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Structures and Dimensions of Vector Valued
Jacobi Forms of Degree Two

by

Tomoyoshi IBUKIYAMA

Abstract

We give a complete characterization of vector valued holomorphic Jacobi forms of degree
two of index one in the sense of Ziegler by the Taylor expansion and vector valued Siegel
modular forms of various weights. By this characterization, we also give explicit dimension
formulas for spaces of vector valued holomorphic Jacobi forms of index one of degree two,
using those for vector valued Siegel modular forms and a certain surjectivity theorem on
the Witt operator (the restriction operator to the diagonals). Our characterization also
gives a concrete way to give the plus subspace of the space of Siegel modular forms of
half-integral weight.
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§1. Introduction

We consider the space J(kﬁj)J(I“Q’ ) of holomorphic Jacobi forms of degree 2 of index
1 of weight det® Sym,, where Sym; is the symmetric tensor representation of GL(2)
of degree j. The Jacobi forms are holomorphic functions f(7,z) on 2 x C? which
satisfy certain automorphy under the Jacobi modular group I'j (of level one),
where )9 is the Siegel upper half-space of degree two. To characterize this space,
we use the Taylor expansion of f(7, z) along z = 0. A Jacobi form f of index one is
an even function with respect to z and when f is of degree two, we can show that it
is determined by the Taylor coefficients up to degree 2. We denote by Ay ;(I'2) the
space of Siegel modular forms of weight det® Sym; of the Siegel modular group I's.
Roughly speaking, we obtain a linear mapping from Taylor coefficients of f(7, z) up
to degree two into the space Ay ;(T'2) X Ak j+2(T'2) X Agy1,;(T2) x Ag j—2(T2), and
we can show that the space Ji, ;) 1 (T'y) is isomorphic to the image of this mapping.
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Belonging to this image is described as the condition that some part vanishes under
the restriction to the diagonal of 7 € §)5, which leads to explicit dimension formulas
when k is not too small. R. Tsushima gave conjectural dimension formulas for
spaces of Jacobi forms of degree two in [20] including more general cases, and in
the above case, our formula completely coincides with his conjecture. This formula
also gives the dimensions of the plus subspaces of Siegel modular forms of half-
integral weight of degree two of good parity, since the spaces of holomorphic Jacobi
forms are isomorphic to such spaces, with character or without character according
to the parity of k. The results of this paper were used in [12]. Some part of this
paper can be generalized to higher degrees without much difficulty, but we would
like to treat them on a different occasion.

The paper is organized as follows. After reviewing the definitions and easy
properties of Jacobi forms and Siegel modular forms in Section 2, we construct
a mapping from the Taylor coefficients of holomorphic Jacobi forms to a sum of
vector valued Siegel modular forms in Section 3 (Theorem 3.5). This is similar to
the results in [3] and [10], but much more complicated since the relation to the
theory of differential operators on Siegel modular forms is not clear and there are
no ready-made differential operators as in [8] that we can use to construct the
mapping in this case. In Section 4 (Theorem 4.1), we give a characterization of
the image of this mapping by using the Witt operator (that is, restriction to the
diagonals of $)3). In Section 5, by using Theorem 4.1, we first give formulas for
the dimensions of spaces of vector valued Jacobi forms in terms of those of vector
valued Siegel modular forms and elliptic modular forms for ¥ > 8 (Theorem 5.3)
and then give explicit generating functions of the dimensions (Theorem 5.6). We
explain the relation to Siegel modular forms of half-integral weight and also give
remarks on small weights. Finally we give numerical tables of the dimensions of
spaces of Jacobi forms or Jacobi cusp forms for several small k£ and j.

§2. Definitions and easy properties

We denote by Sp(n,R) the real symplectic group of matrix size 2n:
Sp(n,R) = {g € GL(2n,R); 'gJg = J},

where J = (1(1 _8”) and 1, is the n x n unit matrix. We put T';, = Sp(n,R) N
My, (Z). We denote by $),, the Siegel upper half-space of degree n. We fix a (finite-
dimensional) rational representation p of GL(n, C) and let V' be the representation
space of p. For any holomorphic function F : $, — V and g = (‘j Z) € Sp(n,R),
we write

(Flplgl)(r) = pler +d) "' F(gr) (T € $1n).
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The function F is called a Siegel modular form of weight p if F|,[y] = F for any
~v € Iy, (with extra boundedness condition at cusps if n = 1). We define the Siegel
®-operator by

0 it
where 71 € 9,1 and t € R, i = /—1. We say that F' is a cusp form if ®(F) = 0.
We denote by A,(I';,) and S,(I'y) the spaces of Siegel modular forms and Siegel

@r) ) =g 7(7 )

cusp forms of weight p, respectively. We denote by Sym; the symmetric tensor
representation of GL(n,C) of degree j. If p = det” Sym;, we write A,(T',) =
A ;(Ty,) and S,(T,) = Sk ;(I'y). We note that when n = 2, we have Ay, ;(I'2) =0
if j is odd and A ;(T'2) = Sk ;(T'2) if k is odd.
Next, we identify Sp(n,R) as a subgroup of Sp(n + 1, R) by mapping
b
g= <Z Z) € Sp(n,R) to 2 € Sp(n+ 1,R).

o o0 O R
S O = O
_= o O O

0
For A\, p € R™ and x € R, we define an element [(\, 1), k] € Sp(n + 1,R) by
1, t
K

= O

(A p), ] = C

1

o O = O
—

A
0
0

The elements [(A, p), k] form a subgroup H,,(R) of Sp(n+1,R), called the Heisen-
berg group. For any integer n > 1, we define the real Jacobi group G; (R) as the
subgroup of Sp(n + 1,R) defined by

G'(R) ={g-[(\ 1), k]; g € Sp(n,R),\, p €R", K € R}.

This is a semidirect product of Sp(n,R) and H,(R). Again, let (p,V) be an ir-
reducible rational representation of GL(n,C). For any V-valued function f(7,z2) :
Hn x C" — V,any g = (25) € Sp(n,R) C G/(R), any [(\, p), k] € Hn(R), and
any fixed integer m > 1, we write

Flomlgl = €™ (=2(er +d) " e2)pler + d) 7" f (g7, 2(cm + d) ),
Flml[Os 1), 6] = €™ AT AN+ 20 % + pA + K) f(7, 2 + AT + ),
where we write e™(z) = e(ma) and e(z) = exp(2wiz) for any z. This gives an

action of G’ (R). We write H,,(Z) = Hn(R) N Ma,12(Z). We set T = G7(R) N
Moy, 12(Z) =T, - Hn(Z) € G(R)’ and call it the Jacobi modular group of degree n.
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When n > 2, we say that a V-valued holomorphic function f(7,2): 9, xC* =V
is a Jacobi form of weight p, index m and degree n if

(2.1) flom)=f forallyel, CTy,
(2'2) f|m[()‘7ﬂ)v ’f] = f forall [()‘7M)7 ’f] € Hn(Z)

By this condition of automorphy, we have the Fourier expansion of the form

frz2)= > C(N.r)e(tr(N7))e(r)

(N,r)eLy xz™

where L7 is the set of n x n half-integral symmetric matrices. When n = 1,
for the definition of Jacobi forms, we need an extra condition that C(N,r) = 0
unless 4mN — rr is positive semidefinite, which is satisfied automatically if n > 2
(see Ziegler [22]). We say that f is a Jacobi cusp form if C(N,r) = 0 unless
4mN — 'rr is positive definite. We denote by J, ,,(I';)) and JS4P(I;)) the space of
Jacobi forms and Jacobi cusp forms respectively. When p = det® Sym;, we write
Joom = J(k,j),m- When n = 2, we identify the representation space of Sym,; with
the space V; = Cluq,u2]; of homogeneous polynomials P(uq,us) in u; and ug of
degree j and realize Sym; by P(uy,u2) — P((u1,u2)A) for A € GL(2,C).

In order to characterize a Jacobi cusp form of index one, we introduce the
Jacobi-Siegel ®-operator @7 as in [2] as follows. For any f € J, ., (I';)) we define

@ e =g 7((7 ) 200)

where 7 € §,,_1 and 2 € C*™1.

We give several easy properties when the index m is 1.

Proposition 2.1. Assume that a Jacobi form f € J,1(T}) is of index m = 1.
Then we have the following properties:

(a) The Fourier coefficient C(N,r) of f depends only on 4N — trr. In particular,
f is an even function with respect to z, that is, f(r,—z) = f(1,2).

(b) If p(-1,) = —1-idy, then J,1(T]) = 0. In particular, if n = 2 and p =
det” Sym; and j is odd, then J,1(T4) = Ju j),1(T9) = 0.

(c) A Jacobi form f € J,1(T;) is a cusp form if and only if ®7(f) = 0.

(d) Whenn =2 and p = det® Sym;, regarding f as a homogeneous polynomial in
w = (u1,uz) with holomorphic coefficients, we have ®7(f) = (11, z1)ul with
a Jacobi form ¢(71,21) of weight k + j of index one and degree one. When
Jj >0, ¢(11,21) is a Jacobi cusp form.
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Proof. Although (a) is well known, we give the proof for completeness. If 4N; —
tryry = 4Ny — 'rory for N; € LY and r; € Z™, then comparing the diagonal
components, we see that the squares of the i-th components of r; and ry are
congruent modulo 4 for each i, so r; = r9 mod 2. So we write o = r1 + 2\ with
A € Z and then Ny = Ny — X — (fry A + r1)/2. We apply the condition of
automorphy (2.2) for this A. We have

> C(N,r)e(tr(NT))e(=Ar A = 2X2)e(rz) = > C(N,r)e(tr(N7))e(r (2 + A1)

N,r N,r

Here by the relation between Ny and N, above, we easily see that
e(tr(No — AN)7T)e((r2 — 20) 2) = e(tr(Ny7))e(ry ‘(2 + AT)).

