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Ulam Problem for the Sine Addition Formula in
Hyperfunctions

by
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Abstract

We solve the Ulam problem for the sine addition formula in the spaces of Schwartz distri-
butions and Gelfand hyperfunctions with respect to bounded distributions and bounded
hyperfunctions.
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§1. Introduction

In 1950, Laurent Schwartz introduced the theory of distributions in his monograph
Théorie des distributions [33]. In this book Schwartz systematizes the theory of
generalized functions, basing it on the theory of linear topological spaces, relates
all the earlier approaches, and obtains many important results. After his elegant
theory appeared, many important concepts and results on the classical spaces
of functions have been generalized to the space of distributions. For example,
positive functions and positive-definite functions have been generalized to positive
distributions and positive-definite distributions, respectively, and it was shown that
every positive distribution is a positive measure [22, p. 38] and every positive-
definite distribution is the Fourier transform of a positive measure p such that
J(1+ |z|)"Pdp < oo for some p > 0 [21, p. 157], which is called the Bochner—
Schwartz theorem and is a natural generalization of the famous Bochner theorem
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stating that every positive-definite function is the Fourier transform of a positive
finite measure. For other examples, the Paley—Wiener theorem has been generalized
to the Paley—Wiener—Schwartz theorem which characterizes the distributions with
bounded supports [22, p. 181].

The main purpose of this paper is to prove the Hyers—Ulam type stability for
the sine functional equation

flz+y) = f(@)g(y) —g(z)f(y) =0

in Schwartz distributions and Gelfand hyperfunctions. The Ulam problem for func-
tional equations goes back to 1940 when S. M. Ulam proposed the following [36]:
Let f be a mapping from a group Gy to a metric group Ga with metric d(-,-)
such that
d(f(zy), f(2)f(y)) <e forallz,y€ Gi.

Then does there exist a group homomorphism h and 6. > 0 such that
d(f(z), h(z)) <. forallxz e G1?

This problem was solved affirmatively by D. H. Hyers under the assumption
that Gy is a Banach space (see Hyers [23], Hyers-Isac-Rassias [24]). In 1949—
1951, this result was generalized by T. Aoki [2] and D. G. Bourgin [6,7]. Since
then Ulam problems for many other functional equations have been investigated
[17-19,25,27-32]. Among the many results obtained, L. Székelyhidi developed an
idea of using invariant subspaces of functions defined on a group or semigroup
in connection with the Ulam problem for sine functional equations [34,35]. As
a direct consequence of the elegant results of Székelyhidi, it was shown that if
f,g: R™ — C satisfy

(L.1) [f(@+y) = f@)g(y) —g(@)f(Y)| < M, z,y€R",

for some M > 0, then either there exist A1, Ao € C, not both zero, and N > 0
such that

(1.2) (A f(@) = Aag(a)| < N
for all z € R", or else

(1.3) flz+y) = f(@)g(y) — g(x)f(y) =0

for all z,y € R™. Furthermore, the functions f and g satisfying both (1.1) and
(1.2) were investigated.
As a generalization of (1.1), it is very natural to consider

(1.4) flx+y) = f(2)g(y) — g(x) fly) € L= (R>™),
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where f and g are Lebesgue measurable functions and L>(R?") is the space of
all bounded measurable functions defined in R?". Note that (1.4) means that
the inequality (1.1) holds almost everywhere. In [8-12], some stability problems
for several functional equations including the condition (1.4) were considered in
various spaces of generalized functions including Schwartz distributions. In [10-12],
for example, replacing f and g by distributions « and v in (1.4) we have considered
the condition

(1.5) uoS —u®v—v®uec L¥(R™"),

where S(z,y) = v+ y, =,y € R", and o and ® denote the pullback and the
tensor product of generalized functions, respectively. The condition (1.5) is not
formulated purely in the language of generalized functions because the differences
are assumed to be classical bounded measurable functions; all the previous results
in [10-12] have formulations as in (1.5).

Schwartz [33] generalized the space L>°(R"™) of bounded measurable functions
to the space Do (R™) of bounded distributions. Taking this into account, it is
natural to consider the following stability condition for the sine functional equation
in distributions and hyperfunctions u, v with respect to bounded distributions and
bounded hyperfunctions:

(1.6) woS —u®v—v®@uE Djw(R™) [resp. Al (R?™)],

where D} .. (R?") and A’ . (R?") are the spaces of bounded distributions and
bounded hyperfunctions respectively, and S, o, ® are as in (1.5). For some re-
lated results in Schwartz distributions, we refer the reader to [3-5,8,9,22,33]. The
main tools of our proof are based on structure theorems for generalized functions
(see Lemmas 4.3 and 4.4 below) and the heat kernel method initiated by T. Mat-
suzawa [26], which represents generalized functions as initial values of solutions of
the heat equation with appropriate growth conditions [13-16,26] (see Lemmas 4.1
and 4.2). Making use of the heat kernel method we convert (1.6) to the following
classical stability statement: there exist C, N,d > 0 [resp. for every ¢ > 0 there
exist C. > 0] such that

(1.7) la(z 4+ y,t + s) — alx, t)o(y, s) — 0(x, t)a(y, s)|
1 n\Y
< c(t i ) - d [resp. C.eV/i+1/9)]
S

for all x,y € R™ and t,s > 0, where @,0 : R" x (0,00) — C are the solutions
of the heat equation corresponding to u,v respectively, which are introduced in
Section 4. In Section 2, we consider the stability (1.7) and combining this result
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with the heat kernel method we prove the stability (1.6) in Section 4. Also, as
direct consequences of our result we obtain the stability (1.5) and the following
L*>-version of the stability for the sine functional equation:

(1.8) [ f(z+y) = f(@)g(y) — 9(x) f(Y)llLoe @eny < C,

where f,g : R™ — C are Lebesgue measurable functions satisfying the following
growth condition: for every e > 0 there exists Cc > 0 such that

£ ()] < Ceeclel’

for all x € R".

