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On Congruences of Galois Representations of
Number Fields

by

Yoshiyasu OzEKI and Yuichiro TAGUCHI

Abstract

We give a criterion for two £-adic Galois representations of an algebraic number field to
be isomorphic when restricted to a decomposition group, in terms of global representa-
tions modulo ¢. This is applied to prove a generalization of a conjecture of Rasmussen—
Tamagawa [23] under a semistability condition, extending some results [20] of one of
the authors. It is also applied to prove a congruence result on the Fourier coefficients of
modular forms.
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§1. Introduction

Let K be an algebraic number field, by which we mean a finite extension of Q, and
let G = Gal(K /K) denote its absolute Galois group, where K is a fixed algebraic
closure of K. If v is a finite place of K, we choose an extension of v to K and
denote by G, (resp. I,) the decomposition (resp. inertia) group of v in Gk. For
an f-adic representation V of G, where ¢ is any prime number, we denote by V,,
its restriction to G,. Motivated by a finiteness conjecture on Abelian varieties of
Rasmussen and Tamagawa [23] and related works [20], [24], we prove in this paper
the following type of theorems: If the prime ¢ is sufficiently large (with respect to
K, v and the type of the £-adic representations under consideration), then for any
place u lying above £ and for any representations V and V' satisfying a certain set
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of conditions, we have the following implication:

Vi =ss V., (mod £) and V,, = V.

v

(mod ) = V, ~4 V..

Here, we write V,, =4 V. (mod ¢) if, for a choice of G,-stable Z,-lattices T and
T’ in V and V' respectively, T/¢T and T’ /¢T' have isomorphic semisimplifications
(T'/€T)* and (T"/¢T") as Fy-linear representations of G,, (this definition does not
depend on the choice of the lattices). We also write V,, ~ V/ if their semisimpli-
fications are isomorphic as Q-linear representations of G,. See Theorem 3.1 for
the precise statement of our main theorem and §3 for the details of “a certain set
of conditions”. Roughly speaking, the conditions are:

— V comes from algebraic geometry, and
— V is semistable at v.

Furthermore, the “type” of V has to be specified (in particular, bounds are given of
the Hodge—Tate weights and of the ramification index needed to acquire semista-
bility at w). It is important to note that, while imposing an “artificial” bound b on
the Hodge—Tate weights of one of the {V,V’} (say, V), we only assume a rather
loose and natural bound (£ —2)/e? of the Hodge-Tate weights of the other one V',
where e is the absolute ramification index of extensions of K, over which V and V'
respectively become semistable at wu.

Our method of proof is, as in [20, §3.3] and [24, Lemma 3.9], to recover the
characteristic polynomial of the Frobenius at v from its reduction modulo ¢ using
the bound of the coefficients, which follows in our case from the condition imposed
at u with the help of the theorems of Caruso [5] and Caruso—Savitt [6] (see Thm.
2.6 below). Thus, our proof is obtained by combining certain deep facts in p-adic
Hodge theory.

If we remove the semistability condition at v, we still obtain the coincidence
of the set of Weil weights of V and V' at v; this version, stated as Theorem 3.2, is
often enough for applications.

Examples of V' as above include the Qg-linear dual of the f-adic étale coho-
mology group H., (X, Q) of a smooth proper variety X (in this paper, a variety
means a separated scheme of finite type over a field) over K with semistable reduc-
tion at v (cf. Prop. 2.8). For such representations, we derive in §4 several corollaries
of Theorem 3.2 in the spirit of the Rasmussen—Tamagawa conjecture. For instance,
we prove the following as a special case of Corollary 4.4:

Theorem 1.1. For any integers b,n > 1, for any prime number £ > ([n72])2”b+1,

for any odd integer r with 1 < r < b, and for any smooth proper variety X over Q
which has r-th Betti number < n, has good reduction outside { and has semistable
reduction at £, the Galois representation on HY (X, Qg) is not “residually Borel”,
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meaning that, for any Gg-stable Z¢-lattice T in HL (X g, Qq), the image of Gg in
GLy, (T/LT) is not contained in a Borel subgroup.

Here, [n/2] denotes the largest integer not exceeding n/2.

In fact, we also consider f-adic representations with coefficients. Let E be
another algebraic number field, A a finite place of E with residue characteristic £,
and FE) the completion of E at A. Our main theorems 3.1, 3.2, 3.4 and 3.5 are
stated for F)-linear representations V' and V’. In Theorems 3.1 and 3.2, where we
assume V,, =g V! (mod ) and V,, =4 V.| (mod A), the constant C' giving a lower
bound for the primes ¢ depends on the coefficient field E. If we assume, however,
Vi =ss Vi, (mod £) rather than (mod \), we can eliminate this dependence. This
variant, stated as Theorem 3.4, is particularly useful in certain applications. For
instance, we can prove the following theorem on the congruence of the Fourier
coefficients of modular forms:

Theorem 1.2. Let k be either 1 or an even integer > 2. Then for any odd square-
free integer N > 1 and any modular cuspidal normalized Hecke eigenform f on
Lo(N) of weight k with Fourier expansion Y -, anq", congruences of the form

a, =p' +p’ (modl) for all but finitely many primes p { (N
cannot hold if £ > 2%F.

Note that, for each k, there are infinitely many N and f as above. See Theorem
5.1 for a more general statement including the case of I'y (V).

