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Abstract

We construct an isomorphism between moduli spaces of solutions of Nahm’s equations
over the circle and framed moduli spaces of locally free parabolic sheaves over P! x P*
through chainsaw quiver varieties.
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§0. Introduction

For anti-self-dual (ASD) connections over R*, the following relations are well
studied:

hyper-Kéahler quotients (i) symplectic + GIT quotients

{(A,B,i,5)} ] U(n) {(4,B,i,j)} | GL(n)

(0.1) (1)1 OV{

framed moduli spaces of (iif) framed moduli spaces of
ASD connections over R* locally free sheaves on P?

Here the arrow «+— means that there exists an isomorphism under some conditions.
The relation (i) was obtained by Atiyah—Drinfeld-Hitchin—Manin, and is called the
ADHM construction [ADHM]. Today, this relation is regarded as an example of
ADHMN constructions. The relation (ii) follows from the general theory relating
a hyper-Kahler quotient on the one hand, and a holomorphic symplectic quotient
and a geometric invariant theory quotient on the other. This theory was studied by
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Kempf-Ness, Kirwan, and others [KeN, MFK]. The relation (iv) was constructed
by Barth and Hulek [Bar, Hul], and the relation (iii) by Donaldson [D1] through
(i), (ii) and (iv). The relations (i), (ii) and (iv) also appear in Nakajima’s lecture
notes [Nak3].

These relations among four spaces were also studied in other situations. For
example, for ASD connections over ALE spaces, the relations (i) and (iv) were
obtained by Kronheimer—Nakajima [KrN], and the relation (ii) also follows from
the general theory. In this case, both sides of (ii) are known as quiver varieties
and are well studied [Nak2]. Moreover, Bando [Ban| gave a direct analytic proof
for (iil), and (iv) was extended to torsion free sheaves by Nakajima [Nak4].

In this paper, we focus on monopoles (R-invariant ASD connections over R*)
and calorons (ASD connections over R? x S1). As analogues of the relations (0.1),
the following relations are studied:

moduli spaces of solutions of (x)=(2)o(4)
Nahm'’s equations on the interval

(0.2) (DI N (4{

moduli spaces of monopoles (3) framed moduli spaces of locally
—
P p free parabolic sheaves on P!

handsaw quiver varieties

moduli spaces of solutions of (%) . . ..
) . - === - chainsaw quiver varieties
Nahm’s equations on S

s (6)
0.3) (5{ Nl (S)I

Y
moduli spaces of calorons < — m 5 framed moduli spaces of locally
P free parabolic sheaves on P! x P!

In fact, the relations (0.2) are obtained as special cases of (0.3). The arrow + — — »
means that the relation was only conjectured, for example in [CH1, CH2].

First we review the relations (0.2). For SU(2)-monopoles, the relation (1) was
obtained by Nahm, Hitchin and Nakajima [Nah, Hi, Nakl]. This relation is the
first example of ADHMN constructions. The relation (2) was given by Donaldson
[D2], and (4) by Strgmme [S]. For SU(N)-monopoles, the relation (1) was shown
by Hurtubise-Murray [HurM], (2) by Hurtubise [Hur], and (4) by Finkelberg—
Rybnikov and Nakajima [FR, Nak5]. Finally, the relation (3) was studied by Jarvis
171, J2.

Now we consider the relation (x). This relation is obtained as the composite
of (2) and (4) as mentioned in (0.2), but we did not find its direct description
anywhere. Hence we first construct (x) explicitly. On the other hand, we can also
regard (2) as the composite of (x) and (4).
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On the basis of these results, we next review the relations (0.3). The re-
lation (5) was studied by Nye, Nye-Singer and Charbonneau—Hurtubise [Ny,
NyS, CH1], as an example of ADHMN constructions. Furthermore Charbonneau—
Hurtubise constructed (6) for rank 2 parabolic sheaves and suggested (7) [CH2].
This suggestion is supported by (3). The relation (8) was shown for torsion
free parabolic sheaves by Finkelberg—Rybnikov and Braverman-Finkelberg [FR,
BF].

The goal of this paper is to construct the relation (6) for general rank locally
free parabolic sheaves.

Theorem 0.4. The moduli space of solutions of Nahm’s equations over the circle
with rank (mg,mq,...,my_1) is isomorphic to the framed moduli space of locally
free parabolic sheaves over P x P! of rank N and degree (mq,m1,...,myx_1).

We think that this approach can be generalized to the case of bow varieties
describing instantons on ALF spaces by Cherkis [C].

We will prove Theorem 0.4 by composing the relations (xx) and (8). Here, we
give (x*) in the same way as (), and we construct (8) as monads.

We remark that (x) and (x*) can be regarded as analogues of (ii), but
do not directly follow from the general theory. This is because the moduli
spaces of solutions of Nahm’s equations are considered as hyper-Kahler quo-
tients, but in infinite-dimensional settings. Thus it becomes important to exam-
ine the stability conditions for the corresponding handsaw or chainsaw quiver
varieties.

For (8), Finkelberg—Rybnikov and Braverman—Finkelberg constructed torsion
free parabolic sheaves by using Biswas’ method of constructing parabolic sheaves
over orbifolds [Bis]. In more detail, they gave one sheaf (as opposed to a parabolic
sheaf) on a variety Y as a monad; then Biswas’ method leads to the corresponding
parabolic sheaf on Y/I". On the other hand, we try to construct all sheaves of
a parabolic sheaf as monads, as in [Nakb]. This approach also appears in [CH2].
Thus we give the relation (8) for locally free parabolic sheaves as N 4+ 1 mon-
ads and check that it can also be obtained for torsion free parabolic sheaves in
the same way. This becomes another proof of Braverman-Finkelberg-Rybnikov’s
theorem.