§2. Stability problem in the classical sense

Let f,g: G x (0,00) = C with (G,+) an Abelian group. Throughout this paper
N denotes a fixed nonnegative real number. We consider the following stability
statements involving functional inequalities:

There exist C > 0 and d > 0 such that

1 N
1) et 49 - Satgns) - sle0fl <O(1 1)+
for all z,y € G and t,s > 0;

for every € > 0 there exists C. > 0 such that

(22) Sttt s) — f@ gl s) — gl 0)f(y, )] < Coe V1)
for all z,y € G and t,s > 0.

From now on, a function A from a semigroup (S, +) to the field C of complex
numbers is said to be additive if A(z +y) = A(zx) + A(y) for all z,y € S, and
m : S — C is said to be an exponential function provided m(x + y) = m(x)m(y)
for all z,y € S.

We introduce the following conditions on f : G x (0,00) — C and N:

There exist C' > 0 and d > 0 such that
\f(z, )| <Ct™N 4d, VxeG, t>0;

for every € > 0, there exists C. > 0 such that
|f(x,t)] < Cee’t,  VzeG, t>D0.
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Lemma 2.1 ([1, p. 212]). All solutions f,g : G x (0,00) — C of the functional
equation

(25) f(x—i—y,t—i—s)—f(x,t)g(y,s)—g(x,t)f(%s):0, xayEGv t,8>0,
are given by one of the following:

(i) f =0 and g is arbitrary,
ii z,t) = ssm(x,t) and g(x,t) = sm(x,t), where A € C and m is a nonzero
i t) = 35 t) and g(xz,t) = 3 t), where A € C and m i
exponential function,
(iii) g(z,t) = m(z,t) and f(z,t) = A(z,t)m(z,t), where A is a nonzero additive
function and m is a nonzero exponential function,
(iv) f(z,t) = g5 (m*(z,t) =m**(z,1)) and g(x,t) = 5(m*(2,t) +m**(z,1)), where
A € C and m*, m™ are nonzero exponential functions.

Using the idea in [24, p. 104] we obtain the following.

Lemma 2.2. Let f,g: G x (0,00) — C satisfy the following condition for some
N > 0: for each y € G and s > 0 there exist positive constants C = C(y,s) and
d = d(y, s) [resp. for each y € G, s > 0 and € > 0 there exists a positive constant
C. = Cc(y,s)] such that

(2.6) [f(z+y,t+5) = f(z,0)g(y,s)] < Ct™N +d [resp. Cee/" ]

for all x € G and t > 0. Then either f satisfies (2.3) [resp. (2.4)] or g is an
exponential function.

Proof. Suppose that g is not exponential. Then there exist yg, z0 € G and sg, 79 >0
such that g(yo + 20,50 + 70) # 9(Yo0, S0)9(20,70). Now, we can write

f(@+yo + z0,t + S0 +10) — f(z + Yo, t + s0)9(20,70)
= f(@ +yo + z0,t + S0 +10) — f(z,1)g(yo + 20, 50 + 70)
= g(z0,70) (f(z + yo,t + 50) — f(z,t)g(yo, 50))
+ f(z,t) (9(yo + 20, 50 + 0) — 9(y0, 50)9(20,70)),

and hence

(2.7) flz,t) = (g(yo + 20, 80 +70) — 9(Yo, 80)9(20,7‘0))71
X (f(x + yo + z0,t+ S0 +70) — f(x+ yo,t + s0)g(20,70)
— f(@+yo+ 20, t+ 50 +70) + f(z,8)9(y0 + 20, S0 + T0)
+ g(20,70) (f (@ + yo, t + s0) — f(x,t)9(y0, 50)))-
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It follows from (2.6) and (2.7) that there exist positive constants Cy, Cy, Cs3, d1, da,
ds,C’ and d’ [resp. for every € > 0 there exists a positive constant C’] such that

If (2, )] < CL(t+s0) N +di 4+ Cot™ +dy + Cst™ +ds
< C'tN 4 d [resp. Cle/t]
for all z € G and ¢ > 0. O

Lemma 2.3. Let g: G x (0,00) — C be a nonzero exponential function satisfying
(2.3) [resp. (2.4)]. Then g can be written in the form

g(x,t) = mq(x)ma(t),

where mq is an exponential function on G satisfying |m1(z)| = 1 for allz € G and
ma is an exponential function on (0,00) satisfying 0 < |ma(t)| <1 for allt > 0.

Proof. Assume that g(zg,t9) = 0 for some zg € G and ty > 0. Then, for given
x € G and t > 0, choosing a positive integer k such that kt > ty we have

[9(z,t)]F = g(kx, kt) = g(kx — x0, kt — to)g(xo,t0) = 0.

Thus, g(x,t) # 0 for all z € G and ¢t > 0. Let

m(x,t) = g(x,t)g(0,¢)" .
Then

m(z,t) = g(w,)9(0,8)"" = g(x,t +5)g(0,5) " g(0,£) ™" = g(z,5)g(0,5) ™"
=m(x,s).
Hence, m is independent of ¢ > 0 and we can write m(x,t) =: my(z). Now,
mi(z+y) = gle+y,2t)g(0,2t) " = m(z,t)g(0,) " g(y,1)9(0,1) " = ma (x)mi(y).
Thus, my is an exponential function and we can write
9(,8) = ma (2)9(0, ) = my ()ms (),

where m is an exponential function on G and ms is an exponential function on
(0,00). It follows from (2.3) [resp. (2.4)] that m; is bounded and mg satisfies

(2.8) Ima(t)] < Ct™N + d [resp. C.e/?]

