Publ. RIMS Kyoto Univ. 49 (2013), 831-859
DOI 10.4171/PRIMS /121

Spectral Analysis of a Quantum System with a
Double Line Singular Interaction

by

Sylwia KONDEJ and David KREJCIRIK

Abstract

We consider a non-relativistic quantum particle interacting with a singular potential
supported by two parallel straight lines in the plane. We locate the essential spectrum
under the hypothesis that the interaction asymptotically approaches a constant value,
and find conditions which guarantee either the existence of discrete eigenvalues or Hardy-
type inequalities. For a class of our models admitting mirror symmetry, we also establish
the existence of embedded eigenvalues and show that they turn into resonances after
introducing a small perturbation.
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81. Introduction

The problem we study in this paper belongs to the line of research often called
singular perturbations of Schridinger operators. Let us consider a non-relativis-
tic quantum particle confined to a semiconductor structure ¥ C R3. Suppose the
particle has a possibility of tunnelling, so the whole R3 forms the configuration
space. On the other hand, if the device X is narrow in a sense, we can make an
idealization and assume that X is a set of lower dimension, for example, a surface,
a curve or dots in R3. Consequently, we come to the model of quantum systems
with potential interaction supported by a null set. The interaction can vary on ¥;
let a function V : ¥ — R denote the potential strength. Then the Hamiltonian of
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such a quantum system can be symbolically written as
(1.1) —A4+Vi(--X),

where —A denotes the Laplace operator in L?(R3) and § is the Dirac delta function.
In view of singular interactions with translational symmetry, it also makes sense
to consider one- and two-dimensional analogues of (1.1).

There are a lot of papers devoted to analysing the relation between the ge-
ometry of X and spectral properties of the Hamiltonian with delta interactions of
constant strength [6, 11, 12, 13, 15, 16]; we also refer to the monographs [2, 3]
with many references. Delta-type potentials supported on infinite curves and sur-
faces are used in particular for mathematical modelling of leaky quantum wires
and graphs [9, 4].

The simplest known model belonging to the class described by (1.1) is given
by N quantum dots in one dimension [2, Chap. 1.3, IL.2]. Then X := {2;}}*;* and
V(z;) := —a; € R. For one point interaction (i.e. N = 1, ag =: «) the system
has one negative eigenvalue —a?/4 if, and only if, « is positive. In the case of two
point interactions of equal strength (i.e. N = 2, ap = ay =: ) at distance 2a from
each other, there is one negative eigenvalue & if, and only if, 0 < aa < 1 or two
eigenvalues &y < & whenever aa > 1.

The problem we discuss in this paper can be considered as a generalization
of the two quantum dots in two respects. First, our model is two-dimensional,
with the set ¥ being one-dimensional. Second, the generalized geometry enables
us to consider potentials V' of variable strength. More specifically, we consider the
singular set ¥ composed of two infinite lines

(1.2) Y=Y _UX; with ¥y :=Rx{ta}

in R? and

(1.3) V(z):= {_O‘ tVile) o R,

—a+V_(z) ifxeX_,

with Vi : ¥ — R and a > 0. In the physical setting described above, the negative
part —a of V' models the confinement of the particle to 3, while V. can be thought
of as a perturbation.

Our first aim is to find a self-adjoint realization in L?(R?) of (1.1) with (1.2)-
(1.3). We will apply the form-sum method and the resulting operator will be called
Hga,v, ,v_. Note that the delta potential in our model does not vanish at infinity
even if Vi do (just because « is assumed to be positive). This means that we may
expect that the essential spectrum of H, v, v will differ from the spectrum of the
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free Hamiltonian in R?. In our setting, the role of the unperturbed Hamiltonian is
played by Hg 0,0

For the unperturbed Hamiltonian, translational symmetry allows us to de-
compose the operator as follows:

(1.4) Hupo~ (-A")®@1+1® (-AF) on L*(R) ® L*(R),

where —AR is the free one-dimensional Hamiltonian and —AE governs the afore-
mentioned one-dimensional system with two point interactions. The non-negative
semi-axis is the spectrum of —AR. On the other hand, as already mentioned, the
spectrum of —AR is

7(=A%) = 0aise(—Ag) U [0,00),

with the negative eigenvalues (cf. Lemma 2.3 and Figure 1)

Taise(—AF) = {{fo} it0<aa<l,
{0,611} ifaa>1,

(the discrete spectrum is empty in the other situations, which are excluded here
by the assumption a > 0). Recalling the ordering &y < & (if the latter eigenvalue
exists), we conclude that (irrespective of the value of aa)

(15) U(Ha,O,O) = Uess(Hoz,O,O) = [50700)'

The main results of the paper can be formulated as follows.

e Definition of the Hamiltonian and its resolvent. The definition of the Hamiltonian
H, v, v_ by use of the form-sum method is given in Section 2. We also derive a
Krein-like formula for the resolvent of H, v, v as a tool for further discussion.

e Fssential spectrum. In Section 3 we find a weak condition guaranteeing the
stability of the essential spectrum of Ha v, v with respect to Ha 0. We show
that if Vo vanish at infinity then

(16) Uess(Ha,V+,V,) = Uess(Ha,O,O) = [607 OO)

The strategy of our proof is as follows. Using a Neumann bracketing argument

) D [&,00) is obtained by applying the Weyl criterion
adapted to sesquilinear forms.

together with the minimax principle, we get inf ess(Hq, v, ,v_) > &. The opposite
inclusion ess(Ha,v, v

e Discrete and embedded eigenvalues. The point spectrum is investigated in Sec-
tion 4. We show that the bottom of the spectrum of H, v, v_ starts below &
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provided that the sum V, + V_ is negative in an integral sense. Assuming addi-
tionally that Vi vanish at infinity and combining this with the previous result on
the essential spectrum, we therefore obtain

(17) O—disc(Ha,V+,V,) 7é (Z)

The proof is based on finding a suitable test function in the variational definition
of the spectral threshold. We also find conditions which guarantee the existence of
embedded eigenvalues in the system with mirror symmetry, i.e. when V = V_.

e Hardy inequalities. The case of repulsive singular potentials, i.e. Vi > 0, is
studied in Section 5. In order to quantify the repulsive character of the singular
potential, we derive Hardy-type inequalities

(1.8) Hov,v.—& =0

in the form sense, where o : R — [0,00) is not identically zero. The functional
inequality (1.8) is useful in the study of spectral stability of H, v, v_; indeed,
it determines a class of potentials which can be added to our system without
producing any spectrum below &.

e Resonances. Finally, in Section 6 we show that breaking the mirror symmetry
by introducing a “perturbant” function V,, on one of the lines, for example

V+:Vb+€vpa Vo =W,

leads to resonances. These resonances are localized near the original embedded
eigenvalues v appearing when ¢ = 0. More precisely, they are determined by
poles of the resolvent which take the form

2k = Vg + pr(e) + vk (e),

where p(€) = axe + O(e?) with ay, corresponding to the first order perturbation
term and v (€) = bpO(e?) where by, < 0 establishes the Fermi golden rule.

