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Propagation of Singularities for Schrodinger
Equations with Modestly Long Range Type
Potentials

by

Kazuki HORIE and Shu NAKAMURA

Abstract

In a previous paper by the second author [11], we discussed a characterization of the
microlocal singularities for solutions to Schrédinger equations with long range type per-
turbations, using solutions to a Hamilton—Jacobi equation. In this paper we show that
we may use Dollard type approximate solutions to the Hamilton—-Jacobi equation if the
perturbation satisfies somewhat stronger conditions. As applications, we describe the
propagation of microlocal singularities for e'*f0e~"H when the potential is asymptot-
ically homogeneous as |r| — oo, where H is our Schrédinger operator, and Ho is the
free Schrodinger operator, i.e., Hy = f%A. We show etH0e~H ghifts the wave front
set if the potential V is asymptotically homogeneous of order 1, whereas e e~ "0 ig
smoothing if V' is asymptotically homogeneous of order 8 € (1, 3/2).
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§1. Introduction

We consider a Schrédinger operator with variable coefficients on RY, d > 1:

1 & o 0
- = v 9 2 (md
H = 5 E 5xmamn(m)3xn +V(z) on L*(R%).

m,n=1

We assume that the coefficients satisfy long range type conditions in the following
sense:
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Assumption A. a,,,,V € C*°(R%R) and p > 0. For any multi-index a € Z%,
there is C, > 0 such that

105 (@mn () = Omn)| < Ca<x>_u_|a|7 |07V (2)] < Ca<$>2_u_|a|7

for € R?, where 9, = 8/0z and (z) = (1 + |2|?)"/2. Moreover (amn(2)), ,— is
a positive symmetric matrix for each 2 € R<.

Then it is well-known that H is a self-adjoint operator with domain H2(R?),
the Sobolev space of order 2. We consider solutions to the Schrédinger equation

D) = Ho),  00) = vo € L2(R)

By the Stone theorem, the solution is given by 1 (t) = e~y € L2(R?). It is also
well-known that the singularities of the solution propagate with infinite speed, and
hence the propagation of singularities theorem analogous to the one for solutions
to the wave equation cannot hold. In [11], it is proved that the wave front set of
e~ Ha)y can be described in terms of the wave front set of e~*®(t:Dz)y  where
®(1,€) is a solution to the Hamilton-Jacobi equation

o B o d
m(tag)p<8§(t,£)a€>a tGR,fGR,
and
T
P, =3 mzn;lamn@)fmfn +V(z), @EeRY

is the symbol of the Schrédinger operator H.
The purpose of this paper is to show that if 4 > 1/2, we may employ a Dollard
type approximate solution, or a modifier,

to characterize the microlocal singularities of the solution. One advantage of using
the Dollard type modifier is that it is easy to compute, and hence we can describe
the propagation explicitly for several cases. In particular, if V' (z) is asymptotically
homogeneous of order § € [1,3/2), we give an explicit characterization of the wave
front set of e ") in terms of e~*Hoyy.

Now we state our main result. Let exp(tHj) be the Hamilton flow generated

by k(2,€) = Y0 ey G (2)émén, e,

(z(t),&(t)) = exp(tHy)(wo, o)
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if (z(t),&(t)) is the solution to the Hamilton equation

ok ok

a'(t) = gg(r(f)é(t)), §'(t) = ~ 5, @0:£(),  2(0) = zo, £(0) = o

Under Assumption A, it is well-known that exp(tH},) is a diffeomorphism in R? for
any t € R. We assume all the trajectories are nontrapping in the following sense:

Assumption B. Let (x(t),£(t)) =exp(tHy)(x0,&0) with £ #0. Then |z(t)| — o0
as t — *oo.

Remark 1. We may assume this nontrapping condition only for (zg, &) we are
looking at, but we assume the global nontrapping condition to simplify the nota-
tion.

As mentioned above, we suppose Assumption A holds with p > 1/2. For later
applications, it is convenient to suppose V is decomposed into a long range part
and a short range part.

Assumption C. a,,,(x) and V(x) satisfy Assumption A with g > 1/2. Moreover,
V(z) = VB (2) + V) (), where V) satisfies Assumption A with p > 1/2, and
V(9 satisfies

’8§V(S)(m‘)| < Culz)? vl g e RY,
with v > 1 and C, > 0.

