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Bounded Holomorphic Functions Attaining their
Norms in the Bidual
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Abstract

Under certain hypotheses on the Banach space X, we prove that the set of analytic
functions in A, (X) (the algebra of all holomorphic and uniformly continuous functions
in the ball of X) whose Aron—Berner extensions attain their norms is dense in A, (X).
This Lindenstrauss type result also holds for functions with values in a dual space or in a
Banach space with the so-called property (5). We show that the Bishop—Phelps theorem
does not hold for Au(co,Z”) for a certain Banach space Z, while our Lindenstrauss
theorem does. In order to obtain our results, we first handle their polynomial cases.

2010 Mathematics Subject Classification: Primary 47H60, 46G20; Secondary 46B28,
46B20.

Keywords: integral formula, norm attaining holomorphic mappings, Lindenstrauss type
theorems.

81. Introduction

The study of the denseness of norm attaining mappings finds its origins in the
Bishop—Phelps theorem [9], which asserts that the set of norm attaining bounded
linear functionals on a Banach space is norm dense in the space of all bounded
linear functionals. Since the appearance of this result in 1961, the study of norm
attaining functions has attracted the attention of many authors. Given Banach
spaces X and Y, we say that a linear operator T: X — Y is norm attaining if there
exists xo in the unit ball of X such that ||T(zo)|| = ||T||- A question that arises
naturally in this context is if it is possible to generalize the Bishop—Phelps theorem
to bounded linear operators. The negative answer was given by Lindenstrauss [20].
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On the other hand, he gave examples of Banach spaces X for which the Bishop—
Phelps theorem holds in £(X;Y") for every Banach space Y. Such spaces are said
to have property A. Similarly, a space Y has property B if the Bishop—Phelps
theorem holds in £(X;Y) for every X. A positive fundamental result given also
in [20], the so-called Lindenstrauss theorem for linear operators, states that the
set of bounded linear operators (between any two Banach spaces X and Y') whose
bitransposes are norm attaining, is dense in the space of all operators. This result
was generalized by Acosta, Garcia and Maestre [5] to multilinear operators, where
the Bishop—Phelps theorem does not hold in general even in the scalar-valued
case (we refer the reader to [1, 11, 19] for counterexamples to the Bishop—Phelps
theorem in the multilinear case). In this context, the role of the bitranspose is
played by the canonical (Arens) extension to the bidual, obtained by weak-star
density (see [6], [15, 1.9] and the definitions below).

In this paper, we study Lindenstrauss type theorems for polynomials and
holomorphic functions. For 2-homogeneous scalar-valued polynomials, the Linden-
strauss theorem was proved in full generality by Aron, Garcia and Maestre [g],
where the Aron—Berner extension takes the place of the bitranspose. This result
was later extended by Choi, Lee and Song [13] to vector-valued 2-homogeneous
polynomials. In [11] a partial result was obtained for homogeneous polynomials
of any degree. Specifically, if X, Y are Banach spaces such that X’ is separable
and has the approximation property, then the set of N-homogeneous polynomials
from X to Y’ whose Aron-Berner extensions attain their norms is dense in the
set of all continuous N-homogeneous polynomials. It is worth noting that in the
homogeneous case, there is no Bishop—Phelps theorem either; counterexamples can
be found in [11, 19] for, respectively, scalar and vector-valued polynomials. Going
further, we can ask about the validity of Bishop—Phelps and Lindenstrauss type
theorems for non-homogeneous polynomials and holomorphic functions. In this
direction, our main positive results are the following (see definitions and notation
in Section 2).

Theorem A. Let X be a Banach space whose dual is separable and has the ap-
prozimation property. Suppose W is a dual space or a Banach space with prop-
erty (8). Then the set of all polynomials of degree at most k from X to W whose
Aron—Berner extensions attain their norms is dense in the space of all continuous
polynomials of degree at most k.

Theorem B. Let X be a Banach space whose dual is separable and has the approx-
imation property. Suppose W is a dual space or a Banach space with property (3).
Then the set of all functions in A, (X; W) whose Aron—Berner extensions attain
their norms is dense in A, (X;W).
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Theorems A and B are direct consequences of Theorem 3.2, Corollary 3.3
and Proposition 3.5. Indeed, Theorem 3.2 and Corollary 3.3 are just the part
of Theorems A and B for mappings with values in dual spaces. In particular,
they cover the scalar-valued case. Proposition 3.5 shows that if the Lindenstrauss
theorem holds in the scalar-valued case, then it also holds with values in a Banach
space with property (5).

We also deal with stronger versions of Bishop—Phelps and Lindenstrauss the-
orems. Namely, we consider the density of mappings which attain their suprema
in smaller balls, a problem studied, for example, by Acosta, Alaminos, Garcia and
Maestre [2]. We show in Section 3 that the strong versions of Theorems A and B
also hold.

In Section 4 we show that, in general, there are no Bishop—Phelps theorems
for scalar or vector-valued continuous polynomials (extending some known results)
or for A, (X; Z). We remark that for the presented counterexamples, our Linden-
strauss theorem holds. We also address the strong variants of Bishop—Phelps and
Lindenstrauss theorems, and show a counterexample to the strong Bishop—Phelps
theorem in A, (X).

§2. Definitions and preliminary results

Given a Banach space X, we denote by X’ its dual space, while Bx and B stand,
respectively, for the closed and the open unit ball. By £(X1, ..., Xn;Y) we denote
the space of all N-linear operators from X; x---x Xy to Y. This space is endowed
with the supremum norm

|®]| = sup{||®(z1,...,2n)|| : 2; € Bx,, 1 <i < N}.

We say that a multilinear operator ® attains its norm if there exists an N-tuple
(a1,...,an) € Bx, X -+ X Bx, such that ||®(a1,...,an)|| = 2|

Given ® € L(X1,...,XnN;Y), its Arens (or canonical) extension is the multi-
linear operator ® : X7 x -+ x X% — Y defined by

(1) O(xy, ..., 2%) = wlim.. . im ®(21 0y, -, TN,an)
(e 5] anN
where (%;.q;)a; C X is a net w*-convergent to =} € X/, i=1,...,N.