This paper is organized as follows. In §1, we recall Nahm’s equations according
to [Hur, Bie2]. In §2, we describe the relation (x) explicitly. In §3, we give the
relation (#x); this is the first part of the proof of the main theorem. In §4, we
construct the relation (8); this is the second part of the proof of the main theorem.
In §5, we study a relation between (0.2) and (0.3), especially the relations (4)
and (8).
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81. Preliminaries
§1.1. Nahm’s equations

In this subsection we define My (Z;n,m) as the moduli space of solutions of

Nahm'’s equations over the interval Z. Here n and m are nonnegative integers

such that m < n. The proofs of the theorems stated in this subsection are given in

[Hur, Bie2, D2]. In particular, Myx(Z;n,m) is denoted by Fy,(n —m;|Z|) in [Bie2].
Set T = {0 < s < 1} and define oy, € su(2) as

o 0:1\/—1 0 _Llfo 1 _1r0 V=1
o= Tl o —yv=1) TP 2\c1 o) TP o\y=1 o )

Let p be the unitary representation of su(2) which is the direct sum of the (n—m)-
dimensional trivial representation and the standard m-dimensional irreducible rep-
resentation, that is, p = 0y @ irry, : su(2) — u(n). We define
H = {(To, Ty, T2, T3) € T(Z,u(n)) @ H | Ty, — p(ow)/s € L3(Z,u(n))},
Goo = {u € L3(T,U(n)) | u(0) = u(1) = id},
Go. = {u € LI(T,U(n)) | u(0) = id},

u(0) € (U(no_ m) ic?m) }

We can regard H as having an infinite-dimensional hyper-Kéahler structure induced
by the quaternions H. Further, G acts on H as follows:

Gow := {u € L3(Z,U(n))

d
w- (To, 11, To, T3) = <uT0u_1 — duu_l,uTlu_l,uTgu_l,uTgu_1>.
s

Definition 1.1. We consider the following ordinary differential equations

(Nahm’s equations)
LT+ [T, Th) + [T2, T3] =

0,

LTy + [Ty, To] + [T3,T1) = 0,
LTy + [Ty, T3] + [Th, T») = 0.

We denote the left hand sides by uy, py and px respectively.

These equations are preserved by the Ggg-action, and p = (pr, o, i) 18
regarded as the hyper-Kahler moment map of this action. Therefore, we define

MN(Z;n,m) = H [y Goo = 17 (0) N 7 (0) N i (0)/Goo.

Here “N” means Nahm. A representative (T, T1,T%,T5) of Mn(Z;n,m) has a
single pole at the left end of Z and is regular at the right end of Z. We write
Mn(Z;n,m) for the moduli space of solutions of Nahm’s equations with a pole at
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the right end of Z and regular at the left end of Z. My (Z;n,m) and Mx(Z;n,m)
correspond to each other under the transformation s — —s. One can change
the length of the interval, but the differential structure of My(Z;n,m) does not
depend on the length of 7.

Furthermore U(n—m) and U(n) act on My (Z; n, m) through the isomorphism
U(n—m)xU(n) = G../Goo, and the actions preserve the hyper-Kéhler structure.
The moment map of this action is given by

woT,(0) for the U(n — m)-action,
(1.2) e =

—Ty(1)  for the U(n)-action,

where 7: u(n) — u(n —m) is the natural projection.
We pick one complex structure of the hyper-Kéhler structure and we set

o= %(To +V-1T1), B:= %(Tz +V-1T3),

v—1 1
a:= Tp(ol)v b= §P(U2+ V—los),

soa—a/s,—b/s € L3(Z,gl(n)). By using these, Nahm’s equations can be written
as

pie = gy + V=1 px = %5+2[0@ﬁ] =0,
pr =V —1pu; = (%(oz—ka*) +2([o, @*] + [B, 57]) = 0.

Let ggo be the complexification of Gyg. It acts on H as follows:

2 ds

This action preserves only the equation puc = 0.

g (o, ) = (gag‘l 1 dgg_lagﬂg_l)

Theorem 1.3 ([D2], [Hur, Theorem 2.18]). For any p € ugz'(0), G§ - p meets
pr = 0, and G5 - p N ,ulgl(O) consists of exactly one Gog-orbit. In particular,
Mx(Z;n,m) is isomorphic to ug'(0)/GS,. Furthermore, by using the G§, -action,
Mnx(Z;n,m) has the normal form given below.

Now, we describe uc'(0)/GS, as the normal form. By the assumption on p,

we can assume a and b are given by a = (0"6’" aO ) and b = (O"am bO ), where
—(m—-1)/4 0 0 0 ... 0

—(m —3)/4 1 0 ... 0

A = . , by =
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We can take u € G§, (u(0) = id) which satisfies

d—u——2 ua — &
ds s )

Then « and 8 are described by means of the following form (called Hurtubise’s
normal form [Hur, Proposition 1.15]):

0 e
u-(a,f) = o sm=1/2f 0 s™Leg . e(s) = o ,
0 s7Hid,, 1 e(s) . mflz

where h € M(n — m,n — m;C), g € M(n —m,1;C), f € M(1,n — m;C) and
e € C. It is easy to check the above u - (o, ) satisfies uc = 0. Set

h 0 g h E d n—m (Cn—m
Xmm)=1 (5 o &) ecEnacr|"EEUCTT) g€ C .
0idm—1 € fe((cn m),€€(cm L ep€C

Clearly, X (n,m) is an {(n —m)? + 2n — m}-dimensional vector space. Therefore,
we have the following isomorphism:

(14)  nc'(0)/Goy — GL(n) x X(n,m),  [(a(s), B(s))] = (u(1), (u- B)(1)).
Here we have identified G, /G, with GL(n).

