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Positive Radial Solutions for Singular Quasilinear
Elliptic Equations in a Ball

by

Dang Dinh Ha1

Abstract

We establish the existence of positive radial solutions for the boundary value problems

—Apu=Af(u) in B,
u=20 on 0B,

where Apu = div(|VulP=2Vu), p > 2, B is the open unit ball R, X is a positive param-
eter, and f : (0,00) — R is p-superlinear at oo and is allowed to be singular at 0.
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81. Introduction

In this paper, we study the existence of positive radial solutions for the boundary
value problem

(1.1)

—Apu = Af(u) in B,
u=20 on 0B,

where Ayu = div(|Vu[P=2Vu),p > 2, B is the open unit ball RY, N > 1, X is a
positive parameter, and f : (0,00) — R.
Thus we shall consider the ODE problem

—(rN =) = N (u), 0<r <1,
(12) {u’(O) =0, u(l)=0,

where ¢(2) = |2|P722.
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There is a vast literature on problem (1.1) when f is nonsingular. In the
semilinear case, i.e. p = 2, problem (1.1) on a general domain has a long history and
has been studied extensively (see e.g. [Am2, Li] and the references therein). The
quasilinear case, i.e. p > 1, has received much attention during the past two decades
(see e.g. [GMS, LS1, LS2]). In the case when f is nonsingular and p-superlinear at
00, i.e., limy 0o f(u)/uP™t = oo, such problems have been investigated in [ANZ,
Aml, AAB, DLN, GS, SW] for p = 2, and in [AAP, DMS, DSS, GMS, HS, HSS]
for p > 1. We are motivated here by the results in [AAP, GMS, HS] concerning the
existence of positive solutions to (1.2) when f is p-superlinear, p > 1. In [AAP,
Theorem 4.6], assuming that f € C'[0,00), f(0) < 0, and there exist constants
B >0 and «a € (p,p*), where p* = Np/max(N — p,0), such that

the authors showed that (1.2) has a positive solution for A > 0 small and there
exists a connected set of positive solutions of (1.1) bifurcating from infinity at
A = 0. The result in [AAP] was extended in [HS, Theorems 2.1, 2.2] to include
more general nonlinearities and to cover the case when f(0) > 0. We refer to
[GMS] for related results in the case when f(0) = 0.

Problems of the type (1.1) with p = 2 and f(u) singular at u = 0 arise in the
theory of heat conduction in electrical conducting materials, as discussed in [FM].
The model example of this case is

(1.3)

—Au=A/u* +~u? in B,
u=0 on 0B,

where A, v, a, ¢ are nonnegative constants with o € (0,1),¢ > 0, A # 0. Note that
when 7 # 0, this problem can be reduced to (1.1) with f(u) = Au=* + u? and
\ = y(+a)/(@+e) yig the transformation v = v/ (@+)q,

When A < 0 and ¢ < 1, the existence of a positive solution to (1.3) for v large
was established in [SY, Zh]. The case when A > 0 was discussed in [CRT, FM, LM]
for v =0, and in [SY, St] for v > 0 and p € (0,1). For A > 0,7 > 0 and ¢ > 1,
it was established in [CP] that there exists a constant XA > 0 such that (1.3) has
a positive solution for A < X and no solution for A > A. The case when f(u)
is bounded away from 0 and lim, . f(u)/u? € (0,00) for some g € (1,2*), was
considered in [HKS], in which the authors showed the existence of a constant A > 0
such that (1.1) with p = 2 has at least two positive radial solutions for A\ < 5\, at
least one for A = ), and none for A > .

In this paper, we are interested in positive radial solutions of the problem
(1.1) for p > 2 when f is p-superlinear at co and is allowed to be singular at 0. We
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shall consider both cases when lim,_,o+ f(u) > 0 and lim,_,q+ f(u) < 0. Problems
of this kind appear in the the study of chemical reactions, thin films, and non-
Newtonian fluids [AA, Di, DHM, DMO, HM]. Our results provide extensions of
the results in [AAP, HS] to the singular case, and the results in [HKS] to the case
p > 2 with more general nonlinearities f(u). In particular, the existence result
in Theorem 2.1 below deals with the situation when f is p-superlinear at co and
lim,_,o+ f(u) = —oo, which occurs in some chemical reactions (see [Di, DHM,
DMO]) and has not been considered in the literature to our knowledge.

