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Non-local Operators, Non-Archimedean
Parabolic-type Equations with Variable
Coefficients and Markov Processes

by
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Abstract

In this article, we introduce a new class of parabolic-type pseudodifferential equations
with variable coefficients over the p-adics. We establish the existence and uniqueness
of solutions for the Cauchy problem associated with these equations. The fundamental
solutions of these equations are connected with Markov processes. Some of these equations
are related to new models of complex systems.
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81. Introduction

In [3]-[4], Avetisov et al. introduced a new class of models for complex systems
based on p-adic analysis. In these models the time-evolution of a complex sys-
tem is described by a p-adic master equation (a parabolic-type pseudodifferential
equation) which controls the time-evolution of a transition function of a Markov
process on an ultrametric space, and this stochastic process is used to describe the
dynamics of the system in the space of configuration states which is approximated
by an ultrametric space (Q,).

In [7], the present authors introduced a new type of non-local operators which
are naturally connected with parabolic-type pseudodifferential equations. Build-

Communicated by T. Kumagi. Received May 25, 2014. Revised September 30, 2014, and October
4, 2014.

L. F. Chacén-Cortes, W. A. Zuniga-Galindo: Centro de Investigacién y de Estudios Avanzados del
Instituto Politécnico Nacional, Departamento de Matematicas, Unidad Querétaro, Libramiento
Norponiente #2000, Fracc. Real de Juriquilla, Santiago de Querétaro, Qro. 76230, México;
e-mail: fchaconc@math.cinvestav.edu.mx, wazuniga@math.cinvestav.edu.mx

Current address of L. F. Chacén-Cortes: Departamento de Matématicas, Universidad Javeriana,
Carrera 7a No 43-82, Oficina 604, Bogotd, Colombia;

e-mail: leonardo.chacon@javeriana.edu.co

© 2015 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



290 L. F. CHACON-CORTES AND W. A. ZUNIGA-GALINDO

ing up on [7] and [14], in this article, we introduce a new class of parabolic-
type pseudodifferential equations with variable coefficients, which contains the
one-dimensional p-adic heat equation of [17], the equations studied by Kochubei
[14], and the equations studied by Rodriguez-Vega [15]. Our theory is not applica-
ble to the equations studied in [6], [18]. We establish the existence and uniqueness
of solutions for the Cauchy problem for such equations (see Theorems 4.1, 5.5,
6.3). We show that the fundamental solutions of these equations are transition
density functions of Markov processes (see Theorem 7.4). Finally, we study the
well-posedness of the Cauchy problem (see Theorem 8.1).

On the other hand, stochastic processes on p-adic spaces, or more generally on
ultrametric spaces, have been studied extensively (see e.g. [1], [3], [4], [7], [9], [12],
[13], [14], [17], [18], and the references therein). In [1] and [13] a very large class of
stochastic processes was constructed on treelike graphs, which includes the p-adics.
This type of constructions does not need algebraic, topological or analytical prop-
erties of the p-adic numbers, it uses only the hierarchical structure of the p-adics.
The construction of our stochastic processes does not rely on the hierarchical struc-
ture of the p-adics, but on some strong analytical properties of and methods for the
p-adics. There are some recent developments on analysis of jump processes (that
correspond to non-local operators) using Dirichlet forms on metric measure spaces,
not necessarily on p-adic spaces (see e.g. [5], [8]). The last reference discusses heat
kernel estimates for “mixtures of stable-like processes” (see Example 2.3 there) on
some metric measure spaces, similar to what is discussed in Section 4 of this article.

§2. Preliminaries

In this section we fix the notation and collect some basic results of p-adic analysis
that we will use throughout the article. For a detailed exposition the reader may
consult [2], [17].

§2.1. The field of p-adic numbers
Along this article p will denote a prime number. The field Q, of p-adic numbers
is defined as the completion of the field Q of rational numbers with respect to the
p-adic norm | - |, which is defined as
" 0 ifx =0,
€T =
b pY ifx= p”%,

where a and b are integers coprime with p. The integer v := ord(z), with ord(0) :=
+00, is called the p-adic order of x. We extend the p-adic norm to Q) by taking

||, == nax lzil, for = (21,...,2,) € Q.
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We define ord(r) = min;<;<, ord(z;); then |z|, = p~°"4®). The set Qs 11+ 1lp)
is a complete ultrametric space. As a topological space, @, is homeomorphic to a
Cantor-like subset of the real line.

Any p-adic number  # 0 has a unique expansion z = p°d®) Do Tip
where z; € {0,1,...,p — 1} and z¢ # 0. By using this expansion, we define the
fractional part of z € Q,, denoted {x},, as the rational number

(2} 0 it x =0 or ord(x) > 0,
Tlp = ‘
? pord(@) Z];Ogd(m)*l z;p?  if ord(z) < 0.
For v € Z, denote by Bl(a) = {z € Qp : [z — all, < p?} the ball of radius
p” with center at a = (a1,...,a,) € Qp, and take BJ(0) := Bl. Notice that
B%(a) = By(a1) x -+ X By(an), where By(a;) = {z € Qp : |z — a4, < p7}is
the one-dimensional ball of radius p” with center at a; € Q. The ball By equals
the product of n copies of By := Zj, the ring of p-adic integers. We denote by
Q(]|z||p) the characteristic function of Bj. For more general sets, say Borel sets,
we use 14 (x) to denote the characteristic function of A.

§2.2. The Bruhat—Schwartz space

A complex-valued function ¢ defined on Qp is called locally constant if for any
x € Q) there exists an integer | = I(x) € Z such that

(2.1) o(x+a') =) foraz’ e B).

The set of all locally constant functions ¢ for which the integer [(x) is independent
of x form a C-vector space denoted by g (QZ) =: €. Given p e £ , we call the largest
possible | = [ (p) the parameter of local constancy of p. A function ¢ : Q, = Cis
called a Bruhat-Schwartz function (or a test function) if it is locally constant with
compact support. The C-vector space of Bruhat—Schwartz functions is denoted by
S(Q) =: S. Notice that S C £.

Let S'(Qp) := S" denote the set of all functionals (distributions) on S(Qj}).
All functionals on S(Q}) are continuous.

Set U(y) = exp(2mi{y},) for y € Q,. The map ¥(-) is an additive character
on Q,, i.e. a continuous map from Q, into the unit circle satisfying U(yo + y1) =
U(yo)¥(y1) for all yo,y1 € Qp.

§2.3. Fourier transform

Given € = (&1,...,&),2 = (21,...,2,) € Qp, we set £ -z := > &y The
Fourier transform of ¢ € S(Qy) is defined as

(Fo)(€) = / Y(—¢ - 2)p()dz for € € QT

n
D
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where d"x is the Haar measure on Q) normalized by the condition vol(By) = 1.
The Fourier transform is a linear isomorphism from S(Q}) onto itself satisfying
(F(Fe))(&) = p(—&). We will also use the notation F,_,¢¢ and & for the Fourier
transform of .

The Fourier transform F[T7] of a distribution T' € S’(Q}) is defined by

(FIT],¢) = (T, Flgl) ~ for all p € 5(Qy).

The Fourier transform 7' — F[T] is a linear isomorphism from S/(QZ) onto SI<QZ)'
Furthermore, T' = F[F[T](-£)].

83. A class of non-local operators

Denote by 9y, with A > 0, the C-vector space of all functions ¢ € £ satisfying
lp(x)| < C(1+ [|z]]}). If ¢ depends also on a parameter ¢, we shall say that ¢
belongs to My uniformly with respect to t if its constant C and its parameter of
local constancy do not depend on t. Notice that if 0 < A; < Ag, then My C My, C
My, , and S(Qp) € Mp.

