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On WKB Theoretic Transformations for Painlevé
Transcendents on Degenerate Stokes Segments

by

Kohei IWAKI

Abstract

The WKB theoretic transformation theorem established in [KT2] implies that the first
Painlevé equation gives a normal form of Painlevé equations with a large parameter near
a simple P-turning point. In this paper we extend this result and show that the second
Painlevé equation (Pr1) and the third Painlevé equation (P (p,)) of type D7 give a
normal form of Painlevé equations on a degenerate P-Stokes segment connecting two
different simple P-turning points and on a degenerate P-Stokes segment of loop type,
respectively. That is, any 2-parameter formal solution of a Painlevé equation is reduced
to a 2-parameter formal solution of (Pir) or (P (p,)) on these degenerate P-Stokes
segments by our transformation.
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81. Introduction

Painlevé transcendents are remarkable special functions which appear in many ar-
eas of mathematics and physics. These are solutions of certain non-linear ordinary
differential equations known as Painlevé equations. Since the work of Painlevé
and Gambier there have been many works which investigate mutual relationships
(mainly on the formal level) between different Painlevé equations, often called the
degeneration or confluence procedure, or (double) scaling limits of Painlevé equa-
tions. More recently, relations of solutions of different Painlevé equations have also
been discussed: see [Kil, Ki2, KapKi, KiVa, Ki3, GIL] and references therein. For
example, [KapKi] describes solutions of the first Painlevé equation in terms of
those of the second Painlevé equation using infinite iteration of Backlund trans-
formations. [GIL] also succeeds in giving a relation between solutions of different
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Table 1. Painlevé equations with a large parameter 7.

Painlevé equations through explicit expressions of 7-functions and computations
of the limit in the degeneration procedure.

In this paper we discuss a different kind of relations between solutions of
Painlevé equations containing a large parameter 7 (cf. Table 1), called a WKB the-
oretic transformation. It is an invertible formal coordinate transformation which
relates formal solutions of different Painlevé equations. (See a series of papers
[KT1], [AKT2] and [KT2] by Aoki, Kawai and Takei for more details on WKB
theoretic transformations.) The main result of this paper is the construction of new
WXKB theoretic transformations. That is, for any “2-parameter (formal) solution”
of a general Painlevé equation (P;), we can find a formal invertible coordinate
transformation which reduces the 2-parameter solution to a 2-parameter solution
of (Pir) or (Prir(p,)), when the configuration of “P-Stokes curves” of (Py) degen-
erates and contains a P-Stokes curve connecting two “P-turning points” (we call
such a special P-Stokes curve a P-Stokes segment).

We explain the motivation of our study. Some of the important results by
Aoki, Kawai and Takei are summarized as follows (see [KT1], [AKT2] and [KT2]):

e notions of P-turning points and P-Stokes curves are introduced for (Py),

o 2-parameter (formal) solutions A;j(t,n;«, B) of (Py) containing two free param-
eters o and S are constructed by the multiple-scale method,
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e the WKB theoretic transformation theory near a simple P-turning point is es-
tablished, that is, any 2-parameter solution of (Pjy) can be reduced to that of
the first Painlevé equation

(1.1) (P) : % =n?(6)\% 4 t)

on a P-Stokes curve emanating from a simple P-turning point.

In this paper, for the sake of clarity, we call turning points (resp., Stokes curves) of
Painlevé equations P-turning points (resp., P-Stokes curves), following the termi-
nology used in [KT4] for example. The precise statement of the last claim is that,
for any 2-parameter solution A (&, B) of (Py), there exist formal coordinate
transformation series z(Z,#,n) and t(f,n) of dependent and independent variables
and a 2-parameter solution Ai(¢,n; «, 8) of (Pr) such that

(1.2) (A& m &, B),t.n) = M(t(E n), ;e B)

in a neighborhood of a point £ = £, which lies on a P-Stokes curve emanating
from a simple P-turning point. Here we put ~ on the variables relevant to (Py) to
distinguish them from those of (P). In this sense the first Painlevé equation (Pr)
is a canonical equation for Painlevé equations near a simple P-turning point.

The above result can be considered as a non-linear analogue of the transfor-
mation theory of linear ordinary differential equations near a simple turning point.
In the case of linear equations of second order, a canonical equation is given by
the Airy equation:

(13) (s - 7P vt =0

See [AKT1] for the precise statement. The transformation gives an equivalence
between WKB solutions of a general Schrodinger equation and those of the Airy
equation (1.3) near a simple turning point, and consequently the explicit form of
the connection formula on a Stokes curve for a general equation is determined in
a “generic” situation [KT3].

The above genericity assumption means that the Stokes graph of the equation
does not contain any (degenerate) Stokes segments (i.e., Stokes curves connecting
simple turning points). We say that the Stokes geometry degenerates if such a
Stokes segment appears. When a Stokes segment appears in the Stokes geome-
try, the connection formula does not make sense on the Stokes segment (cf. [V,
Section 7]).

Typically two types of Stokes segments appear in the Stokes geometry of linear
equations: A Stokes segment of the first type connects two different simple turning
points, while a Stokes segment of the second type (sometimes called a loop-type
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Stokes segment) emanates from and returns to the same simple turning point and
hence forms a closed loop.

To analyze the degenerate situation where a Stokes segment connects two dif-
ferent simple turning points for a general Schrodinger equation, [AKT3] constructs
a transformation which brings WKB solutions of the general equation to that of
the Weber equation when x lies on a Stokes segment. Here the Weber equation
they discuss has the form

(1.4 @ - < f))¢<x,n> o

To be more precise, we need to replace the constant ¢ by a formal power series

¢ = cn) in !
The Stokes geometry of the equation (1.4) when ¢ € Ry (where Ry is the set

with constant coefficients when discussing the transformation.

of non-zero real numbers) has two simple turning points connected by a Stokes
segment. In this sense the Weber equation gives a canonical equation on a Stokes
segment which connects two different simple turning points.

On the other hand, recently Takahashi [Ta] has constructed a similar kind
of formal transformation which brings a general Schrodinger equation having a
loop-type Stokes segment to the Bessel-type equation of the form

® (£ (252) ot =

When ¢ € Ry, the Stokes geometry of (1.5) has one simple turning point, and

a Stokes curve emanating from the turning point turns around the double pole
x = 0 of the potential and returns to the original simple turning point. This gives
a loop-type Stokes segment. In this sense the Bessel-type equation gives a canonical
equation on a loop-type Stokes segment.

The transformations constructed in [AKT3] and [Ta] are expected to play im-
portant roles in the analysis of parametric Stokes phenomena. Actually, if we vary
the constant ¢, WKB solutions of (1.4) may enjoy a Stokes phenomenon, that is,
the correspondence between WKB solutions and their Borel sums changes discon-
tinuously before and after the appearance of Stokes segments (cf. [SS], [T3]). We
call such Stokes phenomena “parametric” since the Stokes phenomena occur when
we vary the parameter ¢ which is not an independent variable. Due to parametric
Stokes phenomena, the transformation to the Airy equation does not work when
a Stokes segment appears. Actually, a Stokes segment yields so-called fized singu-
larities (cf. [DP], [AKT3]) for the Borel transform of WKB solutions. Parametric
Stokes phenomena are caused by such singularities. They are analysed in [AKT3]
through the transformation to the Weber equation. If the Borel summability of the
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transformation series constructed in [AKT3] and [Ta] is established, then the ex-
plicit form of the connection formula describing the parametric Stokes phenomena
will be derived.

Here a natural question arises: What happens to 2-parameter solutions of
(Py) when the P-Stokes geometry degenerates, that is, when a P-Stokes segment
appears in the P-Stokes geometry of (Pjy)?

It is shown in the author’s papers [Iwl]-[Iw3] that the parametric Stokes
phenomena also occur for 1-parameter solutions (which belongs to a subclass of
2-parameter solutions) of the Painlevé equations when a P-Stokes segment ap-
pears. For example, when the parameter ¢ contained in the second Painlevé equa-
tion

d*\ 2013

(1.6) (Pu): 7 =’ (2N + A +¢)

is purely imaginary, P-Stokes segments appear in the P-Stokes geometry of (Py).
In this case three P-Stokes segments appear simultaneously and each connects
two different simple P-turning points (see Section 3.3). It is shown in [Iwl] that
1-parameter solutions of (Pp1) enjoy Stokes phenomena when P-Stokes segments
appear. Similarly, a loop-type P-Stokes segment also appears in the P-Stokes ge-
ometry of the degenerate third Painlevé equation

RN l(d)\>2 1dx 2[2)\2 c 1]

17 P/ | —= - —_— — —
(1.7) (P (o) = g = 3\ t dt 2 1T

of type D7 (in the sense of [OKSO]) when ¢ € iR (see Section 3.3).

Motivated by these results, in this paper we construct a transformation of
the form (1.2) when the P-Stokes geometry of (Pj) degenerates. That is, as is
described below, (under some geometric assumptions on the Stokes geometry of
isomonodromy systems) when a P-Stokes segment which connects two different
simple P-turning points (resp., a loop-type P-Stokes segment) appears, then any
2-parameter solution of (Py) is reduced to a 2-parameter solution of (Py) (resp.,
(Priv(pyy)) on the P-Stokes segment (see Sections 4 and 5 for precise statements
and assumptions).

Theorem 1.1 (Theorem 4.2). Assume that (P;) has a P-Stokes segment con-

necting two different simple P-turning points of (Py). Then, for any 2-parameter

solution Xy (t,n; &, B) of (Py), we can find

e formal coordinate transformation series x(%,t,n) and t(t,n) of dependent and
independent variables,

e a 2-parameter solution Aii(t,n; a, B) of (Pu) with a suitable choice of the con-
stant c in the equation,
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satisfying
(18) ‘T(S‘J(ianaévg)’i T’) = )\H(t(ﬂ n)an7aa6)
in a neighborhood of a point t = t, which lies on the P-Stokes segment.

Theorem 1.2 (Theorem 5.2). Assume that (Py) has a P-Stokes segment of loop
type. Then, for any 2-parameter solution \;(t,n; &, B) of (P;), we can find

e formal coordinate transformation series x(%,t,n) and t(t,n) of dependent and
independent variables,

e a 2-parameter solution A (p,y(t,m; a, B) of (Pur(p,)) with a suitable choice of
the constant c,

satisfying

(19) z ()‘J ({, Uk da 5)7 t~> 77) = )‘III’(D7) (t({, 77)7 G5 @, ﬁ)

in a neighborhood of a point t = t, which lies on the P-Stokes segment of loop
type.

In this sense, (Pr1) and (P (p,)) are canonical equations for Painlevé equa-
tions on a P-Stokes segment connecting different simple P-turning points and a
loop-type P-Stokes segment, respectively. Our main results can be considered to
be non-linear analogues of the transformation theory of [AKT3] (to the Weber
equation) and [Ta] (to the Bessel-type equation). We expect that, together with
the previous results [Iw1]-[Iw3], our transformation theory will play an important
role in the analysis of parametric Stokes phenomena for Painlevé equations.

This paper is organized as follows. In Section 2 we briefly review some results
on WKB analysis of Painlevé equations (Py) and the role of isomonodromy sys-
tems (SLy) and (D) associated with (Py). Section 3 is devoted to the P-Stokes
geometry of (Py) and the Stokes geometry of (SL;). Our main assumptions and
results are stated and proved in Sections 4 and 5.

§2. Review of the exact WKB analysis of Painlevé transcendents
with a large parameter

In this section we prepare some notation and review some results of [KT1], [AKT?2]
and [KT2] that are relevant to this paper.

§2.1. 2-parameter solution \;(¢,7;a, 3) of (Py)

In [AKT?2] a 2-parameter family of formal solutions of (Py), called a 2-parameter
solution, is constructed by the so-called multiple-scale method. Here we introduce
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some notation to describe the solutions explicitly and to make our discussion
smooth. The notation introduced here is mostly consistent with that of [KT2].
As is clear from Table 1, each (Py) has the form

D) d\
(P ) dt2 GJ( dtat> +772FJ()‘7t)5

where F; is a rational function in ¢ and A, and G is a polynomial in d\/dt with
degree equal to or at most 2, and rational in A and ¢. Define the set Sing ; C P! of
singular points of (Py) by

Sing; = Singy; = {oo},
(2.1) SingIII/(DG) = Singm/(m) = SingIII’(Ds) = {0, 00},
Singpy = {oo},  Singy ={0,00},  Singy; = {0, 1,00},
and the set Ay of branch points of (Py) by
(2.2) Ay ={reP'\Sing, | F;(\,7) = (OF7/0\)(\,7) = 0 for some A}.

