Publ. RIMS Kyoto Univ. 51 (2015), 207-235
DOI 10.4171/PRIMS/153

Anti-norms on Finite von Neumann Algebras

by

Jean-Christophe BOURIN and Fumio HiAl

Abstract

As the reversed version of usual symmetric norms, we introduce the notion of symmetric
anti-norms || - || defined on the positive operators affiliated with a finite von Neumann
algebra with a finite normal trace. Related to symmetric anti-norms, we develop majoriza-
tion theory and superadditivity inequalities of the form |[o)(A+ B)|1 > || (A)|): + || (B)]|:
for a wide class of functions .
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§1. Introduction

In functional analysis, symmetrically normed Banach function spaces are classi-
cal objects, as also are their non-commutative generalizations in the setting of
T-measurable operators affiliated with a von Neumann algebra with a faithful
normal finite trace 7. Symmetric norms are homogeneous convex functionals com-
pletely determined by their values on the positive cone of the function space or the
operator algebra. This point of view motivates the study of concave, homogeneous
functionals on positive operators. It is our concern in this article.

A part of our work could fit in a very general setting, for instance, in the C*-
algebra framework. However, we confine ourselves to finite von Neumann algebras
for two reasons. First, dealing with a von Neumann algebra equipped with a nor-
mal finite trace allows us to consider unbounded operators, and hence to develop
a theory parallel to most of the usual non-commutative Banach function spaces.
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Secondly, the finiteness assumption allows us to consider many functionals which
would not make sense in the non-finite case, such as the Fuglede-Kadison deter-
minant. The assumption is also essential for some technical reasons (for instance,
a unitary operator can be taken as a phase of the polar decomposition). Moreover,
this setup of a finite von Neumann algebra naturally extends the matrix approach
in our previous work.

We call our functionals, defined on the positive part AT of a finite von Neu-
mann algebra N, symmetric anti-norms on N*, as the triangle inequality for
norms is then reversed. Section 2 gives the precise definition and exhibits an im-
portant family of such anti-norms which are derived from symmetric norms. For
the convenience of the reader and to fix terminology which has some variants in
the literature, our discussion also covers basic facts on symmetric norms. Our ap-
proach to symmetric norms may be of independent interest. Section 4 is devoted to
the (non-obvious) extension of these anti-norms to the whole set of densely-defined
positive operators affiliated with A/. Here we consider the more classical case of
symmetric norms as well. Section 5 presents a superadditivity inequality for convex
functions which is a far-reaching extension of a classical trace inequality of Rot-
fel’d. Several norm inequalities follow from this anti-norm inequality. In Sections 6
and 7, we focus on a special class of symmetric norms and anti-norms which corre-
sponds, in the commutative case, to the class of rearrangement invariant function
spaces. The theory is then related to majorization relations.

Most of the results, norm and anti-norm inequalities given in Sections 4-7, are
based on operator inequalities via unitary orbits. These essential operator inequali-
ties are established in Section 3. The idea of the proofs consists in combining a uni-
tary orbit technique for spectral dominance in a finite factor with the disintegration
of N into its factorial components. These results nicely extend the scope of some
well-known matrix inequalities to the general finite von Neumann algebra setting.

§2. Symmetric norms and symmetric anti-norms

Let AV be a finite von Neumann algebra acting on a separable Hilbert space H with
a faithful normal finite trace 7, and N'* the set of positive operators in A/. Let N
denote the set of T-measurable operators affiliated with A" (see [13] for details),
and N7 the positive cone of V. Since 7 is finite, AV is the set of all densely-defined
closed operators affiliated with A.

In this article, a symmetric norm ||-|| on A means a norm satisfying [|[UX V| =
| X|| for all X € N and all unitaries U,V € N. The monotonicity of such a norm
in the next lemma is a well-known simple fact [14, Lemma 3.2, Corollary 3.3]. We
give an alternative proof. The letter I stands for the identity (of any algebra).
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Lemma 2.1. Any symmetric norm || - || on N is monotone, i.e., || A|| < ||B] if

A BENT and A< B.

Proof. Let T € N be a contraction. Note that |T'| = (Vi + V2)/2 where V; :=
|T|+iy/I—|T)? and Vo := |T| —iy/I — |T'|? are unitaries. As T = U|T| for some
unitary U € N (since N is a finite von Neumann algebra), we have T' = (U1 +Us) /2
with two unitaries Uy, Uy € N. Therefore |TXT| < ||X]| for all X € N. Now,
assume that 0 < A < B in N. Then there exists a contraction C € N 7T such
that A = BY2CBY? = VOY2BCY2V* for some unitary V € N. Hence ||A| =
Ict2BC 2| < |1B]. O

Consequently, any symmetric norm on A is continuous with respect to the
operator norm || - || In fact, since | X| < || X||oo!, we have

(2.1) X< 1 X o1l X €N,

A symmetric norm || - || on A/ depends only on its values on positive operators
via the polar decomposition, and its restriction to Nt satisfies

(1) [|aAl = af|Al| for all A € Nt and all scalars a > 0,
(2) |A]| = |[UAU*| for all A € N and all unitaries U € N,
(3) 4] < |4+ Bl < ||l + | B] for all 4, B € A

The first inequality in (3) follows from Lemma 2.1. Conversely, if || - || is a non-
negative functional on Nt satisfying (1)-(3), then || X| := ||| X]]|| for X € N/
becomes a symmetric norm (more precisely, seminorm) on A, as immediately
shown by a triangle inequality in [1] or by Proposition 3.4 below.

We introduce the notion of symmetric anti-norms on the positive cone N'*, by
replacing the convexity /subadditivity of symmetric norms with concavity /super-
additivity.

Definition 2.2. A symmetric anti-norm |- | on N is a functional taking values
in [0, 00) satisfying the following properties:
(1); |leAlly = «f|Al]y for all A € N and all scalars « > 0,
(2) |All = [UAU*||s for all A € Nt and all unitaries U € N,
(3 A+ Blly > | Al + | Bll for all 4, B € A+,
() JA+ellh N\ Al as e \, 0 for all A e N,
This definition was first introduced in [6, 7] for the matrix algebra M. In the

matrix case, (4) is equivalent to the usual continuity with respect to the operator

norm.
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Typical examples of symmetric anti-norms are A — {7(A9)}Y/9, 0 < ¢ < 1,
and A — {7(A~Y/P)}~1/P 0 < p < co. The latter is first defined on the invertible
part of A, and understood for non-invertible operators as

{r(AT)} 7=t {r (A + D))} 7,

where the finiteness assumption 7(I) < oo is essential to have non-trivial function-
als on N'*. These Schatten-like functionals with negative exponents are a special
case of a more general family.

Definition 2.3. Fix a symmetric norm || - || on A and p > 0. For each A € N1,
since ||(A +eI)7P||7'/P decreases as £ \, 0 by Lemma 2.1, we can define

1Al == lim [[(A+eD)77|| 717,
eN\0

Note that if A is invertible, then the above ||Al|; is equal to [|A~P|| =/, i.e.,

(2.2) lAP| 7 = fimmy I(A +eD)~2| /7.

We call this functional N* > A — ||Al|y a derived anti-norm and say that it is
derived from || - || and p.

A derived anti-norm is indeed a symmetric anti-norm as claimed in the next

statement.

Theorem 2.4. The above functional || - ||i derived from a symmetric norm || - ||
on N and a p > 0 satisfies

A+ Bl > [|All + [|B]l
for every A, B € N*. Hence || - || is a symmetric anti-norm on N'T.