Take Ry := {z € R : 2z > 0}, and fix a function w, : Q) — Ry with the
following properties:

(1) wa(y) is a radial (i.e. wa(y) = wa(||lyllp)) and continuous function, increasing
in lyllp;
(ii) wq(y) =0 if and only if y = 0;
(iii) there exist constants Cy, C; > 0 and o > n such that

Collylly < walllyllp) < Callylly  for any y € Q.

Set
1_\11(—(7!&.) n
Awal&)i= | =l Y
= [ il

In [7], we established that the function A, is radial, positive, continuous,
Ay, (0) = 0, and A, (&) = Ay, (Il€llp) = Aw, (p~°"4®) is a decreasing func-
tion of ord(§) (cf. [7, Lemma 3.2]; the condition that wq(||y||,) be increasing was
omitted there by error, but it is necessary). In addition, we introduce the operator

B (W)= [ HE Sy e s

Lemma 3.1. If « —n > A, then W, can be extended to My and formula (3.1)
holds. Furthermore, W, : 9ty — M.
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Proof. Notice that if ¢ € 9y, there exists a constant | = [(¢) € Z such that

(32) Wapo) = [ A= eD) gy,

llyllp>p* wa ([[yllp)

We now show that [(Wap)(z)] < A(1+ [|z]}). Since ¢ € My and a > n,

1+ [lz =yl

[(Wap)(z)] < C Ldy+C'(1+ |lzly).

Iyllp>pt 19I5

Hence, it is sufficient to show that the above integral is bounded by A(1 + [|z[|})
for some positive constant A. If ||z||, > ||ylp, then

L4 e -y} Lo
/ 4——ifldysu+wm/" Ly = B+ J])),
lwlp>pt 19I5 Iyl Y5

where B is a positive constant. If |||, < [|y|/p, then e — n > X implies

14 [z —y| 1+ [ly||?
[ bl ., W2 < .
lp=pt YIS lyl,>p Y115

If |||, = lyll, > P, write 2 = pPu, y = pLo, with ||[v]|, = ||ull, = 1, L € Z; then

1+||x_y||A n —L(n—a — n
/) W gy = i {/ (1+p~ P u— o))
lylp=lizt, Y115 lollp=1

< A([[z]l, 7™ + (o]l @) < A(p, 1 oy, N),

where A, A" are positive constants. Finally, by (3.2), W, is locally constant. [

84. Parabolic-type equations with constant coefficients

Consider the following Cauchy problem:

gt (@ 1) — k- (Wau)(z,t) = f(x,t), @€Qp, te(0,T],
u(z,0) = ¢(z),

where a > n, k, T are positive constants, p € Dom(W,) := M, with a — n > A,

(4.1)

f is continuous in (x,t) and belongs to 9 uniformly with respect to ¢, and w :
Qp x [0,7] — C is an unknown function. We say that u(z,t) is a solution of
(4.1) if u(x,t) is continuous in (z,t), u(-,t) € Dom(W,,) for t € [0,T], u(z,-) is
continuously differentiable on (0,7, u(-,t) € M uniformly in ¢, and u satisfies
(4.1) for all t > 0.

The Cauchy problem (4.1) was studied in [7] using semigroup theory. In this
article, we study this problem in the space 9%y, which is not contained in L” for any
p € [1,00], and thus we cannot use semigroup theory (see e.g. [7, Theorem 6.5]).
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We define
(4.2) Z(x,t) := / et Ava (IElp) g (g . £) dne,
Q

for t > 0 and = € Qj. Notice that Z(x,t) = F. [e~"4uall€l)] e L' 0 L? for
t > 0, since C'||€[l57" < Ay, ([[€]lp) < C"[I€]lg7™ (cf. [7, Lemma 3.4]). Further-
more, Z(z,t) > 0 for ¢t > 0 and z € Qp (cf. [7, Theorem 4.3(i)]). These functions
are called heat kernels. When considering Z(x,t) as a function of z for ¢ fixed we
will write Z;(z).

We set

t
u(t)i= [ Ze-y ) dy. ut)i= [ [ 2@y 000 dyas,
Q 0/Qp
for ¢, f €My with a—n > A, 0<t<T,and z € Q. The main result of this
section is the following:

Theorem 4.1. The function u(z,t) = ui(x,t) + ua(z,t) is a solution of the
Cauchy problem (4.1).

The proof requires several steps.
§4.1. Claim: u(z,t) € M,
In order to prove this claim, we need some preliminary results.

Remark 4.2. The function Z;(z) is radial since it is the inverse Fourier transform
of the radial function e~**Awa(lélls) Then Z,(x) is locally constant in Qp \ {0}.
Furthermore, if y € Qp, € Qp \ {0}, [lyll, < [|[z[|, and ¢ > 0, then Z;(z + y)

Lemma 4.3. There exist positive constants C,Co such that:

< Oyt (@=1) fort >0 and x € Qp;

< Cot|z[|,* fort >0 and xz € Q \ {0};

< max{2%Cy, 2°Co}t (|||, + tY/(@=™) = for t >0 and x € Qy;

Proof. (i) By (4.2) and [7, Lemma 3.4],

Z(x1) < / et €l gng < / otz g,
Q @
Let m be an integer such that p™ ! < #1/(an) < 7 Then
Z(x,t) S/ e Collp™ "~ Ve|p— d"é.
Q

n
P

n
P
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By changing variables via z = p~(™~1¢, we have
Z(nt) < p7<m71>n/ e=Coll=15 " gn, < ygnla—n),
QG
(ii) follows from [7, Lemma 4.1].
(iii) The result is obtained from the following two inequalities. If ||z||, >
¢t/ then [zl > loll,/2 + /(7 /2 and ||z[|;* < 2% (|||, + /7)) 7
multiplying by Cst and using (ii), we obtain

Z(x,t) < 2°Cot(||z||, 4 tV/ (@)=,

If |||, < Y@= then ||z||,/2+t/ (@™ /2 < 1/ (@=) and (||z||, + ¢/ (@)~ >
g-ag—a/la=n) — g—ay=l=n/(e=n)., myltiplying by C; and using (i) gives

Z(x,t) < 2°Cyt(||z||, + ¥/ (@)~

(iv) By (iii), Z:(-) € L*(Q}) for ¢ > 0. Now, the announced identity follows
by applying the Fourier inversion formula. 0

Proposition 4.4 ([16, Proposition 2]). Ifb>0, 0 < X < a, and x € Q}, then

jg (b+ [l — €l,) " IEIR dme < Cb (1 + ],

n
P

where the constant C' does not depend on b or x.
Lemma 4.5. The functions uy,us belong to My uniformly int for A +n < a.

Proof. By Lemma 4.3(iii) and Proposition 4.4,
u(ed) < [ 2l -yl dy
Q

<C s t(E O |z = yllp) " (L yllp) dy < C'(L+ lllp)-

On the other hand, since u;(z,t) = fQ" Z(w, t)p(x—w)d™w, u; is locally constant

and {(u1) = I(¢) uniformly in ¢. The proof for ug is similar. O

Remark 4.6. Notice that ui, ua, Wyui, Wus € My for any « satisfying A+n <
v < a.