We also set Q; = P!\ (Sing; UA).
Fix a holomorphic function Ao(¢) that satisfies

(2.3) Fy(Ao(t).t) = 0

near a point t, € ;. The 2-parameter solutions are formal solutions of (Pj)
defined in a neighborhood V of ¢, of the form

(24) /\J(ta 05 @, B) - /\O(t) + 7771/2 Z nij/zAj/Q(t, 5, 6)
=0

Here (o, 8) = (30 on ™" n, > neon” "By) is a pair of formal power series whose
coefficients {(au,, fn)}22, parametrize the formal solution, and the functions

(2.5) Aja(t,ma, B) = Zaﬂfzm Yexp((j + 1 — 2m)® (¢, 7))

labeled by half-integers have the following properties (see [AKT2], [KT2]):

e Forany j>0and/=j4+1-2m (m=0,...,5+1), a§j/2)(t) is a holomorphic
function of £ on V' and independent of 7.
e The functions ag(t) contain the free parameters («g, 8o) as
0 Qo 0 Bo
(2:6)  all(t) = —— c Al = = :
YEDBC (o(1),1)? YED 0 00(t), 12
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where
(2.7) F@) = 2

and C;(A,t) is given in Table 2.

t
Ci(\t) =Cnu(\t) =1, Crr(pg)(Mt) = Crir(pyy (A 1) = Criv(pg) (A 1) = =

2)2
! ot )
Crv(A\t) = IR Cv(At) = DO 12 Cvi(\t) = DO—1)A—1)

Table 2. Cj(A,t).
e The function ®;(t,n), which is also holomorphic in ¢t € V| is given by

(2.8) @ (t,m) = nos(t) + aoBolog(6.(t)n°),

where

(29) o0 = [\ ar,

and 0;(t) is determined from F;, G; and A\g(t) (cf. [KT2, Section 1]). We will
fix the lower end-point of the integration path later.

e The functions aéj /2 (t) and (£ # £1) are determined recursively from
{a§7¥fizm(t)}jf<j, 0<m<j/+1-

. a(ijl/z)(t) = 0 for j odd, while aglﬂ) (t) and a(_jl/Q)(t) for j > 2 even satisfy a
system of linear inhomogeneous differential equations of the form

d 1d (1) 1
2.1 — + - —logF -1
(2.10) {dt + 17 o8 Ey (t) + 5 og Cy(Ao(t),t)
(n) (n)
o)) (0 )= (5)
— — log0;(t = ,
(ﬁg —aofo) dt g0(t) a(_’n,l) R(_nl)

where Rg?l) is determined by {a;z;r/f)_Qm(t)}j/<j:2n7Ogmgj/_H. The free parame-

ters (aun, Bn) (n > 1 integer) capture the ambiguity of solutions of the differential
equation for j = 2n.

Therefore, 2-parameter solutions are formal power series in 1~ '/2 whose coeffi-
cients A;/, may contain 7-dependent terms of the form exp({®(t,7)) for some
¢ € Z, called L-instanton terms in [KT2]. In the present paper, formal series means
such a series, and we say that A;/o(t,n) is holomorphic in t if the coefficients of
each instanton term in A;/o(t,71) are holomorphic in ¢. Note that A;/o(t,n) con-
tains instanton terms in such a way that, if j is odd (resp., even), then A;/o(,7)
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[1/2 —(4X3 + 2t>\)} ,

l\.’)h—‘

1
Kn=3

el (5 (242

KV:M{szn,l(lJr 1 )V

V2 — (M N2+ 2c>\)} ,

t A A-1
_ 0(2) —n72 n 2 n cit n 2 — c% —3n~2
4X2 4= (A 1)3 4N =1)2 ’
K AA=1D(A-1t) [ (l ) . (cgﬂﬂ
vi= t(t 1) X 4x2
d-n? g-n? & -

N (co+cl+ct) n_Qﬂ

10 —12 Tap—e2 DO 1)

Table 3. Hamiltonians of (Hy).

contains only even (resp., odd) instanton terms. We call this property the alternat-
ing parity of 2-parameter solutions. In order to avoid some degeneracy, we assume
throughout that

(211) Oé()ﬂo 7& 0.

It is well-known that the Painlevé equation (Py) is equivalent to the following
Hamiltonian system (see, e.g., [Ok]):
A 0Ky dv 0Ky
(Hy): = "5 @& Ton
Here the explicit forms of the Hamiltonians K; = K ;(t, A, v,n) are tabulated in
Table 3. From 2-parameter solutions of (P;), we can also construct 2-parameter
solutions of the Hamiltonian system (H ;). From the explicit form of the Hamilto-
nians K, we see that v is determined by A and its first order derivative. Conse-
quently, v; = v, (t,n; «, 8) has the form

(212) VJ(t, n; 6) - 7’71/2 Z nij/zNj/Q(t, ;@ 6);
j=0

where N5 has a similar form to A/, that is, it contains instanton terms and

exhibits alternating parity.
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Remark 2.1. If we put «a =0 or =0 or @ = 8 = 0, then 2-parameter solutions
reduce to 1-parameter solutions or O-parameter solutions. Here a = 0 etc. mean
that all o, are set to be 0 etc.; and 1-parameter solutions are also called trans-series
solutions. We can expect that 1-parameter solutions and O-parameter solutions
are interpreted as analytic solutions through the Borel resummation method (see
[KaKo] for example).

§2.2. Isomonodromy system for (P;) and WKB solutions

The Hamiltonian system (H ) arises when we consider isomonodromic deforma-
tions (see [JMU], [OK]) of a Schrédinger equation of the form

2
(5L0)+ (g~ Qo) (ot =0

More precisely, there exists another differential equation

0 0 10A
(D) gyvtoton) = (Asteston) 3 = 5 5 ) bt

called the deformation equation, such that (H ;) gives the compatibility conditions
for the system of linear differential equations (SLj) and (D). See Tables 4 and 5
for the explicit forms of Q; and Aj.

Substituting 2-parameter solutions (Aj(t,n;a,B),vs(t,n;a,8)) into (A v)
that appears in @y and Ay, we find that they have the same type formal series

expansions
(213) QJ(xat777) = ZQj/2($,t777), AJ ‘T 3 77 ZA]/Q z,t 77
j=0 §=0

Here we omit indicating explicitly the dependence on o and 8 for simplicity. The
top term Qo = Qjo(x,t) is independent of n (i.e., it does not contain instanton
terms), and can be written in the form

(2.14) Qiolz,t) =Cy(z, )2 (z — Xo(t)*Ry(z,t).

Thus, Qo(z,t) has a double zero at x = A\(¢) in general. (Here we have used
the fact that Ag(t) is defined by the algebraic equation (2.3).) Here R;(z,t) is a
polynomial in = which satisfies

(2.15) Ry(Mo(t),1) = F5D(2).

We can verify that Ri(x,t), Ry (p,)(2,t) and Ry (pg)(z,t) are polynomial in x
of degree 1, while R;(z,t) for other J are polynomial in z of degree 2.
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— 42 4+ 2tz + 2Ky -l —— 42—
Q1 =4z’ + 2tz + 2K1 — 1 e CESNE

v 3
Qu=a*+ta?+2cx +2K; -~ —— 4+ 22—

T —A 4(z — N2’
t2 cot ¢ 1 tKr(pg) v o 3
Qo =57 755 "2 Tat T2 T o T @
t2 ct c? 1 tKmr(p,) Y7 s 3
Qo= i " om T ot T2 T saon T dmo e
t 1 K (pg) v —nt s 3
Qv (pg) = 273 * 2 + x? - z(z — ) tn 4(x — N2’
2 -2 2
N Coo T+ 2t Krv 1 W 9 3
@v =" 4 +( 4 ) T T am—n T @
Qv = 2d—n? n t2 N et 2, —c3—3n72
422 4z —1)*  (z—1)3 4(z —1)2
tKy A= ., 3
cx—12 " zz-D@-N " Az—N2
Quo @2 don? o ? - (greite) —n?
472 4z —1)2 4z —1t)2 dz(z — 1)
#(t — 1) Kvr L AA-Dy 3
c@—D@—1t | ze-D@-nN " z_n?
Table 4. Coefficient of (SLy).
1 Az
Ap= A = =N’ Anr(pe) = Anr(py) = A (pg) = o)’
2z A—1lz(z—-1) A=t z(z—1)
Ay = . Ay = . Ay =
VT2 v t -\ VI tt—1) z—X

Table 5. Coefficient of (D).

In what follows, we always assume that a 2-parameter solution (Aj,vy) of
(Hj) is substituted into (A,v) which appears in the coefficients of (SL;) and
(Dy). For such a Schrodinger equation (SLy), we can construct WKB solutions of

the form
1 xT
(2.16) Yy(z,t,n) = ————=exp (i/ Syodd(x,t,m) dsr:).
SJ,odd(l'v ta 77)
Here Sjoad(z,t,n) is the odd part of a formal series solution Sy (z,t,7n) of
oS
2.17 S?4 = =9 t

which is called the Riccati equation associated with (SLj;). Here the odd part
Sjodd(z,t,m) is defined as follows (see [AKT2] for details). We can find two formal



12 K. ITwak1

series solutions

(2.18) S5 @ t,m) = 0SS (@, 6) + Y 0285 (.t m)
J=0

of (2.17) starting from

(2.19) SE (@, 1) = £4/Quo(x, ).

Once we fix the sign in (2.19) (i.e., the branch of the square root), the subsequent
terms are determined by a recursion relation. Then Sjoqa(z,t,n) is given by

(2.20) Soaa(z, t,n) =1 (S (@, t,m) — S5 (2, t,7m))

=nS 1 (@,0) + >0 Seaa 2 (@, t,1).
=0

The integral of Sy q4(2,,n) appearing in (2.16) is defined by termwise integration
of formal series. We discuss the choice of the lower end-point of (2.16) later.

The formal series Sy oq4(z,t,n) etc. are constructed in the above manner for a
fixed t and have several good properties as functions of t. Firstly, Sjcqa(x,t,n) also
has the property of alternating parity: if j is odd (resp., even), then S,qq,;/2(z,t,7)
contains only odd (resp., even) instanton terms. Secondly, the derivative of
S1o0dd(x,t,n) with respect to t satisfies the following equation.

Proposition 2.2 (JAKT2, Proposition 2.1]). The formal solutions Sgi)(x,t,n)
satisfy

9 ¢ _ 9 (g 104,
2 st = o (S @t - 5 L )
and hence

0 0
(222) &SJ,Odd(xﬂfvn) = %(SJ,odd(l'vta W)AJ(ﬂUat,ﬂ))

Proposition 2.2 is proved by using the isomonodromy property of (SL ), that
is, the compatibility of (SLj;) and (D). As a corollary, we obtain the following
important (formal series valued) first integral of (Py) from (SLy).

Lemma 2.3 ([AKT?2, Section 3]). The formal series E(n) defined by

w:/\o

(2.23) E;(n) =4 Res t)SJ7Odd(f13,t,'f7) dx

is independent of t.
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The independence from ¢ implies that Fj(n) must be a formal power series in
n~t, that is, Ej(n) = > oo ,n "E, with some constants E,,. The free parameters
an and (3, of a 2-parameter solution are contained in F,, in the following manner.

Lemma 2.4 ([KT2, Lemma 3.2]). (i) The top term Ey of E;(n) is given by
(2.24) EO = —SOéQﬂo.

(ii) The coefficient E,, of n=" in E;(n) depends only on {cau, Bn Yo<n/<n. Fur-
thermore, E, + 8(aofBn + anfo) is independent of (cn, Bn).

Remark 2.5. Let us take a generic point ¢, such that Qo (z,t) has a simple zero
x = a(t) at any point ¢ in a neighborhood of t.. It is known that each coefficient
Sodd,j/2(x,t,m) of Sjoaa(x,t,n) has a square root type singularity at a simple zero
of Qo (see, e.g., [KT3, Section 2]). Due to this property we can define the WKB
solution of (SL;) which is “well-normalized” at = = a(t) as follows:

1
(225)  sa(etn) = —————exp (i
SJ0da(z,t,n)

x

SJ,Odd(Z'7 t, 77) dJU) .
a(t)

Here the integral in (2.25) is defined as a contour integral, that is,

x

1
SJ,odd(l‘vtﬂ?) dr = 5 / SJ,odd(l‘vtaTD dl‘,
a(t) Ou

where the path J, is depicted in Figure 1. The wiggly line in the figure is a branch
cut to determine the branch of /Qo(z,t), and the solid (resp., dashed) line is
a part of the path §, on the first (resp., second) sheet of the Riemann surface of
VQuo(z,t). Then, we can show that the well-normalized WKB solutions (2.25)
satisfy both (SLj;) and (Dy) by using (2.22) (cf. [T2, Lemma 1]).

[

’\/\mx

N _ & -
Figure 1. Integration path d,.

The following proposition will play an important role in the proof of our main
theorems.

Proposition 2.6. Let p be an even order pole of Qjo(z,t) (hence, a singular
point of (SLy)), and set

(2.26) Res(SLy,p) = Res Syoada(z,t,n) dz.
T=p

Then the list of Res(SLy,p) for all J and p is given in Table 6, up to sign.
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Res(S L1, 00) = en,

Res(SLr (py),0) = cn/2
Res(SLir (pg): 0) = con/2,  Res(SLyir(pg), 00) = Coon/2,
Res(SL1y,0) =con/2, Res(SLry,o0) = ceon/2,
Res(SLvy,00) =comn/2, Res(SLv,0) =con/2, Res(SLvy,1)=2c1n,
Res(SLyr, ) =con/2, Res(SLvyi,0) = con/2,
Res(SLyi, 1) = c1n/2, Res(SLyr,t) = ctn/2

Table 6. Res(SLy,p) at singular points of (SLy).

Proof. Let us show the claim when J = II and p = oo. The coeflicients
{S](/i) (x,t,m)}j>—2 of the formal series Sgi)(x,t,n) in (2.18) must satisfy the re-
cursion relations

227) 8% (@,) = £/Quo(x,t), S, (x,1) =0,
osE)
1 /2 (+) o(®) )
(2.28) S(j+2)/2 PP ES) <Q(j+4)/2 - ajl, - Sj1/2Sj2/2) (j=>-2)
25—1 Jit+j2=J
0<j1,j2<7

since Sgi)(x, t,n) solve the Riccati equation (2.17). We can then directly compute
the asymptotic behavior of S](/i; (x,t,n) near x = oo from the recursion relations
(2.27) and (2.28) and the explicit form of the potential @ ; in Table 4; for example,
when J = II, these are given by

+(@?+t/2 —cx P +0(z7?)) ifj= -2,

2.29 SE(z,t,n) =
(2.29) 72 (@ 61) {O(m2) if > 1.

Thus we have
(2.30) Res Si1,0dd(,t,n) dr = £cn.

