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Abstract

A system of a Dirac particle interacting with the radiation field is considered. The Hamil-
tonian of the system is defined by H = - (p — ¢A(X)) + mf + Hy, where ¢ € R is a
coupling constant, A (%) the quantized vector potential and Hy the free photon Hamilto-
nian. Since the total momentum is conserved, H is decomposed with respect to the total
momentum with fiber Hamiltonian H(p) (p € R®). Since the self-adjoint operator H(p)
is bounded from below, one can define the lowest energy E(p,m) := info(H(p)). We
prove that E(p,m) is an eigenvalue of H(p) under the following conditions: (i) infrared
regularization and (ii) E(p,m) < E(p,0). We also discuss polarization vectors and the
angular momentums.
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§1. Introduction

We consider a quantum system of a Dirac particle interacting with the radiation
field. An example of a Dirac particle is the free electron. The Hilbert space for the
Dirac particle is

(1.1) H, = L*(R3;CY),

and the free Hamiltonian for the Dirac particle is the free Dirac operator a-p+mf3
acting on H, where p = —iVy denotes the momentum for the Dirac particle. The
Hilbert space for the radiation field is the Fock space:

(1.2) Frad = @ ®:ym L2(Ri X {1’2})v
n=0
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where @ means the n-fold symmetric tensor product with ®gym L3R} x

{1,2}) := C. The Hilbert space for the total system is defined by

(1.3) H:=H, @ Frad-

In this paper, we consider the quantum system described by the Hamiltonian
(1.4) Hi=a-(p—qA(KX)+mf+ Hy,

where ¢ € R is a coupling constant, A(%X) denotes the quantized magnetic vector
potential in the Coulomb gauge and H is the free photon Hamiltonian. We impose
an ultraviolet cutoff in the quantized vector potential. We call the quantum system
defined by (1.4) the Dirac—Mazwell model. The Hamiltonian (1.4) was introduced
and discussed in the early days of quantum theory (see, e.g., [He]). By an informal
perturbation theory, the Klein—Nishina formula (which gives a differential cross
section for the Compton scattering) can be derived from the Dirac-Maxwell model
[He]. Mathematical analysis of the Dirac-Maxwell model was initiated by A. Arai
[A1, A2]. In [A3], A. Arai proved that a non-relativistic limit of the Dirac-Maxwell
model converges to the Pauli-Fierz model (the non-relativistic QED). See also [A4].
The essential self-adjointness of the Hamiltonian (1.4) with an external potential
was discussed by E. Stockmeyer and H. Zenk [SZ].

Since the Hamiltonian H is translation invariant, the total momentum of the
system is conserved, i.e., the Hamiltonian of the system strongly commutes with
the total momentum operator

(1.5) P:=p+dl(k),

where dI'(k) denotes the momentum operator of the radiation field. Hence the
Hamiltonian can be decomposed as

@

(16) we [ Hp)dp,
]R3
(&)

(1.7) P%/]Mg
R3

~

where = means unitary equivalence. In this paper, we mainly study the fiber
Hamiltonian H (p) which describes the dynamics of the relativistic particle dressed
in photons with total momentum p. We call the quantum system described by
H(p) the Dirac polaron. As shown in [A2, Al], for p € R3, H(p) has the form

(1.8) Hp)=a-p+mB+H;—a-dl'k) —ga- A,

which acts on C* ® Fraq, where A denotes the quantized vector potential at the
origin (= A(0)). The fourth term —a - dI'(k) describes the reaction due to the
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radiation field, and the last term —ga - A is the electromagnetic interaction. It
should be noted that —gac- A is not H(p)|4=0-bounded for any non-zero ¢, because
the reaction term —o - dI'(k) is comparable to Hy, and —go - A is unbounded.
This fact implies that —ga - A is not a small perturbation no matter how small
q is. One of the important facts about the Dirac polaron is that H(p) is bounded
from below for all values of all constants: the total momentum p, the mass m and
the coupling constant ¢ (see [S1]). Hence, one can define the lowest energy by

(1.9) E(p,m) :=info(H(p)) > —o0,

where o(A) denotes the spectrum of A. If H(p) has an eigenvalue E for ¢ # 0,
we say that a dressed particle state exists and the corresponding eigenvector is
called a dressed particle state. In Section 4, we show that a dressed particle state
exists under suitable conditions including (i) infrared regularization and (ii) the
inequality

(1.10) E(p,m) < E(p,0).

The condition (1.10) will be assumed in Theorems 4.1, 4.2 and 4.4 below. One
can observe that there exist m* > 0 such that (1.10) holds for all |m| > m*. We
expect that m* = 0, but we have no proof. In Section 5, we study the angular
momentum and degeneracy of eigenvalues of the Dirac polaron H(p). We will
show that the angular momentum of the p-direction commutes with H(p), and
any eigenvalue of H(p) has an even multiplicity (admitting infinity). Therefore
E(p,m) is degenerate if it is an eigenvalue of H(p).

This paper has three appendices. In Appendix A, we show that all spectral
properties of the Dirac-Maxwell model and the Dirac polarons are independent
of the choice of polarization vectors. Namely, two Hamiltonians defined by differ-
ent polarization vectors are unitarily equivalent. The discussion in Appendix A is
applicable to various QED models (e.g., Pauli-Fierz model). In Appendix B, we
propose a general definition of angular momentum. Although the spectral prop-
erties of QED Hamiltonians are independent of the choice of polarization vectors,
the definition of angular momentum depends on these vectors.

In Appendix C, we show some properties of the lowest energy E(p) which are
used in the proofs of Theorems 4.1-4.4.

82. Definition of the model

In this paper, unless confusion may arise, we omit the symbol “®” between two
operators, for example, we write A® [ as A and I ® B as B, where I denotes
the identity operator. For a closable operator T on L*(R{ x {1,2}), we denote
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by dI'(T') and I'(T") the second quantization operators of T' (see [RS2]), which act
on Fraa. For f € L?(R} x {1,2}), we denote by a(f) and a(f)* the annihilation
operator and the the creation operator, respectively (see [RS2]), which are closed
operators acting on Fraq. Let €M : R3 — R3, X\ = 1,2, be polarization vectors:

eM(k)-eW(k) =08y, eMNk) -k=0, kecR3 \pc{l,2}.

We write e (k) = (eg’\)(k),eéA)(k),eéA)(k)), and we suppose that each compo-

nent egk)(k) is a Borel measurable function of k. For objects a = (a1, ag, as) and

b = (b1,ba,b3), we set a-b := 23:1 a;b;. For a linear F(-) we set F(a) :=

(F(a1), F(az2), F(as3)). Let w be multiplication by the function

(2.1) w(k) = |k|.

We choose a function

(2.2) p € L*(Ry) NDom(w™1),

where Dom means operator domain. For j = 1,2, 3 and x € R?, we set
9i(k, X %) = [k[72p(k)elV (K)e ™™ >, (k, \) € R} x {1,2}.

For each fixed x € R3, the function g;(x)(-) := g;(-;x) is in L2(R} x {1,2}). The
quantized magnetic vector potential at x € R? is defined by

A(x) = (A1(x)), A2(x), A3(x)),

A5(x) = %[a@j(x)) Talg ™), j=123,

where, for a closable operator T, T' denotes its closure. For each x € R3, Aj(x) is
a self-adjoint operator on Fraq (see [RS2]). Since e (k)’s are perpendicular to k,
the operators A (x) satisfy the Coulomb gauge condition

3
(2.3) div A(x) = 0, A;(x) = 0.

Remark 2.1. The function p is called an wltraviolet cutoff function. A typical
example of p is the characteristic function of the region {k € R3 | k < |k| < A},
where x and A are non-negative constants. Here A is called an wultraviolet cutoff,
and k is an infrared cutoff if it is strictly positive.

The Hilbert space H can be identified as

&b
(2.4) H=L*R:C*"® Fraa) = C* @ Fraq dx.