§4.2. Claim: u(z,t) satisfies the initial condition

This claim follows from Lemma 4.5 by using the following result.
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Lemma 4.7. If p € M, with a > X+ n, then

lim [ Z(z—&t)p(§)d"E = p(a).

t—0t
o

Proof. By Lemma 4.3(iv),

4y [ 2e-ene©e= | 260060~ @) o)

Now, by Lemma 4.3(iii) and the local constancy of ¢,
[ 2000 - vl are
P

< ct / (#/C=) 4 |lz — €]],) | (€) — ()| d
lz—£llp>p

<ct / (B 4 z) (e — 2) — p(a)] d"z
[lz]lp>pt

<Ct / 12l + ||z — 21 dz + C'tlp(w)] < thiz).
[Iz]lp>pt

The desired formula is obtained by letting ¢ — 0T in (4.3). O

§4.3. Claim: u(z,t) is a solution of the Cauchy problem (4.1)

This claim is a consequence of Corollary 4.10 and Lemmas 4.11 and 4.12. Several
preliminary results are required.

Lemma 4.8. There exist positive constants Cs, Cy such that:

(1) 225 = — [y, Au, (€llp)e A V0w (o €) dn¢ for t > 0 and = € Q;
(ii) |8ZH | < Cst=/@=) fort >0 and x € Q;

(iil) {BZ(zt ’ < Cytllz|ly 2% fort >0 and x € Qy \ {0};

(iv) |22 | < 2C5(||ll, + /@)~ for t > 0 and z € Q) \ {0}.

Proof. (i) The formula is obtained by applying the Lebesgue Dominated Conver-
gence Theorem and the fact that —r A, (||€]|,)e " Awa (€l W (2. €) € LY(Qp) for
7 > 0 fixed (cf. [7, Lemma 3.4]).

(ii) By using (i) and [7, Lemma 3.4],

’ / Culiélly e =l are.

‘82
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We now pick an integer m such that p™—1 < ¢t'/(@=7) < p™ and proceed as in the
proof of Lemma 4.3(i) to obtain

o]

0 < erprtmnn-tmotee [ fong sl gry < oyl

o

(i) Set ||z, = p®. Now, since A, (||&]|,)e " tAwallélz) ¢ L1 L2 for t > 0,
it follows that Z(xz,t)/0t € L' N L? for t > 0, and by applying the formula for
the Fourier transform of a radial function, we get

0Z(x,t)
ot

(o)
—n —B—7\,—K —B=Iy _nj — —K —A+1
% ((1—p )E :Awa(p A=7e tAwa (P 7) )= — Ay, (p Ftlye tAwq (P )>.
Jj=0

= [,

Now, since A, (£) is a decreasing function of ord(&),

0Z (x,t)
ot

oo
p B - —nj — —B+1
‘ S Hx”pnAwa(p 5+1)‘(1 —p ")Zp njy _ e KtAw, (P )
7=0
- - — —B+1
< Hx”pnAwa(p 5+1)(1 _e Kt Ay, (P )).

By using the Mean Value Theorem and [7, Lemma 3.4], we obtain

22

2
S0 < cullly e

(iv) If ||lzll, < /@) then |z||,/2 + t/(@=™) /2 < #¥/(=") and hence
t—o/la=n) < 9o (|||, 4+ tY/ (=)= multiplying by C3 and using (ii), we get

22600
ot

< 2Galal + /)
Now, if [|2||, > t'/(*=™) then by using (iii),

(4.4)

YACR)
ot

\ < Callel;,

and since |z[|, > ¢/~ we find that ||z|, > ||lz|/,/2 + t*/(*~™)/2 and so

2¢(||z|| + M/ (em)) e > [|z]|,,*; multiplying by C3 and using (4.4), we have

22600

S| < 2ecaflal + ey, 0
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Lemma 4.9. (W, Z,)(z) with v < « satisfies the following conditions:
(D) (W Ze)(@) = = [ Auw, (€]lp)e™ 4w Wl2)0 (2-6) d€ fort > 0 and v € Qy;

(i) (W, Z)(z)| < 27C(||z|lp, + tY/«™)=7 for t > 0 and = € Qp and some
positive constant C;
(i) Jo, (W Z0) (@) d"a = 0.

Proof. (i) Define

(4.5) Zt(M)(:c) = / (z - n)e tAwallnlls) gny for M e N.
lInll, <p™

This function is locally constant on Q. Indeed, if ||, < p~*, then Zt(M) (x+€&) =
Zt(M)(x). Furthermore, Zt(M)(x) is bounded, and thus Zt(M) € My C Dom(W,).
We now use formula (3.1) and Fubini’s Theorem to compute

W Z) () = / 20w =8 — 2@
Q

wy([I€llp)

_ / / e thua Ul g (g . ) LED =L n ne
el >p=2 il <p™ wy([€llp)

:/ e—ntAwa<|mnp>\1,(x.n)/ YED) =1 e gny
llnllp<p™ L, > wy(lI€]]p)

n
P

= e A, ) a7
Np>P

By using the fact that e_“tA“’a(”'””)Aww(” “|lp) € LY(Qy) for t > 0 (cf. [7, Lemma
3.4]) and the Dominated Convergence Theorem, we obtain
@) Jim W,z =~ [ (nll)e A 01w g d,

Qn

M— o0
P

On the other hand, by fixing  # 0 and for ¢ > 0, Zy(z — &) — Z:(x) is locally
constant (cf. Remark 4.2), and bounded (cf. Lemma 4.3(iii)), so (W,Z;)(x) is
well-defined, and since Zt(M)(x) is radial,

(M) (M)
A2 Z(M) — Zt (m B f) B Zt (33) " ,
(Wy2:70(@) /|g|p>|x|p w~ ([1€]lp) .

and by the Dominated Convergence Theorem, limps o0 (WWZt(M))(ac)
(W, Z;)(x). Therefore by (4.6), we have

(W, Z0)(z) = — /Q A, ([llp)e="tAue )G (i ) .

Finally, we note the right-hand side in the above formula is continuous at = = 0.
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(ii) By (i) and [7, Lemma 3.4],

(W, Z0)(x)| < Co /@ el e rCulels ™ grg,

P

We now pick an integer m such that p” ! < t1/(@=7) < p™ and proceed as in the
proof of Lemma 4.3(i) to obtain

(4.7) (W, Z)(2)| < Ot/ e,

Now, if ||lz[|, < t*/(@=™) then ||z|,/2 + t'/(@=™) /2 < !/(@=7) and consequently
t=/@=n) <27 (||z||, + ¢/ (=) =7; multiplying by C' and using (4.7), we have

(W, Z0) ()] < 200(||l, + /7)) 77

On the other hand, let ||lz||, = p, since A, (||¢[|p)e"tAwa ) e L1 A L2 for
t >0, we have W, Z; € L' N L? for t > 0, by proceeding as in the proof of Lemma
4.8(iii), we obtain

|(W5Z)(z)| < Ct|]l;=7.

Now, if ||z||, > t'/(®=™) then
(4.8) (W5 Z)(x)] < Cllzfl,

If |z, > /=), then |l > [|z]l/2+ ¢/~ /2 and 20 (|||, + /(=)= >
[|z[|,,7; multiplying by C' and using (4.8), we conclude that

(W, Z,) ()] < 200(||l, + /7).
(iii) follows from (i) by the inversion formula for the Fourier transform. [
Corollary 4.10. % =k (WaZi)(z) fort >0 and z € Q}.
Proof. The formula follows from Lemmas 4.8(i) and 4.9(i). O

Proposition 4.11. Assume that o € My. Then:

(i) 2 (1) = [y, 2252 o(y)dmy fort >0 and x € Q) \ {0};
(ii) (Wyu)(z,t) = ng(WWZt)(x —yey)dy formn+ X <y <a,t>0 and
z € Qp\ {0}.

Proof. (i) By the Mean Value Theorem, %(a@ t) equals

e(y)d"y,
h=0 Jon h h=0 Jgn ot
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where 7 is between ¢ and ¢+ h. Now, the result follows by applying the Dominated
Convergence Theorem and Lemma 4.8(iv).

