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Enhanced Binding of an N-particle System
Interacting with a Scalar Field II.
Relativistic Version

by
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Abstract

An enhanced binding of N relativistic particles coupled to a massless scalar Bose field is
investigated. It is not assumed that the system has a ground state for the zero-coupling.
It is shown, however, that there exists a ground state for sufficiently large coupling. The
proof is based on checking the stability condition and showing uniform exponential decay
of infrared-regularized ground states.
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81. Preliminaries
§1.1. Introduction

Non-perturbative analysis of eigenvalues embedded in the continuous spectrum
has been developed in the last decade and it has been applied to the mathemati-
cally rigorous analysis of the spectra of self-adjoint Hamiltonians in quantum field
theory. Among other things, stability and instability of a quantum mechanical
particle coupled to a quantum field have been investigated.

The Hamiltonian in quantum field theory is realized as a self-adjoint operator
of the form

(1) Ko+ aKj,
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acting in a Hilbert space over C for each value of the coupling constant a € R.
Here Ky is the subject term and K7 an interaction term. We are concerned with
ground states of Ky + K7 in this paper.

Let o(T) be the spectrum of a self-adjoint operator T

Definition 1.1 (Ground state and ground state energy). Let T be a self-adjoint
operator bounded from below. Then the bottom of the spectrum, Ey(T) =inf o(T),
is called the ground state energy of T. Suppose Ey(T) is an eigenvalue of T. Then
an eigenvector f associated with Eo(T') is called a ground state of T, ie., Tf =

Eo(T)f.

Generally the bottom of the spectrum of the zero-coupling Hamiltonian Kg
is embedded in the continuous spectrum. Hence the spectral analysis of Ky + oK
is regarded as the perturbation problem of embedded eigenvalues. Although an
analytic perturbation theory of the discrete spectrum is established for various
types of self-adjoint operators, the perturbation of embedded eigenvalues is crucial
and it is not straightforward to apply the perturbation theory of discrete spectra.
Hence it is subtle to show the existence of a ground state of Ky + aK7 even for
small values of the coupling constant. Moreover a ground state need not exist for
Ko+ aKjy, a # 0, even when inf (K + aKj) > —co and K| has a ground state.

The existence or absence of a ground state for physically reasonable Hamil-
tonians of quantum field theory has been however proven so far under some as-
sumptions. The existence of a ground state of the standard Nelson Hamiltonian
[Nel64] was in particular proven in e.g. [BFS98, Spo98, Ger00, Sas05], where the
most basic assumptions are

(1) the infrared regularity condition,

(2) the existence of a ground state of Kj.

In particular assumption (2) tells us that the Hamiltonians Ky + o K7 also have a
ground state for all a.

It is found however that an interaction with quantum fields enhances the
binding energy, which suggests that a Hamiltonian with sufficiently large cou-
pling constant may have a ground state whether Ky has a ground state or not. If
Ko+ aK; with sufficiently large coupling constant has a ground state whether K
has a ground state or not, then it is said that enhanced binding occurs. The study
of enhanced binding was initiated by [HS01], and in [HS08] enhanced binding was
shown for a system of N nonrelativistic particles governed by a Schrodinger op-
erator and linearly coupled to a massless scalar Bose field. In this paper we show
enhanced binding after replacing the nonrelativistic particles with relativistic ones.



ENHANCED BINDING IT 657

Finally we make some comments on related work on enhanced binding. The
enhanced binding has been studied so far for various kinds of models in quantum
field theory. In [HS01] the enhanced binding of the Pauli-Fierz model with the
dipole approximation is studied. In [HSS11] a complementary result to [HS01] is
established, i.e., the absence of a ground state for a sufficiently small coupling con-
stant. See also [AK03, BLV05, BV04, CEH03, CVV03, HVV03] for related work.

§1.2. Main results

The total Hamiltonian we consider is of the form
(2) HV:H0+I€HI.

The operator Hy = Hy(k) describes the zero-coupling Hamiltonian and is given
by

Hy = H, + k*Hp,

N
H, = Z<’/_Aj +m? —m; + V(x;)),
j=1

where m; > 0 is the mass of the j-th particle, V(z) an external potential, Hy
the free field Hamiltonian, and k£ > 0 denotes a scaling parameter. The opera-
tor Hr describes a particle-boson linear interaction. We notice that there are no
pair potentials in HY, and V is assumed to be independent of j for simplicity.
Introducing a dressing transformation e’ to derive an effective potential Vg, we
transform H" into

(3) e THY T = hYe + k2 H; + Hg(k),

where hY is the effective particle Hamiltonian given by

N

(4) hie = > _(\/=Aj +m2 —mj + V(z;)) + Ve (1, .., 2)

Jj=1

and Hg(x) is a remainder term to be regarded as a perturbation of h¥y + r%Hj.
Compensating for deriving Vg through the dressing transformation, we have the
remainder term Hg(x) which is unfortunately no longer linear and has the com-
plicated form
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where A; denotes some quantum vector field. Nevertheless it turns out to be a
small perturbation for sufficiently large « in some sense.

We are interested in the existence of a ground state of H", equivalently of
e "THY T, We do not however assume the existence of ground states of Hy. As
will be shown below, enhanced binding is exhibited by the transformed Hamilto-
nian (3) rather than H" itself. Since we consider a massless boson, the bottom of
the spectrum of H" is the edge of the continuous spectrum and a regular pertur-
bation cannot be applied. Thus it is not clear whether e HY ¢!” has a ground
state even when h' has a ground state.

The conventional approach is to assume an infrared cutoff in the form of a
factor A in Hy by setting A(k) [k|>0, HY with cutoff S\f‘kbg is denoted by HY
and to show the existence of a ground state ®, of HY. The vector ®, is called
an infrared-regularized ground state. Then one is left to show that the sequence
of ground states ®, has a nonzero weak limit ® as ¢ — 0, which is the desired
ground state of HY. We show in this paper:

(A) the stability condition for H" is satisfied (Lemma 3.1),

(B) the infrared-regularized ground state ®, has exponential decay uniformly with
respect to the infrared cutoff parameter o (Lemma 3.8),

(C) (1) the stability condition and (2) exponential decay imply the existence of a
ground state of HY (Appendix 4),

(D) there exist & > 0 and kg such that for each x > kg, H" has a unique ground
state for |a| € (&, @(k)) with some @(k) (Theorem 2.3).

Statement (D) describes enhanced binding and is the main theorem in this paper.

81.3. Strategies
We explain in more detail the technical improvements of this paper.

(Reduction to the stability condition for h';) The stability condition is
introduced in [GLLO1] to show the existence of a ground state of nonrelativistic
quantum electrodynamics. The key ingredient in this paper is that we show in
Lemma 3.1 that the stability condition for hé/ﬁ implies that of HY. This is proved
by applying an energy comparison inequality derived by functional integration
of the heat semigroup generated by (3) (Lemma 3.2) and a simple variational
principle (Lemma 3.3), hence we focus on showing the stability condition for h};ff
instead of H.

(Uniform exponential localization by functional integration) Our method
is a minor but nontrivial modification of [HS08] and a mixture of [Ger00, GLLO1].
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We do not assume the compactness of Hp, unlike [Ger00]. Instead we show expo-
nential localization of infrared-regularized ground states, ||®,(z)|z < Cse=01l,
which is derived through functional integration in Lemma 3.8. The crucial point is
to show that this localization is uniform in ¢ > 0, i.e., Cs and § are independent
of 0 > 0.

(Scaling) The scaling introduced in this paper can be obtained by replacing the
annihilation operator a and the creation operator ¢* with ka and ka*, respectively.
This scaling is introduced in [Dav77, Dav79, Hir99] and the scaling limit as £ — oo
is called the weak coupling limit. Roughly speaking, at least in the nonrelativistic
domain, Hj, = —ﬁA 4V, and so

HY = I{Q(H_ZHP + Hy + w1 Hy)

with

K2 H, = 1 A+ iV

P ome? K2
Thus we interpret that enhanced binding of HY occurs when sufficiently large
particle mass and shallow external potential are assumed. An alternative expla-
. . . . . _tHY
nation of the scaling is that it is a tool to derive a Markov process from e .
Although the scalar product (f ® Q, e t# v g ® Q) does not define a Markov pro-
cess, (f, e Hher—Faiae) g) does with generator heg — FEdiag. It can be obtained by

the scaling limit:
(FoQe ge ) = (f,e M Fundg)

as k — 00. This can be done in a similar manner to [Hir99]. More precisely, if heg
has a unique strictly positive ground state ¢, then there exists a diffusion process
(Y2)i>0 such that

(fp, e e Faies) gy ) — B[ f(¥0)g(Ya)],

where E denotes expectation, and (Y;);>0 is the so-called P(¢); process. See e.g.
[GHPS12] for the construction of the P(¢); process.

