions. Central extensions of Lie algebras graded by an irre-
ducible finite root system are studied in [2], [3] and [6]. Using the description of
the universal central extension of a root graded Lie algebra of finite type as in [2],
the authors of [18] and [5] find a finite presentation for the universal central ex-
tension of a Lie torus of finite type X # A,C, BC. A. Welte [15], in her Ph.D.
thesis, studies central extensions of a root graded Lie algebra of reduced type us-
ing Tits—Kantor—-Koecher structure and describes the universal central extension
of Lie algebras graded by locally finite root systems of type A and C. In [12],
E. Neher and J. Sun prove that the universal central extension of a direct limit of
a class {£; | ¢ € I'} of perfect Lie superalgebras coincides with the direct limit of
the universal central extensions of the £;’s. Using this together with the fact that
the center of a centrally closed Lie algebra graded by an irreducible reduced finite
root system R with coordinate algebra a just depends on a and the type of R and
is independent of the rank of R, they determine the universal central extension
of certain direct limits of Lie algebras graded by irreducible reduced finite root
systems; see [12, Example 2.10] as well as [3], [2].

In [19], the author studies Lie algebras graded by an infinite irreducible locally
finite root system which is not necessarily reduced, and gives a complete descrip-
tion of these Lie algebras. The most important ingredient in this description is
a quadruple called a coordinate quadruple. In this paper, we study central exten-
sions of root graded Lie algebras. We prove that for an irreducible locally finite
root system R, a perfect central extension of an R-graded Lie algebra with associ-
ated coordinate quadruple q is an R-graded Lie algebra with the same coordinate
quadruple. We give a complete description of perfect central extensions of a root
graded Lie algebra £ in terms of the above ingredient involved in the description
of L. In particular, we completely determine the universal central extension of a
Lie algebra graded by an irreducible locally finite root system. We hope our de-
scription of the universal central extension of a root graded Lie algebra offers a
nice presentation for the universal central extension of a Lie torus.

§2. Preliminaries

Throughout this work, N denotes the set of nonnegative integers and F is a field of
characteristic zero. Unless otherwise mentioned, all vector spaces are considered
over F. For a vector space V, we denote by V* the dual space of V and use
Endp(V) (or End(V) if there is no confusion) to denote the vector space of all
linear endomorphisms of V. For a linear transformation 7' € Endg(V), if the trace
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of T is defined, we denote it by tr(T"). Also for a nonempty set .S, by idg we mean
the identity map on S, and by |S| the cardinality of S. For a nonempty index set I,
by notational convention, we take I := {i | i € I} to be a disjoint copy of I, and
for each subset J of I, by J we mean the subset of I corresponding to .J.

Definition 2.1 ([9, §3]). Let U be a nontrivial vector space and R be a subset
of U. The subset R is said to be a locally finite root system in U of rank dim(U) if
the following conditions are satisfied:

(i) R is locally finite, contains zero and spans U.

(ii) For every o € R* := R\ {0}, there exists & € U* such that d(a) = 2 and
sa(B) € R for a, f € R, where s, : U — U maps u € U to u — &(u)a.

(iii) a(B) € Z for o, B € R*.

Set Rsaiv := (R\ {a € R | 2a € R}) U {0} and call it the semi-divisible
subsystem of R. The root system R is called reduced if R = Rggiy-

Suppose that R is a locally finite root system. A nonempty subset S of R is
said to be a subsystem of R if S contains zero and s,(8) € S for o, 8 € S\ {0}. A
subsystem S of R is called full if (spang.S) N R = S. Following [9, §3.12], we say
nonzero roots «, # of a subset S of R are connected in S if there exist finitely many
NONZero roots ay := @, Qa, ..., a, :=  in S such that &;11(e;) #0,1 <i<n-—1.
Connectedness in R* defines an equivalence relation in R* and its equivalence are
classes are called connected components of R. A nonempty subset X of R is called
1rreducible if any two nonzero elements x,y € X are connected in X.

Two locally finite root systems (R,U) and (S, V) are said to be isomorphic if
there is a linear transformation f :U — V such that f(R) = S.

Suppose that I is a nonempty index set and U := @, Fe; is the free F-module
over the set I. Define the form

():UxU—=TF, (e,¢)=10;,; fori,jel,

and set
A; ={ei—¢j|1,j €I},
Dr:=ArU{x(e; +¢j) | 4,j €1, i#j},
(2.1) By :=DyU{+te; |1 € 1},
Cr:=DyU{+2¢ | i€ I},
BCr:=BrucCr.

One can see that these are irreducible locally finite root systems in their F-spans
which we refer to as type A, D, B,C and BC respectively. Moreover every irre-
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ducible locally finite root system of infinite rank is isomorphic to one of these root
systems (see [9, §4.14, §8]). We note that D;, By, C; and BC span U, while A;
spans a subspace of U of codimension one; for this reason, A; is used instead of Ay
in the literature. Now we suppose R is an irreducible locally finite root system as
above and note that (o, «) € N for all « € R. This allows us to define

Ry :={a € R* | (a,a) < (B,0) for all § € R},
Rex := RN 2Ry,
ng = R* \ (Rsh @] Rex).

The elements of Rq, (resp. Rig, Rex) are called short roots (resp. long roots, extra-
long roots) of R.

Definition 2.2. Let H be a Lie algebra. We say an H-module M has a weight
space decomposition with respect to H if

M = @ M, where M, :={zeM|h -z=a(h)z, Yh e H}

aEH*

for all @ € H*. The set R := {a € H* | M, # {0}} is called the set of weights
of M (with respect to H). For « € R, M, is called a weight space, and any
element of M, is called a weight vector of weight «. If a Lie algebra £ has a
weight space decomposition with respect to a nontrivial subalgebra H of £ via the
adjoint representation, H is called a split toral subalgebra. The set of weights of
L is called the root system of L with respect to H, and the corresponding weight
spaces are called the root spaces of L. A Lie algebra L is called split if it contains a
splitting Cartan subalgebra, that is, a split toral subalgebra H of £ with £y = H.
A locally finite split simple Lie algebra is said to be of type A, B, C or D if its
corresponding root system with respect to a splitting Cartan subalgebra is of type
A, B,C or D respectively.

Suppose that J is a nonempty index set and V := V;(FF) (or V; if there is no
confusion) is a vector space with a fixed basis {v; | j € J}. Then glg(V) := End(V)
together with the commutator product is a Lie algebra. Now for j, k € J, define

(2.2) ejk: V=V, v (ield)
then gly(J) := spang{e; | j,k € J} is a Lie subalgebra of glz(V).

Classical Lie algebra of type A: Suppose that I is a nonempty index set of cardi-
nality greater than 1, and V is a vector space with a basis {v; | ¢ € I}. Then

sl(I) :={¢ € glp(I) | tr(¢) = 0}
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is a locally finite split simple Lie subalgebra of glp(I) with splitting Cartan subal-
gebra

(2.3) M = spanp{e;; —e;; | i,j € I}
and corresponding root system isomorphic to Ap.

Classical Lie algebra of type B: Suppose that I is a nonempty index set. Take
J = {0} & I W I and consider the vector space V := V; as above. Define the
symmetric bilinear form (-,-) on V by

(UE,U‘]‘) = 25j,ka (U07UO) = 27

4
(24) (vj,vk) == (vj,v0) := (v;mo) = (vj,vg) =0

for j,k € I. Then

op(l) :={¢ € glz(J) | (6(v),w) = —(v, d(w)) for all v, w € V}

is a locally finite split simple Lie subalgebra of gly(J) with splitting Cartan sub-
algebra

(2.5) H :=spanp{h; :==e;; —e;; | i € I}
and corresponding root system isomorphic to Bj.