Let us conclude this introductory section by pointing out some special no-
tations frequently used throughout the paper. We abbreviate L? := L?(R?) and
L3 := L*[R x {£a}). We also briefly write W™? := W™2(R?) for the corre-
sponding Sobolev spaces. The inner product and norm in L? are denoted by (-, -)
and || - ||, respectively. Given a self-adjoint operator H, the symbols o,(H) with
v € {ess,ac,sc,p,disc} denote, respectively, the essential, absolutely continuous,
singularly continuous, point and discrete spectrum of H. We use the symbol 1 to
denote the identity operators acting in various Hilbert spaces.
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82. The Hamiltonian and its resolvent

Let V4 and V_ be two real-valued functions from L*°(R). Given a positive num-
ber a, we also denote by V4 and V_ the functions V; ® 1 and V_ ® 1 on R x {+a}
and R x {—a}, respectively. Finally, let a be a positive constant.

§2.1. The self-adjoint realization of the Hamiltonian

Let us consider the quadratic form

favevc )= [P [ el [ v —all

Rx{—a}
@(Ea7v+7v_) = Wl’z.

Here It are the trace operators associated with the Sobolev embedding W2 —
LZ%. The corresponding sesquilinear form will be denoted by &,,v, v_ (-, ).

The form &, v, v_ is clearly densely defined and symmetric. Moreover, the
boundary integrals can be shown to be a relatively bounded perturbation of the
form &y 0,0 with relative bound less than 1. This is a consequence of the bounded-

ness of V1 and the following result.

Lemma 2.1. For every ¢ € W12 and € € (0,1), we have

1
(2.9) Ic0lzs < —lvlze + el @2l
Proof. For every € € (0,1) and v € C§°(R?), we have the bound
+a +a
(21, +a)|* = Oa|tp|? (w1, w2) Ay = 2R V(z1, 22)021p(21, 22) dza
— 0o — 00

1
< */ |7/1(I1,932)|2d$2+6/|32¢(I1,I2)|2dI2-
€ Jr R

Integrating over 1, we therefore get (2.9) for v € C§°(R?). By density, the in-
equality extends to W12, O

Remark 2.2 (Relation to the generalized Kato class). Inequality (2.9) repre-
sents a quantification of the embedding W2 < L2 . If the support of the singular
potential has a more complicated geometry we can derive a generalization of (2.9).
Consider a Radon measure pu on R? with support on a C! curve (finite or in-
finite) without self-intersections and “near-self-intersections” (see [5, Sec. 4] for
precise assumptions). Such a measure belongs to the generalized Kato class (cf. [5,
Thm. 4.1]), and consequently for any a > 0 there exists b > 0 such that

/R2 |2 dp < bl[Y||32 + a| V|32 for every o € W2,
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Since &p,0,0 is clearly closed and non-negative (it is in fact associated with
the free Hamiltonian in R?), it follows from the KLMN theorem [25, Thm. X.17]
together with Lemma 2.1 that &, v, v_ is closed and bounded from below. Conse-

quently, there exists a unique bounded-from-below self-adjoint operator Hq v, v.
in L? which is associated with Ea,v,,v_. (Notice that the sign of a plays no role
in the definition of Hy v, v_.)

Finally, let us note that H, v, v_ is indeed a natural realization of the formal
expression (1.1) with (1.2)-(1.3). As a matter of fact, our form &, v, v_ repre-
sents a closed extension of the form associated with the expression (1.1) initially
considered as acting on smooth functions rapidly decaying at the infinity of R2.

§2.2. The transverse Hamiltonian

Recall the decomposition (1.4) for the unperturbed Hamiltonian H,, ¢ . Here the
“transverse” operator —AZ is associated with the form

€ald] = /R @' = alp(+a)* — ald(=a)’,  D(ea) = WH(R).

Note that the boundary values have a meaning in view of the embedding W12(IR)
— C9(R). It is easy to verify that D(—AE) consists of all functions 1 € W2(R)N
W22(R\ {—a, +a}) satisfying the interface conditions

(2.10) P (£a +0) — ' (£a — 0) = —arp(+a),

where ¢ (a £ 0) := lim._,o+ ¢'(a £ ¢), and that —ARyp = —” on R\ {—a, +a}.
An alternative way of introducing —AE is via extension theory [2, Chap. I1.2].

Due to [2, Thm. 2.1.3], we have 0ess(—AR) = 7,.(—AR) = [0, 00). The struc-
ture of the discrete spectrum depends on the value of aa.

Lemma 2.3. The operator —AR has exactly two negative eigenvalues if aa > 1
and exactly one negative eigenvalue if 0 < aa < 1.

Proof. Let k > 0. Solving the eigenvalue problem —1" = —x21 on R\ {—a, +a} in
terms of exponential functions decaying at infinity and using the continuity of v
and (2.10), it is straightforward to see that the algebraic equation

a2 « 2
(2.11) Ze*‘m = </<; - 2)

represents a sufficient and necessary condition for —x? € o,(—AR). (Alternatively,
one could directly use [2, eq. (2.1.33)].) Clearly, equation (2.11) is equivalent to
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91(k) — g2(k) = 0 with

K— .

(2.12) g1(k) == %ef%a and ga(K) := )

Since the exponential function g; is positive and decreasing and go is increasing
in (a/2,00) with ga(a/2) = 0, there exists exactly one solution ko > /2 of (2.11)
for any a > 0. Since g; is strictly convex and g1 (0) = ¢2(0), and since the graph
of g is a straight line for x € (0, a/2) with ¢g5(0) = —1, the existence of another
(at most one) solution k1 € (0,/2) is determined by the derivative of g; at 0.
Obviously, ¢;(0) > —1 if, and only if, aa < 1. We set & := —r2 and & = —r? (if

the latter value exists). O
0.5 1.0 1.5 2.0 @
-0.2]
~04
—-0.6 ‘fl
-0.8
-1.0]
12 &o

Figure 1. Emergence of the discrete eigenvalues &y, & of —AE from the essential
spectrum as « increases for a = 1.

We refer to Figure 1 for the dependence of the discrete spectrum on aa.
The eigenfunctions corresponding to & and &; will be denoted by ¢g and ¢,
respectively. For notational purposes, it will become convenient to introduce the
index set

(2.13) N = {{0} ifaa<l,

{0,1} if aa > 1.

Due to the symmetry of the system, ¢q is even and ¢; is odd. Moreover, ¢y can
be chosen positive [2, Thm. 2.1.3].
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82.3. A lower-bound Hamiltonian

In this subsection we derive an auxiliary result we shall use several times. It is
based on an idea used in a similar context in [17].
Taking into account the structure of £, v, v_, let us define

(2.14) S\(UJH v_) inf £al] + vi|p(+a)|? + v_|p(—a)|?

= 1
GEW L2 (R)\{0} 161172 )

—&o

for any real constants v4 and v_. The number 5\(11+, v_) is the lowest eigenvalue
of the operator (1.1) on L?(R) shifted by &y, subject to two point interactions of
strength vy — @ and v_ — « and at distance 2a from each other.