R3
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Under this identification, we define the quantized vector potential in the following
way. Since g;(x) € L*(R} x {1,2}) is strongly continuous in x € R3, the map
x — A;(x) is a self-adjoint operator valued measurable function. Then we can
define a self-adjoint operator on H by

57
(2.5) A (%) = /R A;(x) dx.

3

Namely, when we identify ¥ € D(A;(x)) with an Fr,q-valued square integrable
function, the action of the operator A;(%) is given by (A4;(%x)¥)(x) = A4;(x)¥(x),
x € R3. The operator valued vector

(2.6) A(x) = (A1(%), A2(x), A3(%))

is also called the quantized vector potential.
The free photon Hamiltonian is the second quantization of w:

(2.7) Hy = dl'(w).
The Dirac-Mazwell Hamiltonian is defined by
(2.8) H:=a-(p—qA(X))+mp+ Hy,

where p = —iVx and Vi is the gradient operator acting in H,, o = (v, o, i)
and f are Dirac matrices satisfying a1, ag, as, 8 € My(C) and

(2.9) ajak + gy = 205,
(2.10) o+ paj =0,
(2.11) B2 = Ica,

the constant m € R is the rest mass of the Dirac particle, and ¢ € R is a coupling
constant. On the right hand side of (2.8), we omit the symbols ®I and I®, i.e.,
(2.8) is an abbreviation for

3
H=(a-p+mB)®@Ir,, —q) (a;@I2my) - A;(%) + Iy, ® Hy.
j=1

In this paper, we use the Weyl representation for the Dirac matrices. Since all
representations of the Dirac matrices are unitarily equivalent to each other, this
choice does not affect the spectral properties of H (see [T, Lemma 2.25]).

It is easy to see that H is symmetric. Although the essential self-adjointness
of H was proven in [Al], we give a slightly improved result:

Proposition 2.2 (Essential self-adjointness). H is a self-adjoint operator and es-
sentially self-adjoint on any core for /—A 4+ Hy.
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Proof. The proof is a simple application of Nelson’s commutator theorem. Our
choice of a comparison operator for Nelson’s commutator theorem is /—A + Hy.
See [S2] for details. O

§3. Momentum conservation and fiber Hamiltonian H(p)
The total momentum operator is defined by
(3.1) P:=p+dl'(k).

The Hamiltonian H strongly commutes with P (see [A1]). To construct the fiber
Hamiltonian, we define a self-adjoint operator

(3.2) Q=X di(K).
Let Up be the Fourier transform from L*(R}) to L*(R3). We set
(3.3) U := (Up ® Ica) exp(iQ).

Then we can identify UH as a constant fiber direct integral

2]
(3.4) UH= [ C*® Fraqdp.
R3
For every p € R?, we define
(3.5) Hp)=a-p+mf+Hf—a-dl'k) —qga-A,
which acts on C* ® Fraq, where A := A(0).

Proposition 3.1. For all p € R®, H(p) is essentially self-adjoint and
_ @ —_—
(3.6) UHU" = / H(p) dp,
R3

(&)
(3.7) UPU*:/ pdp,
R

3
where f®(~ -+) denotes the fiber direct integral operator with respect to (3.4).

Proof. See [A2]. O

Remark 3.2. Physically H(p) is the Hamiltonian of the fixed total momentum
p € R3. One can show that the spectral properties of H(p) are independent of the
choice of polarization vectors, because the Hamiltonians with different polarization

vectors are unitarily equivalent. See Appendix A.
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Remark 3.3. We call H(p) the Dirac polaron Hamiltonian; it was introduced
in [A4]. Tt is expected that, as in the model of the H. Frohlich polaron, electromag-
netic interaction forms a quasiparticle where the bare Dirac particle is surrounded
by photon clouds. Such a quasiparticle with momentum p € R? is considered as a

ground state of H(p), if it exists. The existence of a ground state of H(p) is the
main subject of our paper.

Remark 3.4. Note that Dom(a-dI'(k)) C Dom(Hy). Hence we have Dom(Hy) =
Dom(H(p)) and H(p) is essentially self-adjoint on Dom(Hy).

One of the most important properties of H(p) is semi-boundedness:

Theorem 3.5 ([S1]). For any p, H(p) is bounded from below. Moreover H(p) is
essentially self-adjoint on any core for Hy.

Proof. The first statement was shown in [S1], where it is assumed that p €
Dom(wl/ 2), but one can remove this condition by the following procedure. In [S1,
ineq. (24)], it is shown that H(p) is bounded from below, and the lower bound is

a function of ||w'/?

gllz2(rs) and not |lwgl|z2(rs). Therefore, firstly, we regularize
p as pa(k) := p(k)x k<, and then we obtain the lower bound of the regularized
Hamiltonian H)(p) > C.. Since C converges as A — oo and Hp converges to
H(p) on a finite particle subspace, we get H(p) > lim._, ¢ C. > —oc0. The second

statement follows from Wiist’s Theorem [RS2] and the bound

(3-8) lov - (dT (k) — qA)¥|* < ||(H; + E)®|*, ¥ € Dom(Hy),

for some E > 0. The bound (3.8) was given in [S1]. O
Thus we can define the lowest energy of the Dirac polaron with total momen-

tum p by

(3.9) E(p,m) := inf o(H(p)).

The energy E(p,m) depends on all parameters (p,m, q) € R?® x R x R. When the
m-dependence in E(p,m) is not important, we write E(p,m) as E(p).

84. Existence of a ground state

For a self-adjoint operator bounded below, T', we say that T has a ground state if

inf o(T') is an eigenvalue of T'. In this section, we give criteria for H(p) to have a
ground state.
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Theorem 4.1. Suppose that p is spherically symmetric and

& P02
(4.1) / Ep KB 2 &

Assume that E(p,m) < E(p,0). Then the Dirac polaron Hamiltonian H(p) has a
ground state.

Using the lower bound on E(p — k) — E(p) + |k| which is proved in Theorem
C.10 of Appendix C, we obtain the following result:

Theorem 4.2. Assume that p be spherically symmetric and E(p,m) < E(p,0).
Assume the infrared regularity condition p € Dom(w™>/2) holds. Then there exists
a constant qo > 0 such that for all ¢ with |q| < qo, H(p) has a ground state.

Remark 4.3. Since E(p,m) is concave in m (Proposition C.1) and since we have
lim,, 00 E(p,m) = —00, there exists m* > 0 such that E(p,m) < E(p,0) for all
|m| > m*.

The proof of Theorem 4.1 is based on estimates of a photon number bound.
The condition (4.1) can be considered as a restriction on the coupling constant g.
There are two ways to remove this restriction. The first one is the method discov-
ered by C. Gérard [Ge], and the other is the photon derivative bound developed in
[GLL]. In this paper, we use the photon derivative bound. We need some additional
assumptions:

(A) (i) p is a spherically symmetric function. (ii) There is an open set S C R?
such that S = suppp and p is continuously differentiable on S. (iii) For all
R > 0, the bounded region Sg := {k € S| [k|] < R} has the cone property
(see [LL] for the definition).

The theorem below proves the existence of a ground state of the Dirac polaron
for all values of the coupling constant g:

Theorem 4.4. Assume that condition (A) holds. Moreover assume that

(4.2) peDom(w %), [kI=¥?(k) € LP(Sr),  |k|7*/*|Vj(k)| € LP(Sk),

for all p € [1,2) and R > 0. Suppose that E(p,m) < E(p,0). Then H(p) has a
ground state.

