Publ. RIMS Kyoto Univ. 51 (2015), 173-190
DOI 10.4171/PRIMS/151

The Bishop—Phelps—Bollobas Property:
a Finite-Dimensional Approach

by

Maria D. AcosTa, Julio BECERRA GUERRERO, Domingo GARCIA,
Sun Kwang KiMm, and Manuel MAESTRE

Abstract

Our goal is to study the Bishop—Phelps—Bollobéds property for operators from c¢o into
a Banach space. We first characterize those Banach spaces Y for which the Bishop—
Phelps-Bollobds property holds for (¢2,,Y). Examples of spaces satisfying this condition
are provided.
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81. Introduction

The Bishop—Phelps theorem [5] states that every continuous linear functional on
a Banach space can be approximated by norm attaining functionals. Shortly after
this assertion was proved, Bollobéds gave the following “quantitative version” of
that result which is called the Bishop—Phelps—Bollobés theorem [6].
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Theorem 1.1 (Bishop—Phelps-Bollobas Theorem, [7, Theorem 16.1]). Let X be
a Banach space and 0 < ¢ < 1. Given x € Bx and x* € Sx+ with |1 — z*(x)| <
€2/4, there are elements y € Sx and y* € Sx« such that y*(y) =1, |ly —z|| < &
and ||y* —z*|| < e.

After the Bishop—Phelps theorem was proved, a lot of attention was devoted
to extending it to operators. More recently the study of extensions of Bishop—
Phelps—Bollobés theorem to operators was initiated by Acosta, Aron, Garcia and
Maestre [2].

Definition 1.2 ([2]). Let X and Y be either real or complex Banach spaces.
The pair (X,Y) is said to have the Bishop—Phelps—Bollobds property for operators
(BPBp) if for every e > 0 there exists 7(e) > 0 such that for every T' € S, (x v,
if g € Sx is such that

[Tzoll > 1 —n(e),
then there exist an element ug in Sx and an operator S in Sg(x y) satisfying the
following conditions:

|Suoll =1, |juo—zol| <e and ||S—-T| <e.

Acosta, Aron, Garcfa and Maestre [2] showed that the pair (X,Y") has the
BPBp whenever X and Y are finite-dimensional spaces. They also proved that if
Y has a certain geometric property (property 8 of Lindenstrauss), then (X,Y") has
the BPBp for every Banach space X. They also characterized the Banach spaces Y
such that (¢1,Y") has the BPBp.

However, the case of X = ¢y is quite different and seems to be much more
difficult. Acosta et al. [2] showed that (¢2,Y) has the BPBp for every positive
integer n whenever Y is uniformly convex. Recently Kim [8] proved that (cp,Y)
also has this property under the same assumption. Aron at al. [3] studied this
question for Y = Cy(L), where L is a locally compact Hausdorff topological space.
They showed that the couple (X, Co(L)) has the BPBp if X is Asplund. This result
was extended by Cascales, Guirao and Kadets [4] to uniform algebras. Since ¢
is Asplund it follows that (co,Co(L)) has the BPBp. For more results where the
domain space is some space C(K) see also [1] and [9]. However until now there is
no characterization of the spaces Y such that (¢p,Y’) has the BPBp. In this paper,
we approach this problem by using appropriate finite-dimensional spaces. From
now on, we only consider real normed spaces.

In Section 2, we characterize the Banach spaces Y such that (£3,,Y) has the
BPBp. We also prove that uniformly convex spaces, C(K) and L;(u) always have
this property. We show that (¢3_,Co(L, X)) has this property if and only if (£3_, X)
does, whenever L is any nonempty locally compact Hausdorff space.
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§2. The Bishop—Phelps—Bollobas property for operators
from (2 into any Banach space

As usual, we denote by (2 the space R" endowed with the supremum norm. Since
(2 is isometrically isomorphic to £%, it is an easy consequence of Acosta et al. [2,
Theorem 4.1] that (¢2,, X) has the BPBp if and only if X has the approzimate
hyperplane series property for convex combinations of two elements. However, £3_
is not isometric to £3, and so we cannot get a parallel result.

In order to characterize the Banach spaces X such that (£2_, X) has the BPBp
we introduce the following property. This condition resembles the restricted 3-ball
property which is used to characterize when a subspace of a Banach space is an
M-ideal.

Definition 2.1. A Banach space X has the approzimate hyperplane sum property
for 03, (AHSP-£3,) if for every € > 0 there is §(¢) > 0 satisfying the following.