To prove this result, we begin with an operator arithmetic-geometric mean
inequality.

Lemma 2.5. Let A, B € N*. Then there exists a unitary V € N such that
A2+ VB2V*
Ba| < L HVEVT
2
Proof. Consider
A2 AB
BA B2

)
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which is a positive operator on H @ H. Thus, for any V € N so is

]

Letting V* be the unitary factor in the polar decomposition BA = V*|BA| yields

A% AB
BA B?

1
i v

the desired inequality. O

Combining Lemmas 2.1 and 2.5 yields || AB|| < (s||42%|| + s~1||B?)/2 for all
symmetric norms, A,B € N, and s > 0. Thus, minimizing over s and taking
A = |X*|, B =|Y*| for any operators X,Y € N, we obtain the Cauchy—Schwarz
inequality for symmetric norms.

Corollary 2.6. Let X,Y € N. Then for any symmetric norm on N,
IXY ] < XX Y2,
As a byproduct of this inequality we get from || - || another symmetric norm.
Corollary 2.7. If | - || is a symmetric norm on N, then so is X + || X* X ||*/2.

For symmetric anti-norms, the following proposition is known in the matrix
case [6].

Lemma 2.8. If || - || is a symmetric anti-norm on N and 0 < ¢ < 1, then
A HAqH!l/q is also a symmetric anti-norm on N'*.

Proof. The same proof as in the matrix case [6] shows that this is a homoge-
neous, unitarily invariant and concave functional. The continuity property (4),
ie., [|A9]}/7 = limeo [|(A + 1)]]/%, is obvious from the monotonicity of | - |
since A7 < (A+el)? < A?4¢7]. O

We are now in a position to prove the theorem.

Proof of Theorem 2.4. Let || - || be a symmetric norm on A. Let A, B € N'* be
invertible and assume that ||[A7!|| = |[B7!|| = 1. As t — t~! is operator convex
on (0,00), we have, for 0 < s < 1,

[(sA+(1—=s)B) ' <[sA"+(1—-9s)B | <s+(1—s)=1

and so

(A + (- 5B > 1.
For general invertible S,7 € N, taking in this estimate A = ||S7!||S, B =
17T, and s = |STHI7H/(ISTHI 7+ |77 71) ields

IS+~ 2 ISHITH + 1T
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Therefore, A — ||Al) := |[|[A7!|7! is a homogeneous and concave/superadditive
functional on the invertible part of N*. It can be extended with the same prop-
erties to the whole of A" by the limit formula ||Al|, := lim.\ o || A + ||,. Hence,
this functional derived from a symmetric norm || - || and p = 1 is a symmetric
anti-norm on N'7T.

Next we consider a functional derived from a symmetric norm || - || and an
arbitrary p > 0. We have p = 2"q where n is a positive integer and 0 < ¢ < 1. By
Corollary 2.7 applied n times and the first step of the proof,

A o= lim [|[(A +eD)~2"|| 712"
N0

is a symmetric anti-norm on Nt. Applying Lemma 2.8 shows that A
(HA‘?H!("))I/ 7 is a symmetric anti-norm too, which is readily verified to be the
functional derived from || - || and p. O

83. Inequalities via unitary orbits

This section is the main technical part of this article. The next theorems give
superadditive or subadditive operator inequalities via unitary orbits for convex or
concave functions, which will be of essential use in Sections 4 and 5.

Theorem 3.1. Let g be a non-negative convez function on [0,00) with g(0) = 0.
Assume that either N is a factor and A, B € N+, or A, B € N without the fac-
toriality assumption on N'. Then, for every e > 0, there exist unitaries U,V € N
such that

g(A+ B)+¢el > Ug(A)U*+Vg(B)V*.

Theorem 3.2. Let f be a non-negative concave function on [0,00). Assume that
either N is a factor and A, B € N7, or A, B € N* without the factoriality of N
Then, for every € > 0, there exist unitaries U,V € N such that

F(A+ B) SUF(AU* + Vf(B)V* +<I.

Before proving the theorems we recall the notion of the spectral scale [26].
The spectral scale of A € N * is defined as

(3.1) Ai(A) :=inf{s e R: 7(1(5,00)(A)) < t}, te(0,7(1)),

where 1(5)(A) is the spectral projection of A corresponding to (s,00). We
write A(A) for the function ¢ — A, (A) on (0,7(I)), which is non-increasing
and right-continuous. Furthermore, we write Ao(A4) and A-(1y(A) for lims o A¢(A)
and limg (1) A¢(A), respectively, which are the maximal and minimal spectra
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of A (when A is bounded). The generalized s-numbers [13] of X € N are
(X)) = (1 X1), t € (0,7(1)).

To prove the theorems we will use the following lemma. The lemma is rather
well-known but we give the proof for the convenience of the reader.

Lemma 3.3. Let N be a finite factor and A, B € N If B spectrally domi-
nates A, i.e., M(A) < \(B) for allt € (0,7(1)), then for every € > 0 there exists
a unitary U € N such that UAU* < B +¢l.

Proof. Since the matrix case is obvious without €/ on the right-hand side, we
may assume that N is a type II; factor with the normalized trace 7. Choose an
increasing family {F} }o<¢<1 of projections in N such that 7(F;) = ¢ for all ¢ € [0, 1].

Define

/ At (A) dF, B:= / At (B) dF;.
Then A(A) = M\(4), A(B) = A(B) and A < B. Hence the assertion follows since
|A = VAV*|o < /2 and ||B — WBW*||o < /2 for some unitaries V, W € N
by [18, Lemma 4.1]. O

We now turn to the proofs of the theorems, which are based on the spectral
dominance theorem [9] and the central direct decomposition.

Proof of Theorem 3.1. First assume that N is a finite factor. Then the matrix case
s [2, Theorem 2.1] (without eI on the left-hand side). The proof in the type 1Ty
factor case is similar based on [9]. For any contraction Z € N and any T € N/

is known [9, Lemma 10(ii)] that Z*g(T")Z spectrally dominates g(Z*TZ). Hence,
by Lemma 3.3,

(3.2) Z*g(T)Z + el > Wg(Z*TZ)W*

for some unitary W € A. Then, by arguing as in the proof of [2, Theorem 2.1] or
[8, Corollary 3.2], one can see that the claimed inequality holds for some unitaries
UV eN.

For the non-factor case, as in [16], we take the central direct integral decom-
position into factors (see [27]) as

S

D
(3.3) (N M) = /Q (N Ho ) dv(w), 7= / 7o dv(w)

Q

over a finite measure space (€, 5,v) that may be assumed to be complete. Then
A, B € N are represented as

(3.4) A:/@A dv(w / B, dv(w

Q
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with unique (a.e.) measurable fields w — A, B, € N,,. For each w € , from the
first step of the proof, there are unitaries U,V € N, such that

(3.5) 9(Ay, + By) +ely, > Ug(A,)U™ + Vg(B,)V™.