Classical Lie algebra of type C: Suppose that I is a nonempty index set and
J := I'¢I. Consider the bilinear form (-,-) on V := V; defined by

(2.6) (vj,vp) == —(vg,v5) == 2058, (vj,v) =0, (vj,v5):=0 (j,kel).
Then
(spr(1) :=)sp(]) == {¢ € glg(J) | (6(v), w) = —(v, (w)) for all v,w € V}

is a locally finite split simple Lie subalgebra of gly(J) with splitting Cartan sub-
algebra

(2.7) H :=spanp{h; :=e;; —e;; | i € I}

and corresponding root system isomorphic to Cj.
Moreover if we define

(2.8) p1:5p(l) = End(V),  pi1(9)(v) :=d(v), ¢e€sp(l),veV,

then p; is an irreducible representation of sp(I) in V equipped with a weight
space decomposition with respect to H whose set of weights is {+e; | ¢ € I} with
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V., = Fv; and V_, = Fv; for i € I. Also for
(2.9)  S:={p€gl(J) | tr(¢) =0, ((v),w) = (v,$(w)) for all v,w € V},
the map

p2 i sp(I) = End(S),  p2(X)(Y):=[X,Y], X esp(l),Y €S,

defines an irreducible representation of sp(/) in S equipped with a weight space
decomposition with respect to H whose set of weights is {0, +(e; £ ¢€;) | 2,5 € 1,

i #j}. O
Classical Lie algebra of type D: Suppose that I is a nonempty index set and
J := I ¢ I. Define the symmetric bilinear form (-,-) on V := V; by

(210) (UE7Uj) = 25j,ka (Ujvvk‘) = (1}5,1]];) =0 (.]7k € I)
Then

op(I) :={¢ € glz(J) | ($(v), w) = —(v, ¢(w)) for all v, w € V}

is a locally finite split simple Lie subalgebra of gly(J) with splitting Cartan sub-
algebra

(2.11) H :=spangp{h; :==e;; —e;; | i €1}
and corresponding root system isomorphic to Dj.

Lemma 2.3 ([12, Thm. V1.7]). Suppose that I is an infinite index set. Then op(I)
is isomorphic to op(I). Moreover, if G is an infinite-dimensional locally finite split
simple Lie algebra, then G is isomorphic to exactly one of the Lie algebras sl(T),
op(l) orsp(I), for some infinite index set I.

Definition 2.4. Suppose that R is an irreducible locally finite root system. We
say a Lie algebra £ is R-graded or (graded by R) with grading pair (G, H) if the
following conditions are satisfied:

(i) G is a locally finite split simple Lie subalgebra of £ with splitting Cartan
subalgebra H and corresponding root system Rggiy-

(ii) £ has a weight space decomposition £ = L, with respect to ‘H via the

acR
adjoint representation.

(i) Lo =3 0cnxLos L al-

Example 2.5. Suppose that I is a nonempty index set. Take J := {0} W W] and
consider the C-vector space V := V;(C) as above. Define the bilinear form (,-)
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(vj,v5) == (vg,v5) =205k, (vo,v0) :=2,
(v, vx) == (vj,v0) := (vo, ;) := (vo,v;) = (v5,v0) = (v5,vE) :=0

for j,k € I. For ¢ € Endc(V), define ¢ € Endc (V) to be such that
if ¢(vy) Zc”v]7 then ¢(v,.) Zc”v] (rel)

jerl jerl

and set
£:={pcglc(J) | (¢(v),w) = —(v, p(w)) for all v,w € V}.
Then £ is an R-Lie subalgebra of glg(J). Take
H = spang{h, :=€,, —€rz |17 €I}
and for r € I, define
& H—->R, hj—d,; (jel).

Then £ has a weight space decomposition
=P
aER

with respect to H, where R = {0, +(e; - €;),%€; | i € I} and

R(eo,r — er0) + iR(eo 7 + erp), Q= €,
R(eo.r — er0) + iR(eor + €70), a= —¢,
R(er,s - 65 ) R(er S + €s r) o = €r — €,
R(er,§ — €5 F) R(er s + €s r) o = €p + €s,
Lo = R(er s —esr) +iR(er s + €5,), Q= —¢€. — €,
Rie, 7, a = 2€,,
Ries ., « 2¢,.,
iReg,0 + ZR(eW —err) + Z iR(err +err), a=0.
rel rel
Next set
L= 2. ) [La L al
aERX aERX
Then £ has a weight space decomposition £ = @,y Lo With respect to H, in
which
L, a € R*,

Lo = Z [SIQ,E_B], a=0,
BERX
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Also it is easy to see that

g = @ R(er,s - €§,F) S @ iR(er,§ + es,?) S7] @ iR(SF,S + 65,7“)

r,sel r,s€l r,s€l

is an R-subalgebra of L. One can see that ¢ : G — spp(I) mapping

Z ar,s(er,s - 6575) + Z ibr,s(er,g + es,f‘) + Z Z.CT,s(eF,s + eE,T)

r,sel r,sel r,sel

to

Z ar,s(eT,s - eé,?‘) + Z br,s(er,g + es,f‘) - Z C7',s(ef,s + 65,7')7

r,s€l r,sel r,sel
is a Lie algebra isomorphism. In particular, G is a locally finite split simple Lie
subalgebra of £ of type C with splitting Cartan subalgebra H. Altogether, L is a
Lie algebra graded by R which is a locally finite root system of type BCf.

In [19], the author studies Lie algebras graded by an infinite irreducible locally
finite root system which is not necessarily reduced and gives a complete description
of such Lie algebras. The ingredients involved in this description for an R-graded
Lie algebra is a locally finite split simple Lie algebra G of type Rgqiv, certain G-
modules and a quadruple called coordinate quadruple. In what follows we first
recall what we mean by a coordinate quadruple and then state the recognition
theorems for root graded Lie algebras as in [19].

By a star algebra (2, x), we mean an algebra 2 together with an involution *,
that is, an antiautomorphism with *2 = idg.

We call a quadruple (a,*,C, f) a coordinate quadruple if one of the following
cases holds:

e (Type A) ais a unital associative algebra, * =id,, C = {0} and f: C xC = a
is the zero map.

e (Type B) a =A@ B where A is a unital commutative associative algebra, B is
a unital associative A-module equipped with a symmetric bilinear form and a is
the corresponding Clifford Jordan algebra [16], * is a linear transformation fixing
the elements of A and skew-fixing the elements of B,C = {0} and f : C xC — a
is the zero map.

e (Type C) ais a unital associative algebra, * is an involution on a, C = {0} and
f:CxC — ais the zero map.

e (Type D) a is a unital commutative associative algebra, x = id,, C = {0} and
f:C xC — ais the zero map.

o (Type BC') ais a unital associative algebra, * is an involution on a, C is a unital
associative a-module and f : C x C — a is a skew-hermitian form.
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Suppose that q := (a,*,C, f) is a coordinate quadruple. Denote by A and B
the fixed and the skew-fixed points of a under *, respectively. Set b := b(q) := a®C
and define

-:bxb—b,

(2.12) .
(a1 + 1,0+ ) = (a1 - an) + f(e1,e2) + a1 - ca + a5 - ¢,

for a1, 0 € a and ¢, ¢ € C. Then (b, -) is an algebra. For 3,5’ € b, set
(2.13) Bop':==p-p'+p4-p and [B,8]:=5-5'"-p-0,
and for c,c’ € C, define
fle,d) = f(c,e)

2 b
fle,d) + f(c,0)

0:CxC— B, (c,c’)Hf.