To be more precise, we shall prove in the case lim,_,g+ f(u) < 0 that problem
(1.2) has a positive, decreasing solution uy for A small, and uy — oo uniformly on
compact subsets of [0,1) as A — 0.

In the case lim, .o+ f(u) > 0, we show the existence of a positive number
A* such that (1.2) has at least two positive solutions for A < A*, at least one for
A = X" and none for A > \*.

In particular, our results when applied to the model cases

(1.4) —Apu = A(=1/u®+ui(In(l +u))") in B,

' u=0 on 0B,
and
(15) —Apu = AN1/u* 4+ uwi(In(l +u))") in B,

' u=0 on 0B,

where a € [0,1), r > 0,9 € (p — 1,p* — 1), give the existence of a positive radial
solution to (1.4) for A small, and the existence of a constant \* > 0 such that (1.5)
has at least two positive radial solutions for A < A*, at least one for A = \*, and
none for A > A\*.

Our proofs depend on degree theory and sup- and supersolutions approach as
in [HS]. However, the proofs in [HS] do not carry over to the singular case since
the compact operator introduced in [HS] is not defined on C10,1] in that case.
To overcome this, we come up with a modified problem whose solutions are fixed
points of a compact operator in C[0, 1] and then show that these solutions are in
fact positive solutions of the original problem.

§2. Main results
We shall make the following assumptions:
(A.1) f:(0,00) — R is continuous and

lim f(z) =

T—00 xpfl
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e ) N _ [
(A.2) thn_1>10r<1>f o7 @) > max(p — 1,0), where F(z) = /0 f(t)dt.

(A.3) There exists a constant a € [0,1) such that

limsup z%| f(x)] < oc.
z—0t

(A4) f>0on (0,00) and there exist constants B > 0 and 8 € [0,1) such that

lim 2 f(x) = B.
z—0t f( )
By a positive solution of (1.2), we mean a function u € C*[0, 1] with u > 0 on [0, 1)
that satisfies (1.2).
Our main results are:

Theorem 2.1. Let (A.1)-(A.3) hold. Then there exists a constant Ao > 0 such
that (1.2) has a positive, decreasing solution uy for X € (0, Ag) with ||ux]co — o0 as
A — 0. Furthermore, there exists a function L : Rt — R with limg_,o L(d) = oo
such that

ux(r) > L(||ux]loo)(1 —7)  forr €[0,1).

Theorem 2.2. Let (A.1)—(A.4) hold. Then there exists a positive constant \* such
that (1.2) has at least two positive solutions for A € (0, A*), at least one for A = \*,
and none for A > \*.

Remark 2.3. (i) Theorems 2.1 and 2.2 extend Theorems 2.1 and 3.1 of [HS],
and Theorem 4.6 of [AAP], to the singular case. Theorem 2.2 with p = 2 extends
Theorem 1 of [HKS] to nonlinearities f(u) that do not behave like u? at .

(ii) When f is nonsingular, condition (A.2) is satisfied under the following
assumption introduced in [GMS]:

(A.2)" There exists a constant 6 € (0,1) such that

N lim inf 0%
z—o0 X f (33)

max(lz\j—l,O), where fi(z) = sup f(t).

It was shown in [GMS] that when f is nondecreasing, (A.2)’ is equivalent to the
following condition given in [TH]:

(A) There exists a constant 6 € (0,1) such that

NF(0z) —

xf(z) >0 for x large.
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83. Preliminary results

Let ¢(r) = 1 — r. The following lemma is an extension of Lemma 2.2 of [HS] to
the singular case.

Lemma 3.1. Let ¢ be a nonnegative number and let u be the solution of

—(rN=lo()) = N k(r), 0<r <1,
() {u'(O) 0, u(l)=¢.

where k > —my~% on (0,1) for some constants m >0, a € (0,1). Then

(i) o < o' (ma),
(i) u(t) > u(s) — ¢~ t(Amy) for 0 <t <s <1,
(iii) tVlp(u/(t)) > sNTlo(u/(s)) — Amy for 0 < t < s < 1, where my =
m(l —a)~ L