Remark 4.5. We now give an example. Let x4 (k) be the characteristic function
of the region {k € R? | k < |k| < A}. For all K > 0 and A < oo, the cutoff function
p = X, satisfies (A) and (4.2). The function p(k) = |k|exp(—=A|k|) (A > 0) also
satisfies condition (A) and (4.2).
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Remark 4.6. It is known that, in non-relativistic QED, the existence of a dressed
particle requires the restriction |[p|/m < 1 (see [C]). On the other hand, Theorems
4.1-4.4 do not require a restriction on |p|/m. This fact is a crucial difference be-
tween relativistic and non-relativistic dynamics. This result can be interpreted as
follows. In general, the velocity operator is defined by i = v/—1 times the commu-
tator of the energy Hamiltonian with the position. Hence, the velocity operators
of the non-relativistic particle and Dirac particle are defined by

(4.3) p/m = i[p*/2m, x|,
o = [a~f>+m6,x],

respectively. Hence the non-relativistic particle can move faster than light, and
the particle with velocity |p|/m > 1 makes a shock wave of light and loses its
kinetic energy. Therefore such a non-relativistic particle is unstable in the presence
of electromagnetic interaction. On the other hand, since the speed of the Dirac
particle is smaller than that of light, ||| < 1, this kind of catastrophe does not
occur, and the dressed electron state is stable for all |p].

Remark 4.7. It is easy to see that the Hermitian matrix « - p + mS has two
eigenvalues ++/p? + m?, each of which is two-fold degenerate. Let ugi) e C4,
1t = 1,2, be the corresponding normalized eigenvectors:

(a-p+mpul® = +/p2+m2ul®, i=12

Let Q := (1,0,0,...) € Fraq be the vacuum. It is the unique eigenvector of both
Hy and dT'(k;), j =1,2,3. We set ) :=u{* @ Q, j = 1,2. Clearly,

H(p)lgmo® ™ = +/p2+m2o®,  i=12

Thus, in the case ¢ = 0, H(p)|4=0 has two eigenvalues ++/p? + m2. These eigen-
vectors <I>§+), i = 1,2 (resp. <I>Z(-7), i = 1,2) describe states of a freely moving
positive (resp. negative) energy particle with momentum p. Hence, if photons and
the Dirac particle are decoupled, a Dirac particle associated with a positive eigen-
value exists and the positive eigenvalue is embedded. We are interested in the fate
of those eigenvalues when interaction is switched on. As is shown in Fig. 1, the
lowest energy F(p,m) converges to —y/p? + m? as ¢ — 0. According to textbooks
of physics (e.g. [B, He]), it is expected that any positive energy electron falls down
to a negative energy state by a spontaneous emission of photons. Hence it is ex-
pected that the eigenvalue ++/p? + m2 is unstable under the perturbation ga:- A.
Theorems 4.1-4.4 ensure that a negative energy dressed electron exists under some

conditions. But the instability of \/p? + m?2 has not been proved yet.
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— /p2+m2 0 p2+m2

o (H(p)|4=0) / .
0 "-.

o(H(p)) O
E(p,m) & I

Figure 1. Spectrum of H(p)|s—0 and H(p).

85. Angular momentum and degeneracy of eigenvalues

In this section we show that the angular momentum around the j-axis (where
j € R3\{0}) of the Dirac polaron is conserved if p is parallel to j and p(k) has axial

symmetry around j. Let (H(p),e) be a Dirac polaron model with an arbitrarily
given polarization vectors e = (e(*),e(?). The total angular momentum around

the j-axis in the system (H(p),e) is defined by
JJ(e) = Sj + Lj(e),

where S; := @°(j- 7)/2, & = (01,09, 03) are the Pauli matrices, and L;(e) is an
angular momentum for the radiation field, which is defined in Appendix B.
Proposition 5.1. The spectrum of J;(e) is the set of half-integers:

o(Jj(e)) = Zyp := {£1/2,£3/2,£5/2,... }.
In particular, J;(e) decomposes as
(5.1) Jie)= P =

2€74 /2
with respect to the identification

(Czjt(g-F'radg @ ]:(Z)
ZGZl/Q

We conclude this section with the following:

Theorem 5.2. Let j be a unit vector parallel to p. Assume that p(k) = p(Rk),
k € R3, for all R € O(3) with Rj = j. Then H(p) strongly commutes with Jj(e).

In particular, H(p) decomposes as

Hpp)= P Hp:2),

ZEZl/g

VA

corresponding to the decomposition (5.1). Moreover, for all z € Zy /5, H(p : 2) i
unitarily equivalent to H(p : —z), and the multiplicity of any eigenvalue of H(p)
1S even.
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Remark 5.3. In [Hi], F. Hiroshima defines an angular momentum in QED which
differs from our definition.

86. Proof of Theorems 4.1-4.4

For a constant v > 0, we define a regularized Hamiltonian to avoid the risk of
infrared divergence:

(6.1) H,(p)=a-p+mf+Hsv)—a-dl'(k) —qo- A,
where
(6.2) H¢(v) :=dl'(wy), wy(k)=1+v)k[+r

Let Ny := dI'(1) be the photon number operator. Note that we have H;(v) =
Hy+v(Hf+ Ny) and Hy(p) = H(p). By the Kato-Rellich theorem, one can easily
show that, for all v > 0, H,(p) is self-adjoint on Dom(H(v)), and essentially self-
adjoint on any core for Hy(v). Since H,(p) > H(p) H,(p) is also bounded from
below. We set D := Dom(Hy) N Dom(Ny). Then D is a common core for H,(p)
(v >0). We set

(6.3) E,(p) :=info(H,(p))

For v > 0, the massive Hamiltonian H, (p) was studied in [A1, A2], where A. Arai
showed that H,(p) has a ground state for all v > 0.

Lemma 6.1 (Existence of a ground state for v > 0). Assume that v > 0. Then
(6.4) inf 0ess(Hy(p)) — Ev(p) = v.

In particular, H,(p) has a ground state.

Proof. See [A2]. O

By Lemma 6.1, for all v > 0, H,(p) has a normalized ground state ®,(p) €
Dom(H¢(v)). In the following, we construct a ground state of Hy(p) as a suitable
limit of ®,(p). Since ®,(p) is normalized, there exists a sequence {®,,(p)}52,
with lim;_, v; = 0 such that {®,,}; has a weak limit.

Lemma 6.2. Let {v;}32, be a sequence such that ®,, has a weak limit ®o(p) :=

w-limj o0 @, Assume ®g # 0. Then g € Dom(H (p)) and g is a ground state

of H(p).
Proof. For all ¥ € D, one has
(6.5) (H(p)¥,®o) = lim (¥, H(p)®,,) = lm (¥, {E,,(p)—v;(Hs+Nys)}2y,).

J—0o0 J—0o0
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By Proposition C.9, we have E,. (p) — Eo(p) as j — oo. By assumption (2), we
have

(66) I (W, (Hy + N)®,,)| < lim vi[(Hy + Np)U| - [y, =0.

J—00

Hence (H(p)¥, ®g) = (U, E(p)®Py) for all ¥ € D. Since D is a core for H(p), we
have ®; € Dom(H (p)) and H(p)®g = E(p)Po. O

E,(p) and H,(p) depend on p,m,v, etc. When we need to indicate such
dependence, we write E,(p,m,...) and H,(p, m,q,...).
In this section, we use the identification

C'@Faa=@PC 0 F™, F .= ®Sym LA(RE x {1,2}),

n=0

and each vector U™ € C*®@ F( is identified with a Hilbert space valued function
T (kA RE x {1,2} —» C* @ F=U. For all (k,\) € R? x {1,2}, we define a
map

(67)  ax(k): C'® Fraa > [[ C' @ FW = {(@)7, | @ € C 0 F}

n=0
by
(6.8)
ax(k)W := (D (K, A), V2UP (kA ), .., vV B (K, N0, ) € H<c4 ® F™,

n=0

For almost every (k, A), ax(k) is well-defined as a linear map. The smeared anni-
hilation operator a(f) formally satisfies

(6.9) He=>" / dk f(k, ) *ax (k).

