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Witt Groups of Algebraic Groups

by

Nobuaki YAGITA

Abstract

Let G be a split reductive group over a subfield k& of C corresponding to a Lie group G.
Let T be a maximal torus of G. We show the isomorphism W*(Gy) = W*(Gk/Tx) of
Balmer-Witt groups. When k is algebraically closed, we prove that W*(Gy) is isomorphic
to the topological K-theory KO?**~!(G/T) of the flag manifold G/T. Then we compute
it explicitly by using the fact that W*(Gy) is a Hopf algebra.
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81. Introduction

Let X be a (quasi projective) smooth variety over a field k C C. The Witt
group W(X) is the quotient of the Grothendieck group of vector bundles with
quadratic forms over X, by the subgroup generated by bundles with quadratic
forms which admit Lagrangian subbundles. The generalized Witt group W*(X; L)
was defined by Balmer [Ba] for x € Z/4 and for a line bundle L on X so that
WOo%(X;0x) = W(X). Let us write simply W*(X) for W*(X,Ox). We can define
a natural map ([Ya3], [Zi])

¢ WH(X) = KO*(X(C))/KU**(X(C)) =L KO*~1(X(C))

where KO*(—) and KU*(—) are (topological) real and complex K-theories, and
0#ne KO tpt)=27Z/2.

Let G be a compact simply connected Lie group, 7" a maximal torus of G,
and B the Borel subgroup with T' C B. Let us denote by Gy (resp. T C By)
the split reductive group (resp. the split maximal torus and the Borel subgroup
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containing it) over k which corresponds to G (resp. T, B). Let
TP Cc TEC---CT{=T:

be a sequence of tori of Gy where T} = (Al — {0})**. Recently Calmes and Fasel
[Ca-Fa] proved that W*(Gy/By; L) = 0 whenever 0 # L € Pic(Gy/Tx)/2. (Note
that W*(Gy/By; L) = W*(Gi/Ty; L) for all L.) There is a localization exact se-
quence in Witt theory

S WG/ Tist) L5 W (Gh/T) — WG/ Ty ) S -

where (t1,...,t,) is a basis of Pic(Gy/T))/2. Here W*=1 (G /T};t;) = 0 from the
result by Calmes and Fasel. By induction on ¢, we obtain

Lemma 1.1 (Theorem 2.3). If G is a simply connected Lie group, then W*(Gy,) =
W*(Gy/Ty).

Now let k be an algebraically closed subfield in C. Also recently, Zibrowius [Zi]
showed that the above map ¢* is always an isomorphism for each cellular variety X
(which can be decomposed as [ [, A’ see §5 for the definition) when k = C, and it
can be generalized to any algebraically closed field in C. Of course, the flag variety
G/ By, is cellular. Hence we have the isomorphism (from the Bott exact sequence
(4.2), [At], [Ko-Hal)

¢ W*(Gy) 2 KO*(G/T)/KU*(G/T) = KO* *(G/T).

Consider the Atiyah—Hirzebruch spectral sequence converging to KO*(G/T).
It is known that the differential dy is the Steenrod squaring Sq* mod 2 ([Ha], [Fu]).
Kishimoto, Kono and Ohsita [Ki-Ko-Oh], [Ki-Oh], [Oh] computed this spectral
sequence and showed that it collapses from the Es3-term for compact simply con-
nected simple Lie groups except E; and Eg. Moreover the above KO*~1(G/T) is
isomorphic to

H(G/T:$q%) = H(H (G/T;7,/2); %)
for these Lie groups.

On the other hand, there are spectral sequences E(GP)** (by Gille and Par-
don [Gi], [Pa]) and E(BW)** (by Balmer Walter [Ba-Wa)]) such that E(GP)**
converges to E(BW)5* (for ¢ € Z), and E(BW)** converges to W*+* (G}).

By the Borel theorem (see [Ka] for example), the cohomology H*(G;7Z/2) is
isomorphic to a product of truncated polynomial algebras generated by odd dimen-
sional elements ;. Let us write y; = x? if it is not zero. We consider the graded ring
gr H*(G;Z/2) = @, F**' /F" defined by the filtration F* giving degree 0 (resp. 1)
to y; (resp. x;). Then Sq” acts on gr H*(G;Z/2) as a differential. Let us denote its
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homology by
H*(G;Sq%) = H(gr H*' (G5 2/2); S4°)
where the degree in H*(G;Sq?) is given by

deg(y;) = 3lyil and  deg(;) = 5(jz;| — 1)

where |a| = %" is the degree of a € H*"(G;7Z/2). We will prove that E(GP);Z’*/ =
H*(G;Sq?) so that the bidegree of E(GP)** is given by

deg(yi) = (3lwil, 3lwil) and  deg(z;) = (3(|lz;] — 1), 3 (|=;] +1)).

In fact, from Totaro [To], it is known that dy = Sq® on E(GP)5™ when % = #/.
Moreover we will prove

Theorem 1.2 (Theorem 6.9). Let k be an algebraically closed subfield of C. For
each compact connected simple Lie group G, the Atiyah—Hirzebruch spectral se-
quence converging to KO*(G/T) collapses from the Es-term. If G is simply con-
nected, then we have isomorphisms

W*(Gr) = H*(G/T;8¢%) 2 Az, %), deg(z) odd,

where A(z1,...,25) is the exterior algebra over Z/2 generated by z1,...,zs. For
G = 50(n), we have an isomorphism

W*(Gy) = H*(G/T;9¢%) @ A(zo) = A(zo, 21, ..., 2), deg(xo) = 0.
Moreover W*(Gy,) is also isomorphic to

E(GP);™ = H(H*(G;Sq°);ds)  for G = E, Er, Es,
E(GP);’*/ ~ H*(G;Sq?) for other simple Lie groups.

Since W*(Gy,) and H*(G/T}; Sq?) satisfy the Kiinneth formula (Corollary 4.3),
the above theorem holds for all Lie groups G which are products of compact con-
nected simple Lie groups (e.g. compact simply connected Lie groups since G/T is
then a product of G;/T; for simple Lie groups G; and their maximal tori T;). The
explicit value of deg(z;) is given in §7 below.

This paper is organized as follows. In §2; we recall the properties of the Balmer—
Witt group W*(Gy), W*(Gy/Ty), and we prove Lemma 1.1. In §3, we compute the
motivic cohomology H** (Gy;Z/2) from H** (Gy/Tk;Z/2). In §4, we recall the
(topological) real and complex K-theories KO*(G/T) and KU*(G/T), and study
their Atiyah—Hirzebruch spectral sequences. In §5, we identify W*(G},) with the
(motivic) hermitian K-theory K o+ (Gk), and we give topological proofs of results
by Zibrowius [Zi] and Calmes—Fasel [Ca-Fa]. In §6, we study the Balmer—Walter and
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Gille-Pardon spectral sequences for Gy, and show that each page of the spectral
sequences is a differential Hopf algebra. Using these, we prove the main theorem
(Theorem 1.2) under the assumptions of some concrete computations for simple
Lie groups which are given in §7.

81.1. Notations
The following notations are used throughout this paper.

o k: a subfield of C (ch(k) # 2 in §2); X: a smooth k-variety; X (C): the complex
manifold of C-rational points.

e G: a Lie group (a linear algebraic group in §2); Gy: the reductive algebraic group
over k corresponding to G; T = T*: a maximal torus of G; T}: the split maximal
torus of Gy.

o W*(X),W*(X;L): the Balmer—-Witt group (with coefficients L); KO*(X(C)),
KU*(X(C)): the (topological) real and complex K-theories; KO** (X): the (mo-
tivic) hermitian K-theory.

e Pic(X) = CH'(X): the Picard group; CH*(X): the Chow group of codimension
i algebraic cycles modulo rational equivalence; H** (X;7/2): the mod (2) mo-
tivic cohomology over k defined by Suslin and Voevodsky [Vol, Vo2| so that
H**(X;Z,/2) = CH*(X)/2; Hy,,(X; Hj,): the sheaf cohomology where H}),
is the sheaf defined from the presheaf U — HZ (U;7/2) for open sets U in X.

e H*(A;Sq?): the homology of the Sq®*-module A with the differential d =
Sq?. In particular, we simply write H*(G/T;Sq?) and H*(G;Sq?) when A =
H*(G/T;Z/2) and A = gr H*(G;7Z/2) respectively.

e E(BW)=*, E(GP)**: the Balmer-Walter and the Gille-Pardon spectral se-

quences (e.g. E(GP)y" = H%ar(_§H£//2))~
o A(xq1,...,xp): the exterior algebra generated by odd-dimensional elements x;;

P(y): the truncated polynomial algebra generated by even-dimensional ele-
ments y;, such that gr H*(G;Z/2) = P(y) @ A1, ..., x¢); S(t) = H*(BT;Z/2):
the polynomial algebra generated by t1,...,t; such that gr H*(G/T;7Z/2) =
P(y) @ S(t)/(b1,...,be) for some b; € S(t).

e A{ay,...,a,}: the free A-module generated by ay,...,a,.

§2. Balmer—Witt group

In this section, we assume that X is a smooth scheme over a field k of characteristic
ch(k) # 2 (while in other sections, we assume ch(k) = 0). We can consider the
generalized Witt group W#(X; L) for i € Z/4 and for a line bundle L on X such that
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the usual Witt group W*(X) is W*(X;Ox) (see [Bal, [Ba-Ca2], [Zi] for example)
where Ox is the line bundle corresponding to the structural sheaf over X. We
also note that if L = L’ mod (2), then we have a (noncanonical) isomorphism
W*(X; L) =2 W*(X;L'). Let us write the total Witt group

wrerl(X) = &) W' (X;L).
i€Z/4, LEPic(X)/2
The Gysin and the boundary maps were defined as maps of W't (—). (Gysin
maps are constructed by Calmes and Hornbostel [Ca-Hol, see also [Ne, §4.1].) Let
g : Z — X be a regular embedding of codimension ¢, and f: U = X — 7 — X.
Let wy be the relative canonical bundle (for the definition see [Ba-Cal]). Then we
have the natural exact sequence [Ba-Cal, (11)]

S W Ziw, ® Llz) L WX L) S WU L) S -

Let G be a split reductive group over a field k£ corresponding to an algebraic
group G (for definitions and properties of algebraic groups, see [Bo] for example.)
Let T} be a maximal (split) torus of Gj. We consider the sequence of tori

T CcT?C---CT{ =T, where T} = (A'—{0})*" = (Gu)*"

Let Z be the central torus of G. Let Ggs = G /Z be the semisimple quotient
of G with the maximal (split) torus Tys = T /Z, let Gg. be the universal cover
of Ggs, and Ty be the preimage of Ty in Gg.. Then T, is a maximal split torus
of Gg.. Moreover, it is well known that

Gk/Tk = Gss/ﬂs = GSC/I_:SC

and rank(Pic(Gg/Ts)) = rank(Ty.). (Here Pic(X) is the Picard group generated
by all line bundles over X.) So either Z is trivial (and then Gy, is semisimple) or
rank (7)) > rank(Pic(Gy/Tk)).