The organization of this paper is as follows.

In the remainder of Section 1 we define the Nelson model with a relativistic
kinetic term, and introduce the scaling parameter x > 0. In Section 2 we introduce
a dressing transformation, and mention the stability condition and uniform expo-
nential decay of ®,(x). In Section 3 we prove the stability condition in Section 3.1
and uniform exponential decay in Section 3.2, and in Section 3.3 we demonstrate
enhanced binding.

In Appendix 4 we show that the relativistic version of the stability condition
also implies the existence of a ground state. In Appendix 5 we review the fundamen-
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tal properties of the bottom of the essential spectrum of a relativistic Schrédinger
operator. In Appendix 6 we give a functional integral representation of e ~*# " and
prove an inequality used in the proof of exponential decay of infrared-regularized
ground states. In Appendix 7 we derive an energy comparison inequality for the
translation invariant Hamiltonian Z;\le (V=4 +mj —m; + V(z;)).

§1.4. Definition

We begin with the definition of the Nelson model with N relativistic particles.
Throughout we assume N > 2 and the dimension of the state space is d > 3. The
Hamiltonian of the Nelson model can be realized as a self-adjoint operator on the
tensor product of L2(R4V) and the boson Fock space .# over L?(R?),

(5) H =L*R™N) 0 7.

Here .7 is defined by .# = @, L2, (R"), where L2, (R%") is the set of square
integrable functions ¥ on (R%)" such that W(zy,...,z,) = U(Zy(1), -3 Ton)) for
any permutation o of {1,...,n}. A vector ¥ € .Z is written as ¥ = {W(M}°°  with
VAONNS Lgym(Rd"), and the Fock vacuum Q € .# is defined by Q = {1,0,0,...}.
We denote by a(f) and a*(f), f € L*(R?), the annihilation and creation operators

in .Z, respectively. They satisfy the canonical commutation relations

(6) [a(f),a"(9)] = (f.9)L,  [a(f),alg)] =0 = [a"(f),a"(g)]

and the adjoint relation a*(f) = (a(f))*. Throughout this paper, (F, G)x denotes
the scalar product on the Hilbert space K, which is linear in G and antilinear in F'.
We omit K unless confusion arises. We informally write ¥ (f) = [ a* (k) f (k) dk,
a* = a,a*. The second quantization of a closed operator A on L?(R?) is denoted
by dI'(A). The free field Hamiltonian Hy is a self-adjoint operator on .%, given by
the second quantization of the multiplication operator w(k) = |k| on L?(R?):

(7) Hy = dT'(w).

Next we introduce the particle Hamiltonian. We suppose that N relativistic
particles are governed by the relativistic Schrédinger operator Hy, of the form

8) Hy, =Y (2;+V))

N
j=1

acting on L?(R%), where

9) Q; = Q;(pj) = \/p} + m7 —m;
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is the j-th particle Hamiltonian with momentum p; = —iV,, and mass m; > 0.
V; = V(x;) denotes an external potential. In this paper, we assume for simplicity
that there is no interparticle potential.

The Hamiltonian of the relativistic Nelson model is then defined by

(10) HY = Hy + rHy,
where the zero-coupling Hamiltonian Hj is given by
(11) Hy=H,® 1+ r*1® Hg

and k > 0 is a scaling parameter. H; denotes the linear interaction given by

N o
Hy = i(x;)dX
(12) DY L it

under the identification 77 =2 fﬂgw FdX, where dX =dx1---dey. Here o > 0 is
the coupling constant, and the scalar field ¢;(z) is given by

(13) ¢j(x) = % y (a*(k;)j\j(_k)e—ikx + a(k-);\j(k)eikx) dk

for each 2 € R? with ultraviolet cutoff functions )\ Here {---} denotes operator
closure. The standard choice of the ultraviolet cutoff is

Aj (k) = (2m) = Pw (k) ™! Twi<as

where lx denotes the characteristic function of X. We do not however fix any
special cutoff function.
Throughout this paper we assume the following three conditions:

(V) V(A +1)71
(UV) Aj(—k) = 5\(k)>0and5\jELQ(Rd)forjzl,...,N.
(IR))\/wéLQ( ) for j=1,...,N.

2 is compact.

Assumption (V) implies that V is infinitesimally small with respect to the self-
adjoint operator v —A + m?2 — m for all m > 0. Hence, by the Kato—Rellich theo-
rem, H, is self-adjoint on D(Zj 1
E;-V:l Q;, where D(A) denotes the domain of A. (UV) implies that Hr is symmet-
ric. Moreover (V), (UV) and (IR) also imply that, for all « € R and € > 0,

2;) and essentially self-adjoint on any core for

[HiV|| < €| HoW|l + be[[ V]|, ¥ € D(Ho).

Therefore, by the Kato-Rellich theorem, H" is self-adjoint on D(H,) for all x > 0
and e > 0. The nonnegativity A;(k) > 0in (UV) implies that the effective potential
is attractive, which is used in Lemma 3.10.
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§2. Existence of a ground state
§2.1. Dressing transformation

To derive the effective particle Hamiltonian we introduce the so-called dressing
transformation e~*T, where T = = ZN_l m; and
j_

By (IR), 7; is self-adjoint on J# and so €'’ is unitary.
Lemma 2.1. The unitary operator eT maps D(H"') onto itself and
(14) e THY T = nYe @ 1+ k21 ® Hy + Hr(k),

where the effective Hamiltonian is defined by

(15) heg = i(Qg +Vj) + Verr,
j=1

with the effective pair potential

(16) Ver =% Y Wijla — ),
1<i<j<N

(17) Wij(z) = - /Rd Xi(;lf()k;j(k)e_ik“ dk.

Here Hg(k) is the remainder term given by

N

1 () = 3289, - G VG
(19) Ay =0y (pj + :Aa) = Q5(p)),

with a vector field
A] == (14‘717 .« )A]d)’

Ay = /R i (;i [ (a*(k)e—ikxj Afw((k)k) + a(k)eikes iﬂ((:))> dk> dx.
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Proof. We directly see that

. . o
—1T T
e "pjet =p;j+ EAj’

N ~ ~
—iT 4 iT o Ai(k)A; (—k) —ik(z;—m;)
el = g; — — —_— iTv) dk
¢ e %i K ;/Rd w(k) c ’

—_ 1 ® N[ AR
- Tl — H. — _H el / ? J —ik(xi—x;) )
N re Tk it 2K2 Z R w(k) ¢ »dk

i,j=1
From these, the lemma follows. O

(UV) and (IR) imply that Veg is bounded. Therefore HY; is a self-adjoint

operator on D(Z;V:l Q).

§2.2. Main results
Recall that Ey(T") = inf o(T") for a self-adjoint operator 7.

Theorem 2.2 (Existence of a ground state). Assume (V), (UV) and (IR) hold.
Suppose that Eo(h;/ff) € Udisc(hé/ﬂ), Then there exists kg > 0 such that HY has a
unique ground state for any Kk > K.

In order to show enhanced binding, we introduce an assumption on V:

(EN) (1) inf ega V(2) > —o0 and liminf ;o V() = 0;
(2) V=A+ NV acting in L?(R%) has a negative energy ground state;

(3) V is a d-dimensional relativistic Kato-class potential, i.e.,

t

lim sup Eg {/ V(Xs) ds} =0,
tl0 zeR4 0

where EE denotes the expectation on a probability space (D, B,P¥),

and (X¢)¢>0 denotes the d-dimensional Lévy process with characteristic

. ' e
function EE[e?Xt] = e t(VuPFm?—m) iz

Assumption (EN)(1) is used only to show spatial exponential decay of the infrared-
regularized ground state ®,. The second assumption (EN)(2), which is used in
(55), is crucial to showing enhanced binding. Intuitively a sufficiently strong in-
teraction engages IV particles through linear interaction of the quantum field, and
consequently the total Hamiltonian can be regarded as v/—A + NV. This intuitive
description is justified in this paper. (EN)(3) is used to show the continuity of
ground state energy of a translation invariant Hamiltonian in Lemma 3.11.
We now state the main results of this paper.
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Theorem 2.3 (Enhanced binding). Suppose (V), (UV) and (IR) hold. Assume
(EN) and N > 2. Then there exist &, ko > 0 such that for each r > Ko, H” has a
unique ground state for |a| € (&, a(k)) with some constant a(k).