0:CxC—= A, (¢,d)—
(2.14)

Fory=a+b+cebandy =d +b +c € bwitha,a € A b,b' € Band ¢,/ €C,
set

(2.15) By = la,d ] +[b,V] —cod, 7" :=c

Now suppose that £ is a positive integer and for ~y,7’ € b consider the endo-
morphisms

dgﬂ, 1 b —1> b,
71l q of type A, n € b,
71’(777) —v(y'n), q of type B, n € b,
(2.16) - ﬂ[ﬁ;w”m q of type C or BC, i € a,

1 1 * *
20 B m) = 5 (F ) " 4 f(0,97) -7

2
q of type C or BC, n € C,
0, q of type D, n € b.

One can see that for v, € b, dfm, is a derivation of the algebra b. Next take K
to be the subspace of b ® b spanned by

a®c, cR®a, a®b,

a®ad +ad' ®a, c®d-d®ec,
(a-d)@d" + (@ a)@d + (- )& a,
fle,d)y@a+(a*-d)@c—(a-c)@c
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for o,/ 0” € a,a € A, b€ B, and ¢,¢ € C. Then {b,b} := (b®b)/K is a Lie
algebra under the Lie bracket

(2.17) (61 ® B2) + K, (8] @ B3) + K]
= ((df, 45,(B1) ® By) + K) + (B @ dg, 5,(85)) + K)

for 1, B2, 81, 8% € b (see [3, Prop. 5.23] and [2]). We denote this Lie algebra by

{b,b}, and for 31,32 € b, we denote (f1 ® B2) + K by {B1,82}e (or {B1, B} if
there is no confusion). We recall the full skew-dihedral homology group

HEF(b) = { {81} € (6,6} | Y 5 =0}
i=1 i=1
of b (with respect to ¢) from [3] and [2], and note that it is a subset of the center

of {b,b},. We say a subset K of the full skew-dihedral homology group of b has
the uniform property on b if for 81, 61,...,Bn, B8, € b,

> {88} €K implies that > B 5 = 0.
i=1 i=1

We set
() = {318 8y € (0,6} | Y2 85, 5, = 0},
i=1 i=1
B(6) := {3 {85, 81} € (0.0} | S(F(8.80) - 55 + £(5.5) - 8) =0 ¥B € b}
i=1 i=1

and notice that

A subset K C {b, b} has the uniform property on b

(2.18) if and only if K C U(b) := A(b) N B(b).

Now we recall Theorems 4.3, 4.4 and 4.1 from [19].

Theorem 2.6 (Recognition theorem for types A and D). Suppose that I is an
infinite index set and Iy is a subset of I of cardinality ¢ > 5. Let R be an ir-
reducible locally finite root system of type X = A; or Dy. Suppose that V is a
vector space with a basis {v; | i € I} and take G to be the locally finite split simple
Lie algebra of type X. Define

Vi, 1€ IOa

Jo: i
0: V=V, v {0, otherwise.
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Also for x,y € G, define
2tr(zy) -
J
I+1

Suppose that (A,id4,{0},0) is a coordinate quadruple of type X and KL C LU(A).
Set

Toy :=xY+yr — 0-

LAK) = (G A) @ (A A,

where (A, A) is the quotient space {A, A}e/K and for a,a’ € A, take {(a,d’) :=
{a,a’}y + K. Then considering (2.16), L(A,K) together with

[z,y]® §(a0a’) + (zoy) @ }[a, a] +tr(zy) (a,a'), X = Ay,
(2, 9] ®aa’ +tr(zy)a, '), X=p,
—m((l’Ojo)@[a, [(11,(12“ )
(2.19) [{a1,a2),z®a] = +[z,To]® (ac[a1, az]) +2tr(Jox){a, [a1,az])), X = A,
07 X =Dy,
(déy ap (a1), ab) + (a1, ey ay (ah)), X = Aj,
0, X = Dy,

h@my@aﬂ={

[{a1,a2), (a1, as)] = {

orz,y € G, ad,al,as,a), a5 €A, is a Lie algebra graded by R with grading pair
Jorxz,yeg, 1,2 gebra g Y grading p
(G, H) where H is defined as in (2.3) or (2.11). Moreover, up to isomorphism any
R-graded Lie algebra arises in this manner.

Theorem 2.7 (Recognition theorem for types B and C'). Suppose that I is an
infinite index set and Iy is a subset of I of cardinality ¢ > 4. Take G to be ei-
ther ag(I) or sp(I). Suppose that V is a vector space with a basis {vo,v;,v; |
i € I} equipped with a nondegenerate symmetric bilinear form (-,-) as in (2.4) if
G = op(I) and it is a vector space with a basis {v;,v; | i € I} equipped with a
nondegenerate skew-symmetric bilinear form (-,-) as in (2.6) if G = sp(I). Set

T.— IoUIyu{0} if G=op(I),
' Iy U I if G=sp(l),

and define Jo : V — V to be the linear transformation defined by

Ui (O ZfZET,
! 0 ificlUl\T.

Next set S :=V if G = op(I) and take S as in (2.9) if G = sp(I). Fore, f € GUS,
set

eofi=cf + fo- 205,
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and for w,v € V, define D,,, € End(V) as follows:
Dyy: V=V, we (w,wv—(vwu wel.

Suppose that R is an irreducible locally finite root system of type X = By or Cf
and (a,,C, f) is a coordinate quadruple of type X. Take A and B to be the set of
x-fized and *-skew-fixved points of a respectively. For a subset K of {(a), set

L(a,K):=(G®A) & (S®B)a (a,a),

where {(a,a) is the quotient space {a,a}te/KC, and for a,a’ € a, take (o, ) :=
{a, '}y + K. Then considering (2.16), L(a, K) together with

[z ®a,y®d] =[x,y ®ad + tr(zy){a,d),

[*®a,s®b] =xs® abd,

[s ®bt®b’] Dy @ f(b,b') + (s,)(b,b")
G20 faag) e @d =z o dl, (0
[<041,0[2> S®b} - 8®dé1 ag(b)a
[

(a1, az), (af, ah)] = {dg, o, (01), 0%) + (a1, dg, o (02))

forzye G, s,teS, a,d,ay,a0,a),05 €a,a,a € Aandb b € BifG=o0p(I),
and

[t®a,y®a]=[z,y]® 3(a0d)+ (zoy) ® 3[a,a’] + tr(zy)(a, a’),
[t®a,s®b = (zos)® 3[a,b] + [z,s] ® 2(aob),
(2.21) [s@b,t@V]=[s,t] @ 3(bob)+ (sot)® 5[b,b] + tr(st)(b,b),
[(a, o),z @a] = 37 ((z 0 J0) @ [a, B3 o] + [z, T0] @ (a0 B o)),
[(a, @), s ®b] = 47([3, JoJ&(b o Bay,az)+(s 0 To)&b, B, 0, H2 tr(sT0) (b, B o)),
[{a1, a2), (ah, @5)] = (day 0z (@), @) + (01, day a, (02))
(see (2.15)) for x,y € G, s,t € S, a,a’ € A, bV € B, o,/ a1, 0,0}, 04 € a if
G =sp(I), is a Lie algebra graded by R with grading pair (G, H) where H is defined
as in (2.5) or (2.7). Moreover, up to isomorphism any R-graded Lie algebra arises
in this manner.