Now, define F'(w) to be the set of pairs (U, V) of unitaries in N, satisfying (3.5),
and prove that there are measurable fields w — U, and w + V., such that
(Uw, V) € F(w) for all w € Q. For this, as in [16], we may assume that w — H,,
is a constant field Hg. Then F(-) is a multifunction whose values are non-empty
closed subsets of a Polish space B(Hg)1 x B(Ho)1, where B(Hp); is the closed
unit ball of B(H) with the strong* topology. By using [20, Theorem 6.1}, we infer
that the graph

{(w,U, V) € Q x B(Ho)1 x B(Ho): : (U, V) € F(w)}

of F(-) belongs to BRB(B(Ho)1 xB(Ho)1), where B(B(Ho)1 %X B(Ho)1) is the Borel
o-field of B(Ho)1 x B(Ho)1. Hence, as in [16] the measurable selection theorem
(see e.g. [20]) yields measurable fields w — U, and w + V,, as desired, so we obtain
the claimed inequality with the unitaries U = féB U,dv(w) and V = fée Vo dv(w)
in NV, O

Proof of Theorem 3.2. The matrix case is in [2, Theorem 2.1]. In the type II;
factor case, inequality (3.2) for a contraction Z € N and an T € N is, in turn,
reversed as

Z*f(T)Z < W f(Z*TZ)W* + el

by [9, Lemma 10(i)] and Lemma 3.3 similarly. (Here, note that although our as-
sumption on f is slightly weaker than that in [9], the proof of [9, Lemma 10(i)] can
easily be modified to show that f(Z*TZ) spectrally dominates Z* f(T')Z.) Hence
the desired assertion follows in the factor case. Now, the proof for the non-factor
case is the same as above. O

An idea of the above proofs is to combine a unitary orbit technique with the
measurable selection theorem. We end the section with another illustration of the
idea, along the lines of [8, Proposition 2.11] for the matrix case.

Proposition 3.4. Let g be a non-decreasing convex function on [0,00). Assume
that either N is a factor and X,Y € N, or X,Y € N without the factoriality
of N'. Then, for every € > 0, there exist unitaries U,V € N such that

Ug(I X+ [YDU" + Vg(IX™| + [Y*)V*
2

g(IX +Y]) < +el.
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Proof. For any X € N, the decomposition X = |X*|'/2V|X|'/2? with a unitary V

shows that
X X
XX

is a positive T-measurable operator affiliated with Miz(N) = N'®@M. Consequently,

[ X*+Y* X+Y
X*+Y* | X|+|Y]

also belongs to My (/\f)+ Let W be the unitary part in X +Y = W|X + Y. Then

w1 X+ Y| X+Y | [-w
X*+Y*  |X|+]Y] I

.. 7t

isin N ', so that

. oty < XLE YT WX+

2

As g is non-decreasing and convex, in the factor case, (3.6) combined with [13,
Proposition 4.6(ii)] shows that g(|X +Y|) is spectrally dominated by {g(|X|+|Y|)+
W*g(|X*| 4+ |Y*|)W}/2. Using Lemma 3.3 completes the proof of the proposition
when N is a factor. The non-factor case follows by using the measurable selection
method as in the previous proofs. O

It is not known whether the measurable selection technique can work to prove
Theorems 3.1, 3.2 or Proposition 3.4 when A, B € N or X,Y € N without the
factoriality of N. But Theorems 3.1 and 3.2 will be applied to only bounded
operators so that we shall never assume the factoriality of a finite von Neumann
algebra in the rest of the paper.

84. Extension of symmetric norms and anti-norms

The aim of this section is to show that a symmetric norm on N and a symmetric
anti-norm on N'* can naturally be extended, respectively, to N and to N/ i First,

let || - || be a symmetric norm on A. For each X € N and s > 0, the function
t — B4(t) := min{s,t} is used to define |X| A s := S,(|X|). Since Lemma 2.1
implies that || |X| A s|| is increasing as s 0o, a natural extension of |- || to N is
given as

[ X1 := Tim [[[X]As| = sup | [X]|As] € [0,00].
s,/'00 s>0
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Proposition 4.1. The above extension of || -|| becomes a symmetric norm on N
(with the value oo permitted).

Proof. Tt is immediate to see that the extended ||-|| on A satisfies [[aX | = |a| | X]|
for all @« € C and [|[UXV || = | X|| for all unitaries U,V € N. For every A, B € NJF,
s> 0and ¢ > 0, since f is concave on [0,00), by Theorem 3.2 there are unitaries
U,V € N such that

(A+ B)As<UAANSU*+V(BAS)V* +el.
By Lemma 2.1 this implies that
[(A+ B) Asll < [[AA ]|+ [|1B A sl + e[ T]].

Letting € N\, 0 and s oo gives ||[A + BJ| < [|A]| + ||B||. Next we extend the
monotonicity of || - || to A < B in N . For every s > 0 and € > 0 there exists a
unitary U € N such that U(AA s)U* < BAs+el. Since \i(AAs) < M(BAs)
for all t € (0,7(I)), this follows from Lemma 3.3 when N is a factor. For the non-
factor case, we can use the measurable selection method under the central direct
decomposition as in the previous section. Therefore, ||A A s|| < [|B A s|| + ¢|| 1],
which implies that ||A]] < || B||. Now, the subadditivity || X + Y| < || X| + [|Y]| in
the whole N follows from the triangle inequality

X +Y| <U|IX|U* + V|Y|V*

for some unitaries U,V € N ([13, Lemma 4.3], [21]), or else by use of (3.6). O

Secondly, let || - || be a symmetric anti-norm on N'*. For every A € N and
s> 0, since ||A A s||; increasing as s ,* 0o, we can extend || - || to NT by
IA]ly ;= lim ||A A s|)i € [0, o0].
s,/ "oo

Proposition 4.2. The above extension of || - ||i to N still satisfies the three
conditions (1)1, (2)1 and (3):.

Proof. Since (1) and (2), are immediate by definition, we may prove (3);. Let
A B € N+, s > 0 and € > 0 be arbitrary. We show that there exists a unitary
U € N such that

(4.1) (A+B)AN2s+el >U(ANs+ BAs)U".
When N is a factor, this follows from Lemma 3.3 since we have, for t € (0,7([)),

MU(A+B)A2s) = M(A+B)A2s > M(AANs+BAs)A2s = N(AANs+ BAS)
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due to AAs+ BAs < 2sl. For the non-factor case, under the decompositions (3.3)
and (3.4) we have AAs = fée Ay Asdr(w) and similarly for BAs and (A+ B) A2s.
For each w € Q, from the above factor case, there is a unitary V € N, such that

(4.2) (Ap + By)AN2s+¢el, > V(Ay, As+ By, As)V™.

Now, define F(w) to be the set of unitaries V € N, satisfying (4.2), and use
the measurable selection method as before to obtain a measurable field w — U,
such that U, € F(w) for all w € Q. Therefore, we have (4.1) with the unitary
U:= fée U, dv(w) in N, so that ||(A+B)A2s+el|)y > [|[AAs]||i+ || BAs|:. Letting
e\, 0 and s oo gives | A+ Bl > | Al + || B]- O

Remark 4.3. Let N' = @,- | N,, where N,, = M, for all n. We equip N with
the trace 7 = ), -, 2 "7, where 7, is the standard trace on N,,. The func-
tion t — B,(t) = min{t,n} is concave and there exist A,, B, € MJ such that
Tr B (An+ Bp) < Tr 8,(Ay) +Tr 8, (By). Hence, there exist A, B € N7 such that
T((A+ B)An)) < 7(AAn)+ 7(AAn) for all n € N. Such a phenomenon for 7
(regarded as an anti-norm) explains why the proof of the superadditivity part (3),
in Proposition 4.2 is non-trivial.

Derived anti-norms extended to AT have the following simple properties;
(a) and (b) may be used to check that a symmetric anti-norm is not a derived one.

Proposition 4.4. Let ||| be a derived anti-norm on N+, which is derived from
a symmetric norm || - || on N and a p > 0. The following hold for the extensions

of ||l to N and || - || to N':

(a) ||Alr < oo for all A € N

(b) If A€ N s singular, i.e., the kernel of A is non-trivial, then || Al = 0.