In a similar manner we can compute the residues of Sjoq4(z,t,n) dz at each sin-
gular point for the other J’s by straightforward computations. Actually, when p
is a regular singular point of (SLj), we need a more careful computation since
S](TQ) (z,t,n) may have first order poles at regular singular points in view of (2.27)
and (2.28). However, by the technique used in the proof of [KT3, Proposition 3.6]
we can check that the residues of S](;‘LQ) (z,t,m) dz at regular singular points vanish
for 7 > 0. Thus we obtain Table 6. U

In particular, we can find that the residues in Table 6 are genuine constants
multiplied by 7, which implies that the residue of Sjcq4(x,t,7) dz only comes from
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the top term 7S_1(z,t) dx:

(2.31) Res Sy oad(z,t,n) de = nRes S_1(z,t) dz.
T=p T=p
This will simplify our construction of transformations of Painlevé transcendents.

§2.3. Local transformation near the double turning point

In the (exact) WKB analysis, the zeros of Qs o(x,t) play an important role. They
are called turning points of (SLy) (see Definition 3.3 below). In view of (2.14), the
point z = Ag(t,) is a double turning point (i.e., a double zero of Qj(z,t.)) when
t,. is a generic point. This double turning point is particularly important in the
WKB analysis of Painlevé transcendents.

Let us fix a generic point ¢, and take a sufficiently small neighborhood V of
t. such that © = A\o(t) is a double zero of Qs o(z,t) at any point ¢t € V. It is shown
in [KT2] that the isomonodromy system (SL;) and (D) can be reduced to the
system

2

0
(Can) : (@ - nQQcan(zv 8777)>50<Z’ S, 77) = O’

0 0  O0Acan
(Do) gt = (Acls.) o = 2222 ) ) tavsom)

on Uy X V, where U is a neighborhood of the double turning point x = Ao(t).
Here Qcan and Acay are given by

(2.32)  Qean(z,5,m) =42> + 0 "E(s,n)
—1
—172__ " p(s,m) -2 3
R 020 (s,n) M 4(z =071 20(s,m))?
1

2(z —n~20(s,m))’

(2.33) Acan(z,8,m) =
with

(2:34) E(s,n) = p(s,n)* — 4o (s,m)*.
The system (Can) & (Dean) is compatible if p and o satisfy the Hamiltonian system

dp do

He) : & = —dno, — = —np.
(Hecan) i o, — np

As a solution of (Hcap), we take

(2.35) o(s,m; A, B) = Ae*"* + Be 2" p(s,m; A, B) = —2Ae*"° + 2Be” 7%,
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where A and B are complex constants, and (2.34) becomes independent of s:
(2.36) E(s,m; A, B) = p(s,m; A, B)? — 40(s,n; A, B)> = —16AB.

Denote by Qcan(z, s,1; A, B) the potential (2.32) with the solution (2.35) of (Hcan)
substituted into (o, p) in its expression. Then the precise statement of the local
reduction theorem of [KT2] is as follows.

Theorem 2.7 ([KT2, Theorem 2.1, Lemma 3.3]; cf. [AKT2, Theorem 3.1]). Let
t. be a generic point as above. Then there exist a neighborhood Uy x V' of the point
(Mo(t«), t+) and formal series

(237) ZJ(J),t,?’]) :Zn_j/zzj/Q(xat7n)a
7=0

(238) SJ(t’n) = Zn_j/QSj/Q(t7n)a
7=0

(2.39) Asm)=> _n"An, Bsn)=Y_ n "By,
n=0 n=0

satisfying the following conditions:

(i) For each j > 0, zj/o(x,t,n) and s;j/5(t,n) are holomorphic functions in
(z,t) € Uy x V and in t € V, respectively.

(ii) For eachm >0, A, and B, are genuine constants.

(iii) zo(z,t) is independent of n, 0zo/Ox never vanishes on Uy XV, and zo(Ao(t),1)
=0.

(iv) so(t) is also independent of n and dso/dt never vanishes on V.

(v) z1/2(x,t) and s1/2(t) vanish identically.

(vi) The n-dependence of z;/a(x,t,m) and s;/5(t,m) (j > 2) is only through in-
stanton terms exp({® s (t,n)) for £ = j — 2 — 25 with 0 < j/ < j — 2 that
appear in the 2-parameter solution A(t,n; o, B) of (Py). Thus zj(x,t,n) and
sy(t,n) have alternating parity.

(vil) The following equality holds:

az](xa t) Ui

240 Qotonton) = (P Y Qo ot st As o). B )

1 _
_57’] Q{ZJ(xatyn);m}a
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where {zy(x,t,n);x} denotes the Schwarzian derivative,

(241)  {zs(2,t,n);2}
3 2 ’
_ (8 ZJa(;Uét,ﬁ)/azJ(g;t,n)> _ %(6 ZJa(j;t’n)/ﬁz‘](g;’n)) .

The proof of [KT2] also tells us that the formal series appearing in Theorem

2.7 are determined by the following process. First, the formal series z;(x,t,7) is
fixed by [AKT2, Theorem 3.1]. In particular, the top term zp(x,t) is given with a
suitable choice of the square root as follows:

(2.42) sola ) = [ A :(t) N dm] "

Next, in view of (2.36), we find formal power series A;(n) and Bs(n) (not unique)
which satisfy

(2.43) —16A,5(n)Bs(n) = E;(n).
Fixing (A;(n), Bs(n)), we can find a formal series s;(t,n) so that
(2.44) o(ss(tm)sm; As(n), By(m) = 0225\ (8,0 @, B), t.1).

Here A\; is the 2-parameter solution of (Pjy) substituted into the coefficients of
(SLy) and (Dy). The top term so(¢) in ss(t,n) is given by

(2.45) salt) = 50u0) = 5 [ VE 0.

Then the set of formal series (zs(x,t,7n),ss(t,n), As(n), Bs(n)) satisfies the con-
ditions in Theorem 2.7. Note that there is an ambiguity in the above choice of
formal series; if a set of formal series

(Z.I(xa t, 77); S-I(tv n)a AJ(U)» BJ(W))

satisfies the conditions in Theorem 2.7, then so does

(246)  (zs(z,t,m),ss(t,m) + G(n), As(n) exp(—2nG(n)), Bs(n) exp(2nG(n))).

Here
(2.47) Gn) =Y _n "Gy
n=1

is an arbitrary formal power series with constant coefficients G,,. Here we have
assumed that the formal power series (2.47) has no constant term Gy. If we allow
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the constant term G # 0, then A;(n)exp(—2nG(n)) is no longer a formal power

series in !

, and hence we set Gg = 0. The existence of this ambiguity corresponds
to the fact that the relation between the parameters («, 8) and (A, B) is given by
essentially one relation, i.e., (2.43).

We will regard the coefficients G,, in (2.47) as free parameters. As is clear
from (2.46), such free parameters are contained in the transformation series s (¢, n)
additively, and it is shown in [KT2, Proposition 3.2] that the formal series s;(t,7)
is unique up to these additive free parameters (see [KT2, Remark 3.3]). Once the
free parameters G,, are fixed, the transformation from (SL;) and (D) to (Can)
and D,y is fixed, and hence the correspondence between the solutions of (H )
and (Hcan) is also fixed. These free parameters will be fixed when we discuss the
transformation theory between Painlevé transcendents in Sections 4 and 5.

§3. Stokes geometries of Painlevé equations and
isomonodromy systems

In [KT1], [KT2] etc. the relationship between P-turning points, P-Stokes curves
of (Py) and turning points, Stokes curves of (SL ;) plays an important role in the
construction of WKB theoretic transformations. In this section we review these
geometric properties of Stokes geometries of (Py) and (SLy).

§3.1. P-Stokes geometry of (P;)

First, we review the definition of P-turning points and P-Stokes curves of (Py)
introduced by Kawai and Takei. Here we recall that Sing; is the set of singular
points of (Py) defined in (2.1).

Definition 3.1 ([KT1, Definition 2.1]). Let Ay = A;(¢,n; o, B) be a 2-parameter
solution of (P;) and Ag(t) be its top term.

e A point ¢t = r ¢ Sing; is said to be a P-turning point of A; if
(3.1) FiY ) =o,

where F}l)(t) is defined by (2.7).
e A P-turning point t = r of \; is called simple if

2
O (alr).r) 0.

e For a P-turning point ¢ = r of \j, a P-Stokes curve of \; (emanating from

(3.2)

t =) is an integral curve defined by

(3.3) Im /t VEM (@) dt = o.
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P-turning points and P-Stokes curves of A; are defined only in terms of the
top term Ag(t) of the 2-parameter solution in question. Although they are defined
for a fixed branch of the algebraic function A\y(¢), we may regard them as objects
on the Riemann surface of Ag(t). By “a P-turning point (resp., a P-Stokes curve)”
we may simply mean “a P-turning point (resp., a P-Stokes curve) of some 2-
parameter solution A;”. Note also that P-turning points and P-Stokes curves are
nothing but zeros and horizontal trajectories (see [St]) of the quadratic differential
FM(t) dt? defined on the Riemann surface of \o(t).

As is pointed out in [WT] and [T4], a point s € Sing; contained in the
following list may play a role similar to P-turning points:

e s =0 for (Pur(py)), (Pur(py)), (Piur(ps)), (Pv) and (Py1),
e s =1 for (Pyr),
e s = oo for (Pyj).

At a singular point s in the above list, there exists a simple-pole type 2-parameter
solution, that is, the top term Ag(t) of a 2-parameter solution has a branch point
at t = s satisfying

(3.4) FP@) =0((t—s)73?) ast—s.

Note that (3.4) guarantees that the corresponding quadratic differential F(V (t) dt?
has a simple-pole type singularity at ¢ = s after taking a new independent variable
T = (t — 5)"/2, which is a local parameter of the Riemann surface of \o(t) near
t = s. On the Riemann surface of A\o(t) we distinguish such singular points from
usual singular points, and call them P-turning points of simple-pole type. A P-
turning point of simple-pole type is denoted by 7,. A P-Stokes curve emanating
from rgp, is also defined by

(3.5) m/xM?mmzo

By the P-Stokes geometry (of (Py)) we mean the configuration of P-turning
points, P-turning points of simple-pole type, singular points and P-Stokes curves
(of (Py)). Figure 2 depicts examples of P-Stokes geometries. Five P-Stokes curves
emanate from each simple P-turning point. Figure 2(b) shows an example of
Py (pg) which has a P-turning point of simple-pole type at the origin, and one P-
Stokes curve emanates from the P-turning point of simple-pole type. Since Ao(¢)
is a multi-valued function of ¢, P-Stokes curves intersect each other, as can be
seen in the figures. Such “apparent” intersections are resolved if we take a lift of
P-Stokes curves onto the Riemann surface of \g(t) (see Section 3.3 below).
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) (b): (Prir(pg)) with
(a): (F) (cor o) — (5.2 +1) (©): (Prv) with (co, coc) = (1,2)

Figure 2. Examples of P-Stokes geometries.

Remark 3.2. P-Stokes curves are used to describe the criterion of Borel summa-
bility of O-parameter solutions (i.e., formal power series solutions of the form
At,n) =30 on " An(t)) of (Py) by [KaKo]. It is known that certain non-linear
Stokes phenomena occur for such a formal solution of (Py) on P-Stokes curves.
Takei discussed such Stokes phenomena for (Pr) in [T1]. Moreover, it is also expected
that non-linear Stokes phenomena also occur for 2-parameter solutions (see [T2]).

§3.2. Stokes geometry of (SLy)

Next, we recall the definition of turning points and Stokes curves for the linear
differential equation (SL ), and explain their relationship to the P-Stokes geome-
try defined in the previous subsection. Recall that we consider the situation that a
2-parameter solution (Ay,vy) = (As(t,n; o, B),vs(t,m; 0, B)) of (H ) is substituted
into (A, v) which appears in the coefficients of (SLy) and (D), as explained in
Section 2.2. Here we assume that the 2-parameter solution is defined in a neigh-
borhood V' of a point t. € Q;, and the branch of A\o(¢), which is the top term
of Ay, is fixed on V.

Definition 3.3 ([KT3, Definitions 2.4 and 2.6]). Fix a point ¢ contained in V.

e A point x = a(t) is called a turning point of (SLy) (at t) if it is a zero of
QJ@(J?, t).

e A Stokes curve of (SLy) is an integral curve emanating from a turning point
x = a(t) defined by

(3.6) Im /:t) \/Quo(z,t)de =0.

Remark 3.4. Note that location of turning points and Stokes curves for (SLj)
depends on t. More precisely, it also depends on the branch of \g at ¢, which is the
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top term of the 2-parameter solution substituted. Therefore, by “turning points
(resp., Stokes curves) of (SLjy) at t € V” we mean “turning points (resp., Stokes
curves) of (SLy) at ¢t with the fixed branch of Ag on V7.

Turning points and Stokes curves of (SL ;) are nothing but zeros and horizon-
tal trajectories of the quadratic differential @ jo(z,t) dz?. We say that a turning
point is of order m if it is a zero of () ;¢ of order m. In particular, turning points
of order 1 and 2 are called simple and double turning points, respectively. In view
of (2.14), in a generic situation (SL ) has a double turning point at x = Ag(¢) and
one simple turning point (resp., two simple turning points) when J = I, III'(D5)
and IIT'(Dg) (resp., J = I III'(Dg), IV, V and VI). In the case of a linear equation,
m + 2 Stokes curves emanate from a turning point of order m (m > 1). By the
Stokes geometry (of (SLy)) we mean the configuration of turning points, singular
points and Stokes curves (for a fixed t). Actually, if Qs o(x,t) has simple poles, we
need to regard them as turning points similarly to P-turning points of simple-pole
type of (Py) (see [Kol]). However, in view of (2.14), such a simple pole does not
appear in a generic situation, and we will only consider situations where a simple
pole never appears in the Stokes geometry of (SLy).