It is clear that 5\(1}4_,1}_) is a continuous and non-decreasing function of
both vy and v_. The symmetry relation A(vy,v_) = A(v_,v,) holds true. As-
sume that both v4 are non-negative. Then by the variational definition of &, we
have A(vy,v_) > 0 and A(0,0) = 0. For our purposes, it is important to point
out that 5\(U+7 v_) is positive whenever at least one of the arguments is. Indeed,
if \(vy,v_)=0and vy >0orv_ >0, then we deduce from (2.14) that the min-
imum is achieved by the eigenfunction ¢y of —AR corresponding to & and that
¢o(a) =0 or ¢p(—a) = 0. Since ¢ is positive, the latter leads to a contradiction.

If V, and V_ are real-valued functions, then \ gives rise to a function \ :
R? — R via setting

(2.15) Az) == AV (21), Vo (21)).

It follows from the properties of A that if V. are non-negative and V_ or V, is non-
trivial (i.e., non-zero on a measurable set of positive Lebesgue measure), then A is
a non-trivial non-negative function.

In any case, using Fubini’s theorem, we get a fundamental lower bound for
our form &, v, v_.

Lemma 2.4. For every 1 € W12, we have

(2.16) Eavi 1= ol0le = [ Jorol+ [ Nl

The above result shows that H, v, v. — { is bounded from below by the
one-dimensional Schrodinger operator

(AR + X)) ®1  on L*(R) @ L*(R).
82.4. The Krein-like resolvent formula

The first auxiliary step is to reconstruct the resolvent of the unperturbed Hamil-
tonian, i.e. Ry(2) := (Ha00 — 2)7" for z € C\ [£,00). Once we have R,(z) we
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introduce potentials Vi and build a Krein-like resolvent of H, v, v_ as a pertur-
bation of R, (+). To do this, we will follow the treatment by Posilicano [22].

2.4.1. The resolvent of the unperturbed Hamiltonian. As above, {;, with
j € N, stand for the discrete eigenvalues of —AE and ¢, denote the corresponding
eigenfunctions. Recall that the essential spectrum of —AE is purely absolutely
continuous. Let EX(-) stand for the spectral resolution of —AR corresponding to the
continuous spectrum and let P, ;, with j € N, denote the eigen-projector P, ; =
¢;(¢;, ). Analogously, E®(-) denotes the spectral resolution of —A¥. Using (1.4),
one gets

Z/ (B+&—2)" dER(,B)®Pa7j+/R2 (B+8 —2)"HdE®(B)® dER(B),

where z € C\ [§, 00). This implies the decomposition
Ra(2) = Ri(2) + R5(2),

where the R (z), with ¢« € {d,c}, act on a separated variable function f(z) =

J1(z1) fa(w2) as

Ri(z)f( )= jEN\/f/ m%@z)(%»ﬁ)p(k)y
c _ 1 R R/
BRI = [, s RS B

with fl denoting the Fourier transform of f;. Set 7]2 (2) := z —&;. In the following
we assume that z is taken from the first sheet of the domain of z — 7;(2), i.e.
S75(2) > 0.

Using the standard representation of the Green function of the one-dimen-
sional Laplace operator,

1 etr(®1—y1) i eiklzi—y1l
AR 3t :—/7d _re
( ) (xlayl) o0 R p2 — k2 p 2 k )

we conclude that R2(z) := dieN R%4(2) where the RJ;%(z) are integral operators
with kernels

i eimi(@)lri—y|

(2.17) GL (2 2,y) =5 T%(%z)%(@/z)

Moreover

ei7(p,2)|z1—y1 |
(2.18) Rg(z /R2/ ————0(p, 22)Y(p, y2) f1(y1) f2(y2) dy1 dya dp,
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where 72(p,z) = z — p?, 37(p,2) > 0 and ¥(p,z2) stands for the generalized
eigenfunction of —AE discussed in [2, Chap. 11.2.4]. To be fully specific, 1 (p, x2)
can be obtained from eq. (2.4.1) of [2, Chap. II] multiplying it by 5-;
Appendix E, eq. (E.5)].

The resolvent of H, .0 can also be written in a Krein-like form. We start with

see also [2,

the resolvent of the free system Ro(z) = (Ho0,0—2)"", z € C\[0, 00). By means of
the embeddings Iy : W2 < L2 and their adjoints I} : L2 — W52 we define

Rot(z):=I+Ro(z): L* - L%, Ro+(2):= Ro(2)I[}: L% — L2
Finally, the “bilateral” embeddings take the forms
Ro,ij(2) :== LiRo(2)I} : L*(R x {ja}) = L*(R x {ia}), i,j€ {+,—}.

Let I'g,o (2) denote the operator-valued matrix acting in L2 & L? as

-1
FO,a(Z) — «Q 071 + RO,JrJr(Z) RO,JF*(Z) )
0 — R07,+(Z) RO’,,(Z)
Note that the continuity of I; : W2 — L2 i € {4, —}, implies the continuity

of the adjoint embedding I} : L? < W12, Therefore

(2.19) Ran Ry ;(z) ¢ W2,

Moreover, since Ran I} N L? = {0}, we obtain

(2.20) Ran R ;(2) N W22 = {0}.

Theorem 2.5. Let z € C\ [£p,00) be such that the operator T'g o(2) is invertible
with bounded inverse. Then the resolvent Ry (2) is given by

(2.21) Ro(2) =Ro(2) = Y. Roi(2)Toa(2);;' Ro(2),
i,j€{+,~}

where the To o (2);;"

i; are the matriz elements of the inverse of LI'oa(2).

Proof. In view of (2.19), the operator R, (z) defined by (2.21) satisfies Ran R, (2)
C W2 Assume v € W2 and ¢ € L. Using E,0,0(¢, Ro(2)$) — 2(¥, Ro(2)$) =
(1), ¢), we get

ga,O,O(w7Roz(Z)¢)) - Z(¢7Ra(2)¢) = (¢7¢)
= > o Roi(2)9) s = D (¥ Toal2); Ros(2)0) 12

ie{+,—} i,je{+,—}

+ ) Oé(w,Ro,z‘j(z)ro,a(Z);klﬁo,k(z)@Lg7

i,j,ke{+,-}
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where we use the embedding W12 < L2 for ¢ in all expressions with scalar
product in L?. Applying the identity

(0, Roi(2)$)2 = Y (d}aFO,OA(Z)ikFO-,Oé(Z)]:jl‘éo,j(z)d))L?

Jke{+,—}

and using the explicit form of Iy 4(2);;, one obtains

(2.22) o 0.0, Ra(2)9) — 2(¢, Ra(2)9) = (¥, 0).

Moreover, note that R,(z) is invertible. Indeed, employing (2.21) and (2.20)
we conclude that each f € Ran R,(z) is a direct sum f = f; + fo where f; €
Ran Ry(z) and fo € WhH2\ W22, This implies Ker R, = {0} and together with
(2.22) completes the proof. O

2.4.2. The Krein-like formula for the resolvent of H, vy, v_. Relying on
(2.21) and (2.19), we can determine analogous embedding operators as in the
previous section but now instead of Ro(z) we consider R,(z). Namely, define
Rot(2) == IRy (2) : L* = L2, Ro+(2) :== Ra(2)I% : L3 — L? and Ry ij(2) =
IiRa(2)I7 : L3 — L7 where i,j € {+,—}.