Here, we assume that G}, is semisimple, i.e.

£ = rank(T},) = rank(Pic(Gy/T%)).

Let t; € Pic(G/T}) be the line bundle corresponding to the Gp,-torsor Gy /T,i_1 —
Gr/T}. Let E(Gy/T}) be the total space of this bundle so that Gk/T,i_l is an open
subset of E(Gy/T}). Then we have maps

Y =Gu/Ti 5 X =BGy/T]) & U=X Y =Gy/Ti ™!
and the localization exact sequence of Chow groups

CH®(Gy/T}) 25 CHY(Gy/T}) — CHY(G1/Ti ™) = 0
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where CH'(X) is the Chow group of codimension i algebraic cycles modulo rational
equivalence.

Hence each Pic(Gy/T}) = CH' (G /T}) is a quotient of Pic(Gy/T¥). So each t;
can be written as an element in Pic(Gy/Tf). The Picard group is generated by
line bundles corresponding to the characters of the associated simply connected
group Gs.. Let us write it as

PlC(Gk/Tk) = Z{Sl, ceey S[}.

Here Z{a1,...,a,} is a free Z-module generated by ai,...,a,. (So if G is simply
connected, we can take t; = s;.) Thus we have

Pic(Gh/TE) = Zsr, ..., e}/ (tisns o 1)

where the right hand module is the quotient module of Z{s1,...,s¢} by the sub-
module generated by ¢;41,...,t,. In particular, since G is semisimple, Pic(Gy) =
Pic(Gy/TY) is finite (the quotient of the lattice of weights which are characters
of Ty by the lattice of characters of T').

Now we consider the localization (long) exact sequence for Witt theories

= WG/ Thti + L) L5 W (Gy/Tis L) L W (Gh/Ti L) S -

Let By be the Borel subgroup of G containing Tj. Then the fiber of the
flat map Gi/Tx — Gi/By is the unipotent group Uy which is an affine space.
Hence by the homotopy invariance of Witt groups [Gi], we have an isomorphism
W*(Gy/Tk; L) = W*(Gy/By; L). We recall the result of Calmes and Fasel:

Lemma 2.1 ([Ca-Fa]). If L # 0 € Pic(Gy/T)/2, then W*(Gy/By; L) = 0.

For an algebraically closed field & with ch(k) = 0, we will give a topological
proof of this fact in §5.

Lemma 2.2. Let G be semisimple. For 0 < i < ¢, if L is a line bundle on Gy /Ty,
that stays nontrivial mod (2) when pulled back to Gy /Ty, then W*(Gy,/Ti; L) = 0.

Proof. Let Ly_1 € Pic(Gy/T) be such that Ly # 0 mod (2,ty). Consider the
localization exact sequence
= WG/ T to+ Lov) 25 WH(GH/TH Loy) 2 WH(Gh/T  Loa) S

Since the first and second terms are zero from the result by Calmeés and Fasel, also
W*(Gy/T ™ Leoy) = 0.

Let L;_; € Pic(Gy/Ty) such that L;_; # 0mod (2,¢;,...,t;). Next we consider
the localization exact sequence

— W* NG/ Tty + Li1) £ W*(Gy/T}; L) EAN W*(Gy /Ty Y Liy) LR
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By descending induction on i, we assume the first and second terms are zero. Then
W*(Gy /T, ' Li1) = 0. O

Theorem 2.3. Let G be simply connected. Then W*(Gy) = W*(Gy/Tk).

Proof. By the assumption, we can take t; = s;. Since Gy is semisimple, we see
rank(Pic(Gy/Tx)) = ¢. We consider the localization exact sequence, for 1 < i < ¢,

S WG/ T ) 25 WG/ T} L WH @1 S -
Since the first term is zero from Lemma 2.2, we have
W*(Gi/T;) = W™ (Gi/T ),
and hence we get the theorem as
W*(Gr) = W (G /Ti) = - = W (Gi/Ty) = W (Gr/Th). 0
Next we consider the case when G is not simply connected.

Corollary 2.4. Let Gy = Gi/T}" for 0 < m < ¢ and Pic(Gy) = (Z/2)" for
n > 0. Then there is an additive isomorphism

W*(Gr) = W*(Gi/Th) © A1, Tym) with deg(a:) = 0.

Proof. For a sequence T' C --- C T* of maximal tori, we take t; € Pic(G}/T})
such that

t;=0(1<i<m), t;=28;(m+1<i<m+n), t;=s5 Mm+n+1<i<L).

We consider the decomposition of the universal cover ((Z/2)"-cover) m : Gse —
Gss = G /T}" such that

T:Gee =G(n) 2 Gn—1) = -+ 5% G(0) = G

with Pic(G(5)) = (Z/2)"~7 (that is, G(i) is the (Z/2)*-cover of Gys). Take elements
ti(j) € Pic(G(5)/T(j)) for the sequence of tori in G(j) such that
t(j)i =si=gti (m+1<i<m+j), t(j)i=t; (i <morm+j<i)

We consider the diagram
WH(Ge/TY) —— W*(Gy)

(m/Té)*l Wfl

wH(G)/Th L85 weG()
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where f*, f(1)* and (m/T}})* are pull-backs of the projections

G) 56w b ey, ) L qaymt 2 g T

Here f(1)* is an isomorphism, since W*(G(1)/T*,t(1);11) = 0 from the equality
t(1)ms1 = Sm+1- The map (m1/T1)* is also an isomorphism, since ¢(1); = t; for
i >m+ 1. (Note Gg/T} is constructed from Gy /Ty, using t; only for i > m + 1
but not ¢ = m + 1.) The commutativity of the above diagram implies that f* is
split injective.

Consider the exact sequence

= W (Gos /T tms1) 15 W (Gaa) & W (G TE) 5 -
From the injectivity of f* and t,,,41 = 28,41, We have
W*(Gss) 2 W*(G(1)/Ti){1, a1},
that is, W*(Gss) is a free W*(G(1)/T})-module generated by 1 and z;. Similarly,
W*(G(5)) 2 W*(G(j + 1)/T{H){1,z;41}. Thus we have additive isomorphisms
W*(Ges) Z W (Gse/TE) @ A1, -y 0) Z W (Gse/Tse) @ A1, ..., Tp).
Next, we consider the case of m > 0. Recall Gy = Gy /T}". We consider the
localization exact sequence
= W (G ) 25 W (o) Lo W (/TP S -

Here t,, = 0 € Pic(Gss). So the normal bundle for Gss C E(Gss) is trivial. Hence
from Lemma 2.5 below, the Gysin map g, is trivial and the resulting short exact
sequence splits. Then we get the desired result

W*(Gr/T" ) 2 W*(Ges){1, 2041} with  deg(x1) = 0.
Similarly,
WH(Gr) 2 W*(Gss) @ A(wps1,- -y Tonyrm) with  deg(x;) = 0.
Thus we have the corollary. O

The Balmer-Witt group can be extended as a generalized cohomology theory
for the A'-homotopy category ([Ho], [Sch], [Sch-Tr]; see §5). For smooth X with a
line bundle L, let Th(L) be its Thom space, which is an object of the A-homotopy
category. We note that the Witt group W*(X; L) can be written by using the
Thom space Th(L) ([Zi]), namely, W*t1(X; L) = W*(Th(L)) where W*(—) is the
reduced Witt theory.
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Let t € Pic(X) and let E(t) (resp. T(t)) be the total space of the line bundle ¢

f
(resp. the Gp-torsor induced from t). Then from the cofiber sequence T'(t) C
E(t) % Th(t) (where ¢ is the projection), in the Al-homotopy category we have
the long exact sequence (see §5 below)

5 WH(Th(t) S WH(E®) L wHT) S -

Here W*(Th(t)) = W*(X;t), and the map ¢* corresponds to the Gysin map g,.

Lemma 2.5. If t = 0 € Pic(X), then ¢* = 0 (hence g. = 0) and we have a
W*(X)-module isomorphism

WH(T(t)) 2 W*(X){1,z0} with deg(xzo)=0.

Proof. Since t is trivial, we see E(t) = X x A, T(t) = X x (A —{0}), and Th(t) =
X x (A/(A —{0})). We consider the long exact sequence induced from the trivial
line bundle over {0}

- W A/(A —{0}) S a) St —{oh S

Here f* is a split injection, since k* f* : W*(A) — W*(pt) is an isomorphism for
maps pt &oa {0} <y A. Hence the above exact sequence splits as
W*(A —{0}) = W*(A) @ W' (A/(A - {0}))
= WH(pt){l,z0} with x¢=205 (o).

Here W*(A/(A—{0})) =2 W*(S%1) =2 W*(pt){1, 0} with deg(c) = 1. Since W*(X)
has a good (external) product [Pa-Wa], we have W*(T'(¢)) = W*(X){1,z0}. O

83. Cohomology theories of compact Lie groups G

Let G be a compact simply connected Lie group (hence G is semisimple so that
71(G) is finite). By the Borel theorem (see [Kal), we have a ring isomorphism

H*(G;Z/2) = P'(x) with P'(z) = QZ/2[x;]/(x]")

2

%

where the (cohomological) degrees |z;| are odd. When s # 0, let us write y; = x
so that

H(Gi2/2) = P(y) © Alar,...,m) with  Ply) = ®Z/2[y]/(5")
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where r; = s; — 1 and A ® A(xq,...,3¢) is additively an A-free module generated
by xj, ...x;, forall 1 <j; <. <jp <¥, and
2
Tj = Z Qjy,gi gy oo Ljes Ajy .5, € AT,
J1<<Jk

Let T' be a maximal torus of G and BT the classifying space of T'. We consider
the fiber bundle ([Tod]) G = G/T % BT and the induced spectral sequence

By = H*(BT; H* (G, Z/2)) = H*** (G/T;7/2).
The cohomology of the classifying space of the torus is
H*(BT;Z/2) =2 S(t) =Z/2[t1,...,t] with [t;] =2,

where ¢ is also the number of odd degree generators x; in H*(G;Z/2). (We are
assuming that G is simply connected, and ¢; = s; in the notation of §2.)