Under these conditions, we can show the existence of the classical (long range)
scattering. We set

(1.1) P (2,8) = k(2,8 + VP (),
(12) @@@zlﬂWmow,W@Q:AM%@w

Proposition 1. Let (19,&) € R x (R?\ {0}), and define (z(t),&(t) =
exp(tHy)(zo, &o). Then
= lim (a(t) - VeU(LE), €= lm &)

t—too t—+oo

exist. If we write
W:(f:l : (xiagﬂ:) — (Io,fo),
then W$! are diffeomorphisms in R x (R \ {0}).

We prove Proposition 1 in Section 2.

The next theorem is our main result. We denote the wave front set of v €
8'(R?) by WF(u). We write D, = —id/0z, and F(D,) denotes the Fourier multi-
plier with symbol F(§).
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Theorem 2. Suppose Assumptions B and C hold. Then for any u € L*(RY),

WF (! Da) o=t yy — (W) "L (WF(u))  for £t > 0.

By replacing u by e®* v, we obtain the following corollary:

Corollary 3. Under the same assumptions as in Theorem 2,
WE(e " u) = WS(WF (e *®"P=)y))  for £t > 0.

In other words, (zo,&) € WF(e ") if and only if (v+,&5) € WF(e*iq)(t,Dx)u)
when £t > 0.

In the remainder of this Introduction, we consider the case where V(z) is
asymptotically homogeneous as || — co. Here we suppose amn () = dmyn for the
sake of simplicity, though this is not really necessary. In this case, ¥(¢,&) = %|§\2,
Assumption B is satisfied, and the classical wave map Wg is the identity map:
(T+,8+) = (%,8).

We first suppose V() is homogeneous of order 1, i.e.,
(1.3) VIO () = 2|V (&) if |z > 1,

where & = z/|z| € S~1. This condition implies 9,V (z) = 9,V ) () if |z > 1,
i.e., 3,V (z) depends only on the direction & of x. We set

SE(z,€) = (z F 00, VI (££),6), o eR, 2,6 R €#0.

Then SF is the Hamilton flow generated by V() (+¢): SF = exp(£oHyw)(4¢))s
if [§] > 1.

Theorem 4. Suppose Assumption C holds, a;;(x) = d;;, (1.3) holds, and let u €
L?(RY). Then
WEF(eitHoe=itHy) — 5'?:52/2)(V\/F(u))7 +t >0,
and hence
WF (e y) = SSE,/2 (WF (e~ "Hoy)).

Theorem 4 implies that the wave front set of the solution shifts according to
the Hamilton flow generated by V) (¢) if the metric is flat and the potential is
asymptotically homogeneous of order 1.

We now turn to the case when V(x) is asymptotically homogeneous of order
B € (1,3/2). In this case, the behavior of the singularities is quite different. Since
the quantization of exp(o Hy (£)), e =7V (P=) has diffusive properties similar to the
free Schrodinger evolution group, we expect the vanishing of the singularities for

etHoe=itHy if 4 decays rapidly as |z| — oo. In fact, we can prove the following:
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Theorem 5. Suppose Assumptions B, C hold and
V(@) = 2PV @) for |2| > 1,

with B € (1,3/2). Suppose moreover that VV ) (&) £ 0 for & € S, If e=#Hoy ¢
L>>®[RY) = {f € L2RY) | (x)™f(x) € L*RY) for any m}, then e "y ¢
C>(R%) whenever t # 0.

Thus we observe that the propagation of singularities for e~* depends dras-
tically on the growth rate of the potential at infinity.

Singularities of solutions to Schrédinger equations have been studied by many
mathematicians, mostly the smoothing properties, with a view to applications to
nonlinear problems. An explicit characterization of the wave front set of solutions
was obtained relatively recently by Hassel and Wunsch [2], Nakamura [10], [11],
Ito and Nakamura [4] and Martinez, Nakamura and Sordoni [8], [9] under different
conditions. We note that closely related results had been obtained for perturbed
harmonic oscillators (with constant principal part; see Okaji [12], Doi [1] and the
references therein), which case does not require the scattering-theoretical frame-
work (see also Mao and Nakamura [6] for nonconstant principal part cases).