Remark 2.4. In Theorem 2.2, h“a/ﬂp has a ground state. In Theorem 2.3 we do not
assume the existence of a ground state of Hy, i.e., the zero-coupling Hamiltonian
Hy does not necessarily have a ground state.

Remark 2.5. In the case of N = 1, we cannot apply our method to show en-
hanced binding. Although in this case enhanced binding may also occur, it is
crucial to estimate the dressing transformed Hamiltonian (14). We do not discuss
this case later.

Example 2.6. We give examples of V satisfying (V) and (EN), but for which
v—A +4+1—1+V has no ground state in dimension d > 3. Suppose that

V()] < el + |z])~

with some ¢, e > 0. For example V = —e=2". Then (V) is satisfied with V = 6V
for all constants § > 0. Let V 20, V <0 and V € LYR?%) N L¥2(R%). Let § > 0
be a sufficiently small constant and set

(20) Hs=vV—-A+1—-1+4V.

Let Es(-) be the spectral measure of Hs. Since V(v/—A +1)! is compact, the
essential spectrum of Hs is 0ess(Hs) = [0,00) for all & > 0. By the relativistic
version of the Lieb-Thirring bound [Dau83], we have

(21)  dimRan Es((—oo0,0]) Sclad/

d|‘7(x)|dd:c+025d/2/ |V(z)|d/2d;v,
R

Rd

where ¢; and ¢, are positive constants independent of V. Hence Hj has no ground
state for sufficiently small § such that the right-hand side of (21) is strictly smaller
than one. Similarly cess(v—A + NOV) = [0,00). However, vV—A 4+ N6V has a
negative eigenvalue for sufficiently large N, since inf o(v/—A+ N 517) < 0 for suffi-
ciently large N, which implies that v/—A+ N§V has a ground state for sufficiently
large N. Therefore for sufficiently small §, V = 0V satisfies (V) and (EN), but
V=A+1—1+ 8V has no ground state.

§2.3. Stability condition and exponential decay

In order to prove Theorems 2.2 and 2.3 we investigate the stability condition. First
of all we introduce cluster Hamiltonians. Let Cy = {1,..., N}. For each 8 C Cn
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(B # (), we define

(22) HO(B) =Y (9 + rag;) + x> Hy,
JjEB
(23) HY () =H(B)+>_V;,
JjEB

acting on L*(RY7) © F, where ¢; = [gus 6;(2;) dX5, X5 = (2;)jep. Clearly
HY = HY(Cy). Let

(24) E°(B) = info(H°(B)), EY(B)=info(H" ().

For B =0, we set E°(0) = EV(0) = 0. The lowest two-cluster threshold is defined
as the minimal energy of systems such that only the particles involved in 8 are
bound by the origin but others are sufficiently far from the origin. It is defined by

(25) SV = min{EY(8) + E°(6°) | B < Cn}.

The gap between the ground state energy EV and the lowest two-cluster threshold
YV is related to the existence of a ground state by the proposition below. Let HY
be HY with \; replaced by A (B) k>0

Proposition 2.7. (Case o > 0) Suppose that EV < XV. Then HY has a unique
ground state .

(Case o = 0) Suppose that EV < XV and there exists § > 0 independent of o such
that supg., <5 ||(2X @ 1)@, || < 0o with some & > 0. Then HY has
a ground state.

Proof. The proof is a minor modification of those in [Ger00, GLLO1], and it is
given in Appendix 4.1 for ¢ > 0, and in Appendix 4.2 for the case o = 0. 0

The condition XV > EV is called the stability condition. For our model the
uniform exponential decay of ||®,(z)||# may be derived from the stability condi-
tion, but we do not prove it. So we need not only the stability condition but also
uniform exponential decay.

83. Proof of the main theorem

In order to show Theorems 2.2 and 2.3, by Proposition 2.7 it is enough to show both
(1) the stability condition and (2) the uniform exponential decay of | ®,(x)|| 2.

§3.1. Stability condition

It is not straightforward to show the stability condition, so we will make a detour
and the discussion will be reduced to that of the effective particle Hamiltonian b Y.
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Let us define the lowest two-cluster threshold of h(‘;ﬂr in a similar way to HY and
we shall compare it with £V. For 8 C Cy, we define effective cluster Hamiltonians
by

(26) We(B) = Q5 —a® > Wylwi—ay),
JjEB i,j€B,1<]
(27) hea(B) = hig(B) + Y V.
j€B
We set
(28) &%) =infa(hdz(B)), EY(B) = info(hiz(B))

and £V = EY(Cy). Then the lowest two-cluster threshold of hlg is defined by
(29) =" = min{&"(8) +£°(8°) | B S Cn}

Constants ¢V and d¥ are such that || Z;Y:I Q|| < V|[hiP| + dV ||| and we
set

N N
(30) G(t) = (DIl 1A 1)#2 + (32 vV2my 14 feo] )
=1 j=1
+V2N(EY ]+ dY).
The next lemma is a key ingredient of this paper.

Lemma 3.1. Assume that =V — &V > 0, and a and k satisfy =¥ —EV > G(a/k).
Then the stability condition ¥V — EV > 0 holds.

In order to prove Lemma 3.1, we prepare two lemmas. We set

9 N
% ~
(31) Ediag = DI/l
j=1
Lemma 3.2. For all g C Cl,
2
Q ~
(32) E*(B) < €#(8) + 5 D_INi/Vel®, #=0.V.
Jjes

In particular, Z¥ < 3V + Ediag .-
Proof. See Proposition 6.3. O

Lemma 3.3. For all k > 0 we have BV < &V +G(a/k) — Ediag -
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Proof. For every € > 0, we can choose a normalized vector v € C5°(R4) such
that [|(hYg — EV)v|| <e. Set ¥ = v ®@ Q. Then, by Lemma 2.1, we have

EV§5V+6+(W(—E®g+§;AQOW)

Sigce T _commutes with p;, i # j, by setting T; = am;/k we can see that AQ,; =
e"TiQ;etTi — Q; and

(0, AQW)| = (€ — )W, QD) + (1,2 — 1)T)|

Hence
@, 20,9)] < D w - et + 12
The right-hand side above is identical with

ol 5 o .JﬂA.zwlm U, p20)l/2
\/§KH>‘J/W” | Pyt o + ( » D ) .

7| - (12, %]

Thus
lal 5 V2ol s
I(‘IHAQj‘If)ISEH/\j/wII 20195 || + 2m; + ———|[|k|A; /|
and
N
1% v laf 5 V2]al 3
EV <€ +e+zmxj/w||(2mj+ ——l1K1A; /]
Jj=1
N
V2lal
+ 3 Al (€Y + ) +d¥) = Faias
j=1
Since € > 0 is arbitrary, the lemma follows. O

Proof of Lemma 3.1. By Lemmas 3.2 and 3.3, we have
(33) YW —EY>2Y - £V —Gla/k) > 0. O
§3.2. Exponential decay

Functional integration has proven to be a strong tool to show exponential localiza-
tion of a bound state in quantum mechanics. That can also be applied in quantum
field theory.

Let (X¢)i>0 = (X},...,X¥)i>0 be N independent d-dimensional Lévy pro-
cesses on a probability space (D, B,P*), x € R with characteristic function

(34) EQ[e i Xe] =7t Eihly “?er?*mj), uw=(u,...,uy) € RN,
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Here and in what follows, E? [---] denotes expectation with respect to a path
measure m® starting from z. Let Weg = Weg(z1,...,2n8) = Z;VZI V(z;)+ Vea ().
Proposition 3.4. There exists g > 0 such that for all o < oy,

(85) (19 (X)] 5 < ! Fam el (S [ fo WX 4]) 2

for each X € RN where e(a) > 0 satisfies lim,_,g e(a) = 0.