Remark 1.5. We can see that X (n, m) above is the transversal slice for the nilpo-
tent orbit of b. See also [Biel, Theorem 1].

1t (0)/GS and GL(n) x X (n,m) have a holomorphic symplectic structure
induced by the hyper-Kahler structure of Mx(Z;n, m). GL(n—m) and GL(n) act
on GL(n) x X (n,m) through the above isomorphism and GL(n —m) x GL(n) =
Gt/ ggm preserving the holomorphic symplectic structure. These actions are ex-
plicitly described as

(1.6) (91792)-(%77):((91(_)1 i(?m)“%l’(g()l i;m)n<ggl i£m>)

for (g1,92) € GL(n —m) x GL(n) and (u,n) € GL(n) x X(n,m). These actions
have moment maps
w(n) = h, for the GL(n — m)-action,
1.7 = hoOg
.7 : —u~t (f 0 e0> u for the GL(n)-action.
0id e

These moment maps are induced by (1.2), in fact, we have

©(5(0) = m(u(0)~'n(0)u(0)) = h, A1) =u(1) " n(1)u(l) = u” " nu.
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82. Nahm’s equations over the interval and a handsaw quiver

In this section, we first review the moduli space of solutions of Nahm’s equations
on the interval with rank 7. Then we recall a handsaw quiver variety, and describe
a relation between these two spaces.

§2.1. Nahm’s equations over the interval

We select m = (mq,...,mn_1) € Zgév_l and [y < --- <. Then define 7/ =
{(lk—l + lk)/Q <s< lk} and Z;” = {lk <s< (I + lk+1)/2}.
s=1 mi lo mo l3 lN—l My —1 lN
[ QS N I S N e U et QT S N { QSN I ]
" I, I7 Iy Yy Iy

We construct the moduli space of solutions of Nahm'’s equations over 7, UI,;" with
rank (mg_1, mg) as a O-parameter hyper-K&hler quotient:
MN (T, UTF s me—1,my)

MN(Z; s mp—1, mp—1 — my,) X MN(I,j;mk,O) Mo U(my)
when myg_1 > my,
M (T, 3mu, 0) X MN(ZE3my, 0) x C™ x (C™)* ) U(my)
when my_1 = my,
MnN(Z; s me—1,0) x MN(I;;mk,mk —mi—1) /o U(mi—1)

when myg_1 < my,

where U(my,) acts on C™* x (C™*)* as (v,w) — (gv,wg™1).
By using these moduli spaces, we define the moduli space of solutions of
Nahm’s equations over the interval (I1,ly) with rank m as follows:

N N-1
M (1, 1y )i, N) o= [ Mn(Z; uz,j;mk_l,mk)///o I vem),
k=1 k=1

where we regard mg = my = 0 and Z; = Iy = 0. In [Bie2],
the spaces Mn(Z, U I,j;mk,hmk) and Mn((l1,Ix);m, N) are denoted by
Frne 1mi (17 15 1Z,7) and F, (i) respectively.

Remark 2.1. Mx(Z,; UI,;";mk_l,mk) and My ((l1,Ix);m, N) are defined as
0-parameter hyper-Kahler quotients, but indeed these moduli spaces do not depend
on their parameters (see also [T, Remarks 2.5 and 4.5]).

The relations (1) and (2) of (0.2) in the Introduction are written as follows.

Theorem 2.2 ([HurM]). The moduli space of SU(N)-monopoles of charge m with
mazximal symmetry breaking is isomorphic to Mn((l1,1x);m, N).
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Theorem 2.3 ([Hur]). The moduli space of degree 1 based rational maps from P!
to the rank N full flag variety is isomorphic to M ((l1,In);m, N).

Now we study M (Z, UI:; mg—1, mg) and My ((l1,ln); m, N) in more detail.

Proposition 2.4 ([Hur, Theorem 2.22]). These spaces can be constructed as

holomorphic symplectic quotients:

Mn(Z,; UI,‘:;mk,l,mk)
Mn(Z s mp—1, Mpe—1 — my) X Mn(ZF3mu, 0) /) GL(my,)
when mp_1 > my,
Mn(Z; 5, 0) X Mu(ZF 5 my, 0) x €™ x (C™F)* J/ GL(my,)
when mg_1 = my,
MN(I,;;mk,l,O) X MN(I,j;mk,mk —my_1) )| GL(my_1)
when mp_1 < my,

I

N N-1
Mu((bs I s, N) = T Mu(Z; uz,j;mk,l,mk)// 1 GLemw).
k=1 k=1

This proposition can also be obtained by using the argument in [T, proof of
Proposition 4.7]. We can write a representative of a point of My ((l1,In);m, N)
as (a(s), B(s)), which is defined on the whole (I1,Ix). Let (ax(s), Br(s)) be the re-
striction of (a(s), B(s)) onto Z,  UZ,". Then (au(s), Bk(s)) becomes a representative
of a point of My (Z, UI,j;mk,l,mk).

We give an explicit description of My (Z, UI,j; mg—1,my) by using Proposi-
tion 2.4 and (1.4).

mg—1 Ik mg mg—1 Ik mg
PR SN ENENEN NN NN N NN <> PR S NN NN LN NENENYS
(ak(s)»ﬁk(s)) (U;:JI;:) (“2—,77;:—)

When my_1 > my, we have

MN(IIc_ UI,j;mk_l,mk)
= GL(mk_l) X X(mk_l,mk_l — mk) X GL(mk) X X(mk,O) // GL(mk)

hi 0 gy
= 3 o | s 0o |l ) | <k 4t =00 ) GLmy)
id e
he 0 gx
Ups | Fe O o & GL(my—1) X X(mg—1, mp—1 — my,).
0 id ey

In the same way, we get

[}
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Mn(Z,; UI;';mk_l,mk)
{GL(mkl) X X (mg—1,0) x C™ x (C™&)*  when my_1 = my,

GL(my) x X(mg, mg — mg_1) when my_1 < my.