Theorem 2.8 (Recognition theorem for type BC). Suppose that I is an infinite
index set and Iy is a fixed subset of I of cardinality £ > 3. Assume that R is an
irreducible locally finite root system of type BCt and V is a vector space with a
basis {v; | i € IUT}. Suppose that (-,-) is a bilinear form as in (2.6), set G := sp(I)
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and consider S as in (2.9). Define

v, 1€ IpU I_(),
0, otherwise,

jo:V-)V, ’UZ‘O—){
and fore, f € GUS, define

eofi=cf + fo- M5,

(i) Suppose that (a,*,C, f) is a coordinate quadruple of type BC and A, B
are x-fized and x-skew-fized points of a respectively. Set b := b(a,*,C, f) and take
o,[+], 0,0 as in (2.13) and (2.14). For By, B2 € b, consider df%ﬁ? as in (2.16) and
take B3, 5,,81 and B3 as in (2.15). For a subset K of t(b), set

LBK):=GRA)B(SB)B(VRC)® ({b,b}:/K).

Then setting (8,08") :={B,5'}e + K, 8,8 € b, L(b,K) together with

[®a, 58] = [z, 9]® 1 (000" +(zoy)®3 [0, '] +ir(zy)a, ),
[z®a, s®b] = (z0s)@3[a, b]+[z, s|@3 (acb) = —[s®b, z®al,
[s®b,t@b] = [s,t]@1 (bob')+(sot)@3 [b, b']+tr(st)(b,b'),
[z®a, u®c] = zu®a-c = —[u®c, z®al,

[s®b, uRc] = su®b-c = —[uRc, sQb),
[u®c, v@c'] = (uov)@(coc’)—i—[u v]®(coc’ )+ (u, v){c, '),
[(B1, B2), 2®a] = 77 ((woTJo)@|a, B3, g, )+ [z, To]@ (a0, g,)),
[(B1, B2), s@b] = 37 ([s, Jo]@(bof, /32) (5030)®1[b, B3, 6,142 tr(sT0)(b, B3, 5,)),
[(B1, B2), v®c] = %300®(ﬁ61 8,°C)—50®(f (C B3)- 51 +f(e, B7)63),
[(B1, B2), (B1, 82)] = (dj, 5, (B1); ﬁ2> (/5'17‘131 5, (B2))
forxz,y € G, s,t €8, u,v €V, a,d € A bV €B, e d el pr,B2,0,0 €bis
an R-graded Lie algebra with grading pair (G, H) where H is the splitting Cartan
subalgebra of G defined in (2.7).

(ii) If £ is an R-graded Lie algebra with grading pair (g,b), then there is a
coordinate quadruple (a,*,C, f) of type BC and a subspace K of 4(b) for b :=
b(a,*,C, f) such that L is isomorphic to L(b,K).

(2.22)

Remark 2.9. (i) [19, Rem. 4.2] The Lie algebra £(b, ) does not depend on the
choice of ¢ and Ij.

(ii) Suppose that ¢ is an integer greater than 5 and consider coordinate quadru-
ples q1 = (a1,*1,C1, f1) and g2 = (ag, *2,Ca, f2). We say ¢ and g9 are isomorphic
if they are of the same type and there is an algebra isomorphism ¢ : a; — as and
also a linear isomorphism 1 : C; — Cs such that

xop=ypox, [o(i(c), () =p(file,d)) and Pla-c)=p(a)- ()
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for a € a and ¢,¢ € C. We note that ¢ & v induces a Lie algebra isomorphism
0.0 from {6(d1),6(d1) e to {6(a2), b(a2)

For subspaces K1 of HF(b(q1)) and Ko of HF(b(qz2)) satisfying the uniform
property on b(qy) and b(qg) respectively, we say (g1, K1) is isomorphic to (gz, K2)
if g1 is isomorphic to g2 via a pair (¢,1) as above and 6,4 (KC1) = Ko. It is
not difficult to prove that (gq, k) is isomorphic to (g2, K2) if and only if the Lie
algebras £(q1, K1) and L(gz, K2) are isomorphic. This means that for a root graded
Lie algebra £, up to isomorphism, there is a unique coordinate quadruple; we refer
to as the corresponding coordinate quadruple of L.

83. Central extensions

In this section, we study central extensions of a Lie algebra graded by an infinite
irreducible locally finite root system and give a complete description of them. In
particular, we describe the universal central extension of a root graded Lie algebra.
Throughout this section, we denote by Z(L£) the center of a Lie algebra £. Also
for amap f: A— Band C C A, by f|c we mean the restriction of f to C.

A Lie algebra epimorphism 7 : £ — £ from (£, [-,-]™) to (£,[-,]) is called
a central extension of L if C' = ker(r) C Z(L). We may always assume that
L =L®C and that [z 4 e,y + f]~ = [z,y] + 7(z,y) for z,y € L and e, f € C,
where 7 : £L x £ — C is a 2-cocycle. In this case, 7 : £ — L is the canonical
projection map. The central extension 7 is called perfect if £ is a perfect Lie

algebra.

Lemma 3.1. Suppose that L is a Lie algebra and g is a finite-dimensional simple
Lie subalgebra of L. Let T : L x L — C be a 2-cocycle and (L := LD C,[-,-]™) the
corresponding central extension. Consider L as a g-module via the action

ccgx L= L, (zy) e [zy]~, zeg yel.

If D is a trivial g-submodule of L via the adjoint representation, then D is a trivial
g-submodule of L, in particular 7(g, D) = {0}.

Proof. For dy,...,d, € D and rq,...,7, € 7(g, D),
spang{di,...,d,} + Z 7(g,d;) + spang{ry,...,r,}
i=1

is a finite-dimensional G-submodule of £. This implies that D @7 (g, D) is a locally
finite g-submodule of £. A generalization of Weyl’s Theorem implies that D &
7(g, D) is a completely reducible g-module. Now as 7(g, D) is a g-submodule of
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D & 7(g, D), there is a submodule D of D & 7(g, D) such that D & 7(g, D) =
D @ 7(g, D). Since D is a g-submodule of D @ 7(g, D), we have

l9, D]~ C [g. D& 7(g, D)™ C [9. D]~ C D.

But D is a trivial g-submodule of £ and so [g, D]~ C 7(g, D). Therefore [g, D]~ C
D n7(g, D) = {0}. This completes the proof. O

Lemma 3.2. Suppose that R is an irreducible locally finite root system and L =
Docr Lo is an R-graded Lie algebra with grading pair (g, H). Suppose 7 : L x L
— C is a 2-cocycle satisfying 7(L,g) = {0}. Consider the corresponding central
extension m : (ﬁ, [,:]™) = L and suppose L is perfect. Then L is an R-graded Lie
algebra with grading pair (g, H) and weight space decomposition L= Docr Lo in
which

s ) La if o€ R\ {0},
(3.1) EQ{EOEBC if a=0.

Moreover, if R is an irreducible finite root system, then the coordinate quadruple
of L coincides with the coordinate quadruple of L.