for all ¢ > 0. If there exists g € G such that |mq(xg)| > 1 or |my(x0)| < 1, then
for all integers k we have |my(kzo)| = |m1(z0)|F — co as k — oo or k — —o0.
Thus, |mq(z)| = 1 for all x € G. Similarly, if |m2(¢9)| > 1 for some ty > 0, then for
all integers k we have |mq(kto)| = |ma(to)|¥ — oo as k — oo, which contradicts
the inequality (2.8). O
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Lemma 2.4. Let g be a nonzero exponential function satisfying (2.3) [resp. (2.4)].
Suppose that f,g: G x (0,00) = C satisfy (2.1) [resp. (2.2)]. Then

g(x,t) = my(z)ma(t),
f(@,t) = l(x)ma(z)m2(t) +2£(0,¢/2)g(0,t/2)m1 (z) + R(z, ),

where my and my are exponential functions on G and (0, 00) respectively such that
mi(z)| =1 for all z € G and 0 < |ma(t)| < 1 for all t > 0, I(z) is an additive
function on G, and R is a function satisfying (2.3) [resp. (2.4)].

Proof. Dividing both sides of (2.1) [resp. (2.2)] by g(z +y,t + s), setting h(x,t) =
f(x,t)g(x,t)~! and using Lemma 2.3 we have

|h(x+y,t+s) — h(z,t) — h(y,s)|
<(c(2+ 1) + @) m@mwmmso)
(c(2+ 1) +a)immator

[resp. CeecY ) lmy (HYmy(s)| 7]

IN

for all z,y € G and t,s > 0. Thus,

for all z,y € G and t,s > 0, where

(2.10) Y(t,s) :<C(1 + i>N+d>|m2(t)m2(s)|_1
[resp. e /1179y (t)ms (5)] 1.
Replacing s by t and putting y = 0 in (2.9) we obtain
(2.11) |h(z,2t) — h(z,t) — h(0,t)] < P(t,t)
for all z € G and t > 0. Replacing ¢ by s and putting = 0 in (2.9) we have
(2.12) |h(y,2s) — h(0,s) — h(y,s)| < (s,s)

for all y € G and s > 0. Using the triangle inequality together with (2.9), (2.11)
and (2.12) we find that

(2.13) |h(x +y,t +s) — h(z,2t) — h(y,2s) + h(0,t) + h(0, s)]
S Yt s) +U(tt) +U(s, )
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for all z,y € G and t,s > 0. Replacing y by « and s by ¢ in (2.13) yields
(2.14) |h(2z, 2t) — 2h(x, 2t) + 2h(0,t)] < 34)(t,t)

for all z € G and t > 0. Fixing ¢ > 0, replacing = by 2*~!z in (2.14) and dividing
the result by 2* we have

(2.15) |27 Fn(2Fx, 2t) — 27 R (28 e 2t) 4 27T R(0, 1) < 3-27F4(t, 1)

for all x € G. For given positive integers n,m, putting k = n,n+1,...,n+m
in (2.15), summing up the results and using the triangle inequality, we can see
that A, (z,t) :==27"h(2"x,2t), n=1,2,..., is a Cauchy sequence and A(z,t) :=
lim,, 00 Ay (z,t) exists. Replacing x,y by 2"z, 2™y respectively in (2.13), dividing
by 2™ and letting n — co we have

(2.16) Az +y,t+s) — Az, 2t) — A(y,2s) =0

for all z,y € G and t,s > 0. Letting « = y = 0 and replacing ¢, s by ¢t/2 in (2.16)
we get A(0,t) = 0 for all ¢ > 0. Thus, putting y = 0 in (2.16) we have

(2.17) Az, 2t) = Az, t +s5) = A(z,s + t) = Az, 2s)

for all z € G and t,s > 0. It follows from (2.17) that A(z,t) is independent of
t > 0 and is an additive function of x € G, which we denote by I(z). Using the
triangle inequality together with (2.15) for k = 1,...,n and letting n — oo gives

(2.18) [1(x) — h(x,2t) + 2h(0,t)] < 39(t, t)
for all € G and t > 0. Replacing ¢ by ¢/2 in (2.18) and multiplying the result by
lg(x, t)| we obtain
< 30NN + d)[ma(t/2)| 7 g(@, )] = (Ot + d')]g(0,8)| g (x, 1))
= (C't™N 4 d)|my(x)| 7t = C'tN + d [resp. Cle*/t).

Letting R(z,t) := f(z,t) — l(x)g(x,t) — 2f(0,t/2)g(0,t/2)m1(x) we complete the
proof. O

Lemma 2.5. Suppose that f,g: G x (0,00) = C satisfy (2.1) [resp. (2.2)]. Then
either

(2.19) flx+y,t+s)— fx,t)g(y,s) — g(x, ) f(y,s) =0

forallx,y € G and t,s > 0, or else there exist A1, Ao € C, not both zero, such that
A f(x,t) — Aag(a, t) satisfies (2.3) [resp. (2.4)].
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Proof. Assume that A\ f(z,t) — A2g(x, t) satisfies (2.3) [resp. (2.4)] only when \; =
A2 = 0. Now, it suffices to prove that f, g satisfy (2.19). Let

(220) F(l‘v Y, t, 5) = f(l’ +v, t+ 3) - f(.T, t)g(ya S) - g(xa t)f(y7 5)'
Choosing y; and s with f(y1,s1) # 0 we have

(2.21) g(x,t) =kif(w,t) + ko f (x +y1,t + 51) — ko F(z, 91,1, 51),

where k; = —?8123 and kg = m From (2.20) and (2.21) we find that

(2.22)  f((e+y)+zE+s) +71))

= flz+y.t+s)g(z,r)+g(x+y t+s)f(z,r)+ Fx+y, z,t+s,7)

= flz+y,t+s)g(z,7)
+ (kif(x+y,t+s)+haf(@+y+yt+s+s1) —keF(z+y,y,t+s,51))f(z7)
+F(x+y,z,t+s,71)