A continuous N -homogeneous polynomial is a function P: X — Y of the form
P(z) = ®(x,...,z) for some continuous N-linear map ®: X x Y X Y. Wede-
note by P(VX;Y) the Banach space of all continuous N-homogeneous polynomials
from X to Y endowed with the supremum norm

I1P| = sup [[P(x)].

r€EBx
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Naturally, we say that a polynomial P is norm attaining if there exists xg € Bx
such that ||P(zo)|| = || P||- The set of norm attaining N-homogeneous polynomials
is denoted by NAP(VX;Y'). We recall that the canonical extension of a polynomial
P € P(NX;Y) to the bidual, usually called the Aron-Berner extension [7], is the
polynomial P € P(NX”;Y") defined by P(z") = ®(z",...,2"), where ® is the
unique symmetric N-linear mapping associated to P.

Given k € N, let P (X;Y") denote the Banach space of continuous polynomials
from X to Y of degree less than or equal to k, endowed with the supremum norm.
Each P € Py(X;Y) can be written as P = E?:o P;, where cach P; is a j-
homogeneous polynomial. On the other hand, given a complex Banach space X,
we denote by A,(X;Y) to the Banach space of holomorphic functions in the
open unit ball B which are uniformly continuous in the closed unit ball By,
endowed with the supremum norm. It is well-known that each f € A,(X;Y) is
a uniform limit of polynomials. When Y = K is the scalar field, we simply write
Pi(X) or A, (X). As expected, a function f in Pr(X;Y) or A, (X;Y) is said to be
norm attaining if there exists zo € Bx such that || f(xo)|| = ||f||, and the subsets
of norm attaining functions are denoted by NAP,(X;Y) and NAA,(X;Y). The
Aron—Berner extension of a polynomial P = Z?:o P; € Pi(X;Y) is given by
P = Z?:o P;. In the case of a function f € A,(X;Y), given its Taylor series
expansion at 0, f = Z;io P;, the Aron-Berner extension of f is defined as f=
Z;io P;, which is a holomorphic function in the open unit ball B, [14]. Note that
if (Pp)nen is a sequence of polynomials converging uniformly to f, then (P,)nen
is uniformly Cauchy in the ball B/, and then converges uniformly to f. This
means that f extends to a uniformly continuous function in the closed unit ball
of X”. Davie and Gamelin [14] showed that || f| = ||f|| in the scalar-valued case.
The same holds for a vector-valued f € A,(X;Y), since f(z")(y') = v/ o f(z") for
all 2”7 € X" and ¢y € Y'.

Throughout the article, in the polynomial results the scalar field can be either
R or C, while we consider only complex Banach spaces in the holomorphic setting.

Duality for non-homogeneous polynomials

Polynomials in P(?X) can be thought of as continuous linear functionals on the
symmetric projective tensor product as follows. Given a symmetric tensor u;
in ®*X (the j-fold symmetric tensor product of X), the symmetric projective
norm 7y of u; is defined by

m

mo(uy) = {30 Nl aall? sy = - Al (WL €K, (@), © X .
=1 =1

We denote by ®3TSX the completion of ®7*X with respect to 75. Then P(VX) =
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(®fr’:X )" isometrically, where the identification is given by the duality

Ly, (u;) = (uj,p;) = Z)\z'pj(fﬂi),
i=1

for p; € P(’X) and u; € ®fr’jX, uj =0, !

..
Consider the space
k

G = D(ERX),
Jj=0
where we set ®2’_ng = K. An element v € Gy, is of the form u = Z?:o u; with

u; € ®3er . We endow this space with the norm

9

k
lulle, = sup |3 (usa5)

9€Bp, (x) =0

where g; is the j-homogeneous part of g. It is easy to check that (G, | - ||c,) is a
Banach space.

With the previous notation, given p € Py(X) we have ||p;|| < ||p|| for every
0 < j <k as a consequence of the Cauchy inequalities. Therefore, for u; € ®Zr’jX
we get

104 +uj+---+0lg, = sup  [uj,q;)| < sup luyl

1€ B, (x) 1€Bp, (x)

w1l < Nlwgllr, -

We have shown the following.

Remark 2.1. The space P(?X) is 1-complemented in Py(X). Also, ®4:X is
1-complemented in Gy.

The following lemma shows that Gy linearizes polynomials of degree at
most k.

Lemma 2.2. Let X be a Banach space and k € N. The mapping
(2) Pe(X) = (Gis [l lle)’s P Ly,
where Ly(u) = (u,p) = Z§:O<uj,pj>, is an isometric isomorphism.

Proof. Let us see that it is an isometry. By the previous remark,

k
o) = Ipl >G5 s/ Ipl)| < el el
=0
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which implies that L, € G}, with ||L,|| < |lp|. Now, given ¢ > 0 take zy € Bx
with |p(zo)| > ||p|| — €, and consider

k
uozg Top X -+ Pxg.
7=0 j

Then ug € Bg, and |Ly,(ug)| = |p(zo)| > ||p||—¢, which gives the reverse inequality.
Now we prove that the mapping (2) is surjective. For L € Gj, let L; denote

its restriction to ®2°X, that is,

spox &°X K, Lj(u;) = L0+ +uj +-- +0).

It is clear that L; is linear and, by Remark 2.1, |L(u;)| < ||L[| |||, for each

uj € ®2°X. Then L; € (®%°X)" and we can find p; € P(?X) such that L; = Ly, .

Now, if we take p = po + - - - + pi € P(X) it is easy to check that L = L,,. O

For polynomials with values in a dual space Y’ we have the isometric isomor-
phism

(3) PUX;Y') = (82°X) &, Y)'.

Here the duality is given by
(4) L, (ug) = (ug, Py = > > NaPy(a:) (w)

for any P; € P(UX;Y’) and u; = Y 2, v; @ y;, where (y;); C Y and (v;); C ®i’:X,
with vy = Y 00, /\Mscg)i for all [.