Proof. The first assertion follows from an easy verification. So we suppose R is
an irreducible finite root system and prove the second assertion. We know that
the Lie algebra epimorphism 7 : L — L induces a Lie algebra epimorphism ¢ :
L)Z(L) = L£/Z(L) mapping &+ Z(L) to n(Z)+ Z(L) for & € L. We claim that ¢ is
a Lie algebra isomorphism. Suppose that € £ and Z + Z(£) € ker(y). Therefore
7(Z) € Z(L) and so for each § € L, n([Z,§]™~) = [x(Z),n(§)] = 0. This implies
that [Z,9]™~ € ker(r) € Z(L) for all § € L. But £ is perfect, so one concludes
that & € Z(L). Thus ¢ is injective. Next we note that £ and £ are perfect and ¢
is an isomorphism, so £, £/Z(L), £ and £/Z(L) have the same universal central
extension, say 2. Therefore £ as well as £ are quotient algebras of 2 by subspaces

of the center of 2. Now we conclude using [2, Thm. 4.20] and [3, Thm. 5.34]. O

We want to study central extensions of root graded Lie algebras. Let us start
with type BC. From now on, we assume R is an irreducible locally finite root
system of type BC for an infinite index set I. With the notation as in Section 1,
we set

J=1Ul, V:=V; G:=sp(I).

We know that G = > cp
type C1 with splitting Cartan subalgebra H as in (2.7). Fix a finite subset Iy of T

Go is a locally finite split simple Lie algebra of

of cardinality ¢ greater than 3 and suppose {I | A € A}, where A is an index set
containing a symbol named zero, is the class of all finite subsets of I containing Ij.
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For A\, € A, we say A < pif Iy C I,,. For A € A, suppose R) is a finite subsystem
of R of type BC, and take

o= > Ga® Y. [GaG-al.

(XE(R)\)X (XE(R)\)X

sdiv sdiv

Then G* is a finite-dimensional split simple Lie subalgebra of G of type (Rj)sdiv
and Hy := G* NH is a splitting Cartan subalgebra of G*. Next we recall the
irreducible G-module S from (2.9) and set

(3.2) V:=spang{v, |r € LUL}, 8*:=SnNspanp{e,s|rs€ZUL\}.

Then V» and 8 are irreducible finite-dimensional G*-modules with the set of
weights (Ry)sn and {0} U (Ry)1g respectively. We note that G is the direct union
of {G* | A € A}, V is the direct union of {V* | A € A} and S is the direct union of
{8* | X € A} (here, the direct union is, by definition, the direct limit of a direct
system whose morphisms are inclusion maps).

Now suppose that q = (a,*,C, f) is a coordinate quadruple of type BC, take
b := b(q) to be the algebra corresponding to ¢ as in Section 1, and suppose
K C 4U(b). Take A and B to be the *-fixed and x-skew-fixed points of a respectively
and consider the R-graded Lie algebra

(3.3) L=L(gK)=(GA)D(SRB)D(VRC)D(b,b)

with grading pair (G,H) as in Theorem 2.8. We next recall from [19, §4] that for
A € A, there is a subalgebra D)y of £ with Dy = (b, b) such that

[gAaDX] = {0}7
Dy @ (S ®@B) =Dy @ (S* @ B),

LY =(G"2A)DS*@B)d (VRC) DDy
=G A) @SB e (V®C)® Dy,

(3.4)

where £* is a Lie algebra graded by Rj.
Now suppose that 7 : (£, [,]]~) = (£,[,"]) is a central extension of £ with
corresponding 2-cocycle 7. We note that

(3.5) LY=G A ®(S*@B)® (V' ®C) @Dy @ ker(n)
=GP A) @ S*@B)®d (V®C)® Dy @ ker(r)

is a central extension of £. Regard L as a G-module via the action

G xL— L, (z,y) — [z,y]", reqG yel,
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and note that m is a G-module homomorphism. Next for A € A, we define the
subalgebra

(3.6) Ex =G ®7(G,G)

of £. One can see that &, is a G*-module via the action “-” restricted to G* x &y.
Now for a positive integer n, x1,...,7, € G* and ry,...,7, € 7(G,G), the set
{x1+71,...,xn +rn| 1 <i<n}isasubset of

G @ (1(6*,6M) + spang{ry,...,mn}),

which is a finite-dimensional G*-submodule of €. This implies that £y is a locally
finite G*-module. Therefore it is completely reducible as G is a finite-dimensional
split simple Lie algebra. Now as 7(G,G) is a G%-submodule of &, there is a G-
submodule QO of & such that & = g'" @ 7(G,G). We next observe that & C &y
for A € A, and define

(3.7) G* := the G*-submodule of £, (C L) generated by G°.

Lemma 3.3. (i) Set £ :=G®7(G,G). Then & is a Lie subalgebra of L and also
a G-submodule of L. Moreover, the restriction of w to € is both a Lie algebra

homomorphism and a G-module homomorphism.
(ii) Consider (3.7). For A € A, we have the following:

(a) G* is a Lie subalgebra of L.

(b) The restriction of 7 to G* is a G*-module isomorphism from G* onto G*.
In particular, G* is an irreducible G*-submodule of &y (C ENA) isomorphic
to G*.

(c) ¢ ®7(G.6) =G ®7(G,9).

(d) The restriction of w to G* is a Lie algebra isomorphism from G* onto G.
In particular, G* is a Lie subalgebra of &y (C [:A) isomorphic to G

Proof. (i) This is easy to see.

(ii) If A = 0, we get the result using the fact that G° & 7(G,G) = G°®7(G, G).
Now we assume A € A with A # 0 and prove (a)—(d) simultaneously. We know
that £y = G* @ 7(G, G) is a locally finite G*-submodule of £ under the action “-”
restricted to G* x € and that 7(G,§G) is a submodule of G* @ 7(G, G). Therefore,
there is a G*-submodule P of G* @ 7(G,G) such that &, = G* & 7(G,G) = P @
7(G,G). Tt follows that P is a subalgebra of £ and that 6 := 7|p : P — G is a
Lie algebra isomorphism as well as a G*-module isomorphism. Consider the weight

space decomposition
g)\ - Z (g)\ ) «

a€(Rx)sdiv
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for G* with respect to H* and the weight space decomposition

= > (G

OZE(R[))sdiv
for GV with respect to Ho. Then
(g)\)(m (OAS (RO)gdivv
@)a=1 3 [(6Ma:(@)-al, a=0.

OtG(Ro)X

sdiv

We next set

Qy = 0_1((g0)a); a € (RO)sdiv~

Then P = Py @ ZQE(R)\)SXC“V P, is a weight space decomposition for the G-
module P with respect to H,. Moreover Q := 6~1(G%) is a G%-submodule of P
isomorphic to G° and it is equipped with the weight space decomposition Q =
20 (Ro)uar, Qo With respect to Ho. Using this together with part (ii)(b) for A = 0,
we have:

{Pa = 071((GNa), @ € (R))sdiv,

o (Py®7(G,G)) @ ZQG(R)\):diV P, is a weight space decomposition for £, with
respect to Hy,

e (Qy®T7(G,6))® ZCMG(RQ)SX(“V Q. is a weight space decomposition for & = Q &
7(G,G) with respect to Hy,

° GO is a nontrivial finite-dimensional irreducible G°-submodule of &, isomorphic
to GY.

So by [19, Prop. 2.15], G* is a G*-submodule of £y isomorphic to G*. It is not

difficult to see that the restriction of 7 to G* is a G*-module isomorphism from G*

onto G*. This in turn implies that G* @ 7(G,G) = G* ® 7(G,G). Now as G* is a

G*-submodule of £, one finds that G* is a subalgebra of £ and that g, G — g

is a Lie algebra isomorphism. O

Corollary 3.4. (i) For A\, € A with A\ < p, we have G* C G*, in particular
Uxea G* is a subalgebra of L and also a G-submodule of L.

(i) Set G := Usea G*. Then m|g is a Lie algebra isomorphism as well as a
G-module isomorphism from G onto G.

(i) o 7(G,6) =G a7(G,9).