= (f(z,t)g(y, s) +g(z, 1) f(y, ) + F(x,y,t,5)) g(2,7)
ki (f(2,0)g(y, 5)+g(a, 1) f(y, )+ F(a,y,t,5)) f(2,7)
+ka (f(,0)g(y +y1,8+s1) +g(x, 1) f(y+y1, 5+ 51)
+F(@,y+ynts+s1) = Flazty.y,t+s,51)) f(z7)
+F(x+y,z,t+s,71),

and also

(2.23) flx+ (y+2),t+(s+71))
= flx,)g(y+2z,s+7r)+g(x,t) fly+ z,s+7r)+ Fla,y+ z,t,s + 7).
From (2.22) and (2.23) we deduce that

(2.24)  f(z,t)(9(y,9)9(z,7) + k19(y, 8)f(z,7) + k2g(y + y1,s + s1)f(z,7) — g(y + 2,5 + 1))
+ 9@, ) (f(y;9)9(z,7) + k1 f(y,8) f(z,7) + k2 f(y +y1, 8+ s1)f(z,7) = f(y + 2,5 + 7))
= F(x,y+z,t,s+7”) - F(I+y,Z,t+S,T‘) fF(x,y,t,s)g(z,r) - le(x,y,t,s)f(z,r)
— ko (F(z,y +y1,t,s+s1) — Flz+y,y1,t +5,51)) f(z, 7).
Fixing y, z, s, r in (2.24), and using (2.1) and (2.20), we find that
‘F(x,y+z7t,s+r)—F(x+y,z7t—|—s,r)—F(x,y,us)g(z,r)—le(as7y,t,s)f(z7r)
- kQ(F(xvy+y17tvs + 51) - F(I +y7ylat+5751))f(zvr)|
N N N
1 1 1 1 1 1
§20<+> +2d+01<+> +d1+02<+ ) +dy <Ct N 4+ d,
t t s t  s1

where O’ = 2N (20 +C1 +Cy), d' = 2N (2Cr—N +Cys7™VN —l—Cgst) +2d+dq +ds.
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Similarly, using (2.2) we find that for every ¢ > 0 there exists C. > 0 such that

|F(x,y+z,t7s+r)—F(x+y,z,t+s,r)—F(Ly,t,s)g(z,r)—le(x,y7t,s)f(z,7’)
- kQ(F(Z‘,y—Fyl,t,S—'—Sl) _F($+yvy1at+5751))f(z>7")}
< 20666(1/15-1-1/7”) +Clc€ee(l/t+1/s) +CQC566(1/t+1/81) < Céee/t’

where C! = C,(2e/" + Cre/* 4 Cae/*1).
Thus, by the assumption that Ay f(z,t) — Aog(z, t) satisfies (2.3) [resp. (2.4)]
only when A1 = Ay = 0 we have

g(y,s)g(z,r) + klg(y,s)f(z,r) + k2g(y +y1,5+ Sl)f(Z,’I") - g(y + 2,5+ T)
= f(y,8)9(z, 1) + ki f(y, ) f(z,7) + k2 f(y +y1, s +51) f(2,7) = f(y +2,5s+7) =0.

Hence

(2.25) Fz,y+z,t,s+r)— Flx+y,z,t+s7)
= (k1F(z,y,t,8) + kaF(z,y + y1,t, s + 51) — ko F(x 4+ y, 91, + 5,51)) f(2,7)
+ F(z,y,t,8)g(z,r).
Now, if we fix z, y, t, s, the left hand side of (2.25) satisfies (2.3) [resp. (2.4)] as a
function of z and r. From the right hand side of (2.25), using the assumption that

AL f(x,t) — Aag(z, t) satisfies (2.3) [resp. (2.4)] only when Ay = Ay = 0 it follows
that F = 0. O

Theorem 2.6. Let f,g : G x (0,00) — C satisfy (2.1) [resp. (2.2)]. Then (f,g)
satisfies one of the following:

(i) f =0 and g is arbitrary,

(i) both f and g satisfy (2.3) [resp. (2.4)],

(iii) f(z,t) = 5x(m(z,t)—R(x,t)) and g(x,t) = 3 (m(z,t)+R(x,t)), where A € C,
m is a nonzero exponential function and R is a function satisfying (2.3) [resp.
(2.4)].

(iv) we have

gl,8) = ma (@)ma(d),

fla,t) = lz)ma(z)ma(t) + 2(0,1/2)g(0,2/2)ma (x) + R(, 1),
where my and mo are exponential functions on G and (0, 00) respectively such
that |my(x)| =1 for allx € G and 0 < |ma(t)| < 1 for allt > 0, I(z) is an
additive function on G, and R is a function satisfying (2.3) [resp. (2.4)],

(v) g(z,t) = m(z,t) and f(z,t) = A(x,t)m(x,t), where m is a nonzero exponen-
tial function and A is a nonzero additive function,
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(vi) f(z,t) = i(m*(z,t)fm**(:c,t)) and g(z,t) = %(m*(x,t)er**(z,t)), where
A€ C, and m* and m** are nonzero exponential functions.

Proof. In view of Lemma 2.5, we first assume that the equation (2.19) holds. Then
Lemma 2.1 shows that the solutions of the sine functional equation (2.19) satisfy
one of the cases (i), (iii) with R = 0, (v) or (vi). It remains to consider the case
when there exist A1, Ay € C, not both zero, such that Ay f(z,t) — \ag(z, t) satisfies
(2.3) [resp. (2.4)].