For every subset {z; : i < 3} C Bx with ||z1 + 22 — x3|| < 1, if there exist
a nonempty subset C' of {1,2,3} and z* € Sx- such that z*(z;) > 1 — d(¢) for
every i € C, then there exists {z; : 4 < 3} C Bx with ||z1 + 22 — z3]| < 1 satisfying
lzi — xi]] < e for every i <3 and ||}, 2 = |C].

We try to explain the idea behind the property defined above. It is trivially
satisfied that the unit ball of £3_ is the absolutely convex hull of four vectors. Indeed
one of these vectors can be written as a linear combination of the rest with scalars
{1,1, —1}. In this way, the set {z; : 4 < 3} in Definition 2.1 can be identified with
an operator T from ¢3_ into X whose norm is close to 1. Moreover the assumption
implies that T is close to its norm at some convex combination c¢; of the elements
{z; : i < 3} that belong to the unit sphere. The elements {z; : ¢ < 3} will be
associated to a new operator S close to T and attaining its norm at some convex
combination ¢ of {z; : ¢ < 3}, which is close to ¢;. This is why we assume that
several elements of the set {z; : i < 3} have the same supporting hyperplane. We
also notice that condition (3) in Proposition 2.2 below resembles the definition of
the approximate hyperplane series property (see [2, Definition 1.1]).

It is very easy to check directly that R has the above property. In any case,
later we will show more general results and provide several examples.

First, recall that a subset B C Bx- is 1-norming if ||z| = sup,.¢p |2*(x)| for
every x € X.

The following characterization will be useful.

Proposition 2.2. Let X be a Banach space. The following conditions are equiv-
alent:
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(1) X has the approximate hyperplane sum property for (3.

(2) There is a 1-norming subset B C Sx~ such that the condition stated in Defi-
nition 2.1 is satisfied for every x* € B.

(3) For every e > 0 there exists n(e) > 0 such that for every subset {x; : i < 3}
C Bx with ||z1 + z2 — x3]] < 1 and every convexr combination Zle T
satisfying

>1 _77(5),

3

S
i=1

there exist A C {1,2,3}, {z :1 < 3} C Bx and z* € Sx~ such that

(i) Dieai>1-—¢,

(i) |lzs — 24l| <€ for all i < 3,

(iil) z*(z;) =1 for alli € A,

(iv) llzr + 22 — 23] < 1.

Proof. Clearly (1) implies (2). Assume that X satisfies (2). Given 0 < € < 1, let
0 < d(e) < 1 satisfy the condition of Definition 2.1 for all * € B. Consider a
subset {z; : i < 3} C Bx with ||x; + 22 — z3|| < 1 and three nonnegative real
numbers «; for 1 <i < 3 with Zle a; = 1 also satisfying

3
HZ ;4
i=1

Then there exists z* € B such that

>1—¢ed(e).

3
Zam*(mi) >1—ed(e).

By [2, Lemma 3.3] the set A := {i < 3:2*(z;) > 1 — ()} satisfies the estimate
Z a; >1—c¢.
i€A

By assumption there exists {z; : i« < 3} C Bx satisfying

(ii) ||z — ]| < € for all i < 3,

(i) [ Xzsea zill = |41,

(iv) |lz1 + 22 — 23] < 1.

Hence X satisfies the conditions stated in (3) for n(e) = €d(e).

Now we assume that X has the property in (3). Given 0 < ¢ < 1/3, let

n(e) > 0 satisfy conditions (i) to (iv). We are going to check that § = n(e) satisfies
the condition of Definition 2.1. Let {z; : i < 3} C Bx satisfy ||z + z2 — 23] < 1,
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let z* € Sx« and let C' C {1,2,3} be such that z*(x;) > 1 — n(e) for every i € C.
We distinguish several cases.
Case 1: C' = {1,2,3}. We take a; = ay = a3 = 1/3. Obviously 327 | a; = 1

and 3 3
H; ozl > 3 ;x*(;vl) >1—n(e).

Thus there exist A C {1,2,3}, {z; : i <3} C Sx and z* € Sx- such that

(i) Djeai>1—e>2/3,

(ii) ||z; — =]l <e for all 4,
(iii) 2*(z;) =1 for all i € A,
(iv) ||z1 + 22 — 23| < 1.
In view of condition (i) we have A = {1,2,3} = C and so X satisfies the AHSP-¢2_.