Proof. Since Go - G NG* and G* C G*, we have ¢ C GH. Now using Proposition
3.3(ii), we are done. O
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Recall (3.3) and suppose Z is an index set containing a symbol named zero.
Fix a basis {a; | i € T} with ag = 1 for A, a basis {b; | j € J} for B and a basis
{et|teT}forC.ForieZ, jeJandteT,set

(3.8) G =0®a;, §:=8b;, Vi=V®c;

note that these are G-submodules of £. We identify G ® 1 with G. Now for A € A,
set

(3.9) G =0"®a, 8 =81, W=V

Suppose M is one of the G-submodules of £ in the class {G;,S;, Vs | ¢ € T\ {0},
j€J,t€ T}, and for A € A, consider M* as in (3.9). By [19, Prop. 2.12(b)] the
vector space M is the direct union of the class {M?* | A € A} where for each A € A,

e M?” is a finite-dimensional irreducible G*-submodule of £*,
e M? has a weight space decomposition with respect to H,, whose set
of weights, I"y, can be identified as a subset of R},

(3.10) e for 4 € A with A < p, we have 'y C T, and (M?*), = (M*), for all

v e\ {0},
(Rx)sh if o \ {0} = (Ro)sh.
o I\ {0} = (B\)Zaiy if To \ {0} = (Ro) v
((R/\)sdiV)sh if To \ {0} = ((RO)sdiV)sh~
Now set

We can see that for A € A, M* is a locally finite G*-submodule of £ under the
action “-” restricted to G* x £, and so it is completely reducible. This allows us
to fix a G%-submodule M° of M° such that

MO = MO ® T(g7M).
We next define
(3.11) M := the G*-submodule of M* (C L) generated by M°, X € A.

Lemma 3.5. (i) (a) For A\ € A, the restriction of © to M> is a G*-module
isomorphism from M* onto M* and M» = M* & (G, M).
(b) For A\, ;€ A with X\ < p, we have M» C M*; in particular
M= | A
AEA

is a G-submodule of L.
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(¢) The restriction of © to M is a G-module isomorphism from M onto M
and M = M &7(G,M)=MDT(G,M).
(ii) If z € M and w(x) € M> for some X € A, then z € M*.

Proof. (i) Consider (3.10) and use the same argument as in the proof of Proposition
3.3(ii).

(i) Take € A such that 2 € M*. We know that there is v € A with
A < v and g < v. Since the restriction of 7 to M* is a G*-module isomorphism
from M* onto M*, one can find y € M* such that m(z) = w(y). So x,y € M"
and w(xz) = 7(y). But the restriction of 7 to MY is a GY-module isomorphism
from M?" onto MY, therefore & =y € M*. O

Consider (3.8) and (3.9) and recall that we identify G ® 1 with G. Suppose
that i € Z, j € J and t € T. Then for A € A, contemplating (3.11) and using
Propositions 3.5 and 3.3(ii), one gets:

e G, the G*-submodule of £ generated by G, is an irreducible
G*-submodule isomorphic to G,

(3.12) . SJ)‘, the G*-submodule of £ generated by SJQ, is an irreducible

G*-submodule isomorphic to ij\,

. VA the G*-submodule of £ generated by Vt(), is an irreducible
G*-submodule isomorphic to V};

moreover setting

lehgg{\, S]:hQSJ’\, Vt:hgvt’\,

AEA AEA AEA

we see that gl is a G-submodule of L isomorphic to G;, Sj is a G-submodule of L
isomorphic to S;, and V, is a G-submodule of £ isomorphic to V,. Finally, we have

GioT(G,6)=GdT1(G,G), G ®1(G,G)=3G®1(G,G),
(3.13) S;®7(G,8) =8 ®7(G,8;), S} ar(G,8)=8 &7(G,8)),
Vt S T(g7vt) = vt 2 T(g,Vt), Vt)\ S3] T(g7vt) = Vt)\ D T(gv Vt)

Lemma 3.6. (i) Recall (3.4); there is a subspace D of [L°, £L°]™ N (Dy @ ker(r))
such that

(1) =(D) < Dy,

(2) 7|y : D — Dy is a linear isomorphism,
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© 55 = )
(4) for X € A, [G*, D™ CZ]EJ -

(1) Dier Gi+ djes Sj+ doieT Vi + D is a direct sum.

Proof. (i) We note that Dy C £° = [£°, L], so for d € Dy, there are n € N\ {0}
and z;,y; € £°, 1 <i <n, such that d = Y"1, [#;, y;]. Therefore we have

Z[Inyz’]w =d+ ZT(ﬂfi,yi) € [£% L™ N (Do + ker(n))
i=1 i=1

and (31", [2i,4:]™) = d. So one can find a subspace D of [£°, £°]~ N (Dy @ ker(r))
such that 7|z : D — Dy is a linear isomorphism. Now using Lemma 3.1 together
with the fact that 7|zogker(r) : L0 @ ker(m) — L0 is a central extension of £°, we
deduce [G°, D]~ C [G°, Dy]™ = {0}. So we get (1) (3).

For (4), suppose A € A, = € G* and d € D. Since L* @ ker(n) is a central
extension of £*, using Lemma 3.1 together with (3.4) and (3.13), we have

[2,d]™ € [z, Do+ker(m)]™~ C [z D,\+ZS’\+ker } { Zsﬂ c Y8
JjeT
This completes the proof.
(ii) This is easy to see. O

Thanks to Lemma 3.6(ii), we set

L= @Gi@@é‘j@@%@ﬁ

(3 14) i€T JjET teT
=Pie@Pse@Pvien, reA
€L jeT teT

One can see that £ Nker(r) = {0} and so by (3.13) and Lemma 3.6(i), we get
L = L @ ker(r).

Also considering (3.5), (3.9) and (3.13) for A € A, we infer that

(3.15) LY = L @ ker(m) = L @ ker(7)

is a Lie subalgebra of £, and £ is the direct union of {£* | A € A}.
Now take

(3.16) :L— L and 7 : L — ker(n)
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to be the projective maps on £ and ker(r) respectively, with respect to the de-
composition £ = £ & ker(r), and for z,y € £, define

(3.17) [z, 9] = m([z,4]7) and  7(z,y) = m([z,4]").

Then (£, [-,]") is a Lie algebra and 7 : £ x £ — ker(n) is a 2-cocycle.
In the following, we show that for A € A, £* is a Lie subalgebra of £ and so
L is the direct union of the class {£* | A € A} of its subalgebras.

Lemma 3.7. (i) (a) For A € A, £ is a G*-submodule of L; in particular, £ is
a G-submodule of L.
(b) 7|z is a Lie algebra isomorphism from (L,[-,-]") to (L, [-,-]).
(c) For A € A, £ is a Lie subalgebra of (L,[-,-]') and 7|z is a Lie algebra
isomorphism from L to L.