First, suppose that f (5% 0) satisfies (2.3) [resp. (2.4)]. Choosing yo € G and
so > 0 such that f(yo, so) # 0, dividing both sides of (2.1) by |f(yo, so)| and using
the triangle inequality we have

N
o(a,)] < (174 g0t 4 50) + £ Dglomo0) +.C (7 4 ) +4)

_
| f (40, 50)]
—N —N 1 1 N 14—N U
< Ci(t+ so) +di + Cst +ds + C5 nggo +d3 <C't +d
for all z € G and t > 0 and for some positive constants Cy, Cs, C3,d1,ds,ds, C’

and d'. Similarly, if f, g satisfy (2.2) we can show that for every e > 0 there exists
C! > 0 such that

lg(z,1)] < Cle/!

for all z € G and ¢ > 0. Thus, we obtain case (ii).
Secondly, suppose that neither f nor g satisfies (2.3) [resp. (2.4)]. In this case
we must have \; # 0 and Ay # 0. Thus, we can write

(2.26) 92, ) = A (2 1) + R(z,1)
for some A (#£ 0) € C and a function R satisfying (2.3) [resp. (2.4)]. Putting (2.26)
in (2.1), using the triangle inequality and fixing y and s we have
1o1\Y
Fatt49) = Fo (R + 2000 < RG] 40 (+1) 4
< Ct™N 4 d [resp. Cle/t]

for all z € G and t > 0 and for some positive constants C’ and d’ [resp. for every
€ > 0 there exists a positive constant C?]. Applying Lemma 2.2, we obtain

(2.27) R(y,s) +2Af(y,s) = m(y, s)

for all y € G and s > 0, where m is an exponential function on G x (0, 00). Thus,
case (iii) follows immediately from (2.26) and (2.27).
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Finally, suppose that f does not satisfy (2.3) [resp. (2.4)] and g satisfies (2.3)
[resp. (2.4)]. Then we must have g # 0. In view of (2.1) [resp. (2.2)], for each
yeGand s >0, f(z+y,t+3)— f(x,t)g(y, s) satisfies (2.3) [resp. (2.4)]. Thus, by
Lemma 2.2, g is an exponential function. Using Lemma 2.4 we get case (iv). [

Corollary 2.7. Let f,g : R™ x (0,00) — C be continuous functions satisfying
(2.1) [resp. (2.2)]. Then f,g satisfy one of the following:

(i) f =0 and g is arbitrary,

(ii) both f and g satisfy (2.3) [resp. (2.4)],

(iii) f(z,t) =55 (et — R(x,t)) and g(z,t)=1(e“" ™" + R(x,t)), where \,beC,
c € C" and R is a function satisfying (2.3) [resp. (2.4)],

(iv) g(z,t) = et and f(z,t) = a-ze’=" P 42£(0,1/2)eic o+ 2V 4 R(x, 1), where
ceR™ ae€C” beC, and R is a function satisfying (2.3) [resp. (2.4)],

(v) g(x,t) = et and f(z,t) = (a-z+dt)e* T, where a,c € C" and b,d € C,

(vi) f(z,t) = %(ecl"“‘blt —ec2@tbaty gnd g(x,t) = %(ecl‘x“‘blt — ec2@tbaty yphere
A b1,by € C and ¢1,c0 € C™.

Proof. 1t follows from the continuity of f and g that the exponential functions
m, m*, m** and the additive function A in (iii)—(vi) of Theorem 2.6 are continuous.
Also, in view of the proof of Lemma 2.4, the additive function I(z) in (iv) of
Theorem 2.6 is continuous since it is the uniform limit of a sequence of continuous
functions. Now, it is well known that the continuous solutions A : R” x (0,00) — C
of the Cauchy functional equation

Alz +y,t +s) = A(z,t) + Ay, s)

are of the form A(x,t) = c-z+bt, and the continuous solutions m : R x (0,00) — C
of the exponential functional equation

m(z+y,t+s) =m(z, t)m(y, s)

are of the form m(z,t) = e“**% for some ¢ € C*,b € C. If, in particular, m
satisfies (2.3) [resp. (2.4)], then ¢ = ia for some a € R™ and Rb < 0. Thus, cases
(i)—(vi) follow immediately from (i)—(vi) of Theorem 2.6, respectively. O

83. Bounded distributions and hyperfunctions

We first introduce the spaces S’ of Schwartz tempered distributions and G’ of
Gelfand hyperfunctions (see [20-22,26,33] for more details). We use the notations
ol =1+ -+ an, al =ar! - aq), |z = Vol + -+ a2, 2% =228 and



SINE ADDITION FORMULA IN HYPERFUNCTIONS 239

0% = ot ---09n, for v = (x1,...,2n) € R", a = (a1,...,a,) € N, where Ny is

the set of nonnegative integers and 9; = 0/0z;.

Definition 3.1 ([33]). We denote by S or S(R™) the Schwartz space of all in-
finitely differentiable functions ¢ on R™ such that

3.1) lla,p = sup [2%0%p(2)| < 00

for all a, B € Nj, equipped with the topology defined by the seminorms | - ||4,g-
The elements of S are called rapidly decreasing functions and the elements of the
dual space S’ are tempered distributions.

Definition 3.2 ([20,21]). We denote by G or G(R™) the Gelfand space of all in-
finitely differentiable functions ¢ in R™ such that

9P p(x
llellne = sup | ola)

< o0
veRn, o, geNg hlolklBlall/2p11/2

for some h,k > 0. We say that ¢; — 0 as j — oo if ||¢;|ln,e — 0 as j — oo for
some h, k; we denote by G’ the strong dual space of G and call its elements Gelfand
hyperfunctions.

As a generalization of the space L* of bounded measurable functions,
L. Schwartz introduced the space D}« of bounded distributions as a subspace
of tempered distributions.

Definition 3.3 ([33]). We denote by Dp:(R™) the space of smooth functions
on R™ such that 9% € L*(R") for all a € N?, equipped with the topology defined
by the countable family of seminorms

lellm = Y 10%Ilzs, m € No.

o] <m

We denote by D’ .. the strong dual space of D1 and call its elements bounded
distributions.

Generalizing bounded distributions, the space A} of bounded hyperfunc-
tions has been introduced as a subspace of G'.