>~

These statements mean that a representative (aj(s),fr(s)) of a point of
Mn(Z,; UI:; mk—_1, Mmy) can be described as

ke 0 9 l +1
(ug )1 | fo 0 eqy |uy for s = =iTE
k k 0,k k 2 3
when my_1 > mg, Bi(s) = 0 id e
_ L+l
hy, for I, < s < %,
T T for s = =ttle
_ _ ) Uk T Uy =3 >
when my_1 =mg, Br(s) =9 ° Lt lisn
M, — VpWk for I < s < =57+,
Lj_1+1
h;r for le” < s <,
_ R0 gf
when mg_1 <myg, Bi(s) = k 0 g .
()t #Foed, |uf  for s = L
0 id ef

Corollary 2.5. Mx(Z, U Ilj;mk,l,mk) and Mx((l1,In);m, N) are smooth
manifolds, and their dimensions are given by

dime Mn(Z,, UI,j;mk,hmk) = mi71 +mp_1 + mi + my,
N-1
dime My ((l1, In); 770, N) = > 2my..
k=1

Proof. We check that the stabilizer group of each point of both spaces is triv-
ial. For MN(I,; U I,j;mk,hmk), this was checked in the above argument. For
Mn((l1,In);m, N), it will be shown in Corollary 2.16. Then the dimensions are
easily calculated. O

Remark 2.6. When we connect My (Z;, UZ;"; my_1,my)s linearly as in this sub-
section, their stabilizer groups are actually trivial. However, if we connect them
circularly, their stabilizer groups may not be trivial. See also the comments fol-
lowing Theorem 3.2.

§2.2. Handsaw quiver variety

Choose m = (my,...,mny_1) € Zg}v*l. We consider the following diagram:
%1 Va VN_2 V-1

NN NN

Wi Wo Ws Wn_2 Wn-1 Wn
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Here V}, is an myg-dimensional vector space and W}, is a 1-dimensional vector space.
Set

=2

—1 N-2
My (7, N) := €D End Vi © @5 Hom(Vi, Vis1)
1 k=1

>
Il

N-1

@ @Hom Wi, Vi) ® @ Hom(Vi,, Wi41),
k=1

k=1
N-1
Gu(m, N) := [] GL(V&)
k=1
Here “h” means a handsaw quiver. G;, acts on M, as

(g9) - (A, Biy ik, jk) = (96 Akgy " ge+1Bray s Grins jugr '),

where (Ak, By, i, jk) € EndV, EBHOm(Vk, Vk—H) EBHOm(Wk, Vk) EBHOm(Vk, Wk+1)
and g € GL(V). We define maps py: My — Hom(Vy, Viyy) for k=1,...,N —1

as
pi(A, B,i, j) = App1 By — BrAg + g1 -

Note that ux(g - (A, B,i,7)) = nguk(A,B,i,j)g,;l. We write a set of subspaces

{(S1,...,Sn=1) | Sk € Vi} as (S1,...,Sv-1) C (V1,...,VN_1). We consider the

following stability conditions:

(H-S1) for a set of subspaces (S1,...,Sv-1) € (V1,...,VN_1), if Ax(Sk) C Sk,
Bk(Sk) C Sk+1, and Kerjk D) Sk, then S = 0.

(H-S2) for a set of subspaces (T4,...,Tn—1) C (V1,...,VNn_1), if Ax(Tx) C Tk,
Bk(Tk) C Tyt1, and Imiy C T}, then Tj, = V.

Then we define a handsaw quiver variety My (m, N) as
{AB,Z,] muk ‘ (A, B,i,j) satisfies (H-S1) and (H-S2) }/gth)

We recall the properties of a handsaw quiver variety. See also [Nak5], where
M, (m, N) is denoted by £, (v, w) with v =m and w = (1,...,1).

Theorem 2.7 ([FR, Nak5]). The handsaw quiver variety My(m, N) is isomor-
phic to the moduli space of degree m based rational maps from P! to the rank N
full flag variety.

This theorem corresponds to the relation (4) of (0.2).

Remark 2.8. In fact, the moduli space of based rational maps from P! to the
full flag variety is an open subvariety of the framed moduli space of locally free
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parabolic sheaves on P*. The relation between these two spaces and handsaw quiver
varieties is given in [Nak5, §3] and mentioned in §5 of this paper.

Proposition 2.9. All Gy-orbits in My(m,N) are closed and their stabilizer
groups are trivial.

Proof. The stability conditions (H-S1) and (H-S2) coincide with King’s stability
condition [Kin|. Hence the assertion follows from geometric invariant theory. [

Lemma 2.10. The differential of py is surjective if (A, B,i,j) € (g ' (0) satis-
fies (H-S1) or (H-S2).

Proof. The cokernel of the differential of uy is given by
{€ € Hom(Vi11, Vi) | Bk€ = 0, §Ag+1 = Ak&, B = 0, jx€ = 0, ig1 = 0}

pr, = 0 means that Ker By N Ker ji, is Ag-invariant, thus is zero by (H-S1). Now ¢
satisfies Im ¢ C Ker By N Ker ji =0, so £ = 0.