A=1,2
It is not necessary to consider ay(k) as an operator valued distribution. This
definition of ay(k) is useful for our purpose below (Proposition 6.3). In general,
ax(k)¥ ¢ C* @ Frag, but one can show that ax(k)¥ € C* ® Fr.q for a class
of vectors U € C* ® Fraq. Let w : R3 — [0,00) be an almost positive Borel
measurable function. Then, for any ¥ € Dom(dl'(w)'/2) and for almost every
(k,\) € R3 x {1,2}, the vector ay(k)¥ is a C* @ Fyag-valued function, because,
for any ¥ € Dom(dl'(w)'/?), one has

wmnmwmzzz/&wwwmwmmmw

n=1X=1,2

and hence > > n|[¥(™(k, \; ) , < oo for almost every (k, \).

H(C4®f<"*1
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We set g(k, \) :=g(k, A; 0).

Proposition 6.3. Let v > 0. Then ax(k)®,(p) € Dom(H,(p)) and

(611)  ax(K)®,(p) = %(pr — k) — B (p) +w, (k)" - gk, \)®, (p)

for almost every (k,\) € R? x {1,2}.

Proof. For all f € Dom(w,) and ¥ € D, we have

_ q
_ <m (aef) + - alk) + o, g>}<1>y<p>>.

Hence

> [ dk f(k,\)*((H,(p) — Eu(p)¥, ax(k)®,(p))

A=1,27/R?

=Y /R dk f(k, /\)*<\If, —wy (k)ax (k)P (p)

A=1,2

+a - kay(K)®,(p) + Lo - g(k, )\)<I>l,(p)>.

Sl

Since Dom(w, ) is dense in L2(R} x {1,2}), we have

<(Hu(p) - Eu(p))q}a a)\(k)q)u(p)>

— (W (0090009 + arkar (9 + o gk )20 )

for almost every (k,\) € R®x {1,2} and all ¥ € D. This means that ay(k)®,(p) €
D(H,(p)) and

(Hu(p) - Eu(p) + Wu(k) —Q k)aA(k)(I)u(p) = - g(k7 )‘)(I)V(p)

Sl

Hence (6.11) follows. O

Lemma 6.4. Suppose that p is spherically symmetric and p € Dom(w=3/2). As-
sume that E(p,m) < E(p,0). Then

2 )
6.12) limsup|[NY%®,(p)|> < [ dk a p
(6.12) timsup [Ny 72 )7 < [ Ak e S B T K
2
6.13) Limsup|HY?®, Qg/ dk q
(6.13) timsup [H; 2. (P)I" < | Ak 55— Bp) + )2

< 00,

PP < .
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Proof. By Proposition 6.3 and (6.10) with w = 1, we have
~ [ 7 gk V)2, (p)]?
Nl/Q@V p 2 < / qf ||(1 g( 9 viP
INZeDI <D |5 Ep k) o) + T 0P
-/ 2 s
ws (Ev(p—k) — Ev(p) + [kl +v)?  [K|
By Theorem C.10 and p € Dom(w~3/?), the right hand side of (6.12) is finite.

Hence, by Proposition C.9 and the Lebesgue convergence theorem, one has (6.12).
The proof of (6.13) is similar. The only thing we have to do is set w(k) = w(k). O

dk.

Proof of Theorem 4.1. By Proposition C.2 , we have
0<E(-k) —E)+ k| <2k

Hence, by (4.1),
¢ m&de</ ¢ P2
4 Jps kP T Jre (E(p—k) — E(p) +[k|)? K|

which implies p € Dom(w~3/2). Hence (6.12) and (6.13) hold.
Since ®,(p) is a unit vector, there exists a subsequence v; such that v; — 0
as j — oo and ®¢(p) := w-lim; o ®,,(p) exists. Then, by (6.12) and (6.13),

dk <1,

lim [N/%®, | <1, lim |H/?®,| <,
Jj—o0 Jj—o0

which implies that ®,(p) € Dom(N;/?) N Dom(H,'?). Hence ®(p) € Q(H(p)),
where @ denotes the form domain. For any ¢ € Dom(H (p)), we have
(H(p) — E(p))¢, Lo(p)) = lim {(H(p) — E(p))¢, ®v, (P))

= lim (¢, (Bu, (p) — E(p) — v (Hy + Ny)) @y, (p)) = 0.
Thus ®o(p) € Dom(H (p)) and (H(p) — E(p))®o(p) = 0. Therefore, if ®o(p) # 0,

then ®((p) is a ground state of H(p). Since C* is a finite-dimensional space, the
vacuum component @, (p)© strongly converges to ®o(p)®. Hence

(614 120(@)I 2 120(®)* = lim 12, (P)VI" = lim (2o (p), Py (P));

where P is the orthogonal projection on the vacuum (1,0,0,...) € Fraq. Thus,
using (6.14) and Ny > 1 — P, we have

. 1/2
1@o(p)II* > 1~ lim [N}2®, (p)]? > 0.
Jj—o0

This means that ®o(p) # 0 and Py(p) is a ground state of H(p). O
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Proof of Theorem 4.2. Theorem 4.2 follows immediately from Theorems 4.1 and
C.10. 0

Next, we prepare some lemmas for the proof of Theorem 4.4. For a Hilbert
space K, we denote by B(K) the set of all bounded operators on K. The next
lemma, follows from the second resolvent equation.

Lemma 6.5. Letv > 0. For each j € R3 with |j| = 1, the operator valued function

R3\ {0} : k — (H,(p—k) — E,(p) + w, (k)™ € B(C*® Fraq) is differentiable in
the sense of operator norm, and

aj(HV(p -k) - E,(p)+ WV(k))71

=<Hy<p—k>—EV<p>+wy<k>>-1( AL

) 010~ B )+ 1)

where 0; means the j-direction derivative.

We fix the following polarization vectors in the rest of this section:

ko, —k1,0) K
6.15 ey = F2 kL0 o) Ao (K
(6.15) (k) NEEY] (k) == K (k).

Now, recall the definition of the set S (defined in condition (A)). We set
X:=S\{keR® |k =ky =0}, Xp:=SgnX
By Lemma 6.5 and (6.15), we obtain the following result:

Lemma 6.6. Under the assumptions of Theorem 4.4, a)(k)®, (p) is strongly con-
tinuously differentiable in X and

s ()P, (p) = (b k)~ B (p) +(09) () (14) )

(Hy(p — k) = B, (p) + wy (k) e - g(k, \) @, (p)

+ L (H,(p— k) — Eu(p) +w, (k) a - (8;8(k, 1)) P, (p),

X

N

where 9 denotes the strong derivative in k; (j =1,2,3).

We set
U (k, ) = (05 (K, ;)22 = 9jax (k) @, ().
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Lemma 6.7. Under the assumptions of Theorem 4.4,

n n—1
8,00 (p)(k, A; X ko, . Key) = f@§ kX X ko, k), ke = (ke M),
forall X € {1,2,3,4}, kK, ke e X, n e N, \, Ay = 1,2 and j = 1,2,3, where 0; is
the distributional derivative with respect to k;.

Note that the 9; on the left hand side is a distributional derivative and the
one in V¥; is a strong derivative.

Proof. In this proof, for simplicity, we do not indicate X, A\, A\, and p. The op-
erator J;, is defined by 6, f(k) := f(k + hj) — f(k) for all functions f(k).
Let ¥(k,ka,...,k,) € C5°(X"*1) be arbitrary. Clearly, we have (9;¢)(k,K) =
limy, 0 A~ (¢(k + hj, K) — ¥(k, K)) uniformly, where K = (ka,...,k,) and j is
the unit vector of the j-th axis. By the definition of the distributional derivative,

we have
dk dK ¢ (k, K)9;0 (k, K) = dk dK (9;9)(k, K)®™ (k, K)
RSn RSn
= — lim dk dK i(é_hw)(k, K)o (k, K)
h—0 Jr3n —h

= lim dk dK (k, K)— (5h<1> () (k, K).
h—0 R3n

By Schwarz’ inequality, we have

(6.16)

1 1
dk dK ¢ (k, K){ —[®) (k+hj, K)—® (k, K)]—-—=0 "V (k, K }”
[l [ axco >{h[ (cHhj, K-8 1 1) = 00D k)
1) 1 _
/ [k, ) [ s | 2B (K, ) — —= D (k)

ho N

LZ(RB(n—l))

Note that, for all k € X, h=16,®{" (k, -) strongly converges to ﬁlll("_l)(k, -) in
L? (XS("’l)) by Lemma 6.6. Moreover, by Lemma 6.6 and the assumption that p
is continuously differentiable, the function k \Il(”*l)(k, 1) is strongly continuous
in X. Let D be the closure of {k € R? | [[{)(k,-)|| 2 (raca-1)y 7 0}. Note that D C X
is a compact set and d := dist(D, X°) > 0.