Case 2: C has two elements. For instance, if C = {1,2}, we take a1 = an
=1/2 and ag = 0. We have

3
HZ QT
i=1
Therefore, there exist A C {1,2,3}, (2;)?_; C Sx and y* € Sx~ such that
(i) Yjeai>1—e>2/3,
(ii) ||z; — @] < e for all 4,
(iii) y*(z;) =1 for all i € A,
(iv) ||z1 4+ 22 — 23] < L.
Again, by (i) we have A D {1,2} = C and the condition in Definition 2.1 is
satisfied.
If C ={1,3} or C ={2,3} we can argue in a similar way.
Case 3: C = {k}. We take o, = 1 and «o; = 0 for i € {1,2,3} \ {k}. It is
straightforward that analogous arguments to those above show that X has the

> ;Zm >1-7(e).

approximate hyperplane sum property for £3_.
Let us remark that we have checked that the function d(e) = n(e) satisfies the
condition of Definition 2.1, where 7 is the function appearing in condition (3). O

Recall that a Banach space X is uniformly convex if for every ¢ > 0 there is
0 < § < 1 such that

[[u+ o]
2
In that case, the modulus of convexity of X is the function defined by

u,v € Bx,

>1-6 = |lu—v||<e

0(e) :==inf{l — |[u+v||/2 : u,v € Bx,|lu—v| > ¢}.
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Proposition 2.3. Every uniformly convex space has the approrimate hyperplane
sum property for (3.

Proof. Let X be uniformly convex with modulus of convexity §. Given 0 < & < 1,
take 0 < t = min{d(¢)/2,2¢/3}. Assume that {z; : i« < 3} C Bx with ||z +z2—23]]
<1,0#C c{1,2,3} and z* € Sx~ are such that z*(x;) > 1 — ¢ for every ¢ € C.
Then for all 4,7 € C we have

5(6) xi+xj
1- 88 g * <
5 = t<a:< B <

As a consequence ||z; — z;|| < e for all 4,5 € C.

If C = {1,2,3}, choose ig € C and take z; = z;,/||z;, || for every i € C. By
the definition of the modulus of convexity it follows that ||z; — x;|| < € for every
ieC.

Assume that C = {1, 2}; then

$¢+1‘j

2

2 -2t —a"(z3) < ax"(x1 + 22 —x3) < |21 + 29 — 23| < 1

Thus
1-0(e) <1 -2t < a™(x3).
By using again the fact that X is uniformly convex, if we take z3 = z;, /||z;,]|, all
the requirements in Definition 2.1 are satisfied.
If C = {1,3}, then it suffices to take zo = x5 and 21 = z3 = z1/||z1]|. The
case C' = {2, 3} is analogous. Finally, consider the case where C' contains only one
element, say C' = {1}. In that case we take z; = z1/|z1||. Hence

1
HZ1 + X9 —.%‘3” <1+ ||a'31||( — 1> <1+t
[E21|

If ||z1 + @2 — 23]] < 1 it suffices to take z; = z; for i = 2,3. Otherwise, we
write s = |21 + 2 — x5 — 1 and we know that 0 < s < ¢t < 2¢/3. We take
a=155b= 2(1715) and 20 = (1 — a)zy — bz1,23 = (1 — a)z3 + bz;. We have

|z <1-a+b=1—-——4+_" <1 i=23

zi| <l—a4+b=1- —— <1, i=2,3

1+s 2(1+s)

Moreover

21+ 22 — 23] = |(1 = 2b)z1 + (1 — a)(w2 — a3)|| = (1 — a)[|z1 + @2 — 3|

= 1 =1.
1—|—8( +5)

Finally, for ¢ = 2,3 we obtain
S S 35 3t

i — @il < b= = <5 <€
e —will S atb= o+ 505 T 2079 2 =°
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It is also clear that

x
ot — a1 = || —z1|| =1 — ||lz1| < 1 —t <e.
(E1]
Thus in each case we have proved all the conditions in Definition 2.1. O

Since R has the AHSP-£2_, from the next proposition it follows immediately
that the space Co(L) also has this property.

Proposition 2.4. Let L be a nonempty locally compact Hausdorff topological
space and X a Banach space. Then Co(L,X) has the AHSP-(3, if and only if
X does.

Proof. (1) Assume that X has the AHSP-¢2_ . Given € > 0 assume that § satisfies
the condition of Definition 2.1 for £/2. It suffices to show that (2) in Proposition 2.2
is satisfied for the set B = {2* 0 d; : t € L, 2* € Sx~} C S(cy(r,x))*-
Assume that {f; : i < 3} C Beyr,x), C C {1,2,3}, 2* € Sx~ and t; € L
satisfy
Ifi+fo—f3| <1 and 2*(fi(t1)) >1-0 VieC.