For dimensional reasons, each t; € E22’0 is a permanent cycle (i.e. 0 # ¢;
€ E;o*') It is also known that y; is a permanent cycle and that there is a regular
sequence ([Tod], [Mi-Ni]) (by,...,br) in H*(BT;7Z/2) such that d,,|11(x;) = b;.
Thus we get by induction (for |z1]| < -+ < |xy|)

E e = Ply) @ St)/(by, ..., be).

Here elements in P(y) ® S(¢) are cycles with d, = 0 for all r, which are generated
by even-dimensional elements. Hence E** 2 B\ o
Let T C --- C T* = T be a sequence of tori of G where T% = (S')*?. The

St-fiber bundle S* — G/T*~! — G/T" induces the Gysin exact sequence

S H2(GT2/2) 2228 HY(G)T2/2) — HY(G/T 4 7/2) S - .
Using this argument, we can compute H*(G/T% Z/2) from H*(G/T* Z/2).
Lemma 3.1. Let G be a (connected) simple Lie group. Then we can take
generators ti,...,t; in S(t) such that the sequence by,...,b; is regular in
S(t)/(t,H_h ces ,tg), and

bi:tigi mn S(t)/(bl,...,bl;l,thrl,...,tg)

for some g; € S(t).
Proof. From [Ya2, §4], we know that the above fact holds for each simple Lie
group G (with p = 2 in [Ya2, Lemma 2.1]) except for G = Sp(n), Es. (Note
H*(Spin(n)/T;Z/2) = H*(SO(n)/T;Z/2).) The case G = Sp(n) is almost im-

mediate since

H*(G/T;7./2) 2 Z)2[t1,. .., tn]/(c3,...,c2),

e n
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where ¢; is the i-th elementary symmetric function in ¢4, ..., t,. In fact the sequence
c2,...,c2 isregular and ¢ = g;t; mod (tit1,...,tn).

For G = Eg, we use a result by Kono-Ishitoya [Ko-Is] and Ohsita [Oh]. It is
known that gr H*(G/T;Z/2)/(P(y)) is isomorphic to

S(t)/(b1,...,bg) = S(t)/(ca, 3,5, ¢o, Is, 12, 14, I15)

in the notation of [Ko-Is] (see [Ko-Is] for details). Here cj = c;1(cs + crer + cocl)
and we put by = ¢ and t5 = ¢;. Next we see I15 = cger mod (c1), and hence put
7, = tg. We have

2 2 2
Ly =cz, Iia = cg, c§ = c5, Is = cj mod (c1, cg).

Then we can take t}, b} such that Ideal(d],...,b5) = Ideal(bs,...,bs) and the ele-

(2 (2
ments ¢}, b satisfy the condition in this lemma for G = Eg. O

(2

Using this lemma, we can prove Corollary 3.2, Theorem 3.4 and Corollary 3.5
below (see also [Ya2]).

Corollary 3.2 ([Ya2, Lemma 2.1]). Let G be a compact simply connected simple
Lie group. Then for 0 < i < { we have an isomorphism

H*(G/T%Z/2) 2 H*(G/T)/(tis1,-- - te) @ A(T) 1y, ..., 7)),
where f(z}) = x; for the projection f; : G — G/T:.

When G = SO(n), we know Pic(Gy) = Z/2 and we can take (with the notation
of §2) t; = 2s; and ¢; = s; for ¢ > 1. Hence we can easily prove the following
corollary, by using similar arguments.

Corollary 3.3. Let G = SO(n). Then the isomorphism of Corollary 3.2 holds for
1> 1. For i =0, we have

H*(Gi;Z/2) 2 H* (G/T)/(t2,. .., te) @ Az1, ..., z¢).
Examples. When G = SU(n), we know that P(y) & Z/2 and

H*(G,Z/2) = A(£3,$5, . ,l‘gn_l) with |$]‘ = j,
H*(G/T;Z)2) 2 Z/2t1, ..., tn]/(c1,. .. cn).

Of course b; = ¢; is regular and satisfies (with g; = ¢1...t;_1) the conclusion of
Lemma 3.1. Hence

H*(G/Ti;Z/Q) > 7/20t1, .. ti)/(c1y ey ) @ ATy 1y Ty ).
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Let X be an algebraic variety over k C C. Let H** (X;Z/2) be the mod (2)
motivic cohomology over k constructed by Suslin and Voevodsky [Vol, Vo2]. For
every nonzero element x € H™"™(X;Z/2), we define the weight degree and the
difference degree by

w(x) =2n—m, d(z)=m—n.
When X is smooth, it is known that w(xz) > 0 and d(x) < dim(X) for x # 0 (for
example see [Vol, Corollary 2.3].) Moreover the affirmative answer by Voevodsky
to the Milnor conjecture (and hence the Beilinson—Lichtenbaum conjecture) implies

H* (pt;Z,/2) = Z./2[r] @ KM (k)

where 0 # 7 € H%1(pt; Z/2) = Z/2 and the mod (2) Milnor K-theory KM (k)/2 is
isomorphic to H**(pt; Z/2).

Let us denote by Gy the split reductive group over k corresponding to the
compact connected simple Lie group G, and T}, the split torus. It is well known that
G/ By, is cellular. The fiber of the projection Gy /Ty, — G /By is a unipotent group.
By the homotopy invariance of motivic cohomology, we have H**' (Gr/By;Z)2) =
H** (G1./Ty; Z/2). Let Gc/Te be the flag variety for k = C. Then

H*" (Gi/Ti; 2,/2) = KM (k) /2@ H* (Gc/T; 2/2)

= H*7*/(pt;Z/2) ® H*(G/T;Z/2) with w(H*(G/T;Z/2)) =0.
In particular, the base change (or the realization) map t¢ : Gi /Ty — G¢ /T induces
an isomorphism Pic(G}/Tk)/2 = Pic(Ge/Tt)/2, since Pic(X)/2 = CH'(X)/2 =
H?(X;7Z/2) and

H>YGy/Ti; 2/2) = H* (G /Te; Z/2) = H*(G/T; Z/2).

For the motivic theory, we also have the Thom isomorphism and hence the
Gysin exact sequence ([Vol, Vo3])

5 BTN G/ T 2/2) T B (G T 2/2) — H (Gu/Ti 5 2/2) % -
Since H**T1*(Gy/T};Z/2) = 0 (for the negative weight degree), we have
B2 (Gy T 22) 255 B2 (G T Z/2) — B G/ T 2/2) 5 0

for ¢ > 1 when G is simply connected (for i > 2 when G = SO(n)). By descending
induction on 7, we easily show

H>*(Gy /T 2)2) 2 H**(G/Ty2/2)/(tis1, - - te)

and there is #; € H*~1*(Gy/T"1;Z/2) with 6(z;) = b;. Moreover, we have the
following theorems:
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Theorem 3.4 ([Ya2, Theorem 3.1)). Let G be a compact connected simple Lie
group. Then for 0 < i < { there are H** (pt; Z/2)-module isomorphisms

H* (Gy/T}57)2) = H*(G/T7,)2) @ H** (pt; Z,/2)
= HY(GT)/(tivr, - te) @ M@y, @) @ H (pt; Z/2)

where the bidegree is given by w(z)) =1 and w(u) =0 foruw € H*(G/T;Z/2), i.e.
deg(x7) = (2], 3 (s + 1)), deg(u) = (lul, 3]ul).

Corollary 3.5 ([Ya2, Corollary 3.2]). There is an H** (pt;Z/2)-algebra isomor-
phism
H** (Gy;2/2) = H™" (pt; 2/2) ® P(y) ® Ay, -, 22)

where w(P(y)) =0 and w(x;) = 1.

Proof. Since tc : H**(Gy; Z/2) — H**(G;Z/2) is injective, we have 32 = 0 €
H?**(Gy; Z/2). Since w(z?) = 2, tc(1) = 1 and K} (k) C Ker(tc), we see 27 = Ty,
modulo the ideal generated by K3/ (k)/2. O

Theorem 3.6 ([Ya2, Theorem 3.3]). Let G be a compact connected simple Lie
group. Suppose that H** (X;7/2) is Z)2[r]-free. Then

H™ (X x /T 2/2) = HY (X32/2) @t iz H (Gu/ T 2/2).

Corollary 3.7 ([Ya2, Corollary 3.4]). Let G be a direct product of compact con-
nected simple Lie groups (e.g. simply connected compact Lie groups). The Kiinneth
formula holds for H** (G;Z/2), i.e. if G = Gy x -+ x Gy, then

H*" (Gi32/2) 2 H (G Z/2) @z/207) -+ ©z2ir) B (Co)is Z/2).
In particular H*’*'(Gk;Z/Q) is a Hopf algebra.
Proof. The conclusion holds for a product of two simple Lie groups, by the above

theorem. In the general case, we use induction on s. O

84. KO-theory

We explain the KO-theory of flag manifolds G/T according to Hara, Kishimoto,
Kono and Ohsita ([Hal, [Ko-Ha], [Ki-Ko-Oh], [Ki-Oh]). Recall that the coefficient
rings of the (topological) K O*-theory and KU*-theory are (see [At] or [Ha, §1])

KO* 2 Zlp, ' n,w] /(20,0 w* — dp,nqw),  KU* 2 Z[3,87"]
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with || = =8,|w| = —4,|n] = —1 and |B| = —2. To compute KO*(G/T), we
consider the Atiyah—Hirzebruch spectral sequence
EXY = HY(G/T; KO*') = H*(G/T) ® KO* = KO* (G/T).
It is well known that the first differential is ([Ha, (3.1)], [Ko-Hal, [Fu])
da(z @ )) =S (Z) @ Ay, A€ KO,

where z € H*(G/T;Z/2) is the mod (2) reduction of x.
Note Sq?Sq® = Sq®Sq' from the Adem relation. So Sq?Sq*(z) = 0 on
H*(G/T;Z/2) (since H*Y(G/T;Z/2) = 0). Let us write simply

H*(G/T;Sq*) = H(H*(G/T;Z/2);Sq°)
for the homology with the differential Sq*. To be compatible with WW* (—), we define

the degree of z € H*(G/T;Sq?) to be half that in H*(G/T;7/2), i.e. deg(z) = 1|z,
With this convention, we have

(4.1) By = BN = (6T 8q) © 220, p Y )

Therefore E25~1 is isomorphic to a subquotient of H*(G/T;Sq*){n}.
Kishimoto, Kono and Obsita ([Ki-Ko-Oh], [Ki-Oh]) get this homology for G =
U(n),Sp(n), SO(n), Ge, Fy, Es. For example

H*(U(2m + 1)/T;8q°) 2 Az3, 27, - . ., Zam—1)

tit? .42 in H*(U(2m+1)/T;Z/2), and Sq° (245-1) = 0

where 2451 = Zi1<~~-<is 2

(recall G/T = G /Tsc)-
Moreover, Kishimoto, Kono and Ohsita proved that the following assumption
is satisfied for all the above groups G.