Definition 3.4 ([16]). We denote by A1 the space of smooth functions ¢ on R"
satisfying
10%@] 1

holal |

ll¢lln = sup
(o3
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for some constant h > 0. We say that ¢; — 0 in A1 as j — oo if there is a
positive constant h such that
leilln =0 asj— oo
We denote by A’ . the strong dual space of Ap:.
It is well known that the following topological inclusions hold:

G— S D1, Dy =8 =G,

G A = Dri, Dy = Apoe = G,

It is known that the space G(R™) consists of all infinitely differentiable func-
tions ¢ on R™ which can be extended to an entire function on C™ satisfying

(3.2) o(a +iy)] < Cexp(—alz® +bly*), z,y €R",
for some a,b,C' > 0 (see [20]).

Definition 3.5. Let u; € G'(R™) for j = 1,2. Then the tensor product u; ® us
of uy and us, defined by

(U1 ® ug, p(x1,22)) = (u1, (u2, p(z1,22)))

for p(x1,22) € G(R™ x R™2), belongs to G'(R™ x R™2).

84. Stability in distributions and hyperfunctions

In this section we consider the Hyers—Ulam stability for the sine functional equa-
tion in the space of distributions and hyperfunctions,

(4.1) woS —u®v —v®@u € Do (R*™) [resp. Al (R*™)],

where ® denotes the tensor product of generalized functions, S(z,y) = « + y for
x,y € R™, and the pullback u o S is defined by

(woSiptoi)) = (. [ ole =y d). o GE),

In view of Definition 3.2, it is easy to see that if ¢;(z, y) € G(R?") is a sequence
such that p; — 0 in G(R") as j — oo, then [¢;(z —y,y)dy — 0 in G(R™) as
j — o0o. Thus, uo S € G'(R?").

For the proof of our theorems we employ the n-dimensional heat kernel E;(x)
given by

Ey(z) = (4mt) "2 exp(—|z|?/4t), t > 0.
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In view of (3.2), we can see that the heat kernel E; belongs to the Gelfand space
G(R™) for each ¢t > 0. Thus, for each v € G'(R™), the convolution (u * E})(z) :=
(ty, Er(x —y)) is well defined. We call (u* E;)(z) the Gauss transform of . From
now on we denote by @(x,t) the Gauss transform of w. It is well known that @(x,t)
is a smooth solution of the heat equation such that @(-,¢) — w in the weak*
topology as t — 07, i.e.,

(u,) = lim | a(x,t)p(z)dz

t—0+
for all p € G.
Example. Let u(z) = 2%, a € Nj, v(z) = %, w(x) = a-ze“*, a = (a1, ...,ay),
c=(e1,...,¢,) € C". Then u,v,w € G'(R™) and simple calculations show that
thlpa—2vy

i, t) = [ E(O))(x) =l Y

0 a V(o —27)V
(,1) = [ % By(@)] () = eoHeitret,

W(z,t) = [a- e x B (O)](z) = (a-z + 2a - ct)ec ™ HET+et,

<

The proof of Theorem 2.3 of [15] works even when p = oo, i.e., we obtain the
following.

Lemma 4.1 ([15]). The Gauss transform a(z,t) = (u* E)(z,t) of u € D} (R™)
is a smooth solution of the heat equation (A — 9/0;)u = 0 satisfying:
(i) There exist constants C > 0 and N > 0 such that

(4.2) li(z,t)| < Ct™N  for all z € R™ and t > 0.

(ii) a(-,¢) = u ast — 0" in the sense that for every ¢ € Dy,

u, ) = lim [ u(x,t)e(x)dz.

(u,0) = lim [ a(z,t)e(z)

Conversely, every smooth solution u(x,t) of the heat equation satisfying the
estimate (4.2) can be uniquely expressed as U(z,t) = (u * E)(z,t) for some
u € D) (R™).

The following lemma is a special case of Theorem 3.5 of [16] when p = oo
(in [16], the space A’ . (R™) is denoted by Br(R™)).

Lemma 4.2 ([16]). The Gauss transform a(z,t) := (ux E)(z,t) of u € A} (R™)
u =

is a smooth solution of the heat equation (A — 3/0;)u = 0 satisfying:



242 J. CHUNG AND D. KiMm

(i) For every e > 0 there exists a constant Ce > 0 such that
(4.3) iz, t)| < Cee’t  for all z € R™, t > 0.

(ii) a(-,t) = u ast — 0 in the sense that for every ¢ € Ap:,
(u, ) = lim | a(x,t)p(z)de.
t—0+
Conversely, every smooth solution @ of the heat equation satisfying (4.3) can be

uniquely expressed as u(x,t) = (u* E)(x,t) for some u € A7 (R™).

The following structure theorem for bounded distributions is well known. We
refer the reader to [33, Theorem 25 in Chapter 6].

Lemma 4.3. Every u € D} (R™) can be expressed as
(4.4) u= Y 9
lel<p

for some p € Ng where f, € L®(R"™) for all |a| < p. The equality (4.4) implies
that

()= 3 (=1l / fal@)0% () da

lo<p
for all p € Dy

As a special case of Theorem 3.4 of [16] when p = co we obtain the following.

Lemma 4.4 ([16]). Every u € A}« (R™) can be expressed as

(4.5) u= (i akAk)g+h

k=0

where A denotes the Laplacian, g,h are bounded continuous functions on R™
and ap, k = 0,1,2,..., satisfy the following estimates: for every L > 0 there
exists C > 0 such that

lax| < CLF/K!?

forallk=0,1,2,....

The following properties of the heat kernel will be useful; they can be found
in [26]. Here we give a slightly modified proof.

Proposition 4.5 ([26]). For each t > 0, Ey(-) is an entire function and the fol-
lowing estimate holds: there exists C' > 0 such that for all x € R™ andt > 0,

(4.6) 0% By ()| < Clelg=(HaD/2011/2 exp(— || /8).
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Also for all x € R™ and t,s > 0,

(4.7) (B + B (x) = / Ei(z — y)Eu(y)dy = Evpa().