In §2, we recall various notions of weights of f-adic Galois representations and
give some preliminary results needed in later sections. In §3, we state precisely our
main theorems together with the conditions for the Galois representations V', and
give their proofs. §4 contains some applications of Theorem 3.2 to étale cohomology
groups, and §5 contains the above mentioned results on the congruence of the
Fourier coefficients of modular forms.

82. Weights

We use the same notations K, E, u, v, A, ... as in the Introduction. In addition, we
use the following notations: G denotes the absolute Galois group of a field k; for
a finite place v of K, we denote by K, the completion of K at v, and identify its
absolute Galois group Gal(K,/K,) with a decomposition group G, of v; k, denotes
the residue field of v and g, its order; O and Op, denote respectively the integer
rings of E and E), and f the absolute residue degree [ky : Fy] of \; e(K],/K,)
denotes the ramification index of a finite extension K/, /K, of discrete valuation
fields.



290 Y. OzEKI AND Y. TAGUCHI

82.1. Weil weights

Let v be a place of K lying above ¢ and let V' be a Q-linear representation
of G,. Choose a lift o, € G, of the g,-th power Frobenius Frob, € G, and let
P(T) = det(T — 0, | V') be the characteristic polynomial of o, acting on V. Recall
that an algebraic integer « is said to be a g- Weil integer of weight w if |¢()| = ¢*/?

for any field embedding ¢: Q < C, where | - | denotes the absolute value of C.

Definition 2.1. We say that V is of type (W) at v if all the roots of P(T) are
q»-Weil integers. If this is the case, we call the weights of the roots of P(T) the
Weil weights of V' at v, and denote by W, (V') the multi-set consisting of them.

This definition does not depend on the choice of the Frobenius lift o,. Also,
the multi-set W, (V) is unchanged under a finite extension of the base field K.

For example, if X is a proper smooth variety over K,,, then the Q-linear dual
V = HI(Xg,,Q¢)* of the r-th f-adic étale cohomology group of X = X®k, K,
is of type (W). This is known from [9] if X has good reduction at v, from [22] and
[25] if X has semistable reduction at v, and the general case is reduced to the
semistable case by de Jong’s alteration [7] (cf. [1, proof of Prop. 6.3.2] or [20, proof
of Prop. 3.3]).

Now suppose V is an F)-linear representation of G,. We say that the rep-
resentation V is semistable at v if the inertia subgroup I, acts unipotently on V'
(or equivalently, trivially on the semisimplification V5 of V as an E)[G,]-module;
here, we include the case where the action of I, on V is trivial). In general, any V'
is potentially semistable in the sense that the action of I, on V is quasi-unipotent
([33, Appendix]); thus there exists a finite extension K/,/K, such that the re-
striction of V to Gk, is semistable. Hence we can consider the characteristic
polynomial P'(T) = dvet(T — Frob,/ | V*) of the Frobenius Frob,, at v" acting on
the Ey-vector space V. Note that the characteristic polynomial taken with V*°
viewed as a Qg-vector space is the product of the conjugates of this P'(T") (cf. [3,
Chap. 8, §12, Prop. 7]; here, a conjugate of a polynomial in E[T] means the result
of the coefficientwise application of a o € Homg, (Ex, Q;).)

Definition 2.2. An FE)-linear representation V of G, is said to be E-integral at v
if, for any finite extension K, /K, for which the inertia action on V' is unipotent,
the characteristic polynomial P’(T) defined as above has coefficients in Op.

Note that an E-integral representation of type (W) at v has Weil weights > 0
at v.
For example, if X is a proper smooth variety over K, then the Q-linear dual

V = H (Xg,,Q¢)* of the r-th f-adic étale cohomology group of X = X®k, K,
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is conjectured to be Q-integral (cf. [29, C4]). This conjecture is known to be true
under the assumption of the existence of the Kiinneth projector ([25, Cor. 0.6(1)]).

We note here that, by the next lemma, there are totally ramified extensions
among the finite extensions K, /K, as above (so that, when we want to compare
the characteristic polynomials P’(T) for different V’s, we can use a K, with
residue degree 1):

Lemma 2.3. If L/K, is a finite Galois extension, then there exists a totally ram-
ified subextension L'/K, of L/K, such that L = L'Lg, where Lq is the mazimal
unramified subextension of L/ K,,.

Proof. If L/K, is abelian, this is a consequence of local class field theory (e.g.
[17, Th. 7.1]). Suppose L/K, is non-abelian. Let o be a lift in Gal(L/K,) of the
Frobenius in Gal(Lo/K,), and set H := (o). Then we have H C Gal(Ly/K,),
and the extension L¥ /K, is a non-trivial totally ramified subextension of L/K,.
Repeating this process with L/K, replaced by L/L¥ we are reduced to the case
of abelian L/K,. O

This lemma will be used in the proofs of Lemmas 3.6, 3.7 and the main
theorems.

§2.2. Hodge—Tate weights

Recall that u is a finite place of K lying above ¢. A Qy-linear representation V of G,
is said (cf. [12, §3.7]) to be of Hodge—Tate type of Hodge—Tate weights hi, ..., hy,
where n = dimg, (V') and h; are integers, if V ®q, C; ~ Cy(h1) @ --- & Cy(hy,) as
Cy-semilinear G,-representations, where Cy(h) denotes the h-th Tate twist of the
completion C; of a fixed algebraic closure Q, of Q. If this is the case, let HT,(V)
denote the multi-set of Hodge-Tate weights of V. Note that, by definition (or
the well-definedness) of Hodge—Tate weights, HT,, (V') is unchanged under a finite
extension of the base field K.