(ii) By Remark 4.6, if n+ X < vy, then u; € Dom(W,) for ¢ > 0. Then for any
L € N, by Fubini’s Theorem (cf. Lemma 4.3(iii)), we get

/ ul(x_yat)_ul(aj t)d y
lyllp>p

wy([lyllp)

/ / Zi(x — € —y) — Zy(x — &) &y dre.
n lylly>p~" wy([lyllp)

We now fix a positive integer M such that ||y||, < p~* < p™ < ||z — ¢||,. By
Remark 4.2,

Zt(x—f—y)—Zt(l“—f) Ay d*¢ =0
/Ix—£|p>pM A1) /IylpSPL wy([1yl) v

iz =y, 1) —wi(a, )

then

\ 1) = i d
Wou)@t) =t | e w () v
- / P() (W, Z))(x — €) d"¢
lz—&llp>p—M
. Zt(m_g_y)_zt(x_g) n m
1 d"yd
+ LI—IE;O lz—¢|l,<p—M 90(«5) /y||p>;0 w’y(Hy”P) Y E
- / P(€) (W, 2)) (x — €) d€ + / P(€) (W, Z)) (x — €) "€,
lz—=£llp>p~M lz—&llp<p—M

where the limit was computed by using the Lebesgue Dominated Convergence
Theorem and the fact that

Zi(x—€—y)—Zi(x=&)
d"yd
,/|w_g|p§p—M # (&) /|y|p>p—L w~ ([|y]]p) v

Zilx—=E—y)—Z(x =€) 0 m
_ Ay "€,
/Ix—éllpﬁp—M #le) /,y|p>,,_M wy(l9Tl) v

because Zi(x — & —y) = Zy(xz — &) for ||z —£|lp > ||lyllp (cf. Remark 4.2). The
convergence of this last integral follows from Proposition 4.4. O

Set us(x,t,7) f an x—y,t—0)f(y,0) d"y df for f € My with a—n > A,
0<7<t<T, and T € Q” By reasoning as in the proof of Lemma 4.5, we find
that ua(-,t,7) € M uniformly in ¢ and 7.
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Proposition 4.12. Assume that f € My with o —n > X\. Then:

(i) B2 (@ t.7) = flot) + [ (Jgy G2 (9,0) = f(w,0)] d"y) db for t >0
and z € Qp;

(i) (Wyug)(z,t,7) = [, an (W, Z)(x—y,t—0)f(y,0)d"ydb forn+ X <~ <a,
t>0andzxeQy.

Proof. Set
t—h
ug p(x,t,7) ::/ / Z(x—y,t—0)f(y,0)d"ydd, O0<h<t-—r.

A standard reasoning shows that

auQ,h
01,7

=hr 9Z(x—y,t—0
:/ /%ﬂy,g)d”yde-g—/ Z(x —y,h)f(y,t —h)d"ydb.

This formula can be rewritten as

Moy, 1,7 /th/'azx‘y’ “ D 5(0.0) — Fla.0)] "y do

t=h OZ(x —y,t —0
+/ f(:v,e)/ 92w —y,t=9) 8t7 )d”ydé?

+/nZ(l’*y,h)[f(y,t*h)*f(y,t)]d”er/ Z(x —y,h)f(y,t)d"y

n
P

The first integral contains no singularity at ¢ = 6 due to Lemma 4.8(iv) and the
local constancy of f. By Lemma 4.3(iv), the second integral is zero. The third
integral can be written as a sum of integrals over {y € Qp : [z — yl[, > M}
and the complement of this set; one of these integrals is estimated on the basis of
the uniform continuity of f, while the other contains no singularity (see Lemma
4.8(iv)). Finally, the fourth integral tends to f(z,t) as h — 07 (cf. Lemma 4.7).

(ii) By Lemma 4.5, W, us 5, is well-defined for any + satisfying n+ A < v < a.
Then, for any L € N, the following integral exists:

Uo }L(I‘ 5 t 7') U2 h(zath) n
(4 9) /E|p>17 d §

wy([I€llp)

t=h .Z‘—g y7 ) (x—y,t—ﬂ) n n
N d e d™y do.
-/ /n/ﬂpp oy (ln) flo.O)d%¢dy
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On the other hand, by Fubini’s Theorem,

/ Z($—§—y,t—0)—Z(1’—y,t—0)
lellp>p=*

o (€T e

:/Q W(( — y) - n)e =04 () p () dn,

n
P

where Pi(n) = fl\€\|p>P‘L % d™¢. A simple calculation shows that |Py(n)|
< C'|lnll;7", and so
/ Z(x_g_yat_e)_z(x_:%t_e)dngg07
lellp=p=* w([1€]lp)

where the constant does not depend on x, t > h 4+ 7, L. Now, by expressing the

right integral of (4.9) as

f=h Z(x—E—y,t—0)—Z(x—y,t—0
T lz—&llp>p= J€llp2p~"

wy([I€]lp)

o Z(m_g_yat_a)_z(l‘_y,t—e)
79 dn dn de
+/r /|m_§|pSpM /IEIprL 'wfy(Hpr) f(y ) 5 Yy

where M is a positive integer such that |||, < p™ < p™ < ||z—¢]|,, and using

the same reasoning as in the final part of the proof of Proposition 4.11(ii), we
obtain

t—h
(@10 W@t = [ [ (W2 &t 0)f(w.0)d"¢ db.

Now, by Lemma 4.9(ii), the fact that f € 9y, Proposition 4.4, and the Dominated
Convergence Theorem, we can take the limit as h — 07, which completes the proof
when v < «a. If ¥ = «, formula (4.10) remains valid. By using Lemma 4.9(iii),
formula (4.10) can be rewritten as

t—h
(Wuz)at) = [ [ (W, 2)( =&t = 0)(7(0.0) ~ (a.0)] " db

Now, by using the local constancy of f, we can justify the passage to the limit as
h — 07, which completes the proof. O

Remark 4.13. By Lemmas 4.3(iv) and 4.8(i), f@n W d"y =0, and so
P

%?(z,t,f)—f(m,t)+/T </@ Wf@,g)d@) o

n
D

fort >0 and z € Qp.
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85. Parabolic-type equations with variable coefficients

First, we fix the notation that will be used throughout this section. We assume that
a >n+1. We fix N + 1 positive real numbers satisfying n < a1 < -+ < ay < a.
We fix N + 2 functions ax(z,t), k = 0,..., N, and b(z,t) from Qp x [0,T] to
R, where T is a positive constant. We assume that: (i) b(x,t) and ag(z,t), for
k=0,...,N, belong (with respect to x) to 9y uniformly with respect to ¢t € [0, T7;
(ii) ao(x,t) satisfies the Holder condition in ¢ with exponent v € (0, 1) uniformly
in z. We also assume the uniform parabolicity condition ag(x,t) > pu > 0 and that
ant1 :=n+ (a—n)(1l —v) > ay. Notice that ani1 < a.

Set W := lequl a(x,t)Wy, — b(x,t)I with domain My and 0 < A+n < a;.
Notice that W : Ny — M.

In this section we construct a solution for the initial value problem

(5.1) {%’:(x,t) ~ao(e ) (Wau) (. t) — (Wa)(z, 1) = f(, 1),

u(z,0) = ¢(z),

where z € Qp, t € (0,T), p € My, f(-,t) € My uniformly with respect to ¢ with
0<A<a;—n,and f(z,t) is continuous in (x,t) (if a1(z,t) =--- = an(z,t) =0
then we shall assume that 0 < A < a — n).

