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Morita Classes of Microdifferential Algebroids
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Abstract

Projective cotangent bundles of complex manifolds are the local models of complex con-
tact manifolds. Such bundles are quantized by the algebra of microdifferential operators
(a localization of the algebra of differential operators on the base manifold).

Kashiwara proved that any complex contact manifold X is quantized by a canonical
microdifferential algebroid (a linear stack locally equivalent to an algebra of microdifferen-
tial operators). Besides the canonical one, there can be other microdifferential algebroids
on X. Our aim is to classify them. More precisely, let Y be the symplectification of X.
We prove that Morita (resp. equivalence) classes of microdifferential algebroids on X
are described by H 2(Y; C*). We also show that any linear stack locally equivalent to a
stack of microdifferential modules is in fact a stack of modules over a microdifferential
algebroid.

To obtain these results we use techniques of microlocal calculus, non-abelian coho-
mology and Morita theory for linear stacks.
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Introduction

In recent years there has been a lot of interest in the study of the deformation-
quantizations of complex/algebraic symplectic manifolds, or more generally Pois-
son manifolds (see for example [26, 35, 4, 33, 9, 5, 23, 41]). We are interested here
in the study of (non-formal) quantizations of complex contact manifolds, which
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are locally modeled on the algebra of microdifferential operators of [37], as ini-
tiated by Kashiwara [17] (we refer to [35, 20, 10] for the relations between such
quantizations and deformation-quantizations).

Let us describe such quantizations in some more detail.

Let X be a complex contact manifold. By the Darboux theorem, a local model
of X is an open subset of the projective cotangent bundle P*M of a complex
manifold M. Let Ep«ps be the sheaf of microdifferential operators on P*M (a
localization of the algebra of differential operators on M). A microdifferential
algebra (€-algebra, for short) on X is a sheaf of C-algebras locally isomorphic
to EP*M-

To quantize X in the strict sense means to endow it with an £-algebra. (The
relation between quantization and microdifferential operators is classical, see for
example [2, 34] for details.) This might not be possible in general. However, Kashi-
wara [17] proved that X is endowed with a canonical £-algebroid Ex. This means
the following. To an algebra A one associates the linear category with one object
and elements of A as its endomorphisms. Similarly, to a sheaf of algebras on X one
associates a linear stack. An £-algebroid on X is a C-linear stack locally equiva-
lent to one associated with an £-algebra. In this sense, a quantization of X is the
datum of an £-algebroid on X.

Having to deal with an algebroid instead of an algebra is not very restrictive.
For example, it makes sense to consider coherent modules over an £-algebroid,
and in particular regular modules along complex involutive subvarieties of X. The
Lagrangian case is of particular interest, since these modules are the counterpart
of microlocal perverse sheaves in the Riemann—Hilbert correspondence (see [17,
39, 12, 13]). A very interesting example of non-coherent module is the (twisted)
sheaf of microfunctions along a totally real, I-symplectic Lagrangian submanifold
(see [17, §4]).

A natural problem is to classify £-algebroids on X.

The canonical £-algebroid E x is endowed with an anti-involution, correspond-
ing to the operation of taking the formal adjoint of microdifferential operators. It
is also endowed with a natural order filtration, and its associated graded algebroid
is trivial. It is shown in [32] that Ex is unique among such £-algebroids.

Equivalence classes of filtered £-algebroids with trivial graded (but not nec-
essarily endowed with an anti-involution) are classified in [34].

In this paper, we classify arbitrary £-algebroids on X. These include in par-
ticular filtered £-algebroids whose associated graded is non-trivial (what would be
called twisted quantizations of X in the terminology of [4, 41]).

We also classify stacks of twisted £-modules, i.e. stacks locally equivalent to
the stack of modules over an £-algebra. These are the most general stacks where
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the notion of microdifferential modules makes sense. Roughly, they are obtained
by patching sheaves of £-algebras through Morita equivalences.

More precisely, in Theorems 5.2.3 and 5.4.3, and Corollary 5.4.2, we prove the
following results:

(i) Two E-algebroids are equivalent if and only if they are Morita equivalent,
i.e. their stacks of modules are equivalent.

(ii) Any stack of twisted £-modules is globally equivalent to the stack of modules
over an E-algebroid.

(iii) The set of equivalence classes (resp. Morita classes) of £-algebroids is canon-
ically isomorphic to H?(Y;Cy) for Y the symplectification of X.

(iv) The group of invertible Ex-bimodules is isomorphic to H*(Y;Cs).

We also give explicit realizations of the isomorphisms in (iii) and (iv).

To obtain our results, we use techniques of microlocal calculus, non-abelian
cohomology and Morita theory for linear stacks.

The content of this paper is as follows.

In Section 1 we collect, without proofs, the main facts of non-abelian cohomol-
ogy we need to prove our results. Note that cohomology with values in non-abelian
groups was already used in [2] to classify E-algebras, and cohomology with values
in 2-groups is used in [33, 34] for the classification of algebroids.

In Section 2 we give the basics of the theory of algebroids.

In Section 3 we detail Morita theory for linear stacks. In particular, the notion
of Picard good stacks allows us to recover results of [27]. Morita theory for linear
categories is developed in [29, 31]. The case of stacks of modules over sheaves of
algebras is discussed in [22] (see also [11]).

In Section 4 we recall some results from the theory of microdifferential oper-
ators. In particular, we provide a detailed proof of an unpublished result, due to
Kashiwara, on the structure of invertible bimodules (see Theorem 4.3.5 below).
This allows us to prove the key Theorem 4.3.6.

In Section 5 we prove our main classification results, as (i)—(iv) above.

In the Appendix we recall the cocycle description of algebroids and functors
between them.

For symplectic manifolds, or more generally for Poisson manifolds, some re-
sults related to ours have appeared in the literature: on a complex symplectic man-
ifold, deformation quantization algebroids with anti-involution and trivial graded
were classified up to equivalence in [33] (see also [4, 5] for the possibly twisted case),
whereas Morita-type results for deformation quantization algebras were obtained
in [6, 8, 7] for real Poisson manifolds, and in [40] in the algebraic setting.
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Convention

In this text, when dealing with categories and stacks, we will not mention any
smallness condition (with respect to a given universe), leaving to the reader the
task to make it precise when necessary.

81. Non-abelian cohomology

We are interested in classifying £-algebroids and stacks of twisted £-modules.
Thanks to the existence of a canonical £-algebroid, this amounts to classifying
stacks locally equivalent to a given one. To this end, we recall here some techniques
of cohomology with values in a stack of 2-groups.

The classical reference for stacks is [15]. A quick introduction can be found
in [11] and [22, Chapter 19].

For stacks of 2-groups we refer to [3] (where the term gr-stack is used instead)
and to [14, §1.4] for the strictly commutative case. See also [1] for an explicit
description in terms of crossed modules. We follow the presentation of [33].

Let X be a topological space (or a site).
81.1. Stacks

A prestack C on X is a lax presheaf of categories. It is lax in the sense that for a
chain of three open subsets W C V' C U the restriction functor -y : C(U) — C(W)
coincides with the composition C(U) v, (V) w, C(W) only up to an invertible
transformation (such transformations need to satisfy a natural cocycle condition
for chains of four open subsets).

For ~,7" € C(U), denote by Homc(7,7’) the presheaf on U given by U D
Vi Homc(v)(7|v,*y'|v). One says that C is a separated prestack if Home(7y,7')
is a sheaf for any v,7". A stack on X is a separated prestack satisfying a natural
descent condition, analogous to that for sheaves.

Given a stack C, we denote by m(C) the sheaf associated to the presheaf
X D U +— {isomorphism classes of objects in C(U)}, and by Fct(C,C’), for an-
other stack C’, the stack whose objects on U C X are functors from C|y to C'|y
and whose morphisms are transformations.

Let ¢: Y — X be a continuous map (or a morphism of sites). For D a stack
on Y and C a stack on X, we denote by ¢,D and ¢~ C the stack-theoretical direct
and inverse images, respectively. Recall that ¢~ C is the stack on Y associated to
the separated prestack ¢ C, defined on an open subset V C Y by the category

Ob(p*C(v)) = || Ob(C()),

UDep(V)
U open

H0m<p+C(V)('VU77U’) = I'(Vio "Home (yolvnv s Yo lunu))-
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One checks that there is a natural equivalence (in fact, a 2-adjunction)
(1.1.1) @.Fct(p™1C, D) =~ Fct(C, ¢.D).
Hence there are adjunction functors
C— . 1C, ¢ 1lp,D—D.
By using the first adjunction, one gets an isomorphism of sheaves
(1.1.2) 0 o (C) = mo (1),
81.2. Stacks of 2-groups

Let C be a stack on X. Denote by Aut(C) the substack of Fct(C, C) whose objects
are the auto-equivalences of C, and whose morphisms are the invertible transfor-
mations. For U = {U, };c; an open cover of X, set

Uy =U;NU;, Uy =U;NU; NV, etc.

Proposition A.1.1 for C; = C, = C|y, describes how to patch objects and mor-
phisms of Aut(C). With notation as in Proposition A.1.1, let H(U;Aut(C)) be
the pointed set of equivalence classes of pairs (f;;, a;jx)ijker satisfying the cocycle
condition (A.1.1), modulo the coboundary relation given by pairs (g;, b;;):jes sat-
isfying (A.1.2). As we recall in Remark A.1.2, an open cover V finer than I induces
a well defined map H'(U; Aut(C)) — H'(V;Aut(C)). Hence one sets

(1.2.1) HY(X;Aut(C)) = lim H' (U; Aut(C)).

Proposition A.1.1 immediately yields

Corollary 1.2.1. The pointed set H*(X; Aut(C)) is isomorphic to the pointed set
of equivalence classes of stacks locally equivalent to C.

Let us recall how to make the construction (1.2.1) functorial.

A 2-group (also called a gr-category in [3, 1]) is a category endowed with a
group structure both on morphisms and on objects. More precisely, a category
G is a 2-group if it is a groupoid (i.e. all morphisms are invertible) and it has
a structure (G, ®,1) of monoidal category such that each object v € G has a
chosen (right) inverse. Functors of 2-groups and transformations between them
are monoidal functors and monoidal transformations, respectively.

A stack G is called a stack of 2-groups (a gr-stack in [3, 1]) if its categories
of sections are 2-groups, its restrictions are functors of 2-groups and its transfor-
mations between restriction functors are monoidal. Functors of stacks of 2-groups
are functors of monoidal stacks.
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Recall that one sets m1(G) = Homg(1,1). Both mo(G) and 71 (G) are sheaves of
groups, the latter being necessarily commutative. Any functor of stacks of 2-groups
induces a group homomorphism at the level of 7, and 7.

Example 1.2.2. For G a sheaf of groups, denote by G[0] the stack obtained by
trivially enriching G with identity arrows, and by G[1] the stack of right G-torsors.
Then G[0] is a stack of 2-groups, and G[1] is a stack of 2-groups if and only if G is
commutative.

Another example of stack of 2-groups is given by Aut(C) for a stack C. Let G
be a stack of 2-groups and U an open cover of X. One can extend as follows the
construction (1.2.1), where one should read “®” instead of “o” in all diagrams in
Appendix A.1.