Figure 3 depicts examples of Stokes curves of (SLp) for several ¢t. Here t; and
t3 are some points which do not lie on a P-Stokes curve of (Pp), while ¢5 lies on a

t1 X
to
tz X

P-Stokes curves of (P)

—2Xo(t)

Ao(t)

(a): At t = t1 (b): At t = to (c): At t =t3
(on a P-Stokes curve)

Figure 3. Stokes curves of (SLy) (for several t).
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P-Stokes curve (Pr). (SL;) has a double turning point at z = Ao(¢) and a simple
turning point at © = —2Ag(t) when t # 0. Note that since \o(t) = /—t/6 for (P),
these two turning points merge as t tends to the P-turning point ¢ = 0. We can
observe that a Stokes curve of (SLj) connects the two turning points z = Ao(t)
and —2X\g(t) when t = to which lies on a P-Stokes curve. We call such a Stokes
curve connecting turning points of (SL;) a degenerate Stokes segment, or a Stokes
segment for short. (In the context of quadratic differentials Stokes segments are
called saddle connections.)

Actually, other (P;) and (SLj) also enjoy the same geometric properties as
(Pr) and (SLp) explained here. That is, P-turning points and P-Stokes curves for
(Py) are related to turning points and Stokes curves for (SLy) in the following
manner.

Proposition 3.5 ([KT1, Proposition 2.1]). (i) For a simple P-turning point r
(of Ay), there exists a simple turning point a(t) of (SLy) that merges with the
double turning point x = Ao(t) at t = r, and consequently att = r there exists
a turning point of order three for (SLy).

(ii) For the simple P-turning point r and the turning point a(t) of (SLj) as above,
the following equality holds:

(3.7) /W) Qoo t)de = %/t VEM (@) dt.

(®)

Here the branches of the square roots are chosen so that

(3.8) Quo(a,t) = Cyla t)(@ — M) VRs(x,0),  VRs(o(D),t) = \VFS ().

Proposition 3.5 implies that, when ¢ lies on a P-Stokes curve emanating from
a simple P-turning point 7, a Stokes segment appears between the double turning
point \p(t) and the simple turning point a(t). This relationship between P-Stokes
curves and Stokes curves is essential in the construction of WKB theoretic trans-
formation to (Pr) near a simple P-turning point (see [KT1] and [KT2]).

Similar geometric properties are also observed when ¢t lies on a P-Stokes curve
emanating from a P-turning point of simple-pole type.

Proposition 3.6 ([T4, Proposition 3.2(ii)]). Suppose that t lies on a P-Stokes
curve emanating from a P-turning point of (Py) of simple-pole type. Then there
exists a Stokes curve of (SLy) which starts from Ao(t) and returns to Ao(t) after
encircling several singular points and/or turning points of (SLy).
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§3.3. Degeneration of P-Stokes geometry

As is explained in the Introduction, we are interested in the degenerate situations
of P-Stokes geometry, that is, situations where there exists a P-Stokes curve which
connects P-turning points or P-turning points of simple-pole type of a 2-parameter
solution Ay of (P;). We will call such special P-Stokes curves degenerate P-Stokes
segments, or P-Stokes segments for short. In this section we discuss a relationship
between such a degeneration of the P-Stokes geometry of (P;) and the Stokes
geometry of (SLy).

Typically, there are two types of P-Stokes segments which appear in a generic
situation: A P-Stokes segment of the first type connects two different simple
P-turning points, while a P-Stokes segment of the second type (sometimes called
loop type) emanates from and returns to the same P-turning point and hence forms
a closed loop.

Figure 4. The P-Stokes geometry of (Pi;) with P-Stokes segments (described on
the u-plane).

Figure 4 depicts the P-Stokes geometry of (Py) when ¢ = 4, and we can
observe that three P-Stokes segments appear in the figure. Here we have introduced
a new variable

(3.9) u = Ao(t)

of the Riemann surface of \o(t), and Figure 4 describes the P-Stokes curves of (Pp)
on the u-plane. Using the relation t = —(2u®+c) /u, the quadratic differential which
defines the P-Stokes geometry of (Py1) can be written as

(3.10) FI(Il)(t) dt* = quady;(u, ¢) du?,  quady(u,c) = (4u® — c)®/u’,
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in the u-variable. Although Figure 4 depicts the case ¢ = i, the P-Stokes geometry
of (Pr1) described in the variable u given in (3.9) for any ¢ € iR~ is the same as in
Figure 4 since the quadratic differential (3.10) has the following scale invariance:

r71¢quadll(r1/3u, re) d(r'/3u) = /quady (u, ¢) du (r # 0).

Therefore, when ¢ € iRsg, the P-Stokes geometry of (Pp) has three simple
P-turning points and three P-Stokes segments. The symbols r,74 and rp (resp.,
T4, I'p) in Figure 4 represent the P-turning points (resp., P-Stokes segments)
of (Pp) when ¢ € iRs¢. Furthermore, since quady;(u,c) is also invariant under
(u, c) = (—u, —c), the P-Stokes geometry when ¢ € iR is the reflection u — —u
of Figure 4.

Xo(t)
a(t)
aa(t)
(SLy1-A): The Stokes geometry of (SLyy) (SLy1-B): The Stokes geometry of (SLip)
corresponding to us, o corresponding to us, g

Figure 5. The Stokes geometries of (SLyy) on P-Stokes segments.

Figure 5 (SLi-A) (resp., (SLi-B)) depicts the Stokes geometry of (SLyr)
when we fix ¢ at a point ¢, 4 (resp., t. ) corresponding to a point u. 4 (resp.,
us,p) which lies on the P-Stokes segment I'4 (resp., I'g) in Figure 4. Note that
u determines a point ¢ on the t-plane together with a branch of \g at ¢, and the
Stokes geometries shown in Figure 5 are drawn for the branch of A\g determined by
U, 4 and uy g, respectively (see Remark 3.4). In both cases of Figure 5, there are
two Stokes segments in the Stokes geometry of (SLy), each connecting the double
turning point x = Ag(¢) and a simple turning point. Here a(t), a4 (t) and ap(t)
are the simple turning points of (SLiy) which merge with A\o(¢) at the P-turning
points r, 74 and rp, respectively (cf. Proposition 3.5(i)). The points a(¢) and
ap(t) merge with \g(t) when ¢ tends to r4 and rp along the P-Stokes segment I"4
or I'g, respectively.
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Figure 6. The P-Stokes geometry of (P (p,)) with a loop-type P-Stokes segment
(described on the u-plane).

On the other hand, Figure 6 depicts the P-Stokes geometry of (Pirr(p,)) when
¢ =1 by using a new variable

2X0(t)?
3.11 A A
(3:11) YT o) — ¢
of the Riemann surface of \g(t). Since t = —u?(u — ¢)/2, the quadratic differential
becomes

1
F1(112(D7)(t) dt* = quadIII'(D7)(ua ¢) du?,

(3.12) (3u _ 20)3

quadIH/(D7) (U, C) = du2.

u(u — ¢)?

Hence there is one simple P-turning point and one P-turning point of simple-
pole type in the P-Stokes geometry of (P (p,)). In Figure 6 we can observe
that a P-Stokes segment of loop type, denoted by I', appears around the double
pole u = ¢ of (3.12). It is known that such a loop occurs when the residue of

\/quadHI,(D7)(u, ¢) du at u = ¢ is purely imaginary (see [St, Section 7]). Since the
quadratic differential (3.12) satisfies

rt \/quadHI/(D7) (ru,re)d(ru) = \/quadIII,(D7) (u,¢) du

for any r # 0, we conclude that the P-Stokes geometry of (P (p,)) (described

in the variable u given by (3.11)) when ¢ € iR is the same as in Figure 6.
Furthermore, since quadyyy (p.)(u, ¢) is also invariant under (u,c) — (—u, —c), the
P-Stokes geometry when ¢ € iR is the reflection u — —u of Figure 6.

Figure 7 (S Ly (p.)-A) (resp., (SLiy(p,)-B)) depicts the Stokes geometry of
(SLyir(p,)) when t is a point t, o (resp., t, p) corresponding to . 4 (resp., u. B)
which lies on the loop-type P-Stokes segment I" in Figure 6. There are two Stokes
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Xo(t)

a(t
Ao(t) “
(SL1iy(p,)-A): The Stokes geometry of (SL1y (p,)-B): The Stokes geometry of
(SL1r(py)) corresponding to u. 4 (SL11/(p,)) corresponding to u. g

Figure 7. The Stokes geometries of (S Ly (p,)) on the loop-type P-Stokes segment.

segments in the Stokes geometry of (SLi(p.)), both connecting the double turn-
ing point Ao () and the same simple turning point a(¢). When ¢ tends to the simple
P-turning point r along I" in Figure 6, one of the two Stokes segments shrinks to
a point (cf. Proposition 3.5(i)). In Figure 7 (SLyy(p,)-A) (resp., (SLiy(p,)-B))
the Stokes segment v4 (resp., yp) shrinks to a point when ¢ tends to r along I" in
the clockwise (resp., counter-clockwise) direction.

In Figures 5 and 7 we can observe common properties of the Stokes geometries
of (SLy)’s when t lies on a P-Stokes segment. Firstly, there appear two Stokes
segments each of which connects the double turning point A¢(t) and a simple
turning point. Secondly, these two Stokes segments are adjacent in the Stokes
curves emanating from Ag(t). We can show that these properties hold for the
Stokes geometry of (SL;y) when ¢ lies on a P-Stokes segment of (Py).

Proposition 3.7. Let r; and ro be (possibly the same) simple P-turning points
of Ay which are not of simple-pole type, and a1 (t) and az(t) be the simple turning
points of (SLy) corresponding to r1 and ro by Proposition 3.5(1). Suppose that rq
and o are connected by a P-Stokes segment I', and take a point t, which lies on
T' as in Figure 8. Then there are two Stokes segments v1 and 72 in the Stokes
geometry of (SLy) when t = t., where v1 (resp., 7y2) connects Ao(t«) and a(ty)
(resp., as(ty)). Moreover, v1 and vo are adjacent Stokes curves in the four Stokes
curves emanating from © = Xo(t.).

Nt NS
AN

Figure 8. A P-Stokes segment I' and two simple P-turning points 1 and rs.
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Proof. Since t, lies on P-Stokes curves emanating from r; and 7o simultaneously,
it follows from Proposition 3.5 that the double turning point z = Ag(t) lies on
both Stokes curves emanating from a(¢) and as(t) when ¢ = ¢,. Hence, in the
Stokes geometry of (SLy) there are two Stokes segments v, and 75 which connect
Ao(ts) and aq(t.) and as(t.), respectively. Thus in Figure 9 two cases can occur:
In case (i) (resp., (ii)) 71 and 2 are adjacent (resp., opposite) Stokes curves which
emanate from Ag. However, case (ii) does not happen under our assumption, for
the following reason.

Ao (tx)

() (ii)

Figure 9. Two candidates for Stokes segments.
For k =1,2, set
t
(313) o) = [ VED @
ri\(l(t)
(3.14) UJ,k(t)Z/a Quo(z,t) dz.

Proposition 3.5(ii) implies that v (t) = ¢sr(t)/2 (k = 1,2). The real parts of
¢g1(ts) and ¢yo(t.) have different signs since the real parts are increasing or
decreasing along P-Stokes curves. Thus the real parts of v;1 () and v 2(ts) also
have different signs. Therefore, case (ii) in Figure 9 never happens and only case
(i) appears. O

Proposition 3.7 yields the following two possibilities for the geometric type of
the Stokes geometry of (SL;) when ¢, lies on a P-Stokes segment (cf. Figure 10):

(a) The double turning point Ag(¢) is connected with two different simple turning
points by two Stokes segments. This case is shown in Figure 5.

(b) The double turning point Ag(¢.) is connected with the same simple turning
point by two Stokes segments. This case appears in Figure 7.

The following fact will be used in the proof of our main results.
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Ao(ts)
Ao (t«) i f
(a) (b)

Figure 10. Two Stokes segments in the Stokes geometry of (SLj).

Lemma 3.8. In the situation of Proposition 3.7, we have

ag(t) 1 T2
3.15 / Quola,t)de = —/ VESD(¢) dt.
(3.15) o \ @uol,1) 2 ). VI (t)

Here the integration path on the left-hand side is taken along a composition of
two Stokes segments 1 and 7o in the Stokes geometry of (SL ), while that on the
right-hand side is taken along the P-Stokes segment T.

Proof. Let ¢55(t) and vy(t) be functions defined in (3.13) and (3.14). Since
'Uj7k(t) = ¢J7k(t)/2 for £ = 1,2, we have UJJ(t) — U.]72(t) = (¢J71(t) — ¢J,2(t))/2.
This gives the desired relation. O

Lemma 3.8 entails that the integral of \/de appearing (3.15) does
not depend on t. Generally, the integral of Sjoqda(z,t,n) along a closed cycle on
the Riemann surface of \/Qo(z,?) is independent of ¢ by (2.22). In particular,
from (3.15) and Table 6 we will deduce the following.

Lemma 3.9. (i) For J = 1II, we have

T2
(3.16) / VEVP @) dt = £2mic
71

when ¢ € iRyo. Here 1 and ro are two simple P-turning points of (Pr)
connected by a P-Stokes segment, and the integration path is taken along the
P-Stokes segment. The sign = depends on the branch of the square root.

(ii) For J =1II'(Dy), we have

(3.17) / F{ip poy () dt = £2ric
r

when ¢ € iRo. Here the integration path is taken along the loop-type P-Stokes
segment I' of Figure 6. The sign + depends on the branch of the square root.
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Figure 11. The cycle §.