Proof. See Proposition 6.4. O

From Proposition 3.4, in order to show the exponential decay of ||®,(X)|.#
it suffices to estimate

ot (EY +Ediag) EX[ =2 [ Wege ( ds]l/z

To do so, we divide Weg into two parts. Let
Br = {2z = (21,...,2y5) € R | || > 2R and min{|z; — 2;|,i # j} < |z[/2}.
Define Vﬁ oo = Vestlp, and ch-fO = Vestlpg . Then

(36) ch}" = V + ‘/Cff 0 V

eff 00

By the Riemann-Lebesgue lemma, lim|,|— Wij(x) = 0. Notice that

lim (V () + Vi () = 0,

|z|—o00

k)&
Vil < 5 30 [ AR

i#]
The Lévy measure v;(dz) = v;(x)dz associated with the Lévy process (X7 )i>o is

given by

my | T % d-1)/2, 2 (e my lal d
) _ — -1 m;j|x
(37) Vg(x)—2<27r) |x|(d+1)/2/0 ¢ e 2 ilelag,  z e R

We note that v;(z) < Ce~cl*l with some constants C, ¢ > 0.
Proposition 3.5. There exist n,C1,Cy > 0 such that

(38) PO( sup |X| > a) < Cre et for all a > 0.
0<s<t

Proof. We see that

PO sup, 1Xul > @) = B3R, . -a] S € OB e ezt ).
<s<t -
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It is known that E [e7""Poss<t [XoI] < Cye 2t for sufficiently small 7 > 0 [CMS90].
Hence the proposition follows. O

We define # = {X, € Bf, for all 0 < s < t}. Since V,ff (Xs) = 0 on B, we
have
B9) e
_ El):’( []1{@672 JEVHVE ) (Xs) ds} + Eff []1@6672 J§ Wes(Xs) ds].

By the Schwarz inequality,

(40) Eﬁf [ﬂ@ce_2fot Weff(Xs)ds]

<EX[Igee™*Jo V. oo ->ds]1/2Elg< [HK%ce—4fo‘(V+vc%ﬁ><Xs>ds]1/2,
We will estimate the terms in (39) and (40). Set

Wik (z) = mf{V (y) + Vo o) | |z =yl < a},

WE = inf (V(2) + VE wlo).

Lemma 3.6. Suppose (EN)(1) holds. Let R,a > 0. Then for all X € R and
t>0,

(41) ]EI)D([ =2 [H(V(Xe)+ effoo(XS))ds] < e—Qth(ac) +Cle—2tW£eCQte—na,
where Cp, Cy and n are as in (38).

Proof. Set A = {supy<,<;|Xs| < a} C D. Since (X;);>o under the probability
measure P¥X and (X; + X);>0 under PY are identically distributed, we have

EX [e =2 [f(V(Xa)+ effoo(Xs))ds} =Ed[e =2 [ (V(Xa+X)+ effoo(XSJrX))ds].

Then

]EO []lAe_2 Jo(V( X+ X)+VE OO(XS+X))ds] < e—Qth(z)’

IEO []lAce 2 [H(V(X+X)+V G OQ(X5+X))ds] < e’thoIz]E%[]lAc] < 672tW£CleCQtefna
by Proposition 3.5, and the lemma follows. O
Lemma 3.7. Let X € R and set R = |X|. Then
(42) E []L/gce 4[5 Vet o0 (X )ds] < 64\|Veffoo||ootc eCato— R7
where Cy, Cy and n are as in (38).

Proof. Since Eg[ —4J5 effw(XS)ds] < E¥ [64‘|V°ff’°°“°°ff; ]IBR(XS)dS}, we can see
that
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oo n t ¢ <
SZW/ d51"'/ dSnEI)D([]L@CH]lBR(XSJ)}

0 0 =1

X (4l1Verr 00 ll0)™ [ ' 0 -
X [1ge] + Z dsy-- | dspE |l [[ 15, (X + X,)|.
0 0

n!
n=1 j=1

I
&=

Now,

(43)  EX[lg] <P (Oiugt X, + X| > QR)

§P0< sup | X, >2R—|X\) :PO( sup | X, >R).

0<s<t 0<s<t
By the definition of Bpg, in a similar way we have

AV a2 px gy 4 S Verocll)"
B ot W (X0 ) < () 4y GlVete

t t
x/dsl---/dsnP0(|Xsl+X\>2R,...,|XSH+X\>2R)
0 0

oo

4| Vet o0 ||o0)™
SPX(%C)+Z ( vaf, H )
n=1

n!

t t
/ d/ ds, PO(|X,,| > R,....|X.,| > R).
0 0

From P°(|X,,| > R,...,|X,,| > R) < P°(supy<,<, |X;| > R) and Proposition
3.5, we have

EP[ —4fy effoo(XS)dS:I

oo t

<P sup [X,|>R)+ Z 4H|Veﬂ°°”°°) /

0<s<t _ 0

dsl.../ot dsnP0< sup |X5\>R)

0<s<t

- Z 4||Veff oo”OO) . 0yeCote=nR — Vst oo lsot 0y (Cat =R

Hence the lemma follows. O

Lemma 3.8. Let &, be the infrared-reqularized ground state. Suppose (EN)(1)
holds and EV + Egiag < 0. Furthermore assume that EV + Eaiag + €(0) < —v
with some v > 0 for o < &, where €(o) is as in Proposition 3.4. Then there exist
0,Cs > 0 independent of o such that

(44) sup || @y (X)) < Cyedmintym}IX]
0<o<ao

where n > 0 is as in Proposition 3.5.
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Proof. We set E = EV + Egiag + €(0). It is enough to estimate

€2tEE1))( [672 [ Wess(X) ds] 7
by Proposition 3.4. Recall that WE(z) = inf{W(y) | |z — y| < a}. Then

(45) lim Wi, (@) =0.

|| — o0

Hence there exists a positive constant R* such that H/V‘l))((“/2 (X)| < |E|/2 for all X
such that |X| > R*. Suppose that |X| > R* and let R = |X|. We divide Weg as
n (36) for R. We have

e2tE]E§)( [e* JS Wege (Xs) ds] < e2tE]E§)( []133@72 JEV+VE (X)) ds}

+*E (Efo( [Ilgace—4f§(v+v£f,0)(xs) ds])l/Q (Eff [H%Ce—4 JEWVHVE L )(Xs) ds])1/2.

Now,
(46) El)j( [ﬂgge_Q f(;(v+v§f,o)(xs)ds] < e—ztwf(;c) + Cle—ZtWO}Zngte—na)

(47) ES [n%)ce—4 Jo(V+VE ) (Xs) ds] < e—4twf(m) + Cle—4tWO’2 eczte—na7

by Lemma 3.6. Set t = #(X) = ¢/X| and a = |X|/2. Then WS (X)) - B >
—FE/2 > 0, since F < 0 by assumption. Hence
eztE]E§ []lgge—2f(f(v+ve’f?m)(xs)ds] < e BIX] 4 C2eec2\x|—n|x|/2—2eng“\X\

< =Xl 4 e (1/242eWE —eCa) X

Similarly,

e4tEJEf§ []1‘%)6—4IJ(V+V££‘D)(XS)(13] < e 2071X] +C2e—(n/2+4ewgg“—602)|x|.

Finally, by Lemma 3.7 we have
e4tEEl)§ []1336_4 Jo Wet (Xs) ds] < Cle4eE+4||Veff,oo||ooe+02€—n)|x\

< Cpe—@er=4l1Vers oo llowe—Cactn)] X

Note that W2 — 0 as |X| — oo. Take a sufficiently small ¢ > 0 such that

/24 @WIE = Co)e > 0, n/2+ (@WLET = Cy)e > 0 and (47— 4||Vegr 0| oo — Ca)e+1
> 0. Then | ®,(X)||# < Dye ™m0 follows. O

Corollary 3.9. Suppose (EN)(1) holds. Then (44) holds for sufficiently
small |a/k].

Proof. Notice that EV < &V + G(a/k) — Egiag by Lemma 3.3. Since &gV <0 and
lims_,0 G(t) = 0, the corollary follows. O
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83.3. Proofs of Theorems 2.2 and 2.3

3.3.1. Proof of Theorem 2.2. Note that 0 < £Y—E" is equivalent to inf o (HY)
€ daisc(HY;). The uniform exponential decay

185 (2)]l# < Coe™*!

is shown for sufficiently small |a/x| in Lemma 3.8. Then from lim,_, . G(a/k) =0
and XV — BV > 2V — &V — G(a/k), there exists ko such that for all K > kg
the stability condition EV < £V holds. Therefore, by Proposition 2.7, H" has a
ground state. O

3.3.2. Proof of Theorem 2.3. Now we prove enhanced binding. By Propo-
sition 2.7 it is enough to show &Y < EV, since the uniform exponential decay
@ (z)||# < Cse=?l*l is already established.

Lemma 3.10. Let 3 C Cx but 8 # 0. Then there exists a; > 0 such that, for all
a with |a| > ay, 0 < EV(B) + E°(B). In particular E° < ZV for |a| > ;.

Proof. We have

0 =a? Z Wi;(0) +o(a?), £Y(B) = a? Z Wi;(0) + o(a?),

i<j i<j
i, j€B
c) = a2 Z Wzg(o) + 0(0[2).
i<j
i, j€BC
Since
Do W)+ Y Wy
1<J ) z{g
i€B,jEBC 1€B°,5€8
the lemma holds. O

To see enhanced binding we want to investigate the center of motion of hgﬁ.