A 1-cocycle with values in G is a pair (Vij, Gijk)ijker With v;; € G(Ujj)
and a;;; € HomG(Uijk)(%k,%j ® v;x) satisfying (A.1.1). Two such 1-cocycles
(Vijs Gijk)ijrer and (%{j, a;jk)ijkE[ are cohomologous if there is a pair (d;, b;j)ijer
with ¢; € G(U;) and b;; € HomG(Uij)(’ygj ®0;,0; @7;;) satistying (A.1.2).

The first cohomology pointed set of G on X is given by

HY(X;6) =lim H' (U G),
u

where H!(U; G) denotes the pointed set of equivalence classes of 1-cocycles on U,

modulo the relation of being cohomologous. One can also define the cohomology

in degree 0 and —1. This construction is functorial in the sense that short exact

sequences of 2-groups induce long exact cohomology sequences (in a sense to be

made precise). In particular, equivalent 2-groups have isomorphic cohomology.
With notation as in Example 1.2.2 one has

(1.2.2) HY(X;G[i]) ~ H'(X;G) fori=0,1,

where G is assumed to be abelian if i = 1. Here, the pointed set H'(X;G) is defined
via Cech cohomology and H?(X;G) is computed using hypercoverings.

81.3. Crossed modules
A crossed module is the data
g* = ("¢ 9)

of a complex of sheaves of groups and of a left action § of GY on G~ such that for
any f € G% and a € G 1,

dod(f) = Ad(f)ed, 4(d(a)) = Ad(a),
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where Ad(a)(b) = aba™!. A morphism of crossed modules is a morphism of com-
plexes of sheaves of groups compatible with the left actions.

There is a functorial way of associating to a crossed module a stack of 2-groups
as follows. For G*® a crossed module one denotes by [G*] the stack of 2-groups asso-
ciated to the separated prestack whose objects on U C X are sections f € G°(U)
and whose morphisms f — f’ are sections a € G~ (U) satisfying f’ = d(a) f. Then
[G*] is a stack of 2-groups, with monoidal structure given by f ® g = fg at the
level of objects and by a @ b = ad(f)(b) at the level of morphisms, for a: f — f’
and b: g — ¢'.

One checks that there are isomorphisms of groups

m([G°]) = H'(G®), i=0,1,

and, with notation and conventions as in Example 1.2.2, equivalences of stacks of
2-groups

[g[l]] zgmv 1=0,1,
where the structure of crossed module on the complex G[i] (obtained by placing G
in —i position) is the trivial one.

81.4. Strictly abelian crossed modules

Denote by DI=1.0] (Zx) the full subcategory of the derived category of sheaves of
abelian groups whose objects have cohomology concentrated in degree —1 and 0.
Consider a complex of abelian groups F* € CI=1%(Zx) as a crossed module with
trivial left action. Then the functor F* ~ [F*] factorizes through DI=1(Z ),
and

(1.4.1) HY (X;F®) = H'(X; [F*)).

Let ¥: X — Y be a continuous map (or a morphism of sites). The inverse
and direct image of stacks of 2-groups are again stacks of 2-groups, and

(1.4.2) PG =[0TG, P = [r<o RYLF),
where T<q is the truncation functor. In particular, for a sheaf of abelian groups F,

(1.4.3) (Ve (F[1])) = R* 9 F, =0, 1.

§2. Algebroids

Mitchell [30] showed how algebras can be replaced by linear categories. Similarly,
sheaves of algebras can be replaced by linear stacks. An algebroid is a linear stack
locally equivalent to an algebra. This notion, already implicit in [17], was intro-
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duced in [26] and developed in [12] (see also [23, §2.1] and [10]). It is the linear
analogue of the notion of gerbe from [15]: an algebroid is to a gerbe as an algebra
is to a group.

Let X be a topological space (or a site), and R a sheaf of commutative rings
on X.

§2.1. Linear stacks

A stack C on X is called R-linear (R-stack, for short) if for any v,7 € C(U)
the sheaf Homc(v,v’) is endowed with an R|y-module structure compatible with
composition. In particular, Endc(v) has an R|y-algebra structure with product
given by composition. A functor between R-linear stacks is called R-linear (or an
R-functor, for short) if it is R-linear at the level of morphisms, while no linearity
conditions are required on transformations.

One says that two R-stacks are equivalent if they are equivalent through an
R-functor. This implies that the quasi-inverse is also an R-functor. We denote
by ~, this equivalence relation.

The center Z(C) of an R-stack C is the sheaf of endo-transformations of the
identity functor idc. It has a natural structure of sheaf of commutative R-algebras.
Note that a stack C is R-linear if and only if it is Z-linear and its center is an
R-algebra.

If C is an R-stack, then its opposite stack C°P is again R-linear. For D an-
other R-stack, Fctr (C, D) denotes the full substack of Fct(C, D) whose objects are
R-functors, and is itself an R-stack. The tensor product C ®; D is the R-stack
associated with the prestack U +— C(U) ®g ;) D(U) whose objects are pairs in
C(U) x D(U), with morphisms

HomC(U)®R<U)D(U)<(% 9),(v,8") = HomC(U) (7,7 Br ) HomD(U)(57 ).
Lemma 2.1.1. If R is an S-algebra and E an S-stack, then
Fcts(C®g D,E) =4 Fctr(C, Fcts(D, E)).
(This is in fact a 2-adjunction.)

Let ¢: Y — X be a continuous map (or a morphism of sites). Then ¢~ 1C is
¢ 1 R-linear and there is a o~ !R-equivalence

(e ®gr D) = o 'C Q1 ¢~ 'D.
If E is a o~ 'R-stack, then o,E is R-linear and there is an R-functor

(2.1.1) P+E @ puF = 0 (E®,1p F).
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§2.2. Modules over a linear stack

Denote by Mod(R) the category of R-modules and by Mod(R) the corresponding
R-stack given by U — Mod(R|v).
For C an R-stack, the R-stack of (left) C-modules is defined by

(2.2.1) Mod(C) = Fctg (C, Mod(R)).

(It follows from Lemma 2.3.4 that this definition does not depend on the base
ring.)

The contravariant 2-functor Mod(-) is defined as follows. On objects, it is
given by (2.2.1). Consider the diagram

¢
C 4 D—Y 1 Mod(R),
~ 7
f/
where f, f' and N are R-functors, and d is a transformation. To the R-functor
f: C — D one associates the R-functor

Mod(f): Mod(D) — Mod(C), N+ N of,
and to the transformation d: f — f’ one associates the transformation
Mod(d): Mod(f) — Mod (f")

such that Mod(d)(N) = id s ed is the morphism associated to N' € Mod(D), where
e denotes the horizontal composition of transformations. In other words, for v € C
one has Mod(d)(N)(y) = N(d(y)) as morphisms from N (f(v)) to N(f'(v)) in
Mod(R). We use the notation

(2.2.2) #(-) = Mod(f).
§2.3. Algebras as stacks

Let A be a sheaf of R-algebras. Denote by A°P the opposite algebra, by Mod(.A)
the R-stack of left A-modules and by Hom 4(-,-) = Homyeqa)(-,-) the internal
hom-functor.

Denote by AT the full substack of Mod(A°P) whose objects are locally free
right A-modules of rank one. For any A" € AT (U) there is an R|y-algebra isomor-
phism End g+ (N) ~ A|y. Note that the stack AT has a canonical global object
given by A itself with its structure of right A-module. In particular, the sheaf
mo(A™T) is the singleton-valued constant sheaf.

For f: A — B an R-algebra morphism, denote by f*: AT — BT the R-func-
tor induced by the extension of scalars (-) ® 4 B. We thus have a functor between
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the stack of R-algebras and that of R-stacks
()T: R-Algy — R-Stkx.

Remark 2.3.1. Let A™*" be the separated prestack U — A(U)", where A(U)*
denotes the R(U)-category with one object and sections of A(U) as its endo-
morphisms. By the Yoneda lemma (see §3.1), the stack associated to A™*" is
R-equivalent to A™T.

The stack R-Stkx is naturally upgraded to a 2-stack by considering transfor-
mations of functors. Note that for any two R-algebras A and B on U C X and
any R-functor f: AT — B* there exist a cover U = {U; }ier of U and morphisms
of R-algebras fi: Aly, — By, such that f|y, ~ f;".

Definition 2.3.2. One says that an R-stack C is equivalent to an R-algebra A if
Crp AT.

In Proposition 2.6.2 we characterize the condition of equivalence between
algebras.

Recall that a stack C is mon-empty if it has at least one global object, and
it is locally connected by isomorphisms if any two objects 7, € C(U) are locally
isomorphic. If C is R-linear, this amounts to the sheaf Homc(v,7’) being a locally
free Endc(y')-module of rank one.

Lemma 2.3.3. An R-stack C is equivalent to an R-algebra if and only if it is
non-empty and locally connected by isomorphisms.

Proof. One implication is clear. Suppose that C is non-empty and let v € C(X).
Then the fully faithful functor Endc(y)* — C is an equivalence if and only if C is
locally connected by isomorphisms. O

Let C be an R-stack. For N € R" and v € C, one defines N ®5 v € C as the
representative of N @y Hom(-,7) € Mod(C°P). Then one has R-equivalences

Rt @y Crp €, (N,y) = N @5 7,
Crp Fctr(RT,C), v~ () ®r -

Lemma 2.3.4. The definition (2.2.1) of stack of C-modules does not depend on
the base ring R.

Proof. Tt follows from Lemma 2.1.1 for S = Zx, D = R" and E = Mod(Zx) that
Fctr (C,Mod(R)) =5 Fctz, (C,Mod(Zx)),

where we use the equivalence Fctz, (R1,Mod(Zx)) ~; Mod(R). O
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§2.4. Compatibility

Let A and B be two R-algebras, and ¢: Y — X a continuous map (or a morphism
of sites). There are an R-algebra isomorphism

Z(A) = Z(AT), a— (N =N, nan),

and R-equivalences

(AT)oP ~p (AP)T, N = Hom gor (N, A),
Mod (A) ~5 Mod (A™), M ()@, M,

AT @ BY mp (AR BT, (N, Q) = N @y Q,
e TAY R (0TTA)T, N = o N,

For f,f': A — B two R-algebra morphisms, the sections on U C X of the
sheaf HochtR<A+7B+)(f+, f/T) are given by

(2.4.1) {be B(U): bf(a) = f'(a)b for each a € A(V) and V C U},

with composition of transformations given by the product in B.
For NV a left B-module, with notation (2.2.2) we set

(2.4.2) N = N,

the associated left A-module. By (2.4.1), the morphism of A-modules associated
to a transformation b: f* — f'T is given by

f/\/ — f/N7 n — bn.
82.5. Algebroids

Recall from Lemma 2.3.3 that an R-stack is equivalent to an R-algebra if and only
if it is non-empty and is locally connected by isomorphisms.

Definition 2.5.1. An R-algebroid is an R-stack which is locally non-empty and
locally connected by isomorphisms.