So we have C(Ni,71) = C(Na,72). By (a), we often write the Fourier coeffi-
cients C(N,r) as C(4N — 'rr). By the action of —1a,, we see that f(r,—z) =
p(—1,)f(7,2) for f € J, ('), but since f is even in z by (a), we have J, 1(I'])) =0
if p(—1,,) = =1 -idy . This proves (b).

We now prove (¢) and (d). Since f is of index one, we write the Fourier
expansion as

f(r,z) = Z C(4N — 'rr)e(tr(NT))e('rz).

N,reLx xXZn

N = N1 7’L0/2
B tn0/2 %)

and r = (r1,7r2), where Ny € L} _; and 71 € Z"!. We assume that 4N — frr
is positive semidefinite from now on. Then ny > 0, and if ny = 0, then ro = 0,
r = (r1,0) and ng = 0. So we have

We write

4N— t’l"’l‘ _ (4N1 — t’l“17“1 0)

0 0

in this case. The terms such that no > 0 obviously disappear under ®” by defini-
tion. If we assume that ny = 0, then 4N — ®rr is not positive definite, and if we
assume that f is a cusp form, then C(N,7) = 0. Hence ®’(f) = 0. Conversely, if
®7(f) =0, then C(N,r) = C(4N — *rr) = 0 if ny = 0. Now we must show that
C(N,r) = 0 always when det(4N — *rr) = 0 even if ng # 0. By automorphy (2.1)
for (Y. 21) € Ty with U € GL(n,Z), we have f(Ur'U,z'U) = p(*U)f(r,2).
This means that

(2.3) C(4N — 'rr) = p(*U)C(*U(4N — 'rr)U).
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Now if det(4N — ‘rr) = 0 (i.e. if 4N — 'rr is positive semidefinite but not positive
definite), then we have a non-zero vector v € Z™ such that (4N — ‘rr)v = 0 and we
may assume that the greatest common divisor of the components of v is 1. Then
there exists an element U € SL(n,Z) whose n-th column is v. For this U, the last
column of *U(4N — 'rr)U is also zero. This means that the (n,n) component of
tU(4N — trr)U is zero. So C(CU(4N — 'rr)U) = 0 and hence C(4N — trr) = 0
for all N and r such that det(4N — *rr) = 0. By definition, this means that f is a
cusp form. This proves (c).

Now we prove (d). For f € Jy, ;1(T9) and 7 = (745) € H2, z = (21, 22) € C?,
we have

dn—1% 0
7 (f)(r11,21) = Z C’< nor O>e(m'11)e(rzl).
n,reZ
4n—r€220

In (2.3), we put U = (1) with # € Z. Then
_ 2 2
1 dn—1r° 0 U— dn—1r° 0 ,
0 0 0 0
1 z dn—1%2 0 dn—1r2 0
Sym C =C .
Y (0 1> < 0 0> ( 0 0)

So, if we write C(47;7" ) = S ciud b € Clug, ug)j, then

hence

J J
g ciul tubh = E ciu]” (w4 ug)’

=0 =0

for any = € Z. Comparing the coefficients of ujl;lul2 for [ # j, we see that
1 (;)cixi’l = ¢;. So taking x # 0, we see inductively that ¢; = 0 if i > 1.
Hence we can write ®/(f) = ¢(r11,21)ui. It is clear that ¢ € Jyi;1(I'{) since

®7(f) inherits the automorphic property of f. If we write

d(111,21) = Z ce(dn — r2)e(nTiy)e(rz),

then this is a cusp form if and only if ¢4(0) = 0, since it is of index one (see [3]).
If we denote by Oy the 2 x 2 zero matrix and apply (2.3) for Oy and U = (6 ”1”)
with 0 # 2 € Z, then since ‘UOyU = Os, we see that in the polynomial C'(O3) in
u = (u1,us), all the coefficients except that of u} should vanish. Since ¢, (0) is the
coefficient of w) in C(Os), we have ¢4(0) = 0 if j > 0. Hence ¢(711,2) is a cusp
form if 7 > 0. O
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Next we explain the theta expansion restricting to the case when n = 2 and
m = 1. For any v € (Z/2Z)?, we define

dy(r,2) = e<(p+ ;>Tt<p+ ;) +2<p+ ;) tz).

pEZ?

Then it is well known that for each f € Ji; ;),1(I'g) there exist V;-valued holomor-
phic functions ¢;;(7) (0 <4,j < 1) uniquely determined by f such that

(2.4) f(r,2) =
COQ(T)ﬁOQ(T, Z) + COl(T)ﬁol(T, Z) + 010(7’)7.910(7'7 Z) + C11(7)1911(T, Z)

We call this the theta erpansion. On the other hand, write the Taylor expansion
of f along z =0 as

f(7.2) = fo(T) + f20(7)23 + f11(7) 2122 + foa(7)25 4+ O(2*).

Here O(z*) means a series of 21, 23 such that the lowest total degree is not less
than 4. We note that the Taylor coefficients fo(7) etc. are Vj-valued, so we often
write fo(7) = fo(r,u) and so on when we emphasize that fy is a polynomial in
u = (u1, us) with holomorphic coefficients.

Lemma 2.2. The linear mapping from f € J(k7j)71(I“2’) to (fo, f20, f11, fo2) (the
Taylor coefficients of f of degree up to two) is injective.

Proof. We prove this by showing that the coefficients ¢;;(7) of the theta expansion
(2.4) are uniquely determined by these Taylor coefficients. We set 9, (1) = 9, (7,0).

We write 0;; = ﬁ% Then we have the following well known relation:

1 0%,
(27i)? 02,025 | ,_,

Hence if we write

1900(7') 1901(7') 1910(7') 1911(7)
811’[900(7') 8111901(T) 811’[910(7') 811?911(7’)
812’[900(7') 8121901 (T) 812’[910(7') 8121911(7')
022900(7)  O22U01(T)  O22910(7) 22011 (7)

then using the theta expansion and the Taylor expansion, we obtain

(2.5) o(r) =

coo(T) fo(7)
- cor(r) | | 2wz f2o(7)
(2.6) o(r) o) | = | e fr (1)
C11 (T) mfoz (1)
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As was shown in [10, p. 591], det(©(7)) is the non-zero cusp form x5 of weight 5
of I'y with sign character sgn : Sp(2,F2) 2 Sg — Sg/A¢ = {1} where Sg and Ag
are the symmetric and alternating groups on six letters. So the solution of the
linear equation (2.6) is unique. O

Our next task is to describe the image of this mapping. We will do this in the
following sections.

83. A mapping to Siegel modular forms

We construct a certain mapping from Jacobi forms to Siegel modular forms using
the Taylor coefficients. In this section, we take the index m > 1 arbitrary. Iden-
tifying the representation space of Sym; with V; = Cluy, ua];, we write f(7,2) €
J(k,j),nl(Fg) as f(7,u,z) to emphasize that this is a polynomial in w. Then the
condition (2.1) of automorphy with respect to I's can be written as

(3.1) fOyruler +d)~ 1 z(er +d)™h)
= det(er 4+ d)*e™(z(er + d)"tet) f(1,u, 2)

for any v = (? Z) € I's. We write the Taylor expansion of f as in the last section.
By comparing the constant term of the Taylor expansion of both sides of (3.1), it
is clear that fo = fo(7,u) € Ay ;(T'2) and

fo(ym,u(er +d)™1) = det(er + d)* fo(r,u).

We would like to describe the coefficients fop, f11, fo2 by Siegel modular forms.
For the sake of simplicity, we write

1

W(fzo(ﬂ w)zi + fu1(7,u)z120 + foo(7,1)23).

f2 (T7 Z, ’LL) =
Then f> can be regarded as a W; >-valued holomorphic function where
Wj’Q = (C[’qu, Uz}j ® (CZ% + (CZlZQ + CZ%),

which is identical to the space of polynomials in u = (u1,us2) and z = (21, 22) of
degree j and of degree 2 respectively. We can define a natural action of GL(2,C)
on Wjo by P(u,z) — P(uA,zA) for P € W, and A € GL(2,C). We assume
that j is even. If j = 0, the space W) > is isomorphic to Sym, and irreducible.
When j > 2, the action of GL(2,C) on W 5 is not irreducible, and the irreducible
decomposition is given by

W2 = Sym; o & det Sym,; & det? Sym; _ .
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Assume for the moment that fy = 0. Then comparing the degree two terms of the
Taylor expansion of (3.1) along z = 0, it is easy to see that

fa (gT, u(er +d) 1, z(er + d)_l) = det(cr + ) fo(T, u, 2).

This means that fo can be regarded as an element of Ay j12(I'2) ® Ap41,;(T2) ®
Apyo,j—2('9) if fo = 0. So it is natural to expect that f> is close to an element of
A jy2(T2) @ Apy1,;(T2) B Arg2,j—2(T'2) even when fy # 0. In fact, if we adjust fo
to & by means of some derivatives of fy, then we can really prove that & has the
desired property. We will see how to do the adjustment below.

First we prepare some notation. For any function h(xi,z2) of z = (x1,x2),
we define a column vector grad, (h) by

arad () — t( Oh  Oh )

Oz’ Oy

We write u = (u1,u2) and z = (zl, 29). We fix any Vj-valued holomorphic function
F(r,u) and write F(7,u) = Ez o ®i(T)w " ub. For this fixed F, we write

(3.2) Fy(r,u,2) = z - grad,,(F)

—1i

J
) . i—1
E [(—d)u ubzy + iud " ub 2],

J
Z [(G— )G —i— Dui > ubzf

+2i(j — i)l T Ui 2 2 (i — 1)z ul 222,

where the dot - is the usual matrix multiplication.

Lemma 3.1. Assume that F = F(71,u) € Ay ;(I'2). Then for Il = 1,2, and for
any vy = (ZZ) € I's, we have

Fi(yr,u(er +d)™1, z(er + d) ™) = det(er + d)F Fy(1,u, 2).