Proof. Let u be a solution of (3.1). By integrating, we obtain

AT Am "
u'(r)=—¢—1<er/0 TN—lk(T)dT) 50?_1(er1/0 TN_l’(/J_adT>

<Pt ()\m/orwadT) < ¢t my)

for r € (0,1), i.e. (i) holds. Integrating this inequality on (¢, s), t < s, gives
u(s) —u(t) < ¢~ my)(s — t),

which implies (ii). Finally, integrating the equation in (3.1) on (¢, s), we obtain (iii).
O

Lemma 3.2 ([HW]). Let ¢ > 1. Then there exists a constant v € (0,1) such that
for each g € L9(0,1), the problem

rN=lo!)) =rVN"1g, 0<r<1,
0, wu(l)=0,

—N—
S
§/-\

Il

has a unique solution w = Tg € CY¥[0,1]. Furthermore, there erists a constant
C > 0 independent of g such that

Jul1, < Clglly =,

and the operator T : L1(0,1) — C1[0,1] is compact.
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Define
J flx) fOo<z<1,
(32) 9(x) = {f(l) if x> 1,
o if0<z<1,
33 "= {f(m) ~fQ) e,

and h(xz) =0 if £ < 0. Then h is continuous, bounded below on R and f =g+ h
n (0,00). Using (A.2), it is easily seen that

H N
(3.4) N lim inf h(x) > max( ~1, 0),
P

where H(z) = [ h(t)dt.
Lemma 3.3. (i) There exist positive constants C,C1,a,d with

N/p>a>N/p—1

such that
CH(z)N <z, h(z) <C H(z)'"v/N
and
NH(x) — axh(z) > 6H(x)
for x> 1.

(ii) For each 6 € (0,1), there exists a constant by such that
H(0z) > bgH (x)
for x> 1. Furthermore, by — 1 as § — 1.

Proof. In view of (3.4), there exist positive constants a, @ such that

N
N lim inf H(z) >a >a>max| — —1,0].
z—oo zh(x) P
Hence
(3.5) H(z) > %xh(x) for 2> 1,
which implies
NH(x) — axh(z) > N(l - Z)H(w)

and
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for x > 1. Solving this differential inequality gives
H(zx) < CozN/*  for x> 1,

and so z > (H(2)/Cp)*N for x > 1. Note that p < N/a since lim, o, H(z)/zP
= oo. Hence

h(z) < me(x) < CyH(z)'/N

for x > 1 and (i) follows. Next, fix § € (0,1). By (3.5),

/mh(t)dt:/zwdt< N mH(t)dtg MH(Q:)
[Z 0

- s 0 ~ fax Jy, fa

for x > 1, where we have used the fact that H(z) is increasing for large x. Hence
H(0zx)=H(z)— | h(t)dt > bgH(z)
Ox

forx»l,wherebgzl—%. O

84. Abstract setting and a priori estimates

Let A > 0. For v € C|0, 1], define Syv = A (g(max(v,v)) + h(v)), where g and h
are defined by (3.2) and (3.3) respectively. By (A.3), there exists a constant ¢y > 0
such that

lg(z)| < ;% +[f(1)] for all z > 0.

In particular,
&1
(4.1) |lg(max(v, ¥))| < e

where ¢; = ¢ + | f(1)]. This, together with the Lebesgue Dominated Convergence
Theorem, implies that Sy : C[0,1] — L9(0,1) is continuous and maps bounded
sets into bounded sets, where 1 < ¢ < 1/a.

Let Ayv = u, where u is the solution of

—(rN=1o()) = MV (g(max(v,9)) + h(v)), 0<r <1,
(42) { W(0) =0, u(l)=0.

Since Ay = T oSy, where T is defined in Lemma 3.2, it follows that Ay : C[0,1] —
C[0,1] is a compact operator.

Lemma 4.1. There exists a constant A\ > 0 such that for each A € (0,)), there
exists a positive constant ry with limy_.or) = 0o such that

u="0Axu, 0 €(0,1) = [ulloc #7x.
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Proof. Let u satisfy u = 8 A u for some 6 € (0,1). Then

=0 [ o (5 [t )+ b)) ) as,

which, together with (4.1), implies

wols [0 (o [ (Bl ) ar) s

< ¢~ (Aez + Mrs([Jull o))

for r € (0,1), where ¢ = ¢1(1 — )" and hy(t) = sup, (4 [ ().