In other words, an R-algebroid is an R-stack A which is locally equivalent to
an algebra. It is globally an algebra if and only if it has a global object.! Note also
that an R-stack is an R-algebroid if and only if its substack with the same objects
and only invertible morphisms is a gerbe.

The stack Mod(A) is an example of stack of twisted sheaves, i.e. it is a
stack locally equivalent to a stack of modules over an algebra (see [22, 11]). A

LIf the category A(U) has a zero object for U C X, then A|y ~ 071, where 0 denotes the ring
with 1 = 0. In particular, except for the case 07, algebroids are not stacks of additive categories.
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cocyclic description of algebroids and of their modules is recalled in Appendix A.2
and A.3.
Note that the existence of an R-functor Rt — A is equivalent to the existence
of a global object for A. In this case there is a forgetful functor
Mod(A) — Mod(R).

Lemma 2.5.2. An R-stack C on X is an algebroid if and only if 7o(C) ~ {pt}x,
the singleton-valued constant sheaf.

It follows from (1.1.2) that inverse images of algebroids are algebroids.
Let C be an R-stack. Then for any R-algebroid A one has
’R’Q(A ®'R C) ~ 71'0((:).

In particular, the tensor product of algebroids is an algebroid.

Definition 2.5.3. (i) Let A be an R-algebra. An R-twisted form of A is an
R-algebroid locally R-equivalent to A.

(ii) An dnvertible R-algebroid is an R-twisted form of R.

Note that any R-functor between invertible R-algebroids is an equivalence,
since it is locally isomorphic to the identity functor of RT.

If C is an invertible R-algebroid, then R = Z(C) and for any R-stack D there
is an R-equivalence

C? @, D~y Fctr(C,D),  (7v,96) = Home(v, ) ®p 6.

In particular, the set of R-equivalence classes of invertible R-algebroids is a group,
with multiplication given by ®, and inverse given by (-)°P.

For an R-stack C, denote by Autg (C) the full substack of Aut(C) whose objects
are R-equivalences. By Corollary 1.2.1, the cohomology H!(X;Autr (A™)) classi-
fies R-equivalence classes of R-twisted forms of A. In terms of crossed modules
(cf. Section 1.3), one has

(2.5.1) Autr (A™) & [(A* 2% Autr pg, (A), 3)],

where §(f)(a) = f(a) and Ad(a)(b) = aba~!. In particular, Autr(R") ~ R*[1]
and (1.2.2) implies

Lemma 2.5.4. The group of R-equivalence classes of invertible R-algebroids is
isomorphic to H*(X;R>).

§2.6. Inner forms

Let A be a central R-algebra, i.e. Z(A) = R. (If A is not central, the following
discussion still holds on replacing R with Z(A).)
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Denote by Znn(A) the sheaf-theoretical image of the group morphism
Ad: A — Autr.aig, (A). Its sections are the inner automorphisms of A, i.e. au-
tomorphisms locally of the form Ad(a) for some a € A*. Recall that an R-algebra
B is called an inner form of A if there exists an open cover {U, }ic; of X and ring
isomorphisms f;: Aly, = By, such that fj_lfi € Inn(Alu,;)-

Examples of inner forms are given by Azumaya algebras and rings of twisted
differential operators (see for example [11] for more details).

Let B be an R-algebra. Denote by E4 5 C Fctg (AT, BT) the full substack of
R-equivalences. Note that E?f’ 8~ EB,A.

Lemma 2.6.1. B is an inner form of A if and only if E4 g is an R-algebroid.

Proof. Since R-equivalences AT = BT are locally given by R-algebra isomor-
phisms A = B, it follows that E 4 5 is locally non-empty if and only if B is locally
isomorphic to A.

Let f, f': A — B be R-algebra isomorphisms. Setting a = f~1(b) in (2.4.1),
the invertible transformations from fT to f' are given by

{ac A% f71f = Ad(a)},
hence E 4 5 is an R-algebroid if and only if B is an inner form of A. O

Since &Ende, ,(ft) = R, if B is an inner form of A it follows that E4p
is an invertible R-algebroid and E4 3 ®; A1 &, BT. In particular, one gets an
equivalence of stacks of 2-groups Autr (A1) ~ Autr (B™T).

Consider the non-abelian exact sequence

HY(X; A) S HY(X; Inn(A) S H2(X;RX)
induced by the short exact sequence
15 R - AX %Inn(A) -1

For B an inner form of A and P a locally free A°P-module of rank one, denote by
[B] and [P] the associated cohomology classes in H'(X;Znn(A)) and H!(X; AX)
respectively. Then b[P] = [End ao0 (P)] and ¢([B]) = [E.a,58]-

Proposition 2.6.2. The following conditions are equivalent:

(i) The stacks At and Bt are R-equivalent.
(ii) There exists a locally free A°P-module P of rank one such that B~&nd go» (P).
(iii) B is an inner form of A and c([B]) = 1.
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Proof. (i)=(ii).? Let g: BT — A™" be an R-equivalence. Recall that B+ C Mod (B°P)
is the substack of locally free modules of rank one. Let 5 be the canonical global
object of BY, and set P = g(8). Then B is isomorphic to End oe (P).

(ii)=(iii). B is clearly an inner form of A and P has a structure of A% @,
B-module by the isomorphism B =5 End ao» (P). Then (-)®, P gives a global object
of Ep 4 and ¢([B]) = [Ex’ 4] = 1.

(i)<=(iii). By Lemma 2.6.1, ¢([B]) = 1 if and only if E 4 5 has a global object.

O

83. Morita theory for linear stacks

Morita theory classically deals with modules over algebras. It is extended to mod-
ules over linear categories in [29, 31] and to stacks of modules over sheaves of
algebras in [22, Chapter 19] (see also [11]). Here, we summarize these extensions
by considering stacks of modules over linear stacks, and in particular over alge-
broids.

Let X be a topological space (or a site), and R a sheaf of commutative rings
on X.

83.1. Yoneda embedding

Recall that a category is called (co)complete if it admits small (co)limits. A pre-
stack C on X is called (co)complete if the categories C(U) are (co)complete for
each U C X, and the restriction functors commute with (co)limits.

A prestack C on X is called a proper stack (see [21, 36]) if it is separated,
cocomplete, and if for each inclusion of open subsets v: V' < U, the restriction
functor C(v) = (+)|y admits a fully faithful left adjoint

v: C(V) = C(U),

called zero-extension, such that for a diagram of open inclusions

Voaw —Ysw
T
V' U

the natural transformation v] o C(w’) — C(w) o v is an isomorphism.

Lemma 3.1.1. Let C be a proper stack. For v € C(V) and ~' € C(U) there is an
isomorphism of R|y-modules

v Homey, (7,7lv) = Home, (vr7,7).

2The equivalence between (i) and (ii) can also be deduced from Corollary 3.3.8.
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Recall that proper stacks are stacks.
Lemma 3.1.2. For any R-stack C, the R-stack Mod(C) is proper and complete.

Proof. Recall first that Mod(R) is complete and cocomplete. It is also proper. In
fact, for v: V < U an open inclusion, the restriction functor of Mod(R) coincides
with the sheaf-theoretical pull-back v~!. This admits the direct image functor v,
as right adjoint, and the zero-extension functor v, as a left adjoint.

The statement follows, as Mod(C) = Fctgr(C,Mod(R)) inherits the prop-
erties and structures of Mod(R). For example, for v: V < U an inclusion of
open subsets, the functor v: Mod(Cly) — Mod(Cly) is given by (viM)(y) =
w(MOy|lvaw)), where M: Cly — Mod(R|y) is a C|y-module, W C U is an open
subset, v € C(W), and u: VNW — U is the embedding. O

Let C be an R-stack. The (linear) Yoneda embedding is the full and faithful
‘R-functor

(3.1.1) Yc: CP = Mod(C), v~ Home(y,:),

whose essential image are the functors C — Mod(R) which are representable. In
analogy with the case C = A" for A an R-algebra, a module M € Mod(C) which
is representable is called locally free of rank one.

As in the classical case, the full faithfulness of (3.1.1) follows from

Lemma 3.1.3. For M € Mod(C) there is an isomorphism of C-modules
M(:) = Hompyoq(c)(Ye(:), M).
Let C be an R-stack. We use the notation
(3.1.2) C € Mod(C? ®, C)

for the canonical object Hom(+,-). This corresponds to the Yoneda embedding Y¢
via the equivalence induced by Lemma 2.1.1

Mod (C°P @, C) ~y Fetz (CP, Mod (C)).

If C = A", the object in (3.1.2) coincides with A, considered as a bimodule over
itself. If C is an invertible R-algebroid, then C°P @, C~p RT and C is isomorphic
to R as a bimodule over itself.

Lemma 3.1.4. For C an R-stack, there is a natural isomorphism of R-algebras
Z(C) =~ Z(Mod(C)).
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Proof. Recall that the 2-functor Mod(+) defines a morphism of R-algebras Z(C) —
Z(Mod(C)), sending a transformation d of idc to the transformation of idped(c)
whose morphism associated to ' € Mod(C) is idy ¢ d. (Here e denotes the hori-
zontal composition of transformations). Hence we get a commutative diagram

Z(C) Z(Mod(C))
|

\L -e idYC
idyc -

Z(CP) —————— gnchtR(copMod(c)) (Ye)

where idy, ® - is an isomorphism, since (3.1.1) is fully faithful, and - e idy, is injec-
tive, since by Lemma 3.1.3 a transformation ¢ of idyoq(c) is completely determined
by ceidy,. O

83.2. Operations

Let C be an R-stack. As for modules over a sheaf of algebras, there is a natural
R-functor

(3.2.1) ®c: Mod(C°?) @, Mod(C) — Mod(R).

This is discussed in [31] when X is reduced to a point. In order to explain how
this extends to stacks, we need some preparation.

Denote by C/X the Grothendieck construction associated with C. Recall that
objects of C/X are pairs (u,7) with u: U — X an open inclusion, and v € C(U).
Morphisms ¢: (u,y) — (v/,v") are defined only if U’ C U, and in that case are given
by morphisms |y — 7/ in C(U’). For ¢: (v/,7) — (u”,+") another morphism,
the composition® is given by ¢ o c|y».

Notation 3.2.1. Let C be a category. We denote by Mor, C the category whose
objects are morphisms ¢: v — v in C and whose morphisms ¢ — d are pairs (e, e’)
of morphisms in C such that ¢ = ¢’ o d o e. This is visualised by the diagram

The following lemma is a stack-theoretical analogue of [22, Lemma 2.1.15].

. clym
3Here we denote for short by ¢|y» the composite |y — |y |yr —=—— 7|
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Lemma 3.2.2. Let M,N € Mod(C). Then
(i) the assignment
((u,7) = (W',9")) = Homp (uM(y), LN (Y))
defines a functor (Mor, C/X)°P — Mod(R);
(ii) there is an isomorphism in Mod(R)

(32.2)  Homyeg(c) (M, N) =~ lim Homg (ueM(7), w,N(Y)).