Proof. We have F(vy7,u) = det(ct + d)*F(7,u(ct + d)) by the assumption. It is
obvious that z - grad, (F(y7,u)) = z - (grad, F)(y7,u) = F1(y7,u, z). By the chain
rule, we can show that

z - grad, (F(r,u(ct + d))) = z(cr + d)(grad, F) (7, u(ct + d)),

which is equal to Fy (7, u(er +d), z(ct+d)) by definition. This proves the assertion
for Fi. Repeating the same calculation for F5, we have the result for Fb. O
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For later use, we give some formulas (for general n) on differential operators.
For general n, we write the components of 7 € 9, as T = (7i;)1<i,j<n. We write

9 (140 0 and of _(1+6;y Of
o\ 2 0 ) icij<n or \ 2 07 )icijcn

where f is a holomorphic function f(7) on $),. For any complex vectors = =
(1,..-,2Zn),y = (Y1,.-.,yn) € C" independent of 7, we define the differential
operator 0;[z,y| by

vy + x5y 0
Oz, yl=a—"y= Z %GT
ij

Obviously we have 0, [z, y] = 0;[y, z].

Lemma 3.2. For z,y € C", 7 € H,, g = (25) € Sp(n,R) and a holomorphic
function f(1) on $,, we have

(3.4) O [z, y] det(c 4 d) = det(cr + d) x z(cr +d) ey,

(3.5) Or [z, y](det(cr 4+ d) %) = —kdet(cr +d) Fax(er + d)tely,
(3.6) Orl l((er + d) ) = —(er + d)TeE T YT - LI
(37) 0, lr.ul(om) = (er + ) LV oy o,
(35) 0. etgm) = ter + a7 (G ) ter +

We omit the proof, since these can be easily proved by matrix calculations.
Now we come back to the case n = 2. For k # 1, we set

1 (2—4j+ 52 — 4k + 35k + 2k>)m

M omi T 2k-V(k+)k+j-2)
o L —litk=2m

2mi (k—1)(k+j)(2k+j—2)’

1 m
a3

T omi 2k —V)(k+ )2k +j—2)

When k = 1, we set a1 = as = ag = 0. We fix f € Jy j),m(ly) and for the
constant term fy of f, we set F(7,u) = fo(7,u). We define

&(1yu, 2) = fa(1,u, 2) — @107 ]2, 2] F — @20, [u, 2] F1 — a30;[u, u]Fs.
Proposition 3.3. Notation being as above, for any v = (‘j Z) e I's, we have

& (yryuler + d)_l, z(er + d)_l) = det(er + d)’“gg(n U, 2).
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First we will show the following proposition.

Proposition 3.4. Defining Fy and Fy for any F = F(1,u) € Ay ;(I'2) as before

by (3.2) and (3.3), we have

(3.9) (0-[2, 2] F) (g7, u(er +d) 1, z(er + d) 1) — det(er + d)* (0, |2, 2] F) (1, u, 2)
= det(cr 4+ d)*[k(z(cm 4+ d) "Le2)F(r,u) + (u(er + d) " Let2)Fi (T, u, 2)),

(3.10) (972, u]F1) (g7, u(ct+d) L, z(cr4+d) 1) —det(er 4+ d)* (0r [z, u] F1) (T, u, 2)
= det(cr + d)* {2( (et +d)"te2)F(T,u)

+ (k + ;) (z(eT + d)flctu)Fl(T,u, z) + }(’UJ(CT + d)flctu)FQ(T,u, 2)|,

(\}

(3.11)  (Or[u, u]Fo)(gr,u(cr+d) L, z(er4d) ™ 1) —det(cr+d)* (0 [u ulFo) (T, u, 2)
= det(er + d)*[2(j — 1) (z(em 4+ d) L) Fy (1, u, 2)
+ (k+ 37 —2)(u(er + d) " teu) Fy(r,u, 2)].

Proof. We consider a general function G(7,u,z) which is holomorphic in 7 and a
polynomial in u and z. We assume that

(3.12) G(gr,uler +d)7%, z(er + d) ) = det(er + d)*G(r,u, 2).

We make operators 9,[z,y] for (x,y) = (2, 2), (u,2) and (u,u) act on both sides
of (3.12). The action on RHS is given by

dr [z, y)(det(er 4+ d)*)G(7, u, 2) + det(er + d)* (9, [z, y]G) (7, u, 2)

= kdet(cr + d)*(z(cr + d) " Lely)G (1, u, 2) + det(er + d)* (0 [z, y]G) (1, u, 2).
Next we check the action on LHS. We write 0.z, y|G as (0;[z,y]|G)(T,u, z,x,y)
for a moment since this depends on x and y. (Later we will set z, y to be z or u

but this does not matter.) By the formula (3.8), the action of 9;[x,y] on the gt
part of LHS is given by

(07 [z, y)G) (g, uler +d) 1, z(er +d) ™Y a(er +d) "L y(er +d)7).

If we replace = or y by u or z, we can write this part for (x,y) = (z,2), (z,y) =
(u,2), (z,y) = (u,u) as

(072, 2)G) (g1, u(er +d) ™1, z(cr +d) 1),

(07 [u, 2)G) (g7, u(cr +d) ™1, z(er +d)™h),

(07 [u, u)G) (g7, u(er +d) ™1, z(er + d) 7).
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Now we consider the action on the u part and the z part of LHS. By the chain
rule, the action on u(er + d)~1 is given by

udy [z, y]((cr + d) 1) (grad,,G) (g7, u(er +d) ™1, z(er + d) 7).
By (3.6), this is equal to
f%u(cr +d) " te(ley + Wa)(er + d) " (grad,,G) (g7, uler +d) 71, z(er +d) 7).
If (z,y) = (#, 2), then this is equal to
—(u(er +d)"te2)(2(em 4+ d) 7Y (grad,,G) (g7, uler +d) ™t z(er +d) )
= —(u(er +d) ') (2 - grad,,G) (g7, u(er +d) 71, z(er + d) 7).

If (x,y) = (u, 2), then this is equal to

- %(u(cr +d)"tetu)(z(er +d) ) (grad, G) (g7, u(er +d) 7L, z(er + d)7Y)
- %(U(CT +d)c ) (u(er + d) V) (grad,,G) (g7, u(er +d) 71, z(er + d) )
= —%(U(CT +d)"tetu)(z - grad, G) (gr,u(cr +d) L, z(er + d) 1)
— %(u(m‘ +d)c'2)(u - grad,,G)((gr,u(cr +d) L, z(er +d)71).
If (z,y) = (u,w), then this is equal to
—(u(er + d)~etu) (u(er +d) 1) (grad,,G) (g7, u(er +d) ", z(er +d) 1)
= —(u(er + d)"tet2)(u - grad,G) (g7, u(er +d) 71, z(er + d)71).

In the same way, the action on the z(er +d) ! part is given as follows. For (z,y) =
(z,2), we have

—(z(er +d)"re%)(z - grad ,G) (gr,u(cr + d) L, z(er +d) 7).

For (z,y) = (u, 2z), we have

—%(z(cr +d)"te)(u- grad,G)(gr, uler +d) "t z(er +d) )

%(z(cr +d)"teu)(z - grad,G) (g7, u(er +d) ™1, z(er + d) 7).
For (z,y) = (u, u), we have

—(z(er +d)"te'u)(u - grad G (gr, u(er +d) 1, z(er +d) 7).
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Now, by definition, z - (grad,F') = F} and z - (grad,F}) = F». If P is any homoge-
neous polynomial of degree j in u and of degree [ in z, then u - grad,P = jP and
z - grad, P = [P as is well known. So if F' = fo(7,u) € Ay ;(T'2), then for [ = 1,2,
we have

w-grad, F; = (j —)F;, z-grad, F; =1F].

Moreover,
0’F 0*F 0*F 0*F
u-grad, (Fy) =22 (“1 0z T2 aulaw) 2z (“1 Burdus | 2 0] )
. OF oF .
=2(j - 1)<Z181 +Z28u > =2(j - k.

By applying the formula for general G to the case G = F', F; and F5 and using
the above relations and Lemma 3.1, Proposition 3.4 is now obvious. O

Proof of Proposition 3.3. First we assume that k& = 1. We see that A; ;(I'z) =0
for any j > 0 since any Jacobi form of SL(2,7Z) of weight 1 of any index is zero by
[17] and so the coefficient of u2, and hence all coefficients of u] ‘u} in elements of
Ay j(T'2) are zero. Hence we need not adjust at all and fs itself is automorphic.

Now assume that k& > 2. Since f(7,u, 2) € J(kyj)ym(I“QI), for any v = (‘é g) el
we have

fOyru(er +d) 7Y z(er + d)™1) = det(er + d)*e™(z(er +d) " tetz) f(r,u, 2).

Comparing the order two terms of the Taylor expansion of both sides along z = 0,
we have

2(2mi)? fo(yr,u(er +d) ™1 z(er +d)7h)
= (2mim)(z(cr + d)"Lelz) det(er + d)F fo(r,u) + 2(27i)? det(er + d)* fa (T, u, 2).