For any bounded function V', set V/2 := sgn(V)|V|'/2. Define the operator-
valued matrix

B(z) e (VP Rasr VL2 VA 2R (V2
|Vf|1/2Ra,7+(z)V+/ |Vf‘1/2Ra,77(z)V/

acting on Lﬂ_ @ L.

Theorem 2.6. Let z € C\ o(Hq,v, v_) be such that the operator 1 + B(z) is
invertible with bounded inverse. Then

(223) Rav,v(2) = Ra(2) = > Rau(2)V;*[1+ BRI Ra(2)
ige{+-}

1

determines the resolvent of Hu v, v_; here [1 + B(z)];:~ stand for the operator

j
valued matriz elements of [1 + B(z)]~ .

Proof. Combining (2.21) and (2.19) and using the definition of Ry v, v._(2) given
by (2.23) we have Ran Raﬂ-(z) C W2 and consequently Ran Rov,. v (2) C w2,
Denote Y(z);; :==[1 + B(z)]l_j1 and assume ¢ € W12 and ¢ € L?. Employing

the identity E4,0,0(¢, Ra(2)®) — 2(¢, Ra(2)d) = (¢, @) we get
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504,V+,V7 (1/’; RCM,V+,V7 (Z)¢) - Z(wv R()é,V+,V_ (Z)d)) = (1/’7 ¢)
+ Z (¢7WRa,i(Z)¢)L§ - Z (v, Vil/QT(z)ij\Vj|1/2Ra,j(Z)¢)L?

ie{+,—} i,je{+,—}
— > (@ ViRaii (VP () 0 Vi P R (2)8) Lo
ij,ke{+,—} '

Furthermore, writing
(W ViRas(2)0)1z = Y (VPR TRV Ry (2)9) 1
j,kG{Jr,*}

and using the explicit form of Y(z),;, one obtains

Eaviv. (, Rav, v (2)0) — 2(¥, Rav, v (2)8) = (¥, ¢).

Repeating the same argument as in the proof Theorem 2.5, we conclude that
Ro v, v_(z) is invertible. O

The resolvent formula derived in the above theorem can be written in a short,
more familiar form. To this end it is convenient to write V/2 = Vi/ 2o V!/? (and
analogously for [V|'/2) and introduce R, (2) : L? — L% @ L% defined by R, (2) =
Ro (2)0 @ Ra,—(2)¢ and Ry(2) : L2 @ L? — L? defined by Ru(2)(f+ ® f-) =
Ro+(2)f+ + Ra—(2)f—. With these notations, identity (2.23) reads

(2.24) Rov, v (2) = Ra(2) — Ra(2)VY2[L + B(2)] 7' |V|'2Ra(2).

Note that (2.24) gives the Krein-like resolvent studied by Posilicano [22, 23].
(To be fully specific we identify the embedding 7 introduced in [22] with W12 —
L*(R x {+a}, |V|Y%dx) ® L*(R x {—a},|V_|'/?dz).) Furthermore, redefining all
the embeddings introduced above by means of 7, we get the resolvent formula
derived in [22, Thm. 2.1]. Applying the results of [23], we get

z € p(Ho) Np(Hav, v.) & z€p(l+ B(2))

and

(2.25) z€op(Hav, v.) & Ker(1+ B(z)) # {0}.

2.4.3. The system with mirror symmetry. Let us consider a system with
mirror symmetry, i.e.

(2.26) Vi=W=V_,

where V5 : R — R is a given function. For this case we use a special notation,
Hu,v, = Ha v, v,- Using (2.23), we can reconstruct the resolvent R, v, (z) =
(HOt,Vo - Z)_l'
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Now, we introduce a “slight” perturbation of the symmetry taking

(2.27) Vi=V+V, where V.:=¢€V,, €>0,
Vo=V,

where the “perturbant” V,, is a function from L*°(R). In the following we abbre-
viate Ha;e = v4v,v-

Considering the system governed by H, v, as a starting point, we construct
the resolvent Rq. of Hg;e,

(2.28) Raie(2) = Ra,v(2) — Ra,+(z)‘/vel/2r(2)7l‘Ve|1/2Ra,+(z)
where
(2.29) D(2) =1+ [Ve|Y?Ra vy (2) VA2

and Rq,v, acts as Ra v,,v, but maps L2 to L2 . The proof of (2.28) can be obtained
by repeating the arguments of the proof of Theorem 2.6.

83. The essential spectrum

The spectrum of the unperturbed Hamiltonian Hy 00 is given by (1.4). In the fol-
lowing we show that the essential spectrum (1.5) is stable under perturbations Vi
which vanish at infinity in the following sense:

(3.30) lim esssup |Vi| =0.
L—o0 R\[-L,L]

Theorem 3.1 (Essential spectrum). Assume (3.30) holds. Then
Oess(Ha,v, ,v_) = [§0,00).
We prove this theorem in two steps.
83.1. A lower bound for the essential spectrum threshold

First, we show that the threshold of the essential spectrum does not descend below
the energy &.

Lemma 3.2. Assume (3.30) holds. Then
inf chs(Ha,V+,V_) > £0~

Proof. Given a number L > a, let HY denote the operator Hayv, v with a
supplementary Neumann condition imposed on the lines {+L} x R and segments
(—L,L) x {£L}. It is conventionally introduced as the operator associated with
the quadratic form £V which acts in the same way as Ea,v,,v_ but has a larger
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domain, D(EN) 1= @ _, W3(Qy,), where Q, are the connected components of R?

divided by the curves where the Neumann condition is imposed:
Qy:=(—L,L) X (—o0,—L), Q3:=(—00,—L) xR,
e L A

Oy :=(—L,L) x (L, 0), Q4 :=(L,00) x R.

We have the decomposition HY = @izo H ,iv , where H ,ﬁv are the operators asso-
ciated on L?(£;) with the quadratic forms

ENIY) = V|? Ve — o)l |2
Ny /Qk| " +/(RX{+G}M< A

+ (V- — )l
Rx{—a})NQ
DEN) = W2 Q).
Since Hy,v, v 2> HY and the spectrum of Hév is purely discrete, the minimax
principle gives the estimate

inf H >  min {inf HM)} > min {info(HY)}.

Tess 047V+’V7) = ke 7_“74}{ Oess(H, )} = ke{l,..<,4}{ o(Hj, )}
It is easy to see that the spectra of H{Y and HJ' coincide with the non-negative
semi-axis [0, 00). Hence, it remains to analyze the bottoms of the spectra of HLY

and H}Y. Using analogous arguments to those leading to Lemma 2.4, we have the
lower bound (k € {3,4})

&= ol = [ 100+ [ AR = esyint 012,
k k
Consequently,

inf Oess(Ha,v, v ) > min{O7 &+ min{es%inf A, es%inf )\} }
3 4

Now, since V. vanish at infinity, the same is true for the function \. Hence, for
every €, there exists L such that for a.e. |z1| > L (z2 € R), we have |\(z)| < e.
Consequently, if € < |&],

inf oess(Ha,v, v ) > &0 — €
The claim then follows by the fact that € can be chosen arbitrarily small. O
83.2. The opposite inclusion
Lemma 3.3. Assume (3.30) holds. Then
Oess(Ha,v, v ) 2 [€0,00).