We define
k

Gr = P((ELX) &, Y),

7=0
where the elements are of the form u = Z?:o u; with u; € (®irsX) ®, Y. The

norm of such an element is given by

k

e = _swp 30 Qs)

Pr(X;Y7) 5=0

Now the duality
Pe(X;Y") = (Ghs || - )’

is defined exactly as in Lemma 2.2, that is, P — Lp where Lp(u) = (u, P).
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Note that if we consider the space
D x) & v)
3=0
of all elements u € Gy, for any k € N U {0}, then for each f = Z;io P; €
H>(B%;Y') and u = Z?:o u;j we have the duality (u, f) = Z?Z()(uj,PJ). We
endow this space with the norm

Jul = sup [{u,g)l,

9E€Byoo (B v)

and we denote its completion by G,. An easy calculation shows that the map
[~ Ly, where L¢(u) = (u, f), defines an isometric isomorphism giving the duality

H>®(B%:;Y') = Gl

We have obtained, in a somewhat different way, the space G, constructed by
Mujica [22]. Actually, what we have is a description of this space in terms of
tensor products.

83. An integral formula and Lindenstrauss type theorems

In this section we will prove the main results of the article, summarized in Theo-
rems A and B in the Introduction. The following result extends [11, Theorem 2.2]
to the non-homogeneous setting.

Lemma 3.1. Let X,Y be Banach spaces and suppose that X' is separable and
has the approximation property. Then for each u € Gy there exists a reqular Borel
measure (i, on (Bx:i,w*) X (Byr»,w*) such that ||p.] < ||lullg, and

(5) (u, P) = /B P dda” )

for all P € Py(X;Y").

Proof. We first prove the formula for the set Py, (X;Y”) of finite type polynomials
of degree less than or equal to k, that is, for the polynomials of the form P =
Py + -+ + P, where the j-homogeneous polynomial P; is a linear combination of
polynomials of the form z/(-)7 - y. Given u € G}, we define

Ay i Prip(X;Y) =K, Ay(P) = (u, P).
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It is easily verified that |A,] < |Ju|lg,. The finite type polynomials can be seen
as an isometric subspace of C(Bx~ x By~), where the balls are endowed with
their weak-star topologies, by identifying a polynomial P € Py (X;Y’) with the
function (z”,y"”) ~ P(2"”)(y"”). Then we extend A, by the Hahn-Banach the-
orem to a continuous linear functional on C(Bx~» X Byw) preserving the norm.
Now, by the Riesz representation theorem, there is a regular Borel measure p,, on
(Bx,w*) x (By,w*) such that ||| < ||ullg, and

M= [y i)
X XDy

for f € C(Bx» x Bywn), where we still use A, for its extension to C(Bx X Byn).
In particular, taking f = P € Py (X;Y’) we obtain the integral formula for finite
type polynomials.

Now, take P = Py + ---+ P, € P(X;Y’). By [11, Lemma 2.1], for each P;,
0 < j < k, there exists a norm bounded multi-indexed sequence of finite type
polynomials (Pjn,,....n; ) (n,

....m;)eNs satistying

B ") = Jim ol P o))

ni—oo N —00

veey

For fixed 0 < j < k we define Pjp, .. n, = Pjn,,..n, forall njiq,...,n, € N.
Then the multi-indexed sequences (Pj,m’,_?nk)(nh___,nk)eNk are indexed on the same
index set and satisfy

Pi@")(y") = lim ... lim Pjn, . (2")(y").

ni]—o00 nj—00

Now, consider Py, . n, = Zf:o Pjny.om € Pri(X;Y’). Since the integral for-
mula holds for finite type polynomials, we have

for all (n1,...,nx) € N¥. As the sequence (Pp,,....n. ) (ny,....ng)ent is norm bounded,
we may apply the bounded convergence theorem k times to obtain

n}lE)noo e nlll)noo<u’ Pnl ,,,,, nk>
= lim ... lim P (@) dpu (2" y")
n1—00 Nk =00 BX” ><By//

- / P (") dua(”, o).
BX” X By//

It remains to show that (u,P) = lim,, o0 ... limy, oo (U, Py, 0, ) Note
that, for each 0 < j < k, both (-, P;) and limy,, oo ... limy, o0 - 5 Pjiny,.ooni)
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. . . ~ 7,8 ~ . .

are continuous linear functions on (®2°X) &, Y which coincide on elementary
. k : k .

tensors. Since P = ijo Pjand P, ., = ijo Pj n, ... n, the claim follows and

the proof is complete. O

Now we are ready to state our Lindenstrauss type theorem for non-homoge-
neous polynomials. We sketch the proof of the statement which is similar to that
of [11, Theorem 2.3].

Theorem 3.2. Let X, Y be Banach spaces. Suppose that X' is separable and has
the approximation property. Then the set of all polynomials in Pr(X;Y’) whose
Aron—Berner extensions attain their norms is dense in Pr(X;Y").

Proof. Given @ € Pi(X;Y’) consider its associated linear function Lo € G,
defined as in Lemma 2.2. The Bishop—Phelps theorem asserts that, for ¢ > 0,
there exists a norm attaining functional L = Lp € Gj, such that |[Lo — Lp|| < ¢
for some polynomial P in Py(X;Y”). Since ||Lg — Lp|| = ||@Q — P, it remains to
prove that P is norm attaining.

Take u € G}, such that ||u|lg, =1 and |Lp(u)| = ||Lp|| = ||P||, and take the
regular Borel measure p,, on Bx» X By~ given by Lemma 3.1. Then

[Pl = [Lp(u)] < / [P(")(y")| dlpul (=", ") < [P lpall < 11P]-
BX” XBYu

Consequently, |P(2”)(y")| = || P| almost everywhere (for j, ). Hence P attains its

norm. O

Since functions in A,(X;Y”’) are uniform limits of polynomials, and each
polynomial, by the previous theorem, is close to a polynomial whose Aron—-Berner
extension is norm attaining, we obtain the following Lindenstrauss theorem for
the space A, (X;Y7).

Corollary 3.3. Let X, Y be Banach spaces. Suppose that X' is separable and
has the approximation property. Then the set of all functions in A, (X;Y') whose
Aron—Berner extensions attain their norms is dense in A, (X;Y"). Moreover, given
g € Au(X;Y") and e > 0 there exists a polynomial P such that P is norm attaining
and ||lg — P|| < €.

In order to obtain more examples of spaces on which the Lindenstrauss theo-
rem holds, we bring up the so-called property (8), which was introduced by Linden-
strauss [20], who also showed that it implies property B (see comments in the In-
troduction). In other words, if a space Y has property (8) then the Bishop—Phelps
theorem holds in £(X;Y") for every Banach space X. In the real finite-dimensional
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case, the spaces with property (8) are precisely those whose unit ball is a poly-
hedron. In the infinite-dimensional case, examples of these spaces are cg, £, and
C(K) with K having a dense set of isolated points. We recall the definition.