§2.3. Tame inertia weights

Let It*™° denote the tame inertia group of K at u (= the quotient of the inertia
group I, at u by its maximal pro-£ subgroup). A character ¢ : I} — F, can
be written in the form ¢ = ? Z", where 1; are the fundamental characters
of level h ([30, §1.7]) and 0 < ¢; < £ — 1. Then we set T, () := {t1/e,...,tn/e}
(as a multi-set), where e = e(K,,/Qy) is the ramification index of K/Q at u. Note
that, by [30, §1.4], TT,(y) is unchanged by a “moderately” ramified extension
of K,,; precisely speaking, if K,/K, is a finite extension of ramification index

6<K,;//Ku) < (E - 1)/maX{tJ | 1 S j S h}, then TIUI (@‘I:ﬁme) = TIu(gO)
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Let V be a Qy-linear representation of GG, and T" a G,-stable Z,-lattice of V.
Set T := T/¢T. Then its semisimplification T (as an F,[G,,]-module) is tamely
ramified (note that its isomorphism class does not depend on the choice of T'; cf.
[32, §15.2, Thm. 32]) and the action of the tame inertia group I!*™° is described
by a sum of characters ; : I;*¢ — T, . Then we define TL,(V) (as a multi-set)
to be the union of the TI,(y;) for all i.

§2.4. Weights of geometric Galois representations

Let V' be a Qq-linear representation of G . For any multi-set X, we write

D(X) = )

zeX

whenever the sum on the right-hand side has a meaning.

Definition 2.4. We say that V is of type (G) if it is of type (W) at v, of Hodge—
Tate type at u, and

(G) L(Wy(V)) = 25HT,(V)).
If this is the case, we denote this value by w(V') and call it the total weight of V.

Note that (W, (V)) and X(HT,(V)) are respectively the Weil and Hodge—
Tate weights of detg, (V).

Typical examples of V' of type (G) include the Tate twists Qg (r) for r € Z
and their twists by characters of finite order; their total weights are 2r.

A priori, the notion of type (G) depends on the places v{¢ and | (so it
should be called, say, type (Gy.)), but in practice (i.e., in case V comes from
algebraic geometry), it is independent of the places, as the following proposition
shows. Its proof, which is modeled on the proof of Lemma 2.1 of [26], has been
communicated to us by Yoichi Mieda, to whom we are grateful:

Proposition 2.5. Let X be a proper smooth wvariety over K. Let V =
HI (X7, Q)* be the Qq-linear dual of the r-th £-adic étale cohomology group of
Xz =X ®k K, and put n = dimg, (V). Then:

(i) det(V) is isomorphic to the twist of Qu(nr/2) by a character € of order at
most 2. If r is odd, then ¢ = 1.

(ii) V is of type (G) with respect to any finite places w| € and vt of K.

Note that, in (i), the Betti number n is even if r is odd by, say, Hodge sym-
metry.



CONGRUENCES OF GALOIS REPRESENTATIONS 293

Proof. (ii) follows from (i) and the fact that V is of type (W) (here, the fact that
V is Hodge-Tate at every place v| ¢ follows from [11], [35], etc.). To show (i),
consider the character € : Gx — Q; defined by det(V)(—nr/2), where (—nr/2)
denotes the (—nr/2)-th Tate twist. If v { £ is a finite place of K where X has good
reduction, then by [9], V is Q-integral and has all Weil weights equal to r. Hence
e(Frob,) is a Weil integer in Q of weight 0, i.e., a unit of Z. Since Frob,’s for
such v’s are dense in G g, we see that ¢ takes values in Z*. The second statement
of (i) follows from Corollary 3.3.5 of [34]. O

As the next theorem shows, we can expect in some cases the total weight w(V")
to be equal also to 2X(TL,(V)). We refer the reader to, e.g., [12, §5.1.4] for the
definition of semistability of an ¢-adic representation of G,. Note that “semistable”
implies “Hodge—Tate”. Note also that, if a smooth proper variety X over K, has
semistable reduction, then the ¢-adic cohomology group H., (X5, Q,) and its Q-
linear dual are semistable in this sense; this is a consequence of Fontaine-Jannsen’s
conjecture (Cg) ([12, Conj. 6.2.7]) proved by Tsuji [35].

Theorem 2.6. Let V be a Qq-linear semistable representation of G, with HT,, (V)
C [0,0]. If e(K/Qe)b < £ — 1, then:

(i) ([5, Thms. 1.0.3 and 1.0.5]) T, (V) C [0, b].

If V is not assumed to come from algebraic geometry, the equality (G) holds
in some special cases:

Lemma 2.7. Let v be a finite place of K not lying above €. If V is a Qq-linear
representation of G which is of type (W) at v, of Hodge—Tate type at all u | ¢, and
such that the value of S(HT, (V) is the same for all u |, then V is of type (G).

Note that the assumption on the Hodge-Tate type is automatic if there is
only one place of K lying above ¢. Note also that V' = HZ (X, Q)" satisfies the
condition of this lemma (this follows from the theory of Hodge-Tate decomposi-
tion).