Proof. Our proof is based on the Weyl criterion adapted to quadratic forms in [7]
and applied to quantum waveguides in [21]. By this general characterization of
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essential spectrum and since the set [£, 00) has no isolated points, it is enough to
find for every & € [£,00) a sequence {¢,}52; € D(Eq,v,,v_) such that

(i) Vn e N\ {0}, [¢n|lz2 =1,
(ﬁ) ||(Ha,V+,V7 - f)ﬁ’n”—l m 0.

The symbol || - |1 denotes the norm in D(Eq,v, v_)*, the dual of D(Eqv, v )

equipped with the norm

[l 1= \/Eave v 18] + (L4 Coll¥ 2,

where Cy denotes any positive constant such that H, v, v + Cp is a non-negative
operator. We choose the constant C sufficiently large, so that || - || +1 is equivalent
to the usual norm in W2, This is possible in view of the boundedness of Vi and
Lemma 2.1.

Let n € N\ {0}. Given k € R, we set £ := & + k2. Recall that the function ¢
denotes the ground state of —AR corresponding to &. Since the interactions Vi
vanish at infinity, good candidates for the sequence 1,, seem to be plane waves in
the xp-direction “localized at infinity” and modulated by ¢g in the zo-direction.
More precisely,

b (@) = (1) do(w2)e™™,
where ¢, (21) := n=2p(2z1/n — n) with ¢ being a non-zero C* function with
compact support in (—1,1). Note that supp ¢, C (n? — n,n? +n). Clearly, v, €
W2 = D(Eyv, v ). To satisfy (i), we assume that both ¢y and ¢ have L*(R)
norm 1. It remains to verify condition (ii).
By the definition of the dual norm, we have

ga, ,V_ ﬂ/’n _g adjn
(v~ r = sup oty (nbn) 280 Pn)ee]
neWw.2\{0} I7l+1

An explicit computation using integration by parts yields

Ea v v (M 0n) — &M, 2bn) L2

= (0, [~@n — 2ikpn]doe™™) 2 +/
Rx{a}

VI () + / V_I_ ().

Rx{—a}

Using the Schwarz inequality and the normalization of ¢, we get the estimates

(0, [=@n — 2ikn]doe™™ ) 12| < |Inllp2(|@nll L2 ) + 20K] 190l L2 @),

/ Vi (1)
Rx{+ta}

< Menllzz [Veenl 2 )l ¢o(£a)|.
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By the choice of Cp and Lemma 2.1, both [|||z2 and [|/+n[|rz can be bounded
by a constant times ||n||+1. Hence, there is a constant C, depending on «a, «, k,
[IV4]loo and ||V-||oo, such that

[(Ho,vy ve = &¢nl-1
< C(I@nllLz®) + lonll2@ + 1Vienllze@ + IV-¢nllL2m))-
The first two norms on the right hand side tend to zero as n — oo because
l&nllLz@ =n " H@lewy:  I6nllre@ =n 2116l L2w)-

The remaining terms tend to zero because of the estimate

Vienllz2m) < esssup |V,
Supp @n,

in which we have employed the normalization of ¢,,, and the fact that inf supp ¢,
tends to infinity as n — oo. O

84. The point spectrum

In this section we study the existence of eigenvalues corresponding to bound states.
We will be interested in the discrete spectrum as well as in embedded eigenvalues.

84.1. The discrete spectrum

In the following we establish a condition which guarantees the existence of discrete
eigenvalues outside the essential spectrum.

Theorem 4.1 (Discrete spectrum). Assume that V_ +V, € L*(R) and

/(v_ +V)(2)de <0,
R

Then

info(Ha,v, v_) < &o-
Consequently, if in addition Vi vanish at infinity, then Hy v, v_ has an isolated
eigenvalue of finite multiplicity below &g, i.e. (1.7) holds.

Proof. The proof is based on a variational argument. Our aim is to find a test
function ¢ € W12 such that

QY := Eavy v [¥] — &oll¥l172g2y < O.
For any n € N\ {0}, we set

V() = pn(21) 0 (72),
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where ¢ is, as before, a positive eigenfunction of —AE normalized to 1 in L?(R),
and

1 if |z1| < n,

2n — |zq]

(4.31) Pn(T1) 1= if n < |a1] < 2n,

0 otherwise.

Obviously, ¢, € W2, Using ea[¢o] = &oll¢ol|7(r) and the fact that ¢ is even, it
is easy to check the identity

MM=AWW+M@RQ%+WWﬁ~

Asn — oo, the first term on the right hand side tends to zero, while the second con-
verges (by the dominated convergence theorem) to a multiple of [ (V_+ V) < 0.
Hence, Q[,] is negative for n sufficiently large. O

Remark 4.2. The integrability of V, + V_ is just a technical assumption in The-
orem 4.1. It is clear from the proof that it is only important to ensure that the
quantity

Lﬂw+ww&
R

becomes negative as n — oo, the value —oo for the limit being admissible in
principle. For instance, one can alternatively assume that V, + V_ is non-trivial
and non-positive on €2y for the present proof to work.

84.2. Embedded eigenvalues

The aim of this section is to show that the system with mirror symmetry (cf. Sec-
tion 2.4.3) has embedded eigenvalues under certain assumptions. For V, € L*(R)
vanishing at infinity, we consider the Hamiltonian H, v, = Ha,v,,v,- Recall that
the essential spectrum of H, v, is given by (1.6).

We simultaneously consider an auxiliary operator H 012 v, on L?(RxR™T), which
acts as H,. v, on R X RT, subject to Dirichlet boundary conditions on R x {0}. It
is introduced as the operator on L?(R x R*) associated with the form

ﬁﬂw:/‘ NW+/ (Vo — o) L.
RxR+ Rx{a}
D(EL) = Wy 2(R x RY),

where we keep the same notation I for the embedding I : Wol’2 RxRT) < L3.
Since Vj vanishes at infinity, it can be shown in the same way as in Section 3 that

Uess(H£V> = [,U/Oa OO),
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where 19 € (£, 0] is the spectral threshold of the one-dimensional operator A2 on
L?(R.) associated with the form

eDlg] = / 62— alg(@)’,  D(ED) = WE2(R,).

Proposition 4.3. One has oess(hY) = [0,00) and

oaise(hY) = {{51} Z:f o=t
0 if aa <1.

Consequently,

(4.32) o = {51 if aa > 1,

0 if aa <1.

Proof. By the methods of Section 3, it is easy to see that the essential spectrum
of h? is the non-negative semi-axis. Note that the existence of a negative eigenvalue
of h2 is equivalent to the existence of an eigenfunction of —AE corresponding to a
negative eigenvalue and vanishing on R x {0}. The latter holds if, and only if, the
operator —AR has an odd eigenfunction ¢y, i.e. «a > 1. This means that h2 has a
negative eigenvalue which is ¢; if, and only if, aa > 1; otherwise ogisc (D) = 0. O

Theorem 4.4 (Embedded eigenvalues). Let Vi wvanish at infinity. Assume that
H£V0 has a (discrete) eigenvalue v below py. Then v is an eigenvalue of Hy v, .

More specifically, if v > &y (respectively, v < &), then v is an embedded (respec-
tively, discrete) eigenvalue of Hy v, .