Assumption 4.1. The Atiyah—Hirzebruch spectral sequence for KO*(G/T) col-
lapses from the Es-term.

Let Y be a topological space (e.g. a finite-dimensional CW-complex). We have
the following well known (Bott) exact sequence ((1.1) in [Ha], (3.4) in [At])

42) = KOYY) X% KO*(Y) S KU*(Y) 22 KO™2(Y) = -,

where c is the complexification map, r is the real restriction map and [ is the Bott
periodicity, that is, the map =1 : KU*(Y) — KU**2(Y) is an isomorphism. Let
us write

KO*(Y)/KU*(Y) = KO*(Y)/(rKU*(Y)) = KO*(Y)/(r~ ' KU*"%(Y)).
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Then
KO*(Y)/KU*(Y) = KO*(Y)/(Ker(xn)) = Im(xn)(KO**(Y))

(which is 2-torsion since so is n). In particular, KO*/KU* 2 Z/2[u, p~ {1, n}.
For the rest of this paper, let us write

KO™ ()/KU>(Y) = @ KO¥(Y)/KU™(Y),
reZ/4

(while KO*(Y') means usually P, ., KO"(Y')). We also take the degree modulo 4

in H*(G/T;Sq?). From (4.1), we see that Im(xn)(KO?**(G/T)) is a subquotient of
H*(G/T;Sq*). With this convention, we have

Corollary 4.2. The graded ring KO*(G/T)/KU?**(G/T) is isomorphic to a sub-
quotient of H*(G/T;Sq?). Moreover if Assumption 4.1 is satisfied, then

KO*(G/T)/KU*(G/T) = H*(G/T;Sq?).

Let A, B be Z/2-algebras with differentials d; and ds. Then A ® B has the
differential d given by d(a ® b) = d1(a) ® b+ a @ da(b) for a € A, b € B. Then it is
well known (Kiinneth formula) that

(which is proved directly from the definition of homology). In particular, for X, Y
with Sq' = 0, we have

H(X xY;8q*) = HH*(X xY;Z/2);Sq°)
>~ H(H*(X;Z/2) © H*(Y;Z/2);Sq%) = H(X;Sq%) @ H*(Y;5q%).

For the rest of this section, we assume that k is an algebraically closed subfield
of C. When X is a cellular variety over C (for the definition, see §5), Zibrowius [Zi]
shows that

W*(X) = KO*(X(C))/KU*(X(C)).
(For another proof, see §5 below.) This fact can be easily extended to any alge-
braically closed subfield of C. Hence

Corollary 4.3. Let G be a compact connected Lie group. Suppose that Assump-
tion 4.1 holds. Then the Kinneth formula holds for KO*(G/T)/KU*(G/T). Hence
from Corollary 3.7,

W*(Gy) = H*(G/T;Sq%)

is a Hopf algebra (for an algebraically closed subfield k of C).
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Note that the map
¢ WH(X) - KO*(X(C))/KU*(X(C))

is an isomorphism for X = G} /T} but is not an isomorphism for X = Gy, in
general.

Example. Let G = SU(3). Then H*(G;Z/2) = A(zs,x5) and
H*(GT;2/2) = Z)2[t1,t2, ts]/ (¢}, ¢h, 5) = Z/2[t1, 2]/ (] + 2, c162)

where ¢} (resp. ¢;) is the i-th elementary symmetric function of three variables
(resp. two variables). Hence

W*(Gi/Ti) = KO*(G/T)/KU*(G/T) = H*(G/T;8q") = A(zs)

where z3 = t1t3. (Sq*(z3) = t3t3 = ¢3 = 0.) Then W*(G}) = W*(Gy/T:) and
it is a primitive Hopf algebra A(z3). On the other hand, we consider the Atiyah—
Hirzebruch spectral sequence converging to KO*(G). Since Sq*(z3) = x5, we see
that

Byl = BN = B (HY(G52/2);Sa%) = Awa)

. 4 ’ . .
where vy = x32x5. We easily see E; A E%* for dimensional reasons. Thus the
map

0 WH(Gy) = A(z3) — KO (G)/KU(G) = A(vy)

is neither injective nor surjective since deg(vs) = 4 but deg(z3) = 3.

85. Hermitian K-theories

The Balmer-Witt group can be extended to a generalized cohomology theory for
the Al-homotopy category as follows. By the work of Hornbostel, Schlichting, Panin
and Walter ([Ho], [Sch], [Sch-Tr], [Pa-Wal), there is an object (spectrum) KO in
the stable A'-homotopy category such that the hermitian K-theory can be written
as the group of morphisms of the stable A'-homotopy category

KO** (X) = Homy: (X, S** A KO)

where S§** is the sphere of deg = (x,%') in the Al-homotopy category, e.g.
521 = Pl Moreover the Witt group can be written as

WHX)= KO *(X) fori—x*>0

(that is, W) (X) = KO** (X) for w(x, ) < 0).
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Let U — X — T be a cofiber sequence in the A'-homotopy category. Then we
have the long exact sequence for W*(—) from that for KO***l(—) when * > *':

KO*+*/’*/(T) KO*+*,’*,(X) KO*+*,’*/(U) 5 K0*+*'+1,*’(T)
WHT) ——  WHX) ——  WrU) s WD)

For a given map X — Y in the A'-homotopy category, we can define an object
Y/X in the A'-homotopy category such that X — Y — Y/X is a cofiber sequence,
and hence we have a long exact sequence

S WHY/X) = W) = WHX) S W (Y/X) = -

Since KO** -theory has a good product [Pa-Wa|, and hence W*(X) has a
graded ring structure compatible with KO*(X(C)) by the realization map t¢ :
KO** (X) = KO*(X(C)) (see [Pa-Wa], or [Vol, §3.4]), we have a natural map

W*(X) = KO* 1 1(X) - KO* 1(X(C)).

Zibrowius [Zi, Theorem 2.5] proved that the above map is an isomorphism when
X is cellular and k£ = C. (Such an isomorphism was first found in [Ya3] when X is
the complex Grassmannian.) We give a (slightly different) proof for k algebraically
closed.

For the rest of this section, we assume that k is an algebraically closed subfield
of C.

Let X be cellular. By definition, X has a filtration by closed subvarieties

h=z"'cz'c-..cz2’=X
such that Z¥ — ZF+1 = [T A%. Then we have the cofiber sequence
Zi— 7 = (20— 2 (7 - 20 D X)(X - 21) & X)(X - 27+
and the induced exact sequence
S WHX/(X = 20 S wH(X/(X - 2)) L we(zi - 24y

Since W*(Z! — Zi*1) =2 @ W*(pt), by induction we can show that the Zibrowius
theorem can be deduced from the following lemma.

Lemma 5.1. Let k be an algebraically closed field. Let U — X — T be a cofiber
sequence in the stable Al-homotopy category. If (1) and (2) below are satisfied for
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both Y =T,U, then they also hold for Y = X, where

(1) KU*(tc(Y)) =0,

(2)  tc:WH(Y) = KO¥(tc(Y))/KU (tc(Y)) = KO H(tc(Y)).
Proof. Let us write simply KO*(—) for KO*(tc(—)). We consider the following
map of long exact sequences:

wer o) S ower) S owrx) S owrw) S weri )

R I R

K0*2(U) 2 KO*\(T) L Ko (X)) L kor—1(U) % KO (T)

where t; = tc : W*(X) = KO*™'*'(Z) - KO*™ (Z) are the realization maps.
That is, t; : W*(X) = KO*™*~1*=1(Z) - KO**~1(Z) for i = 2,3,4 and the map
t5 is defined from the diagram

W*Jrl(T) o KO2*+1,*(T) U W*+1(T) o KOZ*’*il(T)

J g

KO*t1(T) — KO*(T)

Hence t5 is injective. Indeed, n : KO°4(T) — KO®**(T) is injective from the
Bott exact sequence since KU°Y4(T) = 0 (note that n : KO®*(T) — K°4(T) is
surjective).

Next we look at the map ¢;. Considering the similar exact sequence for KU*(—)
theory, we see §|KU?*~2(U) = 0 from dKU?*~2(U) c KU?**~1(T) = 0. Hence the
map § on KO*-theories factors as

§: KO**(U) = KO**(U)/KU**(U) —» KO*~(T).
Moreover, we have the diagram
K08N+2*72***1(U) = W**I(U) W*(T)
.| g a
KO*7*(U)  —— KO*2(U)/KU*2(U) —>— KO> \(T)

Hence dt; surjects to Ker(g*). Then we can prove the result from the five lemma
and by a diagram chase. O

We will study the case which is not cellular but (1), (2) in the above lemma
are satisfied.
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Lemma 5.2. Let k be an algebraically closed field in C. Let U L X% Thea
cofiber sequence in the stable A-homotopy category. If (1), (2) in Lemma 5.1 are
satisfied for both Y = X, T (resp. Y = X,U), and moreover g* : KU*(tc(T)) —
KU*(tc(X)) s injective (resp. f* : KU*(tc(X)) — KU*(tc(U)) is surjective),
then (1) and (2) also hold for Y =U (resp. Y =T).

Proof. Consider the map of exact sequences

wer) L owrx) Dowrw) S werir) L wer(X)

O T O R

KO*\(T) &5 Ko~ \(X) L5 ko*—1(U) % KO (T) 45 KO*(X)
We want to see that ¢4 is an isomorphism. Consider the Bott exact sequence
0 — W*(T) = KO>**(T) —1— KO**(T) —— KU*(T)
g"(1) g*(z)l g*(B)linjective
0— W*(X) =2 KO (X) —— KO*(X) —— KU*(X)

where g*(1),9*(2),¢*(3) are the maps g* defined on W*(T), KO?**(T), KU**(T)
respectively. Here note that xn|K0°d(-) is injective, and ¢g*(3) is also injective
by assumption. If € Ker(g*(2)), then x € Im(n) from the injectivity of ¢g*(3).
Hence we easily see (from the injectivity of xn) that Ker(¢*(2)) = Ker(g*(1)), and
t4 is isomorphic from the five lemma.