Proof. We prove (3.16). Let ¢, be a point on the P-Stokes segment connecting r;
and rg, and a1 (t) and as(t) be the simple turning points of (S L) which correspond
to r1 and r2 by Proposition 3.5(i). Then

T2 ag(t*)
/ V FI(II)(t) dt = 2/ \/ Quo(z,ts) dw

1(tx)
by (3.15). The integral of 1/Qu1,0(z,t.) dz can be written as

a2(t*)
2/ \/ Quro(z,t.) dv :?{\/QH,O(%t*)dl’,
ai(ts) )

where ¢ is a closed cycle on the Riemann surface of /Qro(x,ts) described in
Figure 11. The wiggly line in the figure represents the branch cut to determine the
branch of \/Q11,0(z, t.), and the solid and dashed lines represent paths on the first
and the second sheet of the Riemann surface of \/Qrr,0(z,t.), respectively. Since

the 1-form \/Qr,0(z, ) dzr has no singular point other than = = a;(¢.), a2(ts)
and oo, we have

3.18 j{ Quo(x,ts) dr = 2mi Res y/ Qro0(x, t.) dor = £2mic.
619§ fQnotet) Res \/Quo(a.t.)

Here we have used (2.31) and Table 6 of residues. Thus we have proved (3.16).
The equality (3.17) can be proved in the same manner by using the following fact:

(319) RES\/QIH(DﬂA,U(x’t) dr = iC/Q O

§4. WKB theoretic transformation to (P;) on P-Stokes segments

Here we show our main claims concerning WKB theoretic transformations between
Painlevé transcendents on P-Stokes segments. Since we simultaneously deal with
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two different Painlevé equations (Pj) and (Pyr), in this section we put ~ over
variables or functions relevant to (P;) and (SLy) in order to avoid confusion.

84.1. Assumptions and statements

Let (S\J,DJ) = (;\J(ﬂn;d,B),DJ(f,n;d,B)) be a 2-parameter solution of (Hy) de-
fined in a neighborhood of a point ., € Q;, and consider (SL;) and (Dj) with
(A, Dy) substituted into their coefficients. Here we assume the following condi-
tions.

Assumption 4.1. (1) J € {IL,IIT'(Dg), IV, V, VI}.

(2) There is a P-Stokes segment I' in the P-Stokes geometry of (P;) which con-
nects two different simple P-turning points 71 and 75 of s (which are not of
simple-pole type), and the point Z, in question lies on r.

(3) The function (2.9) appearing in the instanton ®;(#,7) of the 2-parameter
solution (5\ J,Vy) is normalized at the simple P-turning point 7 as

(4.1) OE / t VB (#) d.

(4) The Stokes geometry of (SL;) at £ = £, contains the same configuration as
in Figure 10(a). That is, the double turning point Ao(f,) is connected to two
different simple turning points @, (£.) and as(.) by two Stokes segments 7, and
s, respectively. Here the labels of the simple turning points and the Stokes
segments are assigned by the following rule: When # tends to 7; (resp., 72)
along T, @, (f) (vesp., az(f)) merges with \o(£) (cf. Proposition 3.5).

(5) All singular points of QLO(:E, t.) (as a function of Z) are poles of even order.

Since the P-Stokes geometry for J = I, IIT'(D7) and III'(Dg) never contains
a P-Stokes segment connecting two different simple P-turning points, we have
excluded these cases. One of our main results below claims that under Assumption
4.1 we can construct a formal transformation series defined on a neighborhood of
the union 4; U 42 of two Stokes segments that brings (SLy) to (SLy) with an
appropriate 2-parameter solution (Arr, vir) of (Hyp) being substituted into (A, v) in
(SLy), in the following sense.

First, we fix the constant ¢ appearing in (Py1) and (SL) to be

L™ 500 a
(42) C:% : FJ (t)dt7

where the integration path is taken along the P-Stokes segment I. Since the func-
tion (4.1) is monotone and takes real values along I', the constant ¢ determined
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(P): P-Stokes geometry of (Py1) (described (SL): Stokes geometry of (SLyr) at t = t«
on the u-plane)

Figure 12. The P-Stokes geometry of (P1) and the Stokes geometry of (SLyy).

by (4.2) is non-zero and purely imaginary. Here we assume that ¢ € iRs. Then
the P-Stokes geometry of (Pr) (described in the variable u given by (3.9)) when
c is given by (4.2) is the same as in Figure 12 (P). Thus, the P-Stokes geometry
of (Pr1) has three simple P-turning points, and three P-Stokes segments appear
simultaneously. (As is remarked in Section 3.3, when ¢ € iR.q, the P-Stokes geom-
etry of (Ppp) is the reflection u — —u of Figure 12 (P). Our discussion below also
applies to ¢ € iR.p.) Furthermore, we can verify that the corresponding Stokes
geometry of (SLip) on a P-Stokes segment is as in Figure 12 (SL). That is, when
we take any point t, on a P-Stokes segment of (Pyr), say I' in Figure 12 (P),
then the corresponding Stokes geometry of (SLyr) has one double turning point
at © = Ao(t«) and two simple turning points z = a(t.) and a/(¢.), and there are
two Stokes segments v and 4" which connect Ag(t.) to these simple turning points.
Note that a(t) (resp., a’(t)) merges with Ag(t) as ¢ tends to r (resp., r’) along T.

Having these geometric properties in mind, we formulate the precise statement
of our first main result as follows.

Theorem 4.2. Under Assumption 4.1, for any 2-parameter solution (;\J, vy) =
()‘J(fa 3 da ﬁ)) DJ(Ev 3 da 6)) Of (HJ); there exist
e a domain U which contains the union 71 U4y of two Stokes segments,

e a neighborhood V of t,,

e formal series

=0 =0
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whose coefficients {x;5(&,1,17)}52, and {t;/2(t,n)}52y are functions defined on
U xV and V', respectively, and may depend on n,

e a 2-parameter solution
(A, vin) = (A (¢, m5 0, 8), v (5, 8))

(a,8) = (i n "o, i n*"ﬁn)
n=0 n=0

of (H1) with the constant ¢ determined by (4.2), and the function (2.9) appear-
ing in the instanton ®rr(t,n) that is normalized at a simple P-turning point rq
of (Pr1) as

(4.3) bu(t) = / CJEO @) at,

which satisfy the relations below:

(i) The function to(t) is independent of n and satisfies

(4.4) ¢(t) = dulto(?)).

(ii) dto/dt never vanishes on V.

(iii) The function xo(%,1) is also independent of n and satisfies
(4.5) zo(Mo(f), £) = Xo(to(f)),

(4.6) zo(ag(t),t) = ar(to(t)) (k=1,2).

Here \o(t) and ai(t) (k = 1,2) are respectively the double and two simple
turning points of (SLir).

(iv) dxo/0% never vanishes on U x V.

(v) @172 and ty 9 vanish identically.

(vi) The n-dependence of x;/o and tjo (j > 2) is only through the instanton
terms exp({®@ ;(t,n)) (¢ =7 —2—2m with 0 < m < j — 2) that appear in the
2-parameter solution (Ay,0y) of (Hy).

(vii) The following relations hold:

(47) 'T(S‘J(Ean;dvg)afa 77) = )‘II(t(ﬂ 77),77§04aﬂ),
dx(z,1,7)

(48) QJ(‘fﬂ?a 77) = <8$> Qll(x(jaﬂ n)at(fa 77)77’)7 %,’772{‘%(%’{7 n);‘i}a

where the 2-parameter solutions of (Hy) and (Hir) are substituted into (A, v)
in the coefficients of Qs and Qr1, respectively, and {x(Z,t,n); T} denotes the
Schwarzian derivative (2.41).

The rest of this section is devoted to the proof of Theorem 4.2.
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84.2. Construction of the top term of the transformation

Here we construct the top terms zq(%,%) and ¢o(f) of the formal series.

First, we explain the construction of (). Since ¢ lies on a P-Stokes curve
emanating from 7, (k = 1,2), it is shown in [KT1, Theorem 2.2] that there exists
a function ték) (f) such that

(4.9) $rx(D) = ot (D))
for k = 1,2, where

(4.10) Gur(f) = / VED @) dE,  buit) = / VEP @) dt.

Here r; and 74 are two simple P-turning points of (Pir) chosen by the following
rule. We have the following two possibilities for the Stokes geometry of (SLy) at t,
(see Figure 13):

Figure 13. Two possibilities for adjacent Stokes segments of (SL ).

(A) The Stokes segment 7o follows the Stokes segment 47 in the counter-clockwise
order near \o(f,).

(B) A2 follows 47 in the clockwise order near o (t.).

Set

r,7')  when case (A) happens,
(411) () = {( ) (A) happ

(r',7) when case (B) happens,
where r and ' are the P-turning points of (P1) depicted in Figure 12 (P). More-

over, the branch of 4/ FI(Il)(t) is taken so that the sign appearing on the right-hand
side of (3.16) is +:

T2
(4.12) / VED () dt = +2mic.
T1

This choice (4.11) of r1 and 7y is essential in the construction of xo(Z,t) later.
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For each k = 1,2, the function t(()k)(N) satisfying (4.9) is unique if we require
that t( )( t.) lies on the P-Stokes segment I' in Figure 12 (P) (cf. [KT1, Section 2,
(2.21)]). In what follows we assume that té )( t.) lies on T'. Then our choice (4.2)
of the constant ¢ in (Pyy) and (4.12) imply that

413) it (D) — braltl( /‘wﬂ” ~drad)

for k = 1,2. In particular, we have the equality ¢rr, 1(t0 (1)) = ¢s1(f) as the
case of k = 2 of (4.13). Since t( )( t,) lies on T, we have té )( t) = t( () by the
uniqueness explained above. We set to(f) = t(() )( t) = t(z) () and (4.4) follows from
(4.9) for k = 1. Taking a small neighborhood V of t,, we may assume that also
the derivative dto/df never vanishes on V. Thus we obtain to(f) satisfying (i) and
(ii) of our main claim. In particular, we have

(4.14) () = =22 P (to(#)).

Next, we construct xo(,%). Set
(4.15) (70, 72) = (7,7') when case (A) happens,
’ (7',v) when case (B) happens,

where  and 7' are the Stokes segments of (SLy) (at t = to(f,)) in Figure 12
(SL), and denote by a;(t) (resp., az(t)) the simple turning point of (SLir) which
is the end-point of the Stokes segment 1 (resp., 7o) at t = to(f,). Since %, lies on
a P-Stokes curve emanating from 71, and to(%) satisfies ¢71(f) = érr.1(to(f)), the
same discussion as in [KT1, Section 2] enables us to construct zo(Z,#) satisfying
the following conditions:

e 14(%,1) is holomorphic on Uy x V, where U; is an open neighborhood of the
Stokes segment 47 of (SLy), and dx¢/OF never vanishes on Uy x V.

e For any ¢ € V, 2(&,1) maps U; biholomorphically to an open neighborhood U;
of the Stokes segment ~y; of (SLi).

e Set
~a=ﬁowom@6ﬁ,
Ao(t
211 (.T, E) = / ~ QII,O((E7 to(f)) dx
Ao (to(?))

(4.16)
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where the branches of \/Q‘]’O(.’E, t) and /Qrm1,0(z,t) are chosen so that
- - 1Y =
[ \/Quo(Z,1)dT = 5[ \ F} (@) df’,
Tk Tk
/ LAy
/ Quo(w,t)dr = 5/ Fy () at’
Yk Tk

for k = 1,2 (cf. (3.7)). In (4.17) the Stokes segments are directed from the simple
turning point to the double turning point. Then

(4.17)

(4.18) J(Z,t) = Zu(zo(2,1),1),
(4.19) 1‘0(5\ (tN f) = )\o(t()(E)) .130( 1(5)71?) = al(to(f)).

It is also shown in [KT1

N\
-~

, Section 2} that x0(Z, t) is the unique holomorphic solution
(satisfying zo(Xo (1), 1), (Dz0/0Z)(No(t), ) # 0) of the implicit functional equation
Z5(&, D) = Zu(wo(2,1), )2
Here the branches of Z;(&,%)/? and Zyi(x, )'/? are chosen so that they are positive
on 74, and 71, respectively, when ¢ = £,. Note that since we have assumed that the
imaginary part of ¢ in (4.2) is positive, the real parts of <5J71(f) and ¢rp1(t) are
decreasing along the P-Stokes segments I' and T, respectively. Then the equality
(4.17) shows that the real parts of Zj(f,f*) and Zy(z,t,) are positive along

and 1, respectively.

In view of (4.18), the four Stokes curves of (SL;) emanating from A(f) are
mapped by z¢(%,t) locally to those of (SLy1) emanating from Ao(to(f)). In par-
ticular, the Stokes segment 4; of (SL;) is mapped to the Stokes segment 7, of
(SLy;) when £ = #,. Furthermore, since 9z /8% # 0 at & = Ag(#), the other Stokes
segment 7, is mapped to the Stokes curve emanating from Ao (#o(#.)) which follows
~1 in the counter-clockwise (resp., clockwise) order in case (A) (resp., (B)) when
t = t,. Thus, our choice (4.11) of the P-turning points r; and ry of (Py) entails
that 2¢(%,%.) maps 9 to the Stokes segment v, of (SLy) given by (4.15) near
= :\O(E*)

Since our choice (4.2) of the constant ¢ in (Pyr) also ensures the equality
b72(t) = ¢r2(to(t)), the same discussion as in [KT1, Section 2] again enables us
to show that zo(Z,1) is also holomorphic at the simple turning point dx(#) and
satisfies

(4.20) zo(az(t),t) = aa(to(t)).

Thus we have constructed zo(%,7) satisfying the desired properties (iii) and (iv)
of our main theorem.
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84.3. Transformation near the double turning point

In this section we follow the discussion given in [KT2, Section 4]. Namely, with the
aid of Theorem 2.7, we construct a pair of formal series xP*(%,%,7) and tP*(, n)
which transforms (SL ;) and the deformation equation (D) to (SLi) and (Dr).