Hence
(4.3) P(Jlulloo) < Alez + hs(([ul]oo))-
Let A\ = m and A € (0, ). Then
1 1
)= —= < —.
et h(l) =53 < 9%
Since limg_, o0 cz;?;)(m) = 00, there exists a constant ry > 1 such that
ca + hs(ry) 1
4.4 _ =
(44 P(r) 2A
Clearly limy_,0r\ = 0o, and from (4.3) and (4.4), we see that ||u|lec # 7x. O

Lemma 4.2. For each A\ > 0, there exists a constant ¢ > 0 such that
u=Au+¢ =20 = (<.
Proof. Let u satisfy u = Ayu + ¢, where ¢ > 0 and A > 0. Then

=V PR) = AV (g(max(u, v)) + h(w), 0 <r <1,
u/'(0) =0, wu(l)=C.

Let A1 > 0 be the first eigenvalue of —A,, on the unit ball with Dirichlet boundary
conditions, and let ¢1 be the corresponding normalized positive radial eigenfunc-
tion, i.e. || 1]l =1, ¢1 > 0in [0,1), and

$1(0) =0, ¢:1(1) =0.

Since there exists a constant m > 0 such that

{_(rN-lwaP—%a)' = arN g 0<r <,

g(max(v,¥)) + h(v) > —17 4 h(v) > —%
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for all v € C[0, 1], Lemma 3.1(ii) implies

u(r) > ¢ — ¢ '(Amy), where m;=m(l—a)’.

Choose (y so that ¢, > max{2¢~1(Am1),2} and

f(@) 2N\ O
por > \ for z > 5
We claim that ¢ < (. Suppose ( > () and let u = u — (.

Since
u(r) > (/2>  forr e (0,1),
it follows that

—(rNHaPRal) = N f(w) > 20N @+ P in (0, 1),
@'(0) =0, a(l)=0.

By the strong maximum principle, @ > 0 in [0,1) and @/(1) < 0. Let ¢ be largest
such that @ > ¢¢ in [0,1). Then ¢ > 0 and

— (N PR > 20N T (epr )P in (0,1),

and the weak comparison principle implies & > 2/®=D¢g; in [0, 1), a contradiction
with the choice of ¢. Thus ¢ < (, as claimed. O

Lemma 4.3. Let A\ < X and let u satisfy
u=Ayu+¢
for some ( > 0. Then there exists a positive constant C5 such that
lulloo = u(0)  whenever ||ul|e > C.
Proof. Suppose ||u||cc = d = |u(r1)] for some r € (0,1). By Lemma 3.1(ii),
u(ry) > —¢~(Ama),

and so u(ry) > 0 if d > 2¢~1(Amy). For such d,

u(r) > u(ry) — ¢ (Amy) > d/2
for r € (0,71). By integrating and using (4.1), we obtain

i) = 67 (s ([P glmax(u, ) + h(w) ) dr
(= (/ )a)

(g [ (52 ) )
ol ()

v

%
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for r € (0,71), where h;(t) = inf, >, h(x), provided that d > 1. Here we have used
the fact that

N/T Codr< (-
r ——dr < (1—a)”
o (I—7)"

for r € (0,1), and h;(t) — oo as t — oo. Thus u is decreasing on (0,7;) and so
u(0) > u(ry), a contradiction. O

Lemma 4.4. Let A < X and (o > 0. Suppose u satisfies
u=Axu+ (¢
for some 0 < ¢ < (y. Then:

(i) There exists a function L : R — R depending on (o and X with limg_, L(d)
= 0o such that

u(r) > L(||ulloo)(1 —7)  forr € (0,1).

(ii) There exists a constant R > 0 depending on (o and \ such that u is decreasing
on (0,1) if ||lullee > R.

(iii) If A > A > 0 then there exists a constant R > 0 depending on A\, \, (o such
that ||ul|eo < R.

Proof. Note that

— (PN P20 = ArN T (g(max(u, ) + h(u)), 0<7r <1,
(45) { w(0) =0, wu(l)=_C.

Multiplying the equation in (4.5) by ru’ gives

(4.6) <1~N <1 - ;) lu'|P + )\TNH(U))/ = X\ g(max(u, 1))’
+ MV TINH (u) + V1 (1 — J;j) |u'|P.