((uyy)=>(u’ ")) EMor, C/ X

Proof. (i) Let us check that a morphism (e,e’) in Mor, C/X, visualised by the
diagrams

U<~—-U' (U’a 7) HC (ul77/)

V—"V"" (0,5) =" ()
induces a morphism in Mod(R)
(3.2.3) Homg (v, M(0), v, N (8") = Homp (u M(7y), U, N (7).
Consider the inclusions of open subsets

X<"-U

RN

Vv

The morphism e: y]y — § induces a morphism
U M(Y) = Unini P M(Y) = v M(y]y) = v M(6).

Similarly, €’: §'|y» — +" induces a morphism v, N (6") = w/ N (7). Then (3.2.3) is
obtained by left and right composition with these morphisms.
(ii) Tt is enough to prove that the natural morphism in Mod(R(X))

Hom o4 c) (M, N) = lim Hommu,(M(’ﬂU')vN(W/))
cEMor, C/X
~  lm Hompg(uM(y), uN (7))

cEMor, C/ X

is an isomorphism. The proof of this fact follows the argument for [22, Lemma
2.1.15]. O
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For M € Mod(C) and P € Mod(C°P), similarly to the above, the assignment
((w, ) = (@',7") = wP(Y) @ uM(7)
defines a functor Mor, C/X — Mod(R) and we set
(324) P M- ling uP() B w M),
((u,v)i)(u’,'y’))EMoro C/X

For A an R-algebra and C = AT, this is the usual tensor product of M €
Mod(A) and P € Mod(A°P). For example, when X is reduced to a point, this
amounts to presenting P ® , N as the quotient of @, 4 P @5 N by the subgroup
generated by the elements (p@m), — (p®am); and (pRm), — (pa®@m); for a € A,

p € P and m € M. (The subscripts indicate the direct summand to which the ele-

ments belong. These generators correspond to the morphisms (a, 1), (1,a): a — 1
in Mor, A™.)

Lemma 3.2.3. P ®- M is a representative of the functor
Homppeq(c) (M, Homg (P, )): Mod(R) — Mod(R),
where, for any L € Mod(R), we denote by Homyx(P,L) the C-module
Homy (P(-), L).
Proof. By Lemma 3.2.2, for any £ € Mod(R) there are isomorphisms

Hompyeq(c) (M, Homp (P, L))
~ lim  Homg (u.M(y), u;Homg, (P(Y), Llv))

cEMor, C/X

~ lim  Homg (u.M(y), Homg (wP(Y'), L))

cEMor, C/X
lim  Homp (uP(y) B v.M(7), £)
cEMor, C/X

~ Home ( lim  wiP(Y) @ uM().£)

cEMor, C/ X

1

= Homgyk (P ®c M, L). O

Uniqueness of representatives implies the functoriality of the assignment
(P, M) — P ®: M. We have thus defined the functor (3.2.1).
As for modules over a sheaf of algebras, let us use the shorthand notation

(3.2.5) Home () : Mod(C)°P @, Mod(C) — Mod(R)

for the internal hom-functor Homyeq(c) (", ")-



MORITA CLASSES OF MICRODIFFERENTIAL ALGEBROIDS 391

Notation 3.2.4. We use the same notation
Hom: Mod(C @, DP)P @, Mod(C @5 E) — Mod(D @, E),
®c: Mod(C? ®, D) ®, Mod(C ®, E) = Mod(D ®,, E)
for the R-functors obtained by “picking up operators” (in the sense of [30, p. 15])
from the R-functors (3.2.5) and (3.2.1).

These functors satisfy the relations (3.2.2) and (3.2.4). For example, let P €
Mod(C° @, D) and M € Mod(C @, E). Consider them as functors P: C? —
Mod(D) and M: C — Mod(E). Then P ®- M satisfies (3.2.4), where the opera-
tions u; and wy are those of the proper stacks Mod(D) and Mod(E), respectively,
and the tensor product is the natural functor

®p : Mod(D) ®, Mod(E) — Mod (D ®g, E).

The standard formulas concerning the usual hom-functor and tensor product
hold. For example,
Lemma 3.2.5. For M € Mod(C® @, D), N' € Mod(C ®, E), and P €
Mod(D ®, F), there is an isomorphism in Mod(E°? @, F)
Homp(M @ N, P) ~ Hom (N, Homp (M, P)).
Recall the notation C € Mod(C°® @, C) in (3.1.2). By Lemma 3.1.3 the

functors Hom(C, ), and hence also C @ (-), are isomorphic to the identity.
Using (3.2.4) with P = C, we get

Lemma 3.2.6. For M € Mod(C) there is an isomorphism in Mod(C)

M~ ling ulYe(v') @ usM(7).
((uy) = (' y")) €Moro C/ X

83.3. Morita equivalence

Let us discuss how classical Morita theory extends to linear stacks.

Let C and D be R-stacks. Denote by Fct’z (Mod(C),Mod(D)) the stack of
R-functors admitting a right adjoint. The Eilenberg—Watts theorem for R-stacks
holds:

Theorem 3.3.1. (i) The R-functor
Mod(C°P @, D) — Fcty (Mod(C),Mod (D)), P — P & (-),

is an equivalence.

(ii) For P € Mod(C° @, D) and Q € Mod(D°? @, E) one has an isomorphism in

Fctz (Mod(C), Mod(E))

(Q®p P) & (1) = (Q&p () o (P& ()
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Given an R-functor h: Mod(C) — Mod(D), we will use the same notation h
for the induced R-functor, obtained by “picking up operators”,

Mod (CP @, C) — Mod(C° @, D).

Proof. (i) Let us show that h — h(C) is a quasi-inverse to the functor in the
statement.

Since P ~ P @ C, we only have to prove that h = h(C) @ (-). Let M be in
Mod(C). Since h has a right adjoint, it commutes with direct limits, proper direct
images, and tensor products with R-modules. Hence we have

M) =h( I wYe(y) @ uM()) = lim  uh(Ye(y) @ uM()
cEMor, C/X ceMor, C/X

~ ol (O ) B wM(y) = h(C) G M,
cEMor, C/X

where the first isomorphism follows from Lemma 3.2.6 and we use the fact that
h o Yc¢ identifies with h(C) via the equivalence induced by Lemma 2.1.1.
(ii) By (i), the statement amounts to the isomorphism in Mod(C°? ®,, E)
(Q&p P) & C~ Q& (P& Q). O

Remark 3.3.2. Denoting by Fcth (Mod(C), Mod (D)) the stack of R-functors ad-
mitting a left adjoint, one similarly gets an R-equivalence

Mod (C°P ®,, D) — Fcty (Mod(D), Mod(C))?, P > Homp (P, -),

and the corresponding commutative diagram as in Theorem 3.3.1(ii). These con-
structions are interchanged by the R-equivalence

Fctlz (Mod(C), Mod (D)) ~%, Fct (Mod(D), Mod(C))°P
sending a functor to its adjoint.

Definition 3.3.3. (i) One says that Q@ € Mod(D°? @, C) is an inverse of P €
Mod(C°P @, D) if there are isomorphisms of C®., C°P- and D ®,, D°P-modules,
respectively,

QwyP~C, P Q~D.
(ii) An object P € Mod(C°? ®,, D) is called invertible if it has an inverse.
One proves (see e.g. [22, §19.5]) that P is invertible if and only if one of the
following equivalent conditions is satisfied:
(i) Homp(P,D) is an inverse of P;
(ii) the functor P & (-): Mod(C) — Mod(D) is an R-equivalence.
(iii) the functor Homco, (P, -): Mod(C°P) — Mod(D°P) is an R-equivalence.
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Notation 3.3.4. For any R-functor f: C — C’; we denote by End¢/ (f) the R-stack
associated to the separated prestack whose objects on U C X are those of C(U)

and Hom(y,~') = Homc,(U)(f(”y), f(v')).

Note that if f is fully faithful, then the natural R-functor C — Endc (f)
induced by f is an equivalence. In particular, identifying C € Mod(C? @, C)
with the Yoneda embedding Yc: C°? — Mod(C), one has C°P x5 Endpoq(c)(C).
Moreover, considering P € Mod(C? @, D) as a functor C°* — Mod(D), the
condition of P being invertible is further equivalent to

(iv) P is a faithfully flat* D-module locally of finite presentation® and C°P az,
Endmod (o) (P);
(v) P is D-progenerator® locally of finite type and C°P ~ Endmod(p)(P).

By reversing the role of C°P and D, one gets dual equivalent conditions.

Theorem 3.3.5 (Morita). An R-functor h: Mod(C) — Mod(D) is an equivalence
if and only if P = h(C) is an invertible (C°P @, D)-module. Moreover, one has
h~P ().

Definition 3.3.6. Two R-stacks C and D are Morita R-equivalent if their stacks
of modules Mod(C) and Mod(D) are R-equivalent.

Hence C and D are Morita R-equivalent if and only if there exists an invertible
(C°? @, D)-module.

Let us say that P € Mod(C @ D) =~ Fctgr (D, Mod(CP)) is locally free of
rank one over C°P if for any 6 € D the C°P-module P(9) is locally free of rank one,
that is, the functor P(d): C°? — Mod(R) is representable.

Recall from (2.2.2) that ¢(-): Mod(C) — Mod(D) denotes the functor associ-
ated to an R-functor f: D — C.

Proposition 3.3.7. The R-functor
(3.3.1) Fctr(D,C) = Mod(C? ®, D),  f = ¢C,

18 fully faithful and induces an equivalence with the full substack of locally free
modules of rank one over C°P,

Proof. (i) The functor in the statement equals Ycop o -. This is fully faithful, since
Ycop is fully faithful.

4P is a faithfully flat D-module if the functor (-) ®p P is faithful and exact.

5P is a D-module of finite presentation if the functor Homp(P,-) commutes with small
filtrant colimits.

6P is D-progenerator if the functor Homp (P, -) is faithful and exact.
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(i) Assume that P € Mod(C°? @ D) is a locally free module of rank one
over C°P, Then P ~ ¢C, where f: D — C is the functor associating to é € D the
representative of P(4). O

Corollary 3.3.8. Two R-stacks C and D are R-equivalent if and only if there
exists P € Mod(C°P &y, D) which is invertible and locally free of rank one over CP.

In particular, two algebroids A and B are R-equivalent if and only if there
exists an invertible (A°? @5 B)-module P which is locally free of rank one over A°P.
These conditions on P are equivalent to P being bi-invertible in the sense of [23,
Corollary 2.1.10].

Remark 3.3.9. If C~, A" and D ~; BT, the functor Bt — A% associated to
an A° ®, B-module P locally free of rank one over A°P is f = (-) ®z P. Note that
any local isomorphism h: A = P of right A-modules defines a local R-algebra
morphism (isomorphism if P invertible)
Ad(h™1)

(3.3.2) f: B — &Endper (P) —— End gor (A) ~ A

(the first arrow is induced by the B-module structure of P), for which h: y.A4 = P
is an isomorphism of A° &5 B-modules and f ~ f*. If h is given by a — ua for a
local generator u of the right A-module P, then f(b) = a for a such that ua = bu.

§3.4. Picard good stacks

We will use the notation
Ce=C°P ®x C.