Proof. Let 1 be an eigenfunction of H £ v, corresponding to v. By mirror symme-
try, the odd extension of ¢ to R? is an eigenfunction of H, v, corresponding to the
same value v. The rest follows from the fact that the essential spectrum of H 3 v
is strictly contained in the essential spectrum of H, v . O]

The following result makes Theorem 4.4 non-void.

Proposition 4.5. Assume aa > 1. Suppose Vo € L'(R) vanishes at infinity and
Sz Vo(z)dz < 0. Then oaisc(HE ;) # 0.

Proof. Tt follows from Proposition 4.3 that, under the condition ca > 1, h2 has a
negative eigenvalue &; with eigenfunction ¢; (restricted to R xR ). Then the claim
follows by using the test function ¥ (x) := ¢, (x1)¢1(x2), where ¢, is introduced
in (4.31), as in the proof of Theorem 4.1. O
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Finally, to ensure the existence of embedded eigenvalues by Theorem 4.4, it
remains to verify that the discrete eigenvalue v of H (’37 v, (which exists under the
hypotheses of Proposition 4.5) can be made larger than or equal to &. However,
this happens, for instance, in the weak-coupling regime.

Corollary 4.6. Assume aa > 1. Suppose Vo € L'(R) vanishes at infinity and
fR Vo(z)dx < 0. Then there exists € > 0 such that Hq v, has an embedded eigen-
value in [€o, po).

85. Hardy inequalities

In this section we study the case when V, and V_ are non-negative. It is easy to
see that in this situation the spectrum does not start below &;. The purpose of this
subsection is to show that a stronger result holds in the present setting. We derive
a functional, Hardy-type inequality for H, v, v_ with non-trivial non-negative V.
and V_, quantifying the repulsive character of the line interactions in this case.

The Hardy-type inequality follows immediately from Lemma 2.4. Indeed, ne-
glecting the kinetic term in (2.16), we arrive at

Theorem 5.1 (Local Hardy inequality). Assume that Vi are non-negative and
that V_ or Vi is non-trivial. Then

Hov,ove —6 > A

in the sense of quadratic forms, where X\ is a non-trivial and non-negative function

(cf. (2.15)).

This Hardy inequality is called local since it reflects the local behaviour of the
functions V. In particular, if V3 are compactly supported then A is compactly
supported as a function of the first variable.

In any case, a global Hardy inequality follows by applying the classical Hardy
inequality.

Theorem 5.2 (Global Hardy inequality). Assume that Vi are non-negative, and
that there exists 29 € R and positive numbers Vo and R such that

Vo, € (2 — R 294+ R), Vi(z)>Vo or V_(z1)> V.

Then
B 1
T (o))

in the sense of quadratic forms. Here the constant ¢ depends on Vi, R and a.

Hov, v, —& >cp with p(x):
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Proof. The proof follows the strategy developed in [8, Sec. 3.3] to establish a
similar global Hardy inequality in curved waveguides. For clarity of exposition, we
divide the proof into several steps. Denote I := (2 — R, 2{ + R).

Step 1. The main ingredient in the proof is the classical one-dimensional Hardy
inequality

2
E3)  wewPRy, [ wwkwz g [ Pl

2
R, <

We apply it in our case as follows. Let us define an auxiliary function n: R — R
by n(x1) := |z1 — 29| /R if |71 — 29| < R and by setting it equal to 1 otherwise; we
keep the same notation 7 for the function x — 7(z1) on R2. For any ¢ € C§°(R?),
let us write ¥ = ny + (1 — n)1p. Applying the classical Hardy inequality to the
function 7y and using Fubini’s theorem we get

sy [ Il ~nf?
(5.34) /R plv]” < 2/]1{2 (@1 — 202 2/]1«2 =l
20,12 2 2 ?
<16 [ lowPlol+16 [ o +2 [ i

2 2 2
glGA;vxw\+(2+1&Gzyﬁka|.

By density, the inequality extends to all ¢y € W2 =D (&, v, v ).
Step 2. By Theorem 5.1, we have

(635 Eavew [0 Glolie zessintA [ WPz [ P
xR IXR ITxR

for every ¢ € D (v, v ), where Ao := A(V5,0) = (0, Vp). Of course, Ao is a
positive number under the stated hypotheses.

On the other hand, neglecting the non-negative potential term in (2.16), we
have

(5.36) oo 0]~ Gllvls > [ 100uP?

for every ¥ € D(Eq,v, v )-

Step 3. Interpolating between the bounds (5.35) and (5.36), and using (5.34) in
the latter, we arrive at

1 1
g, _ 2 S i/ 2 I— e —ef =+ — / 2
v v [ = &ollvllz: > 16 /o plY|” + (1 —€)Xo — € 3 + 2 . ¥
for every 1 € ®(Eq,v,,v_) and € € (0,1). It is clear that the right hand side of this

inequality can be made non-negative by choosing e sufficiently small. Choosing e
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such that the expression in the square brackets vanishes, the inequality yields the

claim of the theorem with
Ao/16

T Nt 1S+1/RY
It remains to observe that A\g depends on Vj and a through the definition
(2.14). O

As a direct consequence of Theorem 5.2, we get

Corollary 5.3. Assume the hypotheses of Theorem 5.2. Let W be the operator
in L? of multiplication by any bounded function w for which there exists a positive
constant C such that |w(z)| < Clz1|72 for a.e. x € R2. Then there exists eg > 0
such that for every e < €,

info(Ha,v, v +€eW) > &.

Assume that V3 vanish at infinity. Since also the potential W of the corollary
is bounded and vanishes at infinity, it is easy to see that the essential spectrum
is not changed, i.e., Oess(Ha,v, v + W) = [£,00), independently of the value
of € and irrespective of the signs of V.. It follows from the corollary that a certain
critical value of € is needed in order to generate discrete spectrum of Hy v, v +eW
if the Hardy inequality for H, v, yv_ exists. On the other hand, it is easy to see
that Hy 0,0 + €W has eigenvalues below £ for arbitrarily small e provided that W
is non-trivial and non-positive.

86. Resonances induced by broken symmetry

As already stated (cf. Corollary 4.6), the Hamiltonian H, v, of the system with
mirror symmetry (2.26) admits embedded eigenvalues. In the following we show
that breaking this symmetry by (2.27) will turn the eigenvalues into resonances.
The strategy we employ here is as follows. Our first aim is to show that the
operator-valued function z — R,..(z) has a second sheet analytic continuation in
the following sense: for any f, g € Co(R?) the operator fR,..(2)g can be analyti-
cally continued to the lower half-plane as a bounded operator in L2. Such a contin-
uation will be denoted by R!. (-) = Rl

ae, f.g
implies that the function z — (f, Ra.c(2)g) has a second sheet continuation. The

(). Of course, the above formulation

analogous definition will be employed for the second sheet continuation of R, (+).
To recover resonances in the system governed by H,.., we look for poles of joe()
These poles are defined by the condition

(6.37) KerT'7(2) # {0}, Sz<0,

where T/ () is the second sheet continuation of the analytic operator valued-
function z — T'(z). Our aim is to find z satisfying (6.37).
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§6.1. The second sheet continuation of T'(+)

Henceforth we assume
(6.38) VieCl®l e L®(R) for some C > 0.
The first auxiliary statement is contained in the following lemma.