Proof. By taking the determinant, we are reduced to the case dimg,(V) = 1. By
[28, Chap. I1I, §2.2, Cor.], V is unramified outside a finite set S of places. If V has
Hodge-Tate weights r at every u| ¢, then V(—r) has Hodge-Tate weights 0, and
by [27, §5, Cor. 1], the image of inertia at w|¢ is finite. By [16, §2, Thm. 1], the
image of inertia at any place outside £ is also finite. Thus V(—r) gives rise to an
abelian extension of K which is unramified outside S and finitely ramified at all
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places. By class field theory, such an extension is finite. Hence V' is isomorphic to
a twist by a finite character of Q(r). Thus (G) holds for V. O

If there are more than one place above £, the equality (G) may not hold even
for representations coming from algebraic geometry. For example, let K be an
imaginary quadratic field, E an elliptic curve over K such that Endx (F)®zQ ~ K,
and ¢ a prime number which splits in K as £ = A)\. Let V be a one-dimensional
G k-subrepresentation of the f-adic Tate module Ty(E) ®z, Q¢ of E. Then V is
of type (W) of Weil weight 1 at any v t ¢, while it is of Hodge-Tate type of
Hodge—-Tate weight 0 or 1 at .

If we do not assume the equality (G), we can in fact prove an equality which
is fairly close to (G) under a mild condition:

Proposition 2.8. Let V be a Qq-linear representation of G and q a prime num-
ber # 0. Assume V is of type (W) at all places v |q and of Hodge—Tate type at all
places u|l. Then

STIK,  QgB(W, = 2) [Ky: QS(HT, (V).

vl|g ull

Proof. The induced representation Indgf’; (V) is a representation of Gg which is
of type (W) at ¢ and of Hodge-Tate type at £, and hence we have

E(Wy(Indg; (V) = ZE(HTZ(IndGi(V)))
by Lemma 2.7. We then observe that

W,(Indg2 (V) = [[1K, : QW (V),

vlq

HT(Indg2 (V) = [ J[Ku : QJHT(V),
ull

where the multiple mX of a multi-set X by a positive integer m is defined in the
obvious manner. Indeed, we have

(Indg2 (V))la, _@Ind Vlg,)
vlq

by Mackey’s formula ([32, §7.3, Prop. 22]), and

W, (Indg? (Vle,)) = [Ky : Q]W,(V]e,)

by definition of the induced representation and by the invariance of the Weil
weights under finite extensions of the base field. Similar equalities hold for u|¢
and Ind ‘(Vlg,)- O



CONGRUENCES OF GALOIS REPRESENTATIONS 295

83. Main results

Let the notations K, E, u,v, A, ... be the same as before. In addition, let n and e be
fixed integers > 1 and b > 0 be a fixed real number. All E)-linear representations
V' in this section are assumed to have dimension n. Assume also that e is divisible
by the absolute ramification index e(K,/Qg) of K, /Qq.

For the first version of our main theorem, we shall consider F-linear repre-
sentations V' of G which satisfy the following:

Conditions (I).
(SSy) V issemistable at v (in the sense that the action of the inertia is unipotent;
cf. §2.1),
(Int,) V is E-integral at v in the sense of Definition 2.2,
(PST,) V becomes semistable (in the sense of Fontaine [12, §5.1.4]) over a finite

extension K, of K, whose absolute ramification index e(K,/Qg) divides
e (hence, in particular, V' is of Hodge-Tate type at u),

(HT,) V has Hodge Tate weights HT, (V) C [0, (¢ — 1)/e?], and
(Gy,w) V is of type (G) in the sense of Definition 2.4.

Our first main result is:

Theorem 3.1. For any K,E,n,b,e,v as above, there exists a constant C' =
C([E : Q],n,b,e,qy) such that the following holds: For any prime number £ > C,
any places u of K and \ of E both lying above £, and any representations V and V'
satisfying Conditions (I) with HT,, (V) C [0,b], if one has Vi, = V., (mod A\) and
Vi =ss V. (mod \), then one has V,, ~g V... [In particular, if V =4 V' (mod \) as
G i -representations, then V,, ~ V]

The constant C can be taken explicitly to be

oo (o))}

where [z] denotes the largest integer not exceeding x.

As in the Introduction, the meaning of the notations =g and ~; is as follows:
(mod M) if, for a choice of G,-stable Og,-lattices T and T’
in V and V' respectively, T/AT and T'/AT’ have isomorphic semisimplifications
(T/XT)® and (T'/AT")® as ky-linear representations of G,,. The notation V =g V'
(mod M) is defined similarly with the acting group replaced by Gx. We also say

we say V, =¢ V!

v

Vi, ~s Vi if their semisimplifications are isomorphic as F)-linear representations
of G,.
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To state a variant of this theorem, let Conditions (II) be Conditions (I) with
(SS,) removed; that is, we set

Conditions (II) := (Int,) + (PST,) + (HT,) + (Gu,v)-

Let W, (V) denote the multi-set of Weil weights of V' (Def. 2.1) considered as a
Qy-linear representation of G,,.