Definition 3.4.1. An R-stack C is Picard good if all invertible C¢-modules are
locally free of rank one over C°P (or, equivalently, over C). An R-algebra A is
Picard good if it is so as an R-stack.

For A =R, one recovers [11, Definition 4.2].

Since the condition of being Picard good is local, an algebroid is Picard good
if and only if so are the algebras that locally represent it.

Recall from (v) in Section 3.3 that invertible bimodules are projective as right
(or left) modules. It follows that examples of Picard good rings are projective-free
rings, and in particular local rings. Note however that Picard good does not imply
projective-free (see Remark 4.3.3).

Denote by Inv(C¢) the substack of Mod(C¢) whose objects are invertible
Ce-modules and whose morphisms are only those morphisms which are invertible.
Then ®c induces on Inv(C®) a natural structure of stack of 2-groups, and (3.3.1)
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gives a fully faithful functor of stacks of 2-groups
(34.1) Autr (C)op — Inv(C®), f¢C.

Here, for G a stack of 2-groups, G,, denotes the stack of 2-groups with the same
groupoid structure as G and with reversed monoidal structure.
Set
Outp (C) = mo(Autr (C)),  Picg(C) = m(Inv(C)).

Then (3.4.1) induces an injective homomorphism of groups
(3.4.2) Out (C)°P — Picy(C).

Note that from (2.5.1) it follows that Out(AT) = Auty (A)/ Znn(A), the sheaf of
outer automorphisms of A.

Proposition 3.4.2. Let C be an R-stack. Then the following are equivalent:
(i) C is Picard good;
(ii) (3.4.1) is an equivalence;
(iii) (3.4.2) is an isomorphism.
Proof. The equivalence between (i) and (ii) follows from Proposition 3.3.7, whereas
that between (ii) and (iii) follows from the fact that a functor of stacks C — C’ is

essentially surjective if and only if the induced morphism of sheaves 7y (C) — 7 (C’)
is surjective. O

Proposition 3.4.3. Let C be a Picard good R-stack.

(i) Let D be an R-stack locally equivalent to C. Then C and D are Morita R-equiv-
alent if and only if they are R-equivalent.

(i) Let M be an R-stack locally R-equivalent to Mod(C). Then M~ Mod(D) for
an R-stack D locally R-equivalent to C.

Proof. (i) By Theorem 3.3.5, there is an equivalence of stacks of 2-groups
Inv(C®) =5 Autgr(Mod(C)), P+ P& ().
We thus have a (quasi-)commutative diagram

Inv(Ce) —>Aut7g (Mod(Q))

\/

AUtR(

where m is induced by the functor Mod(+). It follows from Proposition 3.4.2 that
C is Picard good if and only if m is an equivalence.
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Let Equivg(+,-) denote the stack of R-equivalences, with invertible transfor-
mations as morphisms. Consider the functor

Equivy (C, D) — Equivg (Mod(D), Mod(C))

induced by the 2-functor Mod(-). Since D is locally equivalent to C, this locally
reduces to the functor m above. It is thus locally, hence globally, an equivalence.

(ii) Let E C M be the full substack of objects v with the property that for
any local R-equivalence h: M =5 Mod(C), the C-module h(y) is locally free of
rank one. Since C is Picard good, the R-stack E is locally non-empty and locally
R-equivalent to C°P. Set D = E°P. Then the R-functor

M — Mod(D), & — Homy(-,9),
is locally, hence globally, an equivalence. O

If C is an invertible R-algebroid, then it is Picard good if and only if R is,
and one has equivalences of stacks of 2-groups

(3.4.3) R*[1] 2 Inv(R) = Inv(C), PR xgx P.

(Recall that R*[1] denotes the stack of R*-torsors.) Moreover, in this situation
the stack D in (ii) above is R-equivalent via v +— Homy, (7, ) to the full substack
of Fctr (M, Mod(R)) whose objects are equivalences.

Examples of stacks as in Proposition 3.4.3(ii) arise from deformations of cate-
gories of modules as discussed in [28]. In particular, Proposition 3.4.3 applies when
C is (equivalent to) the structure sheaf of a ringed space. We thus recover results
of [27].

84. Microdifferential operators

We collect here some results from the theory of microdifferential operators of [37]
(see also [38, 16, 18]). The statements about the automorphisms of the sheaf of
microdifferential operators are well known. Since we lack a reference for the proofs,
we give them here.

84.1. Microdifferential operators

Let M be an n-dimensional complex manifold, T*M its cotangent bundle and
T*M C T*M the open subset obtained by removing the zero-section.

Denote by &;..,, the sheaf of microdifferential operators on T*M. Recall that
Ejnpy is a sheaf of central C-algebras endowed with a Z-filtration by the order of
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the operators, and one has
Efent = @ O (
meZ
where Oy..,,(m) is the subsheaf of O..,, of holomorphic functions homogeneous
of degree m.

For A € C, denote by &Ej.,,(A) the sheaf of microdifferential operators of
order at most A. In a local coordinate system (x) on M, with associated symplectic
coordinates (z; &) on T*M, a section P € I'(V;E;. ,,(N\)) is determined by its total
symbol, which is a formal series

tot(P) = ZP,\—j(%f)
=0

with pa—; € I'(V; O.,,) homogeneous of degree X — j, satisfying suitable growth
conditions in j. If Q is a section of &;.,,(1), then PQ € &y, (A + 1) has total
symbol given by the Leibniz formula

w0t (PQ) = 3 éag tot(P)02 tot Q).

aeNn
Set
UE (A +n),

nez
where [)] is the class of A in C/Z, and denote by

ox: Ejpy(A) = Ofupy(A)  and o S[T);]M — Ojuyy

the symbol of order A and the principal symbol, respectively, where o(P) = o,(P)
for P € &y (1) \ Efv py (e —1). Note that EEL]M is a bimodule over ., = EE)EM
and for any P € &.,,(A) and Q € E;.,, (1) one has

0A+;4(PQ) = O-A(P)O-M(Q)'

Recall that a microdifferential operator is invertible at p € T*M if and only if its
principal symbol does not vanish at p.

§4.2. Automorphisms of &;.,,

Lemma 4.2.1. Any C-algebra automorphism of E;.,, is filtered and symbol pre-
serving.

Proof. Let f be a C-algebra automorphism of &j..,,. Define the spectrum of P ¢
I(V;Ejuyy) as

X(P): V= P(C), p+ {aecC:a— P isnot invertible at p},
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where P(C) denotes the set of subsets of C. Note that X(P) = X(f(P)). Set for
short
Em = Epupy (M) \ E gy (m — 1).

Recall that P is invertible if and only if its principal symbol does not vanish.

(i) If P € & and its principal symbol is not locally constant, then X(P)(p) =
{c(P)(p)}. Since X(P) = X(f(P)), it follows that f(P) € & and o(P) = o(f(P)).

(ii) Let P € & have locally constant principal symbol. For any @ € E;.,,(0)\
05 " (Cjupy) one has

00(P)oo(Q) = 00(PQ) = 00(f(PQ)) = a(f(P))oo(f(Q)) = o(f(P))o0o(Q)

where the second equality follows from (i). One deduces o(f(P)) = oo(P), so that
in particular f(P) € &.

(iii) Pick an operator D € & invertible at p, and let d be the order of f(D).
Then f(D)™ is an invertible operator of order dm and one has

f(&m) = f(D™E) = f(D)" f(&) = f(D)"E = Eame-

Since f is an automorphism of ;. ., \ {0} = |,,cz Em, it follows that d = *1.

Thus f either preserves or reverses the order. Note that if an operator P satisfies
o(P)(p) = 0, then X(P)(p) = C if and only if P has positive order. Hence, f
preserves the order.

(iv) We have proved that f is filtered and preserves the symbol of operators
in &. As &, = D™&p, to show that f is symbol preserving it is enough to check
that o1(D) = o1(f(D)).

Let (z;&) be a local system of symplectic coordinates at p. Identifying x; with
the operator in & whose total symbol is x;, one has

O¢,01(D) = {zi,01(D)} = {o0(xi), 01(D)} = oo([z:, D))
= o0(f([zi, D)) = oo([f(x:), f(D)]) = {o0(f(xi)), o1(f(D))}
={z;,01(f(D))} = 0¢, o1 f((D)) fori=1,...,n,
so that
01(D) = o1(f(D)) + ¢(),
and one takes the homogeneous component of degree 1. O

Proposition 4.2.2. Any C-algebra automorphism of ., is locally of the form
Ad(P) for some X € C and some invertible P € Ej.,,;(N).

Proof. Tdentify T* M x T* M to an open subset of T*(M x M). Let () be a system
of local coordinates on M, and denote by (x,y) the coordinates on M x M. For
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Q € &j.yy, denote by @, and @, its pull-backs to ;. ;. jxa by the first and
second projection, respectively.

Let f: Epupy = Ejupy be a C-algebra automorphism. By Lemma 4.2.1, f
is filtered and symbol preserving. Denote by £ the &;. ;. ;. ,-module with one
generator u and relations

(i — fyi))u= (0, — f(Oy,))u=0 fori=1,...,n.

Then the image f(Q) of Q € &;.,, is characterized by the relation

(4.2.1) f(@yu=Q,u inL,

where Q* denotes the adjoint operator, and (£, u) is a simple module along the
conormal bundle to the diagonal A in T*(M x M) (see [18]). Denote by Ca the sheaf
of complex microfunctions along the conormal bundle to A. By [18, Theorem 8.21],
there exist A € C and an isomorphism

. el ~
¥ ET*]VIXT*M ®5T‘*M><T’*M Ca— L

such that ¢(P, ® 0a) = u for some invertible P € £;.,,(A). One then has

PyQyPJIU = PyQyP;1@<Py ®da) = @(PyQy ®a) = p(Qy Py ®da)
= Qyp(P; ®@0a) = Qrp(Py ®da) = Qru.
It follows by (4.2.1) that f = Ad(P). O

84.3. Invertible £-bimodules

Denote by P*M the projective cotangent bundle of M and by ~: T*M — P*M
the projection. Set
Epm = V& pr-
This is a sheaf of C-algebras endowed with a Z-filtration such that Gr&p«p; =~
@D,..cz Op-n(m), where one sets Op«pr(m) = 72Oy, (m). Note that Ej.,, is
constant along the fibers of 7. Since these are connected, the adjunction morphism
gives an isomorphism
Y e = Eiing-

Lemma 4.3.1. Let Z C T*M be a closed conic analytic subset. Then
HjRFZE-*M =0 forj <codimj.,, Z.

Proof. Setting W = ~(Z), we have RI'zEj.,; ~ v *RIwEp~p. We thus have
to show that HIRIyEp«p = 0 for § < codimp-p; W. Identify Ep«ps with the
sheaf Ca of complex microfunctions along the conormal bundle to the diagonal in
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P* = P*(M x M). By quantized contact transformations, Ca can be further iden-
tified with the sheaf of complex microfunctions Cg along the conormal bundle to a
hypersurface S C P*. One has Cg ~ Og @® H[ls]Op* ~ OF%. Hence H/ RIyCs = 0
for j < codimg W. O

Proposition 4.3.2. Let M be a coherent torsion-free E.,,-module. Then M is
locally free outside a closed conic analytic 2-codimensional subset.