(c) If A € Nt s non-singular, then ||Aly = ||A~P||~YP (with the convention
oo~ VP = ).

Proof. (a) is obvious once (b) and (c¢) have been proved.

(b) Assume that ker A # {0}, and let P be the projection onto ker A. For each
s> 0ande > 0wehave (AAs+el)™® > e PP andso ||(AAs+el)~P|| > e P|P|.
By definition (2.2),

|AA |y = lim |[[(AAs+el)P|~YP < lim ¢||P||~Y/? = 0.
eNo eN\0

Therefore, || Ay = 0.
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(¢) First we extend (2.2) to a non-singular A € N'. Let A € N with
ker A = {0}; hence A= € N For every s > 0 and & > 0, set

bs(e) = Sup {z7PAs—(x+e) "}

Then it is clear that ¢s(e) > 0 and lim.\o¢s(e) = 0 for each s > 0. Since
|[(A+ eI)~P|| increases as € \, 0 by Lemma 2.1 and

ATPANs < (A+el)™P + ¢s(e)],

we have ||A7P As|| < limowo ||[(A+€l)7?|. Hence ||A7P|| < limoo [[(A+€D)77].
On the other hand, since (A+el) ™ < A™P Ae™P, we have ||[(A+el)7P| < ||A7P|
for every € > 0. Therefore,

(4.3) |A7P||7YP = lim ||(A +el)7P| /7.
eN0

Now, looking at the function 0 < z — (z A s + &)~ P, one can easily see that
(A+el)P<(AAs+el)P<(A4el)P4+s7PI
and hence
J(A+ D)V 2 (A As+eD) 2|7V > (|(A+ D)2 + 577 1)~ V/7.
Thanks to (4.3), letting € \, 0 gives

JATPI =P > A A sl = (JATP) + s 72 [1 )7,

so that [|Al|; = [|A~P||~'/? follows. O

85. Superadditivity for convex functions

The aim of this section is to prove the next superadditivity theorem for a symmetric
anti-norm involving a convex function g on [0, 00). Note that a non-negative convex
function g on [0,00) is superadditive if and only if g(0) = 0. Also, note that
the assumption on g in the theorem is best possible; indeed, the assumption is
necessary even for the classical Rotfel’d trace inequality for matrices.

Theorem 5.1. Let A,B € W+ and let g be a non-negative convex function on
[0, 00) with g(0) = 0. Then, for all symmetric anti-norms on NV,

lg(A+ B)llr = lg(A)l[y + llg(B)}s-
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Here, and in what follows, we assume that symmetric anti-norms on Nt are
automatically defined on the full cone N " as in Proposition 4.2, and similarly
symmetric norms on N are defined on the whole N as in Proposition 4.1.

Theorem 5.1 claims a numerical inequality; however, its proof relies on an op-
erator inequality presented in Section 3. Indeed, when A, B € N'T, it is a straight-
forward consequence of Theorem 3.1. When A, B € N ™ in the factor case, we
cannot argue by letting € \, 0 in Theorem 3.1 because (4); may not hold in A/ +;
for instance, when || - || is the Fuglede-Kadison determinant (see the end of Sec-
tion 6), there is an A € N which has the non-trivial kernel (hence ||A||y = 0) but
satisfies || A 4 Iy = oo for all € > 0.

Proof of Theorem 5.1. Let A, B € N and s > 0. Since g is continuous and
non-decreasing on [0, 00), thanks to [13, Lemma 2.5(iv)] we have

A(g((A+ B) A25)) = g(A(A + B) A 2s)

A(AAs+BAs))
= M(g(ANs+BAs), te(0,7(I)).

Given € > 0, when A is a finite factor, Lemma 3.3 then entails
g((A+B)A2s)+el >Wg(AANs+ BAs)W*

for some unitary W € A. This inequality can be extended to the non-factor case
by using the measurable selection method under the central direct decomposition
as in Section 3; full details are left to the reader. Hence, Theorem 3.1 applied to
AN s, BAsin place of A, B shows that

g((A+B)A2s)+2e] > Ug(ANs)U*+Vg(BAs)V*
for some unitaries U,V € N. Therefore,
lg((A+ B) A2s) + 2|y = [lg(AA )|l + [|g(B A s)l|

so that ||g((A+ B) A2s)|li > |lg(AA$)| + |lg(B A s)||i- Since a simple estimation
gives

gAYl = lim [lg(4) Asll = lim_ [lg(4 A5

the claimed inequality follows. O

In the rest of the section we collect a few special illustrations of Theorem 5.1.
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Corollary 5.2. Let A,B € N be non-singular and p, . . ., pm be positive scalars
such that Z:’;l p; > 1. Then, for all symmetric norms on N,

[Tica+B)y = = [Lla + 18>
i=1 i=1 i=1

Proof. Let g; be strictly increasing convex functions on [0,00) with g¢;(0) = 0,

and let ¢; > 0, 1 < i < m. Theorem 5.1 applied to the derived anti-norms A —
|[A=%||=1/9 yields, in view of Proposition 4.4(c),

lg: (A + B)|| 74 = Jlg; (A7 + lg; “(B)I7V", 1<i<m.

Now, assume that ZZ’;I q¢; = 1. By the elementary inequality following from the
concavity of the weighted geometric mean,

H a; + b))% > Haq‘ +Hbq‘
i=1
with a; = [|g; ¥ (A)||~/% and b; = ||lg; ¥ (B)||~'/%, we have

(5.1) HIIgz (A+ B 1>Hllg*ql )|~ 1+H|\gl B)|I~.

i=1

Let p=>"", p;. Take in (5.1) g;(¢t) = ¥ and ¢; = p;/p, 1 < i < m, to obtain the
required estimate. O

Corollary 5.3. Let A, B € N be non-singular. Then, for all symmetric norms
on N, andm=1,2,...,

a2 A ]
k=1 k=1 k=1

Proof. Let m > 2 and let

—1

tm tm+1 —tm
g(t) = m—1 = m
1+t4+---+¢ tm—1
Then ¢(0) = 0 and for ¢ > 0,
mt™m=2{(m — 1)t™ T — (m+ D)t™ + (m+ 1)t — (m —1)}

g//(t) ( tm — 1)3

For ¢(t) := (m — 1)t™T — (m + 1)t™ + (m + 1)t — (m — 1) compute
¢'(t) = (m+ 1){(m — D™ —mt™ ! + 1},
¢"(t) = (m+ V)ym(m — D™ 2(t — 1).
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Since ¢(1) = ¢’'(1) = ¢"'(1) = 0, we see that ¢(t) < 0 for 0 <¢ <1 and ¢(t) >0
for t > 1. Hence ¢'’(t) > 0 for all ¢ > 0, so g(t) is convex on (0,00). Note that
g(t) = (>, t7F)~1 for t > 0. So, applying Theorem 5.1 to this g and the derived

anti-norm A — ||A71|| 7! proves the corollary. O

The next corollary involves an anti-norm specific to the matrix algebra M,,.
Here A\™ A denotes the mth antisymmetric tensor power of a matrix A (see [4]).

Corollary 5.4. Let A,B € M} be non-singular. Let g : [0,00) — [0,00) be a
strictly increasing convex function with g(0) = 0. Then, for all0 < ¢ < 1 and all
m=12...,

e Rt MR Cres P

Note that letting m = ¢ = 1 we recapture the Rotfel’d trace inequality.