Lemma 6.1. Suppose (6.38) holds. Then for anyi,j € {+,—} and z € C\ [£y, 0)
the operator |Vi|1/2Ra7¢j(z)Vj1/2 is Hilbert-Schmidt. Consequently, so is B(z).

Proof. Using (2.21) we have

|‘/'L'|1/2Ra7ij(2)v'1/2

J

1/2 — 1/2
= [Vil'"*Roi(2)V;2 = 3" [Vil'*Ro.in(2) To.a(2)ig Ros(2)V;72.
kle{+,—-} N -
Ay ’ ’ As As

It is well known that Ro(z) is an integral operator:

Ro(2)f(z) = e Go(z;x —w) f(w)dw, Go(z;z) = %KO(\/EM),
where K(-) stands for the Macdonald function (cf. [1, Sec. 9.6]), Sv/z > 0. Con-
sequently, R ;;(2) is an integral operator with kernel Gg ;;(z;- — -) defined as the
“bilateral” embedding of Gy(z;- — -) acting from L? to L?. Using the properties of
Ky (see [1, eq. (9.6.8)]), we conclude that Go(z;-) has a logarithmic singularity at
the origin and is continuous elsewhere; moreover it exponentially decays at infinity.
This implies that G ;;(2;-) € L?(R) and consequently |Go ;;(2;-)|? € L'(R). Since
Vi € L*®(R) N LY(R) we have

2
Vil Ro.15 ()75 s < / Vil@)] [Go.ij (=2 = w)P|V; (y) | da dy,

< [Vjlloo Vil ?Roij ()| 1o
< Vi lloolIVillr @ 1G5 (D] 1 gy

where || - ||us denotes the Hilbert—Schmidt norm and the last step employs
the Young inequality (cf. [25, Chap. I1X.4, Ex. 1]). The above inequalities
show that Ap, Ay, A3 are Hilbert—Schmidt operators; note ||R0,ij(z)le/2||HS =
|||V}'|1/2R0»J'i(z)HHS' Moreover, since the T'g,(2);; are bounded, the operators
|V;-|1/2Ra,ij(z)1/}1/2 are Hilbert—Schmidt as well. O

Remark 6.2. Note that to prove the above lemma we use only Vi € L*(R) N
L'(R); the stronger assumption (6.38) will be used in the following.
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Suppose B is an open subset of [y, 00) and Ei denotes the spectral measure
of Hy v, v_. Denote Hac := {9 € L? : B~ (¢, Egt) is absolutely continuous}.

Lemma 6.3. Suppose (6.38) holds. There is a finite set £ C R such that:

(i) For any interval [a,b] C [&o, o] which is disjoint from & we have Ran E(qp)
C Hac-

(ii) There exists a region Q_ C C_ with boundary containing (o, o) and an
operator-valued function Ri{w,v_ () analytic in Q\ &, where Q@ = C; U
(€05 110) U Q—, which is the analytic continuation of Ry v, v_(-).

Proof. The operator R,(-) is analytic in C \ [§y,00). The Stone formula implies
that s-lime_0(Ra (A + 7€) — Ro (A —i€)) # 0 for A € (€o, po). In the following we
write Ry (A £ 140) for s-lim. ¢ Ro (A £ ie) and analogously for resolvents of other
operators.

Our first aim is to show that R,(-) can be analytically continued from C
through (&, po) to the lower half-plane in the sense described at the beginning of
this section. Recall

(6.39) Rq(2) = R(2) + RY(2), RYz)=>_ Ri(2).
JEN

Note that RS (z) is analytic for z € C\ [0,00) (cf. (2.18)). Furthermore, if aa > 1
then the component RL?(2) of R%(z) is analytic for z € C \ [£1,00). On the other
hand, the analytic continuation of R%%(-) through (£, o) is defined by the second
sheet values of 7p, i.e. S1d! < 0. More precisely, for f,g € Co(R?) the operator
fR%?(-)g has a second sheet analytical continuation which is an integral operator
with kernel f(x)GO (2,0 — y)g(y) and GO is defined by (2.17), with 7o re-
placed by 7{!. The resulting operator is denoted by RO%%I1(.). Consequently, we
define the second sheet continuation of R, (2) as R (2) = RS (2) + R4 (2) where
REI(2) = RO () + RLA(2) and 2 € Cy U (€, o) U C_. The operator R (z)
is analytic bounded in L? in the sense described at the beginning of the section.

By means of G4 (z;2 — y) we define the operator |%\1/2Rg’jfl(z)1/jl/2 :
L2 - L3, 4,5 € {+,~}, with

RIS

1/210,d,I1 1/2)2

Vil 2R (V3 [l

a ia)|? ~ B

= W [ et e e )y ()] i
0

where hy = VieC®l'l € L®(R) (cf. (6.38)). The above expression is finite if
Srdl(z) > —C/2. For |V;|1/2RL”%(Z)V}1/2 the analogous expression is always

finite because RL%(z) is analytic on C; U (&,p0) U C_, and S7i(z) > 0.
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Furthermore, since |V,-|1/21%a7ijv(z)‘/1/2 for z € C\ [(,0) is a Hilbert—
Schmidt operator (cf. Lemma 6.1), as also is |V;|'/?R% iz )le/Q, we conclude

that |V;]/2R¢ iz )\/]1/2 is a Hilbert—Schmidt operator with boundary values

|Vi|1/2R A E 0) » A € (€0, o), being compact. Consequently, B;;(A + 0),

(fo,ﬂo) is compact and B;;(-) has second sheet continuation B{f () =
Vi|1/2RI (. Vl/2 through (&g, jto). Finally, we conclude that B (z) is compact
| g I y

L1
for z € QJ = (C+ U (&0, o) U Q_, where Q_ is a region in C_ with boundary
containing (£, o) and determined by the condition S79(z) > —C/2.
Note that the operator J’lf%aﬂ»(,z)‘/il/z7 where f € Cp(R?), has an analytic
second sheet continuation. Indeed, as the above discussion shows, the only non-

trivial component is given by f Rg’j(z)Vil/ 2. Since its Hilbert-Schmidt norm is

I FREDT (V22

2
= [ [ e e e o) b )] d i,
R2

where z = (21, x2) and h; := V;e€l'l € L®(R) we conclude that ng’j’”(z)vf/z
is analytic for z € Q and bounded as an operator acting from L? to L?. The
analogous statement can be obtained for |V;|'/2 R, i(2)f.