Theorem 3.2. For K,E,n,b,e,v as above, the following holds with the same
constant C = C([E : Q],n,b,e,q,) as in Theorem 3.1: For any prime number
¢ > C, any places u of K and \ of E both lying above ¢, and any represen-
tations V' and V' satisfying Conditions (II) with HT, (V) C [0,b], if one has
w =ss Vo) (mod ) and V,, =i V) (mod ), then one has W, (V) = W,(V’). [In
particular, if V =g V' (mod \) as Gk -representations, then W, (V) = W, (V)]

Remark 3.3. If we consider representations of type (W) at all places v|q for a
fixed prime number ¢ and of Hodge-Tate type at all places u|{, we can prove
versions of Theorems 3.1 and 3.2 without assuming “type (G)” but with a larger

" [E:Q)
C':=max{e’b+1,(2 q"b[K:@]/[K“:Qq] )
"\ \In/2

The proofs are basically the same as in the case of type (G) but use Proposition
2.8 instead of the equality (G) in Definition 2.4.

constant

The constant C = C([F : Q],n,b,e,q,) above depends on the coefficient
field E. By working modulo ¢ rather than modulo A, however, we can suppress
this dependence as follows:

Theorem 3.4. For any K,E,n,b,e,v as above, there exists a constant C =
C’(n,b,e,qv) such that the following holds: For any prime number £ > C, any
places u of K and X\ of E both lying above £, and any representations V and V'
satisfying Conditions (I) with HT,, (V') C [0,b], if one has Vi, = V,, (mod A) and
det(T — Frob, | V,) = det(T — Frob, | V) (mod{Og), then one has V, ~4 V.
[In particular, if V =¢ V' (mod¥) as Gk -representations, then V ~4 V' as G’ -
representations.]
The constant C' can be taken explicitly to be

C = max{e% 11,2 <[n’}‘2}> ng}.

Here, the notation V =4 V’ (mod ¢) means that T/¢T and T'/¢T" have iso-
morphic semisimplifications (7/¢T")% and (T"/¢T")* as kx[Gk]-modules, where T'
and T' are Og-lattices as before. Note that T/¢T is a priori an (Og/¢Og)[Gk]-
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module but we regard it also as a kj[Gk]-module via the canonical ring homo-
morphism ky — Og/lOF.

We have the following obvious variant with Conditions (IT) (or the modulo ¢
version of Theorem 3.2):

Theorem 3.5. For any K, E,n,b,e,v as above, the following holds with the same
constant C = C’(n, b,e,q,) as above: For any prime number ¢ > C', any places u of
K and X of E both lying above £, and any representations V and V' satisfying Con-
ditions (IT) with HT (V) C [0,b], if Vi, =ss V., (mod ) and det(T — Frob, | V,) =
det(T" — Frob, | V))) (mod{Og), then W, (V) = W,(V'). [In particular, if V =g
V' (mod ¢) as G -representations, then W, (V) = W, (V').]

The rest of this section is devoted to the proof of the theorems. We begin with
a version of the gap principle:

Lemma 3.6. Let E,n,v be as before, and let w € R>q be given. Then there exists
a constant C; = C1([E : Q],n,q") > 0 such that, for any prime £ > C1 and for
any n-dimensional E\-linear representations V,V' of G, which are of type (W),
E-integral at v and such that X(W,(V)), E(W,(V")) are in [0,[Ey : Q] - w], the
following hold:

(i) If V =5 V' (mod \) as G,-representations, then W, (V) = W, (V).
(ii) Assume further that V= and (V')*® are unramified. If V =4 V' (mod \) as

G, -representations, then V ~y V' as G,-representations.

The constant Cy can be taken explicitly to be

o ()

We also have the following modulo ¢ version of (ii) above, in which the constant
is independent of [E : Q:

Lemma 3.7. Let E,n,v be as before, and let w € R>o be given. Then there
exists a constant C; = C’l(n,q}}’) > 0 such that, for any prime £ > Cj
and for any n-dimensional E\-linear representations V,V' of G, such that
Vs (V') are unramified and which are of type (W), E-integral at v and such
that L(W,(V)), Z(W,(V")) are in [0,[Ex : Q] - w], the following holds: If
det(T — Frob, | V) = det(T — Frob, | V') (mod{Og)), then V =~y V' as G,-
representations.
The constant C’l can be taken explicitly to be

Gri=2 )
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As the proofs are similar, we only give a proof of Lemma 3.6.

Proof of Lemma 3.6. Choose a totally ramified extension K, /K, over which V'
and V' become semistable (cf. Lemma 2.3). Let P(T) = det(T — Frob, | V™)
and P'(T) = det(T — Frob, | (V')*®) be the characteristic polynomials (taken as
E)-linear representations) of the Frobenius Frob,, at v’ acting on the semisimpli-
fications V*° and (V')*8, respectively. By assumption, they have coefficients in Op.
By assumption on the weights, for any embedding E < C, the terms of 7"~ have
coefficients of absolute value < (77)qy’ /2 (note that S(W,(V)) is the sum of the
Weil weights of V' as a Q-linear representation, and hence the sum of the Weil
weights of the roots of P(T) is in [0,w]). Set C1 := (2maxo<i<n (?)qvw/z)[E@] =
(20, 1) %)), Then if £ > €1, we have

V = V'’ (mod \) as G,-representations
& P(T)=P/(T) (mod)\) & P(T)=P(T).

Here, the last equivalence follows from the next lemma. This implies that W, (V) =
W, (V'). If V5 and (V’)*® are unramified, then they are determined by the actions
of Frob,, and hence the equality P(T) = P'(T) is equivalent to V =~ V'. O

Lemma 3.8. Let a be a non-zero integer of E, and Cy a real number > 0. If
a = 0 (modA) (resp. a = 0 (mod ¢Og)) and |(a)] < Cy for any embedding
t:E<—C, then t < C’([)E:(@VfA (resp. £ < Cy).