§5.1. Parametrized Cauchy problem

We first study the following Cauchy problem:

(5.2) { 9u(x,t) — ap(y,0)(Wau)(z,t) =0, 2 €Qr, te(0,T],

u(z,0) = p(z),

where y € Qp and 6 > 0 are parameters. By applying the results of Section 4 with
Kk =ag(y,0) > u > 0, the Cauchy problem (5.2) has a fundamental solution given
by

Z(w,tiy,0) = / U - &)e 0N Aua (1€) gre
5

for ¢t >0 and x € Q}.

Remark 5.1. All statements from Lemmas 4.3, 4.8, 4.9 hold for Z(x,t;y,0) and
the constants involved do not depend on y or 8. Thus, we have the estimates

(5.3) Z(x,t;y,0) < Cit(||z], + t/©@7™)=  for t >0,

= ‘§02(||x||p+tl/(a"))a for t > 0,
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(5:5) (W, 2)(z,t;9,0)] < Ca(|lall, + /™) ™7  fort >0 and v < a,
and the identities
(5.6) /@ Z(x,t;y,0)d"x =1 fort >0,
0Z(x,t;y,0) '
ot

= —ao(y,0) / Aw, (|€]lp)e 0@t Aua gl g (2. £) d™¢  for t > 0,
Qn,

D

(5.7)

(58  (Wy2)(@,ty,0) = - /Q A, ([lgllp)eme0 w0t dee €00 (2 - £) d¢

fort > 0 and v < @, and

(5.9) / (W, Z)(z,t;y,0)d"c =0 fort>0andy <o
o
Lemma 5.2. There ezists a positive constant C' such that
0Z(x —y;t,y,0
(5.10) ‘/ Mdny <C.
" ot
Proof. See [14, proof of Lemma 4.5]. O

85.2. Heat potentials

We define the parameterized heat potentials as follows:
t
w(@,t,7) = / / Z(x —y,t —0;y,0)f(y,0)d"y do,

where f € My, 0 < A < a —n, f is continuous in (y,#). By using the same
argument given to prove Lemma 4.5, one proves that u € 91, uniformly in ¢
and 7.

We now calculate the derivative with respect to ¢ and the action of the oper-
ator W, on u(z,t,7) forn+ A <y <a.

Proposition 5.3. Assume that f € My, 0 < XA < a—mn, and [ is continuous in
(y,0). Then

o Ou(x,t,T t 8Z(xz—y,t—0;y,0 "
() PG = flat) + ] o P20 [y, 0) dy db;
(i) (Wyu)(,t,7) = [} fou (W Z)(@ =yt = 0;9,6)f(y.0) A"y db, 7 < .
Proof. Tt is a simple variation of the proof of Proposition 4.12. O

The following technical result will be used later on.
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Lemma 5.4 ([14, Lemma 4.6]). Let

t

J($7£7t77—):/ (t—@)_”/ﬁ(e_T)—a/ﬁ

(L

where z,§ € Qp, 0 <7 <1, b1,bo >0 and p+bi,0+by < B, B>1. Then

[t = 6)% + |z = nll,) ™" (0 — 7)Y + [l — €]|p] " d"") do,

n
D

J(x, & t,T)
<ofB(1-51- TER (0= ¢ fl = g, e - ) oo
#B(1= 1= D)= )P o = €l ) ore s

where C is a positive constant depending only on by,ba, and B(-,-) denotes the
Archimedean Beta function.

The proof is a simple variation of that given by Kochubei for [14, Lemma 4.6].

§5.3. Construction of a solution

Theorem 5.5. The Cauchy problem (5.1) has a solution which can be represented
in the form

5.11)  ulat) = /O [ Awtensenacars [ Awng 0@ e

where the fundamental solution A(x,t,§,7), z,§ € Qp, 0 < 7 <t < T, has the
form

with
(513) @167 < Cf - 1PV - )Y 4 o - g,

N+1
(=) Yl 4 o — g7 ).
k=1

Furthermore Z(z,t;y,0) satisfies the estimates (5.3)—(5.5) and (5.10).

Proof. We apply the usual parametrix method (see e.g. [11], [14]). Our proof is
essentially self-contained. We look for a fundamental solution of (5.1) having the
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form (5.12) with
IE t 55 / / $*77a -0, 7779)@(7”93677—) dnnd97

and satisfying

(5.14) aa—/t\(a:,t,ﬁ,r) —ag(x,t) (W) (z,t,&,7)

N
=Y an(@ t)(Wa, A)(@,,6,7) + b, t) Az, 8,6, 7) =
k=1

for  # 0, ¢ > 0. Now by using (5.12), (5.1)—(5.8) and Proposition 5.3, we have
formally

(x Et—7,6,7)+ (2, 1,€,7) //nazx—n, = 051:0) 5. 0, ¢, 7) dn do
—ao(x,t){(WQZ)(x—f,t—T;ﬁ,T)
+/t/n(WaZ)(m—n,t—G;m9)<I>(n,0,§77)d"77d0}

—Zak 1) { (Wo, Z)(x—Et—T36,7)

// (W, Z) (@1t — 9n,9)¢>(n,9,£,7)d”nd9}

+b(;v,t){Z(x—§,t—T;£,7)+/T /nZ(x—n,t—e;n,ﬂ)d)(n,e,f,ﬂd”nde} =

By taking

R(J?,t,f,T) ::( ) )_a'O(E’T))(WaZ)(x_fvt_7;577-)

agp(x,t
N
+ (@, t)(We Z) (@ — &t = 756,7) = b, ) Z(x — &t — 75€,7),
k=1
one finds that ®(z,t, £, 7) satisfies the integral equation

t
(5.15)  B(x,t,6,7) = R(x,t,6,7) + / Rz, 1,1, 6)®(1,0,€,7) d"r) do.
T Q;}
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Now, by using (5.5) and (5.3), we obtain

(516)  |R(w,t,€,7)] < Co(lao(e,t) — ao(&, T)I[(E = 7)™ 4 |l — €]l =
N
+ [ = )Y e — gl
k=1

[t =)V =gl - 7).
Claim A.
Jao (@, t)—ao (&, T)|[(t=) /" t|lz =€) < C(t—) Y ) ||l —¢]|,] o,
where ant1 =n+ (o —n)(1 —v) > an.
The proof is based on the Holder condition for ag(z,t):
lag(z,t) — ao(§,7)| < C1(t — 7)¥ + |ag(z, 7) — ap(§, 7).

Let I(ap) be the parameter of local constancy of ag. Thus, if ||z — £, < p!(@0),
then |ag(x,t) —ao(&,7)| < C1(t — 7). In the case ||z — &||, < p'(®), the inequality
of the claim follows from the fact that (t —7)?[(t — 7)1/ (=) 4 ||z — &]|,]~@Fon+1

—atoanyy
v*—%== = 1. In the case

is bounded, which in turn follows from lim;_,,(t — 7)
|z — €|, > p'@0) | by using |ag(z,t) — ag(&,7)| < Co, the inequality follows from

(6 =TV 4 flz — gll,] e < o — gl < pletenaieo),
Claim B.

(=)t = 7)) 4l = €],] 7 < Callt = 7)Y 4 o = gl ] 7

.. . ppZoteNt
This is a consequence of the fact that lim;_,,(t — 7) a=n = 0.
Now from (5.16), and Claims A-B, we have
N+1
(5.17) |R(2,t,6,7)| <C Y [t =)V 4 |lw — gl
k=1

We solve the integral equation (5.15) by the method of successive approximations:

(5.18) D(x,t,&,7) Z R, (z,t,m,0
m=1
where R = R and

t
Royy1(z,t,€,7) =/ / R(x,t,n,0)Rn(n,0,¢,7)d"ndd  for m > 1.
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Claim C.
(F(’l})>m+1

R (2, 1.6,7) < CN +2)" (¢ - T’”“’m

N+1

XZ )Y |z — gl

form >0, where T'(-) denotes the Archimedean Gamma function.