Notice that hgﬂ commutes with the total momentum P, = Z;\f:l pj, so it can
. N

be decomposed with respect to the spectrum of Pos. Let % = e™®22i=2P3 which

diagonalizes Piot as % Piot % ~' = p1. Hence it also diagonalizes hgfp and we obtain

N
%hoﬂ‘% ! Ql(p1*'zpj) ZQ bj +ZO‘ Wi (z;)

j>2
+ Z « WZ] —xj),
2<i<j<N
N
UhgW ™" =hdg +V(x)+ > V(s + ;).

Jj=2
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Consequently,

®
U0 1 / k(P)dP,
R

d
N
k’(P):Ql(P—ij) ZQ Dj +ZO& le Ij Z OZQWij(l‘i—CCj).
j=2 §>2 2<i<j<N
Lemma 3.11. We have £° = inf o(k(0)).
Proof. Set info(k(P)) = E(P) for notational simplicity. It can be seen in Ap-
pendix 7 that
(48) B(0) < B(P)

for all P, and E(P) is continuous in P. Hence (®, H®) = [,.(® (P)®(P )) dpP
> E( )H<I>||2 for ® € D(H). Thus E(0) < 50 On the other hand set .
f]Rd P)1jy ) (P)dP. Then
1227 < (e, HPe) < sup E(P)|@c]|.
|P|<e
Taking € | 0 on both sides we get £2 < E(0) + § for all § > 0, since E(P) is
continuous in P. Hence E(0) > £°, and £° = E(0) follows. O

Lemma 3.12. There exists az(P) > 0 such that inf o(k(P)) € oqisc(k(P)) for
every P € R? for |a| > aq(P). In particular k(0) has a ground state for |a| > as
with some ag > 0.

Proof. Note that W;;(0) <0, Wi;(z) > W;;(0) for x#0, and lim ;o Wi;(z) =0.
Set X = (z2,...,zn). Let a = {2,...,N}. Let {jg}sca be the Ruelle-Simon
partition of unity [CFKS87, Definition 3.4], i.e., jg(AX) = jg(X) for all A > 1,
|X| =1, and there exists a constant C' > 0 such that

supp Js N {X | [X] > 1} € {X | |X; = X;| > C|X]| for all {i,j} ¢ 5}.

We set jg(X) = j3(X/R). Then

(49) k(P) = jak(P)ja+ > jsk(P)js + o(1),
BCa
where o(1) denotes a bounded operator such that limpg_, ||o(1)|] = 0. We set
ks = () + a*Was(2;)) + D a®Wij(wi =),
Jjep i,jep

ke =Y Qo)+ Y Wil — ).

Jjepe i,jeBe
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With the identification L?(RXN-1) = [2(RUPl) @ L2(RUFD), we can write
N —
(50)  Jk(P)js = ja (P = Y ;) s+ js(ks © 1+ 1.6 kge)js + Toj3

Jj=2

where Ig = > .5 Wi () + Yiepjepea®Wij(z; — ;). Hence, (49) and (50)
imply i€6%,jep

k(P) > Eo(k(P))ji + > jslks @ 1+ 1@ kge + I5)js + o(1).
BCa

Note that j2 and Igj3 are relatively compact with respect to k(P). Thus we have
inf 0ess (k(P)) > max{Eo(kg) + Eo(kge) | B C a}.

For all g C a,

(51) lim w = ZW”(O) < ZWlJ(O) + Z Wij(()) + Z WU(O)

a—00
i<j JjEB i,jEB i,j€EBC
1< 1<J
Ey(k Ey(kge
gy Zolho) & Bolkse)
a—00 6]

Therefore there exist as(P) such that inf oog(k(P)) > Eo(k(P)) for all @ > aa(P).
O

Lemma 3.13. Let |a| > o, where as is as in Lemma 3.12, and u, be a normal-
ized ground state of k(0). Then |uq(z2,...,2N5)[* = 6(z2)---6(zN) as a — o0 in
the sense of distributions.

Proof. 1t suffices to show that for all € > 0,

(52) lim [t (X)|? dX =0,
a—00 IX|>e
where X = (z2,...,2y), since (52) implies that
lim FX)ua(X)[? dX = f(0)

a—0 RA(N—1)

for all f € C§g°(RYN=1)), We write k4 (0) to emphasize the o dependence of k(0).
Since kq(0)/a? > >icj Wij(0) and limg—, o0 inf o(ka(0))/a? = >icj Wij(0), we
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ZWij(O) = lim a % (tq, ka(0)uq)

—a a—0
1<J
> lgr_l)loréf (ua, (Z Wij(z;) + Z Wij(x ))ua) > ZWM(O)
j>2 2<i<j<N 1<j
Thus
(53) Z Wz]( = 1211;101?‘ (ua, (Z le l‘j) Z Wij (:E7 — xj))ua>
i<j j>2 2<i<j<N

Suppose that ¢, = liminf, o0 |t (X)|? dX > 0. Then

|X|>e

a—00

lim inf /Rd(Nil) ZQ(WU(Z‘j) - le(o))|ua(X)‘2 dX

> Ce Z sup (WU(Z‘]‘) — le(O)) > 0,
j22\X\>e

which contradicts (53). Therefore (52) holds. O

Proof of Theorem 2.3. First we assume that V € C§°(R?). It is enough to show
&V < 2V, since the uniform exponential decay ||®,(z)| < Cse~01%l is established
in Lemma 3.8 for sufficiently small |a/k|. Assume || > max{a;,as} > 0. Let u,
be a normalized ground state of k(0). From Q4 (a + b) < |a| + Q4(b) for a,b € R4,
we have

(54) U 1 < \/=A1 +E(0
By (EN)(2), there exists a normalized vector v € C§° (Rd) such that
(55) (v,(V-A+NV)v) <0

We set ¥(z1,...,2n8) = v(21)Ua (T2, ..., xn). Then, by (54),

=

(56) €V < (U, UhYe% ~'W) < (v, (V=D + Vo) + 0 + (\I/,ZVxl—i—m] )

Let V

7, smeared(

= Jparv—n V(x; 4+ 21)|ua(X)[* dX. By Lemma 3.13,
G}LH;O(\II’ V(IJ + 1‘1)\1/) - hm (’U V] sme'}redv) (U7 VU)5
and so by (55) and (56),

(57) EV < (v,(V=A+NV))+E° < &°
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for a > a3 with some a3 > 0. From this inequality and Lemma 3.10, we conclude
that for a with |a| > @ = max{aq, ag, as},
YW _EV>2Y €V —Gla/r) > E" - £V — Gla/k)
> —(v,(V-A+ NV)v) — G(a/k).

Notice that G(a/k) — 0 as kK — oo, and —(v, (v/—A + NV)v) > 0. Thus the
right-hand side above is positive for sufficiently small |a|/k. Since G is increasing,
it is trivial to see that ko = @/G '(a), where a = —(v,(v—A + NV)v) and
a(k) = G1(a)x. Thus the theorem follows for V € C§°(R%). For general V we can
use the limiting argument of [HS08, Appendix]. See Appendix 5. O

Appendix

84. Stability condition: relativistic version

In this section we shall prove Proposition 2.7. We only give an outline of the proof.
The details are left to the reader.

84.1. Case 0 >0

Since the scaling parameter x does not play any role in this section, we set k = 1.
Let o0 > 0. We decompose the single boson Hilbert space into high energy and low
energy parts, L2(RY) = K-, & K<, where K<, = L2({k € R? | w(k) < 0}) and
Kso = L2({k € R? | w(k) > o}). Correspondingly, we have the identification

(58) H =2 @ F (K<o),
where /2., = L2 (R¥Y) @ #(Ks,). We define the regularized Hamiltonian by
(59) HY = Hy+ Hy,.

Here Hi, is the regularized interaction defined by

N ®
Hi, = j o(x)dX,
L ZO‘J /RdN b0 (25)
j=1
and ¢;,(x) is ¢;(x) with cutoff \;(k) replaced by \;(k)L,k)>o (k). Then H)
approximates H"Y in the following sense:
Lemma 4.1. HY converges to HY as o — 0 in the norm resolvent sense.