Proof. It A a (resp. £|a) in O, then by taking the norm N : EX — Q*, we have
¢ < |N(a)| (vesp. (17U < |N(a)|). If |t(a)] < Co, then by taking the norm (or
product over all ¢), we have |N(a)| < C([)E:Q}. The required inequality follows from
these two inequalities. O

We need one more lemma:

Lemma 3.9. Let G be a profinite group and T,T" be free O, -modules on which G
acts continuously and O, -linearly. Let (T /XT')* and (T/¢T)% be the semisimplifi-
cations of T/XNT and T /T as kx[G]-modules, respectively. Let e be the ramification
index of E5/Qq. Then:

(i) (T/LT)* is isomorphic to the direct sum of e copies of (T /AT)%.
(i) If (T/NT)™ ~ (T'/XT’)*, then (T/¢T)* ~ (T’ /¢T")>.

Proof. Part (ii) follows from (i) immediately. To prove (i), consider the filtration

T/UT = T/NT D XT/XT D -+ D \T/N\T = 0.
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Then “multiplication by A’ (where A is identified with a uniformizer at A) in-
duces isomorphisms N7 /AT — XTI /XNHF2T of the graded quotients as ky [G]-
modules. It then follows that (T'/¢T)% ~ ((T/\T))%e. O

Now we can prove the theorems. We only prove Theorems 3.1 and 3.2, the
proofs of Theorems 3.4 and 3.5 being similar.

Let C = max{e?b+ 1, (2([n7;2]) 70)[E:Q]1 " as in Theorem 3.1. Choose a finite
totally ramified extension (K,) /K,, with absolute ramification index e?, over
which V and V' become semistable (cf. Lemma 2.3). If ¢ > C, then e?b < /—1. Take
a finite extension K’ of K and a place u’ |u of K’ such that the completion of K’
at v’ is (K,)’. By assumption, we have HT,/ (V) C [0, b]. Then by Theorem 2.6(i),
we have TL,/ (V') C [0, b]. The same holds for V', since TL, (V) = TIL,, (V') by the
assumption V,, =¢ Vi, (mod A) (Note that, by Lemma 3.9, we also have V,, =
V.l (mod¥) as F¢[G,]-modules, where V' and V' are now regarded as Qg-linear
representations, so that the definition of TI, and Theorem 2.6 are applicable).
Now we recall that V" and V' are of type (G). By Theorem 2.6(ii), we have

and these are also equal to
S(TLy (V') = B(HTw (V') = S(HTW (V")) = 5(W, (V).

Since HT,, (V) C [0,b], these are bounded by [Ey : Qg - nb. In particular, the
total weights (W, (V)) and (W, (V")) are < [E) : Q] - 2nb. By Lemma 3.6(i)
(resp. (ii)), the assumption V,, =i V. (mod ) implies that W, (V) = W, (V)
(resp. V,, ~2 V) if £ > (2([n72])q17}b)[E’Q]. O

84. Corollaries

Here we give several corollaries of Theorem 3.2, which are motivated by a con-
jecture of Rasmussen and Tamagawa ([23]; see also [4], [20], [21] and [24]). The
conjecture says that, for a prime number ¢ large enough, there does not exist an
abelian variety A of a given dimension over a given number field with good re-
duction outside ¢ and such that the Galois representation on A[¢] is Borel whose
diagonal components are powers of the modulo ¢ cyclotomic character. The pur-
pose of this section is to generalize such a non-existence statement for abelian
varieties to one for algebraic varieties in terms of étale cohomology groups by
applying one of our main theorems of §3. This is a sort of formalization of the
method of [20] and [24]. In these papers, the Rasmussen—Tamagawa conjecture
was proved under the assumption that the abelian varieties have semistable re-
duction everywhere. An advantage of our main results is that we can consider
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not only semistable representations associated with abelian varieties but also a
certain class of potentially semistable representations associated with algebraic
varieties.

The notations (K, E, n, b, e, v, u, {,\, C = C([F : Q],n,b,e,q,), ...) are
the same as in Theorem 3.2. In this section, V' = Vi will be the E\-linear dual
HI (X5, Ex)* of the r-th A-adic étale cohomology group, where X is a smooth
proper variety over K, and X denotes its base extension to K. We set V =
V% :=T/AT, choosing a G g-stable O, -lattice T in V, and let V*° = V** be its
semisimplification as a k)[Gk]-module (the isomorphism class of Vi** does not
depend on the choice of T').

To state the first corollary, we make the following hypothesis on V*%:

Hypothesis (H). Each simple factor W of V** lifts to an E\-linear representation
W of Gk of the form H (Y, Ex)* which is semistable at all u| ¢, and HT, (W) C
[0,¢ — 2], where Y is a proper smooth variety over K and s is some non-negative
integer.

Corollary 4.1. For any prime £ > C, any odd integer r with 1 < r < b, any
places u of K and \ of E both lying above £, and any smooth proper variety X
which has the r-th Betti number < n, has potentially good reduction at v, and has
semistable reduction at | ¢, if (H) is true for Vio>, then none of the simple factors
of V™ are of odd dimension.