Proof. The equality (4.7) is proved by the well-known calculation which we omit.
We prove (4.6) for n = 1. By the Cauchy integral formula we have

dk k! Et(Z)
( 8) dxk: t (.1') 21 LT (Z 1.)k)+1 2

where C, is the circle of radius r with center at z = z. Using (4.8) and the triangle
inequality we obtain

(4.9) |5‘kEt(x)| < sup |exp(722/4t)|

Vartrk sec,

< k! (—(x+rcos€)2+rzsin29>
——— sup ex
~ VArtrk ogggpzﬂ P 4t

K (—%x2+r2> k! <r2> ( x2>

ex = exp| — | exp| —=— ).
T VArtrk P 4t Vamtrk Pl PUT st
The right hand side of (4.9) attains its minimum at r = v/2kt. Thus, (4.9) reduces
to

k/2 2
0% B, (2)| < M/ﬂll/?t—(l%)/? exp( -2 ).
T WVArw 8t
The general case is proved in the same manner. O

Now, we state and prove the main theorems.

Theorem 4.6. Let u,v € G'(R™). Then (u,v) satisfies (4.1) if and only if (u,v)
satisfies one of the following:

(i) w=0 and v is arbitrary,
(ii) uw and v are bounded distributions [resp. bounded hyperfunctions],

(iii) u = 5x(e“" —wg) and v = (e“" + wy) for some ¢ € C", X € C and

wo € Do (R™) [resp. A} (R™)],
(iv) u = a-2e“® +wy and v = €“® for some a € C", ¢ € R™ and wy €
D (R™) [resp. Ao (R™)],

c-x

(V) u=a-ze“* and v =e%* for some a,c € C",

(Vi) u= 55 (e® —e2®) and v = 5(e" +€7) for some c1,c3 € C" and \ € C.
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Proof. We first obtain the following inequality from (4.1): there exist C,d > 0
[resp. for every e > 0 there exists C. > 0] such that

(4.10) |i(z + y,t +s) — u(z, t)o(y, s) — 0(z, t)u(y, s)|

1 1\V
< C(t * ) +d [resp. Cee M/HH1/9)],
S

where @, v are the Gauss transforms of w, v, respectively, given in Lemma 4.1.

Convolving with the tensor product Fi(x)FEs(y) of the n-dimensional heat
kernels on the left hand side of (4.1), in view of the semigroup property (F;*Fs)(x)
= Fiys(z) of the heat kernel we have

(411)  [(uo S)* (E(§)Es(n)l(z,y) = <Ufa/Et(93 =&+ n)Es(y—n) dﬂ>
= <u57 (Et * Es)(x +y- §)> = a(l‘ +y,t+ 3)

Similarly,

(4.12) [(u @) * (Be(§) Es(m)](2, y) = u(x, t)o(y, ),
(v @ u) (B (§)Es()](z,y) = 0z, t)u(y, s),
where @(z,t),v(z,t) are the Gauss transforms of u, v, respectively.

Let w:=uoS—u®v—v®u. Then w € D} (R*") [resp. A}« (R?")]. First,
we suppose that w € D} .. (R?"). Using (4.4) and (4.6) we have

[w * (B Es (), )| < Y [[0%fa * (B(&)Es(n))](w, y)|

la|<p

< D0 a2 (BB 9)] < Y falloe 108, (E(€)Es ()]s

la|<p lal<p
<C Y OB 107 Es(n)] L
[Bl+]vI<p
1 n\Y
—(n+181)/2 = (n+|v])/2 -4z
<Cy Yot s~y gc(t+8) +d,
[Bl+]vI<p

where N = n + p/2 and the constants C' and d depend only on p.
Secondly, we suppose that w € A’ .. (R?"). Then using (4.6) we have

1AM (B (OBl < ) _||32a (Et(E)Es ()] 21

|l =k

< > 5,,“8”@( )22 1027 By () 10

|Bl+1vI=F
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1/2 1/2 2k
> KI(28)1M 2 (2912 M —n/2-18] g=n/2— ||

I~
181+ |=k A
< > K@Ml 270l < Rl (2y/n M) (1)t +1/5)"
|81+ |=k

Now, by the structure (4.5) of bounded hyperfunctions together with the growth
condition on ag, k=0,1,2,..., we have

|[w * (EL(§) Es(n))](z, y)|

< D lla(A*g) * (E(€) Es(m) = + b+ (E(€) Es ()| o
k=0

< llgllze= D lax A (B Es(m) e + All o | EL(€) B (1) 11

k=0
oo 1 .
< CrYy o @nMEL) (/4 1/8)" " 4 IR e
k=0
=1
<Gy Hek (1/t+1/8)" % 4 ||h|| e < Cp ecM/141/5),

B
I
o

where L is taken so that 4nM?2L < € and the constant C, depends only on w and e.
Thus, we have the inequality (4.10). Replacing f by @, g by © and using Corollary
2.7, we obtain one of the following:

(I) @ =0 and o is arbitrary,

(IT) both @ and ¢ satisfy (2.3) [resp. (2.4)],

() a(z,t) = 5x(e“* ™ — R(x,t)) and o(z,t) = F(e“*T + R(x,t)), where
A beC, ceC™and R is a function satisfying (2.3) [resp. (2.4)],

(IV) ©(x,t) = et and G(z, t) = a-xe’= T 120(0,£/2)eic+ 20 4 R(x, t) where
ceR" aeC" deC,and R is a function satisfying (2.3) [resp. (2.4)],

(V) o(x,t) = e and @(x,t) = (a-x +dt)e* T where a,c € C" and b,d € C,

(VI) a(x,t) = 55 (e othit —eezatbat) and gz, t) = (e o H01t — ee2@tb2t) "where
A b1,by € C and ¢q,c9 € C™.