We call a Schrédinger operator satisfying Assumption A with g > 1 of short
range type, though the potential V() may be unbounded as |z| — oo, and not
necessarily short range in the sense of scattering theory. The previous works cited
above concern short range cases, except [11], [9]. We call a Schrédinger operator
satisfying Assumption A with p € (0, 1] of long range type. In order to describe the
microlocal singularities of solutions, we need to employ the framework of long range
scattering theory (for the classical flow). In [11], a solution to the Hamilton—Jacobi
equation at high energy is constructed for that purpose, but the construction is
rather long and not easily computed. In this paper we use a simpler Dollard type
modifier (see, e.g., [13, Section XI1.9]) to characterize the microlocal singularities,
and we hope this construction clarifies the analysis of [11].

The result for the asymptotically homogeneous case, Theorem 4, is closely
related to the work of Doi [1], and Theorem 4 may be considered as a direct
analogue of his result in our setting.

i®(t.Dx) o—itH g 5 Fourier

We also remark that we can actually prove that e
integral operator (in a slightly generalized sense) using the method of Ito and
Nakamura [5], which we do not discuss in this paper.

The paper is organized as follows: We discuss the scattering theory for the
classical mechanical flow in Section 2. We prove Theorem 2 in Section 3, mostly
following the argument of [11]. We prove properties of our main examples, i.e.,

Theorems 4 and 5, in Section 4.
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Throughout this paper, we use the following notation: We mainly work in
L?(R9), and | - || denotes the L?-norm unless otherwise specified. We write (z) =
(1 + |z|>)*/2, which is standard in microlocal analysis. Z, = {0,1,2,...} de-
notes the set of nonnegative integers, and Zi is the set of multi-indices. For
o = (o,...,aq) € Z%, we denote |a| = > . ST denotes the standard pseu-
dodifferential operator symbol class, i.e., a € STy means a € C* (R? x R9) such
that for any a, 8 € Zi and K € R?,

0208 a(2,€)] < Capl&)™ P, 2 €K, &R

with some C,s > 0. 8(R?) denotes the set of Schwartz functions. We denote
various constants by C', which may change from line to line.

§2. Classical mechanics and high energy asymptotics

Here we consider the existence of the scattering theory and the high energy asymp-
totics for the classical mechanical flow. We denote

(z(t; 20, 80), £(t; w0, 60)) = exp(tHy)(zo,&0),
(y(t; w0, 80)), n(t; w0, &0)) = exp(tHy) (o, &o)-

We first prove Proposition 1. In the following, we always suppose Assumptions A, B
hold with 1/2 < pu < 1 without loss of generality.

Proof of Proposition 1. We fix (xg,&) € R x R, & # 0. It is well-known that
(2.1) ly(t;20,60)| = clt] — C,  tER,

with some ¢, C > 0 if (9, &) is nontrapping (see, e.g., [10, Lemma 2], [11, Propo-
sition 2.1]). By the Hamilton equation, we have

Omn
8%‘]‘

(@)1 () (1)

d
(2.2) ‘dtnj(t;x,:co)

’ m,n=1

<Cc@)~'TH teR.

Here we have used the fact that |n(t)| is bounded uniformly in ¢ by energy conser-
vation: k(z(t),&(t)) = k(zo,&). This implies the existence of

+oo
. dn
§r = t_lggoon(t,»@o,fo) =&o +/0 E(t,xova)dt-

Moreover, (2.2) also implies

+o0
23) o) — x| = / m’(t;xovs@dt\gcaw, Lt 0,

dt
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Similarly, we have
d
(i (t) — tny ()| =

m

S 010)) = 81 0) + 5 7 G 00 () 1)

<C{)™™", teR,
and hence
(2.4) ly(t) —tn(t)| < C@E)' ™", teR.
We compute —( (t) — 0¥ (t,n(t))) as follows. We have

dt
ok
( oz, (s8,€) + agj (85 5))

- [(3X %me oo+ 3 a6 )

m,n

and so

% (g;l;(h n(t))) = B Z aaa";n (tn)nmnn + Z Qjm tn)T]

m,n m

+Z/< Zam Sﬂnmnnﬂz L
+SZ

We remark that the 7 in the integrand is n(t), not 7(s). We also note that the last

d
377 Mm + a]z(sn)) ds x ﬂ

dt

term can be rewritten as

Z/aﬁsn D (1) ds = ¢ 1) +Z/ ailom) — 635) ds xS 1
=73 Z 8;;;;" M (1)1 (£) + O({) )

by using (2.2). Combining these with Assumption A, we have
d a\:[l t aamn aamn
(0~ G ) = =5 (% o) - G2 000) a0
J —_— J J

+ 3 (@im(y(1) = ajm(En(t))mn () + O((t) 7).