Proof. We will reduce to the analogous statement for O-modules, which is well-
known (see [25, Corollary 5.15]).

Set for short & = £y, £(0) = £y, (0) and O(0) = Oy, (0). A coherent
£(0)-submodule £ C M such that EL£ = M is called a lattice.

(a) M has a torsion-free lattice £. In fact, let F be a lattice in M* =
Home (M, E). Then F* = Homgo)(F,E(0)) C Homeg(M*,E) = M** and EF* =
M**ie. F*is a lattice in M**. Then £ = F* N M is a lattice in M. Since F*
is reflexive (that is, F* — (F*)** is an isomorphism), F* is torsion-free, and so is
its submodule L.

(b) The coherent O(0)-module £ = £/L£(—1) is torsion-free. In fact, consider
the exact sequence

0— &(—1) = £(0) 2% O(0) — 0.

Then O(0) ®g (g £ ~ L. Hence (£)* = Home(o)(L£, 0(0)) ~ Homoo)(O(0) ®e(0)
L,0(0)) ~ Home ) (£, 0(0)). The exact sequence

0— ’HOmg(o)(ﬁ, 5(—1)) — ’Homg(o) (ﬁ, 5(0)) — ’Homg(o) (,C, O(O))

thus reads
0— L*(=1) = L* — (L)*.
Hence £* C (£)*. Then £ C L** C (L£*)* = (£*)***, so that L is torsion-free.
(c) Since L is torsion-free, it is locally free outside a closed conic analytic

2-codimensional subset S. Hence the same holds true for £ by the Nakayama
lemma. Thus M = EL is also locally free outside S. O

Remark 4.3.3. Since projective &;. ;,-modules are torsion-free, it follows that
E. s 18 (coherent) projective-free if dim M = 1. This is no more true if dim M > 1.

Set
Euns = € py O Eens-
Note that, for [A], [u] € C/Z the morphism of £, -modules

el gl = el PeQ e PQ,

©e, * M T*M ’

T* M
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is an isomorphism. In particular, 57[:\*] " is an invertible 8;* M—module. Moreover,
if P € E.,,(\) has non-vanishing symbol on V' C T*M, there is an isomorphism
of £ -modules (where we use notation (2.4.2))

(4.3.1) aap &y S EN, Q- PQ.

Lemma 4.3.4. For [\, [p] € C/Z, one has

Chuang for [\ = [1]
Homege e ,E[H] = M ’
ST*M( 7o Erear) 0 otherwise.
Proof. The problem is local and we take a system (z) = (z1,...,2,) of local

coordinates in V' C T*M such that 9, is invertible in V. By (4.3.1),

A
Home, (E,E17) ~ Home; (yq(0-2Ev» aago-)EV)

~{P e &: POTQOY = 07" QONP, YQ € Ev}.

Assume that there exists P # 0 as above. Taking for @) the operators 0;, z;
and 0;, respectively, we deduce that [P,01] = [P,x;] = [P,0;] =0 fori =2,...,n.
It follows that P only depends on 0;. Noting that [07, 2] = /\af* and taking
Q = x1, we get

(21, P = (u— PO,

Write P = ngm cja{ with ¢; € C and ¢,,, # 0. Then the above equality gives
m=pu—Aand ¢; =0 for j <m. O

The following result was communicated to us by Masaki Kashiwara (refer
to [24] for related results).

Theorem 4.3.5. Any invertible 5;*M—module is isomorphic to L ® S[T)‘]M for
some local system of rank one L and some locally constant C/Z-valued function [)].

Proof. Set for short £ = &;.,,. Let P be an invertible £°-module. It is enough to
show that P is locally isomorphic to £ for some locally constant function [A]. In
fact, it will follow from Lemma 4.3.4 that L = Homeg. (P, P) is a local system of
rank one and L ® eV Zop.

(a) Since P is invertible, the underlying £-module 4P is projective locally of
finite presentation by (iv) and (v) in Section 3.3, and hence coherent torsion-free.
By Proposition 4.3.2, 4P is locally free outside a closed analytic 2-codimensional
subset Z. As P is invertible, its rank is one.

(b) Suppose that 4P is free of rank one. Then there exists [A] such that
PN =P Rge El-A admits a regular generator, i.e. a generator u of ¢PI=* such
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that Pu = uP for any P € £. Indeed, let ¢ be a generator of (P and let f: £ =5 &
be the C-algebra isomorphism as in (3.3.2): f(P) = @ for @ such that tP = Qt.
By Proposition 4.2.2, f is locally of the form Ad(P) for some A € C and P € £()\)
with never vanishing symbol. Then v = tP~! is a regular generator of P[=.

Let V be a contractible open neighborhood of a point in Z. We are left to
show that if 4P is locally free of rank one on V \ Z, then 4P=* has a regular
generator on V. It will follow that P|y ~ 8‘[5‘].

(c) Since local regular generators u of P2 are unique up to multiplicative
constants, Cu C PI=A defines a local system of rank one on V' \ Z. As V \ Z

(A has a regular

is simply connected, such a local system is constant. Thus P
generator w on V' \ Z.

Consider the distinguished triangle
RIzPIN - PN o Ry, PN 2
Since P~ is invertible, s PI=* is flat by (iv) in Section 3.3, so that
RIy(V; PN ~ RI(V; RIzE @, PIA).

By Lemma 4.3.1 one gets H'RI'z(V;PI=?) = 0 for j = 0,1. Tt follows that
D(v; P 2 r(vV\ Z; PI-A), hence the generator u of ¢ P17 on V'\ Z extends
uniquely to V. O

In particular, since any E[T’\j o s a locally free right &;.. ,,-module of rank one
by (4.3.1), it follows that the C-algebra £;.,, is Picard good.
Recall that the projection ~v: T*M — P*M is a principal C*-bundle.

Theorem 4.3.6. The C-algebra Ep«ps is Picard good.

Proof. Let us prove that any invertible £%. ;,-module P is locally free of rank one
as right Ep«p-module.

Since this is a local problem, we may restrict to a contractible open subset
U C P*M, so that y~1(U) ~ U x C*. The E,j,l(U)—module ~~1P being invertible,
by Theorem 4.3.5 one gets

P =y P~ v (L @ SL/\JI(U))

for some [A] € C/Z and some local system of rank one L on v~}(U) with mon-
odromy e~27 on C*.

By restricting to U’ C U, we may assume that there exists an invertible
operator D of order 1. This defines an isomorphism of right &;/-modules

gU’ 1> ’Y*(L ®C SL)\*]l(U'))’ Q — DAQ |



MORITA CLASSES OF MICRODIFFERENTIAL ALGEBROIDS 403

Note that, given a local system L of rank one and [A\] € C/Z, one has

A
(L & &7,

given by e~2™*, In particular, 7*5;’\*]1\/[ =0 for any [A] # 0.

# 0 if and only if the monodromy of L along the fiber of v is

85. Microdifferential algebroids

Here we state and prove our results on classification of £-algebroids on a contact
manifold.

85.1. Contact manifolds

Let X be a complex manifold of odd dimension, say 2n — 1. Denote by Ox the
sheaf of holomorphic functions and by QY the sheaf of holomorphic 1-forms. A
structure of (complex) contact manifold on X is the assignment of a holomorphic
principal C*-bundle v: Y — X, called symplectification, and of a holomorphic
one-form a € F(Y;Q%,), called a contact form, such that w = da is symplectic
(i.e. w™ vanishes nowhere) and ipa = 0, Lgax = . Here, 6 denotes the infinitesimal
generator of the action of C* on Y, iy the contraction and Ly the Lie derivative.
One may consider « as a global section of QO ®, Ox(1), where Ox (1) denotes
the dual of the sheaf of sections of the line bundle C x¢x Y.

Let M be a complex manifold of dimension n. Then P*M has a natural
contact structure given by the Liouville one-form on T*M and by the projection
~: T*M — P*M. By the Darboux theorem, P*M is a local model for a contact
manifold X, meaning that there are an open cover {U;}ic; of X and contact
embeddings (i.e. embeddings preserving the contact forms) j;: U; <— P*M for any
el

A fundamental result of [37] asserts that contact transformations (i.e. biholo-
morphisms preserving the contact forms) can be locally quantized. This means
the following. Let N be another complex manifold of dimension n, U C P*M
and V C P*N open subsets and x: U — V a contact transformation. Then any
x € U has an open neighborhood U’ such that there is a C-algebra isomorphism
xil(ﬁp*N|X(U/)) = Epearlur.

Definition 5.1.1. An &-algebra on a contact manifold X is a sheaf A of C-al-
gebras such that there are an open cover {U,;}icr of X, contact embeddings
Ji: Ui — P*M and C-algebra isomorphisms A|y, ~ j;lgp*l\/[ for any i € [.

Given an E-algebra A, the C-algebra y~'.4 on Y satisfies ’y_l.A|,yf1(Ui) ~
ji_lé’T*M for j;: v N U;) — T*M a homogeneous symplectic transformation
lifting j;: U; — P*M. Note that Proposition 4.2.2 implies that the invertible
v~ A¢-module (y~'A)N is well defined for any [\] € C/Z.
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To quantize X in the strict sense means to endow it with an £-algebra
(see [2, 34]). This might not be possible in general. However, as we now recall,
Kashiwara [17] proved that X is endowed with a canonical £-algebroid.

§5.2. Microdifferential algebroids

Definition 5.2.1. (i) An &-algebroid on X is a C-algebroid A such that for every
open subset U C X and any object a € A(U), the C-algebra Enda(a) is an
E-algebra on U.

(ii) A stack of twisted E-modules on X is a C-stack M such that there are an open
cover {U;}icr of X, E-algebras & on U; and equivalences M|y, =~ Mod(&;) for
any ¢ € I.

Note that a C-stack A is an £-algebroid if and only if there are an open cover
{Ui}ier of X, E-algebras & on U; and equivalences Aly, ~¢ &t forany i € I. In
particular, Mod(A) is a stack of twisted £-modules.

Kashiwara’s construction of the canonical £-algebroid on X was performed by
patching data as explained in Appendix A.2 (see [10] for a more intrinsic construc-
tion). More precisely, in [17] he proved the existence of an open cover U = {U, }icr
of X, of £-algebras & on U;, of isomorphisms of C-algebras f;;: & — & on Uj;
and of sections a;j, € I'(Usj;i; £;(0)*), satisfying the cocycle condition

i fin = Ad(agn) fir,
(5.2.1) fjf]k (a Jk‘)fk‘
aijrairt = fij(ajri)aij.

By Proposition A.2.1(i), this implies

Theorem 5.2.2 ([17]). Any complex contact manifold X is endowed with a
canonical £-algebroid Ex .

It follows that a C-stack on X is an E-algebroid (resp. a stack of twisted
&-modules) if and only if it is locally C-equivalent to Ex (resp. to Mod(Ex)). In
particular, if X = P*M then Ep«j; is C-equivalent to Ep«pr, and E-algebroids are
C-twisted forms of Ep«py.