For every k € D and h with |h| < d, we have

) 1
O () ):s—/ L w0k 4 1h4, ) dt,
h 0 VN

where s- [ means the strong integral in L*(X3("=1)). Since [[ ¥~ (k, -)|| 12 (gstn—1)
is continuous in k € X it is bounded on the compact set D. For any k € D and



SPECTRAL ANALYSIS OF THE DIRAC POLARON 323

|h| < d, we have

on 1
7(1)31) (k7 ) - 7\11(77‘71) (k7 )
‘ |h‘ \/ﬁ L2(R3(n—=1))
1 1
< sup —= [T (k + thi, )| 2 qrsn-v) + —= 18TV (K, )| 2 (msn-1) < const,
<1 VN Vn

where “const” means a constant independent of k and h. Applying the Lebesgue
dominated convergence theorem, we can see that the right hand side of (6.16)
converges to zero as |h| — 0. O

By Lemmas 6.5-6.6 and direct calculations, we obtain the following inequality.

Lemma 6.8. Under the assumptions of Theorem 4.4,

103070020 < L2+ 1)(B (0 10~ E(p) + 0, () )
#B, 0 19 = Bulp) + w,00) )
AL B 10— B (p) + 1, 000) )
05,0 -1~ Bup) +,00) 00 07609

forallke X, A=1,2,j=1,2,3.

Our polarization vectors (6.15) satisfy

(6.17) 10,6M (k)| < \/I~322+7/~32 for k € R*\ {k' € R® | k{ = Kk} = 0}.
1 2
We set
FD () = (B (p — k) — B (p) +wy (k) 'iﬁ‘)i ,
(k) == (E,(p— k) — E,(p) +w,(k))™* |(1|9{jl(}{2)| ;
1 |p(k)|

fy(g)(k) = (Ey(p — k) — Eu(p) + wy(k)) ‘k|3/2’

00 = (E,p 10 = Eulp) +,00) ™ LSl 0,60 1.

Lemma 6.9. Under the assumptions of Theorem 4.4,

(6.18) sup ||f9|o(sny <00, 3 =1,2,3,4,p€[1,2).
o<r<1
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Proof. First we consider the case p # 0. Let b,(p) be the constant defined in
Theorem C.10. Since b, (p) is continuous in v for fixed p, Theorem C.10 guarantees
SUPp<, <1 by (P) = maxo<, <1 b, (p) < 1. By Theorem C.10, we have

USSR SR S ) PR (N
(By(p = k) = By (p) + k)™ = 7= a{|k|’|p|}§0 a{|k’p}’

where

1
C:= sup ——
o<v<1 1 —b,(p)

is a finite constant. Hence
1 L ]pK)]
M(k) <O — 4 — s
fu ( ) = |k|2 + |p|2 |k\1/2
Since S is a bounded region, by the assumption [k|~5/2|5(k)| € LP(Sg), we obtain

sup || £ Lo(sp) < 0.
v<1

Similarly,

sup ||f£j)||L2(sR) <oo, Jj=2,3.
0<v<1

By (6.17), we have

pomze{ Ly LY Ll

74'_7 [ .
k| |plJ /K2 K2 [K['/?

By using polar coordinates, we have

117 k P15(k)|P
simpao [ L1 [ e (W YU g
[0.m) sinf ] Jo.m) [ -[pl ) k]

(k) dk < 27C
Sr
< 00.

Next we consider the case p = 0. By (C.4), we have

P .
(Bu(c1) = B,(0) 4w (10)1 < { (PR I=

a,(P)~1 if k| > P,
for any P > 0. By similar arguments, one can prove (6.18). O

Let W1P(X) be the Sobolev space on the configuration space X, i.e., the set
of all LP-functions with their first derivatives also in L?.
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Lemma 6.10. Under the assumptions of Theorem 4.4, the n-th component of the
massive ground state satisfies ®") € P WP (Xg x {1,21)") for all p € [1,2)
and all R > 0, and

Sup |25 (p et wir((xpxq1,21)m) < 00

o<v

Proof. By Lemma 6.7, we have

(Viax(K)®, (p) ™" V(X ki, Ar; .. sk, A1)
n Vi@ (p; X5k, Ak, Mg Koo, M)

Using Holder’s inequality and making a change of variables, one has, for all p < 2,

4

(6.19) / -dk,, ZWk O (p; X1 ky, Ats ..k, An) [P
X 1A, ,)\,Le{l 23 7 Xr)" i=1

<C | dk|Viar(k)®,(p)|?,
XRr

where C' is a constant independent of v. By Lemmas 6.8 and 6.9, the right hand
side of (6.19) is finite uniformly in v > 0. O

Proof of Theorem 4.4. As shown in the proof of Theorem 4.1, there exists a se-
quence {v;}22, such that the limit ®o(p) := w-lim; ., ®,,(p) exists, and ®o(p) €
Dom( f/ ) N Dom( }/2). Thus, &g € Q(H(p)). If Po(p) # 0, then Py(p) is a
ground state of H(p). In the following, we show that indeed ®4(p) # 0.

Any vector ¥ € @' F* = C* @ F" is a function of the particle helicity
X € {1,2,3,4}, the n-photon wave number (ki,...,k,) € R, and the photon
polarization A1,..., A, € {1,2}. For simplicity, we set

o (k... k) = @y, (0) ™ (X ki, As - s Ky An),
(M (ky, ... k) 1= Do (p) ™ (X: ki, Mrs- . K An)
for X € {1,2,3,4} and Ar,..., A, € {1,2}. Note that @\, @{") € L2(R®"). We

show that s-lim;_, <I>§") = CIJ(()") forall n € N, X € {1,2,3,4} and Ay,..., A\, €
{1,2}.

By Lemma 6.10 and the Rellich—-Kondrashov theorem,

(6.20) Jim [ — B 120y = 0

for all R > 0 (see [GLL, p. 578] for details). We set ®; := (<I>("))$L° o and @y =
(D (n) > o € D" Fraa. Let xg be the characteristic function of the ball {k € R3 |
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k| < R}. We denote the orthogonal projection onto @7_;C* ® F/ by P,. Then
we have

PR (®; = B> = IPAT(xi) (@5 — @) + (1 = Po)T () (®; — B0)]?
< AT (r)(@; = B0)? + [N} 2T () (@5 — o)

Since each component (I'(xz)®;)(™ converges to (I'(xr)®o)™ strongly as j — oo,
we have

. 1.
lim sup () (®; — ®)|* < — limsup | N;/*(@; — @)]?
J—00

j—o0
for all n € N. By Lemma 6.4, limsup; _, ., ||N}/2(<I>j — ®¢)||? < oo. Thus we obtain
(6.21) slim I(xr)®; = I'(xr)Po.