Let us first fix the correspondence of the parameters: For a given pair of
parameters (&,3) = (300 o0 "@n, S o0 "Bn) of (Ay,7y) satistying (2.11),
we choose (A(n),B(n)) = O reon "An, > peon "By) in (2.35) and (o, 8) =
(ZSLO:O N "o, ZZO:O ninﬂn) n (/\H, I/H) so that

(4.21) En(a, ) = —16A(n)B(n) = Es(&,f).

Here E;(&, 3) and Err(a, 8) are the formal power series defined in (2.23). Lemma
2.4 guarantees that such a choice of parameters is possible. Then the discus-
sion in Section 2.3 enables us to construct formal series Z;(%,%,1) and §;(%,7)
(resp., z11(#,t,m) and sy1(£,n)) satisfying the properties in Theorem 2.7 for such
(A(n), B(n)); that is,

(422) J(gJ(t7 7])7 A(n)a B(n)) - nl/zéJ(S‘J(i s da B)a {7 77),
(4.23) o(su(t,n); A(n), B(n) = n*"*zu(Au(t, n; o, ), £,).

Similarly to [KT2, Section 4], define

(4'24) P (i‘v E’ 77) = ZI_Il(gJ (i‘a fa n)’ SJ(tNa 77)’ 77)7
(4.25) tPre(Em) = syy' (3(E,m), 7).

Then each coefficient of the formal power series 2P™(%,%,7) is holomorphic in &
near ¥ = \o(f) and also in £ on V, and each coefficient of tP*¢(#,7) is holomorphic
in £ on V. Furthermore, zP*(Z,,7) and tP*(f,n) have alternating parity; that is,
if we denote by {x?;g (2,t,m)}520 (vesp., {t;’;g (t,m)}320) the coefficient of n=9/2 in
the formal series (4.24) (resp., (4.25)), then:
e 20"°(%,1) and t§™(t) are independent of 7,

. x‘l);z and tll’;z vanish identically,

e for j > 2, the n-dependence of z??%(i’,f, n) and t?;;(f, n) is only through the
instanton terms exp(f®;(£,1)) (£ =j — 2 — 2m with 0 <m < j — 2).

Lemma 4.3. The top terms x§'°(Z,t) and t§°(t) coincide with xo(Z,t) and to(t)
constructed in Section 4.2, respectively:

(4.26) &) = wo(@, D), () = to(d).
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Proof. Tt follows from (2.45) and the normalizations (4.1) and (4.3) that 5™ (#)
satisfies

G1(t) = i (L5 (2)).

Hence it coincides with ¢o(t) constructed in Section 4.2. Furthermore, by choosing

a branch of the square root in (2.42) appropriately, we can show that z{)"°(Z, t) sat-

isfies the following conditions in a neighborhood of the Stokes segment 4, of (SL):

2b (M), ) = Xo(to(f),  (925/07)(No(f), 1)) # 0,
Zy (-i‘v 5)1/2 =Zu (xgre('%’ E)v 5)1/2-

Here Z; and Zyy are given in (4.16), and the branches of Z;(%,)"/? and Zy(z,t)*/?
are chosen so that they are positive on 47 and 7. Thus, the top term z§™*(%,t) of
xP*(%,%,7n) (defined by choosing an appropriate branch of (2.42)) also coincides
with x0(%,%) constructed in Section 4.2. O

Therefore, the top terms of zP™(Z,,7n) and tP*(,7) enjoy the desired prop-
erties. Moreover, they give a local equivalence between (SL ;) and (SLyr) together
with their deformation equations (D) and (Dy1) near & = Ao(#) in the following
sense.

Proposition 4.4 ([KT2, Section 4]). The following equalities hold near & = Ao(%)
andt € V:

_ 5 pre B B B
(427) SJ,odd(:Eatvn) = < o7 (‘%7157n))SH,Odd(xpre(‘%atvn)atpre(tvn)vn)a
dzPre ~ - OzPr - - otpre
42 — (T t = A T t - A pre gy t tpre t — =
( 8) of (.’E, 777) J(l', 777) o7 II(:E (SL’, 377)7 ( 7”))77) ot

It follows from (4.27) and (4.28) that, if a WKB solution ¢r1(x, t,n) of (SLir)
also solves the deformation equation (Dry), then

_ B Hypre 5 -1/2 B B
Yu(@,tn) = ( oP (&tm)) Y (@@, €, m), 7" (1, m), )
is a WKB solution of (SL ) which also satisfies (D) simultaneously near & = Aq(#)
(cf. [KT2, Proposition 3.1]).

Therefore, the formal series defined by (4.24) and (4.25) are “almost as re-
quired”. However, the coefficients of 2P™(%,#,7) may not be holomorphic near a
pair of simple turning points a; and as, for the following reason.
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The equality (4.27) tells us that the coefficient xi.’;;(i",f, n) (7 > 1) of

xP'(Z,t, ) satisfies the following linear inhomogeneous differential equation:

(4.29)

oz 9xy 0S dxo DS_1 =
/2 ) —1 re Zo — 7
5 T ar or (T0rto)al + e o (@ )t = Rya(.1).

Here S_1(x,t) = \/Quo(x,t) is the top term of Sty oaa(,t,n) and R/, consists
of the terms given by z{™, ... ,m?;il)/2. Since the coefficients of Sjaa(%,%,7) are

S*l(‘rOv tO)

singular at simple turning points, the coefficient R;/, may be singular at & = a;
and T = ao, that is, xp;; is not holomorphic there in general.

Recall that the transformation series 57 (#,7) and spi(t,n) contain infinitely
many free parameters as explained in Section 2.3. Thus the formal series tP™(Z, 7)
also has free parameters, which will be denoted by C,,, and we write

(4.30) Cln) = n"Ca.
n=1

Since the free parameters enter 5;(f,n) and si(t,n) additively (cf. Section 2.3),
the formal series tP*¢(f,7) contains the free parameters in the following manner:

(4.31) 51(t,m) = su(t™(t,n),m) + C(n).

In the subsequent subsections, we will show that, by appropriately choosing the
free parameters C, (i.e., correcting the choices of t;’;g’s in (4.29)), p;e ’s become
holomorphic in neighborhoods of both simple turning points £ = a1, as. The con-
dition on C,,’s together with the constraint (4.21) between the parameters (&, 3)
and (a, 3) gives a correspondence between 2-parameter solutions (A, 7;) of (Py)

and (>\H7 VH) of (PH).
84.4. Matching two transformations

With the aid of the idea of [KT2|, we show that by appropriately choosing the
free parameters C,, the coefficients x?;e of the formal series 2P™(%,,7) become
holomorphic in a neighborhood of one of the two simple turning points & = a; and
T = as.

The following lemma can be shown as in [AKT1] and [KT2].

Lemma 4.5 (cf. [AKT1, Lemma 2.2], [KT2, Sublemma 4.1]). For each k = 1,2,
there exist an open neighborhood U,C of ¥ = ax(t) and a formal series

_ k)~ 7
(4.32) y M (& Z?? 312y (@, E, )

satisfying the following conditions:
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i) Each coefficient (k) Z,1,m) is holomorphic in U xV.
(i) Y (Tt K

(ii) The top term y( )(:U,f) is independent of n, and 8y(()k)/8§: never vanishes on
U, xV.

(iii) y(() )(x t) satisfies y( )( k(t),t) = ar(to(t)) and maps the Stokes segment Jy,
of (SLy) to the Stokes segment i of (SLi) locally near & = a(t).

(iv) yy;; vanishes identically.

(v) For j > 2, the n-dependence of yﬁ%(:ﬁf, n) is only through the instanton
terms exp(£® 7 (t,m)) (L =7 —2—2m with 0 <m < j — 2).

(vi) The equalities

o ~ 7 0 ~ ~ 7 re
(433) SJ,Odd(x’tvn) < gi‘ (l’, ))SH odd(y(k)(xat,n)atp (tﬂ?),ﬁ)a

* )
agg P A

~ 7 re /1 atpre
— An (Z/(k) (Z,t,m),t""(t,n),n) i
hold on U}, x V.. Here tP(t,n) is given in (4.25).
The top term yék) (#,1) is fixed as the unique holomorphic function near # =

ay(t) satisfying

(4.35) Qo(@,1) = ( (k) )\/QHO (%,1),1)

at ¥ = a(f) and condition (iii) in Lemma 4.5. Since (%, ) constructed in Section
4.2 also satisfies the conditions for both k = 1,2, we conclude that

(4.36) v (@,8) = i (2,8) = 20(&. ).

Now we try to adjust the free parameters C,, that remain in tP*(¢,7) as de-
scribed in (4.31) so that the higher order terms of the transformations zP™ (%, ,7)
and y(l)(s?:,f, 1) constructed above coincide. This is a kind of “matching prob-
lem” which has been used in constructions of WKB theoretic transformations in

[AKT1], [KT1], [KT2], etc.
In this subsection we denote by yP*(Z,#,n) the formal series y(!) (%, ,7), and

write
(4.37) yPre(i,2,m) Zn-m ez, ) (= y V().

We note that the coefficients of the formal series y(¥) (#,1,7m) are holomorphic along
each Stokes curve emanating from a(f) (cf. [AKT1, Appendix A.2]). Thus, there
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exists a domain in the Z-plane on which the coefficients of both formal series
2P*(%, £, 1) and yP*(Z, %, n) are holomorphic since the Stokes segment 7; connects
the simple turning point @ () and the double turning point Ag(f) of (SLj) when
t = t,. In what follows we suppose that # lies in this domain. To attain the
matching, we introduce the following functions:

(438) R(xvta 77) = / n_lsll,odd(xat7n) dl’,
ay(t)

(4.39) F(&,t,n) =R (a”(Z,t,n), 1" (¢, ), n),

(4.40) G(z,t,n) = R(ypm(i, t,n), tP"(t,n), r]).

Due to the factor ! in (4.38), F and G become formal series starting from 7n°.
It is clear from the definition (4.27) and (4.33) that

O(F -6 15 Lz “1G =7
(441) % =n 1SJ70dd(xat7n) -n 1SJ,Odd(x,ta77) = 0.

Furthermore, using (2.22), (4.27) and (4.28), we have

oOF

E = nilSH,Odd (xpre(j, t~7 77)7 tpre(t: n)a 77)

oxPre - - - otrre
(&1 App (2P (&, F,m), tPre (1 (i
><( 5 (T,t,n) + A (aP (T, t,n), 7" (t,n),n) 5 (,77))

pre

1w .= OxPre - -
=n""A,(z,1,n) B (2,1,7)S11,0aa (™ (Z, £, 1), t7*°(£,1),7)

- 77_114](‘%757 77)§J,odd(557£7 77)

by a straightforward computation. In the same way we have

0g _ T oNG .

E =1 1AJ(I7 ta TI)SJ,odd(L ta 77)
Therefore,
(4.42) NF=9) _,

ot
Combining (4.41) and (4.42), we conclude that
(4.43) F=G=> 0L,
§=0

with genuine constants Zj 5.
Let us prove the following statement (x); for any j by induction on j:

(x); A correct choice of t?;g entails the vanishing of Z; , and coincidence of x

and y?/r;

pre
il2
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As shown in Section 4.2 and (4.36), (*)o holds. Since 275 = 75 = 0 and

tf;‘; =0, (*); is also valid. Suppose j > 2 and () holds for all k¥ < j. It follows
from (4.39) and (4.40) and the induction hypothesis that

(4.44) Tija = S-1(xo, to) (2} — y2)5)-

Here S_i(z,t) is the top term of Siieada(x,t,n). On the other hand, as we have

seen in (4.29), the functions xi’;z and y?;g satisfy linear inhomogeneous differential

equations
(4.45) La:?;; =Rz, ... ax?;:)/w (7S ,t?jril)/g),
(4.46) Ly;?/rg =R(yy™, ... ,y&fl)/z, e, ... ,t?;il)/z),
where L is a differential operator defined by
ow  Oxg0S_4

4.47 Lw=S5_,(x0,t0) 28 4 CX0IO-1 () 4
(4.47) w 1(o, to) 9 T o5 on (zo,to) w

a‘TO 8571 pre

o5 ot o)t
and the right-hand side of (4.45) (resp., (4.46)) is a function determined by :135,72
(resp., y?,%) and t;’,r?? with j/ < j — 1. The induction hypothesis implies that

R(zf™, ... ,xl(’;il)/2,tgre, . ,t?;e_l)ﬂ) =R(yd", ... ,yf;il)m,tgre, . ,t{’;e_l)/Q).

Moreover, since x?;z is non-singular near Z = A\o(f), the right-hand sides of (4.45)

and (4.46) must be holomorphic at = Ao(Z). The method of variation of constants
shows that yf;g has an at most simple pole near & = A\o(f), and has the form

. pre 7
(4.48) yy5(@.tm) = 262;/;((;::;)) — ;géiig; + (regular function at & = \o(%)).
Here d;5(t, ) is determined by 1:?,7’2 and t;’,r72 with 5/ < j — 1 and, in particular,
independent of t;’;g. Substituting (4.48) into (4.44) and taking the limit & — Ao (%),
we obtain

(449 SVED Go(®) (275 m) — dy o) =T,

Here we have used the equalities (2.15), (4.19),

Sfl(l‘o,to) = (.%‘0(.%,1?) - )\O(to(g)))\/RII(x0(£7£)7tO(£))7

and the fact that :c?;; (#,1, 7) is holomorphic at # = Ag(f). Again we emphasize
that Z;/, is independent of .
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). Then, in view of (4.31), the free

Suppose that j is even, j = 2n (n > 1
parameter C,, remains in t?;; (t,n) = tP™(£,n) in the form

(4.50) e = (G20®)) 0+ NG

Here so(t) is the top term (2.45) of the formal series sy1(t,7) and hence

0 (ol®) = 5 F t0(D)

is non-zero, at least when ¢ = #,. The term N(#,7) in (4.50) consists of terms
which are independent of C,,. Thus, (4.49) and (4.50) show that a suitable choice
of the free parameter C,, makes Z;/5 = Z,, vanish. Hence (4.44) implies

(4.51) a:?;;(a?,f, n) = ;’;g(i:,f, n),

that is, the claim ().