Recall that an algebroid is Picard good if and only if so are the algebras
that locally represent it. Hence, by Theorem 4.3.6 one gets that any £-algebroid,
and in particular Ex, is Picard good. From Proposition 3.4.3, we thus deduce the
following

Theorem 5.2.3. (i) Two E-algebroids are C-equivalent if and only if they are
Morita equivalent.

(ii) Any stack of twisted E-modules is C-equivalent to the stack of modules over
an €-algebroid.
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To classify £-algebroids, we thus need to compute the first cohomology with
value in the stack of 2-groups Autc (Ex)=Inv(E% )op, where we set ES = EY ®-Ex.

85.3. Geometry of v: Y — X
Lemma 5.3.1. For M an abelian group, there is a distinguished triangle
Mx — Ry, My — Mx[-1] 5

Proof. As the complex Ry, My is concentrated in degrees [0,1], by truncation it
is enough to prove the isomorphism

(5.3.1) H'Ry,My ~ My fori=0,1.

For ¢+ = 0 it is induced by the adjunction morphism Mx — Ry, My .

Set SY = Y/R+( and consider 7 as the composite of p: Y — SY and ¢: SY —
X, which are principal bundles for the groups R and S*, respectively. Note that
Rp, My ~ Mgy, so that Ry, My ~ Rq, Mgy ~ Rq, Mgy . The infinitesimal gener-
ator @ of the action of C* on Y induces a trivialization of the relative orientation
sheaf orgy,x. Hence ¢'Mx ~ Mgy[1]. Then the isomorphism (5.3.1) for i =1 is
induced by the adjunction morphism Rq,Msy ~ Rq,q'Mx[—1] — Mx[-1]. O

Let M = C*. The induced long exact cohomology sequence gives
#
HYY;C*) 25 gO(x;C%) S H2(X;C%) 25 HA(Y;C%) 22 HY(X;C).

We can represent elements of H° by locally constant C*-valued functions, elements
of H' by isomorphism classes of local systems of rank one, and elements of H? by
C-equivalence classes of invertible C-algebroids (see Lemma 2.5.4). Let us describe
the above sequence in these terms (see also [15, Chapitre V, §§3.1, 3.2]), where we
use the notation [-] for both isomorphism and C-equivalence classes.

For L alocal system of rank one on Y, 11 ([L]) is the locally constant function
on X giving the monodromy of L along the fibers of ~.

Recall that (C;C denotes the stack of local systems of rank one on Y.

Lemma 5.3.2. (i) There is a group isomorphism mo(v.Cy) ~ C%, where the
group structure on the left-hand side is induced by @ .

(i) If D is a C-stack on'Y, then mo(7«<D) is a Cx-sheaf (i.e., it is endowed with
a C%-action).

(iii) If T is an invertible Cy -algebroid, then mo(v.T) is a Cx -torsor.
Proof. (i) Recall that C;5:[1] denotes the stack of Cy-torsors. The functor

C;[l]%(cit, P’-)(CX(CX P,
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defines a group isomorphism mo(7.Cy) =~ mo (7. (C[1])). By (1.4.3), the latter is
isomorphic to R'7,Cs5, hence to Cx by Lemma 5.3.1.
(ii) By using (2.1.1), one gets a C-functor

7:CY ®c 7D = %D, (L,8) — L& 6.

This defines an action of mo(7.C{) ~ C% on mo(v.D).
(iii) Since R?7y,Cy = 0, the stack 7, T is locally C-equivalent to V*C;C. Hence
mo(7+T) is a Cx-torsor by (i) and (ii). O

Notation 5.3.3. Let C be a C-stack on X. For s a global section of 7y(C), we
denote by C* the full substack of C whose objects ¢ satisfy [¢] = s in 7p(C).

Note that C?® is a C-algebroid, since m(C®) = {s}x. It is locally C-equivalent
to the algebra Endc(c) for any local representative ¢ of s.
For m € H(X;C*) ~ I'(X; m(7.C5)), one has

d(m) = [(1=Cy)™]-

Here, (7.C{>)™ is identified with the Cx-algebroid of local systems L € ~.Cy:
with p1([L]) = m. In particular, for m = 1 the Cx-algebroid (v.Cy)! is equivalent
to (C} via the adjunction functor C} — W*C;C. Moreover, one has a decomposition
1Cy ~¢ Hmec; (7Cy)™

For S an invertible C x-algebroid, v#([S]) = [y~1S].

Proposition 5.3.4. For T an invertible Cy -algebroid, us([T]) is the class of the
local system of rank one C X¢x mo(y«T).

Proof. By Lemma 5.3.2(iii), mo(7+T) is a Cx-torsor. It follows that C xcx mo (7 T)
is a local system of rank one on X.

Choose an open covering {U; } of X in such a way that T is described, by means
of Proposition A.1.1(i), by the data ((C‘ti, (*) @ Mji, a1, where V; = v~1(U;) and
Mj; are local systems of rank one on V;j. Then C x¢x mo(7,T) is represented by
the 1-cocycle {u1([M;:])} with values in C*, which gives a Cech representative of
the class ps([T]). O

85.4. Classification results
Set
Ey:"y_lEx, E%:E(})/p ®C Ey %’y_l(Eg()

Note that Ey can be described by patching the C-algebras v~'&; along the pull-
back on Y of the data (5.2.1).
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For [\] € C/Z, the algebroid version of the invertible bimodule 57[:\*] oy I8 the
ES-module
EY € Fete, (Ey,Ey) € Mod(ES)

locally defined by (-) ®e¢.. . 5;’\*]1\/[ (cp. Proposition 3.3.7).

Consider the direct image functor, obtained by using (1.1.1),
s« : vx«Mod(ES, ) — Mod(E%)
and recall the morphism H'(Y;C*) £% HO(X;C*) ~ H9(X;C/Z) from §5.3.
Theorem 5.4.1. The functor
(5.4.1) IV (Cy) = Inv(ES), L 7u(L @ EX D),
18 an equivalence of stacks of 2-groups.

Proof. (a) A priori, v, (L ®¢ E‘)L,I(L*)) is an object of Mod(ES ). It is locally, hence
globally, invertible with inverse given by v, (L* & E;l(L)).

(b) The sheaf Cy is sent to Ex, since 7, (Ey) ~ Ex as ES-modules. Moreover,
the natural morphism

L* L'* « L* L'
(L @e By @ vl @0 By ) = (L @ L' @ BT )

is locally, hence globally, an isomorphism. Hence (5.4.1) is monoidal.

(c) For an invertible ES-module P, define its exponent as the unique locally
constant C/Z-valued function ¢(P) on X such that y~1P is locally isomorphic to
Ei,(P) (this is well-defined by Theorem 4.3.5). Then €(v.(L ®¢ E‘{,l(L*))) = (L),
and by using Lemma 4.3.4 one finds that the functor

P = Homg, (E;gp), 71P)
is a quasi-inverse of (5.4.1). O

Let Pic(Ex) denote the set of isomorphism class of invertible ES-modules,
endowed with the group structure induced by & .

Corollary 5.4.2. There is a group isomorphism Pic(Ex) ~ H'(Y;C3).

Theorem 5.4.3. The set of C-equivalence classes (resp. Morita classes) of E-al-
gebroids is canonically isomorphic, as a pointed set, to H*(Y; Cy).

Proof. Since Ex is Picard good, by Theorem 5.4.1 and Proposition 3.4.2 there is
an equivalence of stacks of 2-groups

AUt(C(Ex) %’y*an(Cy)op.



408 A. D’AGNOLO AND P. POLESELLO

The right-hand term is equivalent to 7.Inv(Cy) by the functor L — L*. Since Cy
is Picard good, from (3.4.3) and by using (1.4.2) one gets an equivalence of stacks
of 2-groups

Yelnv(Cy) = [Ry, C¥[1]].
It then follows from (1.4.1) that

(5.4.2) HY(X;Autc(Ex)) ~ H*(Y;CY). O

We end by giving a realization of isomorphism (5.4.2).

First, let us explain how to twist Ey by a local system of rank one L on X,
obtaining a C-algebroid EL on Y locally C-equivalent to Ey-.

Choose an open covering {U;} of X in such a way that L is represented
by a 1-cocycle {[\;;]} with values in C/Z. Set V; = v '(U;) and consider the
data (Ey;, (+) ®Evij EB:}, M;;x), where m;j;, denotes the invertible transformation

induced by the canonical isomorphism of E@Uk—modules

[Xij] Nkl ~ [N
EViij ®Evijk EV:; - E&;i]
Then EL is the C-stack on Y obtained from these data by Proposition A.1.1(i).
Note that (EL)°P & EL" and EL . Ey if L is trivial.
Denote by L* the Ck-torsor associated to L and recall from Lemma 5.3.2
that 7o (7.EL) is endowed with a C3-action.

Lemma 5.4.4. 7o(v.EL) ~ L* x¢x mo(74Ey) as Cx -sheaves.

Proof. Let {[\;;]} be a 1-cocycle with values in C/Z representing L on an open
covering {U;} of X. Then ~,EL
v,, are given by (1) ®¢ E@'% where V; = v~ 1(U;). We

ij
ij

U, ~ 7+Ey|u, and the associated glueing C-equiv-
alences v.Ey|v,;, — 7:Ey

thus get isomorphisms of C*-sheaves mo(v.EZ)|y, ~ mo(74Ey)|v,, with associated
glueing automorphisms of mo(7:Ey)|y,, given by multiplication by e?™*ii. This
follows from the commutative diagram of stacks of 2-groups

C/Zx[0] Cx[0]

| |

~v«Autc(Ey) L Aut(mo(v<Ey))[0]

~

where the left-hand vertical arrow is the functor [A] — (-) ®g, E[}Z\] and the right-

hand one is the C*-action. Hence m(v.E%) is isomorphic to 7 (7«Ey) twisted by
the C%-torsor L*. O

Let T be an invertible Cy-algebroid. Following Proposition 5.3.4, we denote
by p2(T) the local system of rank one on X associated to the C%-torsor mo (7, T).
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Lemma 5.4.5. (7. (T & EX2(T))) ~ 10(1.Ey) as C%-sheaves.
Proof. By using the functor (2.1.1), one gets a morphism
mo(3T) x mo(nER ) = mo(r (T E2T))

which is C*-equivariant on each term. Hence it factors through mo(7.T) Xcx
op
mo(1EY )

is isomorphic to the Cx-torsor opposite to mo(7.T). It follows that we have a

. By Lemma 5.4.5, this is isomorphic to mg(7«Ey ), since mo(7.T°P)

morphism
mo(1Ey) = mo(n(T @ B2 T)

of C%-sheaves, which is locally, hence globally, an isomorphism. O
Corollary 5.4.6. mo(7.(T ®¢ E?(Top))) has a canonical global section.