Using Assumption A again with (2.4), we obtain

i (10 - et} s e ver
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Since 2 > 1, this implies the existence of

t—too

N (OB

The assertion that W$! is a diffeomorphism can be proved by standard ODE
methods, once we have integrability. O

In the proof of Theorem 2, we actually consider the high energy asymptotics
of (z(t),&(t)) for fixed t. If V = 0, i.e., for (y(¢),n(t)), we have the scaling property

(y(t; 2o, Ao), n(t; w0, Ao)) = (Y(At; 0, &0), An(At; 0, o))

for any A > 0. Hence we deduce that
.1 .
lim =n(t; o, Ao) = lim n(At; 20, 0) = &+
A—oo A A—00

if &¢ > 0. Since

At

t
V(20 = [ Keae g as = [ Rkoe.6 T = 2w n0),

we have 0w o0
87§(t’ AE) = o

Using this, we also infer that

(A, €).

ov
>\h—>Holo (y(t;xo, Ao) — 87§(t7n(t; Zo, Afo)))

ow
73
if +¢ > 0. We have similar high energy asymptotics for (z(¢;zo, Ao), £(t; 2o, Ao))
if we replace U(¢,£) by ®(t,£):

= lim (y(/\t;xo,ﬁo) -

A—00

(At, n(t; o, fo))) =Tt

Theorem 6. Let (z¢,&) € RExRY, & # 0, and set (z(t; x0, \o), &(t; 10, Ao)) =
exp(tHp)(zo, Ao) as above. Then

. 0P
e = i (olt 0. 760) = T2 (00, 36) )
1
2 = lim Le(t:w0, o)

if £t > 0, where (x9,&) = WS (24, &4). The convergence is locally uniform with
all derivatives.
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Proof. The proof is similar to that of Proposition 1, but slightly more involved.
We fix T' > 0 and consider (x(t; g, Ao), £(t; xo, Ao)) with [¢] < T.
For A\ > 0, we set

t 1 t
xA(t;xO,&)) =T 7;'1:07)\60 ) é-)\(t;x()ago) = 7§ 7;'1:07)\50 .
A AT\
Then it is easy to check

(1[,'/\(15; Xo, fO)a gA(t; Zo, 50)) = eXp(thA)(l'(), 50)7

where
1 & 1
pN(x,6) = )\QP(JU,)\E) D) Z W (@)Em&n + Fv(x)
m,n=1
We can show, just like (2.1),
(2.5) | (t20,&0)| 2 ft] = O, |t] < AT,

uniformly for A > Ay > 0 [11, Proposition 2.6]. The constants in the following
proof are independent of such large A > Ag > 0. The proof of (2.5) relies on
the idea that A=2V(x) has significantly smaller effect than the kinetic energy part
k(x,&) if X is sufficiently large. We refer to [11] for the complete proof.

Then, just like (2.2), we have

N O, Aoa 1oV
7690]= 5 S G + 5 g @)

m,n

<o ON ) < oy

if |t| < AT. On the other hand, by the continuity of solutions to linear ODEs with
respect to coefficients, we obtain

exp(tHpx ) (20, &0) — exp(tHy)(xo,&0) as A — o0

for each fixed ¢ € R. The convergence also holds for derivatives. Then we can apply
the dominated convergence theorem to show

)\t A :I:OOd
e =+ [ Trmassar [ Gea-c

as A — oo, where 0 < £t < T. This proves the second statement of the theorem.
We also have (just like (2.3)),

M) — €4 < O™, 0 < £t < AT.
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Then we compute

G(20-©0) \
Olmn oV
= [0~ i)+ 5 S G + 55 F)

S C{)THHCON2(t)2+
<(B7TFf ] S AT,

and hence
(2.6) |z () =t ()| < C(6)' 7+, Jt] < AT.
We set
A ' Lo
20,6 = [ (k6.0 + 5160 ds

so that

0P 0P

g M6 = 5 (12,

Then we have

ol ¢ Omn s 3V L)
a6 = /0 (22 (Ot 53 (56 £ 3 am (st €m> 2

and so
d [ 0%* N B da,,. L tov §
d&&@@5@0—22:5]%)55+$7% +Zﬁmﬁ
a mn
+Z/( a (5)\5)\5)\_’_82 g/\)é_/\
2 92V da;m, 46>
+ A2 m(sf’\) T SEm: 8:; (s€MEn +aﬂ(s§’\)> ds x =+ T
We recall
=Y 4@ (1)) 0),
&) 1 oV 1 ove |