Therefore for all R > 0 we have

195 — ®ol| = [T (xr)(@; — Do) +[|(1 = Po)(D(xr) — 1)(®; — o)
< ID(xr)(®@; = Do) | + (1 = Po)(1 = T(xr) Hy /2| - || HY (@ — o)
< I an) (@~ Bo)+ 75

where C' is a constant independent of R > 0. By (6.21), we obtain

s—hm (I)j = q)o,
j—o0
which implies that @ is a normalized ground state of H(p). O

87. Proof of Theorem 5.2

Throughout this section we assume that the assumptions of Theorem 5.2 hold.
By Appendices A and B, it suffices to prove Theorem 5.2 in the case e = e.
Here e is the polarization vector defined in (B.1). Note that € depends on j. By
assumption, there exists a non-negative constant ¢ such that p = tj. We choose a
matrix T' € SO(3) such that T-'p = (0,0, |p|) and T~1j = (0,0,1). Let U be the
unitary operator defined in the proof of Proposition C.4. By (C.1), we obtain

UH(p)U* = (Jplas +mB + Hy — a- dD(k) — gex - B (X)),

where

p(Tk)

)\ - ()\1,)\2,)\3) - W

(T1eW(Tk), T71'e®(Tk)) € (LA(R} x {1,2}))°.
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Since T' € SO(3), we have

ey THTR A kA(0,0,1)
T e( )(Tk)_ |(Tk)/\j| - |k/\(0,071)‘7
T-'e®(Tk) = |11i| AT eV (TK)).

It is easy to see that p(TR'k) = p(Tk), k € R3, for all R € O(3) such that
R’(0,0,1) = (0,0,1). Since S = (i/4)x A e, we have

UG-8)U" =7i-[(Te) - (Ta)] = Jj- [T(ara)] = f(ara); = 5.
Moreover, one can show that U(j - dI'(€))U* = dI'(¢5). Therefore,
UJ;(e)U* = S3 + dI'(¢3),

and hence it is sufficient to prove Theorem 5.2 in the case

(7.1) p=(0,0,|p|), j=1(0,0,1).
Proof of Theorem 5.2. We assume (7.1) holds. We put
e (k) := M) s (k) := k A e (k).
NI EN™ k|
For a real parameter 6 € R, we set
cos —sinf 0
W :=exp[ifJ;(€)], ©:= |sinf cosf 0
0 0 1
Then we obtain
(7.2) WaW* =0a, WEW* =2,
(7.3) Wdl'(k)W* = ©dI'(k), WH;m)W* = Hs(m),
(7.4) WAW* = OA.

Here, to show (7.4), we used the specific form of &:

eM(©Ok) =0eM k), r=1,2

Since 6 € R is arbitrary, (7.2)—(7.4) imply that H(p) strongly commutes with

Jj(€). Thus, H(p) is reduced by the projection onto the eigenspace of J;(é). In

other words, H(p) decomposes as

H(p)= P H(p:2),

2€ZLy )2
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in the sense of (5.1). We furthermore define unitary operators n, 7 and T by
_f(kla_k27k37l) if A= 1,

f(k177k27k372) 1f>‘:23 f€L2(Ri X {132})a
T:=araef, Y:=71-T(n).

(nf) (&, A) := {

It is easy to see that

nlsn* = —lz, TS = 853,
nkin® = ki, nkan® = —ka,  nksn® = ks,
TonT" = a, TaoT" = —ap, TO3T  =a3, THTF =0,
ko, —(—k1),0) kiks, —koks, —k? —k%).

~(1) k -1 _ (
né U
() N EN k| /KT + k3

@y = |

Hence

YTH(p)Y* =H(p), 7YJLY"=-J.

Let E(z), 2 € Zy/3, be the orthogonal projection onto ker(.J; — z). Note that
Ran(E(z)) = F(z). Moreover E(—z)YTE(z) is a unitary operator from Ran(E(z))
to Ran(E(—z)) and

E(—2)YE(z)H(p: 2)E(2)Y*"E(—2) = E(—2)TE(z)Y"H(p)YE(2)Y*E(—=2)
=H(p:—=z).

Therefore H(p : z) is unitarily equivalent to H(p : —z) for all z € Z; /5. O

Appendix A. Remarks on polarization vectors

In this appendix, we show that quantum electrodynamics is independent of the
choice of polarization vectors, i.e., the Hamiltonians defined by different polar-
ization vectors are unitarily equivalent. We show the equivalence only for the
Hamiltonians H and H(p), but one can apply our proof to the Pauli-Fierz model
and various QED models. The proof here is independent of the choice of p and w.

We assume that the polarization vectors eV (k), e(® (k) and k form a right-
handed system:

Kk
k-eVk)=0, [eV(K)|ps=1, e (k)= 7 rneD(k), keR3.

Next, we take any polarization vectors e/, e/(2):

k-eMk) =0, eM(k)-eMW(k) =06y, kecR \ue{l,2}.
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Let H' and H'(p) be the Hamiltonians H and H(p) with e replaced by €',
A = 1,2, respectively.

Theorem A.1. Assume that H is essentially self-adjoint. Then H' is also es-
sentially self-adjoint and H is unitarily equivalent to H' by means of a unitary
operator U(e < €):

U<+ e)HU(e«¢€) =H.
Theorem A.2. Assume that H(p) is essentially self-adjoint. Then H'(p) is also

essentially self-adjoint and H(p) is unitarily equivalent to H'(p):

U(e+ e )H'(p)U(e + €')" = H(p).
Remark A.3. The unitary operators U(e < €') defined below satisfy the chain
rule:

U+ €)=U(e+ e"U(e" + ¢€),

Ule+ €) =U(e «+e).

Proofs of Theorems A.1 and A.2. By the definition of polarization vectors, for

each k € R? we have either e'(?) (k) = % A e'M (k) or e® (k) = —ﬁ Ae'D (k).

Let O C R? be the set of all k such that e/(?)(k) = —% A€M (k). We define

/(2 3
&) 1= O (k), &g = {0 KERNO
—-e@(k), keoO.

We define an operator H” just as H with e replaced by €’ X\ =1,2. Let

5(k e 5(k Cikx
g'(k,)\;x) — |£(1/)2 PGy (K)e ik ’ g”(k,)\;X) — i(|1/)2 e”()‘)(k)e ik )
and we set o
. 1
A¥(g) = | Tal@(30) + ale (X)),

where # stands for / or /. Since (/") (k), e”(®)(k), k) are right-handed vectors, i.e.,
k- e//(l)(k) =0, e'® (k) = % A e//(l)(k), there exists (k) € [0,2n) such that
e (k)|  feosb(k) —sinf(k)| [e"M (k)
sinf(k) cosf(k) | |e"P (k)|

We define a unitary operator u; on L*(R$ x {1,2}) by

l(mf)(kal)] _ [COSG(k) —sinﬁ(k)] [f( ,
/

) 3
(u1f)(k,2)| = |sinf(k) cosO(k) ] , keR".

k, 1
(k,2)
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The operator U(e <€) :=I'(u1) is a unitary operator on Fraq. It is clear that

Ue + €")dl'(w)U(e «+ €")* = dl'(w).

By the equality u1g” (-, x) = g(+,x), we have U(e <— €”)A"(x)U(e < €")* = A(x).
Therefore we get

U<+ e )H'Ue+ e ) =U(e<+ e )H'U(e +e')* = H.

This means that the operator H” is essentially self-adjoint and H” is unitarily

equivalent to H. Next we show that H” is unitarily equivalent to H’. Let us be a
unitary operator on L2(R} x {1,2}) such that
_f(k7 2)a k € 07
(uzf)(k, A) := .
f(k,A), otherwise.

It is easy to see that u1g;(-,x) = ¢7(-,x), j = 1,2,3. Then U(e"” < €') := I'(uz) is
a unitary transformation on F,.q, and

U(e" « €)dl(w)U(e" « €')* = dl'(w).