Proof. The adjunction functor Ex — ~+Ey defines a morphism wo(Ex) —
mo(7«Ey). Since my(Ex) is the singleton-valued constant sheaf, this gives a global
section of 7 (7+Ey ), hence of mo (74 (T ®¢ E*;f(T p))) by Lemma 5.4.5. O

Denote by can the canonical global section of o (v« (T ®¢ E@2(T°P))), Then the
inverse of the isomorphism (5.4.2) is realized as

[T] = (7 (T @ 42Ty eam,

where [-] denotes the C-equivalence class and we use Notation 5.3.3.
Assume that T = ~7!S for S an invertible Cy-algebroid. Since po(y~1SP) is
trivial and Ey = 7y~ 'Ex, the above isomorphism reduces to

S = [ (S @ Ex)) ™" = [S @ Ex],
the latter being the class of the “twist” of Ex by S.

Remark 5.4.7. Replacing Ex by an &£-algebroid in the previous construction,
one gets an action of H2(Y;Cs) on the set of C-equivalence classes (resp. Morita
classes) of £-algebroids. In such a way, the latter becomes an H?(Y; C3)-torsor
and the canonical isomorphism (5.4.2) is obtained by choosing the C-equivalence
class of Ex as base point.

Appendix. Cocycles

For the reader’s convenience, we recall here the descent conditions for stacks, and
detail the case of algebroids. This is parallel to the case of gerbes. These results
are well known and can be found for example in [15, 3, 17] (see also [26, 11, 35,
12, 4, 41)).
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Let X be a topological space (or a site), and R a sheaf of commutative rings
on X. IfU = {U, }ier is an open cover of X, we set U;; = U;NU;, Uy, = U;NU;NU
etc. We use the notation e for the horizontal composition of transformations.

A.1. Glueing of stacks

Let us recall here how to recover R-stacks, R-functors and transformations from
collections of local data.

Proposition A.1.1. Let U = {U,;}icr be an open cover of X.

(i) Consider the descent datum (C;, fij, aiji)ijrer, that is, C; are R-stacks on U,
fij: C; = C; are R-equivalences on U;j and agji: fir, — fi5 o f, are invertible
transformations on Uyji, such that

fij o fjk ofr e, fir o fr
(A.1.1) idy, ; '%‘MT Tam commutes.

fi

Aijl

fij O fjl

Then there exists an R-stack C on X endowed with R-equivalences f;: C|y, — C;

and invertible transformations a;;: f; — f;; of; on Us; such that

fijofipof
ij jk kid

ajkloidfkT
Aik

fik Ofk %ﬂ

fi; of;
fi; ®Ajk K J

Taz‘j commutes.

The R-stack C is unique up to an R-equivalence unique up to a unique invert-
ible transformation.

(ii) Let C be as above, and let C' be associated with the descent datum
(C, f;j, a;jk)ijkel. Consider the descent datum (g;, bi;)ijer, that is, gi: C; —

C} are R-functors on U; and b;j: fz(j og; — giofi; are invertible transformations
on U;j such that

giofijofjy <———giofi

idgi a3k
. bik
(A.1.2) bij eidy commutes.
f! ldfgj *0ik £ oof aj;p ®idg, £
ijogjofjy<~——F 0f ogr<~——f 0k

Then there exists an R-functor g: C — C' endowed with invertible transfor-
mations b;: fl o g — g; of; on U; such that



MORITA CLASSES OF MICRODIFFERENTIAL ALGEBROIDS 411

gzOfZJij < giOfi

idg, ®a;;

. b;
bi; eids; commutes.

idg; - eb; al eid
flogiofi<t f offog<— fo
ij ©8i 0Ty ij T, 08 i°8

The R-functor g: C — C' is unique up to a unique invertible transformation.

(iii) Let g: C — C' be as above, and let g': C — C' be the R-functor associated
with the descent datum (g}, b;j)ijel- Consider the descent datum (d;);cr, that
is, d;: g — g} are transformations on U; such that

gi Ofij <Tféj Og]

ig

(A.1.3) di.idfijl lidf,ﬁj *di  commutes.
g; ofij 7 fgj o g;
Then there exists a unique transformation d: g — g’ such that d|y, = d;.

Remark A.1.2. Let V = {V;};c; be open cover of X finer than U, and choose
a refinement map p: J — I (that is, V; C U,y for any i € J). Let D =
(Ci, fij, @ijk)ijker be a descent datum defined on U and set

C=Comlvi,  fij =Fo(i)ns)

Vijr  Qijk = p(i)p(5)p(k) | Vigr -

Then p~'D = (Ci, Ej, aijk)ijkes is a descent datum on V which defines an R-stack
R-equivalent to that associated to D.

Let p': J — I be another refinement map and p'~*D = (C/, f{j, 5lijk)ijk;€J the
associated descent datum on V. Set

g = fp’(i)p(i) Vi bij = (ap’(i)p/(j)p(i) Vi; ® idf’ij)_l °© (ldi’J *3p' (7)p(1)p(3) Vij)'

Then (g;, bi;)ijes is a descent datum as in (ii) and, since the g; are equivalences,
it defines an R-equivalence between the R-stacks associated to p~1D and p'~!1D.

A.2. Algebroid cocycles

We give here a description of R-algebroids and R-functors between them in terms
of R-algebras and R-algebra morphisms.

Let A be an R-algebroid on X. By definition, there exists an open cover
{Ui}ier of X such that A|y, is non-empty. For o; € A(U;) and A; = Enda(ay),
there are R-equivalences f;: Ay, — Aj‘. Choose quasi-inverses f; 1 and invertible
transformations id — fj_1 of;. Set f;; :==f; 0 fj_lz A;‘ — A on Uyj. On Uyji there
are invertible transformations a;;i: f;rx — fi; o f;; induced by id — fj_ Lo f;. On
Uijri one checks that the diagram (A.1.1) commutes. By Proposition A.1.1(i), the
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data (A, fi;, aijk)i,jker are enough to reconstruct A, in the sense that the stack
obtained by glueing these data is R-equivalent to A.

The R-equivalence f;;: Aj — A on Uj; is locally induced by R-algebra
isomorphisms. There thus exist an open cover {Ufj‘-}ae a of Uj; such that f;; =
(f5)T on U for f3: Aj — A; isomorphisms of R-algebras. On triple intersections
U?ZW =Ugn Uhn U, the invertible transformations ajj : (o) = (fafm)t

‘ ij ) jk
are given by invertible sections afﬁ] € .Ai(Ui‘;‘.g”) such that f f7, = Ad(agﬁcv) i
(Recall that we set Ad(a)(b) = aba~!.) On quadruple intersections 327‘56“" =

Ugg'y N U{;?e N Uﬁj“’ NUJ s the commutative diagram (A.1.1) is equivalent to the

: aBy Bdo _ ra( VEP\ ade
equality Qi Mgt = ij(ajkl )aijl :

One can treat in the same manner R-functors and transformations. We sum-
marize the results in the next proposition. However, as indices of hypercovers are
quite cumbersome, we will not write them explicitly anymore. Instead, we will

assume that
(A.2.1) open covers of X are cofinal among hypercovers.
This is the case, for example, of paracompact spaces.

Proposition A.2.1. Assume (A.2.1). Let {U, }icr be a sufficiently fine open cover
of X.

(i) Any R-algebroid A can be reconstructed from a non-abelian cocycle
(Ai, fij, aiji)ijrer, that is, A; are R-algebras on Us, fij: Ajlu, — Ailu,,
are R-algebra isomorphisms and a;jr € A;(Uiji) are invertible sections such
that

(A.2.2) {fijfjk = Ad(aijp)fie  in Homr-aig, (Ak, A) (Uji),

aijkin = fij(ajr)aii in A (Uijr)-
(ii) Let A be as above, and let A’ be an R-algebroid constructed from the non-
1i» ijr)igker- Any R-functor g: A — A" can be recon-
structed from a non-abelian cocycle (g, bij)i jer, that is, g;: A, — A, are

abelian cocycle (AL,

R-algebra morphisms and b;; € A;(U;;) are invertible sections such that

(A.2.3) {gifij = Ad(bi;) fi;9, in Homp-aig, (Aj, A;) (Uij),

9i(aie)bix = bij fi;(bjr)ais,  in Ai(Usjk).
(iii) Let g: A — A’ be as above, and let g': A — A’ be constructed from the non-

abelian cocycle (g;, b;;)i jer- Any transformation of R-functors d: g — g’ can
be reconstructed from a non-abelian cocycle (d;)ier, that is, d; € AL(U;) are
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sections such that

(A.2.4) dibij = b, fi;(d;) i Ai(Us).

)

In particular, two non-abelian cocycles
! ! !
(Ai, fig, aiji)ijrer, (Al fijs ai)igker

are associated to R-equivalent R-algebroids if and only if, up to refinements, there
exists a non-abelian cocycle (g;, bi;)i jer satisfying (A.2.3) with g; isomorphisms
of R-algebras.

Vice versa, let A be as in Proposition A.2.1(i). For 4,j € I let A} be R|y,-al-
gebras, g;: A; — A isomorphisms of R-algebras and b;; € A;(U;;) invertible
sections. Then the non-abelian cocycle (Aj, fi;, aj;;.)ijker defined by (A.2.3) is
associated to an R-algebroid R-equivalent to A.

Remark A.2.2. Let (A, fij a/ijk)i)j’kej be a non-abelian cocycle associated to
an R-algebroid A. Then (A.2.2) implies the relations

fiio = Ad(aiii), @iy = @i, aij; = fij(ajz), for any i,j € I.
Setting A; = AZ‘, g9i = idAi, and bij = Q444 in (AQS), we get

fi/j = Ad(ai_jzl)fija agjk = fi/j(aj_kl_jajki)'

!
ij
R-equivalent to A, and it satisfies the relations

Thus, the non-abelian cocycle (A}, a; y w)i.j.kel is associated to an R-algebroid

fli=ida, ajy; =aj;; =1,
of a normalized cocycle in the sense of [3].
A.3. Module cocycles

Let A be the R-algebroid described over the open cover {U; };cr of X by the non-
abelian cocycle (A;, fij, @iji)ijrer- The stack of (left) A-modules Mod(A) is then
described as in Proposition A.1.1(i) by the family

(MOd(.AZ)7 MOd( ;2), MOd(Ciji))iJ‘)ke]

(note the inversion of indices due to the fact that Mod(:) is contravariant). By
Morita theory, the functor Mod (f;) = #,,(+) is isomorphic to Pi; ®, () for the
invertible A; ®p .A?p-module Pij = f,,Aj. We thus recover the description of
twisted sheaves given in [19] (see also [17, 11, 13]).
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Proposition A.3.1. Let A be as above. An object of Mod(A) is described by a
family (M, @ij)ijer, where M; € Mod(A;) and ¢;; € HOmAi (qu‘,Mj|Uij7Mi|Uij)
are isomorphisms such that for any u € My, one has

eij(ir(w) = pir(ag;u).

Proof. Let C be an R-stack as in Proposition A.1.1(i). The statement follows by
noticing that objects of C(X) are described by data

(i, aij)ijer,
where o; € C;(U;) and a;;: f;;(a;) = oy are isomorphisms in C;(U;;) such that
aij o fij(ajn) = a0 ai_ji(ak)
as isomorphisms f;;f;,(a) — a; in C;(Uyj). O
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