T = =5 0 GO — 35 G 0) = 35 o (0)

m,n
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Combining these, we obtain, as in the proof of Proposition 1,

ot Oamn , sy OGmn , xx\onoa L (OVE gy
— -5 (G - Gmeen st - 5 (G ) - )

D (ajm (@) = ajm ()&, +O((1) 7 + A2+ A72(1)* 7).
We recall (2.6), and using Assumption C, we have

4(20-Grwem)| <cw

if |¢t| < AT, where p/ = min(p,v/2) > 1/2. Then, again observing
d | d d (00> d (0
G0 g0, 5(Grwea) - 4 (5enm)

as A — oo for each ¢, and using the dominated convergence theorem, we conclude
that

A 99 A
(M) — a—f()\t,ﬁ (M) = x4 as A — oo,
if 0 < £t < T. The first statement of the theorem follows immediately from this.
The last claim can be proved using standard ODE methods. O

Now we prepare several estimates for the next section.
Lemma 7. Let T > 0. Then for any o € Zi there is Co, > 0 such that
|08 (@(1,€) = 3le)| < Caltl(©)*™7°, eRE < T.
In particular,
|0 (0c®(t,€) — t&)] < Calt()' ™71, R <T.

Proof. We suppose t > 0. By the definition, we have

1t d t
(I)(tvf) - %ﬂf‘z = 5/0 Z (amn(5€) - 5mn)$m£n ds +/0 V(L)(Sg) ds,

m,n=1



488 K. HORIE AND S. NAKAMURA

and hence

|0 (®(t,€) — 5t[¢]?)]
<! / S 108 {(n (56) — )} ds + / e (V) (s6)) | ds
B 2 0 m,n 5 l ‘ 0 5

||

t t
< CZ/ o (€)1 g 2=Ual=1) gg 4 C/ slal (5e)2-nlal g
j=0"0 0
ol otle] 4 tlg|
_ CZ/ o (o)~ [g[ 171l g 4 c/ ool () 2-n=lal|g|~1lal g,
=070 0
tl¢] tl¢]
<C [ty rda g0 [ oo g
0 0
< CJe[(tleN gl 1! + Oleelelely* gl
< Cltle)* el it < T, €] > 1.
The case t < 0 is handled similarly. O
We then set
z(t; x0,&0) = x(t; x0,80) — 0P (t; E(E; 20, &0)),
and consider the time evolution
i (Z(t7 300750)»5(15;550750))7 ‘t| < T.
We recall
xy = lim z(t;20,A) when 0 < £t <T,
A—00
and in particular {z(t; xo, A&) | [t| < T, A > Ao} is bounded in R?, provided ) is
sufficiently large. We set

0P

g(t;zvf) = p(z + 85@(75,6),6) - E(tag)

Then we can show that (z(t),£(t)) is the Hamilton flow generated by the time-
dependent Hamiltonian £(¢; z, £):

Lemma 8. (2(t),&(t)) = (2(t; 20, &0), £(¢;20,&0)) is the solution to

dz ol o,
E(t) = 6—§(t,z(t),§(t))7 i —E(t,z(t),g(t»

with the initial condition z(0) = xg, £(0) = &.



PROPAGATION OF SINGULARITIES FOR SCHRODINGER EQUATIONS 489

Proof. The second equation and the initial conditions are easy to confirm. By the
definitions, we have

d

ol 0%  Op 0?®
12, z+ 0:9,¢) + z+0:9,¢ ;
ag, 8 = ag 5+ 0 Z < 0;0€m O Buy, TP " B
and
dz ) _ oy _ ~ 00 den
dt V7 dt afj at — 0&;06y, dt
On the other hand, by the Hamilton equatlon for (z(t),&(t)), we have
dx;  Op dém, Op
o 85]( 2+ 0®,8), =g (24 0:2,0),
and we deduce the first equation of the lemma by combining them. O

By the definition, we easily see that

AP

and hence we can write

U(t;2,6) = p(z + 0:B(t,€), &) — p) (1€, €)
d
= % Z (amn(z + 0¢®(t,€)) — amn(tg))fmgn

m,n=1
+ (VI (2 + 0¢0(8,€)) = VI (16)) + V(2 + 9:2(¢,€)).
Combining this with Lemma 7, we obtain:

Lemma 9. Let K C RY be a bounded domain, and a3 € Z‘j_. Then there is
Ckap > 0 such that

|02000(t; 2,€)] < Crap(@) 1P, ze K, £eRY |t <T,

where v = min(2p — 1,v — 1) > 0.