Proof. By a theorem of Marcus and Lopes [24] (also [25, p.116]), the functional
on positive non-singular matrices

T A™ A

A ——a—
Tr A A

is superadditive. This can be extended as an anti-norm on the whole of M} by
using condition (4);. The corollary then follows from Lemma 2.8 combined with
Theorem 5.1. O

§6. Full symmetry and majorization

In this section we consider a stronger symmetry property of norms and anti-norms
in connection with majorization relations. We will focus on the case of diffuse
algebras. Indeed, the case of M, is simpler as well as classical. Meanwhile, the
setting of a general finite von Neumann algebra A is inappropriate to apply the
majorization technique. This may be justified by the fact [14, Theorem 3.27] that
(N, 7) with 7(I) = 1 satisfies the weak Dizmier property (i.e., 7(A) is in the || | oo~
closure of the convex hull of {B € Nt : A\(B) = A(A)} for every A € N'T) if
and only if either (M, 7) is a subalgebra of (M,,,n 'Tr) containing all diagonal
matrices, or N is diffuse.

Thus, in Sections 6 and 7, we shall always use M (but not N') to denote
a diffuse finite von Neumann algebra with a faithful normal trace 7 such that
T(I) = 1.
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Definition 6.1. A symmetric norm || - || on M is said to be fully symmetric (or
rearrangement invariant) if A(A) = A(B) implies ||A|| = ||B| for A,B € M™.
Also, a symmetric anti-norm || - ||, on M is said to be fully symmetric if the same
holds for || - ||:.

The next proposition says that symmetry and full symmetry are equivalent
when M is a II; factor (this is also true and well-known for M,, ).

Proposition 6.2. If M is a factor, then any symmetric norm and any symmetric
anti-norm are fully symmetric.

Proof. Let A,B € M™ and assume that A\(4A) = A(B). For a symmetric norm
I - |l, by Lemmas 2.1 and 3.3 we have ||A| < ||B]|| + ¢||I| for every ¢ > 0, so
|A]l < ||B]|, and similarly for the reverse inequality. The proof is similar for a
symmetric anti-norm by using condition (4). O

Recall some notions of majorization relevant to our discussion below. For
A Be ﬂ+7 the submagorization A <., B is defined as A(A) < A(B), i.e.,

/t)\S(A)dSS/t)\S(B)dS, t € (0,1),
0 0

and the majorization A < B means that A <,, B and 7(A) = 7(B) < co. The
supermagjorization A <" B is defined as

/t1 Xs(A) ds > /t1 Ao(B)ds, te(0,1).

The log-supermajorization A <*1°8) B is defined as

1 1
/ log As(A) ds > / logA\s(B)ds, te(0,1).
¢ ¢

These definitions make sense since the integrals always exist, with +oo permitted.
(The finiteness assumption 7(I) < oo is essential to introduce supermajorization
and log-supermajorization.)

Example 6.3. (1) For each t € (0, 1] the functional

t
Xy :=/ ps(X)ds, X eM,
0

is a fully symmetric norm on M, which is the continuous version of the Ky Fan
k-norm for matrices. The triangle inequality for || - ||4) is a consequence of the
submajorization (X +Y) <4, u(X) + u(Y) for X, Y € M (see [17]).



ANTI-NORMS 293
(2) For each t € (0, 1] the functional
1
1Al ¢y 12/ As(A)ds, Ae M,
1-t

is a fully symmetric anti-norm on M*. The superadditivity of | - |4} is a conse-
quence of A(A + B) < A(A) + A(B) for A, B € M* (see [17]). This anti-norm is
not a derived anti-norm.

(3) For each t € (0,1] and p > 0, the anti-norm derived from the above || - || (¢
and p is written as

1 -1/p
(6.1) [ Al = lim [[(A+eD) 7] )" = (/ As(A)7P ds> . Ae M,
eN\0 1

—t
with the usual convention 0~? = oo and oo~/ = 0. Obviously, this anti-norm is
fully symmetric. One can easily find a sequence A,,, A € M™ such that ||4,, — A/
— 0 and ||Ay |1 = 0 for all n, but ||A||; > 0. Therefore, ||- || is not || ||co-continuous
on M*. On the other hand, the anti-norm derived from || - | (and any p > 0)
is A1(A), which is || - ||so-continuous on M. Thus, the continuity behavior with
respect to the operator norm in the diffuse case is subtler than in the matrix case.

Since M is diffuse, we can choose a family {F}}o<:<1 of projections as in the
proof of Lemma 3.3. In our discussion below we will use such a family {F}} without
explicit mention.

86.1. Fully symmetric norms

The following properties of fully symmetric norms were discussed in more or less
detail in the study of non-commutative Banach function spaces (see e.g. [11, 12,
28]), usually as working assumptions rather than results. The book [23] contains
a nice discussion of this topic.

Proposition 6.4. Let || - || be a fully symmetric norm on M.

(a) For every A,B € M, A=<, B implies || A|| < ||B]|.

(b) If A, A, € M oand A, A in the T-measure topology (or more weakly
M(Ar) S A(A) for a.e. t € (0,1)), then ||An| 7 ||A]l.

(©) IXILIHI < IXI < I XNl Il for all X € M, where | X[}y := 7(IX]) and
| X oo :=lime 0 Ae(|X]), the operator norm.

Proof. (a) (for bounded operators) Assume that A, B € M™ and A <,, B. Since
[ = XMA) < g := A(B) as functions in L>°(0,1)*, by [10, Theorem 1.1] there
is an h € L>(0,1)" such that f < h < g. Let " denote the set of bijective Borel
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transformations on (0, 1) preserving the Lebesgue measure. As in the proof of [19,
Theorem 2.1, Lemma 2.2] we can see that the decreasing rearrangement h* of h is
in the || - ||so-closure of the convex hull of {7 f : v € T'}, where (vf)(t) := f(y~1¢).
Thus, for every € > 0 there are v; € I'and \; > 0, 1 < i < k, such that Zle A=1
and h* < Ele Xivig +¢el. Let C := fol h*(t) dFy and B; := fol(fy,»g)(t) dF;. Since
A(B;) = A(B), the monotonicity and full symmetry of || - || yield

k
1Al < ICl < Y- XlBill + el 11l = | Bl + 1]
i=1
Hence ||A]] < ||B|-

(b) First we prove that if A, A4, € M™T and \(A,)  M(A) ae., then
A=l 7 IIA|l- By (a), ||A,|| is increasing in n. For every € > 0, since A\o(A,) =
[Anlloc /* Ao(A) = || Ao and

1t
tlij% % 0 ()‘s(A) - /\s(An)) ds = /\O(A) - /\O(An)a
one can choose ng € N and § > 0 so that ¢~! fg()\s(A) — As(Any)) ds < € for all
t € (0,4), and hence
1

¥/0 (As(A) = As(Ap))ds <e, te€(0,d), n> np.

Furthermore, for any ¢ € [d,1) one has

1

¢ 1 1
E/O(AS(A)_)\S(An))dSSS/O (As(A) — As(A4p))ds (O  asn— o0

by the dominated convergence theorem. Hence there exists an n; € N such that

t
%/0 As(A) = Xs(Ap))ds <e, te[s,1),n>n.
If n > max{ng,n1}, then the above estimates imply that A <,, A, + I so that
1A < llAn]l +€llZ]] By (a). Thus [|An]} [ A].