By the definition of us, the equality U(e” < €')A’(Xx)U(e"” + €')* = A”(%) holds.
Hence

U(e” - e’)ﬁU(e” - e/)* _ U(e“ - e’)H’U(e” — e/)* :W7

which implies that H' is essentially self-adjoint and H’ is unitarily equivalent
to H”. We set

Ule+e€):=Ul(e+ eU(e" + €.
Then U(e <+ € )H'U(e + €')* = H. Thus Theorem A.1 is proved. The proof of
Theorem A.2 is similar. O

Appendix B. Remarks on the angular momentum

As is shown in Appendix A, spectral properties of QED models are independent of
the choice of polarization vectors. Hence, in the definition of QED models, usually
we do not need to specify them. However, the angular momentum of the elec-
tromagnetic field depends on the choice of polarization vectors, since the angular
momentum does not commute with U(e < €’). Therefore, when we discuss an
angular momentum, we carefully specify the choice of polarization vectors. One
can find the definition of an angular momentum for the electromagnetic field in
the textbook [Sp, Section 13.5] (see also [Hi]). In this appendix, we propose an
alternate definition.
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Let (H,e) be the pair of a Hamiltonian and polarization vectors.
For each unit vector j € R3, we can define specific polarization vectors & =

(é(l)’ é(Q)) by

e (k) := LI e (k).

(B.1) eV (k) := XN X

kA

For the Dirac-Maxwell model (H, €), we define the angular momentum around
the j-axis by o
Lj(e) :=dr'(j- 0),
where
0= (y,lo,03) := i(Vi AK)

is a triplet of self-adjoint operators acting on L*(R{ x {1,2}).
Let e = (e, e(?)) be any polarization vectors. The angular momentum
around the j-axis in the Dirac-Maxwell model (H,e) is defined by

Lij(e) :=U(e +e)L;(e)U(e + e)",

where U (e < e) is the unitary operator defined in Appendix A. By the chain rule
for U(e < €'), the angular momentums transform as

Li(e) =U(e + €')Lj(e')U(e + €')*,

where e and €’ are arbitrary polarization vectors.

Appendix C. Some properties of the lowest energy

In this appendix, we show some properties of E,(p) which are used in the proofs
of Theorems 4.1-4.4.

Proposition C.1 (Concavity). E,(p) is concave in (p,m,q) € R? x R x R.
Proof. See [A2]. O

Proposition C.2 (Continuity). FE,(p,m) is Lipschitz continuous in (p,m), i.e.,

|E,(p,m) — E,(p',m)| < VIp—p']2+|m—-m'2, p,p €R3 m,m cR.
Proof. See [A2]. O

Proposition C.3 (Reflection symmetry in m). The Hamiltonian H,(p,m) is
unitarily equivalent to H,(p, —m). In particular

EV(pvm) - EV(p7 7m)? Ev(pvm) < EV(pa 0)
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Proof. Let 45 := —iayagas. Then ;5 is a unitary operator and 5 H, (p, m)v:
H,(p,—m). Therefore E,(p,m) = E,(p, —m). By Proposition C.1, m — E,(p,m
is concave. Hence E, (p,0) = E,(p, 3m — im) > E,(p, m).

o<

Proposition C.4 (Rotation invariance of the total momentum). Let T € O(3).

Assume that |p(k)| = |p(TK)| for a.e. k € R®. Then H,(p) is unitarily equivalent
to H,(Tp). In particular, E,(p) = E,(Tp).

Proof. For T € O(3), we define four 4x4 matrices by

3
Bli=B, o= Tjon, §=1,2,3
=1

they obey {a},3'} = 0, {a},a;} = 26,4, j,l = 1,2,3. Then there exists a 4x4
unitary matrix up such that (see [T, Lemma 2.25])

3
urajupt = ZTj,kO‘k) urBurt = B.
k=1
Therefore ura - puy' = 227121 T roxpr = Zi,l:l ar(T Ve = a- (T 'p).
Similarly, we have
ur(o-dU(k))up' = - (T710(k)), ura-Aup' =a-(T7'A) = (Ta)- A.
We define a rotation operator T of photon momentum by
(THkA) = F(TkN), (k) €RY x {1,2}, f € L*(RY x {1,2}).
Then for all f € Dom(ij),
Tk Tf (k. A) = (kTf)(Tk,N) = (Tk);(T)(Tk, A) = (Tk); £ (k, A).
Hence we obtain the operator equality T‘lij = (Tk);, j =1,2,3. Thus
D(F~1)dT (k)T (T) = dD((TK);) = (T - dT(K)),;,
(T~ YH;(v)I(T) = Hy (v),
DT HATT), = 2s(T'g;),  j=1,2.3,

where ®g(-) is the Segal field operator (see [RS2, p. 209]) and ¢;(-) := ¢;(-,x=0) €
L?(R} x {1,2}). The operator U := ur ®T'(T~') is a unitary operator on C*® Fraq
and

(C.1) UH,(p)U ™!
= (a-(T~'p) + mB + Hy(v) — a- dT(k) — q(Tax) - 25(T'g)).
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Note that T is a 3x3 matrix and 7" is unitary on L?(R§ x {1,2}). Since T' € O(3),
we have (Ta) - Dg(T'g) = a- T 1®g(T1g), ie.,

3
(C.2) (T 0s(T'g)); = > (T71)u®s(T'g),  j=1,2,3.

=1
We define

eMk)=T"1eM(Tk), (k \) e R3x {1,2}.

Then e’ and €/(?) are polarization vectors: k-e'™ (k) =0, '™ (k)-e'") (k) =0, ,
Since |p(k)| = |p(Tk)|, there exists a Borel measurable function k — x(k) € R
such that p(Tk) = e j(k) for a.e. k € R3. Therefore, we have

ein(k)p“(k) () )
|k\1/2 €j )

tﬂw
~

(C.3) Dja(Tk,A) =

1=1
Let H'(p) be defined just as H,(p) with e® replaced by '™, By (C.1)-(C.3),
we have
UH,(p)U" = VH,(T-Ip)V",
where V' := T'(e**)). By Theorem A.2, H/(T-1p) is unitarily equivalent to
H,(T—p). Therefore, H(p) is unitarily equivalent to H,(T-1p). Since p € R?
is arbitrary, H,(p) is unitarily equivalent to H,(Tp), and E,(p) = E,(Tp). O

If the cutoff function |p(k)| has reflection symmetry at the origin, the following
important inequality holds.

Proposition C.5. Assume that |p(k)| = |[p(—k)| for almost every k € R3. Then
E,(p) < E,(0), peR’\{0}.

Proof. By the assumption p(k) = p(—k) for a.e. k € R® and Proposition C.4, we
have E,(p) = E,(—p), p € R3. Using the concavity of E,(p) with respect to p,
we obtain

for all p € R3. O

Assuming that H,(0) has a ground state, we can obtain the following strict
inverse energy inequality:

Proposition C.6. Assume that |p(k)| = |p(—k)| for a.e. k € R3. If H,(0) has a
ground state, then

E,(p) < E,(0) forallp # 0.
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Remark C.7. When v > 0, the massive Hamiltonian H,(0) has a ground state
(Lemma 6.1). In the massless case v = 0, H(0) has a ground state under suitable
conditions (see Theorems 4.1, 4.2 and 4.4).

Proof of Proposition C.6. Assume that E,(p) = E,(0) for some p € R?\ {0}. Let
®,(0) be a normalized ground state of H,(0). For ¢t = 1,—1, we have

E,(p) = E,(tp) < (2,(0), H,(tp)®,(0)) = t(®,(0), - p®,(0)) + E,(0).

Therefore (®,(0),« - p®,(0)) = 0, and hence (®,(0), H,(p)®,(0)) = E,(0)
= E,(p), which implies ||(H,(p) — E,(p))"/?®,(0)|| = 0, and therefore ®,(0)
is a ground state of H,(p). Thus e - p®,(0) = 0, and we get a contradiction
p[*®,(0) = 0. O

If the cutoff function p is spherically symmetric, the spectral properties of
H,(p) are independent of the direction of p. The first part of the following propo-
sition immediately follows from Proposition C.4, and the last part from Proposi-
tion C.1.

Proposition C.8 (Spherical symmetry in the total momentum). Assume that

|p(k)| is a spherically symmetric function. Then H,(p) is unitarily equivalent to

H,(p') for allp’ € R3 with |p| = |p’|. In particular E, (p) is spherically symmetric
with respect to p, and E,(p) > E,(p') if |p| < |p'|.