Next, multiplying the equation in (4.5) by au, where a is given by Lemma 3.3(i),
we obtain

4.7)  (arVN T P20 u) = —XarN T g(max(u, 1))u—ArN " tauh(u)+rN " Lalu P
Adding (4.6) and (4.7) yields
(4.8) Y (r)y=rNV1 (a +1-— ‘Z) [u/|P 4+ MV Y (N H (u) — auh(u))

— A g(max(u, ) )u’ — Aar™ ! g(max(u, ¥))u,

where ¢(r) = V(1 — 1/p)[u/ [P + ArV H (u) + arN =o' [P~ 20 .
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In what follows, we shall denote by K;, i = 0,1, ..., positive constants inde-
pendent of u.
By Lemma 3.3(i), there exist constants d, Ky > 0 such that

(4.9) NH(x) — axh(z) > 6H(x) — Ky
for all x € R. Hence

(4.10) ' (r) > ANorV T H (u) — Ar™ g(max(u, 1) )u’
— darN " lg(max(u, ¥))u — MK,

for r € (0,1). In view of Lemma 3.3(ii), there exists 6 € (0,1) such that
(4.11) H(0x) > (1/2)H(z) for x> 1.

Suppose ||u]|coc = d > 1. Then Lemma 4.3 implies ||ullc = u(0). Let 8 € (6,1)
and 79 € (0,1) be such that u(ry) = 6d. Note that r( exists since u(0) > fd and
u(1) = ¢ < (o < 0d for large d.

By Lemma 3.1(ii),

(4.12) u(r) > u(rg) — ¢~ (Amy) > 0d

for r < rg. From (4.11) and (4.12), for r > ro we obtain

T 70
.13 s u)ds > s u)ds — 1
4 hY) N=1H(u)ds > A& N=1H(u)ds — \K
0 0
N
> Aiffo H(0d) — \K,

)\67’(])\[
> — .

Integrating (4.10) on (0,7), where r € (rg, 1), and using (4.13), we obtain

’I“N T
(4.14) P(r) > )\;STOH(d) - )\/0 sN g(max(u, ¥))u’ ds

- )\a/ sNlg(max(u, ¥))uds — NK.
0

Since p > 2, it follows from Lemma 3.1(i) that there exists a positive constant Cy
depending on A such that

(4.15) u > p(u') — Cy

in (0,1), which together with (4.1) implies



352 D. D. Har

(4.16) f/\/r sN g(max(u, ¥))u’ ds
0
=-) T5N< (max(u,¥)) + Cl) (u' — ¢~ (Amy)) ds + Ac /T il ds
= o g ) e 1 1 , oo

=30 ) [ (gt ) + 2 ) as

> e /0 ‘W ds — \é~ (A1) /O sV <g(max(u,1/})) + Cl) ds

woz
T N /
>Ac1/0 ° jiu)ds—Kg.

By Lemma 3.1(iii),

/OT ‘“’Nj“” ds > (1 (1)) — Amy) </0 . ds)_

From this and (4.16), we get

(4.17) —A/T sN g(max(u, )’ ds > ey </0 % ds)ergb(u'(r)) ~ K.

0

Next, using Lemma 3.1(ii), (4.1), and integration by parts, we obtain
(4.18) —/\a/ sN=Lg(max(u, ¥))uds
0

= [ (gtman(u ) + s o7 o)) ds

+ dacy /T SN;IU ds 4+ ag~  (Zmy) /T sVt <g(max(u,1/1)) ;L) ds
0

r .N—1 T S N-—1
:—)\aq(/o Swa dT)u(r)—l—/\acl/O ( ; qua dT)u’ds—K4.
From (4.15) and Lemma 3.1(i) & (iii),
(4.19) /7(/6 Z 1d7’>u’d8
T SOTN—? , .
:/0 (/0 o d7>(u—¢ (Ama)) ds + ¢~ (Am) /0< )
"7 dr N1y _ g1 PNl (r B
> [ (] 5)e = amy as o >/(/ ) o= 5
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Combining (4.18) and (4.19) gives

r SN_l

(4200 —)a /0 " N1 g (max(u, o) )u ds > —)\aq( e ds)u(r)

+ Aacr (/O (/0 ZZ) ds) PN=1(0/ (1)) — K.