83. Proof of the main theorem

The proof of Theorem 2 is analogous to the proof of [11, Theorem 1.2], given the
estimates on the classical flow in Section 2. We sketch it for completeness, and
give a somewhat formal proof.

For a symbol a € ST, we quantize it using the Weyl calculus [3, Section 18.5]:

" (x, Dy)u(e) = (27)" // i(e—y)-€ (‘“Ly,g) (y)dydé, u e S(RD).
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By direct computations, it is easy to see that
W(x, D)
— _% Z <6x3j9xnamn(x) + 2%@,%(95)% + am”(x><’):v,§28:%) +V(x)
m,n
Z 0% amn
3xm &vn

where p(z,§) = %Zamn(x)fmﬁn + V(z). Hence, replacing V in p(z,&) by V +
£ 8090 “mn (1), we may consider H = p(z, D,).
We are interested in the behavior of

u(t) = P D2) g=itHy e R,

For ug € 8(RY), we can differentiate v(t) in ¢ to get

[0)) )
iv(t) ie? (D) 0 —(t,D,) — H Je ™ uy = —iL(t)u(t),
dt ot
where .
L(t) _ eié(t,Dw)Hefiq)(t,D,) 8t (t D )
We note

oi®(t:Da) 1o —i®(t, D) _ [eié(t,é)iage—ﬂb(t,ﬁ)]ﬁr
= F[i0¢ + 0:D(t,£)]F =z + 0:D(t, D),
where F is the Fourier transform. Hence, we expect
ei@(t,Dz)pW(x’Dx)e—id)(t,Dm) - pW(x + 8§<I>(t7DI),Dx)
in some sense. In fact, combining Lemma 7 with [11, Lemma 3.1], we obtain

Lemma 10. ¢!®(t:DP=) He—i®(tD=) s o pseudodifferential operator with symbol
in 51270. Moreover, if we set p(t,z,&) = p(x + 0:P(t,€),€), then

PP Hem D) — 5 W(t, 2, Dy) = r'V(t @, Dy)
with r € S?,m i.e., for any o, B € Zi and K € RY, there is Capr > 0 such that
0507 (t, 2, €)| < Capr (©)7,  we K, ¢RI <T.

Thus, by recalling the definition of ¢(¢;x,&) in Section 2, we find that the
principal symbol of L(t) is given by £(¢; z,£). This is consistent with the fact that
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e®tDx) =it g the quantization of the classical flow (zq,&) — (2(t),£(t)), of
which £(¢; z,£) is the Hamiltonian.

In order to analyze microlocal singularities, we use the semiclassical character-
ization of the wave front set: Let (zg,&) € R x RY, & # 0, and u € 8'(RY). Then
(w0,&0) ¢ WF(u) if and only if there is a € C§°(R? x R?) such that a(wzg, &) # 0
and

(3.1) ¥ (2, A Dy)ul| < Cx AN, A0,

with any N € Zy (see, e.g., [7, Section 2.9]).

Let (z9,&) € R? x R%, & # 0, be fixed, and suppose ag € C5°(R? x R?) is
supported in a small neighborhood of (xg, &), for example, Bs(xg,&) = {(z,§) |
|z — zo|? + € — &|? < 6%}. We set

A(t) = ei®(tD2) =it g GitH o—i®(tD2) () = Ay = (2, A1 D),

and consider the time evolution of A(t). In the weak sense on §(R?), we can
compute the derivative of A(t) in ¢, and obtain the Heisenberg equation

(3.2) %A(t) — LI[L@), AW, A(0) = a¥(x, A1 D).