By assumption there exist {z; : i < 3} C Bx and z* € Sx+« satisfying
HZ1+22—Z3H Sl, ||Zl—f1(t1)|| <€/2 VZ§3, x*(zl)zl Vi e C.
Consider the open neighborhood U of ¢; given by
3
U= (teL:|fitt) - filty)l <e/2}.
i=1
By the Urysohn Lemma, there exists a function ¢ in Co(L) whose support is

contained in U, satisfying also 0 < ¢ < 1 and ¢(¢t1) = 1. Now we define three
elements in Co(L, X) by

9i=0¢zi+(1—9)fi (i<3).
It is clear that g;(t1) = z; for every i < 3, and for every ¢t € L we have
lgi (I < e@)] + 1 — o(t)] = 1.

Moreover g;(t) = f;(t) for any t € L\ U and ¢ < 3. If t € U, for every i < 3 we
have

19:(t) = fi®)l = [I(zi = fi@®)o(D)]| < llzi = fi(t)]| + [ fa(tr) = i@
<e/2+¢/2=¢.

Hence ||g; — fi]| < € for every ¢ < 3.
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Moreover,

lg+ 92 = gsll = llo(z1 + 22 = 2) + (A=) (f + o = fo) < 1

Since (z* 0 dt,) (g;) = 1 for every i € C, we have proved that Co(L, X ) has the
AHSP-£3,.

(2) Assume now that Co(L,X) has the AHSP-£3_. Given € > 0, let § satisfy
the condition of Definition 2.1.

Suppose that {z; : i <3} C Bx and for some z* € Sx» and ) # C C {1,2,3}
we have

|21 + 22 —23|| <1 and 2"(z;) >1-0 VieCl.

Since L is nonempty, we can choose ty € L. Again, by the Urysohn Lemma, we
can find a continuous function ¢ : L — [0, 1] with compact support and ¢(tp) = 1.
Observe that if L is compact we can take the constant function 1 as ¢.

Now we define f; € Be,(r,x) by fi(t) = ¢(t)x; for any i <3 and t € L. It is
clear that || f1 + fo — f3|| <1 and

(2% 0de)(fi) >1—=6 VieC.

By assumption there exists {g; : i < 3} C Bg,(z,x) such that

llg: — fill < e forevery i <3, |lg1+g2—g3] <1, and HZgi =1C|.
i€C
Hence there is ¢t; € L such that [C| = ||>,cc9ill = | D ,c09i(t1)]|. Clearly

llgi(t1)|l = 1 for every ¢ in C. On the other hand
| fi(t1) — gi(t1)|| < |[fi — gl <€ for every i < 3.
For any i € C, we have
1—e <|[lfit)ll = o(t) |zl < ¢(t1).

Finally, we define z; = g;(¢1) for ¢ < 3, and so {z; : i < 3} C Bx. For every
i < 3 it is clear that

2 = il < Il(g: = i) (Gl + 1 filtr) — i
<e+|lp(t)z; — x| <e+1— (1) < 2e.

Also
21 4+ 22 — z3]| < [lg1 + 92 — 93]l < 1,

HZZ’ = Hzgi(h)H =|C|.
i€eC ieC

We have proved that X has the AHSP-£3_. O

and
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Remark 2.5. We do not know whether AHSP-/2_ is stable under injective tensor
products. If it were, this would extend Proposition 2.4.

Our goal now is to show that every space L;(u) has the AHSP-£2..

Proposition 2.6. The space {7 has the approzimate hyperplane sum property
for €3 for every positive integer n. Actually, for every positive real e < 1, the num-
ber 0(e) = €/48 satisfies condition (2) in Proposition 2.2 for the set Ext(Bny-).

Proof. We check the last statement. Let 21, 22, 3 be elements in the unit ball of /7
with ||z1 4+ 22 — 23] < 1 and such that there is 2* € Ext(Bg ) fulfilling for some
subset C of {1,2,3} the condition z*(x;) > 1 — ¢ for every i € C. By applying an
isometry in ¢}, we can always assume that z*(e;) = 1 for every k < n. Hence

le(k‘) >1—§ foreveryie C, and |x;+xz2—zs| <1.
k=1

We are going to discuss the possible cases.
Case 1: C = {1, 2,3}. First, additionally assume that every z; is a nonnegative
element in Byr for ¢ < 3. We write

D={k<n:az3k) <z1(k)+22(k)} and E={1,...,n}\D.