(i) (a) m : £ — L is a central extension of L with corresponding 2-cocycle 7
satisfying 7(G, £) = {0}.
(b) For A€ A, my|z : L* = L is a central extension of L with correspond-
ing 2-cocycle 7| sr, pr satisfying 7(G*, L) = {0}.
(iii) For A € A, there is a subalgebra Dy of L with 7T(T),\) = Dy such that
(1) Dy =D,
(2) Dy is a trivial G*-submodule of £,
(3) L= ZieI g} ® Ejej SJ)\ 8% ZteT Vt/\ ® bk-
Proof. (i) (a) This follows easily from Lemma 3.6(i)(4).
(b) For each z € L, there are unique /, € £, £, € £ and e,, f, € ker(r) such
that = 0, + e, = 0y + fz- We have
fém =z, fll =—e;, x€EL,
ééy =Y, €, :_fy> yEﬁ.
Using this, one can see that for z,y € £, 7([z,y]") = [lx,£,] = [7(x), 7(y)]. This
together with the fact that £ = £ @ ker(n) = £ @& ker(n) implies that 7 restricted

to £ is an isomorphism from £ onto L.
(c) Suppose A € A and z,y € L*. Then

[z,y] = [z, y]” — T(z,y) = [la, by] + T7(le, £y) — T(z,y) € L+ ker(m) = £

Therefore we have [x,y]" € £LNL> = £*. This shows that £* is a subalgebra of £.
Now as the restriction of 7 to L is a Lie algebra isomorphism from £ to £, (3.15)
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shows that the restriction of 7 to £* is a Lie algebra isomorphism from £ to £*.
This completes the proof.

(i) (a) Since £ = £ @ ker(), it is immediate that 7| is a central extension
of L. For the last assertion, suppose that z € G and Yy € L. Then by Corollary
3.4(iii), m(x) € G and so by part (i)(a), [z,y]™~ = [r(x),y]™~ € L. This implies that
Hayy) = ol y)) = ma(([m(2), 5]~ = 0.

(b) Use the same argument as in (ii)(a).

(iii) Let A € A. Consider (3.4) and set Dy := L) N7~ 1(Dy). We first show
that D, is a subalgebra of L. Suppose that dl,dg € Dy C £*. Since D, is
a subalgebra of £*, we have W([dl,dg]') = 7([dy,ds]™) = [ (dl) 7(dy)] € Di.
Therefore, [dy,ds]” € £* N7~ 1(Dy) = Dy. This means that Dy is a subalgebra
of £A. Tt is easy to see that Dy = D. For (iii)(2), we first recall that 7|z, : £* — £
is a central extension of £*. We next note that 71'(1.)>\) C D, and that by Proposition
3.3(ii)(c), we have 7(G*) C G*, so Lemma 3.1 implies that

(6, D))~ = [6*, DA™ = {0},

To show (iii)(3), we just need to prove that

HCY @ oY &6 R ob.

i€ jeg teT
Suppose that d € D. Since 7(D) C Dy, one can find dg € Do and r € ker(ﬂ) such
that d = dy + . But Dy C Dy +de.7 2 and dej 2 C e S A+ ker(7)
(see (3.13)), so there are dy € Dy, § € ZJGJS] and 7’ € ker(m) such that
d=dy+s$+7 +7r Thus dy :=dy+1r" +r=d— € L and 7r(d>\) =dy) € Dy, so

dA € DA. This shows that d = d)\ +s5 € Z'DA @ dej S] and so we are done. O
Now we are ready to turn to the main results of this section. For the conve-
nience of readers, we summarize what we have done so far. We recall that R is an

irreducible locally finite root system of type BC; and
L= GoY o> VoD =GoA)eaB)e(Vecl)oD
i€T jeg teT
is an R-graded Lie algebra with grading pair (G, H). Also 7 : (£, [-,-]~) = (£, [-,-])
is a central extension of £ with corresponding 2-cocycle 7. We saw that we can

lift £ (resp. G) to a subspace £ (resp. G) of £ which can be identified with £
(resp. G) as a Lie algebra so that the corresponding 2-cocycle 7 satisfies

%(97 E) = {0}

Also the Lie algebra G is the direct union of a class {G* | A € A} of its subalgebras
and the Lie algebra £ is the direct union of a class {£* | A € A} of its subalgebras.
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Moreover, there is a class

{Gi, S, Vi, G S} VDA NEN i€T, je T, teT}

such that
=Y 6eY S eY ven,
ieT jeg teT
and for A € A,
Py @eY SeY Ren
ieT jeg teT

is a decomposition of £* into irreducible G*-submodules via the adjoint represen-
tation. Also for all A € A,

e Go=G and G} = G,

e G* is a subalgebra of L,

e D, is a subalgebra of the centralizer of G* in £*,

DO - [‘CO"CO]N = [£07£0]~’

L=Loker(n) =376 8 cs S Y er Vi ® Do @ ker(m),

L =L ker(m) =3 ,cr gz)\ ® Zjej S)\ DD ter Vt)\ ® Dy & ker()

= EiEI ng D Zjej SJ)\ 52 ZtET Vt)\ ©® D)\ D ker(w).

So we may replace (£, G, T, ﬁ*,gk,gi,Sj,vt,gA SM V), D)) (see (3.4), (3.5), (3.8)

NI T T Fn T P T 0 Ty 0 Tt
and (3.9)) with (E,g,i’,E)‘,g’\,gi,Sj,Vt,gf‘,Sj‘,Vﬁ,D)\); in particular we may
assume
(3.18) L= (G A @ (S*@B)o(V@C)® Dy
=G 2A)®S*eB)o(VaC)aD
with
(3.19) 7(G,£) = {0} and D, C [£° L.

Now since 7|zxgker(r) 18 @ central extension of L£* with corresponding 2-cocycle T
satisfying 7(G*, £*) = {0}, it follows from [3, Prop. 5.32] and [2, Thm. 3.7] that
the summands G* ® A, S* ® B, V* ® C and D, are orthogonal with respect to 7
and that for z,y € G*, a € A, s € S}, be B, v € V* and ¢ € C, we have

rolyed”=relyed+r@@zolyae)=rolyed=|ryeaq,
2®1,s@b~=[z®1,sb+7(z®1,sb)=[zR1,s®@b = [z,s] Y,
Lo =z@Lvecd+7(z®1L,vRc)=[z®@L,v®c =rv®c.
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Together with the fact that QA,SA and V» are irreducible finite-dimensional
G-modules, this implies that (G* ® A) & (S* @ B) & (V* ® C) C [L*, £2]™. There-
fore using (3.19), we conclude that for A\ € A, £} C [£* £*]™; in particular,
LClLo

Theorem 3.8. Suppose that I is an infinite index set and £ is an integer greater
than 3, R is an irreducible locally finite root system of type BCT and q := (a,*,C, f)
is a coordinate quadruple of type BC. Take b := b(q) and suppose K is a subspace of
1U(b). Set (b,0) := {b,b},/KC, take A (resp. B) to be the set of x-fixed points (resp.
x-skew-fized points) of a and consider the R-graded Lie algebra L := (G ® A) ®
(S@B)d (VC)® (b,b). Use the same notation as in Theorem 2.8 and suppose
that 7 : L X L = E is a 2-cocycle. Consider the corresponding central extension
L :=L®E as well as the canonical projection map w : L — L. If L is perfect,
then L is an R-graded Lie algebra with the same coordinate quadruple (a,*,C, f).
Also there is a subspace Ko C (b) such that L can be identified with (G ® A) @
(S@B)®(VRC)® ({b,b}/Ko) where setting (8,5 )c :={B,8}e+Ko (8,8 €0b),
the Lie bracket on L is given by

(w80, y@a]™ = [z, y]®L (a0a’)+ (@oy)® b o, ']+ tr(wy) (0, @),
[z®a, s®b]™ = (z0s)@3 [a, b+[z, s|® 3 (acb) = —[s®b, z®a]”,
[s®b, t@b']™ =[s, t]@ 3 (bob’)+(sot)® 1 [b, b']+tr(st) (b, b')e,
[z®a, u®c]™ =ruRa-c=—[u®c, x®al”™

[s®b, uRc]™ = su®b-c=—[u®c, sQb]~,

[u®c, v&c']™ = (uov)®(coc)+[u, v]@(coc’ ) +(u, v){c, ),
[

[

[

[

)

(3.20)

B, B2), x®a]™ =77 @ 7 (2030)®la, B3, g, ][z, Jo]®@aoBs, 4,),

B, Bz), s@b]™ = 37 ([s, @ (b0, 5,)+(50T0)@[b, B3, 5,142 tr(5T0) (b, B3, po) ),
B, B)e, v@c|™ = 214301)@(/521 5,-C)—30Q(f (¢, B3)-B1+[(c, BT)-B3)

B1, B2)e, (B1, Bo)e)™ = {dj, 5, (B1), ﬂ§> +(B1,d5, 5, (55))c

forax,y € G, s,t €S, u,v €V, a,a € A bb e B ed eC, Bi,B,01, 8 €b.
Moreover, under the above identification, m : L — L is given by w(x) = x for

ze (@A) e (SeB)e(Val) adr((8,5)) = (8,8 for B, €b.