(i) Since the condition Ker[1+B(z)] # {0} determines the poles of R, v, v_(-)
(cf. (2.25)), which is the resolvent of a self-adjoint operator, the former has no
solution for z € C,. Combining compactness of B(z) and the analytic Fredholm
theorem (see, e.g., [24, Thm. VI.14]) with the fact that z — B(z) is analytic for z €
C U (&, o), we conclude that the operator [1 + B(2)]~! exists and it is bounded
analytic in z € C; with boundary values z = X\ + i0, provided A € (&, po) avoids
a finite set &€ of real numbers; for an analogous discussion see [26, Thm. XIII.21].
Moreover, the operator |f|Ra (X + i€)|f|, f € Co(R?), is uniformly bounded for
0 <e<land A€ (&, o). The operators |f|1‘:2047i(z)Vil/2 and |V;|'/2 R, i(2)|f| are
uniformly bounded as well. Combining the above statements with the resolvent
formula (2.23), we come to the conclusion that, for any f € Co(R?), the function

|| Ravy v (2)If] = |f|1Ra(2)|f]
— 3 (I Rai (VD)1 + B (Vi R ()1 £1)

i,je{+,—}

is uniformly bounded with respect to z = A+ie, 0 < e < 1, A € [a, b]. Furthermore,
since

(9, Rave v (2)9)] < (191 191" R v ()19l 2|



SPECTRAL ANALYSIS OF A QUANTUM SYSTEM 855

for any g € Cy(IR?), the assumption of [26, Thm. XII1.19] is fulfilled, which yields
the claim. (Note that in the last expression the same notation || - || was used for
the operator norm and for the norm of a function.)

(ii) Using again the Fredholm theorem and the compactness of B (), we find
that the operator [1 + B (2)]~! exists and it is bounded analytic in 2\ &. For
z € Q\ € we construct R!! v (2) as

Rily, v_(2) = Ril(2) = RI (2)V'2[1 + B ()] V2RI (2)

(cf. (2.24)), where R (2)V1/2 and R (2)|V|'/2 are the second sheet continuations
already discussed. O

Corollary 6.4. os.(Ha,v, v_) N [0, o) = 0.

Proof. Tt follows from the previous theorem that og(Ha,v, v_) N [£o, o] C € is a
finite set; this implies the claim. O

With no danger of confusion, we employ the notation A — FE(\) for the
spectral resolution of H,, y, for A € [y, 00)\ €. Then the operator R, v, () admits
the decomposition

N

1 dE(N)
4 R, (%) = P; ’
(6.40) w@ =3 + /[5

P v — 2 0,00) A—2z

where {v;}N| = 0p(Hav,), Pi = wi(wi, ), and w; are the corresponding eigenvec-
tors. From the definition of E(-) and Corollary 6.4, we conclude that (&, o) 2
A = E(X) projects onto Hac. Given f,g € L?, let us denote by F(-)f,, the Radon—
Nikodym derivative of (£y, 10) 2 A — (f, E(A)g). The limit of z =y +ic ase — 0
with v € (&9, 110) \ € and f, g € Cp(R?) takes the form

Frg(X)dA

(641) (f, Ra,V +ZO f7wl wmg) +,P T
’ ; Vi — [€05120) A=
+/ +7TZFfvg(’Y),
o

where P denotes principal value. By the edge-of-the-wedge theorem (cf. [27]), we
get
(642) (f? ROMVU(FY_'_?;O) ) (.f7 R(x Vo( —ZO)g), fag S OO(R2)a

where Rl () denotes the second sheet continuation of R y,(-) given in
Lemma 6.3. The operator R, v, (+) is the resolvent of the mirror symmetry system.
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Now we introduce the potential V, = €V}, living on R x {+a}. By means of Ri{VO (2)
we determine

(6.43) I (z) =1+ [V|'?RE, (2)VA2 zeQ\ €,

€

where the last term is the analytic second sheet continuation of the operator
VoY 2Ry v (2)V? 0 L2 — L2

§6.2. Zeros of I''/(.); the Fermi golden rule

Henceforth we assume that the set of embedded eigenvalues of H, y, is not empty
(this is true, for instance, under the hypotheses of Corollary 4.6). Then there exists
an integer kg < N such that for all i > ko we have v; € (&g, po). Given k > ko,
define

1

(6.44) Ap(2) 1= Rav () = o —

Py

Analogously we define A}’ (z) replacing Ra v, (2) in (6.44) by R, ().
The main result of this section is the following theorem.

Theorem 6.5. Suppose (6.38) holds. Assume that v, € (€0, po) is an embedded
eigenvalue of Hy v,. Then the resolvent of Hy.c has a pole zi, satisfying

2k = vg + €(wp, V}ka)Li + (T, +4T;) + O(e®)  as e — 0,

where

d(wr, VB Vyor) 2

)

1
L= - r: Vooi)zz P =P [
ie{l,.z,:N}\k Vi = Ve - [€0,00) A=k

) d
Ti:=—nF (v) with Fi(v):= a(wk,VpE(ll)Vp(,uk)Lz+

V=V

(Here the functions wy, are understood as embeddings into L3 . Similarly, E(-) is a
family of operators acting from Lf_ to Li)

Proof. Note that the function z — (f, All(2)g), f,g € Co(R?), is analytic in
a neighbourhood M of v. Furthermore, for € small enough, say € < ¢y, where
€0 > 0, the operator Gey(2) := 1 + |Vi|/2A7 (2)V? is invertible. We define the
function 7y : [0,€9) x M — C by

ne(€,2) =z — v — (wk, Vél/zGéyk(z)_l|VE\1/2wk)L2+.
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Suppose z € M \ v;. A straightforward calculation using (6.43) and (6.44) shows
that ¢ € Ker '/ (2) if, and only if,

b+ (wiy VA23)Ge i (2) Ve 2wy = 0.

Vg — 2

This means that Ker '/ (z) # {0} if, and only if, 2 is a solution of

(6.45) Nk (€, 2) = 0.

After expanding G, x(z)~! with respect to €, the function 7(e, 2) reads

(6.46) nr(e,2) = 2 — v — e(wg, prk)Li + €% (ws, VpA,?(z)prk)Ler +O(é%).

The function 7 is analytic in z € M and it is C! in both variables. It is clear that
Nk (0, v,) = 0 and 9,7x(0, %) = 1. Applying the implicit function theorem to (6.45)
and using (6.46), we find that there exists an open neighbourhood Uy C R of zero
and a unique function zj : Uy — C of € given by

2 = Vg + e(wg, V;jwk)Ler — € (wp, Vp Al (v — iO)prk)Li +0(e),

and being a zero of I''/(-). Employing (6.44), (6.41) and (6.42), we get the state-
ment of the theorem. O

The above results can be summarized as follows. Suppose the mirror symmetry
system (2.26) has an embedded eigenvalue v. Once we break the symmetry by
introducing the “perturbant” V. = €V}, the pole of the resolvent shifts from the
spectrum and makes the second sheet continuation a pole of the resolvent. The
imaginary component of the pole is related to the resonance width 'y, := —23z, =
O(€?). This means that for € small the resonance is physically essential. Employing
the lowest order perturbation in €, we can write

d(wp, VpE()\)prk)Li )

I, =27 €.

dA

A=vg

This gives the Fermi golden rule. Moreover, I';} determines the life time of the
resonance state.

Remark 6.6. Resonance phenomena induced by broken symmetry were studied
in [13, 20]. However, in the models analyzed there, the singular potentials are con-
stants and the broken symmetry has a rather geometrical character. The methods
derived in this paper essentially differ from the technics applied in [13, 20]. Finally,
let us mention that the resonance phenomena and the decay law were recently re-
viewed in [10]. Systems with singular potentials were considered as examples of
solvable models.
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