The proof of this assertion will be given later.
It follows from Claim A, by the Stirling formula, that series (5.18) is conver-
gent and that

N+1

(5.19) @, t,€, 1) < Co Y [(t =)V 4 Jlz — €|, 7

k=1
Now (5.13) follows from (5.19) and Lemma 5.4.

Denote by wui(x,t) and us(x,t) the first and second terms on the right-hand
side of (5.11). Substituting (5.12) into (5.11), we find that

() // -6 T) (6, d e dr

+// Z(x —n,t—0;n,0)F(n,0)d"ndb,
0 Jop

wlet) = [ e -gre0g d"€+//” (o = 1, = 051, 0)G (1, 0) " o,

where

%
(5:20) Fono) = [ [ smo.cnsenaean
(5.21) Gn0) = [ @(0.0.6000(0)d"%.

Now, by Proposition 4.4 and (5.19), it follows that

[F(n,0)| < Co(1+Inll),  1G(n,0)] < Ci(1 + [|nlly),
for all n € Q) and 6 € (0,7].

Claim D. The functions F' and G belong to c‘: and their parameters of local
constancy do not depend on 6.

We first note that by (5.20)—(5.21), it is sufficient to show that ®(-,0,*,7) is a
locally constant function on (Q, )" x Q) and that its parameter of local constancy
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does not depend on # or 7. Now, by the recursive definition of the function ® we
see that if L is the parameter of local constancy for all the functions ag(-,t), b(-, ),
(We, Z)(-,t — 75%,7) and Z(-,t — 73%,7) on (Q1)" x Qp, and if [|6]|, < p~t, we
have R(x 4 6,t,£ + §,7) = R(x,t,&, 7). Furthermore, we successively obtain

t
Rovia(@ 4+ 8,6, +6,7) = / R(@+ 6.8, 0) Ron (1, 6,6 + 6,7) d"n d
T Q;}

t
:// R(z +6,4,C+6,0) Ron(C + 6,0, + 6, 7) d"C df

= Rm+1 (I7 ta 67 T)a

so that ®(z + 4,t, £+ 6,7) = (=,t,&,7), and hence
9
Foy+6.0)= [ [ a+s0.6nfendear
o Jar

0
= [ [ b6+ 6m5+ ) d¢dr = Plo).

Similarly, G(n + 6,0) = G(n,0) when [6], < p~r. Thus u;(-,t),u2(-,t) € My
uniformly in ¢. Thus the potentials in the expressions for uq(x,t), ua(z,t) satisfy
the conditions to use the differentiation formulas given in Proposition 5.3. By using
these formulas along with Proposition 5.3, (5.1)—(5.8) and (5.15), one verifies after
simple transformations that u(x,t) is a solution of the Cauchy problem (5.1).

Let us show that u(z,t) — ¢(z) as t — 0. Due to (5.12) and (5.13), it is
sufficient to verify that

v(x,t) :—/Q Z(x —&,1:6,0)0(&)d"¢ — p(x) ast— 0.

By (5.6), we have
Q

4 [ 2@ 62,00 - o@)] € + o)
Q

»
Now, since Z(z — &,t;-,0) and ¢(-) are locally constant functions, it follows that
both integrals are actually over the set

{€eqQp:lle—zl, 2p "}

By applying (5.3) on this set, we see that both integrals tend to zero as t — 0.
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Proof of Claim C. We use induction on m. The case m = 0 is (5.17). We assume
the case m holds. Then

|mmxta|<//' R(z, 1,0, 0)| | R (1, 0,6, 7)| d"

N+1

< Co(2N +2)™ 1 L)™ Z/
8 / [(0 = 7)) g = €llp) = [(8 = )T 4 ||l = n]l,)~* d"n do.

Now by Lemma 5.4 with —o = (m—1)(a—n)v, p=0, —n—by = —¢j, —n— by =
—ayg, 8 = a—n (notice that the condition o > n + 1 implies 8 > 1), we have

|Rm+1(l', L, 57 T)|

< C(J{(zj\urQ)m—l(F(”))m ]il B<1, at(m=la=np _O‘j)

I'(mwv) = a—n

(m—1)(a—n)v—a;+a)

S (o A S e M () o
a—ap a—n+(m—1)(a—n)v an —a
H{ —o - (2 — 7)Y 4z — gl
a—n a—n
(m=1)(a—n)v—ap+a)
)
where B(-,-) denotes the Archimedean Beta function.
By using B(z1 + €,20 + 9) < B(z1, 22) for €,§ > 0,

B@fﬂ<mnmnw%

a—n

)stmw

B(a—ak’a—n—l-(m—l)(a—n)v) < Blo,m),

a—n a—n

and

(m—1)(a—n)v—arta) _ (a—n)vtar—a

(t—r7) o =({t—7) o <C(t-7)
for1<r < N+1, we get

muv

| Rt (2,t,€,7)] < C(2N + Q)mlm(t -7

X D[ =)V ol gl 0
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86. Uniqueness of the solution

We recall that & is the C-vector space of all functions ¢ : Q) — C such that there
exists a ball B}, with { depending only on ¢, such that ¢(x 4+ ') = p(z) for any
r € Q) and 2’ € B'. Notice that M, C & for any A. We identify each element
of & with a distribution on Qp. We now recall the following fact: 7' € S" with

supp(T) C By if and only if T € € and its parameter of local constancy is greater
than —N (cf. [17, p. 109]).

Lemma 6.1. W : E=Eisa well-defined linear operator. Furthermore,

(Wap) (@) = —F, (Au, ([€llp) Fosep)-

Proof. Let | be a parameter of local constancy of ¢. Then

B oz —y)—ex) ,
(Wag)(x) = /lylpzpl ol 4
_ lgppp () v o(2) — ol d™y
= ],y e e )/|y|p>pz wallyly)

Then by taking the Fourier transform in S’ we get

FWe)© = ( [ 1epmr o) s

; iy ) e
and since Fo € S’ with supp(Fy) C B",,

(] Mot
./_'.(Waso)(f) - </QZ wa(”xnp) d )(fgp)(f)

Therefore,
(Wap)(@) = =Fe o (Aw, ([IEllp) Foosep) € E. O
Take v to be a real number such that A <y < a1 —n<---<ay—n<a-—n,
fix an integer L, and set ¢ (x) := p“"Q(p”||z||,) * ||z||}. Then

el if llzll, > p~",
6.1 Y(z) = L _
& . {c it Jall, < p*,
and thus ¢ € E.

Lemma 6.2. With the above notation, there exist positive constants Cy and Cy
such that

(1) [(Wat)(z)| < Cy|z||g—7*",
(i) [(Wa,¥)(x)| < Collz||g*=7+" fork=1,...,N.
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Proof. By Lemma 6.1,

Wat)(@) = ~F2, (Au, ()20 el ) n s

where T, (n+7) = =L = Now, since Ay, ([[€]l,) 20~ (€[l €], /T (n +7)
is radial and locally integrable, by applying the formula for the Fourier transform
of a radial function (see e.g. [17, Example 8, p. 43]) we get

(Wap)(a)

— ||| 5™ n e o I

= Tty P X v (el p =)l o )0
n =

= Aw, (lzlpp™ )2l e~ D)2l
as a distribution on Qp \ {0}. Now by using [7, Lemma 3.4],

[}
|(Wa§0) (]J)| < C«/ |:(1 _ pfn) prj(afn)wﬂ’y _ p(*LJrl)(afn) ||xH;a+n+’Y_
j=0

The proof of (ii) is similar. O

Theorem 6.3. Assume that the coefficients ag(z,t), k = 0,1,...,N are non-
negative bounded continuous functions, b(x,t) is a bounded continuous function,
0<A<ar—n,a>n+1(if a(z,t) = -+ = ag(z,t) = 0, we suppose that
0 <A< a—n) and u(z,t) is a solution of the Cauchy problem (5.1) with f(x,t) =
o(x) =0 that belongs to the class My. Then u(z,t) = 0.