Let EY =info(HY) and let ¥ be the lowest two-cluster threshold for HY
defined in the same way as V. From Lemma 4.1, we can show that EY and XV
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converge to EV and XV respectively as ¢ — 0. Therefore for sufficiently small
o >0,

(60) sV > BV,
Under the identification (58), HY can be decomposed as
HY = H) [.,® 1z, + o, ® Hi[7x.,)-

Since H¢[#(x.,) has a ground state, HY may have a ground state if and only
if HY [, does. We shall prove the existence of a ground state of HY [ s for
sufficiently small o > 0. For o > 0, we truncate w as

k| for |k
%(k){| or [k] > o,

o for k| < o,
and we set Hy , = dI'(w,). Then
H;/ |—'}f>a: H07U + HI,U’

with Hy , = H, ® 1+ 1® H; ,. We denote the Fourier transformation from LQ(R‘;)
to L2(R{) by F. We set K=, = {f = F~'f € L*(RY) | f € Kso}. We introduce
some notation. Let T : ; — K2 be a contraction operator from a Hilbert space K1
to another one Ky. Then we define I'(T) = @, -, ®"T with ®°T = 1, which is
also a contraction operator from .Z (K1) to .#(Kz). Let

HY =T(F YHY [n,T(F),

which is defined on /2, = L*(R™) @ Z(Ks,). Let x,x € C®(R™) be cutoff
functions such that y(X)? + x(X)? = 1 with x(X) =1 for | X| <1 and x(X) =0
for | X| > 2. For R > 0, we set xr(X) = x(X/R), xr(X) = x(X/R).

Lemma 4.2. We have

HY = xrHy xr + XrHy Xr+O(R™Y),
where O(R™1) is an operator such that |O(R™)|| < C/R for some constant C' > 0.
Proof. We have the operator equality

(61) H;/ = XRHVXR + )ZRﬁVXR

N 1 N
Z XR, [XR, 5 Z Xr; [Xr, 25 (p;)]]-
Jj=1 j=1

N

+



678 F. HIROSHIMA AND I. SASAKI

By the Fourier transformation,

[Xr, Q2 (p;)] = (QW)_dN/Q/ X(E)e ™ X (Q;(p;) — Q4(p; — kj/R)) dE,

RAN

where K = (ki,...,ky) € R¥. By the triangle inequality,
195(p;) — (0 — ki /R)| = [(pj, mj)lles — I (p; — kj/Romy) s |
1
< [Ik;/R, 0)llcs = ks

Hence, [xr, ©2;(p,)] is a bounded operator with

(62 v o)) < 5 2m) 2 [ ()]l

RAN
Similarly, as 1 — x € C§°(R*™) and [xr, 2, (p;)] = [1 — X&,Q2;(p;)], we have
N 1 _ ——73
1R, 25 ()]l < 4 (2m) dN/Q/ [T = X(K)] - |k;| dK.
RAN

Hence the lemma follows. O

Let 7,7 € C§°(R?) be another pair of cutoff functions such that j(y)? + j(y)?
=1 for every y € R? with j(y) = 1 for |y| < 1 and j(y) = 0 for |y| > 2.
jp(y) = j(y/P) and jp(y) = j(y/P) for P > 0. The map

up:Kse = LP(R) @ L*(RY),  fjpf@jpf,

e set

is an isometry, since ||jpf @ jpf||*> = || f||>. We also note that the adjoint u% maps
fege L2(RZ) <) LQ(RZ) to jpf + jpg € L*(RY). The operator

Up = lp2avy ® T(up) : #oy — A @ F(L*(RY))
is also an isometry, where /# = L*(R*) ® Z (L*(R%)). Let
Hyo, =T(F Y“Ho o I'(F), Hp,=T(F"")H,[(F).
Lemma 4.3. (1) For every o > 0, we have
XrHy xr = xrUp{H) @ 1+ 1® H ,}Upxr + 0(1)

as operators in H,, where 6(1) is an operator such that 6(1)(Ho , + 1)1 is
bounded and limp_, o, limp_ o0 [|6(1)(Ho,» + 1) = 0.
(2) We have
XrHy Xr > 25 X% + o(R),
where o(R°) is a number such that imp_,, o(R%) = 0.

Proof. See [GLLO1, Lemma A.1]. O
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Proposition 4.4. There exists a ground state of HY .
Proof. By Lemmas 4.2 and 4.3,
HY = xrUp{H) @ 1+ 1® H; o }Upxr + XeH) Xr + 6(1).

Since w, > o, we have }VIfJ > o(l — Py), where P, denotes the orthogonal
projection on the vacuum space {CQ}. By this inequality and Lemma 4.3,

1) > (E) +0)X% +3J Xk — K +6(1),

where K = oxrUp'(1® Pq)Upxr = X% @ I'(jp). Here K is relatively compact
with respect to Z;\Ll Q; + H;,,. Since, by (V), Z;\le Q; + H; , is also relatively
bounded with respect to H;/ , K is relatively compact with respect to H;/ . By
the definition of 6(1), there is a constant C' independent of P and R such that
o(1) > —o(1)(HY + C). Thus, we have the operator inequality

(14 o(M)HY — EY +0(1) = K > ox% + (£Y — EY)x% > min{o, Y — EV}.
Since K does not change the essential spectrum of H, V' for all P and R we have
(1 + o(1)) inf oess (HY) — EY + o(1) > min{o, Y — EY}.

Hence, by (60),
inf ooss(HY) — EY > min{o,2Y — EY} > 0.

Therefore o(HY )N [EY , EY +min{o, Y — EY}) is a purely discrete spectrum. In
particular, HY has a ground state. O

84.2. Case 0 =0

Next we prove the existence of a ground state of HY. For o > 0, let ®, € J# be a
normalized ground state of H X . Let {o,,} be a sequence such that lim,, o, 0, =0
and @, converges weakly to some vector ® € . It is well known from [AH97]
that if ® # 0 then ® is a ground state of HY. In the following we prove that a
subsequence of {®,}, converges to some nonzero vector P.

Lemma 4.5. We have the energy bound supg_, 1 (P, Hy®s) < 00. In addition,
if BV < XV, then supy g (P, N®,) < 00.

Proof. The former statement follows from the definition of ®,, and the latter from
[Ger00, Lemma IV2]. O
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We denote by B(K) the set of bounded operators on a Hilbert space K. For
each k € R?, let

E a] )\ 71]{,‘1}]"

Then v(k) € B(L*(R%Y)). For each ke Rd, we set
T(k) = (H" = BY +w(k)" (v(k) @ L).

Then T'(k) € B(H#) for every k € R, (¥, T (k)®) is measurable for all ®, ¥ € 2,
and [ [|T(k ||B(3;f dk < oo. Hence T'(+) can be regarded as a vector in the Banach
space L2(R?; B()). Since ®, € D(N'?), a(k)®, is well defined for almost every
k € R%. Let 0,, s € R? be the shift on L2(R?; B(J#)), i.e., for B € L*(R%; B(57)),

(0,B)(k) = B(k —s), a.e. keR%
Lemma 4.6. The map R? > s+ ||05Te*5|$‘||Lz(Rd;B(%)) € R is continuous.

Proof. Since 0, is a translation, it is enough to show that ||0,Te’®!|| is continuous
at s =0, i.e., ||, Te 01l — Te’5|x|||L2(Rd;B(%)) converges to 0 as s — 0. We have

(63) |6, Te=?l — Te=ol] | 2 (re; B(#))

g(/ o )|T<k—s>e-5'x—T<k>e-5'x||2m>
|k|<Cq |k|>Co Ci1<[|k|<C>

for 0 < C; < Cy. For Cy < |k| < Cq, we write

T(k — s)e” 1l — T(k)e=01=!

N N _
= (HY = BV + w(k))™! (Z O + ]1) (Z O + ]1) Nk — 8) — o(k))e=0le!
+ (HY —EV 4 w(k) Y HY = EY +w(k —s5) Yok — s)(wk — s) — w(k))e
Since for all k with C; < |k| < Cy,
N
su HY —EV +w(k))™! Q, +1 0,
A relh) ™ (0 + 1) <

we have

IT(k = s)e™"1*1 = T(k)e || e

< (S ) e oth ) ot |+ Clle (e =)l
j=1

B(#



ENHANCED BINDING IT 681

for some constant C' > 0 depending on C and Cs. Note that

(S 1) e
j=1 ’

is compact. By Proposition 4.7 below, we have

N -1 2
(64)  lim Q1) etk —s) — v(k))” dk = 0.
520 J o <kl <Cs (J'—1 J ) B()
Next we see that
lim T (k = s)e= 1 = T(k)e™ 1|13 ) dk:

s—0 ‘k‘gcl

N 1\2 N[ 2 N(_1\2
< 21im ('A( k)l + X k+5)|2>dk§4/ AERE kl' dk,
520 Jik<cy \ |w(k)] |lw(—k + s)] w<c, w(k)

and the right-hand side above converges to zero as C7; — 0. Similarly,

(65) lim lim |IT(k — s)e™ 11 — T(k)e™ 11|13 ) dk = 0.