By Proposition 3.4, for F' = f we see that

(3.13)
o1 (072, 2] F) (yr,uler +d) ™' z(er +d) ) —det(cr +d)* (0, [z, 2] F

+ a2 ((0r [u, 21 Fy) (v, u(er +d) ™1, 2(er +d) 1) — det(er + ) (0, [u, 2] Fy
+ a3 ((0-[u, u]F2) (yr, u(er +d) ™1 z(er +d) 1) —det(cr + d)* (0, [u, u] Fy
= (2(27i)*) " (2mim) (z(em 4 d)"Le'z) det(er + d)F

S~—

—
i
g g
N

S~—

SN—"

\/\_/\_/

Hence we have the assertion. O

Now to write &3(7,u,z) more concretely using elements of Ay j12(T'2) @
Apt1,;(T2) @ Apyoj—2(T'2), we give the irreducible decomposition of Vj s more
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concretely. In order to specify the basis of the decomposition, we note the fol-
lowing fact. Let P(u,z) be a polynomial in u = (u1,u2) and z = (z1,22) and
A= (411 312) € GL(2,C). Set z - grad, (P(u, z)) = Pi(u, z). Then we have

a1 a22

z-grad,[P(ud, zA)] = z; (gup (uA, zA)a11 + g—P(uA zA)a12>
1

+ 29 (gf(uA, zA)as1 + P (uA, zA)a22>
1

or
3u2

P oP
7(1@4, ZA) + (a1221 + a2222)7

A, zA
(9u1 8u2(u - )

= (a1121 + a2122)
= P1(uA,zA).

So assume that P(*)(u, z) is a basis over C of some representation space of GL(2, C)
by the action defined by P()(uA, zA). Then the space spanned by z-grad, (P*) is
also invariant and the representation matrix of A with respect to P is the same
(i

as the one with respect to P, ). For example, for the basis Wl 'ub (0 < i < j) of

the representation Sym;, we can take

(G—i)ud " bz ] el
(0 < i < j) as an equivalent basis. In the same way, for the basis u]"* "u of the
representation space of Symj 12, We can take

G+2—0)(G+1—i)u ub2? +2(j + 2 — )i T T b 2 4 i — 1) TP g 222

as an equivalent basis by taking z - grad,, twice. On the other hand, for P(u,z) =
(z1us — u120)!, we have P(ud,zA) = det(A)lP(u,z)_. For any element A(r,u) =
YIS ai(r)ul P b € Ay j1a(D2) and B(r,u) = 30_o bi(m)ul "uh € Ay (1),
we write
j+2
(814)  A(rou2) =S [(G+2-0)( +1— iyl ue?
=0
+2i(5 4+ 2 — i) T T Ui e 2 4 i (i — D) TPl 23] ai(r),
J
(3.15) B(r,u,z) = Z[jul Yl —Hul M2 L 2o]bi (7).
i=0

If we define & for any f € Ji jy,m(I'2) as before, we have
Ea(Tyu,2) = A(T,u, 2) + (U122 — up21)B(T,u, 2) + (U120 — ug21)?C(7, 1)

with A(7,u) € Ak j+2(T2), B(T,u) € Agt1,;(T2) and C(7,u) = ZZ 0 2 ci(m)ud "2 g
€ Apt2,j—2('2).
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Theorem 3.5. There ezists a linear mapping from J jym(L9) to Ay ;(T2) @
Apj42(T2) © Ay, (T2) © Ap,j2(T'2) defined by

f(ryu, 2) = (fo(r,u), A(T,u), B(T,u), C(T,u))

where A(T,u) € Apji2(T2), B(t,u) € Ai;j(T2), C(1,u) € Apyoj—o(I'2) are
uniquely determined by the decomposition

&o(T,u,2) = A(T,u, 2) + (U122 — u2z1)B(T,u, 2) + (U122 — u2z1)2C(T, u).

If m = 1, then this mapping is injective, and in particular, f € J(k7j)71(F2J) is
a Jacobi cusp form if and only if its image under this mapping is in Sy ;j(T'2) &
Sk i+2(T2) & Apt1,(T2) & Aggoj—2(T2).

Proof. Only the claim on Jacobi cusp forms has not been proved yet. For f €
Jk,j),1(T'9), we have ®7(f) € Jiri1(D{)ud and we know that Jy ;1 (I'7) is deter-
mined by the Taylor coefficients up to degree two, as is shown in [3]. So we check
the coefficients of u and u? 22 in ®”(f) . By definition, denoting by ® the usual
Siegel ® operator, the coefficient of uJ in ®7(f) is ®(fo), and that of u 22 is

2(2mi)? <a1q>(az°> + agj q><g¢z >+a33(3 4)@(222))
+ (7 +2)(7 + 1)@(ao(7)),

where we write fo = S7_o éi(m)ul uh and A(t,u) = S ai(r)u] T as
before. If f is a cusp form, then ®(fy) = 0, hence ®(¢y) = 0 and this also means
that <I>( o ) = 0. So we also have ®(ap(7)) = 0 and this means ®(A(r,u)) =0
(see [1]). Conversely, if fo € Sk ;j(T'2) and A(7,u) € S j4+2(T'2), then ®(fy) =0 (so
®( ,8%) =0), and ®(ap(7)) =0, so ®/(f) = 0. So f is a cusp form. O

d7'11

84. Characterization of the image

In this section, we assume that the index of the Jacobi forms we consider is always
one. For any function h(7) on $o, we define the Witt operator W by

(Wh) (11, 7az) = h(T(l)l 0 )

T22

We first consider some necessary condition on the Taylor coefficients of f €
Jik,j),1(I'7). Notation being as before. we always have

W(fll) =
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The reason is as follows. The Taylor coefficients satisfy the linear equation (2.6).
We see directly from the definition that for any v € (Z/2Z)?, 9,(7) is an even
function with respect to 712. (Indeed, if we write v = (v1,12) and p = (p1, p2) in the
definition of 9, (7) = 9,(7,0), the change of 712 to —712 is equivalent to changing
p1+v1/2 to pi 11 /2 with pj = —(p1+v1).) This means that W (929, (7)) = 0, so
the third row of ©(7) is all zero under W. On RHS, this means that W(f11) = 0.
We see that this condition is also sufficient for the existence of f € Ji; j),1(I'J) for
a given set (fo, f20, f11, fo2). When j = 0, this is explained already in [10], so here
we assume that j > 2. The more precise statement is as follows.

We assume j > 2. We take fo(7, 2) € A ;(T2), A(T,u) € Ag j1+2(I'2), B(T,u) €
Apt1,;(T2), C(r,u) € Apqo—2(I'2). Sometimes we also write F' = fo and for
this F, we define Fy, Fy by (3.2), (3.3) (we use F to avoid the slightly confusing
notation (fo)1, (fo)2). We also define A(7,u,z) and B(r,u,z) by (3.14), (3.15).
We set

(4.1) &(1,u,2) = A(T,u,2) + (u120 — ug21)B(1,u, 2) + (u122 — u221)20(7', u),
(4.2)  fo(1,u, 2) = &(T,u, 2) + a1 (0-[z, 2| F) (7, u, 2)
+ ag (0 [u, 2] F1) (7, u, 2) + az(0; [u, u] Fy) (1, u, 2).

Then f5 is a polynomial in 2z of degree two and we write it as

1

W(f%(’f, u)z22 4 fi1(1,u) 2122 + foo (T, u)23).

(43)  fa(ryu,2) =
Theorem 4.1. Notation being as above, the functions (fo, f20, f11, fo2) are the
Taylor coefficients of some f(T,u,z) € Ju, ;1 (T'9) such that

f(mu, 2) = fo(r,u) + 2(2mi)? fo (7, u, 2) + O(2*)
if and only if W(f11) = 0.

Proof. We have already seen the “only if” part, so we prove the converse. For
the given functions fy, f20, fi1, foe in the theorem, we define ¢;;(7) = ¢;;(7,u)
(0 <i,7 <1) as the unique solution of (2.6) and define

f(ryu,2) = Z ey (Tyu)9, (1, 2).

ve(Z)27)?

This is an even function of z since 9,(7,z) are so. We will show that f(7,u, 2)
is the Jacobi form we want. By definition, the functions ¢, (7) are meromorphic,
but we must show that they are holomorphic. First we show that the ¢, () are
holomorphic on the standard fundamental domain F of T's in $. Let O(7) be
as in (2.5) and denote by B;; the (i, j)-cofactor of O(7), i.e. (—1)**/ times the
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determinant of the 3 x 3 matrix obtained by deleting the i-th row and the j-th
column of ©(r). Then W(B;;) = 0 if ¢ # 3 since the third row of W(O(7)) is zero.
Then by the assumption that W (f11) = 0, we have

W(Bsi)W (f11)

2omie

W<Bufo + 5

ﬁ(BQifQO + Bsifi1 + B4i.f02)> =

So every component of the vector obtained by the cofactor matrix of ©(7) times
Y(fo, f20/2(2mi)?%, f11/2(270)2, foa/2(2mi)?) is zero under W, and hence each ¢;;(7)
is obtained by dividing the function which vanishes under W by det(©(7)) = x5(7).
But it is known that on the fundamental domain F, x5 has a zero at 72 = 0 of
order one and no other zeros (see [5]). Hence the ¢, (7) are holomorphic on F and
f(7,u, z) is holomorphic on F x C2.

Now we show that f(7,u, z) satisfies conditions (2.1) and (2.2) of automorphy.
Since ¥, (1, z) satisfies (2.2), and since (2.2) is a property of a function of z, the
function f(7,u, z) also satisfies (2.2). Next we check (2.1). For v = (¢ }) € I', we
consider the Taylor expansion along z = 0 of

Flwgyaly] = det(er + d)*e(—z(er +d)Le2) f(yr, u(er +d) 7L z(er + d) 7).

Since f = fo + 2(27i)? fo(7,u, 2) + O(z*), we have

Flogyaly] = e(=z(er +d) " e'2) (fol .y [V])
+2(27i)%e(—z(cr +d) " tetz) det(er +d) F fo(yr, u(er +d) 7Y z(er +d) ) +O(24).
The constant term of this expansion is

f0|(k,j)['7] = fo-

The order two part of f| ;),1[7] is given by

—(2mi) (z(er +d)"te ) fo(r, )
+2(2mi)* det(er + d) 7 fo(yr, u(er +d) 7L, z(er + d) 7).