Proof. We may assume that b(z,t) > 0, otherwise we take u(x,t)eM with A >
b(z,t). We first prove that u(z,t) > 0. For contradiction, suppose that u(z’,t') <0
for some 2’ € Q) and t’ € (0,T]. By Lemma 6.2, it follows that (Wq1)(x) — 0
and (Wq,¥)(z) = 0 as ||z||, = oo, and thus

N

M= sup {ao(a, )|(Wat)) (@)| + Y ax(a, )| (Wa, ) (@) | < oo
0<t<T =
xEQ;

We pick p > 0 such that u(z’,t') + Tp < 0, and then o > 0 such that

(6.2) w(@ t') + Tp+o(z') <0,

(6.3) p—oM <O.

We now consider the function v(z,t) := u(z,t) +tp+op(x). From (6.2), it follows
that v(a’,¢') < 0, so that

inf v(z,t) < 0.
0<t<T,z€Qy
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On the other hand, since u(-,t) € 9y, we have lim, |, o u(z,t)/¢(z) = 0 and
thus lim)|, |, 00 v(x,%) > 0 for any ¢ > 0. This implies that there exist zo € Q)
and tg € (0,T] such that

Ogtngn,fzng v(x,t) = ogtgn%l,gng v(z,t) = v(xo, to) <0,
and thus, by formula (3.1), (W4v)(xg,t9) > 0,(Wq,v)(20,t0) > 0 for all k, and
%(xo,to) < 0, hence

%(xo,to) —ag(z, t) (W) (o, to) — ar(x,t)(Wq,v)(xo,t0)

+ b(x, t)v(zo, to) < 0.

-

Now, by (6.3),

%(m,t) —ap(x,t)(Wav)(x,t) — Zak(x,t)(wakv)(x,t) + b(x, t)v(z,t)

= p—olag(a, ) (Wat) () + D ar(w,1)(Wa, ) (@)] + bz, 1) [pt + o)(x)]
>p—oM > 0.

We have obtained a contradiction, thus u(z,t) > 0. Finally, taking —u(z, t) instead
of u(x,t), we conclude that u(z,t) = 0. O

87. Markov processes

In this section we show that the fundamental solution A(z,t,&,7) of the Cauchy
problem (5.1) is the transition density of a Markov process. We need some prelim-
inary results.

Lemma 7.1. If the coefficients ap(xz,t) and b(x,t) are nonnegative, then
A(x,t,f,T) > 0.

Proof. Tt is sufficient to show that u(x,t) = an Az, t, €, 7)p(€) d™E > 0, where
u(z,t) is the solution of (5.1) with f(z,t) = 0, and initial condition u(z,0) =
p(x) > 0 with ¢ € S(Qp). From (5.12), (5.13), and Lemma 4.3(iii), it follows that

(7.1) u(z,t) -0 as |z, = oco.
Now, if u(x,t) < 0, then there exist 29 € Q) and ¢y € (0,77 such that

. i = 4 .
(7.2) ogtglzl“l,fmng u(z,t) = u(xg,to) <0
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This implies that (Wqu)(zo,t0) > 0, (Wa,u)(zo,t0) > 0 for all k, and 2%(z, to)
< 0. On the other hand,

N
%(x, t) = ao(a, ) (Wou)(z,1) = ) ar(z, t)(Wa,u)(z,t) = 0.
k=1

By using the uniform parabolicity condition ag(z,t) > u > 0, we get (W ou)(zo, to)
= 0; then by (3.1), u(x,to) is constant, and by (7.1), u(z,ty) = 0, which contra-
dicts (7.2). O

Lemma 7.2. If b(x,t) =0, then an Az, t, &, 7)d"E = 1.

P
Proof. By integrating (5.14) in the variable £ over the whole space Qp, and by
using Lemma 4.9(iii), we have %(an A(z,t,&,7)d"€) = 0, thus f(@n Az, t, &, 7)d"E

is independent of ¢. Now, by integrating (5.12) over the whole space Qj in the
variable £ and by using Lemma 4.3(iv), we have

t
Matende=1+ [ [ [ z@-nt- o006 n .
Q@ T JQp JQp
The result is obtained by taking ¢t = 7 in the above formula. O
Lemma 7.3. If b(x,t) =0 and f(x,t) =0, then
(7.3) Azt & 7)= | Az, t,y,0)A(y,0,&7)d"y.
Q

Proof. Consider the following initial value problem:
(7.4) 9 (2, 1) — ao(, )(Wau)(z,t) — (Wu)(z,t) =0,

’ u(z,7) = p(x), z€Qpandte (1,0]
By Theorem 5.5, u(x,0) = an Az, 0,8, 7)p(€) d™¢. Now consider

(7.5) { P (@, ) — ao(w, t)(Wau)(z,) — (Wu)(2,t) = 0,

u(r.0) = Jop M0, €. TPl 6. v € Qpy tE (0. T], 7 <o <T.

By Theorem 5.5 and Fubini’s Theorem, the solution of (7.5) is given by

e[ ([

On the other hand, (7.5) is equivalent to

(7.6) 9 (2, t) — ao(x, t)(Wau)(z,t) — (Wu)(z,t) =0,
wz, 1) =p(z), z€Qy,te(rT]

Ao, 1,9, 0)A(y, 0.6, 7) d"y)w(f) ae.

n n
P P
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which has a solution given by wu(z,t) = f@n Az, t, &, 7)p(€) d™E. Now, by Theo-
rem 6.3, !

[ serenpore= [ ([ swtnosmaendy)eore

for any test function ¢, which implies (7.3). O

Theorem 7.4. If the coefficients ax(x,t), k =1,..., N, are non-negative bounded
continuous functions, b(z,t) =0, 0 < A< a; —n, a>n+1 (if ar(x,t) =-- =
ag(z,t) = 0, we suppose that 0 < A < a—n), and f(z,t) = 0, then the fundamental
solution A(x,t,&,T) is the transition density of a bounded right-continuous Markov
process without second kind discontinuities.

Proof. The result follows from [10, Theorem 3.6] by using Lemmas 7.1-7.3 and
5.12-5.13, and Lemma 4.3(iii). O

§8. The Cauchy problem is well-posed

In this section, we study the continuity of the solution of the Cauchy problem (5.1)
with respect to ¢(z) and f(x,t). We assume that the coefficients ay(z,t), k =
0,1,...,N, are non-negative bounded continuous functions, b(z,t) is a bounded
continuous function, 0 < A < a3 —n (if ay(z,t) = -+ = ag(z,t) = 0, we suppose
that 0 < A < a—mn), p € My and f(-,t) € M) uniformly in ¢, with 0 < X < oy —n.

We identify 91, with the R-vector space of all functions “¢(-,t) € 9y uni-
formly in ¢,” and introduce on 9ty the following norm:

o(x,t
[6llomy = sup sup | 22D
tefo,r)zeQn| 1+ [z}

From now on, we consider 91, as a topological vector space with the topology
induced by || - |lon, . We also consider 2ty x My as a topological vector space with
the topology induced by the norm || - |on, + || * [|on, -

Theorem 8.1. With the above hypotheses, consider the following operator:
My x My 55 My, (), £, 1) = ul-,8),

where u(x,t) is given by (5.11). Then [u(-,t)[lomy < Clle()llons + [ ) llony ),
i.e. L is a continuous operator.