Definition 3.4. A Banach space Y has property (8) if there exists a subset
{(Ya»9a) : @« € A} CY x Y’ satistying:

() [yall = llgall = ga(ya) = 1.
(ii) There exists A, 0 < A < 1, such that |g,(ys)| < A for a # 3.

(iii) For all y € Y, |lyl| = sup,en [9a(y)]-

Following the ideas of [20, Proposition 3], Choi and Kim [12, Theorem 2.1]
proved that if the Bishop-Phelps theorem holds in P(VX), then it holds in
P(NX;Y) for every space Y with property (3). Mimicking their ideas we can
prove an analogous statement for the Lindenstrauss theorem; we give a proof for
completeness. Since there are spaces with property () which are not dual spaces,
this gives new examples of spaces satisfying a Lindenstrauss theorem.

Proposition 3.5. Suppose that Y has property (8). If the Lindenstrauss theorem
holds for P(NX) (respectively Pr(X), Au(X)) then it also holds for P(NX;Y)
(respectively Pp(X;Y), Ay, (X;Y)).

Proof. We prove the N-homogeneous case since the others are completely anal-
ogous. Consider Q@ € P(MX;Y) and € > 0. We may suppose ||Q| = 1 without
loss of generality. Note that since Y has property (3), we easily get 1 = ||Q| =
sup, ||ge © Q|| and we can take ag such that ||ga, © Q|| > 1 — (1 — A\)/4. By hy-
pothesis there exists p € P(VX) with ||p|| = ||ga, © Q||, such that ||ga, 0 Q — p|| <
e(1 —\)/2 and P attains the norm, say, at zj € Bx~. Define P € P(VX;Y) by
P(z) = Q) + (1 +&)p(x) — ga, © Q7)) Yo, and note that

1Q — Pl < ellpll 4 [|gay 0 @ —pl| e +e(1 = A) < 2.

It remains to see that P is norm attaining. For this purpose, we need first to prove
that ||P|| = ||gao © PJ|- Note that ||P|| = sup, [|ga © P|| and that given any a we
have

ga © Pl < [ga © Ql 4 190 (Yao)| llpll + [P = gao © Q)
<14+ Me+e(l—=X)/2) <1+e(l+N)/2

On the other hand, since go, 0 P = (1+¢)p and ||p|| = ||ga, 0 QI > 1 —¢(1 — ) /4,
we have

19ag 0 Pl = (1 +e)(1 —e(1 = A)/4) > 1 +e(1+1)/2,
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which, together with the previous inequality, gives || P|| = ||ga, © P||. Noting that

Gy © P(2") = P(2")(ga,) and recalling that P attains the norm at x{j, we obtain

1P = llgao © Pll = (1 +&)llpll = (1 + &)[p(xg)]
=[P(2()(gao)| < IPE)]| < [I1P]].

This proves that P is norm attaining, and the result follows. O
A strong version of the Lindenstrauss theorem

Up to our knowledge, it is still unknown if the Bishop—Phelps theorem holds
for A,(X). In [2], a different version of the Bishop—Phelps theorem is shown to
fail for A, (X). Namely, given 0 < s <1 and f € A,(X) we define

[£lls = sup{[f(@)[ : [l=]| < s},

which is clearly a norm on A4, (X); note that for s = 1 we get the usual supremum
norm denoted by ||-||. Then, we can ask about the denseness of functions that attain
the ||| s-norm. Note that given 0 < s < sg < 1, if the ||-||s-norm attaining functions
are || - ||s,-dense (that is, dense in the || - ||s,-norm) in A4, (X), then the Bishop—
Phelps theorem holds. Indeed, given g € A, (X) and € > 0 take a polynomial g such
that [|g—q¢|| < £/2 and consider ¢, defined by ¢, (-) = ¢(+ -). By the assumption,
we have a || - || s-norm attaining function f € A, (X) such that [lq,,, — flls, < /2.
If we define f; € A,(X) by fs(-) = f(s-), then fs is || - [[-norm attaining and
1£sll = 11, On the other hand, lq— fll = lla,,.  £lls < lla,,, — flls < /2, and
consequently ||g — fs|| < e. The same holds in the vector-valued case.

We will refer to these type of results (i.e., the denseness of functions that
attain the || - ||s-norm) as strong versions of the Bishop—Phelps theorem. When
these stronger versions come on the scene, we will specify carefully whether we
consider the || - ||-norm or some || - ||s-norm; otherwise, the usual supremum norm is
taken. The following result will be improved in Section 4, where also the definition
of the preduals of Lorentz sequence spaces will be given.

Theorem 3.6 ([2, Corollary 4.5]). Let X = d.(w, 1) with w € la\¢;. Given 0 <
s < 1/e, the set of elements of A,(X) that attain the || - ||s-norm is not || - ||-dense
in Ay (X).

Taking this result into account, it is natural to ask if a Lindenstrauss theorem
holds for the || - ||s-norm in A, (X;Y”). Our goal now is to give a partial positive
answer to this problem. We briefly sketch the arguments, since they are slight
modifications of those followed in the first part of this section. First, we state the
following more general version of the well-known Bishop—Phelps theorem (see [10]
or the final comment added in [9]).
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(%) Let X be a real Banach space, C C X a bounded closed convex set and
Cc* = {g@ € X' p(xg) = sup p(x) for some xq € C}.
zeC

Then C* is dense in X'. If X is a real or complex Banach space and C C X is
bounded, closed, conver and balanced, then the set C* = {p € X' : |p(z0)| =
sup,cc |¢(z)| for some xo € C} is dense in X'.

Given Banach spaces X, Y and 0 < s < 1, recall the predual Gy, of Pr(X;Y”)
defined in Section 2 and consider the subset

Cs = {u €Gr: sup |[(u,Q)| < 1},
IRlls<1

which turns to be a bounded, closed, balanced and convex set. It is easily verified
that sup,cc, |[Lp(u)| = ||P||s for any P € P, (X;Y"). Also, if we take Ps(-) = P(s-),
it can be checked that (P), = P and || P||s = || P||s. For elements in Cy, we have the
following generalization of the integral formula presented in Lemma 3.1. The proof
is analogous, just taking the | - ||s-norm in the subspace of finite type polynomials
instead of the usual supremum norm.