For any polynomial h(7,u, z) in « and z with coefficients holomorphic in 7, we
write

(h|e[Y]) (T, u, z) = det(cT + d)_kh(w', u(er +d) Y z(er +d)7Y).
Then, writing F' = fy, we have

falkln] = &alrlV] + 1 (9 [z, 21 F) k]3] + 2 (0r [u, 21 ) [k [7] + s (Or [u, u] Fo) [k []-
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By (3.13) and the definition of &, this is equal to

& + a1(0-[z, 2] F1) 4+ ao(0[u, 2] F2) + as(0; [u, u]Fa) + (z(eT +d)te2)F

1
2(2mi)

= fo(r,u,2) + (z(er +d) ") fo(r, u),

2(2mi)

and hence

(4.4) 2(27i)? fal[y] — (2mi) (2(cT + d) " te'2) fo(r, u) = 2(2m0)* fo (T, u, 2).

This means that the Taylor expansion of f| ;y,1[v] up to order two is
fo(T,u) + 2(2mi)? fo (T, u, 2).

That is, up to order two, the Taylor expansion of f(7,u,z) is the same as that of
(fl(k.),1) ). Now, we fix a branch of det(cr + d)'/2 and for any function h(r, 2)
and any odd [ € Z, we define

hlij2[v] = e(—2(ct + d) " e'z)(det(cr + d)/2) " h(yr, z(cm +d)7H).

It is well known that for any v € T's there exists a matrix R(y) € GL(4, (C)
depending on v and the choice of the branch such that

(Dool1/2[¥])(T, 2) Boo(7, 2)
(Potl1/2[YD(7, 2) Yo1(7, 2)
1ol 2) | = | o, 2)
(V11l1/2[YD(7, 2) V11(7, 2)

(for example, see [10, pp. 588-589]). So we have

f|(k,j),1[’7] = Z CZ(T’ u)ﬂV(T’ z)

ve(Z)27)?

for some meromorphic function ¢ (7, u). Since the ¢} (7, ) are determined only by
the Taylor coefficients of f|, ;y,1[v] up to degree two and since these coefficients
are equal to those of f, ¢J(7,u) = ¢,(7,u) and hence f|y ;)1[y] = f. For any
T € o, take v € I's such that yv7 € F. Then since

f(r,u,2) = e(—z(cr 4+ d) " tetz) det(er + d)’kf(’yT, u(er +d)7 Y z(er + d)7Y),

[ is holomorphic on the whole space of (7,z) € 2 x C%. So f € J ;1(I'9). O
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85. Dimension formulas
§5.1. The image of the mapping and dimensions

Now, we consider the general case. We must see what the condition W (f11) = 0
exactly means in terms of Siegel modular forms. For given forms

fo(r,u) = F(r,u) =Y ¢i(m)ui uh € Ag ;(T2)
Jj+2
= ai(r)u] 7} € Ay j12(T2),
B(r,u) =Y _bi(r)ul "ub € App;(T2),
=0

ji—2
Clru) =Y ci(T)u] > uh € Apin j_a(Ta),
i=0

we define & by (4.1), fo by (4.2) and fi; by (4.3) as before. Then the coefficient
in z129 of & is given by

(5-1) Z i+ 1)+ 1= i)aipa (1) + (G — 20)bi(7) — 2¢i1(7)] u] "ua,
=0

where we set ¢_1(7) = ¢;_1(7) = 0. The coefficient of z125 in 0;[z, 2] F is

J
0¢; W,

(5.2) 9y

i=0
that in O [u, z] F} is

J
—1 z J 8¢7 ¢7+1 _ ¢7 1

(5.3) > {2an2 (+1)611 +(+1 ”aQQ}

1=0
where we set ¢_1 = ¢;11 = 0, and that in 0, [u, u]F} is

(5.4) E:P@+4xj_i )é?;1+2( 05 09

=0

+2@_1xg_z+1)¢“4}

8’7'22

To write down f17 briefly, we prepare some notation. For 0 < i < j, we define

ey _ 00 J 0¢; 3¢z+1 . 09i
) =gt an(4 20 4 4 )G 1 -2

0¢; 0p;

87'11 87‘12

+2i(j — )

87‘22
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or more concretely

99i

87’12

—(—i+)(k+5—-i-1)

(5.5)  hir)=(k+i-1)(k+j—i—1)

8¢i+1
37‘11

If we write the coefficient of z125 in fo as

J
(56) 2(271_2 fll Zth U2a
then by definition,

(5.7 hi(r)=h;(T)+200+1)(G+1—)aig1(7) + (J — 20)bi(7) — 2¢;—1(7).

Opi—1

—(k+i—1)(i+1) T

In order to see the image W (f11) or W (h;) more concretely, we review the prop-

erties of the Witt operator on vector valued Siegel modular forms Ay ;(I'2) and

also on fi17. First we define the candidate for the image space of W as in [14]. The

function A(711, T22) on $H1 X $H; which is an elliptic modular form of weight k; with

respect to 711 and of weight ko with respect to o9 is identified with an element in

A, (T'1) ® Ag, (T'1). We will understand such tensor spaces in this sense. For even

k > 4 we denote by Ej the Eisenstein series of I'; of weight £ and we set E, =0

for any other k. For even j > 2, define

J
Vij = {Z hi(Ti1, To2)w] "ub; hi(T11,T22) € Sktj—i(T1) @ Sk4i(T1),
i=0
hi(Ta2,m11) = (=1)*h;_i(T11,792) (i =0, ... 7.j)}7

Eyj = {h(111) Ex(ra2)u] + Ei(r11)h(r22)ul; h(7) € Sy j(T1)},
V/ﬁj = thj —+ EkJ.

When j = 0, we define

‘7k,0 = {h(r11, T22) € Ax(T1) ® Ax(T1); h(711, To2) = h(T22, T11)},

that is, the space of symmetric tensors of A,(I'1), and define V¢ to be the subspace

consisting of the symmetric tensors of cusp forms. For F = Y7 &; (T)u{ﬂué €
A, ;(T'2), we have W(F) € Vi, and F is a cusp form if and only if W(F) €
Vi,; (see [1] and [14]). More concretely, the elements W (¢;) have the following

properties for j > 2:
W (o) (711, 722) = (—=1)*W () (722, 711) € Shy;(T'1) © Ay(T1),
W(¢i) € Skyj—i(l1) ® Spys(T1)  (1<i < j—1),
W (i) (Taz, 711) = (=1)*W(¢)(11,722) (0 <i < ).



VECTOR VALUED JACOBI FORMS OF DEGREE TwoO 533

For F' € AkJ’ (Fz), we have F' € Sk,j (FQ) if and only if W(¢0) € Sk+j (Fl) X Sk(Fl)
Since there is no elliptic modular form of odd weight, we have W(¢;) =0 if k+ 4
1000

is odd. Moreover, we can see by the action of (8 o0 0 ) that ¢;(7) is an even

00 0-1
(resp. odd) function of 712 if i + k is even (resp. odd). So if i = k mod 2, then

0¢i
Wl=—]=0
((97’12) ’
and if i = k£ 4+ 1 mod 2, then

9¢; 9¢;
W =W =0.
<87- 11 ) <67- 22 )
We quote the following theorem which is later applied to obtain the dimension of
Ty (T9).

Theorem 5.1 ([14]). For any integer k > 10 and any even integer j > 0, we have
W(Ag;(T2)) = Vi; and W(Sk;(T2)) = Vi;.

0

(el el

We can also see that W(f11) or W (h;) has a similar property, as is shown in
the following lemma, though fi; itself is not a Siegel modular form in general.

Lemma 5.2. We have

W(hi)(T11, T22) € Agr14j-i(T'1) X Apg144(T1)  fori=0,...,7,
W (hi)(Te2, 711) = (=1)*W (hj—i) (711, T22).

Proof. For ~v; = (’i Z’) eIy (i =1, 2), the action of the element

aq 0 b1 0
a 0 b

L) = c1 O2 di 02 €l
0 C2 0 dg

on ((75",2),u, 2) yields

v (711) 0 . N1, - A1),
<< 0 wmz))’((c’ it d) "z 2, (6 + d) 1)1-1,2).

So 2122 is mapped to (cimi1 + di)”!(caTea + do) lz120. We apply (4.4) for
v = t(y1,72). Then the term z(ct + d)~lc’z becomes ci(cimiy + di)~12? +
co(coTao + dg)_lzg and does not contain the term z;z,. Comparing the coefficients
of z129 in fo|g[t(y1,72)] and fo, we have

(W f11) (71711, Y2722), ((eimii + di) " g )i=1 2)
= (e1711 + d1)* T (camon + do)*THW f11) (711, T2o, w).
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So W (h;) is modular of weight k4 1+ j — i for 711 and of weight k + 1 + i for 5.
In the same way, if we make the element

01 00
{1 0 00
7Zlo o o1
0 01 0
act on fz, then the term z(ct +d)~lc% in (4.4) is zero since ¢ = 0 for this . So
we have
Tog T
(7 7)) o)) = (0l ), o)
Ti2  Ti1

Comparing the coefficients of z;z9, we obtain the assertion for (Wh;)(1e2,711). O

Now, we can also show that W (h}) € Ary14—i(T'1) ® Agp144(T'1). It is not
difficult to show this directly from the definition using the automorphy of fy(7, u).
But here we have an alternative indirect proof since we have already shown that
W(ait1), W(b;), W(ci—1), W(h;) belong to Agi14+;—i(T1) ® Apy144(I'1) and by
definition A} is a linear combination of these forms. We note that the Fourier
expansion of W(%) is divisible by e(r11)e(722). Indeed, if we write the Fourier
expansion of ¢; as ¢;(7) = ZNGL; c¢(N)e(tr(NT)), then

99i

(97'12

= 2mi Z ni2c(N)e(tr(NT))
NeL
where nis is the (1,2) component of each N. The terms with nis = 0 vanish,
and if nio # 0, then since N is positive semidefinite, both diagonal components
of N must be positive. So W(afi;) is divisible by e(711)e(m22). It is obvious that
W(gjil) and W(gf;z) are divisible by e(711)e(72) for 1 < i < j—1 since W (¢;) are
Odo )

87’22
and W(gfljl) if j > 2, since for example, we have ¢g € Sk+14;(T'1) ®Ag+1(T1), and
9¢o

OTo2
arguments do not work for W( g;_z’lol) and W(gijz), but in A} (7), no such term

appears. Hence, as a whole, W(h}(7)) belongs to tensor products of cusp form

in the tensor product of cusp form spaces for these i . The same is true for W(

means that we are taking derivatives of its component in Agy1(I'1). These

spaces if j > 2.