In the same way, (H-S2) means that Im By, U Im i1 = Viy1, so & = 0 again
from Im B, UImigy; C Keré. O

Thus My, (1, N) is a smooth variety, and its dimension is given by

In the following two subsections, we prove the following theorem without using
Theorems 2.3 and 2.7 (cf. (%) in (0.2)):

Theorem 2.11. Mn((l1,in);m, N) and My (i, N) are isomorphic as varieties.
In particular, we have
Corollary 2.12. My(m, N) has a hyper-Kdhler structure.

Remark 2.13. The point of our proof is to characterize Hurtubise’s normal form
by stability conditions. When N = 2, Theorem 2.11 is proved by Donaldson [D2,
Proposition (3.1)] in this sense.

§2.3. From solutions of Nahm’s equations to handsaw quiver varieties

In this subsection, we give a correspondence from Mn((l1,Ix);7, N) to
My, (11, N). First, we consider a piecewise correspondence from My(Z, U Z;;
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mk_l,mk) to {(Ak—la Bk‘,—17Ak‘7ik’7jk'—1)} C M. Then we check that H GL(Vk)—
orbits in My ((I1,In);m, N) correspond to Gp-orbits in My, (m, N).

Ap_1
s & m QBM@
2 — Vi ——— Vi

Be((le—1 + 1x)/2) Br((lk + lk+1)/2) \ /

View (a(s), B(s)) as [(a(s),B(s))] € Mnx((l,Iy);m, N). We define (Ag_1, Ar) :=
Be((le=1 + 1£)/2), B (I + lg+1)/2)). By using the description of My(Z, U
I,j'; mg—1, My) given in §2.1, we obtain the next proposition.

Proposition 2.14. For each k, set
(Ag—1, Br—1, Ag, i, ju—1)
Ry 0 gj
(ug) M| £ 0eon | uy, (id 0 0)uy, fyy g, (00 D)uy
0 id ej
when mg_1 > my,
= ((ulz)_lnlzulzvu;7nlz - Ukwlmv/mwku]:) when mpr—1 = Mk,

by [ +y—1 he 0 o 4ot [ +
hofs (u )™ o ), (uy)™ K0 egy Jug (ug) T =S
0 0 id e: 0

when mp_1 < mg.

Then the [[ GL(Vy)-orbit of (a(s), B(s)) corresponds to the Gy-orbit of (A, B,1,j).
Moreover (A, B,i,j) satisfies p = 0 and the stability conditions (H-S1) and (H-S2).

Proof. When my_1 > my, we recall

hy 0 gp
Mn(Z,; UI,;";mk_l,mk) = u, | fe 0 egu )
0 id ey

Then (gx—1,9x) € GL(Vi—1) x GL(V}) acts as follows (cf. (1.6)):

—1
(Wi s hig 9k 5 fi s eon )= ((gg 21) W Gt1s Ikhy 9 9k o S 9 e ek)-
Hence
(Ag—1, Br—1, Ak, i, ju—1)
= (Gh—1Ak—105 1 9k Br—195 1> Ok ARGy Gkiks Th—1051)-
When my_1 < my, we can check this in the same way. Thus we conclude that the
[T GL(Vy)-orbit of (a(s), 3(s)) corresponds to the Gy-orbit of (A, B, 4, j).
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We now check g = 0 and conditions (H-S1) and (H-S2). By using the G-
action, when we only deal with terms involved in Vi_1, Wi and Vi, we can rewrite
(Ak—lv Bk—h Ak7 ik)v jk‘—l) as

(2.15)  (Ap—1, Br—1, Ak, ik, jr—1)

hk 0 dk
fe 0 eor |,(id 00),hg, gk, (00 1) when my_1 > my,

0 id €k
= 9 (hg,id, by, — viwg, vy, W) when my_1 = my,

id hr 0 gk 0
hi, | o ), fe0en |, 1 ],—fk when mg_1 < my.
0 0 id ey 0

Thus for each k, it is easy to check pg—1(A, B,i,j) = AxBr—1 — Br—14k-1 +
ikjr—1 = 0.

We now show that conditions (H-S1) and (H-S2) are satisfied. First we check
(H-S1). Let (S1,...,Sn—1) be a set of subspaces which is preserved by A and B,
and included in Ker j. We consider Vy_; and Wy, and use the description (2.15).
Then we get

0 . .
Ayv-1=1. co.N , jn-1=(01), By_1=Any=in=0,
ldmN_l—l eN

and Sy_1 C Ker(jN,lAf‘Vil) for any \ € Z>o. But

jN_lAN_lz(OO 001*), ,jN—lA?\/'_lz(OO - 01 % *),
e jN_lAX,”iIl_lz(l K oooe ok Kk k),
SO SN—l =0.

Suppose that S = 0 and consider Vi_1, Wj and V. When my_1 < myg, we
get Sk_1 = 0 because By_1 is injective. When my_1 > my, we get

0 he 0 gk
KerBy_1 D Sip_1 = * R A1 =\ fr 0 eon s Jk—1 = (0 0 1).
* 0 id eg

By the same argument as above, S;_; = 0 follows from S;_1 C Ker(jk,lAﬁ_l).
Thus Sk = 0 for any k.

Next we check (H-S2). Let (T1,...,Tn-1) be a set of subspaces which is
preserved by A and B, and includes Imi. For Wy and V;, we have

0 €0.1 . 1 .
A = ’ = A = B = = O
1 <1d el ) ) 41 (O) ) 0 0 Jo ’

and (i1, Ayiq,. .. ,A;nl*lzi) = V1. This means T7 = V.
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Suppose that Tp_1 = Vi—1. When my_1 > my, we get T, = Vi, because By_1
is surjective. When my_1 < my, we get

x hi 0 gi 0
Ty O Br—1(Th—1) = 0 v A= f0enr |, dp=[1].
0 0 id ey 0

So Ty, D (i, Akig, - .. ,Azlk_mk’l_liw = {(2)} and T), = V},. Thus we conclude
Ty =V}, for any k. O

Corollary 2.16. Mx((l1,In);m, N) is smooth.