Proof. As we have already seen, without loss of generality we may assume

(3.21) 7(G,L£) = {0} and L£*C[LMLM™, MeEA.
We know that £ is an R-graded Lie algebra with grading pair (G, H) and weight
space decomposition L= D, cR L., where

(3.22) Lo=Lo® ker(m) = Lo ® F and Lo=Ly, a€ R\ {0}.
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Suppose that {a; | i € I}, {b; | j € T} and {c¢; | t € T} are bases for A, B and C
respectively. We assume 0 € 7 with ag = 1 and identify G ® 1 with G. For A € A
andi€Z,je€ J and t €T, we set

G =G "®a;, G :=G®a,
Sh=8"@b;, S8 =8,
Vg‘ =V Qe¢, Vii=VRc.

Then G; = Uyer G0 S5 = Unen S; and Vi = Uy a Vi (i€ Z,j € J, t € T) and
for D := (b, b), we have L =3, 7 G ® > ;7S ® > 1c7 Ve ®D. For A € A, set

Y=Y "ged Sted ven,

i€ jeg teT
A ZZQ?EB ZS;‘@ZV?‘@D@ker(ﬂ),
i€z jeT teT

LY=L LA™ = (£, L]

The restriction of 7 to £ is a central extension of £*. Now T 1= 7r|£A LN oA
is a perfect central extension of £*. Since £* C [£*, LA™ for A € A, setting
Zy :=ker(my), we have

(3.23) L =L@ Z,.

Also as L is perfect, we get

L=120r = U U] =Uier =1,

AEA AEA AEA AEA

i.e., the Lie algebra L is the direct union of its subalgebras £*. We next note that
L£* is an Ry-graded Lie algebra with grading pair (G*,H, := G* NH) and £
is a perfect central extension of £* with corresponding 2-cocycle Ty 1= 7|y a
satisfying 7 (G*, £*) = {0}. Therefore by Lemma 3.2,

r=N"gled Sted ViedDie:z,

i€l JjET teT

is an Ry-graded Lie algebra and D) ¢ Z) is a trivial G*-submodule of L£*. Now
the structure of G¥, G2, S]Q , Sj?‘, VY and V} allows us to use the same argument as
in [19, Rem. 3.9 and Thm. 4.1] to get

L=3"Gad Stad VeD ez

€L JjeT teT
=’ RA&S*B) eV QC) & D& 2.
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So

L= UﬁA:ZgiQBZSj@ZVt@DO@ZO

AEA €T JjeT teT
=(GRA)PSRB)D®(V&RC)DDy D Zo.

Now by [19, §3] and Lemma 3.2, LY, /:’,0, £* and £* have the same coordinate
quadruple, say q. Also there is a subspace Ky C LU(b), where b := b(qg), such that
Do @ 2y can be identified with {b, b},/Ko. Now by [19, Prop. 3.10], we get (3.20)
and so by Theorem 2.8, L is an R-graded Lie algebra. Now for fixed x,y € G with
tr(zy) # 0, and a,a’ € A, we have

[z,y] ® 3(a0d) + (zoy) ® 3[a,a'] + tr(zy)(a, )
=[z®ayed]=[rz®a),r(y@d)]=7(zr@ayed]")
= 7([z,y] © 3(a0d) + (xoy) ® 3[a, '] + tr(zy)(a, a’).)
= [,4] @ 3(aod) + (zoy) @ 3[a, ] + tr(zy)m((a, a’).).

This implies 7({a,a’).) = (a,a’). Similarly we can prove that 7((b,b').) = (b,V’)
and 7({(c,c'}.) = (¢, ) for b,/ € B and ¢, ¢ € C. O

Theorem 3.9. Suppose that £ is integer greater than 3 and q := (a,%,C, f) is
a coordinate quadruple of type BC, b := b(q), K C (b) and (b,b) := {b,b},/K.
Consider the R-graded Lie algebra £ := L(q,K) = (GRQA)B(SRB)®(VRC)®(b, b),
where A is the set of x-fixed points of a and B is the set of x-skew-fized points of a.
Set A:=L(q,{0}) =(GRA) B (SB)®(VRC)®{b,b}s. Then

A= L,
x—z, 2€@GA)®SRB)®(V®IO),
{ﬂ7ﬂ/}l = <635/> = {ﬂ’6/}£+’C7 5aﬂ/ € ba

is the universal central extension of L, and ker(m) = LU(b).

Proof. By Theorem 2.8, 2 is an R-graded Lie algebra. If = € ker(w), then z =
St {Bi, Bi} for some B;, B, € b, 1 < i < n, such that >_.(8;, 8]) = 0, so z € K.
Therefore ker(m) C I C 4(b). This together with (2.22) implies that ker(w) C
Z(2). This means that 7 is a central extension of £. Now suppose that £ is a
Lie algebra and ¢ : £ — L is a central extension of £. Let £ be the derived
algebra of £ and ¢ := ¢|z. Then (L,¢) is a perfect central extension of £. By
Theorem 3.8, we may assume that there is a subspace Ky C $4(b) such that L=

(GRA)B(S@B)®(VRC)® (b,b), where (b, b). := {b,b} /Ko and that ¢ : £ — L
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is given by
px)=2, z€(@RA®GSRB)®(V®C),
@(<ﬁ7ﬁl>c) - <ﬁ7ﬁ/>7 B,ﬁl €b.

Now
V:(GRA)GSB) eVl ®{bbl—L,
Y)=z, ze(@A)e(SeBoVal), v{B 5} =(80)

is a Lie algebra homomorphism satisfying ¢ o1 = 7. Altogether, 7 is the universal
central extension of £. The last assertion immediately follows from (2.22). O

Considering [19, Thms. 4.3, 4.4] and using the same argument as above, one
gets the following theorem:

Theorem 3.10. Suppose that { is a positive integer greater than 5 and q :=
(a,%,C, f) is a coordinate quadruple of type X # BC, b := b(q), L C LU(b)
and £ := L(q,K) = (G A) & (S®B) P (b,b), the corresponding R-graded Lie
algebra, where (b,b) = {b,b},/K and A (resp. B) is the set of *-fized (resp.
x-skew-fixed) points of a. Then any perfect central extension of L is an R-graded
Lie algebra with the same coordinate quadruple q. Moreover, for A := L£(q,{0}) =
(G A) @& (S B)® {b,b},

A= L,
r—z, 2€(GRA®S®B),
{8,6'Ye—={B,8Ye+K, B, €b,

is the universal central extension of L, and ker(m) = LU(b).
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