Next assume that A, 4, € M and M\(A,) 7 A\(A) a.e. For every s > 0,
since A¢(An As) A AN (AN s) ae., we have | A, As|| 2 ||AAs|| from the first step.
Hence ||A,|| = supgsg ||An A s|| is increasing in n and

[All =sup[[AA s = sup [[An As|| =sup||Aq]|.
s>0 0,neN neN

s>

Therefore, || An| 7 ||A]l-
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(¢) For X € M, the inequality || X|| < || X||loo|l|| was given in (2.1). Since
(X )T < | X|, we have || X||1|/I]| < || X|| by (a). These easily extend to all X € M
by (b).

(a) (for unbounded operators) Let A, B € M and assume A <,, B. We may
assume that ||B]| < co and so ||All1 < ||B|l1 < oo by (¢). Fix 0 < p < 1. Then, for
each n € N, since fot As(B)Amds fg Xs(B) ds as m — oo uniformly in ¢ € (0, 1),
one can choose an m € N such that pA An <,, BAm and hence ||pAAn| < ||B]|
by (a). Hence ||A|| < ||B|| by letting n — oo and then p 1. O

In view of Example 6.3(1) we have

Corollary 6.5. Let X, Y € M. Then |X| <y Y| (i.e., p(X) <w p(Y)) if and
only if || X|| < ||Y|| for all fully symmetric norms on M (extended to M).

86.2. Fully symmetric anti-norms

Fully symmetric anti-norms have the following properties. It would be worthwhile
considering these properties in parallel to those in Proposition 6.4.

Proposition 6.6. Let || - ||y be a fully symmetric anti-norm on M.

(a) For every A,B € MJr, A <% B implies || Ay > || B||-

(b) If A,A, € Mt and A, N\« A (or more weakly A\i(An) N\« A(A) for a.e.
€ (0,1)), then || Anlly N [|A]r-

(e) M| < Al < 7(A)|L|lr for all A € M, where A1 (A) = lim; A\ (A).

Proof. (a) Since A <* B implies AAs <¥ B A s for any s > 0 (which can
be seen as in the discrete case [25, p.167]), we may assume A, B € M™. Since
[ = AA) <* g := A\(B) as functions in L>(0,1)*, there is an h € L>(0,1)"
such that f > h < g. The remaining proof being similar to that of Proposition
6.4(a), we omit the details.

(b) Assume that A, A, € M and A\(A,) N\ A (A) for ae. t € (0,1). By (a),
|A |1 is decreasing in n. For every € > 0, since A1(A,) N\ A1(4) and

1
fim 2 [ () = A(A)) ds = X1 () = Ay (4),

one can show that A + eI <% A, for all sufficiently large n as in the proof of
Proposition 6.4(b) by replacing ¢~ fg with ¢~* fll—t' By (a) this implies ||A+<eI||; >
lim,, [|A, |- Letting & N\, 0 gives | A|) > lim, ||A,||; and so [[A. | \ ||4])-

(c) For A € ﬂ—ir, A(A)I < A implies that A (A)[|I]l; < ||A|). Assuming
T(A) < 0o, we have 7(A)||I]|; > ||A| from T(A)I < A. O

In view of Example 6.3(2) we have
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Corollary 6.7. Let A, B € M. Then A <¥ B if and only if ||Ally < || Bl for
all fully symmetric anti-norms on M* (extended to M ).

Remark 6.8. Proposition 6.4(b) means that a fully symmetric norm extended
to M satisfies the Fatou property (see [12]). Proposition 6.6(b) is considered as
the “anti-Fatou property”. Even though (4); may not hold in ﬂ+ as noted in
Section 5, it is not known whether the anti-Fatou property holds for A, A,, € M
when ||A,|1 < oo and A4, N\, A in the 7-measure topology. For fully symmetric
derived anti-norms, this property will be shown in the next subsection.

§6.3. Fully symmetric derived anti-norms

In the rest of the section we will consider fully symmetric derived anti-norms.

Lemma 6.9. Let ||| be an anti-norm on M™ which is derived from a symmetric
norm ||-|| on M and ap > 0. Then ||- ||\ is fully symmetric if and only if so is || -||.

Proof. From (2.1), a symmetric norm on M is fully symmetric if the condition
in Definition 6.1 holds for invertible A, B € M™. From condition (4),, the same
is true for a symmetric anti-norm. Hence the assertion follows from the relations

Al = |[A?[|"1/7 and ||A|| = ||A=/?|;” for invertible A € M. 0

Properties (a) and (b) of Proposition 6.6 are strengthened for fully symmetric
derived anti-norms as follows. Note that A <*(°8) B is weaker than A <* B for
ABeM' .

Proposition 6.10. Let || - || be a fully symmetric derived anti-norm on M.

(a) For every A,B € HJF, A <w08) B implies ||Ally > || B]|).

(b) If A, A, € M and A, \¢ A in the T-measure topology (or more weakly
At(An) ¢ At(A) for a.e. t € (0,1)), then ||Anllr N\ |All1- In particular, (4),
holds in M.

Proof. From Lemma 6.9, let || - ||y be derived from a fully symmetric norm || - ||
and a p > 0.

(a) Assume that A <*(°2) B. Since this implies that A A s <*(°8) B A s
for all s > 0 (similarly to the assertion for <" in the proof of Proposition 6.6,
by considering the function log(e® A s)), we can assume that A, B € M™. Fur-
thermore, by replacing A with A + I for any ¢ > 0, A may be assumed to
be invertible. First, we assume that fol log As(B)ds = —oo, and we prove that
|B|li = 0 for every derived anti-norm || - ||;. By Proposition 6.4(c) it suffices to
prove this for the anti-norm derived from ||-||; and any p > 0. So we may show that
limo\o ||(B 4+ ¢el)7P||; = oo. Since fol log A\s(B) ds = —oo implies that A;(B) =0,
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we have —log A\s(B) < As(B)~P for all s sufficiently near 1. Hence by (6.1) for
t=1,

1
lim ||(B + )77, = / As(B) P ds = oo.
E\(O 0

Next assume that B as well as A are invertible. Then A <*(°8) B means
log A(A) <™ log A(B). For every p > 0, since log A(A™P) <, log A(B~P), we have
A~P <, B7P by [17, Proposition 1.2]. Hence by Proposition 6.4(a), ||[A7P| <
||B~P|| for any fully symmetric norm || - ||, implying the assertion.

Finally, assume that B is not invertible but fol log\s(B)ds > —oo, so
As(B) > 0 for all s € (0,1) and log A(B) is integrable on (0,1). One can fix
an 79 € (0,1) such that A\, (B) < A;1(A) (since A is invertible while B is not). For
every 0 > 0 there exists an r € (rg, 1) such that

/ (log A (B) — log As(B)) ds < 6(1 — ro),

so we define

r 1
B::/ /\S(B)dFS+/ Ar(B) dF,
0 T
which is invertible. If ¢ € (rg, 1), then
1 1 1 1 .
/ (log As(A) 4+ 0) ds 2/ log As(A) ds 2/ log A, (B) ds 2/ log A\s(B) ds.
t t t t

If t € (0,70], then

1 1
/(log)\s(A)Jré)dsZ/ log As(B)ds + §(1 — 7o)
:/ log)\s(B)ds—/ (log Ar(B) — log Au(B)) ds + 6(1 — 7o)
> /llog)\s(B) ds.