Proof. Note first that, if s is odd, then H (Y%, E») has even dimension by (GAGA
and) Hodge theory. Now, let W1y,..., W) be the simple factors of V5. By (H),
each W; lifts to a geometric W; with HT, (W;) C [0,¢ — 2]. If one of the W; has
odd dimension, then it must have even weight, while V' has odd weight r, since X
has potentially good reduction at v. Thus the corollary follows from Theorem 3.2

by putting V' := W1, & --- ® Wy. O
As a special case where Hypothesis (H) holds, we have:

Corollary 4.2. For any prime number { > C', any odd integer r with 1 < r < b,
any places u of K and A of E both lying above ¢, and any smooth proper variety X
over K which has r-th Betti number < n, has potentially good reduction at v, and
has semistable reduction at u, the Galois representation on V;ss is not the sum of
integral powers of modulo ¢ cyclotomic characters.

In fact, we can generalize this a bit as follows. Let x and x denote respectively
the f-adic and modulo ¢ cyclotomic characters of G .
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Corollary 4.3. Assume E contains the e*-th roots of unity. Then for any prime
number £ > C such that £ = 1 (mod €?), any odd integer r with 1 < r < b, any
places uw of K and \ of E both lying above £, and any smooth proper variety X
over K which has r-th Betti number < n, has potentially good reduction at v,
and acquires semistable reduction over a finite extension K,/K, with absolute
ramification index e(K!,/Qy) dividing e, the Galois representation V'™ is not the
sum of characters of Gg of the form &;x%, where & : Gx — kY are characters
unramified at u and of finite order dividing the order of the group of roots of unity
in E, and b; are integers.

Proof. Suppose X has semistable reduction over K|, with e(K],/Qy)|e. We may
assume e(K’,/Q,) = e. Suppose V*° is the sum of the characters &;x* as above.
Then the action of the tame inertia group I'3™¢ at u’ on the i-th factor is via x%,
which equals #°%, where 6 is the fundamental character of I'#m¢ of level 1 ([30,
§1.8, Prop. 8]). By Theorem 2.6(i), we have eb; = ¢; (mod ¢ — 1) with 0 < ¢; < eb.
Since e?|¢ — 1, we have b; = by; + %j with 0 < by; < band 0 < j < €2
Set k := )’(“_1)/62 and let x : Gx — EY be its Teichmiiller lift. Since the e?-th
power of k is trivial, it takes values in E*. Similarly, the Teichmiiller lift ¢; of &;
has also values in E*. Now each character & x" = &;&/x lifts to the character
gikIxb  Gg — E{, or to the 1-dimensional Ej)-linear E-integral geometric
representation Ey(g;x7) ®q, Qu(bo;), where Ej(g;£7) is the twist of the trivial
representation Fy by the finite character €;x7, and Q¢(bo;) denotes the by;-th Tate
twist. Let V'’ be the direct sum of these representations. By Theorem 3.2, we
have W, (V) = W,(V"), but W, (V) = {r,...,r} (since X has potentially good
reduction at v) while W, (V') = {2bo1, ..., 2boy }, which is a contradiction if r is
odd. O

Specializing further, we have:

Corollary 4.4. Let K = Q. Assume E contains the e?-th roots of unity. Then
for any prime number £ > C such that £ = 1 (mod e?), for any odd integer r
with 1 <r <b, and for any smooth proper variety X over Q which has r-th Betti
number < n, has good reduction outside £ and acquires semistable reduction over
a finite extension K|, /Qp with absolute ramification index e(K,,/Qy) dividing e,
the Galois representation on V¥ is not Borel.

Here, we say that the representation V is Borel if the action of Gg is given
by upper-triangular matrices with respect to a suitable ky-basis of V.

Proof. Indeed, if it is Borel, its semisimplification is a sum of characters which
are unramified outside ¢ by assumption. Since the base field is Q, they are powers
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of the modulo ¢ cyclotomic character. Now the result follows from the previous
corollary. O

85. Congruences of modular forms

We use the same notations as in the Introduction, except that we always suppose
K = Q and write ¢ for g, in this section. We put ¢(N) = #(Z/NZ)* for any
positive integer N and denote by Z the integer ring of Q. The goal of this section
is to give a proof of the following congruence result on the Fourier coefficients of
modular forms. For any integers k, N > 1 and a character € : (Z/NZ)* — C*,
let Sk(N,¢) denote the C-vector space of cusp forms of weight k, level N and
Nebentypus character e. We denote by N, the conductor of e. For a normalized
Hecke eigenform f(z) = Yo, an(f)e*™™* € Sy (N, e), integers 4,5 and a prime
number ¢, consider the following condition on the Fourier coefficients a,(f) of f:

(Cije)  ap(f)=p"+p’ (mod ¢Z) for all but finitely many primes p{¢N.