Lemma 3.7. Let 0 < s < 1 and let X,Y be Banach spaces such that X' is
separable and has the approximation property. Then for each u € Cs there exists
a regular Borel measure i, on (sBx»,w*) x (By»,w*) such that ||| <1 and

(6) (u, P) = / P e )

for all P € Pi(X;Y").

We now state our strong version of the Lindenstrauss theorem, generalizing
the Lindenstrauss type results obtained in Corollary 3.3 and Proposition 3.5. The
proof is analogous to the corresponding results for the supremum norm, making
use of the more general versions of the Bishop—Phelps theorem (%) and the integral
formula (6) of Lemma 3.7.

Theorem 3.8. Let0 < s < 1 and suppose that X' is separable and has the approz-
imation property. Then, for W being either a dual space or a Banach space with
property (B), the set of polynomials from X to W whose Aron—Berner extensions
attain their || - ||s-norms is || - ||-dense in A, (X;W).

If 0 < s < sg <1, W is a dual space or has property (3), and X' is separable
and has the approximation property, the previous theorem trivially implies the
| - ||so-denseness in A, (X; W) of the polynomials whose Aron—Berner extensions
attain their || - ||s-norms. In particular, the set of polynomials whose Aron—Berner
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extensions attain their || - ||s-norms is || - ||s-dense in A, (X; W). This seemingly
stronger version of Corollary 3.3 and Proposition 3.5 is actually equivalent. Indeed,
take g € A, (X; W) and € > 0. Consider g5 € A, (X; W) defined by gs(-) = g(s-).

By the assumption there exists a polynomial P such that P is || - |-norm attaining
and |lgs — P| < e. Take P,, (-) = P(%-) and note that ||P,, |ls = ||P| and P,
is || - [[s-norm attaining. On the other hand, it is easy to see that ||g — P, [|s =
lgs = Pl <e.

Note that for g € H*®(B%; W) and 0 < so < 1, the function gs,(-) = g(so-)
belongs to A, (X;W). As a consequence of the previous theorem, given 0 < s <
sg < 1,if X’ is separable and has the approximation property and W is a dual space
or has property (8), then the set of polynomials whose Aron—Berner extensions
attain their | - ||s-norms is || - ||s,-dense in H*(B%; W). We do not know whether

the same is true for sg = 1.

84. Counterexamples to Bishop—Phelps theorems

The preduals of Lorentz sequence spaces appear related to the study of denseness of
norm attaining functions as a useful tool in finding counterexamples to the Bishop—
Phelps type theorems. Gowers [16] was the first to use such a predual to prove
that the spaces ¢, (1 < p < oo) do not have the property B of Lindenstrauss.
Later, the same space was used in [1] to show the failure of the Bishop—Phelps
theorem for bilinear forms and 2-homogeneous scalar-valued polynomials. In [19],
the authors characterize those preduals of Lorentz sequence spaces in which the
Bishop—Phelps theorem holds for multilinear forms and N-homogeneous scalar-
valued polynomials.

We now recall some definitions and properties (for further details on Lorentz
sequence spaces, see [21, Chapter 4.¢]). An admissible sequence will mean a decreas-
ing sequence w = (w;);en of non-negative real numbers with w; = 1, limw; = 0
and ), w; = oo. The real or complex Lorentz sequence space d(w, 1) associated to
an admissible sequence w = (w;);en is the vector space of all bounded sequences
x = (x(i)); such that

o0
[2]|w1 ==Y a* (i) w; < oo,
i=1

where 2* = (2*(i)); is the decreasing rearrangement of (z(¢));. This is a non-
reflexive Banach space when is endowed with the norm || - ||,,1. It is known that
the predual of d(w, 1), denoted by d.(w, 1), is the space of all sequences = such

that .
lim >z 27 (1)

n— o0 W(n) =0
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where W (n) = 3", w;. In this space the norm is defined by

Z?:l z* (1)

W(n) < 0.

[l ]lw := sup
n
Note that the condition w; = 1 is equivalent to the assumption that ||e;||w = 1
for all 7 in N, where e; stands for the canonical i-th vector of d,(w,1).

There are two fundamental properties of the spaces d,(w, 1), which make them
important in the study of these topics. The first one is related to the geometry of
the unit ball, more precisely the lack of extreme points. The second is about the
inclusion of these spaces in ¢, whenever the admissible sequence w belongs to /..
We state these properties below; their proofs can be found, for instance, in [19,
Lemma 2.2 and Proposition 2.4].

e Given x € By, (4,1), there exist ng € N and ¢ > 0 such that ||z + Ae,|[w <1 for
all |A] <6 and n > nyg.

o Ifwe ., 1 <r< oo, then the formal inclusion d,(w, 1) < ¢, is bounded.

It is important to mention that preduals of Lorentz sequence spaces have a shrink-

ing basis and hence satisfy the hypotheses of the Lindenstrauss type theorems
proved in Section 3. From now on, w will denote an admissible sequence.

Counterexamples in the polynomial case

Let us summarize some known results about bounds on the derivatives of polyno-
mials (see, for instance, [17], [18]).

Lemma 4.1. Let X and Y be Banach spaces over the scalar field K = R or C.
For fized natural numbers 1 < j < k, there exists a constant Cy ; > 0 (depending
only on j and k) such that
DI P(x)
J!
for every P € Pi(X;Y) and « € Bx.

] < CuslIP|

The following results extend [19, Lemma 3.1 and Theorem 3.2] to the non-
homogeneous case.

Lemma 4.2. Let X be a complexr Banach sequence space and W be a strictly
convexr Banach space. Suppose that a polynomial P : X — W attains the norm at
an element xog € Bx satisfying the following condition:

(7) Ing €N and § >0 such that |lxo+Xe,|| <1, VA <d and n > ne.