Theorem 5.3. Assume that j is even and j > 2. When k is even with k > 8, we
have
dim J(,w'),l(l“g) = dim Ak,j (Fg) + dim Ak7j+2(].—‘2) + dim Ak+1,j (Fg)

+ dim Ak+2,j72(1—‘2) —dim ‘7]94»2"]'72.
When k is odd with k > 9, we have
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dim Jx j)1(I'9)
= dim Ak’j (Fz) + dim Ak;’j+2 (Fz) + dim Ak+1’j(1—‘2) + dim Ak+27j,2(1—‘2)
— dim Vk+2,j—2 — dim Sk+1+j (Fl) x dim Ak+1(rl).

Proof. For fo(r,u) = Zl‘ o0 ®i(T)u w) " e Ay ;(I's), we define h¥ by (5.5). Since
W(gfi"'l)(ﬁl, Too) = (— )’“W(ag%;)(mg,ﬁl), we see directly from the definition
that (Wh!)(r22,m11) = (—1)* (Wh}_;)(11,T22). First we assume that k is even.
Notation being as before, for 0 < i < j and for fixed fy and

j+2
Z“% u] My € Apjya(T),

J

sz w7 € A (D),

we set

hi(m) = hi (1) +2(i +1)(j + 1 = 0)aiy1 (1) + (5 — 20)bi(7).

For a choice of C(7,u) = ZZ 0 (T g e Apyoj—2(T2), we have h;(1) =
hi(7) — 2¢;—1(7) by definition with c_; = ¢;_1 = 0. We will show that there exists
C(7,u) € Agyo,j—2(T'2) such that W(h;) = 0 for all ¢ with 0 < ¢ < j. We show
that W (hg) = W(h;) = 0 for any choice of fy, A and B. Since k is even, W(a;)
and W(bg) are in tensor products of modular form spaces of odd weights so we
have W(a1) = W(bg) = 0. We also have W(%) = W(gzll) =0, so W(hy) =

Hence also W (h};) = 0. Thus W (h}) € Skt14j-i(I'1) @ Sk+144(I'1) for any ¢ with
0 <4 < j. In the definition of h}, the coefficient (i +1)(j + 1 —4) is unchanged and
(j — 2i) becomes —(j — 2i) if we replace i by j —1. Since W (a;2—(i4+1)) (722, T11) =
(—1)’“W(ai+1)(7’11,722) and W(bj,i)(TQQ,TH) = ( )k+1W(b )(’7'11,7'22) we have
W (h;)(r22,m11) = (=)W (R)_;) (11, 722). Since (—1)* = (=1)**2, W(hy) =
W (h}) =0, and W(hl+1)(722,711) (=)W (K,

j—1—4

)(T11, T22), we have

AN —1—1 +1
E W(hi)ul E h)u uy € U U2 Viya j—2.
; —0

By Theorem 5.1, we have W(Ak+2,j_2(F2))u1uQ = uugaViyo j—2 if £ > 8, and
in this case there exists an element C(7,u) € Agt2 —2(T'2) such that W(h}) =
2W(c;j—1) for all ¢ with 1 <4 < j — 1. If we define h; and f1; for these choices,
then we have W (f11) = 0. The choice of such C' is up to the kernel of W. But for
k > 8, by Theorem 5.1 we have

dim Ker(W|Ak+27j_2(F2)) = dim Ak+27j_2(1“2) —dim ‘7k+2,j—2

= dim Sk;+2’j72 (FQ) — dim Vk+2,j*2'
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So we have the assertion of the theorem. (Actually the form C chosen above should
be a cusp form, but this does not matter because of the last equality above.)

Next we assume that k is odd. By our assumption k£ > 9, we note that
W (Ags1;(02)) = Vi1, and W(Agyo,; 2(T2)) = Viga, 2. Now fix arbitrary
fo(r,u) € Ag ;(T2) and A(7,u) € Ag j4+2(T2). We define h} for fo by (5.5). In
this case, W (h§) and W(a1) are not zero in general. But there exists B(1,u) €
Apy1,;(T2) such that W(h§ +2(j + 1)a1 (1) + jbo(7)) = 0. Such a B is given up to
the subspace of Agy1 ;(T'2) of dimension

dimAk+17j(F2) — dim Sk+1+j(F1) X dlmAk+1(F1)

(Note that actually, by so chosen satisfies W (by) € Sk14;(I'1) X Sk+1(I'1), but
this does not matter as before since the image of W(Agy1,;(I'2)) by W itself
contains Sgy14;(I'1) X Ag41(T1) and we are subtracting this.) Now, after fixing
fo, A and B as above, we can choose C(T,u) € Agt2 j—2(T'2) such that W(h;) =0
for 1 <i < j—1. Such a C is determined up to a subspace of dimension

dim Agya,2(T2) — dim Vi ya o

Here since k is odd, we have V42 j_2 = Vi42 ;—2. So the whole dimension is

dim J(k,j),l(l“g) = dim Ak’j (Fg) + dim AkJJrQ(FQ) + dim Ak+1}j (Fg)
— dim Sk+1+j(F1) X dim Ak+1(F2) + dim Ak+2,j—2(r2) — dim Vk+2,j—2-

This proves the theorem. O

Remark 5.4. Although the coefficient of ujl in ‘7k+1,j isin Spp145(T1) x Agg1(Ta2),
dim 17;%1’]' and dim Vj19 j—2 + dim Sg4145(I'1) X dim Ag41(T'2) are different. The
reason is that the parity of k is different, so the conditions determining W (b, 2)
and W (c;j2—1) in Sgy145/2(T1) X Spi145/2(T1) are different. Since (—1)F1 =1
and (—1)**2 = —1if k is odd, the former is symmetric and the latter is alternating.
So we have

(58) dim V]H_QJ'_Q + dim Sk+1+j (Fl) x dim Ak+1(F1)
= dim Vk+1,j — dim Sk+1+j/2(I‘1).

Remark 5.5. When j = 0, the dimension formula has already been known for
any k (see [19], [10]). We have

0 if k is even,

) . FJ = dim A..(T imA Ts) —
(5.9)  dim J,0),1(I3) = dim A (T2) + dim A »(T'2) {dimvk,g if k is odd.
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We note that if k is odd, then Ax(T's) = Sk(I'2), Ag,2(T2) = Sk.2(T2) and dim Vj, o
= dim Sk+1(I'1)(dim Sg4+1(T'1) — 1)/2. Now apparently the formula for the scalar
valued case j = 0 is very different from the formula for j > 0. But the formula
for dim Ay, ;(I'2) is given by a sum of contributions of various conjugacy classes of
I'5 in the Selberg trace formula, each of which is a polynomial function of k and j
on the set {(k,j); (k,j) = (a1,a2) mod 12} for any fixed (a1, az). So we can define
dim Agyo _2(T's) by replacing k by k + 2 and j by —2 formally in this formula. If
we do so, then in this sense we can show that

dim Agyq,0(I2) + dim Agyo 2 (T2) = 0.

More precisely, we have a formula dim Ay, ;(I'y) = 21121 H;(k,j)+ 21121 Ii(k,7),
where H;(k,7) is the contribution of semisimple conjugacy classes and I;(k, j) is
that of non-semisimple conjugacy classes for a fixed principal polynomial for each
i and [ (see [18], [21], or [13]). Then by direct calculation, we see H;(k + 1,0) +
Hi(k+2,-2) = II(k+1,0) + I;(k +2,-2) = 0 for all ¢, [ with 1 < ¢ < 12,
1<l <10.

85.2. Generating functions of the dimensions

Now we will calculate the dimensions more explicitly. Since it seems that the
dimension formula for k& < 3 might be very different in nature, we only consider
the case k > 3. The case j = 0 is known. Writing Jix,0),1(I'J) = Ji1(I'y), the
generating function of the dimensions is given by

iJkl(F‘g’)t’“ B e o s e e o e e
= (1 =291 = 9)(1 = 19)(1 = 112)

(see [19] and [10, p. 596]). For j > 2, we have the following theorem. We denote by
dy.; the coefficient of t*s7 in the infinite series expansion of the following rational
function fiaconi(t,s) of ¢ and s along t = s =0:

feven(t; S) + fodd(ty 5)

(5:10)  Jiaconilt:s) = (1—t4)(1—16)2(1— #10) (1 — s7) (1 — 55)(1 — 510) (1 — 12)’

where feven(t, s) and foqq(t, s) will be given below.
Then we have

Theorem 5.6. (1) Assume that k > 8 and j > 2. Then

. cusp
dim J(k}j)’1

(TY) = dy.;.