Next we consider the case where j is odd. In this case, by alternating parity,
Z;/» must contain only odd instanton terms, and hence it never contains constant
terms. Thus Z;/ must vanish, and (4.44) implies (4.51).

Thus (x); is valid for every j. In other words, the formal series zP™(Z,%,n)
and yP*(Z,t,n) coincide after the correct choice of free parameters:

(4.52) (&, 8) = yP (@, 6 m) (= y V(@ En)).

Since all the free parameters in tP*(f,7) have been fixed, the correspondence of
parameters between (&(n), 5(n)) and (a(n), 5(n)) is also fixed. In what follows we
always assume that the parameters are chosen so that (4.52) holds, and denote by

(4.53) t(tn) => 1777t 5(tn)

Jj=0
the formal series tP*® after the correct choice of the free parameters. In the next
subsection, we will show that the formal series (4.52) also coincides with y® (z,,7)
and consequently the coefficients of (4.52) are also holomorphic near the simple
turning point & = ao(f).

84.5. Transformation near the pair of two simple turning points and
transformation of 2-parameter solutions

Finally, in this subsection we show that the formal series y(l)(i, t,n) and
y?(z,%,m) constructed in Lemma 4.5 coincide. Our choice (4.2) of the constant ¢
in (Prr) and (SL) enables us to show the following claim.
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Proposition 4.6. The formal series y ) (&,t,n) and y®(Z,t,n) constructed in
Lemma 4.5 coincide:

(4.54) yW(@,1,n) =y (2,1,0n).

Consequently, the coefficients of y)(&,1,1) and y ) (z,t,7n) are holomorphic in &
on a domain containing the pair of simple turning points & = a, (t), az(t) of (SLy).
Proof. We assume that case (A) in Figure 13 happens. The discussion below is
also applicable to case (B). Moreover, we will show (4.54) for £ = t,. This is just
for the sake of clarity, and our proof is also valid for any ¢ in a neighborhood V
of £,. (We may take a smaller neighborhood V' if necessary.)

By (4.52) the coefficients of y(*) (%, , 1) are holomorphic in & near \o(f). There-
fore, there exists a domain U’ containing a part of the Stokes segment 5 on which
the coefficients of both y(z,%,1) and y®)(&,¢,n) are holomorphic because 7,
connects ag(f,) and Ao(f.). In the proof of Proposition 4.6 we assume that # lies
in the domain U’. Note that the top terms yél) (#,1) and yéz)(i, t) coincide and are
holomorphic in U’ as we have seen in (4.36).

Using (4.33), we have

(4.55) / SJ,odd(f,ﬂn)df:/ Stt,oda (w0, t(t,n),n) dx
5 50

=y *) (&,t,1)

for k = 1,2 (cf. [KT3, Section 2]). Here the integration path 5ék) is a contour in
the domain Uj, depicted in Figure 14. That is, 53(;“) starts from the point on the

second sheet of the Riemann surface of y/Q.0(Z,) corresponding to Z, encircles

the simple turning point ag(t.) and ends at the point corresponding to & on the

first sheet. (The wiggly line designates the branch cut for 1/Qjo(Z,t).) The path

Figure 14. The paths (i%k)
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6§¢k) is defined in the same manner for J = II. The right-hand side of (4.55) is
written as

(4.56) /(k) Stt,oda(®, t(t,n),n) dx = Sttoda(, t(t,n),n) dx
5¢ @

=y k) o 5 :yék)

- 0" S11,0dd , (k - (y(’f) _ y(k))n-',-l
+> W(yé )7t(t’n)’n)T01)l

n=0 .

by (formal) Taylor expansion. Taking the difference of both sides of (4.55) for
k=1 and k = 2, we have

(4.57) [SJ,odd@,f,n) d5 = / Sttoaa (e, t(f, 1)) da
5’ 5’

> 9"S110 ~ y@ — go)H — (y) — go)nt!
+Z¢<$07t(t;n)an)( O) (n_"_i)' 0) 3

where ¢’ is a closed path in U] UU3 which encircles the pair of simple turning points
ai(t«) and @z (t.) as indicated in Figure 15 (&’ is defined in the same manner for
J = 1II). Here we have used the equality (4.36).

Figure 15. The cycles &', oy and 4.

Now we prove the following key lemma.

Lemma 4.7. If the constant ¢ in (Pr1) and (SLy) is chosen by (4.2) and the free
parameters satisfy (4.21), then

(458) -/gtjyodd(i',g,ﬂ)df:/ SILOdd(SU,t,T]) dx.
&/ &/

The left-hand (resp., right-hand) side of (4.58) does not depend on t (resp., t),
and hence (4.58) is an equality for constants.
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Proof. Let 4 be a closed cycle encircling two Stokes segments 4; and 7, as indicated
in Figure 15, and 0 be a similar cycle for J = II. The cycles can be decomposed as
8 =6—0by and & = § — 8y, where 8y is a closed cycle encircling the double turning
point Ao(%,) as in Figure 15, and &y is defined in the same manner for .J = II. Then
(4.21) implies that

(4.59) : g]pdd (i, E, ’r]) dr = SII,odd(l‘; t, 77) dx
60 60

since EJ/4 and Epp/4 are the residues of S’Jyodd(ff,f, n) dz and St cda(z,t,n)dx
at the double turning points 5\0(1?) and Ao (to(t)), respectively. In particular, both
sides of (4.59) are independent of ¢ and t.

Furthermore, our choice (4.2) of the constant ¢ in (Pr1) and (SLip) entails that

(460) / S"J’Odd (LZ‘, t~, ’I]) df = / SILodd (LL', t7 ’I’]) d{E
é 5

for the following reason.

First, since we assume that all singular points of Q 7.0(Z,t) are poles of even

order in Assumption 4.1(5), \/Q0(%,%) (and hence S;oqa(%,%,7)) does not have
branch points except for () and s (#). Therefore, the left-hand side of (4.60)
reduces to the sum of the residues of S oqq(%,f,7) d# at singular points of (SL.).

As is noted in (2.31), these residues coincide with those of n1/Q.o(%,#) d#. Thus
we have

(4.61) /SSJ,odd(i"afv n) di :77/8\/ Qu0(%,1) di.
On the other hand, the equality (4.17) shows that
(4.62) fs\/ Quo(&, 1) di = Q(L \V Quo(Z,1) di — L Quo(Z,1) di’)

1 2

_ [2 VED (@) di = 2ric.
1

Here we have used (4.2). Since (4.61) and (4.62) also hold for J = II, we have
(4.63) /531170(1(1(:5’ t,n) dx = 2mwicn.
Combining (4.61)—(4.63), we obtain
(4.64) /SSJ,Odd(i, t,n) di = 2micn = /651170(1(1(35, t,n)dx,

which proves (4.60).
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As is explained above, we have

~ gJ,odd(fi; 57 77) dz = / S’J’Odd(‘%, tN, 77) dzr — ~ S.],odd (i’, tN, 77) d.’ﬁ,
5 5 5o
Sti,0dd(z, t,m) dx:/SILodd(l'atan) dz — [ Smeda(z,t,n)de.
5 5 5o
Therefore, the desired equality (4.58) follows from (4.59) and (4.60). O
By Lemma 4.7, the equality (4.57) implies that
— 0" S11,04d - (Y — 2)" ! — (y) — o) !
4.65 —_— t(t =0.
( ) ~ o (1‘07 ( 377)7 77) (n n 1)'

The coefficient of n~U~2)/2 on the left-hand side of (4.65) can be written as

2 1 2 2 1 1

where S_(x,t) is the top term of Sty caa(®,t,1), and Tj /5 (y(()z), ... 7y8‘)—1)/2) (resp.,

Tj/g(yél), ~-’y8)_1)/2)) consists of the terms given by yéQ),...,y((?)_l)/Q (resp.,

yél),...,yg)_l)/z). Hence we can prove yj(,})Q(i”,f, n) = ](,3)2(5:,{, n) for all j > 0

by induction. O
Set

(4.66) wo(@,1,n) = a”(&,6n) (= y (@, 1n) =y® (@ En)).

We have proved that the coefficients of the formal series x(&,#,7) are holomorphic
in a domain U containing the double turning point 5\0(5) and the pair of simple
turning points @, (t) and as(t). The formal series z(&,%,7) and ¢(£,n) have almost
all the properties desired in Theorem 4.2.

It remains to prove (4.7). This is a consequence of Proposition 4.4; in fact,
(4.28) reads

(4.67) 2By (Z,t,n

Oz

ot
Here Bj(Z,1,n) is defined to be (Z — As(Z,7))A;(Z,t,1), which is holomorphic at
& = As(f,n) in view of Table 5. Since the right-hand side of (4.67) is non-singular
at = As(f,n), we find

= — +2(z(z,t,m) — Au(t(t,n),n)

(468) l‘(;\J(E, n)’fv 77) = /\II(t(E’ 77)777)'

Thus we have proved all claims in Theorem 4.2.
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§5. Transformation to (P (p,)) on loop-type P-Stokes segments

In this section we show our second main claim concerning WKB theoretic trans-
formation of Painlevé transcendents on a loop-type P-Stokes segment. We put ~
over variables or functions relevant to (Py) and (SL;) as in the previous section.

85.1. Assumptions and statements

Let (As,75) = (A\s(E,m;&, 3), 05(f,m; &, B)) be a 2-parameter solution of (Hy) de-
fined in a neighborhood of a point £, € Qy, and consider (SL;) and (D) with
(:\ J, V) substituted into their coeflicients. In this section we impose the following
conditions.

Assumption 5.1. (1) J € {IIl'(Dy),III'(Dg),IV,V, VI}.

(2) There is a P-Stokes segment I of loop type in the P-Stokes geometry of (Py)
which emanates from and returns to a simple P-turning point 7 of s (which
is not of simple-pole type), and the point £, in question lies on [ as indicated
in Figure 16(a).

(3) The function (2.9) appearing in the instanton ®;(,7) of the 2-parameter
solution (A;,7;) is normalized at the simple P-turning point 7:

(5.1) 6.(1) = / D@ di

Here the integration path is taken along one of the paths f571 or 1:‘5,2 shown
in Figure 16(a). (Since there are singular points inside a loop-type P-Stokes
segment in general, the two paths I'; ; and I'; , are not homotopic in general.)

(a): The loop-type P-Stokes segment I"
(b): The Stokes geometry of (SL;) at

t =t
Figure 16. The P-Stokes geometry of (Py) and an example of the Stokes geometry
of (SLj) satisfying Assumption 5.1.

(4) The Stokes geometry of (SL;) at t = ¢, contains the same configuration as in
Figure 16(b). That is, the following conditions hold:
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e The double turning point S\O(f*) is connected to the same simple turning
point @(t.) by two Stokes segments §; and 7,. Here the labels of the Stokes
segments are given as follows: When # tends to 7 along the path f‘g,l (resp.,
ft~72) depicted in Figure 16(a), the Stokes segment 7 (resp., ¥2) shrinks to
a point (cf. Proposition 3.5).

e The union of the Stokes segments 7; and 7. divides the z-plane into two
domains. Let W be the one which contains the end-points p; and po of two
Stokes curves of (SL;) emanating from \o(f) other than 4, or 3. Then the
end-point of the Stokes curve emanating from a(t,) is not contained in the
domain W. (Unlike in Figure 16(b), the domain W may contain & = ooc.

Also, the points p; and ps may coincide.)

(5) The domain W defined above contains no turning point of (SLj) other than
a(t) and Ao(f). All singular points of Qs o(%,%) (as a function of &) contained

in W are poles of even order.

Since the P-Stokes geometry for J = I, II, and III'(Dg) never contains a
P-Stokes segment of loop type, we have excluded these cases. Similarly to Theorem
4.2, under Assumption 5.1 we will construct a formal transformation series to the
third Painlevé equation (Pyy(p,)) of type Ds.

We fix the constant ¢ contained in (Pyy/(p,)) and (SLiy(p,)) by

(5.2) c= %/ﬁwﬁ}l)(f) di,

where the integration path is taken along the loop-type P-Stokes segment I' in
the same direction as the integral (5.1); that is, when (5.1) is defined along the
path ff,l (resp., fﬂz) in Figure 16(a), then the integration path in (5.2) is taken
in the counter-clockwise (resp., clockwise) direction along I'. Here we assume that
c € iR5¢. The P-Stokes geometry of (Pirr(p,)) (described in the variable u given by
(3.11)) is the same as in Figure 17 (P) when c is given by (5.2). Thus, the P-Stokes
geometry of (P (p,)) has a loop-type P-Stokes segment I' starting from and re-
turning to the same P-simple turning point r. (As is remarked in Section 3.3, when
c € iR<q, the P-Stokes geometry of (Piry/(p,)) is the reflection u — —u of Figure 17
(P), and our discussion below also applies to the case ¢ € iR«q.) Furthermore, we
can verify that the corresponding Stokes geometry of (S Ly (p,)) on the loop-type
P-Stokes segment I' is the same as the Stokes geometry in Figure 17 (SL). That
is, when a point ¢ lies on I, the corresponding Stokes geometry of (SLyy(p,)) has
a double turning point z = Ag(¢t) and a simple turning point = a(t), and two
Stokes segments v and 4/, both connecting A\o(t) and a(t). These Stokes segments
are labeled as follows: When ¢ tends to r along the path T'; (resp., I'}) depicted in
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5
\ ¢
I‘\/
t a(ts)
Ty
r
Ao(t+)
(P): The P—St.okes geometry of (P (p,)) 5
(described on the u-plane) (SL): The Stokes geomtry of (SLyr(p,))
at t =t«

Figure 17. The P-Stokes geometry of (P (p,)) and the Stokes geometry of
(SL(py))-

Figure 17 (P), the Stokes segment v (resp., 7') shrinks to a point (cf. Proposition
3.5).