Then DIP(xq)(e,) =0 for all j > 1 and n > ng.
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Proof. Fix n > ng. Since P attains its norm at z(, the modulus of the one-variable
holomorphic function

{IA\| <0} =W, X Plxg+ Aen),

attains a local maximum at the origin. By the maximum modulus principle, this
function must be constant. Let us see that this implies that D’ P(xg)(e,) = 0 for
all 7 > 1. Consider the series expansion of P at xg,

Evaluating at © = xg + Ae, and recalling that A — P(z¢ + Aey) is a constant
function we obtain

DJP .
P(xzg) = P(zo + Aepn) = Z xo n) A
j=1

for all [A| < &. Then 0 = 3372, Djl;l(zo)(en))\j for all |A\] < 4, and consequently

DiP(xg)(e,) =0 for all j > 1. O

Proposition 4.3. Given an admissible sequence w and N > 2, the following
statements are equivalent:

(i) NAP(Nd.(w,1)) is dense in P(Nd,(w,1)).
(ii) If k > N, then every N-homogeneous polynomial in P(Nd.(w,1)) can be
approximated by norm attaining polynomials in Py (d.(w,1)).

(iii) w ¢ ln.

Proof. The implication (i)=-(ii) is trivial, while (iii)=-(i) follows from [19, Theorem
3.2]. Let us show that (ii)=-(iii). We suppose that w € £y and give different proofs
for d,(w, 1) complex or real Banach space.

The complex case. Take q € P(Nd,(w,1)) defined by q(z) = Y7o, (i)Y (here we
use di(w,1) — Ly). If p € Pp(ds(w,1)) attains its norm at some xg € By, (w,1),
then Lemma 4.2 ensures that D¥p(zo)(e,) = 0 for n sufficiently large. Since
D¥g(x¢)/N! = q, by Lemma 4.1 we obtain, for large n,

DNq(x0) DN p(x) < HDNCI(HCO) DN p(x)

L=|=xr ()= =y (en) N NI

] < Cilla— ol

Therefore, ¢ cannot be approximated by norm attaining polynomials.

The real case. Let M < N be the smallest natural number such that w € £;;, con-
sider ¢ € P(NVd.(w, 1)) defined by g(z) = z(1)N =M Y (—1)'2(i)M and suppose
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that ¢ can be approximated by norm attaining polynomials in Pg(d«(w,1)). Fix
€ > 0 and, applying Lemma 4.1, take p € NAPy(d«(w, 1)) such that

HDMq(w) _ D¥p(x)

® M! M!

‘<5

for any x € By, (w,1). Now, let xg € By, (,1) be such that ||p[| = |p(x¢)| and take
ng € N and § > 0 so that (7) is satisfied. Assume for the moment that p(zg) > 0.
Then

k. Din(a ‘
o) plan + Xew) = plan) + 3 22 e,)0 < plao)
=

for [A| < 6 and n > ng. In view of [19, Theorem 3.2], for any j < M the j-
homogeneous polynomial D’p(zg)/j! is weakly sequentially continuous and con-
sequently lim,, . (D’p(z0)/j!)(en) = 0. Then, taking limits in (9) and dividing
by AM we obtain

k .
Di |
lim sup Z M(en))\]_M <0

4!
for 0 < A < §. As a consequence,
DM

lim sup p(wo)

n—o00 T(en) =0

If p(zp) < 0, reasoning with —p we get

M
lim inf 7D p(zo)

n— 00 M! (6n) = 0.

On the other hand, an easy calculation shows that

: DMq(o) N-M .. DMg(xo)
hnni)solip T(en) = |xo(1)] = —llnrggf T(en).
Now, by (8), if p(xg) > 0 we have
D¥q(x0) DM p(a0)
zo(1)|N M = limsup ——"2(e,,) < limsup ————2(e,,) + ¢ < ¢,
roMN M = timsup T 0 ) < i 22 e, )
while if p(xg) < 0 then
DMg(z) o DM p(an)

_ N-M _ y:
2o (1)] lim inf ——5 2 lim inf —n
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Therefore,

lall < llpll + = = Ipzo)| + < lazo)| +2:Cic s
< Jao()IN M (P lwo@IM) +2:C5 ks < Cihs (Do w(@)™ +2),
i=1 i=1

where Cj s is the constant given in Lemma 4.1. Since € was arbitrary we have
llg]l = 0, which is the desired contradiction. O

The following corollary improves [2, Corollary 4.4].
Corollary 4.4. NAPN(d«(w,1)) is dense in Py (di(w,1)) if and only if w & Ly.

Proof. Tt suffices to prove that w ¢ £y implies that NAPx(d«(w, 1)) is dense in
Pn(d«(w,1)); the other implication follows from the previous proposition. Note
that if w ¢ ¢x then w ¢ ¢; for all j < N. As a consequence of [19, Theorem 3.2],
we have P(d,(w,1)) = Pusc(di(w, 1)) for all j < N and then Py(di(w,1)) =
PN, wse(d«(w,1)). Now, following the arguments in the proof of [19, Theorem 3.2]
we obtain the desired result. O

Finally, we give some counterexamples in the vector-valued case.

Proposition 4.5. Let w be an admissible sequence and N > 2.

(i) Suppose d.(w,1) is a complex Banach space and W is a strictly convex Banach
space.

(a) If w € Ly, then NAPy(d.(w,1); W) is not dense in Px(d.(w,1); W) for
any k> N.

(b) If w € ¢, for some 1 < r < oo, then NAPy(d.(w,1);£,) is not dense in
Pr(ds(w,1);4,.) for any k > 1.

(i) If di(w, 1) is a real Banach space and w € £y \€ar—1 for some M even, then
NAPy(d.(w,1);€pr) is not dense in Pr(d.(w,1);p) for any k> 1.

Proof. (i) For (a), since w € ¢y, fixing a norm-one element zop € W we can define

Q € P(Nd,(w,1); W) by
O(z) = (Zz(i)N)zo.
i=1

Now the proof follows exactly as in Proposition 4.3. For (b) take Q(z) = x, which
clearly belongs to P (d.(w,1);£,) for every k > 1, and reason again as in Propo-
sition 4.3.

(ii) Comsider Q(x) = =z and suppose that it can be approximated by
norm attaining polynomials in Py (d.(w, 1); £5s). Since norm-one M-homogeneous
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polynomials are uniformly equicontinuous, given ¢ > 0 we can take P €
NAPy(d(w,1);pr) so that

lgo @ —qo Pl < eCyppn

for every norm-one polynomial ¢ € P(M/,), where Chrk,ar is the constant given
in Lemma 4.1.