(2) For j =2, 4 and 6, this is true for all k > 0.
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Here we set

foven(t, 8) = 1t +40 13 4410 4 2412 414 4416 420 _422) 2
(260 4+ 385 4 310+ 2412 14 18— 420) 51
+ (4 30 4 4% 42010 — 14— 216 418 4 420 1 422) 6
+t4<t +t4+2t6 +t8 +t10—t12—2t14—3t16—t18 +t20+t22 +t24)88
FHA Rt 15— 2t1472t1672t18+t22+t24)510
+t4<t +2t4+2t6 4t10—4t12—2t14—2t16—t18 +t2o+2t22)812
+t4(t +t4 3t8 6t1077t1275151473t16+t18+3t20+2t22)514
+t4(t NI Y 5t8_6t10_6t12_5t14_t16+3t18+2t20>816
+t4(1 +t2 4t6 5t87375107t12+2t16+t187t207t22)518
+t4(1+t2 246 _ 2t8_2t10+t14+3t16+2t18_t22_t24)820
+t4( th t12 t16+2t18 t20)822
+t4(1 t4 2t6+2t10+2t12 +t14+2t16+2t18—t22)824
(1=t =10 +1% 4+ 3610 4 3¢"% 4 3t 4216 —£20) 5%
+t4(t +t8 t10+2t12+2t14—t18 +t20 +t22)828
P (=1t 2t8 — 410 12 414416 4 418 4 0420 4 422y,30
+t4(— 48 410 _t12+t16+t18)8327

fodd(t,s) _ tg(t10+2t12+t14+t18+t20) 2
+t3(t6 +t8+2t10+2t12+2t14+t16 +t18)
+t3(t +2t6+2t8+t10+t12+2t14+t16 71520)86
3 (380 4 318 4410 — 12 14 416 9418 _420)8
+t3(t +2t6+3t8—|—t10 —3t14—2t16—2t18—t20)810
P12 2t g0 1B 2012 g1 410 op18 1 422) 512
+t3(t +2t4+t6 3t10—5t12—5t14—4t16—4t18—t20+t22+t24)814
+t3(t —|—t4 2t8_4t10_5t12_5t14_4t16_3t18+t22+2t24)516
+ 13 (42 — 15— 3t8 — 310 — 4412 — 514 — 2116 4 2418 | 3420 1 422 1 424518
F 32t 0 — e — 410 — 212 1 4B 4 470 4 2472520

(—2t8 =210 412 414 4 418 4 9420 4 9422 4 424422

+t3( 2t8 2t10+2t14+3t16+3t18+2t20)524

13 (=8 12 241 4 3416 4418 42420 42426

+t3(t +t10+t12+t14+2t16+2t18+t20 t2 ) 28

+t3(t t10+t12+t14—t —t20)830

+t3(1 t4—2t6+t10+t12+t14+t16—t18—2t20—t22)832.

+¢3
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We will prove Theorem 5.6 in the rest of this section, based on Theorem 5.3
and (5.8). We assume that j > 2 and even, and k& > 3. For this calculation, we
use the already known formulas for dim Ay ;(T'2) ([18]) and formulas for dim Vj ;
derived from classical formulas. We prove everything by using generating functions,
since this is more appealing for future use than just comparing formulas term by
term. To change the known formulas to generating functions is a routine but a
tedious work. We explain some part of the calculations below.

First we start from generating functions related to elliptic modular forms, such
as Vi ;. Note that the coefficient of (uju2)’/? in elements of V; ; is a symmetric
tensor if k is even and an alternating tensor if k is odd. Also the coefficient of uful ™
is determined by the coefficient of u~“u}. So we have the following formula for
even j > 2. When k is even and j > 4, we have

Jj—2

. 1 . . 1.
dim Vk+27j_2 = 5 Zdlm Skﬂ_i(l“l) X d1mSk+2+i(I‘1) + 5 dim Sk+1+j/2(1“1),
=0

dim ‘7k;+2,j_2 = dim Vk+27j_2 + dim Sk+j (Fl)

When k£ is odd, we have

. 1 . 1
dim Vk+17j = 5 Zdlm Sk+1+j_i(I‘1) X dim Sk+1+,-(1“1) + 5 dim Sk+1+j/2(F1),
1=0

dim Vk-{-l,j = dim Vk-‘rLj + dim Sk+1+j (Fl)

For even k£ > 0, we have

_ I U VYA _ 1
dlmSk(Fl)_T+Z( ].) +§[1,0, 1,3]k §+5k2,

where dio is the Kronecker delta and [ig, 41, i2; 3] means i, if & = v mod 3. So,

the generating functions of dimensions of V}, ; can be in principle calculated from

this formula for j > 2. On the other hand, if j = 0, then it is well known that

o~ 1
Viot® =
kZ:O ROT T A=) (1 — 15 (1 — t12)”

so for k > 4, we have

oo

" $4 46 _ 410 4 412 416 _ 418 | 422
dim Vy, ot* = * + i

(1 —t4)(1 — 5)(1 — t12)

Then the really necessary formula for even k > 4 with j > 2 is
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(5.11) > dim (Vi y2,;_2)tFs?
k>4, k:even, j>2
_ fwitteven (t; S)
T (T 19) (1 — 12)(1 — ) (1 — sO) (1 — s5)(1 — 52)°

where
Fwittoven = tH (1412 + 10 — 18 — 12 414 1 42052
(1 — 2t g0 B 10 12 1 16 420) g4

_,’_t4(t2+t6 410 _t12+t16>86+t4(_2t2_t4_t6+2t8+t10+t12+t14_t20)88
+t4(— 1+2t2+t4 2% — 10 14 4 120) 510 4 g4 (2 — 42 - 24t 448 — 2412 - 416)512
+t4( 1+¢4— t8+t12_t16)814

+t4(1+t2+t6 £8 — $10 _ 9412 _ 414 4 420),16

+t4( t2 t10+t12—t16)318+t4(—1+2t2+t4+t6—tS—tlo—t14)520
+t4(2 t6 +t8 +t107t12 +t18)$22

+ti(= 2+t4—|—t6+2t12+t14—t18—t20)524

(1=t =t S 12 10 1820 (1 — 2 1O 12 1 18628
+t4(1—|—t2 £6 — 48 — 412 _ 414 4 418 | 42030,

To calculate the necessary quantities for odd k, we have for example

3 j fmid(tas)
> dimSpy (D)t = i 6 g oy
k>3 odd (I —t4)(1—t5)(1 — s8)(1 — s12)
j>2,j:even

where
fmid(t7 S) —_ t984 4 t788 + (ts _ t9)812 4 (t3 _ t7 _ t9)816 _ tHSQO.
Then we have

. 17 . k 4

Z (dim Vig1,j — dim Sgqq4/2(I'1))t"s?
k>3, k:odd
j>2,j:even

— fWittOdd(t7 3)
(L — (1 — ) (1 — 112)(1 — s2)(1 — s0)(1 — s5)(1 — 512’

where we set

Fuittoda(t, §) = t3(t0 + 112 114 _ 418)62 4 43(¢4 46 148 _ 412 414 4 9418)
P32 — A 110 4412 p18)66 4 4B(1 g2 410 _ 9412 | 416 | 418)8
F3(m1 12— 8 10 412 g14 416 418410
F3(1—t2 — 10 — 412 4 414) 612
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P14t — 7t147t16)514 P2t 4 12 18416
P2t 10 12 18IS B2 g 410 | 412 418) 20
F13(1 —t2 418 — 110 — 12 p 14 416 4 418) 522
T (-1 +t2 S 10 g 12 g1 416 420y 24
(1t g0 S 12y 416 | 418) 26 41128

Finally we give the generating function of dim Ay, ;(I's) for k > 3. This is based
on the formula for dim S, ;(I'z) for £ > 5 in [18] by Tsushima. I was informed that
the same formula was proved for k = 4 by C. Faber and for £ = 3 by D. Petersen.
We have Ay ;(T'2) = Sk ;(I'2) for odd k. For even k, by using the surjectivity of
the Siegel ® operator in [1], [16] for £ > 6 and in [14] for k = 4, we can calculate
the difference from Ay ;(I'z). For j > 2, it is dim Si4;(I'1) and for j = 0 it is
dim A (T'1). Considering all these, we have the following formula:

(5.12) Y ) dim Ay ;(Ta)ths?

k=3 j=0

o fevensiegel (t7 5) + foddsiegel(ta 5)
T A=A =) - )1 - 2)(1 - 0)(1 — 8°)(1 —s0)(1 = 577)’

where
Foddsiegel (t, 8) = ¢35 4+ (121 4423 4427 4429 —33) % 4 (¢1° 4 17 + 19 4 21 +-423)s*
+(t11 +t13 +t15+t17+t19+t21 +t23—t35)86
( S 18 915 L op1T L 419 421 427 429 | 433 t35)58
( G113 915 | 9417 L 419 421 423 9427 9429 | 433 —t35)510
(t 429 o1l 413 419 gy21 3423 427 429 | 433 t35)512
(t 9 18 T _op19 gyl 4423 425 9427 _ 429 4 433 | t35)514
(t 9 1 13 15 gp1T 19 9421 4423 9425 4 429 4 431 +t35)516
(t T 18 glh 1T 3419 9421 9423 425 4 427 | 429 | 2t35>818
(15 5447 9 11 413 3415 g AT gy19 425 L 0427 | 3429 4 431 433 +t35)520
( tll tlS 2t15 _ 2t17 _ 2t19 _ t21 +t23 + 2t27 + 2t29 +t31 + t35)822
(t° — 17 — 261 — 213 — 415 91T 419 4 9p21 4 4423
+ t25 + 2t27 + 2t29 + t?’l _ 7533 _ t35)824

N
N
N
N
n
N
n
N

(ML 13 g2l 3428 4 425 42T | 420 4481 435,26

(g 13 15 41T 10 4 21 3423 | 025 435)28

(15 1T 19 21 g28 425 y35)630 4 (417 | 0410 4 421 | 425 429 431y32
P 283 (13 T g0 415 417 fop19 1421 423 420 31 435),36
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and

fevensiegel (t, S)
=1 + (t10 t14 + 2t16 +t18 o t20 o t26 o t28 +t32)s2 + (tS + th +t12 +t14 +t16)54
_,’_( 1 +t6 +t8 +t10 +t12 +t14 +t16 +t18)86
(=14t 18 4 10 4 212 416 420 4 426 4 428 _ 43278
+ ( 1 +t6 +t12 +t14 _ t16 +2t20 —t24 +t28 _ t32)810
+(=1+ t4 440 10 L 12 414 9416 9418 | 420 | 426 4 428 t32)512
+(1- th 412 414 9416 418 422 t24)s14
+(1- _of12 _opld 416 o418 3420 422 428 t32)816
+(2- g6 912 _gpI8 _ 4420 _ 922 24 9426 428 | 430 | 2t32)818
+(1— t4 +t8 4110 2412 414 416 9p18 520 9422 426 428 | 430 | 9432420
+(1- g6 g8 10 4 14 9416 418 4420