Proposition C.9 (Massless limit). F,(p) is non-decreasing in v > 0 and

Jim E,(p) = Eo(p).
Proof. Let v > v/ > 0. Then H,(p) > H, (p) in the sense of quadratic forms
on D := Dom(H;) N Dom(Ny). Therefore v — E,(p) is non-decreasing: E,(p) >
E, (p). It is easy to see that for all ¥ € D, H,(p)¥ — H(p)V¥ as v — 0. Since D is
a common core for all H,(p), we have H,(p) — H(p) in the strong resolvent sense
(see [RS1, Theorem VIIIL.25]). Using a property of strongly convergent operators
[RS1, Theorem VIII.24], we conclude that E,(p) — E(p) as v — +0. O

By Proposition C.2,
OSEU(pfk)ny(p)+|k|, p7k€R3~

The function k — E, (p — k) — E,(p) + |k| plays the role of a dispersion relation
in the low-energy Dirac polaron.
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Theorem C.10. Let v > 0. Assume that p is spherically symmetric. Suppose that
Ey,(p,m) < E,(p,0). Then, for p#0,

k| if |p—k| <|pl,
E,(p—k,m)—E,(p,m)+ k| > { (1 —b,(p) k| if |p| <|p—k|<2|p|,
(1=0b,(p))lpl if 2lp| <|p—K|,

where 5 (2
bl,(p) — V(pam) — V( pam) < 1.
p|
In the case p = 0, for all constant P > 0,
v(P .
“P g if e <
(C4) Eu(kv m) - Eu(ovm) + |k| > P

ay(P) if |k[> P,
where

ay(P) := (E,(k,m) — E,(0,m) + k)| _p

18 a strictly positive constant.

Remark C.11. The idea of the proof of Theorem C.10 was developed in [LMS].

Proof of Theorem C.10. Before proving Theorem C.10, we prove the following
lemma:

Lemma C.12. Let v > 0. Assume that E,(p,m) < E,(p,0). Then
(C.5) E,(p—-k,m)—E,(p,m)+ k| >0, keR*\ {0}

Proof. First we prove (C.5) for positive v > 0. We fix m # 0 and p € R3. Suppose
that

(C.6) E,(p—k)—E,(p)+|k|=0

for some k € R3\ {0}. Let ®,(p — k) be a normalized ground state of H,(p — k)
(see Lemma 6.1). Then

E,(p—k) = (2,(p - k), H,(p — k)P, (p — k))

= <(I)u(p - k)v Hv(p)q)u(p - k)> - <(I)u(p - k)v - kq)u(p - k)>
Hence, by assumption (C.6) we have (®,(p — k), H,(p)®,(p — k)) = E,(p) and
(®,(p—k),a-k®,(p —k)) = |k|, which implies that @, (p — k) is a ground state
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of both H,(p) and —a - k. Since k # 0, we have (®,(p — k), 8®,(p — k)) = 0,
because a - k3 = —fa - k. In what follows, to emphasize m-dependence, we write
H,(p —k,m) and ®,(p — k,m) for H,(p — k) and ®,(p — k), respectively. By
using the above facts, we have

Eu(pam) = <(I)u(p - k, m), Hu(pa 0)(I)u(p - k7 m)> > El/(pa O)’

which contradicts the inequality E,(p,m) < E,(p,0).
Next, we handle the case v = 0. Suppose that there exists a vector k € R?\ {0}
such that E(p —k,m) — E(p,m) + |k| = 0. It is not difficult to see that

lirg()(q),,(p —k,m),Hp—k,m)®,(p—k,m)) = E(p — k,m).
v—

By these equations, we have

(C.7) Vl_igl_()@)u(l) —k,m),a-k®,(p—k,m)) = k|,
(08) Vl_i>r£0<@v(p - kv m)7 H(pv m)(bu(p - ka m)> = E(p, m)

Equation (C.7) implies that

lim (k| —a-k)®,(p —k,m) =0.
v—+0

Therefore lim, 4 o(®,(p — k,m), 8P,(p — k,m)) = 0. This fact and (C.8) imply
E(p,m) = E(p,0), which contradicts E(p,m) < E(p,0). O

We fix a vector p such that E,(p,m) < E,(p,0). Since p is spherically sym-
metric, by Proposition C.8 the function

Gy(k|) := B,(0) - B,(k), keR’
is non-decreasing, convex with respect to |k|, and
(C.9) 0<G,(k|) < k|, keR>
Since G, (s) is convex, G, (s) has a right derivative G}’ (s):

GF'(s) == lim [Gy(s+h) — Gy(s)]/h.

h—+0

First we show that

!

(C.10) Gl'(s)<1, 0<s<|pl|
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Since G, (s) is convex and 0 < G, (s) < s, G;'(s) is a non-decreasing function of s.
If G’ (s0) > 1 for a constant so > 0, then G;'(s) > 1 for all s > s¢, and

Gu(s):/ Gj’(t)dt+/0 Gj’(t)dtz(s—so)aj’(so)+/0 G (t) dt

for all s > so. This contradicts (C.9). Thus, G}'(s) < 1for all s > 0. Let s; > 0 be
a point such that GJf'(s1) = 1 and GJ'(s; —€) < 1 for all 0 < € < s1. If |p| < s1,
(C.10) is trivial, so we consider the case |p| > s1. Note that G7'(s) = 1 for all
s > s1. Hence G, (s) is a linear function of s if s > sq:

G,(s)=s+C, s>s1,
where C' is a negative constant. By this equality, we have
E,(p—k) — E,(p) + |kl = —[p — k| + |p[ + [k,

for all p and k such that |p — k| > s; and |p| > s;. We choose k = —Cp for a
constant C' > s1/|p|. Then

E,(p—k)—-E,(p)+ k| =0,

contrary to Lemma C.12. Therefore G;'(s) < 1 for all 0 < s < |p|.
Next, by using this inequality, we prove Theorem C.10. By (C.10) and con-

vexity of G,

L Gl,(|p|)
e (p) == ol <b,(p) <1

We define

C:={J:Ry - Ry |Jisconvex, 0 < J(s) <s (s>0),
J(Ipl) = G.(Ipl), J(2lp|) = Gv(2[p])}-
Then

E,(p—k) - E,(p) + k| = k| + G.(p) — Gu(P — k)

> k| 4+ G,(p) —supJ(p — k) = I.
JeC

The maximal function in C is given by the following linear interpolation:
¢, (p)s if s <|p|,

Imax(s) == { b, (P)(s — [p]) + Gu(|p]) if [p| < s <2[p],
s —2|p| + G, (2]p|) if 2|p| < |p — K|
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Hence
cv(p)|p — K| if |p — k| < |p|,
I> k| +Gu(Ip|) — { bu(p)(Ip — k| = |p]) + G..(Ip]) if [p| < |p—k| < 2|p|,
Ip — k| - 2|p| + G.(2|p]) if 2|p| < [p — K|
k| + c.(p)(Ip| — [p — k) if |p — k| < |p|,
=4 k| = b.(p)(Ip — k| - |p]) if [p| < |p —k| < 2|p,

k| —|p — k| + (2—0b,(p))Ip| if2|p| <|p—k|

Using the triangle inequality, one can obtain the desired estimate.
Finally, we prove (C.4). Since G;'(0) < 1 and G, is convex, the constant
a, (P) is strictly positive for all P > 0. It is easy to see that

G,(P) _ —a(P)+P

+(s) < = <P
Gl/ (S) — P P ) S —
Hence
k|
B, (k) — E,(0) + k| = k| — G, (k]) = / (1-GH(s))ds
0
k|
/ (1 - G"(P)> ds if k| < P,
0 P
P k]|
/ <1 - GV(P)) ds —i—/ (1-Gf'(s)ds if k| > P,
0 P P
S J (@ (P)/P)k| if [k < P,
- |a(P) if |k| > P.
This completes the proof. O
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