Proof. We write u(z,t) = uy(z,t) + ua(x, t) where

wn (1) = /O [ A@rensEn@ed md =] Awn&0©d
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as before. Now

|u1xt|<// N If (€7 dvE dr

<ffct|m{/ / Mgl [ [ el eear,

and by (5.12)—(5.13), (5.3) and Proposition 4.4,

|U1(Iat)|SCOHf('at)”am{ [e-mrians [o-np

N+1

3 [ g el [
t N+1 ey
+<1+||x||;>/0<t—7>2 2THER g 4 (14 a)) Z/ = dT}
<Gty {CLUT) + Co(T) (1 + [Jz[I3)}-
Hence,
C
PG| < W 0llon {72 + 0o

Similarly, one shows that

us(z,t) C1(T) /
W < ||80(')||9m{1_|_x”;)\ + CQ(T)}7
therefore [lu(-,t)[lam, < C(llo()[lony + [[£(58)llomy)- O

Acknowledgements

The authors wish to thank the anonymous referee for his/her careful reading of
the original manuscript, and they also wish to thank Sergii Torba for many useful
comments and discussions during the preparation of this article.

References

[1] S. Albeverio and W. Karwowski, Jump processes on leaves of multibranching trees, J. Math.
Phys. 49 (2008), no. 9, 093503, 20 pp. Zbl 1152.81310 MR 2455842

[2] S. Albeverio, A. Yu. Khrennikov and V. M. Shelkovich, Theory of p-adic distributions: linear
and nonlinear models, Cambridge Univ. Press, 2010. Zbl 1198.46001 MR 2641698

[3] V. A. Avetisov, A. H. Bikulov, S. V. Kozyrev and V. A. Osipov, p-adic models of ultrametric
diffusion constrained by hierarchical energy landscapes, J. Phys. A 35 (2002), 177-189.
Zbl 1038.82077 MR 1945917


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1152.81310&format=complete
http://www.ams.org/mathscinet-getitem?mr=2455842
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1198.46001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2641698
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1038.82077&format=complete
http://www.ams.org/mathscinet-getitem?mr=1945917

(4]
(5]

[6]

(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

NON-ARCHIMEDEAN PARABOLIC-TYPE EQUATIONS 317

V. A. Avetisov, A. Kh. Bikulov and V. A. Osipov, p-adic description of characteristic relax-
ation in complex systems, J. Phys. A 36 (2003), 4239-4246. Zbl 1049.82051 MR 1984499

R. F. Bass and D. A. Levin, Transition probabilities for symmetric jump processes, Trans.
Amer. Math. Soc. 354 (2002), 2933-2953. Zbl 0993.60070 MR 1895210

O. F. Casas-Sanchez and W. A. Zuniga-Galindo, p-adic elliptic quadratic forms, parabolic-
type pseudodifferential equations with variable coefficients and Markov processes, p-Adic
Numbers Ultrametric Anal. Appl. 6 (2014), 1-20. Zbl 06416125 MR 3162769

L. F. Chacén-Cortes and W. A. Zuniga-Galindo, Nonlocal operators, parabolic-type equa-
tions, and ultrametric random walks, J. Math. Phys. 54 (2013), 113503. Zbl 1288.82027
MR 3137041

7Z.-Q. Chen and T. Kumagai, Heat kernel estimates for jump processes of mixed
types on metric measure spaces, Probab. Theory Related Fields 140 (2008), 277-317.
Zbl 1131.60076 MR 2357678

B. Dragovich, A. Yu. Khrennikov, S. V. Kozyrev and I. V. Volovich, On p-adic mathe-
matical physics, p-Adic Numbers Ultrametric Anal. Appl. 1 (2009), 1-17. Zbl 1187.81004
MR 2566116

E. B. Dynkin, Markov processes. Vol. I, Springer, 1965. Zbl 0132.37901 MR 0193671

A. Friedman, Partial differential equations of parabolic type, Prentice-Hall, Englewood
Cliffs, NJ, 1964. Zbl 0144.34903 MR 0181836

W. Karwowski, Diffusion processes with ultrametric jumps, Rep. Math. Phys. 60 (2007),
221-235. Zbl 1210.60092 MR 2374819

J. Kigami, Transitions on a noncompact Cantor set and random walks on its defining tree,
Ann. Inst. H. Poincaré Probab. Statist. 49 (2013), 1090-1129. Zbl 1286.31006 MR 3127915

A. N. Kochubei, Pseudo-differential equations and stochastics over non-Archimedean fields,
Dekker, New York, 2001. Zbl 0984.11063 MR, 1848777

J. J. Rodriguez-Vega, On a general type of p-adic parabolic equations, Rev. Colombiana
Mat. 43 (2009), 101-114. Zbl 1206.35269 MR 2602049

J. J. Rodriguez-Vega and W. A. Zuniga-Galindo, Taibleson operators, p-adic parabolic equa-
tions and ultrametric diffusion, Pacific J. Math. 237 (2008), 327-347. Zbl 1232.35201
MR 2421125

V. S. Vladimirov, I. V. Volovich and E. I. Zelenov, p-adic analysis and mathematical physics,
World Sci., 1994. Zbl 0864.46048 MR 1349578

W. A. Zuiniga-Galindo, Parabolic equations and Markov processes over p-adic fields, Poten-
tial Anal. 28 (2008), 185-200. Zbl 1134.35005 MR 2373104


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1049.82051&format=complete
http://www.ams.org/mathscinet-getitem?mr=1984499
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0993.60070&format=complete
http://www.ams.org/mathscinet-getitem?mr=1895210
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06416125&format=complete
http://www.ams.org/mathscinet-getitem?mr=3162769
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1288.82027&format=complete
http://www.ams.org/mathscinet-getitem?mr=3137041
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1131.60076&format=complete
http://www.ams.org/mathscinet-getitem?mr=2357678
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1187.81004&format=complete
http://www.ams.org/mathscinet-getitem?mr=2566116
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0132.37901&format=complete
http://www.ams.org/mathscinet-getitem?mr=0193671
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0144.34903&format=complete
http://www.ams.org/mathscinet-getitem?mr=0181836
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1210.60092&format=complete
http://www.ams.org/mathscinet-getitem?mr=2374819
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1286.31006&format=complete
http://www.ams.org/mathscinet-getitem?mr=3127915
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0984.11063&format=complete
http://www.ams.org/mathscinet-getitem?mr=1848777
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1206.35269&format=complete
http://www.ams.org/mathscinet-getitem?mr=2602049
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1232.35201&format=complete
http://www.ams.org/mathscinet-getitem?mr=2421125
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0864.46048&format=complete
http://www.ams.org/mathscinet-getitem?mr=1349578
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1134.35005&format=complete
http://www.ams.org/mathscinet-getitem?mr=2373104

	Introduction
	Preliminaries
	The field of p-adic numbers
	The Bruhat–Schwartz space
	Fourier transform

	A class of non-local operators
	Parabolic-type equations with constant coefficients
	Claim: u(x,t)M
	Claim: u(x,t) satisfies the initial condition
	Claim: u(x,t) is a solution of the Cauchy problem (4.1)

	Parabolic-type equations with variable coefficients
	Parametrized Cauchy problem
	Heat potentials
	Construction of a solution

	Uniqueness of the solution
	Markov processes
	The Cauchy problem is well-posed
	References