We construct an asymptotic solution to this equation as A — oo, using a Egorov
type argument. The corresponding transport equation is given by

9 d
aa(t,x,f) = —{l,a}(t,z,€) = — Z (

m=1

ol da B ol da
O&m O0xyy Oy, O

with initial condition a(0,z, &) = ag(z, A~1&). We denote
S0t (@0, &) o ((6),€(1),  ad(@,€) = ao(z, A7),
Then the solution to the transport equation is given by
do(t;z,€) = (ay 0 By )(x, €),

and ao(t,-,-) is supported in X (supp(ap)). We note that ag is bounded in SY g,
uniformly in A € [1,00). This also implies that ag(t,-,-) is uniformly bounded
in SY o, provided [t| < T. Combining this observation with Lemma 9, we infer that

—i[L(t), Ao(£)] + {€, a0}V (x, Da) = r¢ (t; 2, Dy)

with rg € Sy é uniformly in A. Moreover, by the asymptotic expansion, ro(t; -, -) is
supported in ¥;(supp(ap)) modulo O(A~>°) terms.
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Following the standard Egorov type argument together with the scaling ar-
gument of Section 2, we can construct an asymptotic solution a(¢;x, &) with the
following properties (see [11, Proposition 3.2]):

(i) a(0;z,&) = ag(z,€) = ag(z, A~1E).
(ii) a(t;-,-) is supported in X;(supp(ay)).
(iii) For any «, 8 € fo_, there is Co3 > 0 such that
000 a(t;2,€)| < CapA™Pl, < T, 2,6 €R) A > 1L
(iv) The principal symbol of a(t; x, &) is given by a) o ;1 i.e.,
030 (a(t: 2,€) = (a5 0 %y ") (@, 6))| < CapA™ 717!
for [t| < T, x,£ € RY, and A > 1.

(v) A(t) = a(t;z, D,) satisfies the Heisenberg equation (3.2) asymptotically,
ie.,

Hjtfl(t) + z'[L(t),fl(t)]H <O, A>1,
for any N € Z; with some Cn > 0.

These properties imply

Hjt(eimei@(t,Dz)A(t)e@(t,Dz)eitH)H <OvA N, <T,
and hence
(3.3) He“’He_iq)(t’D’)fl(t)ei(b(t’D“)e_“H - agv(x,)\_le)H < CyA N
if |t| < T'. This is equivalent to
(3.4) Hfl(t) — e/ ®tD) it H  Wip A=1D et e ®tD) || < Oy AN,

On the other hand, if we write
52 (,6) = (2 M, 0, AT 2, M)
= (a7t 2,€) — 0 @M1, 67Nt 2, €)), Nt 2, 6)).
then
(ag 0 Ty 1) (@, M) = (ag o (B3,) 1) (2, €).
We note that (¥3,)”! converges to W§! as A — oo when &t > 0 locally
uniformly, with all derivatives (Theorem 6). Hence (a) o X;*)(z,\) converges

to (ag o W§)(x, &) uniformly in (x,€&) with all derivatives, and the support of
(a o Z71)(x, XE) also converges to the support of ag o W$'. This implies that
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(a) o By HYW(x, D,) converges to (ago WEH)W(x,\"'D,) as A — oo including their
microlocal support properties.

If (20,&0) ¢ WF(ug), and ag is supported in a small neighborhood of (z, &)
such that (3.1) holds, then (3.3) implies

||A(t)ei<p(t;D”)e_”Huo|| < OnA V.

Since the principal symbol of A(t) is (a o X7 1)(x,£), which is very close to
(ap o W) (, XE), this implies (W)~ (2o, &) ¢ WEF(e®EDa)e=itH ),
Similarly, if (W)™ (zo,&) ¢ WF(e!®®Px)e=# ) then we deduce that

(z0,€0) ¢ WF(uo) using (3.4).
The above formal argument can be easily justified as in [11, Section 3.2], and
Theorem 2 is proved. O

84. Asymptotically homogeneous potentials

Here we consider the case of @, () = dmn, and V (z) asymptotically homogeneous
of order g € [1,3/2).