Proof. By the proof of Proposition 2.14, we can check that points of a [[ GL(Vy)-
orbit in Mn((l1,Ix); M, N) are bijectively mapped to points of the corresponding
Gn-orbit in My, (i, N). Thus Proposition 2.9 means that all stabilizer groups of
[T GL(Vy)-orbits in My ((l1,Iln); M, N) are trivial. O

In this way, we obtain a map from My((l1,In); 7, N) to My(m, N).

Remark 2.17. (i) For [(a,8)] € Mn((l1,ln);71, N), we can regard a as the
connection for the endomorphism 3, and the equation uc = df/ds + 2[a, ] = 0
means the parallel transportation of § by «. Thus, for [(4, B,i,j)] € Myu(m, N),
the equation pg_1 = AxBr_1 — Br_1A4k_1 + ixjr—1 = 0 can be interpreted as the
parallel transportation from Ay 1 to Ay by Bj_1 because of Proposition 2.14.

(ii) The correspondence given in Proposition 2.14 links some conditions for
Nahm’s equations and the stability conditions (H-S1) and (H-S2). That is, (H-S1)
forbids the existence of subsolutions of Nahm’s equations, and this is related to the
irreducibility of the representation of the residue at s =l in the interval (I1,ly).
In the same way, (H-S2) forbids the existence of quotient solutions of Nahm’s
equations.

§2.4. From handsaw quiver varieties to solutions to Nahm’s equations

We prove existence of the inverse map. That is, for [(A, B,1,j)] € My(m, N), it
is enough to show that for each k, (Ax—1, Bx—1, Ak, ik, jk—1) has the description
given in (2.15).

For a later purpose, we consider the following conditions:

(S1) for each k, if a subspace Sy C Vi satisfies Ax(Sk) C Sk and Si C Ker B N
Kerjk, then Sk = 0.

(S2) for each k, if a subspace T}, C Vj, satisfies Ay (Tx) C T} and T}, D Im By U
Im iy, then Ty = V.
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It is clear that for a point (A4, B,1,j), these conditions are satisfied if (H-S1) and
(H-S2) are. In this subsection, we construct the inverse map by using (S1) and
(S2) instead of (H-S1) and (H-S2).

View (4, B,1,j) as [(4, B, i,7)] € My(m, N).

Lemma 2.18. By has full rank for any k.

Proof. We write a pairing of a vector space V and its dual space V* as (—, —)y.
Suppose By, is not full rank. Then we can take both 0 # x € Ker B, and 0 # y €
Ker'B, C V;*, ;. Then we have

0 = ((Ar41Br — BrAg + i5156) T Y)Viry = (@ it 1Y) Wiy s -

This means either Ker By, C Ker j, or Ker !By, C Ker %1, because dim Wy, = 1.
In the former case, By Az = 0, so Ker By, is Ap-invariant and contained in
Ker ji. We can use (S1) for S, = Ker By, so Ker By, = 0. This contradicts = # 0.
In the latter case, Ker ‘By, is 'Ajy1-invariant and (Imiy 1, KerBy) = 0. Set
Tir1 = {v € Vis1 | (v,Ker'Bg) = 0}. Then, since T satisfies the assumption
of (S2), we have Ty41 = Vi41 and Ker ‘By, = 0. This contradicts y # 0.
Thus either Ker B, = 0 or Coker By, = 0. O

We show (Ag_1, Brx—1, Ak, ik, jr—1) is as described in (2.15) for a certain basis.
We consider three cases depending on the relation between my_1 and my.

(i) In the case of mg_; > my, Lemma 2.18 means Bj_; is surjective and
dimKer By_1 = my_1 — mg. We determine a basis of the subspace Ker By_1 C
Vi—1. Recall that Ax_1: Ker By_1 N Kerjy_1 — Ker Bx_1 from pr_1 = 0, and
A1 is injective on Ker By_1 N Ker ji_1 because of (S1).

We define a filtration of the vector space Ker By_1,

0C -+ CUg-1,2 CUk_1,1 CUg—1,0 = Ker By_1,

where Ug_1, = Ker By_1 NKerjg_1 N---N Ker(jk,lAZ:i) for k > 1. The in-
clusions are naturally induced by Ug_1 x+1 = Ug—1, N Ker(jr—1A45_;) = Up—1,x-
Notice that A;_; also induces injections Ax_1: Ur—1,5+1 = Uk—1,, but in gen-
eral, Ap_1(Uk—1,x+1) does not coincide with Uy_1 41 in Ux_y . Here, we have
dimUg—1,/ Uk—1,541 < 1 from Ug_1 w41 = Ug—1, NKer(jr—147_,;) and dim Wy
=1. And if dim Uy_1 4 /Uk—1,x+1 = 0 for some &, then Ap_1(Uk—1,44+1) C Up—1,x =
Uk-1,k+1- This means Uy_1 .41 satisfies the assumption of (S1), hence we have
Uk—1,k+1 = Ux—1, = 0. Thus the above filtration is as follows:

0=Uk—t,mp_r—mr S Uk—t1,mp_1=mp—1 S - S Uk_1,1 € Ug—1,0 = Ker By_1,
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where dim U1 ,, = mg—1 —my — k. Furthermore, Uy, _; ,, decomposes as Up_1 ,, =
Ak—1(Ug=1,541) ® Ug—1,my_,—my—1, because if there exists v € Ug_1 41 such
that Ax—1v € Ug—1,my_1—mue—1, then v € Ug_im, ;—m, by definition, but
Uk—1,my_1—my = 0. Thus we have the following lemma:

Lemma 2.19. Ker Bi_1 decomposes as

Ker Bk}*l = Uk*l,mkflfmkfl @ Ak—l(Uk—l,mk,l—mk—l)

mkfl—mk—l

@.”@Ak—l (kalymkflfmkfl)a
and jk71|Keer,1 18 (O, ey O, 1).