The second case is similarly proved by using the following diagram (to see

Im(f*(2)) = Im(f*(3)))
KU?2(X) —— KO*~2(X) —— KU (X)/KU*2(X) = W*~1(X)
f*(l)lsurjcctivc f*(Q)l f*(3)l

KU 2(U) —— KO*~(U) —— KU2(U)/KU*~2(U) = W*~(U)
O

Remark. When X = G/T%, T = Th(t;) and U = G/T*"!, then of course t, :

KU*(T) — KU*(X) is not injective. In fact, KU*(G/T%) = KU* ® H*(G/T")

and g (given in Lemma 3.1) is in Ker(¢,). In this case the assumption of the above

lemma is not satisfied. Hence t¢|W*(U) need not be an isomorphism. (In particular

tc|W*(Gy) is not an isomorphism, in general.)

We consider the classifying space BG for a finite group G. First consider the
case G = Z/2". In the stable Al-homotopy category, we have the cofiber sequence
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(see [Vo3, (6.4)] for details)
BZ)2" — E X Th(E)

where E = O(—2") is the (—2")-th twisted line bundle (of the canonical one) of P>,
Th(E) is its Thom space and g, is the composition map with 2"-fold twist on P>
and the quotient map.

Of course P" is cellular, and (see [Ars] or [Yal, §7])

W (B = Z/2{1,y,} for deg(y,)=n if n is odd,
Z/2{1}, otherwise.
Hence W*(P>) = Z/2. (For Witt groups of infinite spaces, see the remark af-

ter Lemma 6.1 below.) We also see W*((P>°)*™) = Z/2. Moreover E = O(—2")
represents zero in Pic(P*)/2, and so we have the Thom isomorphism

W*HH(Th(E)) = W*(E) = W*(P®) = 7,/2.
Therefore we have the exact sequence
S W Pe) S WH(P®) > WH(BZ/27) = - .

Hence W*(BZ/2") = A(x) with deg(z) = 0. (In fact 2% = 0, since that is the case
in the Gille-Pardon spectral sequence E(GP)5™ ; see §6 below.)
For each space X, we have the cofiber sequence (see [Vo3, §6])

qrxid

BZJ2" x X — E x X 2% Th(E) x X.

By induction on i, starting with (P>)*"™ we can prove
i
W*((>< BZ/Q"S) X (IP’OO)X(”_”) > A(z1,...,2;) with deg(z;) = 0.
s=1

Theorem 5.3. Let k be algebraically closed. Let G be an abelian 2-group of rank n
i.e. G=@)_|Z/2". Then there are isomorphisms

¢ : W*(BG) 2 KO**(BG)/KU*(BG) = A(x1,...,2,), deg(z;) =0.

Proof. We only need to see the first isomorphism. It is well known that KU*(BGQ)
is torsion free for each compact Lie group G. In particular

i1

%27 [KU* (X BZj2 ) x (B)*(nr+h)
s=1

is injective. Hence this satisfies the assumptions in Lemma 5.2. Thus (2) in the

lemma is satisfied for U = (X ,_, BZ/2") x (P>)* (=1, O
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The above isomorphisms were already given in [Yal] for G = (Z/2)®™. (How-
ever it was not proved that the map ¢* induces these isomorphisms.)

Let S be a 2-Sylow subgroup of a finite group G. It is known that for the
inclusion ¢ : S < G, the induced map g = Bi : BS — B(G is a finite covering of

*

order [G : S]. Hence the composition map g, - ¢g* is an isomorphism for the Gysin

map g., and W*(BG) is a subring of W*(BS).

Corollary 5.4. Let k be algebraically closed. Let G be a finite group having an
abelian 2-Sylow subgroup. Then

¢ : W*(BG) =2 KO**(BG)/KU*(BG).

Let L be a line bundle over a smooth scheme X over k and Th(L) be its Thom
class. Here we recall that the Witt group W*(X; L) can be written by using Th(L)
([Z]), namely, W*T1(X; L) = W*(Th(L)).

We will prove the Calmes and Fasel result for an algebraically closed field k.

Lemma 5.5 ([Zi, (2.4)]).
H(H*(Th(L); Z/2);Sq”) = H(H*(X;Z/2); S + c1(L)).
Proof. Recall that the mod (2) cohomology of Th(L) is
AP (TH(L) 2/2) = H(X;Z/2) er} € HY(X;2/2){1,e1} = H(P(L); 2/2)

where P(L) is the associated projective bundle and ¢; is the first Chern class so
that ¢? = ¢1(L)er. Hence for x € H*(X;7/2), we have (by the Cartan formula)

Sq?(ze1) = Sq*(x)er + zer (L)er = (Sq?(z) + 1 (L)z)(e1).

Each element in H*(Th(L);Z/2) can be expressed as xc;, and we have the result.
O

Recall that grH*(G/T;Z/2) = P(y) @ S(t)/(b1,...,by) and S(t) =
Z/2[t1, ...t as stated in §3.

Lemma 5.6. For each 0 #t € Z/2{t1,...,ts},
H(H" (Th(£);7,/2); S6%) = H(H" (G/T;2/2); S +1) = 0.

Proof. Lett = t; and d = Sq”+t. Define the degree of t; by w(t1) = 1 and w(t;) = 0
for i > 2. Let D; = {x € S(t) | w(x) > i} and grS(i) = @ D;/D;41. Decompose
gr S(t) = Z/2[t:] ® B as a d-module with B = ),~, Z/2[t;]. Then d = Sq® + ¢ acts
on B as Sq% + 0 for i > 2. -
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We consider the spectral sequence
E3 = H*(gr S(t);d) = H"(S(t); d).

We easily see that

E; = H*(B;Sq®) ® Z/2[t] = Z/2[t]
since Sq? : t°4d s ¢odd+1 and H*(B;Sq?) 2 Z/2. On the other hand, we see that
Sq? +t: toven i tevertl and H*(Z/2[t]; d) = 0. Thus we get H*(S(t);d) = 0.

The Sq*-action on H*(G;7Z/2) is a derivation mod (Sq'). Hence Sq? maps ring
generators to ring generators or zero by arguments from differential Hopf algebra
(see [Arl], or see the explanation just before Lemma 6.6 below), i.e. we can take
generators x; so that Sq®(z;) = 241 or Sq*(x;) = 0. (Moreover if |z;| + 2 = |z;],
then Sq*(x;) = x; for simply connected simple Lie groups [Ka].) Let Sq®(z1) = 2.
Write d-(21) = by and d,y2(z2) = ba € S(t). Then the Cartan—Serre transgression
theorem implies that

Sq®(b1) = Sq*(dr(21)) = dry2(Sq*(21)) = drya(@2) = by mod (by).

Similarly if Sq®(x1) = 0, then Sq?(b;) = 0 mod (by).
Suppose that Sq?(b1) = 0 mod (by) (i.e. Sq*(z1) = 0 by the arguments above).
Then S(t)/(b1) is a d-module because

(Sq? +t)(xby) = Sq*(x)by + taby € (by)
by the Cartan formula. We consider the short exact sequence
0= S(t) 2 S(t) = S(t)/(b1) = 0
of d-modules, and consider the induced long exact sequence
— H*(S(t);d) — H*(S(t);d) — H*(S(t)/(br);d) = -+ .

The first and second terms in the above sequence are zero, hence so is the third,
that is, H*(S(t)/(b1);d) = 0.

Suppose that Sq?(b1) # 0 and take by = Sq*(b;) (i.e. Sq®(x1) = x2). Then
S(t)/(bz) is a d-module and H*(S(t)/(b2);d) = 0 by the arguments above. Next
consider a short exact sequence of d-modules (see also [Ki-Oh])

0— S(t)/(be) by S(t)/(ba) = S(t)/(b1,b2) — 0.

By considering the induced long exact sequence of d-homology, we deduce that
H*(S(t)/(b1,b2);d) = 0. Similarly, H*(S(t)/(b1,...,be);d) = 0.
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For each nonzero element y in P(y), take § € H*(G/T;Z/2) with 7*(g) = y
for the projection 7 : G — G/T. Define w(g) = 0 and w(t;) =1 for 1 < j < L
Then the associated graded ring is

gr H*(G/T;2/2) = P(y) © S(t)/ (b1, - - ., be)
as stated in §3. We consider the spectral sequence
E; =H(gr H*(G/T;7Z/2);d) = H(H*(G/T;Z/2);d).
By the definition of the filtration, see
By = H*(P(y); S4%) @ S()/(bi, .., b).

For each nonzero y € H*(P(y);Sq?) and s € S(t), the differential d acts on F3
as

yRs— S (H)(1®@s)+y®Sq’(s) +y®ts =y @d(s),

because, from Lemma 5.7 below, we can take § € H*(G/T;7/2) with Sq*(§) =
0 mod (¢;t;). The fact that H*(S(¢)/(b1,...,be);d) = 0 implies

H(H*(G/T;Z/2):d) = 0. O

Lemma 5.7. Given an element y € Ker(Sq?)|P(y) C H*(G;7Z/2), we can take jj €
H*(G/T;Z/2) with 7 (§) =y for m: G — G/T such that Sq*(§) = 0 mod (t;t;).

Proof. We have the multiplicative map p: G x G/T — G/T defined by u(g, g'T) =
99'T. This map induces the map (see [Tod] for details)

w' P H(G/T;Z)2) - H*(G;Z/2) @ H*(G/T;Z/2).
Given y € P(y), we can take § € H*(G/T;Z/2) with 7*(g) = y such that
p(9) =y®1+1® g mod (tt;)
(adding t;3’ to ¥ if necessary). So we have
1(Sa* () = Sa’(y) © 1 +1® Sq?(§) mod (tit;).

We show that if Sq®(y) = 0, then Sq®(§) = 0 mod (t;t;). Otherwise, Sq?(j) =
y't+--- for 0 £y € H*(G;Z/2) and hence

1 (SP(H) =y @t +--- £ 19S3() mod (tt;),

which is a contradiction. O
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Theorem 5.8 (Calmes and Fasel theorem for an algebraically closed subfield in C).
Let k be an algebraically closed field in C and G be a compact simply connected Lie
group. If 0 # L € Pic(Gy/Ty)/2, then W*(Gy/Ty; L) = 0.