We shall need an estimate on 9. By Lemma 3.3(i),

(4.21) —d(r)=¢7* (TNAl (/OT N1 (g(max(u, ¥)) + h(u)) dT)

o ([ (v )

< (2ACLH (d)' /N )t/ (p=1)

for r € (0,1). Integrating this inequality on (0, rg) and using Lemma 3.3(i), we get
CA—0)H(d)*/N < (1-0)d < ((p—1)/p)(2ACy)"/ =) H (d) =N/ =1 b/ =1
which implies

Ke H(d)¥/N-1/p,

(4.22) 0> 137

Next, integrating (4.21) on (0, 1) gives
d < (o + Ko\ P~V H (g)(1=a/N)/(p=1),

and therefore, if d > 2(,

CH(d)“/N <d< QKQ)\l/(pfl)H(d)(lfa/N)/(pfl),
which implies
(4.23) A > KioH(d)™/N-L,
If N > p then it follows from (4.22) that
(4.24) MY H(d) > MNP KN H(d)y* NP > NN RN H(d)a NP
while if N < p, we deduce from (4.22) and (4.23) that

(4.25) )\r(J)VH(d) > Al_N/”KéVH(d)a“—N/P
> (Ko H (d) /N =1 =N/e gV (dyet =N
= KllH(d)“p/N,
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Combining (4.14), (4.17), (4.20), (4.24), and (4.25), we get

O(r) > KisHy (d) + Aer (/0 % ds) P10/ (1)) — Ay (

+ Aacy (/0 (/O 52) ds)rN1¢(u’(r)) — K3

for r € (r9,1), where Hy(d) = H(d)",y=a+1— N/pif N > p, and v = ap/N if
N < p.

Let k > 0 be such that H(z) = H(x) + kz is increasing on R. Since we have
lim, oo H(z)/2P = 00, there exist constants k1 and K14 such that

T JN—-1

B(r) — Aex (/O % ds)rN_qu(u’(r)) + )\aq( i swa ds> u(r)

~ aey ( | ( A j) ds> N1 (1) < R B (Ju(r) + o () + Kag

for r € (7, 1). Consequently,

By Lemma 3.1,
lul + u'] < w—u' + 497 (),
and so
—u' +u > Hy(d) on (rg,1),
where Hy(d) = E‘l(%) — 4¢~Y(Amy). Note that Ho(d) — oo as

d — oc0. Solving the above differential inequality, we get

Hy(d)

u(r) > e 1+ e" (/Tl e * d8> Hy(d) > (1-7)

for r > rop and d > 1, while (4.12) holds for » < ¢ and d > 1. On the other hand,
if d < dy for some dy > 0 then it follows from the integral formula for v’ that
|lu'||c < Do, where Dy depends on dy and A. Hence

1
u(r) =¢ —/ w' > —Do(l—7r) forre(0,1).

Hence (i) follows.
(i) Let hg be a positive constant such that h(x) > —hg for all € R, and let
R > 2¢~'(Amy) be large enough so that

hi(R) > N2N*2(¢; (1 — a) ™t 4 ho),
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where h;(t) = inf,>; hi(z), and ¢; is given by (4.1). Choose R > 0 so that
L(z) >4R for z > R.

Suppose ||ul|oo > R. Then, by part (i),

W2 L L) > B
Since
(4.26) —o(u/ (1)) > TNAA /0 -1 (—;L + h(u)) dr
and

w(r) > u(1/2) — ¢ (Amy) > u(1/2)

for 7 < 1/2, it follows that

[ N1 <—; 4 h(u)> dr > % <hi<“(12/2)) _Ne(l—a)' - ho)
> Tth(u(l/Q)) >0

2N 2
for » < 1/2. Hence v’ < 0 on (0,1/2]. For r > 1/2,

(4.27) /O PN (—;); 4 h(u)) dr = /01/2 N1 (—;1& + h(u)) dr

" N1 1
——+h d
+/1/2T ( (G * (U)> 7

> QNilNhl<U(1/2)> - Cl(l - Oé) —ho

s (M2,

and (ii) follows.
(iii) Let Rq > 0 be such that

hl(m) > N2N+2p
o(x) A
for 2 > R;. Let R > R be such that

L(z) > 4R, for z > R,

where R is defined in part (ii). We claim that ||ull« < R. Suppose |[ul/s > R.
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Then, by integrating on (1/2,1) the inequality

b (142),

obtained from (4.26) and (4.27), we get
_ A u(1/2)
2u(1/2) > o7 (g e (") )

hi(u(1/2)) NoN+2p NoN+2p
u(12/2) < A < by .
$(*57) A
This implies u(1/2)/2 < Ry, and since

or, equivalently,

L(J|ulleo) < 2u(1/2) < 4Ry,

it follows that ||u|| < R, a contradiction which proves the claim. This completes
the proof of Lemma 4.4. O