Since

1-26 < Z(gcl +xo —a3)(k) < Z(wl +xo —a3)(k) < o1 + 22 — 23] <1,
k=1 keD

we have ||(z1 + 22 — z3)xE| < 26.
Define uz = z3xp + (1 + 22)xE. Clearly 0 < uz < z3 and so |ug| < 1.
Moreover

(2.1) lus — @3]l = [|(z1 + 22 — 23) xRl < 20

and
21 + 22 — us|| = ||(#1 + 22 — z3)xp| < 1.

From the definition of ug it follows that
0<uz <z + 2.

We write a = ||z1||, b = ||z2|| and ¢ = ||lug||. Since ||z1 + x2 — ug|| < 1 and
1+ 22 —uz > 0 we have a + b — ¢ < 1, that is,

(2.2) l—c<(1—a)+(1-0).
We define

zi=x1+ (1 —a)er, za=x2+ (1 —0le;, z3=wusz+(l—c)e.
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It is clear that 2; > 0 and 2; € Syp for every i < 3. Since a,b > 1—¢ and ¢ > 129,

we obtain
(2.3) |zi —x;|| <d fori=1,2 and |23 — us| < 26.

Since ug < 1 + x2, in view of (2.2) we obtain z3 < z1 + 22. Hence

n

21 + 22 — 23]l = Y (21 + 22 — 23)(k) = L.
k=1

We also know that ||z; — ;|| < ¢ for i = 1,2 and by using (2.3) and (2.1) we get
||23 — .133” < ||Z3 — U3|| + ||U3 - x3H < 26 + 26 = 49.

Thus we have proved the desired fact for nonnegative elements in £7.

Now we will prove that the condition in Definition 2.1 is satisfied in the case
C = {1,2,3} for any elements in (7. Assume that z; for i < 3 are elements in By,
satisfying

n
Zmz(k) >1-460 and |a;+z2—z3| <1
k=1
For 7 < 3 we denote
P, = {kgnzsci(k:) 20} and N;={1,...,n}\ P.
By assumption, for each i < 3 we have

1=6<) ailk) < ) wik) < |l < 1.
k=1

keP;

So u; = x;Xp, is nonnegative and satisfies 1 — § < |Ju;|| <1 and

(2.4) lus — @il = leoxw, | < 1—Jull <6 vi<3.

Hence
Hu1 + ug — U3|| < ||!E1 + x5 — :L‘gH + 36 <14 36.
Since 1 —26 < >3 (ur +us — ug)(k) < |lur + ug — ugl| <1+ 36, if we denote

D ={k<n:usg(k) < (w1 +u2)(k)} and E={1,...,n}\ D,

then >, - p(ur +ug —ug)(k) > 1 —26.

If |Jus + w2 — usgl| < 1, then we do not change the elements wu;,us and finish
the proof using the fact proved for positive elements. If ||u; + ug — uzl] > 1 we
write d = ||u; + ua — ug|| — 1. We clearly have

(2.5) d<(1+435)-1=35<1-20< Y (ur+uz —us)(k).
keD
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As a consequence, we can find v; € Byp for i = 1,2 such that

0 <vixp < uiXp, ViXE = UiXE,

(2.6)
lvi — ]| <d <35, usxp < (v1+v2)xD
and also
D lor+vs —ug) (k)] = > (01 +v2 —ua)(k) = Y (ur + ug — ug) (k) — d.
keD keD keD

From this equality we obtain

1 +v2 —ug| = [[(v1 + v2 — us)xpll + || (v1 + v2 — uz)xE|
= [(ur +uz —us)xpl — d + |[(ur +uz — us)xell = ur + uz —usl| —d =1.
In view of (2.4) and (2.6) we can also obtain
o1 — 21| < lor —wa || + [Jur — 21| <30+ 6 =40

and analogously [|vy — x2|| < 44. So we have

> ug(k) >
k=1

sz(k) >

k=1 k

1'3(]{)) >1-9,

M+ M-

xi(k) = |Jvi — ]| >1—-56 fori=1,2.
1

Let us remark that vi,vs and us are nonnegative elements in Bg?. By the fact
proved for positive elements, there are z; € Sgr such that

||23—U3|| <20(5, ||Zl+22—2’3|| < ].7 “214-224-23“ :3,

llz: — vi]] <206 fori=1,2.