0§22 424 9426 _ 428 4 430 4 9432 | t34)522
+(-1+ 16 g8 410 418 420 | 428 +t30)324
+ (14184110 4 2012 — 422 4 426 4 428 4 34) 526
(=14 P g6 8 12 916 4 418 4 3420 | 422 | 426 | 9428 t32)828
(1t 12 1 10 0p20 422 424 9420 4 428 43230
+ (t4 46 g8 _pl0 412 o416 | 3420 4 3422 | 424 | 426 | 428 432 t34)532
4 (=t 12 1 120) 3 (1 — 10 212 4 222 424 34)636,

Proof of Theorem 5.6. By using the generating functions given above, the gener-
ating function for dim Jyy, ;) 1(T'd) is obtained for k > 8 for any j > 2 by Theorem
5.3. If k is odd, then JCusP (T9) = Jk,j),1(TY). If k is even and k > 6 and j > 2,

(k,5),1
then
(5.13) dim JG8 | (Ty) = dim Jiy, )1 (Ta2) — dim J;} 7, (T1).
Here

1852 4 (16 — 185t + (14 — 16) 56 — 108
(1 —t2)(1—t5)(1 — s2)(1 — s9)

(5.14) Z dim JP (T )ths? =

k>2,j>2

k,j:even
By using this, we obtain the generating function of dim J, Cl;’ SI)) 1(T']). Assertion (2)
for small j will be proved in Proposition 5.10 in the next section. O

Remark 5.7. Of course we can give the generating function of dim Jy ;) 1(T'9) ,
including non-cusp forms, as explained above. But we omit it here, since the result
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is lengthy and the only necessary calculation is to add (5.14) to the generating
function for cusp forms, which everyone can do.

Remark 5.8. The above value dj ; coincides with Tsushima’s conjecture in [20]
on dimensions for all k¥ > 3 and j > 2, so we proved his conjecture for k > 8 for
index one. His conjecture includes the case of any indices and also the case of skew
holomorphic Jacobi forms. We do not know the module structures in such cases
in general, but see [10] for the case m = 2, j = 0.

Finally we recall the relation between Jacobi forms of index one and Siegel
modular forms of half-integral weight. Let x be the character I‘(()Q) (4) given
by (ﬁ(‘lD)) or the trivial character. Let Azfl/”(l"é?)@)?x) be the plus sub-
space of Ap_y/2; (Fé2)(4),x) (see for example [9] or [12] for the definition). Let

Sl—:—l/Q j(FéQ)(Zl), X) be the subspace of cusp forms. Since we know that
A o @P if k is even,
(5.15) J(k,j),l(r‘gl) o li—l/z,J( ?2)( ) 1 ?s ven
Akfl/z,j(ro (4),¢) if k£ is odd,
2 . .
JEWP (1Y) S/:_—l/Q,j (F(() )(4)) if k is even,
o 52_—1/2,]‘ (T (4),4)  if k is odd,

we have the following corollary.

Corollary 5.9. For arbitrary even j > 0, the dimensions OfAﬁ,l/z’j(FéQ)(ﬁl)) and
2 2 2

Slj—l/Q,j(Fé )(4)) for even k and of AZA/Q,J‘(FE) )(4),¢) and S,:UQJ(I‘((J )(4)71p)

for odd k are given explicitly by Theorem 5.6 and (5.13) for k > 8.

85.3. Remarks on small j

When j =2, j =4 or j = 6, we have dim J(; j)1(I'J) = di,; also for all k with
k<T.

Proposition 5.10. The dimension of Jy_; (TY) for each k <7 and j < 6 is given
in the following table:

NelO 1 2 3 4 5 6 7
210 000000 0
4100000010
6 00001011

and this coincides with dy ; defined in Theorem 5.6.
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Proof. We have the following table of dimensions:

k 0123456 78 9
dimA, |0 0 0 01 0 1 0 1 0
dimAg, [0 0 0 0 0 0 0 0 0 0
dimAx4 [0 0 0 0 0 0 0 0 1 0
dimAgg |0 0 0 0 0 0 1 0 1 0
dimAgg |0 0 0 0 1 0 0 0 2 1

(see [11] for small k). If we set
&U{,‘,]] = dim Alc,j (Fg) + dim Ak7j+2(F2) + dim Ak:-&-Lj (FQ) + dim Ak+2)j_2(1“2),

then among (k,j) with £ < 7 and j < 6, only the following cases are non-zero:
al2,2) =1, a4,2] = 1, a[6,2] = 1, a[6,4] = 1, a[7,4] = 1, a[4,6] = 1, a[5,6] = 1,
al6,6] = 2, a[7,6] = 1. For j = 2, the dimension 1 comes from Ay420(I'2) in the
Taylor expansion for k = 2, 4, 6. This is the “C” part of & in the Taylor expansion
and we need W(C) = 0. But no image of the Eisenstein series of weight 4, 6, 8
under the Witt operator vanishes, so we have no corresponding Jacobi forms.
For (k,j) = (6,4), if we take A(r,u) = Y0_;a;(r)u~"u} € Ag(Ts), we have
W (az) € S10(T1) @ Sg(T'1) = 0, so the condition is satisfied and dim Jg 4(T'y) = 1.
For (k,j) = (7,4), we have Ag 4(I'2) # 0. This is an Eisenstein series of Klingen
type and its image under the Witt operator does not vanish, so J;4(T'J) = 0.
For (k,]) = (4,6)7 A478(F2) 7é 0. By checking the welght S4+6—'L'(F1) X S4+i(F1),
the Witt operator vanishes for every coefficient of u?‘iué with ¢ # 0,8, so the
vanishing condition is satisfied and we have dim Jy6(I'y) = 1. For (k,5) = (5,6),
Ag,6(T'2) # 0. This is its Klingen-type Eisenstein series and its image under W
does not vanish, so J5 6(I'2) = 0. For (k,j) = (6,6), we have dim Ag (I'2) = 1 and
dim Ag 4(T'2) = 1. It is easy to see that the Witt map on Ag 4(T'2) is surjective with
kernel is zero. Hence, adjusting the Witt image coming from Ag 6(I'2) by As 4(T'2),
we have dim Js 6(I'J) = 1. For (k,j) = (7,6), the Taylor coefficient comes from
Asg 6(T'2). The image of the Witt operator is zero because Vs ¢ = 0. So there exists
a Jacobi form. O

For the readers’ convenience, we write down the generating functions for j = 2
explicitly below. The other cases can be also easily read off from the general
generating function (5.10).

2t8+2t10+t12+t16 +t13+2t15 +t17+t21 +t23
(L) (1 19)2(1—110) (1) (1 _0)2(1_10) ’

[e.e]
Z dim Jj, 2)1 (09 )t* =
k=1
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- tS +t10 +t12+t14+2t16 +t18 +t20—t24—t26

: cusp I\ 4k
2 dimJG, (Tt = (1—t4)(1—15)2(1 —¢10)

k=2: even

Note that if k is odd, then any Jacobi form is a cusp form, so we need not
give the dimensions of cusp forms separately. Several explicit examples of Jacobi
forms in J(; 2),1(I'J) have been given in [12].

Finally we give the numerical tables of dimensions for several small k and j.

Table 1. dim Ji; jy1(I'J). (The values for k < 7 are conjectural for j > 8.)

j\k|3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
o0jo17 01ro1o0o 3 o0 3 0 4 0 7 0 7 0 9

2/00 000 20 2 0 3 1 6 2 8 2 10 4 16 71
4100 01021 3 1 6 3 9 5 12 7 18 11 24 16
601 0 11 3 2 6 3 9 6 13 10 20 14 26 20 35 28
8§01 0 2 1 5 4 8 5 12 10 20 16 27 21 36 31 50 43
10/0 1 0 3 2 6 5 10 8 17 14 25 22 35 30 48 43 64 58
1210 2 1 4 4 9 8 16 13 23 22 34 32 49 44 64 60 84 80
1410 2 1 5 5 1211 19 17 29 28 44 42 60 56 79 77 106 102
60 2 2 7 7 1515 24 23 38 37 55 54 74 73 100 98 130 128
1810 4 3 9 10 19 20 32 31 47 48 68 69 94 92 122 123 158 159
2010 4 4 12 13 24 26 39 39 58 60 84 86 113 113 147 150 191 194
32 |1 12 18 37 46 71 82 111 121 160 175 221 238 290 306 370 391 465 489

Table 2. dim J;,°F . (T'). (The values for k < 6 are conjectural for j > 8.) For odd

(k,4),1 )
k we have dim J(C,':SJ‘;l(I‘g) = dim Jyy, ;1 (T'9).
j\k|4 6 8 10 12 14 16 18 20 j\k|4 6 8 10 12 14 16 18 20
0joo0 1 1 2 4 4 6 12 (0 2 7 13 20 31 45 60 &0
20011 2 4 6 8 13 1410 3 9 16 26 40 56 75 101
41001 2 4 7 10 15 21 16 (0 4 12 21 34 51 70 95 125
6 1002 4 7 11 17 23 32 181 6 16 28 43 64 89 117 153
8 |01 3 6 10 17 24 33 46 201 9 20 35 54 79 108 142 185
1001 4 8 14 22 32 44 60 32 |7 32 65 105 154 214 283 363 457
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