Proof. We have
W* Y (G /T; L) = W*(Th(L)) = KO*(Th(L))/KO?**(Th(L)).

The last term is isomorphic to a subquotient of H(H*(Th(L);Z/2);Sq?), which is
isomorphic to H(H*(G/T;7/2);Sq* + ¢1(L)) = 0 from Lemma 5.6. O

For each algebraic group G, by Voevodsky [Vo3], we can take smooth
schemes X,, such that

colim X, = BG and H*"(X,;2/2) = H"" (BG;Z/2) for + <n.
So for L € H*Y(BG;Z/2) = H*(X,,;Z/2), we can define
W*(BG; L) = liTILHW*(XmL)-
Recall gr H*(BZ/2") = 7Z,/2[y] @ A(z), and H*Y(BZ/2";7/2) = 7Z/2{y}. We easily

see that H(Z/2[y] ® A(x);Sq* +%) = 0 as in the proof of Lemma 5.6. The analogue
of the theorem by Calmes and Fasel also holds for abelian 2-groups.

Corollary 5.9. Let k be algebraically closed and let G = @"_, Z/(2"<). Then

W*(BG;L) =0 for0# L e H*'(BG;7/2).

86. Gille—Pardon spectral sequence

Balmer and Walter [Ba-Wa, (1)] define the Gersten-Witt complex

0->W(k(X))— B Wkx)—---— H Wk)—0
zeX™ zeX(m)
where X is the set of closed points of codimension 4 in X, k(X) is the function
field of X and k(z) is the residue field for the closed point z. Let H* (W (X)) denote
the cohomology group of the above cochain complex, with W (k(X)) in degree 0.
Then Balmer—Walter constructed the spectral sequence [Ba-Wa, Theorem)]

H*(W(X)) (+' = 0 mod (4))

= W (X).
0 (¥ # 0 mod (4))

E(BW)3* = {

By the affirmative answer to the Milnor conjecture of quadratic forms by
Orlov—Vishik—Voevodsky [Or-Vi-Vo, Theorem 4.1], we have an isomorphism of
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graded rings HZ (k(z);Z/2) = gr W (k(z)). Using this fact, Pardon and Gille con-
structed ([Pa, Corollary 0.13] and [Gi]) a spectral sequence

E(GP)y™ = Hy,,(X; Hj ) = H*(W(X)) = EBW);™

so that the differential d, has degree (1,7 — 1) for r > 2. Here Hgl/Q is the Zariski

sheaf associated to the presheaf V — HZ (V;Z/2) for any open subscheme V of X.

The above sheaf cohomology Hy, (X; Hi//z) is related to the motivic cohomol-
ogy H** (X;Z/2) = D, ez H*(X;Z/2) (for details, see [Vol]-[Vo3]) as follows.
Recall that 7 € H%1(Spec(k);Z/2) = Z/2 be a generator. (For example, if k is al-
gebraically closed, then H** (Spec(k); Z/2) = Z/2[r].) Then we get the long exact
sequence from the solution of the Beilinson-Lichtenbaum conjecture ([To, Theorem
1.3], [Or-Vi-Vo, Lemma 2.4(5)]),

— ¥ ~Y(X;72/2) X5 HY* (X;72/2)

— Hy W (X Hy ) — HY N (X 2/2) 25
All elements in the above cohomology groups are 2-torsion, and so we have the
following additive isomorphisms:
Lemma 6.1.

Zar

> HY* (X;Z/2)/(Im(T)) ® Ker(T)|H*+1,*/71(X;Z/2).

Remark. Let X,, be smooth and colim,, X,, = X. Suppose that @, H*(Xy; HZ/z)
is a finite group for each . (Note Hgar(Xn;Hgl/Q) = 0 for * > dim(X,).) Then

P, E(GP);™*(X,,) is a finite group, and so is @,,, E(BW)2°. Therefore W*(X,,)
is a finite group for each x € Z/4. So lim' = 0, and we have

W*(X) 22 lim W*(X,,).

E(GP); " = Hy " (X H )

It is well known that CH*(X) & H***(X;Z) [Vo2, Corollary 2]). Recall that
H**(X;7Z/2) = 0 when % > 2« (i.e. when the weight degree is < 0 [Vol, Corol-
lary 2.3]). Since H***1*(X;Z) = 0, from the Bockstein exact sequence we have
H?**(X;Z/2) & H?>**(X;Z)/2. In particular,

E(GP);* = H>Zkar(X; HE/Q)
= Hz*’*(X;Z/Q)/(T : H2*’*71(X;Z/2)) ©® Ker(r)|H2*+1,*71(X;Z/2).
Here H?**~Y(X;Z/2) = H>**t1*=1(X;Z/2) = 0 since the weight degree is nega-

tive. Hence
E(GP)y™* = H**(X;Z/2) = CH*(X)/2.
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Similarly,
E(GP);™ ™ = Hy, (X; H ) = H**TH(X;Z/2).

On H*7*/(X; Z/2), we can define the cohomology operation Sq* from Voevod-
sky ([Vo3, §9], [Vol, §3.3]) (or Brosnan [Br] for CH*(X)/2). This Sq" is compatible
with that in the usual (topological) mod 2 cohomology via the realization map tc
when k C C ([Vol, §3.4]). Moreover Sq*Sq? = 7Sq*Sq" [Vo3, Theorem 10.2]). Then

Totaro proved

Lemma 6.2 ([To, Theorem 1.1]). If x € E(GP)y" = CH*(X)/2, then da(x) =
Sq?(z).

We assume the following throughout this section:
Assumption 6.3. Ifz € E(GP)y* ! o H2++1++1(X;7,/2), then dy(x) = Sq*(z).

Since W** (X) = KO**'(X) for * > 2+ has the ring structure from the
results by Schlichting and Panin—-Walter, W*(—) is a multiplicative cohomology
theory. So W*(X) is a W*(pt)-algebra, i.e. we have the cup product via the maps

WH(X) @ W* (X) = W (X x X) 25 W (X)

where A : X — X x X is the diagonal map.
For a map X — Y in the Al-homotopy category, we have an object Y/X such
that X — Y — Y/X is a cofiber sequence and we have the long exact sequence

S WHY/X) = WH(Y) = WHX) S W (Y/X) = -
The coboundary map J is a derivation in the following sense. There is a commutative
diagram

W (X) @ W+ (X') —2 s WH(Y/X) e W*(X') @& W*(X) e W+(Y'/X")

l l

W (X x X)) —2 W +1(X x YUY x X)/(X x X'))

where §' (a®b) = 6(a)®b+a®4(b) from the standard arguments as in the topological
cases [Ar2, (11.11) and (27.4)].
Let us consider a filtration (chain) of closed subvarieties

Z:.Zvczvlc...cztcX

such that codimy (Z%) > i and Z! — Z**1 € X — Z*+1 are regular embeddings. Here
we have a cofiber sequence

7~z dy X)X — 7y & X)X — 7
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and a long exact sequence (as stated in §5)

SWHX/(X — 2 L WwHX(X - Z20) L wrzi -z S

Then we consider the diagram
WH(X) L WH(X/(X — 2Y)) «L— WHX/(X = 22)) «L— ...
N Ta N T(s
. 1 fré (71 2 fré
wXx-zH ——s W Z'-2%) —— -
The Gersten—Witt complex is constructed by taking the limit of the above diagram

(limit of exact couples [Bl-Og], [Co-Ho-Ka|, [Ba-Wal, [Pa]) in the following sense.
We have the commutative diagram

wHx —zh L% W*(Z' — 72) AR W*(22 — Z3) —

p;zT p"zT p"zT
* d * d % d
Jo=W*(k(X)) — J1=@rexy W (k(z)) — Jo=@rexe W (k(z)) —
where X is the set of closed points of codimension i in X, k(X) is the function
field of X and k(x) is the residue field for the closed point x. Moreover we have a
natural map

W* (k(z)) © W (k(2')) = ® W (k).
zeX @) greXx (@) z€(X x X")(i+i)

Then we have the isomorphism

J; = llén W*(ZZ — ZiJrl) - HZW*(Zz — Zi+1)'

where Z runs over all chains in X as above. Hence each element a € J; can be
written as Iz (az) € IzW*(Z;, — Z;1+1) with az = p%(a). The differential is given
by d(a) = Iz(f*6(az)). Therefore we obtain the following lemma by using that
the coboundary map ¢ is a derivation in the sense above.

Lemma 6.4. The differential d of the Gersten—Witt complez is a derivation.

The Gille-Pardon spectral sequence is constructed from the associated graded
ring giving filtration I*W*(k(z)) by the fundamental ideal I (which is the kernel
of the rank homomorphism tk : WO(k(x)) — Z/2) and using the Milnor conjecture
(solved in [Or-Vi-Vo]) gr WO(k(z)) = H} (k(z);Z/2). Hence the differential of the
Gille-Pardon spectral sequence is deduced from the differential d of the Gersten—
Witt complex. Hence all differentials of the Gille-Pardon spectral sequence are

derivations.
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Next consider the Balmer—Walter spectral sequence. Its differential is defined
(by the standard arguments for constructing a spectral sequence from an exact
couple)
dr(a) =z (d(az)) = Mz (f*(g")"""d(az))
which is a derivation since ¢ is a derivation and f*, ¢g* are ring homomorphisms.
Hence all differentials of the Balmer—Walter spectral sequence are derivations. Thus
we have the following lemma.

Lemma 6.5. The spectral sequences E(GP)** and E(BW)** are those of graded
rings, i.e. all differentials are derivations.

For the rest of this paper, we assume that k is an algebraically closed field
in C (i.e. H** (pt) = Z/2[7]).
For X = G,Y = G, from Corollary 3.6 we have

H* (X X Y;2/2) = H (X;2/2) ®g)0p7) H (Y3 2/2).
Thus from Lemma 6.1, we have
E(GP); " (X x Y) = Hy" (X x Y3 Hj )
= H*(X x Y3Z/2)/(r) = H* (X;2/2)/(r) @ H* (Y;Z,/2)/(7)
~ B(GP);™ (X)) @ B(GP); ™ (Y).

By the definition of the spectral sequence and the Kiinneth formula (see [Arl]
or [Tod]),

E(GP);™ (X x Y) = H(E(GP);" (X X Y); da)
= H(E(GP)y™ (X) ® B(GP);™ (Y); d2)
= H(E(GP)}" (X);dy) ® H(E(GP)y™ (Y); da)
~ E(GP)3y” (X)® E(GP)y ().