Co—00 5—0 ‘k|202
Therefore, by combining (64)—(65), we complete the proof. O

Proposition 4.7 ([Ger06, proof of Lemma 3.2]). Suppose RY > k — m(k) €
B(L*(RN)) is a weakly measurable map such that for all 0 < Cy < Ca,

Lo Im sy k< .
1<[k[<C2
and let R be a compact operator on L*(R). Then for all 0 < Cy < Cs,
lim |R(m(k — s) —m(k))|? dk = 0.
520 Jo <)<, B(L2(RIN))
Lemma 4.8. Let F € C5°(R?) be a cutoff function with 0 < F <1, F(s) =1 for
|s| <1/2, F(s) =0 for |s| > 1. Let Fr = Fr(—iVy) = F(—iVy/R). Then

(66) lim sup (®,,d'(1— Fgr)®P,) = 0.
R—o0 <okl

Proof. Tt is shown in [Ger00, proof of Proposition IV.3] that

lim [ |ja(k)®, — T(k)®,||% dk = 0.
o—0 R4
Then

(B, AT (1 — Fr)By) s = / Ty, (1= ER)T(R)®,) e di + 0{0”),
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where o(c") denotes a constant that converges to 0 as ¢ — 0. By the Cauchy—
Schwarz inequality the right-hand side above has the upper bound

67) Tl z2®e;Boey) - [I(1— FR)T(k)e_élx‘”L?(Rg;B(%)) 1”@, || + 0(a?).

Note that supy.,«1 ||€°*!®y]|» < oo for some § > 0 by assumption. By the
Fourier transformation, we have

(68)  ||(1— Fr)T(k)e 1! 1% e, By

:/Rd

< (2m)~° /Rd 1 (s)? - (1= 0_g/r)Te™"1V| L2 (ma. pre) ds.

2

dk
B()

(o) 2 [ ds F(s)(1 - 6y m)T(k)e 0
Rd

Notice that

[F(s)]? |

(1= 0_y/r)Te 1| L2 ra.peey < |F(s)]? - 2]\ /wl,

and the right-hand side above is integrable in s and independent of R. Moreover,
Lemma 4.6 implies that the last integrand in (68) converges to 0 as R — oo.
Therefore, by the Lebesgue dominated convergence theorem, (68) converges to 0
as R — oo, and hence (66) holds. O

Proposition 4.9. HY has a ground state.

Proof. The proof is parallel to that of [Ger00, Lemma IV.5]. From (1—T'(Fg))? <
dI'(1 — Fr) and Lemma 4.8, we have

(69) I(1 =T (Fr))®s|| < o(R%) + o(0”).

Let {on}, be a subsequence such that lim, . 0, = 0 and ® = w-lim, P, .
By Lemmas 4.5 and 3.8, and (69), for every € > 0 there exist Ry, Ag,no > 0 such
that for all R > Ry, Ao > A and n > ng,

(1= x(Ho < A)Ps,[| <&, [[(T=x(N<A)P, [l <,

1= x(IX] < A)®o, || <&, [[(1-T(Fr))Ps, | <,

where x(s < \) denotes the characteristic function of {s € R | s < A}. Note that
K = x(Hy < M)x(N < M)x(|X| < MIT'(Fr) is a compact operator. For all large
R, )\ > 0, we have

1] = [ K@f| = [[(1 - K)®[| > lim [[K®,, || —[|(1 - K)®]|

> liminf (|, || — [[(1— K)@,, )~ (1~ K)®] > 1~ 4e — [[(1 - K)].
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Clearly 1 — K strongly converges to 0 when R and A go to infinity. Since € > 0 is
arbitrary, we have ||®| = 1. Therefore H" has a normalized ground state ®. [

85. Essential spectrum

We state without proofs some general lemmas given in [HS08].

Lemma 5.1. Let K., € > 0, and K be self-adjoint operators on a Hilbert space K,
and oess(Ke) = [E,00). Suppose that lime_,o K. = K in the uniform resolvent
sense, and lim,_,0 & =&. Then oess(K) =€, 00). In particular, lim._,oinf oess(Ke)
= inf 0ess (K).

Lemma 5.2. Let A be the d-dimensional Laplacian. Assume that V(—A+41)~1/2
is a compact operator. Then there exists a sequence {V¢}eso such that V€ €

C(RY) and lim_o VE(=A 4+ 1)"Y2 = V(=A + 1)~'/2 uniformly.
Set

Ko(B) ==Y V=8 + > Vij, kv(B)=ho(B)+>_V;

JjEB ,JjEB Jjep
with V;, Vi; € L2 (R?) such that V;(—A+1)"%2 and V;;(—A+1)"'/2 are compact
operators. We define K = ky (Cy). Let
(70) Eyv = min {inf o(ko(B)) + inf o (kv (5))}
BCCN

=

be the lowest two-cluster threshold of K.

Lemma 5.3. There exist sequences {V}e,{Vj5}e € C°(RY), i,j = 1,...,N,
such that
(1) im 2y (e) =2y, (2) liminf oo (K (€)) = inf 0ess (K),

e—0 e—0

where Zy (€) (resp. K(¢)) is Ev (resp. K) with V; and Vi; replaced by V£ and V5,

respectively.

86. Functional integration and energy comparison inequality

In this Appendix we shall show Lemma 3.2 and Proposition 3.4 by functional
integration. To do so, we take a Schrodinger representation instead of the Fock
representation. We quickly review the former.

Let 2 = .#}(R%) be the set of real-valued Schwartz distributions on R%. The
boson Fock space .Z can be identified with L?(2, ) with some Gaussian measure p
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such that
E.[6(f)] =0, Eul6(f)é(9)] = 3(f.9)

for f,g € L3(R?). Then the scalar field operator in .# is unitarily equivalent to
the Gaussian random variable ¢(f) in L?(2):

| :
of)~ 75 [ (@R (=h) +alk) f(k)) dk

for f € L2(R%). Moreover H; can be unitarily transformed into a self-adjoint
operator in L?(2). We denote it by the same notation, H;.

Furthermore we need the Euclidean quantum field to construct the functional
integral representation of the one-parameter semigroup generated by the Nelson
Hamiltonian HY . Set 25 = .#%(R¥*1). Thus L?(2g, ug) is the L? space endowed
with a Gaussian measure such that

EME[¢E(F)] = O’ EME [¢E(F)¢E(G)] == %(F, G)LQ(Rd+1).

Let j; : L3(RY) — LZ(RI*1) be a family of isometries connecting L?*(2) and
L?(2p) which satisfies

]:Jt _ e—|t—s|w(—iV)
for all s,t € R. Let J; = I'(js) be the second quantization of js. Then J, : L?(2) —
L*(2g) is also a family of isometries such that J*J, = e~ *=sIft for all 5,¢ € R.
We identify 7 with the set of L2(2)-valued L? functions on R, fngilv L?(2)dX,

and HY can be expressed as

N e
(71) H, ® 1+ £*1® Hy + ko Y PN — x;))dX
j=1

RAN

in the Schrodinger representation.

Next we prepare a probabilistic description of the self-adjoint operator H,.
Let (X¢)is0 = (X4,..., X} )i>0 be the R¥_valued Lévy processes on a proba-
bility space (D, B, P¥) starting from x = 0 with characteristic function (34). Set
W(z1,...,zny) = Ej\;l V(z;). Then we have the Feynman-Kac formula

(fe g = [ BR[F(Xo)g(Xp)e WO,
RdN

tHY

The functional integral representation of e~ can be obtained in the same

way as the standard Nelson model. The only difference is the process associated

with the kinetic term. Instead of the Brownian motion the Lévy process (Xg )i>0

—tHY

is taken for e~t#" . The Feynman—Kac type formula for e is then given by
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(F, eftHvG)yf =

/ dzEg[e” Jo WX ds (10 P(X), e B(in Jo duz i (= Xo) dS)‘]KztG(Xt))Lz(QE)} :
RAN

Next we also consider the Feynman-Kac formula for exp(—te T HVe'T). Tt is
given by the composition of dN-dimensional Brownian motion (B},..., B )i>0
on a probability space (C,B, W*) and N independent subordinators (TtJ )t>0, j =
1,...,N,on (Q,,B,, 1) such that B;tj has the same distribution as th. Set By, =
(B

J
Tj)tzo,j:L,,,,N. We have
t

Proposition 6.1. Let F,G € 5. Then
(F, eite—iTHVeiT G) _ etEdiag / da E%\}OX# [67 fOt(WJrVCff')(BTS) ds
RAN

X (JOF(BTO)’ eim_l(bE(Kt)antG(BTt))L2(3E)]'

Here K; = Zj\;l fOTg Jeri-1y 5 Nj(- — BJ) o dB] denotes the L?(R™ ) -valued

Stratonovich integral and Jeri—1y, are some isometries defined by (th)tzo-

Proof. See [Hirl4, Theorem 3.15]. O

By using Proposition 6.1 we can compute the scaling limit of e=*7 HV ¢’ as

k — oo. Note that (Jo@, J.2; V) — (P, Pa®) as kK — oo for t # 0. Then by the
functional integral representation (Proposition 6.1) we immediately see that

e*lTHVezT

(72) lim (F,e™" G) = (F, e~ then—EBains) @ P Q).