Having the above geometric properties in mind, we formulate our second main
result.

Theorem 5.2. Under Assumption 5.1, for any 2-parameter solution (5\], vy) =
()‘J(ta 5 077 5)3 ﬂJ(ta ; da 5)) Of (HJ)7 there exist
e an annular domain U which contains the union Y1 UA2 of two Stokes segments,
e a neighborhood V of t,,
e formal series
x(‘;i"a .Ea 77) = Z n_j/zxj/Q(i‘a 57 77)? t(£’ 77) = Z n_J/ztj/Z(fa 77)
Jj=0 j>0
whose coefficients {x;,5(Z,t,1)}520 {t;2(t,n)}52, are functions defined on
U xV and V, respectively, and may depend on n,

e a 2-parameter solution

(A1iv(Dy)» Vi (pq)) = (At (og) (815 @, B), v (o) (£, 15 @, B)),
(o, B) = (Z N ", Y n’”ﬂn),
n=0 n=0

of (Hur (p,)) with the constant ¢ being determined by (5.2), and the function
(2.9) appearing in the instanton @iy (p,)(t,n) that is normalized at a simple
P-turning point r of (P (p.)) as

t
(5.3) bur(py) (1) = / v F1(111)/(D7)(t) dt,
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which satisfy the relations below:

(i) The function to(t) is independent of n and satisfies

(5.4) ¢ () = b (py) (to(f)).-

(ii) dto/dt never vanishes on V.

(iii) The function xo(Z,t) is also independent of n and satisfies

Here \o(t) and a(t) are double and simple turning points of (S Ly (p,))-

(iv) dxo/0F never vanishes on U x V.

(v) @172 and ty/o vanish identically.

(vi) The functions {x;2(Z,t,n) 320 are single-valued in the annular domain U
as functions of x.

(vii) The n-dependence of x;/o and t;o (j > 2) is only through the instanton
terms exp({® 5 (t,n)) (£ = j —2—2m with 0 < m < j —2) that appear in the
2-parameter solution (Aj,7y) of (Hy).

(viii) The following relations hold:

(57) 'T()‘J(E’ m; 6‘7 6)7 .Ea 77) = )‘IH’(D7) (t(£7 77)’ &, 6)7
~ 7 2
65:5) Q@) = (P15 ) Qo el i)
1 -
- 57]72{3:(57775777)7'%}’

where the 2-parameter solutions of (Hj) and (Hyry (p,)) are substituted into
(A, v) in the coefficients of Q and Qi (p.), respectively, and {x(z,t,m); 7}
denotes the Schwarzian derivative (2.41).

§5.2. Construction of the top term of the transformation

First we explain the construction of ¢y(#) and x(Z,#). In the proof we consider the
case where the integration path (5.1) is taken along the path fﬂl in Figure 16(a).
(This additional assumption is imposed just to fix ideas, and our discussion below
is also applicable to the case where the integration path is taken along 1:‘512.) Then
the definition (5.2) of the constant ¢ implies that

(5.9) /F VE (@) dff/i VES (@) df:/f\/ﬁg”(f) df = 2mic.
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Let us construct to(f). Similarly to Section 4.2, under the assumption that £,
lies on the P-Stokes segment I', we can construct ték) (t) so that

(5.10) bsk(t) = ¢III’(D7),k(t((Jk) (1))

for k = 1,2, where

6.1 @ = [ VA O ot = [ R0
t,k t,k

Here the path T’y for érpr(p,)k(t) is a path from the P-turning point r of

(Prir(py)) to t defined by the following rule. Note that, under Assumption 5.1(4),

we have the following two possibilities for the Stokes geometry of (SL;) at t. (see

Figure 18):

(A) The Stokes segment 7o follows the Stokes segment 47 in the counter-clockwise
order near Ag(Z,).

(B) 4 follows 7, in the clockwise order near Ao(Z,).
Then we set

(T'y,T;) when case (A) happens,
(5.12)  (Ty1,Tya) =4 ' ) (A)
(T},,T;) when case (B) happens,
where I'; and T'; are the paths depicted in Figure 17 (P). Moreover, the branch of
FI(Ill),(D7)(t) in (5.11) is chosen so that the sign on the right-hand side of (3.17)
is 4+ (the orientation of I' is given appropriately):

1 1 .
(5.13) /F V Fli o (8) dt— /F Vi o (8) dt = /F V Fli o () dt=-+2ric.
t,1 t,2

This choice (5.12) of I'; ; and T'; 5 is essential in the construction of z¢(Z,t)

72 ol

-}
=
Y
[

Figure 18. Two possibilities for adjacent Stokes segments of (SL ).
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Since the right-hand sides of (5.9) and (5.13) coincide, by the discussion of
Section 4.2 we can show that t(()l)(f) = t(()z) (t). We define to(f) = tél)(f) = t((f) (t).
Then, taking the path in (5.3) along I'; ¢, we have (5.4).

Next we construct zo(%, ). Set

(5.14)

(7,7") when case (A) happens,
(1,72) = p
(',v) when case (B) happens,

where v and 7 are the Stokes segments of (SLiy(p,)) in Figure 17 (SL). Then,
by (5.10) and our choice (5.12) of paths in (5.11), the discussion of Section 4.2
is also valid in this case because the relative location (a, 5\0,%,'72) of the simple
turning point, the double turning point and the two Stokes segments of (SLy)
completely coincides with those (a, Xo,v1,72) of (SLur(p,)). Thus we can con-
struct zo(Z, ) satisfying (5.5) and (5.6) and mapping the Stokes segments 7; and

2 to 1 and 7ya, respectively. Furthermore, z¢(Z,t) becomes single-valued in an
annular domain U containing 41 U 72 due to the following fact: At each turning
point @(f) and Ao(f), there exists a unique holomorphic function which maps 4,

to v1 and it must coincide with xo(Z, ).

In what follows we choose the branches of \/Qlo(i‘, t) and Qur (p-),0(x,t)
appearing in the proof so that

~ I | =(1) 3 17
.1 = - F
(5.15) /% Qro(z,t)dz 2/“ VE; (1) dt,
do — 1 (1) d
(5.16) Qi (py),0(2:1) =3 . B (pqy (1) dt
Yk t,k

for k =1,2. In (5.15) and (5.16) the Stokes segments are directed from the simple
turning point to the double turning point.

85.3. Construction of higher order terms of the transformation series
and transformation of 2-parameter solutions

Here we explain the construction of higher order terms of the transformation series.
We note that most of the discussion in Section 4 is applicable in this case. The
transformation series xP*¢(Z,¢,7n) near the double turning point is constructed in
the same manner as in Section 4.3, and the matching procedure of Section 4.4 is
valid since we have only used the fact that “there is a Stokes segment of (SLy)
connecting a simple turning point and the double turning point 5\0(75*)”. What
we have to prove here is the single-valuedness of the higher order coefficients of
formal series in the annular domain U containing the union 41 U 4 of two Stokes
segments.
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Define
(517) xpre(f’ Ea 7’) = ZI_HI/(D7) (éJ((za fa 77); SJ(E, 77)3 77)7
(5.18) P (,m) = si11 .y (8 (E,1),m)

in the same manner as in (4.24) and (4.25). Here we have fixed the correspondence
of free parameters (&, 3) of (As,7s) and (a, B) of (Ariv(p.y, Vit (p,)) so that

(5.19) E;(&,B) = Eur(py) (e, B),

similarly to (4.21). Let yM (z,£,1) and y® (&, £, ) be formal series which transform

(SLyj) to (SLir(p,y) near the simple turning point a(t) in the sense of Lemma 4.5.
Under our geometric assumption these two formal series coincide near Z = a(t)
for the following reason. Since the top term of y(()l)(:%,f) of y(&,f,n) maps the
Stokes segment 4 of (SLy) to the Stokes segment y; of (SLiy(p,)) by definition,
it also maps the other Stokes segment 75 to 5 simultaneously. Thus yél)(i:,f)
must coincide with y? (#,7) near # = a(f), and hence the higher order terms also
coincide, at least near ¥ = a(t). In particular, their top terms also coincide with
x0(Z,t) constructed in Section 5.2.

Furthermore, by the same argument as in Section 4.4 we can prove that all

coefficients of y™")(Z,,7) become holomorphic also at & = Ag(f) and we have
(5.20) (&, 8,1) =y (&, 1),

after we choose the free parameters in tP™(Z,n) appropriately. We denote by ¢(£,7)
the formal series tP™(Z,n) with parameters chosen appropriately in the above sense.
Then there exists a domain U’ near \(f) in which all the coefficients of the two
formal series y(") (,f,7) and y® (&,,7) are holomorphic. We have to show that
the analytic continuation of the coefficients of y(*) (Z,#,7) along the Stokes segment
41 coincides with the analytic continuation of the coefficients of y(z)(is, t,n) along
the Stokes segment 75 in the domain U’. We will prove that the single-valuedness
is guaranteed by our choice (5.2) of the constant c in (Pyy(p,)) and (SLr (p.))-

Proposition 5.3. The analytic continuation of the coefficients of y(l)(i,f, 7)
along the Stokes segment 41 coincides with the analytic continuation of the co-
efficients of y (&,t,1) along the Stokes segment ¥o in the domain U’ :

(5.21) y W (2,1,m) =y (2,1,).

Consequently, the coefficients of yV(&,t,m) and y (&,t,1) are holomorphic and
single-valued in T on an annular domain U containing 1 U 7s.
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Proof. In the proof we assume that case (A) in Figure 18 happens. (The discussion
is also applicable to case (B).) Moreover, we will prove (5.21) for ¢ = ¢,. This is
just for the sake of clarity, and our proof is also valid in a neighborhood V of 7,.
(We may take a smaller neighborhood V of #,.)

Let Z be a point in the domain U’. Similarly to (4.55), we have

(5.22) [ gJ,odd(i’aﬂ??)dj:/ SIH/(D7),odd($,t(tN,U)W)dm
50 PO

a=y ) (&,t,n)

for k = 1,2. Here the integration path gék) is depicted in Figure 19: it starts from
the point on the second sheet of the Riemann surface of y/Q s 0(Z,#) corresponding

to Z, goes to the simple turning point a(t.) along the Stokes segment 7, encircles
the simple turning point a(#,) and returns to the point corresponding to # on the
first sheet along the Stokes segment 7. (The wiggly line designates the branch cut
for 1/Qs0(2,1).) The path 5" is defined in the same manner for J = I (Dy).
Just as in (4.57), taking the difference of both sides of (5.22) for k =1 and k = 2,

we obtain

(5.23) /5 Soaa(@,T,m) di = /5 Stut (D) 0aa(@ t(F, 1), ) da

_ xo)n+1 _ (y(l) _ xo)n+1
(n+1)!

2. 9" S11(Dy).0dd - (y®@
+ Z #(x(%t(t)n)an)
n=0

Here 6 = 5+ + 6_ is the sum of two closed cycles S+ and 6_, where 5+ (resp., 5_)
encircles the double turning point Ag(#) and all singular points contained in the
domain W (cf. Assumption 5.1(4)) in the clockwise (resp., counter-clockwise) di-

rection on the first (resp., the second) sheet of the Riemann surface of 1/ Q.0(%, )
as indicated in Figure 19. The path ¢ for J = III'(D7) is defined in the same
manmner.

br

The thick solid line (resp., thick dashed
line) designates the cycle 64 (resp., 6—)

Figure 19. The cycles 5ék) (k=1,2) and =064 +0_.
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Under Assumption 5.1(5), there are no branch points of g]’odd(i‘, t,n) inside
the closed cycle §. Thus the left-hand side of (5.23) can be written as

(524) /SJ,Odd(jaE7 T]) dz :/: S’J,Odd(iaﬂ 77) di+/~ gJ,Odd(i‘7£a 77) dz
8

5y _
=47mi Res Sjyoad(Z,1,n)di+4miR = miE; +4miR,
Z=Xo(t)

where R is the sum of the residues of S_Lodd(ii, 1) dZ at the singular points of
Q0(Z,f) in W. As in the proof of Lemma 4.7 we have (cf. (4.61))

4miR = n/s \/ Qro(@, 1) di.

Here Q(LO(I%,{) is holomorphic at Z = 5\0(5). On the other hand, using (5.9) and
(5.15), we have

(5.25) f Qo(#,1)dz = 2(/ \/ Qr0(F,1) da:«—/ \/ Qr0(,1) da:«) = —2mic.
s Y2 Y1
Then (5.24) yields
(5.26) /SJ,Odd(i, t,n)di = miE; — 2micn.
5
The same computation is also valid for J = III'(D7) and we obtain
(527) /(SSHI’(D7),Odd (LL', t7 ’f]) dr = ﬂ-iEHI’(D7) — 271‘2'077

from (5.13) and (5.16). Since the parameters (&, 3) and (o, §) are chosen as in
(5.19), the equality (5.23) implies

=0.

i O™ St1(Dy)0dd (0. 1(E.) )(y(2) — 20)™ ! — (y) — zg)nH!
axn 0> 777 777 (n+1)!

n=0

Therefore, by induction we have the desired equality (5.21) on U’. Since y) (%, £, 1)

and y?)(&,,7) coincide at the simple turning point a(#) as is noted above, we have

proved the single-valuedness of the transformation series. O
Set

(5.28) w(Z,1,n) = (&, 8n) (=yW (@ Ln) =y®(@,1n).

Then, since the equations (4.67) etc. also hold if we replace II by III'(D7), we have

(5.29) z(\s(t,n),t,n) = At (pg) (E(E,m),m).

Thus we have proved all claims in Theorem 5.2.
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