The above estimates imply that e’ A <*(°8) B, Since B is invertible, ||(e’4)~P|| <
|B~P|| as in the previous case. Therefore,

CNATP| TP > | BTV = (1Bl > 1By

by Proposition 6.6(a) since A(B) > A(B). Letting § \, 0 gives || Al > ||B]:.
(b) If ker A # {0}, then there is a § € (0,1) such that A\;_s(A4) = 0. Since
A—s5/2(An) \( 0, for every € > 0 there exists an ng € N such that A\;_;,5(A4,) <e
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for all n > ng. For each n > ny, letting P, := 1 (A,) we have 7(P,) > ¢/2 and
(A, +¢eI)™? > (2¢)"PP,. Therefore,

[(An + )7 = (2) || Pl = (2¢) 7" 1]|6/2

so that || A, |1 < 2e(||1]|6/2)~ /P for all n > ng. Hence || A, || N\ 0.
Next assume that ker A = {0}, so A™P € M". Since

A(ARP) = M—i(An) 7P 7 A (A) 7P = A(A7P)

for a.e. t € (0,1), we have ||A P|| / ||A~P|| by Proposition 6.4(b). Therefore,
[[Ax Il ¢ [|A]ls by Proposition 4.4(c). O

The next theorem is concerned with the converse to Proposition 6.10(a).

Theorem 6.11. Let A, B € M" and assume that fol As(B)™Pds < oo for some
p > 0 (in particular, this is the case if B > 61 for some 6 > 0). Then the following
two conditions are equivalent:

(i) A <v000) B,
(ii) ||Ally > |Bl|1 for every fully symmetric derived anti-norm || - ||y on MT.

To prove the theorem, we first give a lemma. When A is invertible, the lemma
is [3, Lemma 4.3.6] with a simpler proof.

Lemma 6.12. Let A € M™ and assume that fol As(A)"Pds < oo for some p > 0.
Then, for every t € (0,1],

1 1 -1/p
ex 1 log \s(A) ds | = lim 1 As(A)7Pds = lim tl/p||A_p||71/p
p n L g As PO\t - S pN\O () >

where || - [|+) is as in Example 6.3(1).

Proof. Replacing A with oA for some o > 0, we may suppose that A < I. Assume
that fol As(A)7Po ds < oo for some pg > 0; then 0 < A\;(A) < 1forall s € (0,1) and
—Xs(A)"Plog As(A) is integrable on (0,1) for every p € (0,pg). Write ¢(s,p) :=
As(A)7P for s € (0,1) and p € (0,pg). Since

M = Opp(s,0p) = —Xs(A) P log As(A) < —As(A4) P log As(4),

where 6 € (0,1) (depending on s, p) and

i £(5:P) = #(5,0)

limy ; = 9,0(5,0) = — log A,(A),
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it follows from the Lebesgue dominated convergence theorem that, for every ¢ €
(0,11,

1

_ 0 1
= lim #l5,p) = (5,0) ds = —/ log As(A) ds,
p=—+0 PNO S p 1—t

d 1

— s,p)ds
o l_tw( )

where d%()‘ means the right derivative at p = 0. Therefore,

p=+0

lim {—110 (1/1 A (A)_pds)] ——ilo (1/1 A (A)_pds)
p\Opgtl—ts _alpgtl—tS

1 /1
= f/ log As(A) ds,
t )1

—t

p=+0

which is equivalent to the desired limit formula. O

Proof of Theorem 6.11. By Proposition 6.10(a) we may prove that (ii)=(i), so
assume that fol As(B)™Pds < oo for some p > 0 and || A}y > ||B]|: for all fully
symmetric derived anti-norms. It suffices to show that, for each ¢ € (0,1) fixed, if
||A*p||(_t)1/p > Hpr”(—t)l/p for all p > 0, then fllitlog As(A)ds > fllitlog As(B)ds.
Since all the relevant quantities depend on A(A), A(B) restricted on (1 —¢,1), we
may assume that A, B € M™, by replacing A, B with A A «, B A 8 where a :=
M—¢(A), B:=A1_(B), respectively. Then for every § >0 we have ||(A+5I)*p\|(_t)1/p

> HA*IJH(_t)l/p > ”prn(—t)l/p' Applying Lemma 6.12 to A + 61 and B yields

1

/1 log(As(A) +6) ds 2/ log A\s(B) ds.

—t 1-t

Letting 6§ \, 0 gives the desired inequality. O

Remark 6.13. Note that there is a B € M™ such that fol log A\s(B)ds > —c0
but fol As(B)7Pds = oo for all p > 0. For instance, this is the case when \;(B) =
exp(—1/+/1—s). For such a B € M™ and every p > 0, if || - || is a fully symmetric
norm on M, then by Proposition 6.4(c) we have

1
lim [|(B+¢el)™"|| = lim [[(B 4 <I)~"|1[/1] =/ As(B) P ds || = oo.
e\ eNo 0
This means that ||Bl|; = 0 for every fully symmetric derived anti-norm, so (ii) of
Theorem 6.11 is satisfied for any A € M™. Therefore, (ii)=-(i) does not hold for
general A, B € M™. This subtle difference between (i) and (ii) does not occur in
the matrix case. In the matrix algebra M,,, the conditions (i) and (ii) of Theorem
6.11 are equivalent: (i)=-(ii) is shown in [7, Lemma 4.10], and (ii) = (i) is implicit
in [7, Example 4.5], the discrete version of the anti-norms in (6.2).
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The following is a consequence of Lemma 6.12.

Corollary 6.14. For everyt € (0,1] the functional

(6.2) Ay(A) = exp<1 /11 log/\S(A)ds), Ae M,

—t
is a symmetric anti-norm on M™T.

Proof. The properties (1) and (2); of Definition 2.2 for A; are clear, and (4), is
immediate from the monotone convergence theorem. To show (3);, we may assume
in view of (4); that A, B € M™ are invertible. Then Lemma 6.12 yields

. — — —1
(6.3) Au(A) = lim /7 AP 7

and the same expressions for A;(B) and A;(A+ B). Hence (3), for A, follows from
—1/p O

the case of the derived anti-norms ||A’p||(t)
The symmetric anti-norms A; are not derived ones, but (6.3) says that they
are on the boundary of the derived anti-norms. In particular, when ¢t = 1,

A(X) = exp</01 log)\s(|X)ds> S A(XD), X eM,

is the Fuglede-Kadison determinant [15]. This is extended to M by Proposition
4.2 and the above expression holds whenever fol log As(]X]) ds makes sense with
+o00 permitted. The determinant A has turned out useful in non-commutative H>°
theory (see e.g. [3, 5]).

87. Superadditivity with more functions

For a fully symmetric derived anti-norm, Theorem 5.1 for convex functions can be
extended to a considerably larger class of superadditive functions given as follows:

Let S be the class of functions i : [0,00) — [0,00) such thaty = f o g for some
superadditive log-concave function f : [0,00) — [0,00) and some superadditive
convex function g : [0,00) — [0,00).

Recall that f : [0,00) — [0,00) is log-concave if f ((a+b)/2) > \/f(a)f(b)
for all a,b > 0, ie., logf : [0,00) — [—00,00) is concave. A convex function
g :]0,00) — [0, 00) is superadditive if and only if g(0) = 0. Note that any function
¥ in S is superadditive and non-decreasing on [0, c0) with ¢(0) = 0.

Any superadditive log-concave function ¢ : [0,00) — [0,00) is in S. Any
convex function 9 : [0,00) — [0,00) with ¥(0) = 0 is in S. The next examples
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point out some functions in & which are in the intersection of these two subclasses,
or only in one subclass, or in none of them. We implicitly assume that superadditive
functions are defined on [0, c0).