KR—00

Since hé/ff has a ground state, this suggests that H" also has a ground state for
sufficiently large . This has been indeed proved in Section 3.
By functional integral representation we have an energy comparison bound.

Proposition 6.2. We have inf o(H") < inf a(hgﬂ) + Ediag-
Proof. By Proposition 6.1,
(et T G| < o (| B, e~ Pt 10| ).
Hence the proposition follows. O

In the same way as with Proposition 6.2 but for HY replaced by HY (3)
or H°(j3) we obtain

Proposition 6.3 (Lemma 3.2). We have

(73)  info(H(8)) < info(hfe(8) +>_ T Ih/val?,  #=0,V.

JjeB
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Next we prove Proposition 3.4. We can construct the functional integral rep-

resentation of e~t#s in much the same way as that of e=*#" . The only difference

is to replace 5\j with ;\j [w(k)>o-
Proposition 6.4. Proposition 3.4 holds.
Proof. Notice that ®, = e~t(¢” " H, e ~E)@ __ Then by Proposition 6.1,
®,(z) = et(EfYJrEd‘“g)E%\’,OXH [e” Jo West(Br,) dé‘(]ge*iﬁ_%E(Kt)Jﬁgtq)G(BTt)].
Thus it is straightforward to see by the Schwarz inequality that
@, (2)]|l# < et (ES +Ediag) (Efzx}oxu[e_z IN Weff(BTs)ds])l/zllq)U”%

Note that lim, o EY = EV. Then the proposition follows, since Br, has the same
distribution as X;. O

§7. The bound E(0) < E(P) and continuity of E(-)

We next consider a fiber decomposition of the translation invariant relativistic
Schrodinger operator H, = Z;V:l Qj + Veg in L2(R™Y).

For notational convenience and generalizations, we consider the Schrodinger
operator of the form H, = Z;'V:o Q; + v in LRV where

N
v=Y vl - a;),
3=0

and we assume that v is relativistic of Kato class. Let X; = (Xg)tzo, j=0,...,N,
be N + 1 independent Lévy processes with Ef [ei“'Xi] = ¢ %W and set X; =
(X7)i>0.j=1...n- Let Py = Z;V:o p; be the total momentum. Then H, commutes
with Pio, and so Hp = fﬂg k(P)dP, where k(P) is a self-adjoint operator on
L*(RN). Let E(P) = inf o(k(P)).

Theorem 7.1. (1) E(0) < E(P) for all P € RY.
(2) R? > P~ E(P) € R is continuous.

We shall prove this theorem by making use of a path integral representation.
Set 7 = (z0,x) € R? x RV, Let U = Fe®oSj=ips ; [2(RAN+D) 5 [2(RAN+D))
be a unitary operator, where I’ denotes the Fourier transformation with respect
to @, i.e., Ff(k,x) = (2m)~Y2 [ f(z,x)e""*20 dzg. We have

Uf)(k,x) = (27r)_d/2/ e_ik'”"f(ajo, x1 4+ Zoy ..., TN + Tg) dg.
Rd
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Thus we can directly see that (U Pyt U1 f)(k,x) = kf(k,x). Hence U diagonalizes
Py, and thus UH,U ™! = [L, k(P)dP. We have

(74) (f, e_thg)LQ(Rd(N+1)) — / dx Egco,X) [f(Xo)g(Xt)e_ I U(Xs)ds]_

RA(N+1)
We construct the Feynman-—Kac formula for (f, e_tk(P)g)L2(]RdN). Let v = 0. Then

N N
KP) = 00(P = 3 ps) + 2 05(p).

Since Eg)’x) [eiX?(szj‘vzl pj)} = e t0(P-2L, Pi) | we intuitively see that
X) (7w N 4X0(P=SN . ps
(f’eftk(P)g)LQ(RdN) _ /dN de%O, )[f(Xo)e X, (P ijlp_y)g(xt)]_
R

Note that e~ 255175 denotes a translation:
LiXO.SSN
(€7 X2 Pig)(Xy) = g(X) = X7, XP = X7).
The next proposition gives the Feynman—Kac formula with potential.

Proposition 7.2. Let F,G € L?>(R¥) and P € R?. Then

(75) (F,e_tk(P)G)L2(]RdN)

_ dx E%;,O’x) [F(Xo)e_ Jgv(Xs) dseiX?'(P—Zé\;l I)j)G(Xt)] )

RAN

Proof. Let ¢ € R?. First we see that
(76) (f7e_tH"eif'Pw“g)m(]Rd(NH)) = » apr eiglp(f(P%e_tk(P)g(P))H(RdNy
where

f(P) = (Uf)(P,x) = (21)~%? /Rd e (X 2+ X, .oy + X) dX,

and g(P) is given similarly. Now we set f = fs = p; ® F and g = ¢, = p, ® G,
where F,G € .Z(R3*M) and py(X) = (2ms) L exp(—|X|?/(2s)) is the heat kernel.
Note that fs — d(zo) ® F as s | 0. We have

lim | dPe“P(fy(P),e ™) g, (P)) L2 (mav)
SJ,O Rd

= (2m)"Y/? /}R dp (P, e P g, (P)) 2 gany.



688 F. HIROSHIMA AND I. SASAKI

The right-hand side above is the inverse Fourier transform of the function h : P >
(F, e~ g, (P)) 2 (av) and
(77) lim hP) = (F,e " )G 12 gan ) (2m) "2

On the other hand, the left-hand side of (76) can be represented by the Feynman-—
Kac formula:

(78) (va e_theiéngr)
— / dz B [f,(Xo)e o v X dsg (X0 e, XN +¢)].
RA(N+1)

Taking s | 0, we have

Z0,X — [tu(X,)ds
/ dr B [Fo(Xo)e o VX g (X0 e XN +¢)]
RA(N+1)

N E;O’O){ N dxF(x)e_ f(’t”(XSHO’X))dng(X?—&-f,th—l—f—i—a:l, o ,XtN—l-ﬁ—i—mN)}.
R

The right-hand side is a function of £. Its Fourier transform with respect to £ is
) [ / dx F(x)e I3 v(Xo+(0) ds
RAN

x (2m) /2 dée S Pg (XY 6, X 42y, XN +§—|—xN)].
Rd

Take r | 0. We have

R
RAN

><G(Xt1—Xto—i—xl,...,XtN—X?—i—xN)}

_ ]Eg)’x) [/ dxiF(Xo)e* Jo v(Xo)ds iX ) (P=320, p]')G(Xt)} .
RAN

Comparing (77) with the right-hand side above, we deduce the theorem for F, G
in .. By a limiting argument the theorem is valid for all f,g € L?(R%). O

Proof of Theorem 7.1. By Proposition 7.2 we have
(1) |(f.e""Pg)| < / A B f (Ko Jo v AR g () ).
Since ¢~ X175 g g shift operator,

e R g(Xy)| < e R g(X).

Hence |(f,e_tk(P)g)| < (|f|>€_tk(0)|g|), which yields (1).
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Next we show (2). By the Feynman-Kac formula it is immediate that
(F, (eftk(P) _ €7tk(Q))G)
0 —_ t 0 N X)P
= / dXE; ) {F(Xo)e_ Jo v(Xa)ds =i X305, b (2/ e dH) G(Xt)] .
RAN X?Q
Therefore

|(F, (e — em™M)G)|
IENG]

0,x 9 [t y(X.)ds1)\1/2

<P = Q| sup (B [|xPem2 I X o) 2,
x€RIN

Since v is relativistic of Kato class,

sup Eg},x) UX?|2672 Jo v(Xs) ds}

x€RIN t 1/2
< sup E%O’X)HX?\‘l]l/Q sup (]Eg)’x) [e_4f0 "(XS)ds]) / < 0.
x€RIN x€eRIN

Thus e~ () uniformly converges to e~**(@) as |P — Q| — 0, and (2) follows. [
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