Now if g € By, (w,1) is such that ||P(xz)| = ||P||, we consider the norm-one
M-homogeneous polynomial gp, : {pr — R given by gpa,(z) = Y ooq z(i)M.
Note that gp g, 0 P € Pag(di(w,1)) is norm attaining and gp, 4, o P(zo) = || P||™.
On the other hand, ¢p, o Q(z) = Y o, z(i)™ and by the previous inequality

H DM(qpay 0 Q)(x) _ DM(gpa, o P)(x)

M M <€

Reasoning as in Proposition 4.3 (here we use the assumption that M is even) we get

) 4Pz © P)(x0) . DM (gpu, 0 Q) (o)
lim su : e,) <0 and limsu ’
ey M (€n) ey M1

Hence

DM(

(en) = 1.

. 4Pz, © Q)(xo) . qp,z, © P)(x0)
1 =limsu 20 en) < limsu 120
mSup M! (en) < lim sup M!

and since € was arbitrary, we obtain the desired contradiction. O

(en) +e <k,

In view of Proposition 3.5, it is of interest to find counterexamples to the
Bishop—Phelps theorem when the polynomials take values in spaces with prop-

erty (8).
Proposition 4.6. Let w be an admissible sequence and N > 2.

(i) NAP(Nd.(w,1);co) is dense in P(Nd.(w,1);co) if and only if w & .

(ii) NAPn(dy(w,1);co) is dense in P (d«(w,1);co) if and only if w ¢ Ly

Proof. (i) If w ¢ ¢x then NAP(Nd,(w,1)) is dense in P(Vd,(w, 1)), and since cg
has property (3), by [12, Theorem 2.1] we conclude that NAP(Vd,(w,1);cq) is
dense in P(Md,(w,1); co)-

For the other implication suppose that w € ¢y and take Q : d.(w,1) — ¢
defined by

Q(z) = (ix(i)N,iz(i)N,ix(i)N,...)
=1 1=2 1=3

in the complex case, and by

o} oo

Q) = oM™ M (3 (1)), > (= 1)26)™, 3 (-1 @)™,

i=1 =2 =3
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in the real case, where M is the smallest natural number such that w € £;.
Suppose @ can be approximated by norm attaining polynomials in P(¥d, (w, 1); co)
and take P € NAP(Nd, (w,1); co). Let us see that there exists mg such that e}, oP
is norm attaining, where (e} );cn is the dual basic sequence of the canonical vectors.

Indeed, let xg € By, (w,1) be such that

[[P(xo)|| = supe;, o P(xo)| = [| P[]

Since P(xg) € ¢, the supremum in the last equality is actually a maximum, and
consequently there exists mg such that |e, o P(zg)| = ||P| = |, o P|. Noting

m m
that [ley, o @ — ey, o P|| < ||Q — P| and 01"eausoning as in [19, Thgorem 3.2], we
get the desired contradiction.
(ii) The proof is analogous, but reasoning as in Proposition 4.3 instead of [19,
Theorem 3.2]. O

Counterexample in A,

Let us see that the Bishop—Phelps theorem does not hold for A, in the vector-
valued case. First we need the following auxiliary lemma. Recall that, as already
mentioned in Section 2, in the holomorphic results we consider only complex Ba-
nach spaces.

Lemma 4.7. Let X be a Banach sequence space and W be a strictly conver Ba-
nach space. Suppose xo € Bx satisfies the following condition:

(10) dng €N and § >0 such that ||zo+Xe,| <1, VA <6 and n > no.
Then for any f € A, (X; W) and any n > ng, the function
gr AN <6/2E 5 W, Aes Flao + Aen),
s holomorphic.
We remark that every element in the unit ball of ¢ or d.(w, 1) satisfies (10).

Proof. Take a sequence (a;);eny C R such that 1/2 < a; < 1 and «; ' 1. For
n > ng we define g; : {|\| < 6/2} - W by

gi(N) = flajzo + Aeyp).

Since a;x0 + Aey, belongs to a; Bx for all || < /2, the function g; is holomorphic
for all ¢ > 1. Let us show that g; converges uniformly to gf. Since f is uniformly
continuous, given € > 0 there exists ¢’ > 0 such that || f(z) — f(y)|| < € whenever
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x,y € By satisfy ||z —y|| < ¢§’. Taking ¢ sufficiently large, we have 1 — a;; < ¢’ and
consequently |[(a;zo + Aen) — (g + Aeyn)|| < 0’. Then there exists ip such that

19:(A) = g5 M)l = [If (@imo + Aen) — (o + Aen)|| <&

for all |\| < §/2 and all ¢ > 4y. Now, gy is holomorphic since it is the uniform limit
of holomorphic functions. [

Now, consider the space Z = ¢y with the norm defined by ||z|z = ||z|0 +
(3252 (#(7)/29)%)1/2. Then || ||z and |- || are equivalent norms. Moreover, Z and
Z'" are strictly convex. The space Z appears in classical counterexamples to norm
attaining results (see for instance [3, 20, 23]).

Proposition 4.8. The set NAA,(co; Z") is not dense in Ay (co; Z").

Proof. Consider Q : ¢o — Z" defined by Q(x) = z. It is clear that Q € A, (co; Z")
and [|Q(en)|lz» > 1 for all n € N. Fix 0 < d < 1, take a norm attaining
f € Au(eo; Z") and let zg € B, be such that || f(zo)]| = ||f]|- Since xo satis-
fies condition (10) for the fixed § and some ng € N, by Lemma 4.7 the function

g5 : {|)\| <5/2}—)Z”, gf()\) :f(xo+)\en)7

is holomorphic for fixed n > ng. Since gy attains its maximum at 0, it is constant
and D7g¢(0) = 0 for all j > 1. On the other hand, define go(\) = Q(zo+Aey,); then
g is holomorphic and D'gg(0)(A) = AQ(e,,). Now, by the Cauchy inequalities we
obtain

1 2
1 < ||D'gq(0) — D'gs(0)]| < —= sup [lgo(\) —grN)[| < Z[1Q — £II-
8/2 |x|<s/2

Hence, @ cannot be approximated by norm attaining functions in A, (co; Z”). O

It is worth noting that the argument in the previous proof does not work if
we consider functions defined on d,(w, 1) (instead of ¢p) with values in a strictly
convex Banach space. The reason is that, although any xzo € Bg, (,,1) satisfies
condition (10), we cannot fix ¢ independently of f. In fact, in this case § depends
on xg and can be arbitrarily small.