Finally, for ¢ = 1,2 we obtain

(2.7) lz: — xs|| < |z — vil] + |Jvi — 24| < 200 + 46 =246 < e.
By (2.4) we have

(2.8) lzs — z3|| < |lz3 — us|| + |Jus — x3|| < 205 + 6 =210 < e.

Hence the statement is proved if C' = {1, 2, 3}.

Case 2: |C| = 2. We have either C' = {1,2}, C = {1,3} or C = {2,3}. The
last two cases are equivalent to each other. Hence we have only to check the first
two cases.

If C = {1,2}, we have *(x1) > 1 — ¢ and z*(z2) > 1 — ¢ too. In this case,
since ||x1 + 22 —x3]] < 1, we obtain x*(z3) > 1 —24§. By the fact proved in Case 1,
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the inequalities (2.7) and (2.8) imply that there are z; € Bx (1 <14 < 3) satisfying
l|2; — 2| < 485 < e for every i < 3, | 320_, zi|| = 3 and |21 + 20 — 23] < 1.

If C ={1,3}, then 2*(x;) > 1 -4 and so ||z;|| > 1—¢ for j = 1,3. If we
denote

P, = {kﬁn:mj(k) 20} (j=1,3)

then u; = x;xp, is nonnegative and satisfies 1 — 0 < [lu;|| <1 and |lu; — 24| < ¢
for j =1,3. For j € C, set v; = u; + (1 — |Ju;||)e1. We have ||v; — ;|| < 26 <&,
lvj|] =1 for j = 1,3 and 2*(vi +v3) = 2. If ||v; + 22 — v3|| < 1 we are done simply
by taking z; = v; for j = 1,3 and 23 = xs.

If a = ||vg + x2 — vs|| > 1, then
V1 | T2 U3

+ 23l =
a a a

)

and
a = |lv1 + a2 — vl < [|lw1 + @2 — @3] + [lwr — va]| + [z — vs]| <1+ 40

Let z; = vj/a+ (1 —1/a)e; for j = 1,3, and 2o = z2/a. Clearly ||z;|| = 1 for
j=1,3, 2"(z1 + z3) = 2 and ||22]| < 1. Moreover

U1 ) U3

a

||Zl+22—2’3|| = =1.

For j =1,3 we have ||v;/a —v;|| =1 —1/a and so

Iz — a5l < {lz5 — = ||+ || = —v;

1
+H’UJ—(EJ|| <2<1—a> +25<105<5,

and the conclusion follows in this case too.

Case 3: C is a singleton; we can clearly assume C = {1}. We will argue as
in Case 2. If we assume z*(z1) > 1 — 0 we take v; = z1xp, + (1 — ||lz1xp,[)er-
Then v; is a nonnegative element of the sphere of ¢} such that |jv; — x1]] <
20 < e. If |Jvg + 22 — 23]] < 1 we get the conclusion. On the other hand, if
a=|jvg + 22 —x3]| > 1, we have a < 1+ 2§, and so 1 — 1/a < 28. Then by taking
z1 =vi/a+ (1 —1/a)e1, 22 = x3/a and 23 = x3/a + (1 — 1/a)ey, we find that
2; € By for every i <3, 1%(z) =1,

1
21 + 22 — 23] = allm +xo — a3l =1
and also
|21 — 21|l <66 <&, flza—zaf| <26 <e, |lzg— a3l <4 <e.

We have proved that ¢} satisfies the AHSP-¢3 with §(¢) = £/48. O
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Theorem 2.7. Let X be a Banach space such that X = |J{Ys : « € A}, where
{Y, : a € A} is a nested family of subspaces of X satisfying the AHSP-03, with
the same function §. Then X has the AHSP-(3,.

Proof. By assumption and the proof of Proposition 2.2, we can assume that there
is a function 7 satisfying (3) in Proposition 2.2 for each subspace Y.

Assume that {x; : ¢ < 3} C By satisfies ||z1 + 22 — 23]| < 1 and also for some
element in the convex hull of {z; : ¢ < 3} we have

3 €
HZ ;|| >1— n(2>.
i=1
Choose t > 0 such that

3
1
t < 4min{;, ’;aixi 1+7)(;>}.

Since X is the closure of a nested family of subspaces, there exist Y =Y, C X
and y; € By for ¢ < 3 satisfying

lly: — =i <t forall 4 < 3.