Case (i) is obvious. By Lemma 4.1, case (II) implies (ii). From (IIT) we have
(4.13) o(x,t) — Mz, t) = R(z,t).

Thus, R(z,t) is a solution of the heat equation. Letting ¢ — 0% in (III) and
using Lemma 4.1 we have R(x,t) — wp in the weak* topology for some wy in
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D} o (R™) [resp. A’ o (R™)], which gives case (iii). Letting ¢t — 07 in (V) and (VI)
we get (v) and (vi), respectively.

Finally, we prove that (IV) implies (iv). Since 9(x,t) = %+t in (IV) is
a solution of the heat equation, we have b = —(c? + -+ + ¢2) := —|c|?, where
c=(c1,...,¢cn). Let

(4.14) Ry(z,t) = ii(z,t) — (a- + 2ia - ct)elov1el*t,
Then R; is a solution of the heat equation. Also from (IV) we have
(4.15) Ry(z,t) = —2ia - cte’™ 1"t 4 240, £/2)e™ T3 4 R(x, ).

By the continuity of @, there exists M > 0 such that |4(0,¢ 4+ 1)] < M for all
t € [0,1]. Putting z = y = 0,5 = 1 in (4.10), dividing the result by |9(0,1)|, and
using the triangle inequality we obtain

16(0, ¢4 1) — a(0, e~ 1"t + C(1/t + 1)N +d
9(0, 1))

c2M 4O/t + N +4d

- 90, 1)]

for all ¢t € (0,1). From (4.14)—(4.16) we can see that R is a solution of the heat
equation satisfying (4.2) [resp. (4.3)]. By Lemma 4.1 [resp. Lemma 4.2], there
exists wyg € D)o (R™) [resp. A}« (R™)] such that Ry — wo as t — 07. Thus,
letting ¢ — 0" in (IV) and using (4.15) we get (iv). O

(4.16) 13(0,8)] <

< C't™N [resp. Cee/?)

~—

Now, we consider the stability condition (4.1) in the space of Schwartz tem-
pered distributions. Recall that the following topological inclusions hold:

G— S~ Dy, Diw =8 =G,

G A = Dri, Dy = Apoc =G
In view of these inclusions, if u,v € S'(R™) it is natural to consider the condition
(4.17) uoS —u®v—v®uc Dy (R™).

Theorem 4.7. Let u,v € S'(R™). Then (u,v) satisfies (4.17) if and only if (u,v)
satisfies one of the following:

(i) uw=0 and v is arbitrary,
(ii) uw and v are bounded distributions,

(ili) u=a-ze"“"+wy and v = € for some a € C", ¢c € R™ and wg € D} (R").
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Proof. Tt is easy to see that e“® € S'(R™) only when ¢ = ia for some a € R".
Thus, if u,v € §'(R™), cases (iii), (vi) in Theorem 4.6 reduce to case (ii), and case
(v) is contained in (iv). O

Finally, we discuss the following stability (see [11,12] for related results):
(4.18) uoS—u®v—v®uec L®(R"),

where L>°(R?") denotes the space of bounded measurable functions on R?". For
the proof we use the following lemma instead of Lemma 4.1.

Lemma 4.8 ([37, p. 122]). Let f(x,t) be a solution of the heat equation. Then
f(z,t) satisfies
If(z, )| <M, zeR" te(0,1),

for some M > 0, if and only if
@) = o+ E)) = [ SwEie ~ ) dy

for some bounded measurable function fo defined in R™. In particular, f(x,t) —
fo(z) for almost every x € R"™ ast — 0.

Following the approach in the proof of Theorem 4.6 we have
(419) \ﬂ(x +y,t+ S) - ’EL(:L’, t)f)(ya S) - 17(56, t)ﬂ‘(yv S)| < Ca

where 4, ¥ are the Gauss transforms of u,v. Now, using Corollary 2.7 for N =0
and Theorem 4.6 we obtain the following.

Theorem 4.9. Let u,v € G'(R™). Then (u,v) satisfies (4.18) if and only if (u,v)
satisfies one of the following:

(i) w=0 and v is arbitrary,

(ii) w and v are bounded measurable functions,
(iii) u = 35 (e“® — B(z)) and v = £(e“” + B(x)) for some c € C", A € C and

B € L*(R"),

(iv) u=a-xe“?+B(z) and v = e*“* for somea € C", c € R" and B € L*°(R"),
(V) u=a-ze® and v =e%* for some a,c € C",

(Vi) u = 55 (e ® —e") and v = L (e + €2 for some c1,c; € C" and A € C.

Let f be a Lebesgue measurable function on R"™ satisfying the following con-
dition: for every e > 0 there exists C¢ > 0 such that

(4.20) |f(@)] < Ceeclal”
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for all z € R™. The function satisfying (4.20) is said to be an infra-exponential
function of order 2. It is easy to see that every infra-exponential function f of
order 2 defines an element of G’'(R™) via the correspondence

(fg) = / f(@)p(z) de

for ¢ € G. Thus, as a direct consequence of Theorem 4.7 we obtain the following.

Theorem 4.10. Let f,g be infra-exponential functions of order 2. There exists
C > 0 such that

(4.21) 1f(z +y) = f2)9(y) — 9(x) ()] Lo (r2n) < C

if and only if f,g satisfy one of the following in the almost everywhere sense:

(i) f =0 and g is arbitrary,
(ii) f and g are bounded measurable functions,

(iii) f(z) = 55(e“® — B(x)) and g(z) = 3(e“® + B(x)) for some c € C", A € C

and B € L*(R"),
=a-ze“" + B(z), g(z) = €T for some a € C", ¢ € R" and B €

cx

=a-ze“" and g(z) = e** for some a,c € C,

)
(vi) f(z) = 5x (e — ™) and g(x) = $(e“" + €°2®) for some c1,c2 € C" and
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