Example 7.1. e The power functions ¢t — tP, p > 1, and the angle function at any
a>0,t— (t—a)y = max{t—a, 0}, are superadditive, convex and log-concave.
The function ¢ — tarctant is also superadditive, convex and log-concave.

e For any v > 1, the functions ¢ + sinh¢” and ¢ — texpt” are superadditive and
convex, but not log-concave.

e When 1 < o < 3, the function ¢ — min{¢*, tﬁ} is superadditive and log-concave,
but not convex. The function ¢ ~ t® exp(—1/t?) has the same properties when-
ever « > 1 and 8 > 2a — 1+ 2y/a(a—1). When 0 < a < b, the function
t = (t — a)1pp,00)(t) also has the same properties though it is not continuous.

e For f(t) = min{t*,##} with 1 < a < B and g(t) = sinht” or texpt” with v > 1,
fogisafunction in &, but neither log-concave nor convex.

Recall that M stands for a (finite) diffuse algebra. The superadditivity results
in this section also hold with M, in place of M, with similar though simpler proofs.
The next theorem is the main result of this section.

Theorem 7.2. Let A,B € M and let v € S. Then, for any fully symmetric
derived anti-norm on MJF,

[ (A+ B)lly = [[Y (A + [[¥(B)]
The proof is based on Theorem 3.1 and the next lemma.

Lemma 7.3. Let || - ||y be a fully symmetric derived anti-norm on M. Let
A, Be M If f:]0,00) — [0,00) is superadditive and log-concave, then

IF(A+ Bl = £ (A + £ (B)])-

Proof. For each s > 0, since A(f(A + B)) > AMf(AA s+ BAs)), by Propo-
sition 6.10(a) we have ||f(A + B)|i > ||f(AA s+ B A s)|. Since ||f(A)|) =
lims oo || f(A A s)|l and similarly for || f(B)]|: as in the proof of Theorem 5.1, we
may assume that A, B € M. We prove that

(7.1) f(A+ B) <v0°) / " Fu(A) + M (B)) dE
0

As f(t) is non-decreasing, we have A(f(A+ B)) > A(f(A)) so that || f(A+ B)|| >
| f(A)]:, and similarly [|f(A + B)|: > ||f(B)|};. Hence, the claimed inequality
is obvious if ||f(A)|I = 0 or ||f(B)|i = 0. So assume that ||f(A)|} > 0 and
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[If/(B)|ly > 0. This implies by Proposition 4.4(b) that f(A) and f(B) are non-
singular, so f(A¢(A)) > 0 and f(A(B)) > 0 for all ¢ € (0,1). Hence f(¢) > 0 for
all t > tp := min{\;(A), A\;(B)}. Furthermore, thanks to Proposition 6.10(b), it
suffices to prove the claimed inequality for A + eIl and B + [ for any ¢ > 0. Thus
we can assume that f(t) > 0 for all ¢ > t,.

Then, from A(A + B) < A(4) + A(B) and the concavity of log f, we have

log A(f(A+ B)) =log f(A(A + B)) <" log f(A(A) + A(B)),
which means that (7.1) holds. As f is further superadditive, (7.1) entails
1
FA+B) <0 [ (A + Fu(B) aF

Therefore, Proposition 6.10(a) implies that

IF(A+ B > H/OIf(At(A»dFt |+H/01f()\t(]3))dFt |
— 1A+ 7B | o

Proof of Theorem 7.2. As in the proof of the previous lemma, we may and do
assume that A, B € M™T. Let ¥ in S be written as ¥ = f o g, with f superad-
ditive log-concave and g superadditive convex. If ||¢(A)| = 0 or ||[%(B)| = 0,

then the claimed inequality follows as in the proof of the previous lemma. So we
assume that [[)(A)|) > 0 and ||¢(B)||y > 0. This implies that f(A\(g(A4))) > 0
and f(M\(g9(B))) > 0 for all t € (0,1). Hence, f(t) > 0 for all ¢ > t; :=
min{A;(g(A4)), \1(g(B))}, so that f is continuous on (tg,00). For every e > 0
let U,V € M be unitaries as given in Theorem 3.1. Then

Ae(f(g(A+ B) +el)) = M(f(Ug(A)U" +Vg(B)VY))

for all t € (0,1). By Proposition 6.10(a) and Lemma 7.3, this implies that

1£(g(A+ B)+eD)|y = |[f(Ug(AU" + Vg(B)V)Il = [|F(g(A) e+ £ (g(B))]]r-
Letting € \, 0 yields the claimed inequality thanks to Proposition 6.10(b). O

Finally, we return to a general finite von Neumann algebra A/ with a faithful
normal trace 7, 7(I) = 1, and extend Theorem 7.2 to N7 with a restriction
on derived anti-norms. For this, we start with a fully symmetric norm p on the
commutative von Neumann algebra L°°(0,1) with the trace fol -dt (expectation).
Define a fully symmetric norm || - ||, on A as

X, == p(u(X)), XeWN,
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which we call a p-symmetric norm. This way of constructing symmetric norms
is common in the theory of non-commutative Banach function spaces (see e.g.
[11, 12]). Let || - || be the (fully symmetric) anti-norm on N’ that is derived from
| -1, and a p > 0. For M diffuse, any fully symmetric norm on M is p-symmetric

with )
p(h) = \ [ noar,

so the restriction here to fully symmetric derived anti-norms is indeed no restriction

. heL®(0,1),

in the diffuse case. However, on a general N we have a fully symmetric norm which
is not written as a p-symmetric norm.
Consider the tensor product (diffuse) von Neumann algebra

M= NTL®(0,1)

with the tensor product trace 7 ® fol -dt, and define the p-symmetric norm || - ||,
on M and the corresponding derived anti-norm || - ||, on M™ in the same way as
above on N and AN'T. Then the following equations are obvious:

= -+
X[ =X, XeN; |Ah=[Ae1l, AeN .

Therefore, all the results concerning fully symmetric derived anti-norms on M™
in Section 6 and in this section remain true for the anti-norm || - ||y on N'* derived
from | - ||, as above. In particular, we have

Corollary 7.4. Let || - ||i be an anti-norm on Nt that is derived from a p-
symmetric norm || - ||, on N and a p > 0. Then, for every A,B € N and
every function v in S,

[¥(A+ B)llr = [[¥(A)llr + L (B)]r-

Corollary 7.5. Let g : [0,00) — [0,00) be a convex function with g(0) = 0, and
let v be a strictly increasing function in S. Then, for all non-singular A,B € N+
and all0 <p <1,

T"A+B)  7(g*(4) | ("(B))
TP A+ B)) T r(yr1(A)  r(¢r-1(B))
Proof. By Theorem 5.1 the functional A — {7(g?(A))}'/? is superadditive with

finite values on N't. By the previous corollary, A +— {7(?~(A))}/®=1 is super-
additive with strictly positive finite values on the non-singular part of N'*. Hence,

their p-weighted geometric mean is again superadditive on the non-singular part
of N'T. O
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Note that || - [|¢;) is a p-symmetric norm and (6.3) is valid in A'". Hence,
through Corollary 7.4 applied to the anti-norm derived from || - [|;), we have

Ad((A+ B)) > Ay((A) + A($(B)), ABeNT,

for all t € (0,1] and all ¥ in S. For the Fuglede-Kadison determinant A, since
A(Vw(A)) = {A((A))A(w(A))}/? for 9w : [0,00) — [0,00) and A € N+, we

furthermore have

Corollary 7.6. Let ¢,w € S. Then, for all A,B € N+,

A(Vdw(A+ B)) = A/dw(4)) + A(Vw(B)).

This is a substantial generalization of the Minkowski inequality for A(A) on
M given in [3] as a consequence of a variational expression of A. Note that the
concavity of A — A(f(A)) on M for a positive concave function f was shown
in [22] (a similar result for matrices is in [6]).
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