By using the Kiinneth formula, each page of the spectral sequences has the
same property for all r > 2:

E(GP):* (X x Y) = E(GP):* (X) ® E(GP):* (Y),
EBW)> (X x Y) = E(BW)>* (X) @ E(BW)5* (Y).

Therefore gr W*(X x Y) = gr W*(X) ® gr W*(Y). Hence the ring map W*(X) ®
W*(Y) —» W*(X xY) is bijective, and it induces an isomorphism

W*(X) @ WH(Y) = W*(X x Y).
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When X = Gy, the product p: G X G — Gy induces a coproduct map
pr e WH(G) = WGy x G) = WH(Gy) @ WH(Gy).

So W*(G},) is a Hopf algebra. Moreover Hy, (G; HZ//Q) is also a Hopf algebra with
the coproduct similarly defined by p. Then each page of the spectral sequences is
an (induced) Hopf algebra (by the Kiinneth formula above). Indeed we have the
coproduct

W BT (Gr) > E7 (Gr) @ BN (Gy).

In particular, E(BW)** is isomorphic to gr W*(Gy) as Hopf algebras. Thus
the spectral sequences for Gy, are differential Hopf algebras. It is known (e.g. Araki
[Arl], Toda [Tod]) that in a differential Hopf algebra, the image of the differential
of a ring generator (indecomposable element) is also a ring generator or zero. We
can identify gr E* ' to be primitively generated (namely, we can take generators
to be primitive in gr E**'), and use the fact that the image of the differential of a
primitive element is primitive.

Lemma 6.6. Let k be an algebraically closed subfield of C. Then the Witt ring
W*(G}) is a Hopf algebra. So the spectral sequences E(GP)** and E(BW)»* are
differential Hopf algebras, which implies that the differential d, sends ring genera-
tors to ring generators or zero.

From Corollary 3.4, we have
H*" (G 2/2) 2 2/2[7] @ P(y) © Ay, ... )
with w(P(y)) = 0 and w(z;) = 1. (Hence 2? € 77 P(y) for some j > 1.) So we get
H* (Gy; 2/2) /(I (7)) = P(y) ® A(z1, ..., z0),
Ker(7)| v’ (Grizy2) = 0-
Thus we get a bigraded ring isomorphism
E(GP)y* = P(y) @ A(z1,..., )

with deg(z) = (3|2, 3|2|) for z € P(y) and deg(z;) = (3 (|z;| — 1), 3(Jzs] + 1)).

On the other hand, we give a (coniveau) filtration of H*(G;Z/2) by F; = {z |
w(x) < i} and denote by gr H*(G;Z/2) = € F;/F;_1 the associated algebra. Then
we have a ring isomorphism

er H*(G;Z/2) 2 P(y) @ A(xq,...,x0).

Since Sq?Sq”® = Sq®Sq' = 0, Sq? defines a differential of gr H*(G;7%/2). Let us

write its homology as H*(G;Sq”) with deg(y;) = %|y:| and deg(z;) = (|2 — 1).



142 N. YAcIiTA

Then we have an isomorphism of differential Hopf algebras
E(GP)y* = gr H*(G;Z)2)

with w(y;) = 0 and w(x;) = 1. From the result of Totaro and Assumption 6.3, we
have
E(GP)y™ =~ H(gr H* (G;7/2);Sq%) = H*(G;Sq?).

Recall that the degree of the differential is given by deg(d,) = (1, — 1). For
x € B(GP)»*, let us write its first degree % as f.deg(x). Here we consider the
following assumption (which is proved in §7 below).

Assumption 6.7. There is an algebra isomorphism (for G simply connected)
E(GP);,’*/ ~ H*(G;9q%) = Az, ...,2,) with f.deg(z) odd,
or E(GP)Y* = H*(H*(G;Sq?);ds) = Az, ..., z).
For G = SO(n), there is an algebra isomorphism
E(GP);™ = H*(G;Sq) = A(z0,21,...,2), f.deg(zo) = 0.

Lemma 6.8. Let G be a compact simply connected Lie group. Then there is a

spectral sequence
FEy = H*(G;Sq%) = H*(G/T;Sq%).

Proof. (Recall the proof of Lemma 5.6 and see also [Ki-Oh, §2].) Let us write

d = Sq? for simplicity. Recall S(t) = ®f:1 Z/2[t;]. We set deg(t;) = 1 here to be
compatible with the degree of W*(—). We get
‘
H*(5(t);d) = Q H™(2/2[t:};d) = 72

i=1

since H*(Z/2[t];Sq?) = 72, for Sq? : 1099 1 odd+1,
Suppose that Sq?(by) = 0 mod (b1) (i.e. Sq*(x1) = 0). Then S(t)/(b1) is a
d-module. We consider the short exact sequence

0— S(t) 2 5(t) = S(£)/(b1) = 0
of d-modules, and consider the induced long exact sequence
= HY(S(t);d) = H(S(t);d) — H*(S(1)/(br);d) = - --

The first and second terms in the above sequence are isomorphic to Z/2 and
xby = 0. Hence
H*(St)/(b1);d) = Z/2{1,b:} = A(b1).
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Here d(by) = by and by is a cycle in S(t)/(b1) (but not in S(t)), and b? € Im(d)
C S(1).

Suppose that Sq®(b1) # 0. Then we can take by = Sq* (bl) (i.e. Sq*(z1) = x2).
Then S(t)/(bs) is a d-module and H*(S(t)/(b2);d) = A(by); here we can take
by = b1, by the arguments above. Recall by, bs is a regular sequence in S(t). We
consider a short exact sequence

0= S(1)/(ba) 2 S(t)/(b2) = S(t)/(br,bs) — 0

and the induced long exact sequence of d-homology,
— A(br) 25 A(br) — H*(S(t)/(br, ba); d) —
Hence
H*(S()/(b1,b2); d) = Abr2),  d(br ) = b7.

Similarly, we can compute H*(S(t)/(b1,...,be);d) = A(bys,. .., by). Here b; is de-
fined by b; = b; if z; ¢ Im(Sq?), and b; = IA)i_M if Sq*(zi—1) = ;.

On the other hand, we consider the homology of A(z1,...,z¢). If Sq*(z,) = 0,
then H*(A(z1);d1) = A(z1). If Sq*(21) = a2, then

H*(A(itl,JCQ),d) = A(JULQ) with T1,2 = T1X2.

..., Tk ). Here Z;

)—Z'i.

Similarly we have an isomorphism H*(A(xq,...,2¢);d) = A(Z;
is defined by z; = x; if z; & Im(Sq ), and T; = x;_q1ax; if Sq (-
Thus we can construct an isomorphism (mapping b; — ;)

H*(A(x1,...,20);d) 2 H*(S(t)/(b1,...,be);d).
Therefore

H*(G;8q%) = H*(P(y) @ A(x1, ..., x);d)
~ H*(P(y) @ S(t)/(by,...,be);d) =2 H(gr H*(G/T;7Z/2);d).

Hence we have a spectral sequence
H*(G;Sq?) = H(gr H*(G/T;Z/2);d) = H(H*(G/T;7/2);d). O

Theorem 6.9. Let k be an algebraically closed field in C. For each compact con-
nected simple Lie group G, Assumptions 4.1, 6.3, 6.7 are satisfied. If G is simply
connected, then there is an isomorphism

W*(G) = H*(G)T;9¢%) = A(z1,...,2), deg(z) odd.
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For G = SO(n), we have W*(Gy) = H*(G/T;Sq%) ® A(xo) with deg(xo) = 0.
Moreover W*(GYy,) is isomorphic to

E(GP)y™ = H(H*(G;Sq%);d3) for G = Eg, Er, Es,
E(GP);*/ ~ H*(G;Sq?) otherwise.

Proof. We assume here Assumptions 6.3 and 6.7 which are shown for each simple
Lie group G in the next section.

Let G be simply connected. (The case of SO(n) is shown in §7 below; see e.g.
Corollary 7.2.) From Assumption 6.7, the Gille-Pardon and the Balmer—Walter
spectral sequences collapse because, from Lemma 6.6, the d,.-image of z; must be
some z; (modulo decomposable elements). However deg(z;) — deg(z;) is even but
deg(d,) is odd, and this means d, = 0. Hence

gr W*(Gy,) = E(GP): = H(H*(G;Sq?);ds) = Az, ..., z)

with deg(z;) odd. Since W*(Gy) is a Hopf algebra (it is a product of truncated
polynomial algebras), we obtain

W (Gr) = Mz, .o 25) = gr WH(Gh).

Recall that W*(G}) = W*(Gy/T}k) is a subquotient of H*(G/T;Sq?) from
Corollary 4.2 (and is isomorphic to it if and only if Assumption 4.1 is satisfied).

On the other hand, by Lemma 6.8, we know H*(G/T;Sq?) is a subquotient of
H*(G;Sq?). Here we also assume that

(%) H*(G/T;Sq?) is a subquotient of E(GP)}* = H(H*(G;Sq?); d3).

(Of course (*) holds when ds = 0. In the cases G = Eg, Er, Eg, () is proved in the
next section.) Then we get

W*(Gi/Ty) = W*(Gy) = E(GP);" = H*(G/T:Sq?)
and Assumption 4.1 is satisfied. O

Remark. Since W*(G}) and H*(G/T;Sq?) satisfy the Kiinneth formula from
Corollary 4.3, the above theorem holds for direct products of simple Lie groups
(e.g. simply connected Lie groups). The explicit value of deg(z;) is given in §7
below.

The homology H*(G;Sq?) is computed more easily than H*(G/T;Sq?). How-
ever, in this paper, we use the ring structure of H*(G/T;7Z/2) (for each simple
Lie group) to deduce Lemma 3.1 (for Corollary 3.2 and Theorem 3.4) and to de-
duce Assumption 6.3. We hope to obtain alternative proofs that do not rely on the
detailed ring structure of H*(G/T;Z/2).
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Here we consider the map of spectral sequences induced from G — Gy /Tk.
Since Gy /By is cellular, we have

H**(G1/Bi; 2/2) = H** (G1/Ti; Z/2) =2 H**(G1,/Ti; Z/2).
We show E (GP);’i’*l = 0 for x # «’. For dimensional reasons, we have isomorphisms
B(GP)y (G/T) = E(GP);™ (G/T) = E(GP);"(G/T) = H*(G/T;Sq°).