Set U’ := Kerjr_1 NKerjr_1Axg_1N---N Ker(jk_l AZz_kl_limkil) C Vi_1.
Then Vi1 = U’ @ Ker Bg—; from dimU’" > my_1 — (mg—1 — mx) = my and
U' NKerBy_1 = Uk—1,my_,—m; = 0. Thus we have a decomposition

Vie1 = U @ Up—1,mp 1—mp—1 D A1 (Uk—1,mp_1—mp—1)

mk_lfmkfl

@ et @ Ak,]_ (Uk—l,mk71—7nk—1)'

By identifying V}, as U’, we can describe Ag_1, Br_1 and jp_1 as

) hi 0 gk )
(Ag—1,Bi—1,dk—1) = | | f» 0 eox | ,(id 00),(001) ],

0 id eg

and by pg—1 = AgBrx—1 — Bx—1Ar_1 + ixjr—1 = 0, we get Ap = hy and iy = gy.
(i) In the case of my_1; = my, Lemma 2.18 means Bjy_; is an isomorphism,
so we can write Bry_1 = id: Vy_1 — Vi. Then from ui_; = 0, we have Ay =
Ag—1 = igJr—1-
(iii) In the case of my_1 < my, Lemma 2.18 means Bj_; is injective and
dimKer'By_1 = my, — my_1. We can use Lemma 2.19 for (‘A ‘By_1, 'ix) because
of (52), so we have

t _ * t *
Ker Bk_l - Uk,mk—mk,1—1 @ Ak(Uk,mk—mkfl—l)
tgmEe—MmE—1—1 7%
DD Ak (Uk,mk—mk,l—l)’

where Uy, .,y = Ker'By_1 NKer iy N Ker i} A N - - NKer tiktAZLk_mkfl_z
vy

Fix 0 # w € Uy, .., and take v € Tmij, such that (v, tAZZ’“_m’“’l_lw>
= 1. Then we can check that (Ker'By_1)* = Cv & C(Ayv) & - @ C(A" ™ 1v).
Thus we have a decomposition

M —Mk—1 -

Vi =ImBy_4 @Imzk@ImAkzk@@ImAk -
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By identifying V;_1 as Im Bi_1, we can describe Bi_1, Ay and i as

id hr 0 gk 0
(Bk,—lvAkvik’) = 0 ) fre 0 eok ) 1 )
0 cr id eg 0

and from pp—1 = ApBr—1 — Bp_1Ak—1 +ixjr—1 = 0, we get Ap_1 = hyg, cx =0
and ji—1 = — fi-
Thus we have proved the following proposition:

Proposition 2.20. Suppose (A, B,i,j) satisfies p = 0 and conditions (S1)
and (S2). Then

(Ak—lka—17Ak7ik7jk:)
hi 0 g,
(ug)™"{ fe 0 eon | uy s (id 0 0)ug, oy, grs (00 1)uy
0 id e
when my_1 > my,

= ((u;)_ln;u;,u;,n; — vkwk,vk,wku;) when mg_1 = my,

id hi 0 gy 0
Ry ()™ o ) ()T A 0 ed gl (w) T L L ) S
0 0 id ¢ 0

when mp_1 < my,

+ 3+ g+ + + _+ -
for some ui;, hi;, fi s 9% 1 €0k €k 2 Mg » Uk and wy.

Proposition 2.20 defines a map from My (m, N) to Mn((l1,In);m, N). And
this map is just the inverse of that given by Proposition 2.14, so we obtain Theo-
rem 2.11.

The arguments in this section also imply

Corollary 2.21. For (A, B,i,5) € (' (0) C My, conditions (H-S1) and (H-S2)
are equivalent to (S1) and (S2).

83. Nahm’s equations over the circle and a chainsaw quiver

In this section, we recall the moduli space of solutions of Nahm’s equations over
the circle and a chainsaw quiver variety from §2. Then we construct a relation
between these two spaces.

§3.1. Nahm'’s equations over the circle

Select m = (mg,my,...,mny—_1) € Zgév and lp < 7 < .-+ < Iy, and define
T, = {(lk—1 + 1) /2 < s <} and I} = {l < s < (I + lp+1)/2}. By identifying
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s =1y and s = ly, we regard [lo, y]/~ as S*.

IN“1 mpy_y INn=1lo mo I mi l2

+ — + - + —
IN 1 IO ZO Il Il ZQ

By using the moduli space Mn(Z, U I,j, mg—1,my), we define the moduli space
of solutions of Nahm’s equations over the circle [ly, [y]/~ with rank 7 as follows:

N-1 N-1
Mu(8", V) = [ M@ UL mierm) Jff T UGma).
k=0

k=0

Remark 3.1. When my, > 0 for each k, My(S'; 7, N) may depend on the pa-
rameter of the hyper-Kahler quotient. In this paper, we only deal with 0-parameter
cases as above.

The relation (5) of (0.3) in the Introduction can be written as the following
theorem.

Theorem 3.2 ([CH1]). The framed moduli space of calorons of charge m is iso-
morphic to the moduli space of solutions of Nahm’s equations over the circle with
rank m.