Hence we have

3 3
H E a;yil| > H E T
i=1 i=1

If additionally ||y1 + y2 — y3|| < 1, then we are done since Y satisfies the
AHSP-£3,.
Otherwise,

— max{||z; -y i <3} > 1 w(;).

3

L <a:=|y1 +y2 —ysll < llz1 + 22 — 3] "‘Zsz_yz” <143t
i=1

and so
LI P ) ="
a a a
Since for every ¢ < 3 we have
; 1
‘yi—% <1--<3t,
a a
it follows that
) . €
P §||=szz||+‘yzzg <tH3t=4dt <z
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We also have

3 3
Yi . €
AR IS e | — i< _ _ ).
HE ala _HE ;X max{ z_3}>1 4t > 1 n<2>
i=1 =1
By Proposition 2.2 there are A C {1,2,3}, z; € By and y* € Sy~ such that

(1) Djeai>1—¢/2,

(ii) ||z — yi/al| < /2 for every i < 3,
)
)

Yi
Xr; — —
a

(iii) y*(z;) =1foralli € A,

1
(iV ||Zl + z9 — 23” < 1.

Hence for every i < 3 we also obtain

; e €
¥ < -+ - =¢c.

20 — z4l| < ||z — += - 535

If we consider a Hahn—Banach extension x* of the functional y* to X, our conclu-
sion follows. By Proposition 2.2, X has the AHSP-/3. . O

Let us remark that the subspace of L;i(u) generated by a finite number of
characteristic functions is linearly isometric to some space ¢}. Since the space of
simple functions is dense in L;(u), in view of Proposition 2.6, we conclude that
Ly () satisfies the assumption of the previous result. Hence we deduce the following

assertion.

Proposition 2.8. The space L1(p) has the approximate hyperplane sum property
for 3. for any positive measure p.

If Y has the AHSP-£3_, then it is immediate that Y has the approzimate
hyperplane series property for convex combinations of two elements. By the proof
of [2, Theorem 4.1] the pair (¢2,Y") has the BPBp. Hence so does (¢2_,Y). Now we
prove the main result.

Theorem 2.9. (£2.,Y) has the BPBp if and only if Y has the AHSP-(3,.

Proof. Given 0 < e < 1, assume that (¢2,,Y) has the BPBp with a function ().
We choose 0 < § < £/6.

Let {yx : k < 3} be a subset of By and consider nonnegative real numbers
{af : 1 <k <3} with 22:1 ay = 1 satisfying |ly1 +y2 — y3]| <1 and

Hi ]| > 1 min{s, n(5)}.
k=1
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We write vy = (—1,1,1), ug = (1,-1,1), uz = (1,1,1) and uy = (—-1,-1,1) =
u1 + uo — uz and

T = auy + aoug + asuz = (—ag + as + ag, a1 — as + as, 1).

Consider the linear operator T' : (3, — Y that satisfies T'(u;) = y; for every
i < 3. Since the unit ball of £3_ is the absolutely convex hull of {u; : i < 4}, by
assumption we know that 0 < ||T']| < 1, and also

HTxiHWﬂ>1—mmwm@k

[

Hence there exist S : 2, =Y, z € Sps_ and y* € Sy~ such that
N T
y*Sz= |95 =1, HS—”T|H<6 and |z—z| <o

and so
(2.9) Iz — || < 30.

We now show that there exists a subset A C {1,2,3} such that the func-
tional y* and the elements v; = S(u;) for i < 3 satisfy condition (3) in Proposi-
tion 2.2. First, notice that for any ¢ < 3 we have

17|

T'(ui)

o= sl = I5C2) = 7wl < | sCa) - i

[

<O+1-|T| <20 <e,

so assertion (ii) of (3) in Proposition 2.2 is satisfied.
We will use the functionals {u; : 1 <i <3} C S(gs )~ given by

up=L(—ei+el), up=3L(-ezte), ui=1i(ef+ed)

Clearly, u} (u;) = (55 for any 7,7 < 3.

We claim that we may assume z is the convex combination Z?Zl Biu;.

Indeed, since we know that z = (z1, 22, 23) satisfies z3 # —1, z is a convex
combination of (z1,29,1) and (z1,22,—1) and ||(21, 22,1) — || < ||z — z||, so we
may assume z = (21, 22, 1). Hence, we can write z as a convex combination 5u; +
Bauz + Pauz or z = Pruy + Baug + Baug, where B4 > 0.