Proof of Theorem 4. Suppose V) (z) = |z|V (%), & = x/|z|, if |x| > 1, and let
t > 0. Then if [£] > ¢!, we have

t t R 1/1¢] N
[ v = [ slevO@as+ [ vOse) - v @) as
0

0 0
2 A~
= SIEVEE + R, )

Here R(t,€) can be computed as

R(t,§) = /Ol(V(L)(Gf) — oV ()¢ do,

and hence for any o € Z‘_f_,

|08 R(t,€)] < Calg]™ 71, fgl > 7
Hence, if we set

F(t,€) = / VO () ds - §V“><s>7
then for any fixed ¢ # 0, F(¢,§) 2 Sié, i.e., for any a € Z‘L

08 F(t,€)| < Cale)™H 1, ceR?
This implies e+ € S | and it is obviously elliptic. In particular,

WE(eFP2)y) = WE(u),  ue L2(RY).
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Now we note
Lo, [y tep . Pow
2(1,6) = 5lel* + [ VP (s)ds = Gl + GV + Flt.6).
Combining these with Theorem 2, we find that
WF(u) = WF(eid)(t,Dm)e—itHu) _ WF(eiF(t,Dm)ei(tz/Z)V@)(Dm)eitHoe—itHu)
_ WF(ei(tz/Q)V(L)(Dm)eitHoe—itHu).

i(t?/2)V () (

Since V(%) (£) is homogeneous of order 1, e D2) is a Fourier integral op-

erator with the associated canonical transform
t2 ,
and hence
(4.1) WR (e 2V Pay) = 5 (WF(v)
(see, e.g., [3, Chapter XXV], [14, Section VIIL5]). Thus we have
WF(u) = S;/Q(WF(eitHO e Hy)),
which is equivalent to

WEF (eftHoe ™ Hy) = S(tﬁ/Q) (WF (u)).

If t < 0, then
t [t]
L/VW@Q@:— V) (—s¢)ds,
0 0
and we replace V) (€) by VL) (=£), and we change the direction of the shift to
obtain S;/Q in the statement. O

Remark 2. The property (4.1) can also be proved using the propagation of sin-

icVE)(

gularities for hyperbolic equations. In fact, e Da)yyg is the solution to the

hyperbolic evolution equation

(,;%u(o) =iV (Dy)u(o),  u(0) = uo,

and the claim (4.1) follows, for example, from the Egorov theorem (see, e.g., [14,
Section VIIL.2]).

Proof of Theorem 5. We suppose ¢t > 0, and V) (z) = [z|fV ) (€) for |z > 1
with 1 < 8 < 3/2. By the same computation as in the proof of Theorem 4,

t1+8

t
(L) _ By (L) (&
/Ov () ds = 15 lEP V) + Rt €)
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with
OER(t,€)| < Calel 71 gl =7,
for any o € Z‘_f_. Thus,

Bt ) = ISIQ+WV(L(£)+F(L£)

with F(t,€) € S;o 0> and hence

WE(u) = WEF(eioV " (Ds) gitHo g —itH )
where o = 1+B This implies
(4.2) WEF(efty) = WF(eiUV(m(DI)eitHou).

Since V(&) is homogeneous of order § > 1, we can prove iV (De) has the
diffusivity property:

Lemma 11. Let N € Z, and let 0 # 0. Then there is Cy such that
— iocV (E) (D, (e
(4.3) ()~ Ne oV Py ge < Cn[[(@)Vull,  uwe L¥*R?),
where s = (8 — 1)N. In particular, eicV " (Da)y € C>=(R?) if u € L (R?).

Proof. For simplicity, we write V() (¢) = V(€) and A = V(D,) in this proof. By
direct computation of the Fourier transform, we have

zjel My = —0 (0, V)(Dy)e oy 4 e (zju),
and this implies
(@)1 (9, V)(Do)e' M u = o~ Haj(w) "' — (2) 71N zju) } € LA(RY).

By the assumption, we also have

ng O > clelP~, gl >1,

with some ¢ > 0, so that (z)~ e’y € HA~1(R?), and its norm is bounded by
|l[{z)u||. This proves (4.3) with N = 1. Similarly,

we' M= 0%(0g, V(D.)) e u + 20(0e, V) (Dr ) e’ (wju) + €7 (2Fu).

This implies (z)~2((8¢,V)(Dy))%e'"*u € L*(R?) since we already know that
(2)71(0e,V)(Dy)e" u € L?(RY). Summing up these estimates in j shows that
(x)~2ei7My € H?B-D(RY), and we obtain (4.3) for N = 2. Tterating this proce-
dure, we deduce (4.3) for any N. O
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The conclusion of Theorem 5 for ¢t < 0 now follows from (4.2) and Lemma 11.

The case t > 0 is proved similarly. O
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