Counterexamples to strong versions of the Bishop—Phelps theorem

We have already mentioned that we do not know whether the Bishop—Phelps
theorem holds for A, in the scalar-valued case. We now show that the strong
versions of this theorem introduced in [2] which we studied in Section 3 actually
fail, while the corresponding strong versions of the Lindenstrauss theorem hold.
For this purpose, we state the next lemma which is analogous to Lemma 4.2.
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Lemma 4.9. Let X be a Banach sequence space and W be a strictly conver Ba-
nach space. Let 0 < s <1 and f € A, (X;W).

(i) Fiz 0 < so < 1 and consider xo € sBx for some 0 < s < sg. Then

H D/ f(o)
i

1
< s Il

for all j > 1.

(ii) Suppose that f attains its || - ||s-norm at an element xy € sBx satisfying the
following condition:

(11) dng € N and § >0 such that |zo+Aen] <s, VA <d and n > ng.
Then D7 f(z0)(en) = 0 for all j > 1 and n > ny.

Proof. (i) Fix r = sg — ||zo]| and y € B%, and consider the one-variable holomor-
phic function

g AN <1} =W, A f(zo+ Ary).

By the Cauchy inequalities we have

D7 g4(0)
|20 < sup s 01 < 17
J: [Al<1

for all j > 1. Now, noting that D7g;(0) = D7 f(z0)(y) we deduce

DLW <y,

rJ

and since y € B$ was arbitrary, the desired statement follows.
(ii) Since [lzo|| < s < 1 and f is holomorphic in B%, we can consider the
series expansion of f at xg,

Then the statement follows by evaluating at * = xy + Ae, with n > ng and
proceeding as in Lemma 4.2 O

We remark that, as expected, every element in the unit ball of ¢y or d.(w, 1)
satisfies condition (11). The following result is the improvement of [2, Corol-
lary 4.5] mentioned above. Both Lemma 4.9 and Proposition 4.10 hold with
Hoo(Bg*(wyl); W) in place of Ay (d.(w,1); W).
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Proposition 4.10. Let W be a strictly convex space and take an admissible se-
quence w € ly for some N > 2. Given 0 < s < sg < 1, there exists an N-
homogeneous polynomial that cannot be approzimated in the || - ||s,-norm (in par-
ticular, in the ||-||-norm) by elements of A, (d.(w,1); W) that attain the ||-||s-norm.

Proof. Fix a norm-one element zp € W and define @ : di(w,1) — W by

Q@) = (D w()V)20.
i=1
Then @ is in P(Md.(w,1);W) and its restriction to the ball belongs to
Ay (dy(w,1); W). Take f € A,(d«(w,1); W) that attains its || - ||s-norm at some
xo € $By, (w,1)- By Lemma 4.9(ii), there exists ng € N such that D7 f(z¢)(en) = 0
for all 5 > 1 and n > ng. On the other hand, DN Q(z¢)/N! = @ and hence
(DN Q(x0)/N!)(en)|| =1 for all n € N. For n > ng, by Lemma 4.9(i) we have

- DNQ({L‘()) DNf(CL'()) 1
1—” - SWHQ_fHSO

Therefore, () cannot be approximated by a function f € A, (d.(w,1); W) that
attains its || - ||s-norm. This gives the desired statement. O

N )T T )

Finally, we have the following equivalence in the spirit of Proposition 4.3. See
also [4, Proposition 2.6] where, with the same tools, a similar equivalence is given.

Corollary 4.11. Let 0 < s < 1. The set of functions in A, (d.(w,1)) attaining
their || - ||s-norm is || - ||-dense in Ay (d.(w,1)) if and only if w ¢ Ly for all N € N.

Proof. First note that we can proceed as in Corollary 4.4 to show that for 0 <

s < 1, the set of || - ||s-norm attaining polynomials in Py (d.(w, 1)) is || - ||-dense
in Py (d«(w,1)) if and only if w ¢ ¢x. This implies, if w ¢ ¢x for all N € N,
that the set of || - ||s-norm attaining polynomials is dense in the space P(d,(w, 1))

of polynomials (of any degree). Then, given g € A, (d«(w,1)) and € > 0, we can
take a polynomial ¢ such that ||g — ¢|| < €/2, and then a || - ||;-norm attaining
polynomial p such that || —p|| < £/2. This proves one implication, while the other
follows from Proposition 4.10. O

As a consequence, taking A, (d«(w,1)) with w € £, for some 1 < r < oo
we obtain, in the scalar-valued case, the desired examples of spaces for which the
strong version of the Bishop—Phelps theorem fails, but the corresponding strong
version of the Lindenstrauss theorem holds. For arbitrary admissible sequences
(which need not belong to any £,.), we can do the following in the vector-valued
case. We take again a renorming Z of ¢q such that its bidual Z" is strictly convex,
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and consider Q(z) = z which is well defined from d.(w,1) to Z” whether w
belongs to some ¢, or not. Moreover, ) is well defined from ¢q to Z” and the strong
version of the Bishop—Phelps theorem fails also in this case since the Bishop—Phelps
theorem fails according to Proposition 4.8.

As in the polynomial case, we also have the previous equivalence when we
consider holomorphic functions with values in ¢g. Indeed, with slight modifications
in the proof of [12, Theorem 2.1], we find that if the strong version of Bishop—Phelps
holds for A, (d.(w, 1)) and Y has property (3) then it holds for A, (d.(w,1);Y).
For the other implication, the same polynomial @ of Proposition 4.6 works as a
counterexample and the proof follows the same lines, making use of Lemma 4.9 to

prove that
DN (ex, o Q)(zo) DN (ez, o f)(zo) 1
1= o n) — o n)| < -
oD, s ) < gl -
for any || - ||s-norm attaining f € A, (d«(w,1);¢co) and n large enough. This gives

the desired statement.
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