85. Proofs of the main results

Proof of Theorem 2.1. Suppose A < A, where X is defined by Lemma 4.1. In view
of Lemmas 4.1, 4.2, and 4.4(iii), it follows that

deg(l — Ax,B(0,7)),0) =1, deg(I — A\, B(0,R),0) =0,

and the excision property of the Leray—Schauder degree gives the existence of a
fixed point uy of Ay such that

”u)\”oo > Ty

Since ry — oo as A — 0, it follows from Lemma 4.4(i) & (ii) with ¢, = 0 that,
for A small, uy is decreasing and

ua(r) 2 L([lualloc) (1 = 1) = ¢(r)

for » € [0,1]. In particular, uy is a positive solution of (1.2) for A > 0 small
and u) — oo uniformly on compact subsets of [0,1). This completes the proof of
Theorem 2.1. O

We now turn our attention to the positone case. By (A.1) and (A.4), there
exists a positive number x such that

f@) >k forall z>0.

Let ¥y = cav), where ¢y = (Ax/N)Y®P=D(p —1)/p.
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For A > 0 and v € C[0,1], let u = Ayv be the solution of

5.1) {—(rN_1¢(u’))' = Ar¥ " (gmax(v, ¥y)) + h(v)), 0<r <1,
' u'(0) =0, wu(l)=0.

Then A, : C[0,1] — C[0,1] is a compact operator and using the same arguments
as above, we obtain the following results for A).

Lemma 5.1. (i) Let 0 < A < XA < \. Then there exists a positive number Ry > 0
depending on X and X such that any solution uy of

u= Ayu
satisfies ||ul|co < Ro. Furthermore
deg(I — Ay, B(0, Ry),0) = 0.
(ii) Ay has a fized point for X small.
Lemma 5.2. (i) Let u satisfy

(5.2) {—(TN1¢(U’))’ >AarNlg 0<r <1,

u'(0) =0, wu(l)=0.

Then u > ¥y in (0,1). In particular, u is a fixed point of Ay if and only if u
is a solution of (1.2).

(i) There exists a positive number X such that (1.2) has no solution for A > X.

Proof. (i) Using the integral formula for u, we see that

(5.3) u(r)Z/Tl ¢1(SNA1 /OSTN1m> ds:/rl()\ms/N)l/(pl) ds
> (/MY ((p—1)/p)(1 — 1)

for r € (0,1). Consequently, if u is a solution of (1.2) then v = max(u, ) and so

u is a fixed point of Ay. Conversely, suppose u = Ayu. Since
g(max(u,¥y)) + h(u) = f(max(u,x))
if max(u,1y) <1, and
g(max(u, ¥r)) + h(u) = f(max(u, 1))

if max(u,y) > 1, it follows that « > ¢y in (0,1), and so w is a positive solution
of (1.2).
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(ii) Let u be a solution of (1.2). Then u is decreasing and satisfies

1 1/2
u(1/2) = /1/2 ¢! (s;\l /0 N1 f(u) dT) ds

> 307 (gw /),

or

fiu(1/2) < N2N+p—1

o(u(l/2)) = A
which is a contradiction to (5.3) and the fact that lim,_, o fi(z)/é(z) = oo if A is
sufficiently large. O

Let A ={A > 0:(1.2) has a solution} and let A* = sup A.
Lemma 5.3. \* € (0,00) and \* € A.

Proof. Using Lemmas 5.1(ii) and 5.2(ii), we see that A* € (0,00). Let (A\,) be a
sequence in A such that A, — A\* and let (u,) be the corresponding solutions of
(1.2). By Lemma 5.1(i), (||un]|oo) is bounded, and so there exists a constant C' > 0

such that o o
flun) < — < — = in (0,1)

«
Un €,

for all n. From this and the formula

() = =07 (7 [ 7 (),

we deduce that

P TN-1 A, C
/ < ¢! n P .
<o (e [ T ar) <o (i) <0

An

for all € (0,1) and n, where C is a constant depending on \*, C, o, N, p.
Hence (u,) is bounded in C*[0, 1], and, by passing to a subsequence, we can
assume that u, — uy« in C10, 1]. Letting n — oo in

1 s

wi)= [0 (5 [ tw)ar ) as
1 * s

uA*(T):/T ¢1(s;\—1/0 'erf(uA*)dT> ds,

i.e. uy~ is a solution of (1.2) with A = A\*. O

we obtain
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Lemma 5.4. Let A € (0, \*) and let ux~ be a solution of (1.2)x~. Then there exists
a positive number € such that ux~ + € is a supersolution of (1.2)x.