Assume that 54 > 0. By using

az+fs = uz(r —2) < lw —z|| <4,
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we obtain 4 < d. Hence u = % clearly satisfies y*(Su) =1 and also
lu—af| < flu— 2zl + ||z — || < [lu— (Brur + Bauz) || + || Bsual| + ||z — =

—1>(ﬁl+ﬁz)+64+5=2ﬁ4+5<35.

< (53
Bi+ B2
So we can use u instead of z, and u belongs to the convex hull of {u; : ¢ <2} and
satisfies the estimate (2.9).
Hence we may assume that z = Z?Zl Biu;. We take
A={i<3:8 #0}
Since for every i < 3 we have
|Bi = il = |uj(z = 2)| <[]z — 2| <39,
we obtain «; < 39 for every i € {1,2,3}\ A and so
dai>1-65>1-¢,
i€A
hence condition (i) in (3) of Proposition 2.2 is satisfied. Conditions (iii) and (iv)
there also hold for the functional y* and the vectors vy = S(ux) (1 <k < 3).
Assume now that Y has the AHSP-£2_. Assume that condition (3) in Propo-

sition 2.2 is satisfied for a function n(e). Given 0 < & < 1/2, assume that T €
Srs,y) and x € Sps_ satisty

ITz| > 1= n(e).

Since z is in Sps_, it is a convex combination of three extreme points of Bys that
belong to the same face of the unit ball. By composing with a convenient isometry,
we may assume that these extreme points are u; = (—1,1,1), ug = (1,—1,1) and
uz = (1,1,1). Assume that z is the convex combination

T = a1u1 + Uz + azus.

Since T' € Sp(e_y), it is clear that y; = Tuy, y2 = Tug and y3 = Tug satisty
the assumption of condition (3) in Proposition 2.2. Hence there are A C {1, 2,3},
{2z : kK <3} C By and y* € Sy~ satisfying conditions (i) to (iv) there.

Consider the linear operator S : 3, — Y satisfying Su; = 21, Suz = 22 and
Sus = z3. We already know that {z; : 1 < k < 3} is contained in By . Moreover in
view of condition (iv) the element S(u4) = 21 + 22 — 23 belongs to By too. Thus,
as above, ||S]| < 1. From condition (iii) we obtain

icA ZjEA Q; icA ZjeAaj



THE BisHOP-PHELPS-BOLLOBAS PROPERTY 189

so S isin Sp(es_y) and attains its norm at v = dica ﬁuz We also obtain
IS—T| <3 and |v—=z| < 2e.

Hence the pair (£2,,Y) has the Bishop—Phelps-Bollobés property for operators.
O

In view of the previous characterization and known results providing pairs of
Banach spaces satisfying the BPBp, we already know the following examples of
spaces with the AHSP-¢3_:

e Finite-dimensional spaces [2, Proposition 2.4].

e Spaces with the property 3 of Lindenstrauss [2, Theorem 2.2].

Let us remark that not every Banach space has the AHSP-/2. .

Proposition 2.10. A strictly convex Banach space has the AHSP-¢3_ if and only
if it is uniformly convex.

Proof. Assume that a Banach space X has the AHSP-¢3 . Given 0 < ¢ < 1,
consider x,y € By such that |[(x +y)/2|| > 1 — n(e/2). We take x1 = z, x2 = y,
x3 = 0, @1 = ag = 1/2 and a3 = 0. By assumption there exist A C {1,2,3},
{z; 11 <3} C Bx and z* € Sx« such that

(i) Djeai>1—-¢/2>1/2,
(i) ||z — @i]| <e/2 for all i < 3,
(iii) «*(z;) =1 for all i € A,

|[z1 + 22 — 23| < 1.

—_ — — —

(iv

By (i) we have A D {1,2}. In view of (iii) we deduce that z1,2z; € Sx and
llz1 + 22]| = 2. As every point of Sy is an extreme point, we get z; = z2. Hence,
by (ii) we get ||z — y|| < €. It follows that X is uniformly convex with modulus of
convexity d(e) > n(e/2). O

Very recently, in [10, Proposition 6], it has been shown that if Y is a strictly
convex space without the approximation property, then there exist an infinite-
dimensional subspace X of ¢y and a compact operator T from X into Y such
that T' cannot be approximated by norm attaining operators. This gives a wealth
of couples (X,Y) failing the BPBp. Proposition 2.10 shows that it is possible to
remove the hypothesis of infinite-dimensionality for X. More precisely, if Y is a
strictly convex space which is not uniformly convex, then (£3_,Y) does not have
the BPBp.
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