From the above theorem, we see that the Balmer—Walter spectral sequence for
Gy /Ty also collapses

E(GP)%* (G/T) = gr E(BW)*2(G/T) = gr W*(Gy,/Ty).-

Therefore the projection Gy — Gy, /Ty induces isomorphisms E(BW)** (G /T)
=~ EB(BW)** (@) (for all 7 > 0) of the Balmer-Walter spectral sequences, but not of
the Gille-Pardon spectral sequences. In fact, for * # %' we see E(GP)** (G/T) = 0
but E(GP)%* (G) # 0 for some % # %' (see §7 below).

87. Simple Lie groups
87.1. Classical Lie groups

For the classical Lie groups, we will see Assumptions 6.3 and 6.7 hold. First, we
consider the case G = U(2m + 1). Its cohomology is

H*(G, Z/2) = A(l‘l,l‘g, . ,$4m+1)
= A1) @ @ A(was—1,Tas1) With  Sq*(zas—1) = Tasy1.
s=1

(Throughout this section, subscripts indicate degree, e.g, |x;| = i for convenience.)
Therefore we have the Sq? homology

H*(G58¢%) 2 Alz1) @ @ AMas_124511),

s=1

which is (changing the degree so that deg(z;) = % (i — 1)) isomorphic to
Aur) @ H*(G/T;9¢%) = A(20) @ @ A(zas—1), deg(z;) =1i.

This result is also given by Kishimoto, Kono and Ohsita [Ki-Ko-Oh]. When G =
U@2m +2), H*(G;Sq*) = H*(U(2m + 1);Sq*) @ A(zh,,.1). The element x5,
corresponds to z in the notation of [Ki-Ko-Oh]. For Gy, = SU(n), we get

H*(SU(n);Sq*) = H*(U(n); Sq*)/(20)

and the assumptions also hold. (See Corollary 2.4.)
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The case G = Sp(n) is easy. In fact, H*(G;Z/2) = A(zs, 27, ..., T4n—1) and so
Sq* = 0. Hence H*(G;Sq”) = A(z,..., 2, ;) where x4, | corresponds to ;43
in H*(G;Z/2).

Next we consider the case G = SO(4m + 1). Then the mod 2 cohomology is
written as (see for example [Ni])

gr H*(SO(4m +1);Z/2) 2 A(x1, 22, ..., Tam+1)
where 72 = 29,. We write Y2(odd) = xgdd. Let us write
er H*(G;Z/2) =2 A(y2,Yay - - - s Yam) @ AMx1,23, ..o, Tama1)-
Here gr P(y) = A(y2, Y4, - - -, Yam) and Sq*(Yast2) = Yast4. Hence
H*(P(y);Sq”) = éA(y%_zy%)-
This result is also given by Kishimoto—Kono—Ohsita:

H*(SO(4m +1)/T;Sq%) =2 @ A(z45-1,Was-1)
s=1

where z45_1 (resp. was—1) corresponds to Tgs—1T4s+1 (reSp. Yas—2yas). The cases of
other n are similar (see also [Ki-Ko-Oh]).
Now let G = Spin(n). The cohomology is given by

H*(Spin(4m + 1); Z/2) = H*(SO(4m + 1); Z/2) /(x1,y1) @ A(a)
s>1)@A(zs,...,Tamr1) ® Ala)

= A(yQa Yay--- aZ/4m)/(925
where |a| = 2¢ — 1 for 2071 < 4m < 2! ([Mi-Ni], [Tod]). Then we can prove that
H*(G;Sq?) is isomorphic to
t—2
H*(SO(n);Sa)/ (20,21 |52 1)@ (@ Alwhe1)) © Al )
s=1
where was _1 (resp. Y1, @he_1 ;) corresponds to yas _oy2s (resp. yos_2, a). Iden-
tifying y5. _; = wos_1 and al,_; | = wqi-1_1, we have an isomorphism
H*(SO(n);Sq?) = H*(Spin(n); Sq?) @ A(zp).

Proposition 7.1. Let G be a simply connected simple classical group. Then As-
sumptions 6.3 and 6.7 are satisfied.

Proof. Assumption 6.7 is satisfied from the above arguments if Assumption 6.3 is
satisfied. We will prove Assumption 6.3 for G = Spin(4m + 1). The other cases
follow from the naturality of maps, e.g. SU(n) — Spin(2n).
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Let G’ = Spin(4m — 3) and suppose the assumption holds for G’. Assume
4m #£ 2. Then

H*(G;Z)2) =2 H*(G';2/2) @ AMYam—2, Yam, Tam—1,Tams1) with
Sq2 (y4m—2) = Yam, Sq2 (3)47”_1) = T4m+1-

By Totaro’s theorem, do(yam—2) = Yam. In the Gille-Pardon spectral se-
quence, if do(T4m—1) # Tam+1, then do(zgm-—1) = 0 by Lemma 6.6. We have
f.deg(x4m—1) = 2m — 1 but the first degree of a differential is always odd. Hence
Z4m—1 is a permanent cycle. However this element does not exist in H*(G/T’; Sq?) =
H*(G;S8q%). Since W*(GY) is a subquotient of H*(G/T;Sq?), this is a contradic-
tion. So do(Z4m—1) = Tam+1-

When 4m = 2%, the different parts (from the case of 4m # 2°) are even-dimen-
sional ring generators. By Totaro’s theorem, also da(y;) = Sq°(y;). Thus

E(GP)y* = H*(G;Sq?) 2 A(uy, ..., u,), deg(u;) odd. O
The following fact is also shown in Corollary 2.4.
Corollary 7.2. We have an isomorphism
W*(SO(n)) = W*(Spin(n)) ® A(z).
Proof. By Proposition 7.1 and the naturality of the map Spin(n) — SO(n),
E(GP)5* = H*(G;Sq?) = A(zo, s, . . ., uy).

We only need to see d,(z9) = 0, which follows from the fact that f.deg(d,(z0)) =
1 mod (4) but f.deg(u;) = —1 mod (4). O

§7.2. Exceptional Lie groups G5 and Fj

The cohomology of G is
gr H*(G2;7,/2) = A(ys, x3,05) with Sq®(x3) = xs.

We have the natural inclusion SU(3) C Ga. Recall H*(SU(3);Z/2) = A(xs, z5)
and dz(z3) = x5 in the Gille-Pardon spectral sequence. Hence in H*(G2;7Z/2), we
have da(x3) = x5, and

H*(Go;Sq”) = A(z3,45)

where z3 (resp. y4) corresponds to zszs (resp. yg). The cohomology of Fj is

H*(F4; Z/Q) = H*(GQ,Z/Q) ® A(.’L’15,I23).
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Hence H*(Fy;Sq?) = H*(G2;Sq%) ® A(ah, x4,) where xf (resp. ;) corresponds
to x15 (resp. a3). (See also [Ki-Oh].) Thus Assumptions 6.3 and 6.7 are satisfied
in these cases.

§7.3. Exceptional Lie groups FEg, F7, Eg
First consider the case G = Eg. The cohomology of Ej is
gr H*(Ee;Z/2) = Mys, 23, T5, T9, T15, T17, T23),
where Sq?(z;) = zi2. We easily see that
H*(G:Sq%) = A(ys, 23, 24, 215, 211)

with the notation similar to the above cases of Go and Fy (e.g. x)y = w9, 215 =
T15T17, Ty = T23).

The spectral sequence in Lemma 6.8 does not collapse for the following reason.
In H*(G/T;7/2), we know Sq*(ys) = ¢4 ([Ki-Oh, §4], [Ko-Is, Theorem 5.9], where
Ye 1s written as 73). So dz(y5) = z/;, and we have

H*(G/T;Sq) 2= A(z3,v7, 215, 71

where v7 corresponds to ygzg. Indeed, this result is also given in [Ki-Oh].
Now we return to the Gille-Pardon spectral sequence

A(ys, 23, ¢y, 215, 21) if da(215) = 17,

A(ys, z5, xly, ok, x5, ;)  otherwise.

E(GP)L* = {

If d3(ys) # xo (i-e. d3(ys) # x}), then xg = ) is a permanent cycle in the
Gille-Pardon and the Balmer—Walter spectral sequences for the following reason.
In E(GP)** the degree of the differential is deg(d,.) = (1,r—1) and w(d,) = r—2.
We have w(z3) = w(zzzs) = 2 but w(z)) = w(xg) = 1, and hence there is no
differential such that d(z3) = z in the Gille-Pardon spectral sequence. In the
Balmer—Walter spectral sequence, if d,.(z4) = u; # 0, then from Lemma 6.6, we see
that u; = «} or z;. Moreover deg(u;) — deg(x}) # 1 mod (4) from the degree of d,
and this is impossible. Hence z; is a permanent cycle.

However W*(@) is a subquotient of H*(G/T; Sq?), where there is no generator
with dim = 4. This is a contradiction and we have proved that ds(ys) = 9 (i.e.
d3(ys) = 7).

We can prove da(x15) = 217 similarly. Therefore we have Assumptions 6.3 and
6.7 for G = FEg:

E(GP)Z’*/ = A(z3,v7, 215, 11)-

(In fact we have showed (x) in the proof of Theorem 6.9.)
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Next we consider the case G = E;. The cohomology of E; is
gr H*(E7;Z/2) = gr H*(E6; Z/2) @ A(y10, Y18, T27)-
Hence we easily see that
H*(G/T;Sq%) = H*(Es/T;Sq%) ® A(y5, vy, 713)
= A(’U’?a yé: ysl)v 23, %15, x/llv xll?))

where y5 = y10, Yy = Y18, T3 = Tar-

Finally, we consider the case G = Eg. The cohomology of Ejg is

gr H*(Eg; 7Z/2) = gr H*(E7; Z/2) @ A(y12, Y24, Y20, Y30, T29)

= A(y; | i=06,12,24,10,20,18,30) ® A(z; | j = 3,5,9,15,17, 23,27, 29).

The Steenrod operation acts as Sq*(yi) = i, Sq°(2;) = ire and Sq?(y12y10)
= 124 (in fact, yo4 = y3,). Hence we can compute

H*(G/T;Sq%) = A(vr, wag, wig, Y5, 23, 215, Th1, 227)

where was = Y10Y12Y24, Y15 = Y30, 227 = Ta7Zag. Ohsita first computed this homol-
ogy by using the Sq*-algebra structure of H*(G/T;Z/2), and of course, our result
coincides with his. We can easily show da(z27) = 229 in the Gille—Pardon spectral
sequence and we obtain Assumptions 6.3 and 6.7.
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