Proof. Let p(z) = 2P f(x) and g9 = 1 — A\/A*. Then there exists a positive number
Ko such that p > kg in (0, 00). Since p is uniformly continuous on (0, ||[ux«]|eo + 1],

there exists a number e € (0,1) such that for all z € (0, |Jux-

00]3
p(z) = p(z +€)| < eoro,

hence
p(x)

21| < e,
‘p(x—i—e) ‘ 0

which implies
B
(5.4) f@) __p@) <1+;> S1—gp=

Consequently,

— (N ) = NN T f(une) > AN T f(uy- +€) in (0, 1),

i.e., ux~ + £ is a supersolution of (1.2),.
Next, for each v € C[0,1], let u = Thv be the solution of

{ —(rN o)) = ArN71(g(min(max(v, ¥y ), ux- + €)) + h(min(v, ur- +¢€)),
u'(0) =0, wu(l)=0,

where ¢ is defined in Lemma 5.4. Then T, : C[0, 1] — C[0, 1] is a compact operator
and since

¥ < min(max(v, Ya), ux+ +€) S ur- +¢,
it follows from (A.3) that T is bounded. O

Lemma 5.5. Every fived point uw of Ty is a solution of (1.2) and satisfies
Y <u<uy-+e  in[0,1].
Proof. Let u be a fixed point of Ty. Since uy~ > ¥y« > ¥y, we have
g(min(max(u, ), ux +¢€))) + h(min(u, ux~ +€)) = g(max(u,¥y)) + h(u) > &
if u <uy« +¢, and
g(min(max(u, ¥y), ux« +¢))) + h(min(u, uy» +¢)) = flur- +€) > K

if w > uy» + e. This implies v > ¥ in (0,1), by Lemma 5.2(i). Suppose there
exists ro € (0,1) such that u(rg) > ux+(ro) + &. Then there exist numbers ri, 79
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with 0 < r; < r < 7y < 1 such that u(rg) = ux«(re) + ¢, v/(r1) = v).(r) or
u(ry) = ux<(r1) + ¢, and u > uy« + € on (ry,rz).
Hence, by Lemma 5.4,

(N RG)) = M (e ) < ATV () = =Y ()Y

in (r1,72). Consequently,

0< /T2 (M () = p(uh.)) (u = (ur- +€)) dr

1
T2
— [ - ot )W - i) dr <0,
a contradiction. Thus u < uy~ + ¢ in (0, 1), which completes the proof. O

Proof of Theorem 2.2. Let A € (0, \*). Since v¢; is a subsolution of (1.2) if v > 0
is sufficiently small and uy~ is a supersolution of (1.2),, it follows that (1.2) has
a solution uy such that v¢y < uy < uy-. We shall show that (1.2), has a second
solution. Define

D={ueC[0,1]: —e <u < uy+¢in [0,1]}.

Then D is an open set and u) € D. By Lemma 5.5, all fixed points of Ty are in
D. Since T} is bounded,

deg(I —T»,B(ux,R),0) =1 for R > 1.

If there exists u € D such that v = Thu then u is a second solution of (1.2),.
Suppose that u # Thu for all u € 9D. Then deg(I — Ty, D, 0) is defined and since
T) has no fixed point in B(uy, R) \ D, it follows that

deg(I — Ty, D,0) = deg(I — T», B(ux, R),0) = 1.
Since 121)\ =Ty on D, we have
deg(I — Ay, D,0) = 1,
and since by Lemma 5.2(i),
deg(I — Ay, B(0, Ry),0) =0
for some Ry > 1, we arrive at
deg(I — Ay, B(0, Ry) \ D,0) = —1.

Thus there exists a fixed point u of Ay in B(0, Ro) \ D, which is a second positive
solution of (1.2). This completes the proof of Theorem 2.2. O
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