Such congruences can be interpreted in terms of the Galois representation pg
associated with f, where X is a place above ¢ of the Hecke field of f. For example,
the congruence (C; ;.¢) holds if pry = X' ® x? (mod ¢), where x is the f-adic
cyclotomic character. We say, for the moment, that a prime /¢ is exceptional for
f if the image of the residual representation of py » does not contain SLqo(k)) for
some A| ¢ (cf. [31, §3.1] and [19, §3]). For fixed k and N, it is well known (cf. e.g.
[31, Thm. 10] and [18, Introduction]) that there are only finitely many exceptional
primes, and a fortiori finitely many primes ¢ for which (C; ;.¢) holds for some 4, j
and f € Sk(N,e). Until recently, however, the situation has not been very clear
when we let k and N vary; as for recent works, see [15] for the case of modular
Abelian varieties (i.e., the case of weight k¥ = 2) and [2] for the case of modular
forms on I'g(N) with fixed level N. In this vein, we show the following by using
Theorem 3.4:

Theorem 5.1. Fiz a prime number q. For any integer k > 1, any prime
¢ > 4¢>*=V  any integer N such that g Y N and (*{N, any character € :
(Z/NZ)* — C* with £ { (N.), and any normalized Hecke eigenform f € Si(N,¢),
we have the following:

(i) The condition (C, j.¢) can hold only ifi=j = (k—1)/2 (mod ¢ —1).
(ii) The condition (C; j;0) holds for no i and j if either k =1, k is even, or £{ N.

We begin by proving a lemma. For any f as in the theorem, we denote by
E = Qy the field obtained by adjoining all Fourier coefficients of f to Q, which is
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a finite extension of Q. We regard € as a character with values in O}. Denote by €

(resp. €) the composite (Z/NZ)* < OF modf, (Op/tOR)* (resp. (Z/NZ)* 5

0% 229 (05/A0E)%). Let

pra s Go = GLg, (Vi))

be the 2-dimensional Ey-linear representation of Gg associated with f by Deligne
[8] and Deligne—Serre [10]. Thus if p { ¢N, then Vy 5 is unramified at p and one has

det(T — Frob, | Vi) = T? — a,(f)T + e(p)p*~*.

In particular, it is E-integral at p in the sense of Definition 2.2. One has W, (V) =
{(k=1)/2,...,(k —1)/2} (with multiplicity 2[F) : Qq]). It is crystalline (resp.
semistable) at £ if £ { N (resp. £21 N).

Lemma 5.2. Suppose { > 2. Let k, N > 1 be two integers. Let e: (Z/NZ)* — C*
be a character such that £t o(N¢). Suppose that a normalized Hecke eigenform
f € Sk(N,e) satisfies the condition (C; j.¢) for some i,j. Then € has values in the
canonical image of F) in (Og/tOg)*. Moreover, the following holds:

(i) €z (mod N)) = 2'*=*=1 (mod ¢) for any = prime to N.

(ii) If ¢t N, theni+j=k—1 (modl—1) and € = 1.

Proof. By assumption, we have Tr(Frob,|V; ) = p* + p’ (mod ¢Op) for all but
finitely many p t ¢N. In particular,

(5.1) Prx =ss X' @ X7 (mod A)

as ky-linear representations of Gg (this holds because ¢ > 2 = dim py »; see, e.g.,
[21, Lemma 2.10]), and then we also have e(p)p*~! = p'*J (mod )). Hence we see
that

(5.2) éx(z (mod N)) = 2+~ (mod \)

for any A|¢ and any integer x prime to N.

(i) Since the kernel of the projection (Op/tOp)* — [I,,(Op/AOg)* has
t-power order, if £ { ¢(Nc), then the homomorphism [],,é\x : (Z/NZ)* —
[1,/(O/AOg)* lifts uniquely to a homomorphism (Z/NZ)* — (Og/tOg)*,
which is € According to (5.2), it is given by

(5.3) é(z (mod N)) = 2/~ * =1 (mod LOg)

for any integer x prime to N.
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(ii) Suppose ¢ 1 N. Then (5.3) must hold for = ¢, which is possible only if
i+j=k—1 (mod¢—1). In particular, we obtain € = 1. O

Proof of Theorem 5.1. (i) Suppose £1p(N) and ¢2 1 N. Then py  is semistable
at ¢. By assumption, we have Tr(Frob,|Vs ) = ¢' + ¢/ (mod (Of). Combining
this with Lemma 5.2(i), we obtain det(T — Frob, | V},x) = det(T — Frob, | x* & x’)
(mod ¢Og). We also have the congruence (5.1). Therefore, if £ > 4¢?>*~1 it
follows from Theorem 3.4 (applied with V' = x* @ x4, where ', j' are integers in
[0, — 2] such that i’ =4, j' = j (mod £ — 1)) that psy ~ X' @ X7 as Ex-linear
representations of the decomposition group Gy of q. Looking at the Weil weights,
we obtain i = j = (k —1)/2 (mod £ — 1).

(ii) If % is even, then the impossibility of (C; j,¢) follows from (i).

If £ =1 and the congruence condition (C; j.¢) holds, then (i) together with
(5.1) implies that psx := psa (mod A) is unipotent and, in particular, Im(py,»)
is an f-group. On the other hand, if £ = 1, then by [10], Im(py ) is finite and
its image in PGLy(Og, ) is either dihedral, A4, Sy or As. Since the kernel of the
reduction map GL2(Og,) — GLa(ky) is pro-£, the representation py » cannot be
unipotent if £ > 3.

Finally, assume ¢ { N. Then py  is crystalline at ¢, and thus the Fontaine-
Laffaille theory (cf. [13, Thm. 5.3(iii)]) implies that the tame inertia weights and
the Hodge-Tate weights of py » coincide with each other. Hence it follows from (5.1)
that {i,7} = {0,k —1} (mod £—1). Since ¢ > k, we obtain {(k—1)/2,(k—1)/2} =
{0,k — 1}, which is impossible unless k = 1. O
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