In the same way as Proposition 2.4, we have

M Sl 7 HMNI UIk,mk 1,mk//HGLmk

Here, on the right hand side, we only consider closed [[ GL(my)-orbits (see also
[KeN, Nak3, T]). In general, Mx(S*; 7, N) is not smooth. For example, view
(a(s), B(s)) as [(a(s), B(s))] € Mn(SY;mi, N). Then we have

I (CREAYCHN) B

for ¢, e Cand 1= (1,...,1). Obviously this representative has a stabilizer group
{A®idmg,--- s ADidmy_,) | A € GL(1)} C [[ GL(my + 1). We define a regular
subset M8(S;m, N) as

N—1

{[(a(s),ﬁ(s))] € My (S m, N) ‘ H GL(my) acts on (a(s), 8(s)) freely}.

k=0
If it is nonempty, its dimension is given by

N—
dlm(c Mreg ,m ka
k=0

,_.
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83.2. Chainsaw quiver variety

Take m = (mg,...,mn_1) € Z;Bév. We consider the following diagram:
VN-1

/\/\/\

Here V}, is an my-dimensional vector space and Wy, is a 1-dimensional vector space.
Set

N—-1 N—-2
Me(rit, N) == @ End Vi & €D Hom(Vi, Vii1)
k=0 k=0
N—-1 N—-1
® @ Hom(Wy, Vi) & €D Hom(Vi,, Wi11),
k=0 k=0
N-1
Ge(m, N) := GL(Vy).
k=0

tL 79

Here means a chainsaw quiver. G, acts on M as

() - (Ak, Bryik, k) = (96Akgy ', Ge1Brgyy ' grin, jrgy -
We define maps py: M. — Hom(Vy, Vieq1) for k=0,...,N — 1 as
pr(A, B,i,j) = Agp1Br — BrAg + g1k

As before, these maps satisfy ux(g- (A, B,i,5)) = gk+1uk(A,B,i,j)gk_1. We con-
sider the following stability conditions:

(C-S1) for a set of subspaces (So,...,Snv—1) C (Vo,...,VNn—1), if Ax(Sk) C Sk,
Bk(Sk) C Sk+1, and Ker ji O Sk, then Si = 0.

(C-S2) for a set of subspaces (To,...,Tn-1) C (Vo,...,VN-1), Ar(T) C Tk,
Bk(Tk) C Tk+1, and Im iy, C Tk, then Ty = Vi.

Then we define a chainsaw quiver variety Mq(m, N) as

{ (A, B,i,j) € ﬂ ,uk ‘ (A, B, 1,j) satisfies (C-S1) and (C-S2) }/QC N).

By the same argument as for Proposition 2.9, we obtain the following proposition:

Proposition 3.4. All G.-orbits in Mc(m,N) are closed and their stabilizer
groups are trivial.
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By this proposition and the same argument as for Lemma 2.10, M. (m, N)
becomes a smooth variety, and its dimension is given by

N-1
dim(c Mc(m, N) = Z ka.
k=0
In the next subsection we prove the following analogue of Theorem 2.11 (cf. (k)
in (0.3)):
Theorem 3.5. My*(S*;m, N) and M (1, N) are isomorphic as varieties.
Corollary 3.6. M. (m, N) has a hyper-Kahler structure.

83.3. Solutions of Nahm’s equations and chainsaw quiver varieties

In this subsection, we prove Theorem 3.5.

First we have a map from M. (1, N) to My*(S*; 1, N). The correspondence
is given by Proposition 2.20 because conditions (S1) and (S2) follow from (C-S1)
and (C-S2), and by Proposition 3.4, the image is included in the regular subset.

On the other hand, we define a map from M#(S';m, N) to M.(mi, N) in
the same way as in Proposition 2.14.

Proposition 3.7. Suppose that [(A,B,i,7)] € (' (0)/G. is defined from
[(a(s), B(s))] € MYE(S*;m, N) as in Proposition 2.14. Then (A, B,i,j) satisfies
conditions (C-S1) and (C-S2).

It is clear that this proposition leads to Theorem 3.5. In order to prove this,
we need the following lemma.

Lemma 3.8. Suppose that (Ag—1, Bi—1, Ak, ik, je—1) s given by (2.15). Let Sk_1
be an Ag_1-invariant subspace of Vi_1 and Ty be an Ay-invariant subspace of Vj,.

(i) If Sp—1 C Ker jg—1, then Br_1(Sk-1) is Ag-invariant and dim By_1(Sk_1) =
dim Skfl.

(ii) If T, D Imig, then the inverse image ka_ll(Tk) 1s Ap_1-invariant and
codim B,;_ll (Ty) = codim T}.

Proof. From Aj_1(Sk—1) C Sk—1, jk—1(Sk—1) and pur—1 = 0, we have
Ak Bi—1(Sk-1) = Br—1Ak-1(Sk-1) = ijr—1(Sk—1) C Br—1(Sk-1),
and from Ag(Ty) C Ty, Imi, C T}, and pr—1 = 0, we get
Br—1Ak—1(Bi 1 (Th)) = AxBe—1 (B (Tk)) + injr—1(B; 24 Ti) C T

Hence both Bj_1(Sx—1) and Bk:ll(Tk) are A-invariant.
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When myg_1 < my, dim Bg_1(Sg—1) = dim Si_; follows from injectivity of
Bi_1. When my_1 > my, from the proof of Proposition 2.14 we conclude that
Sk—1 NKer By_1 = 0. Thus dim Bg_1(Sk—1) = dim Sx_; for any my_1 and mg.

When my_1 > my, codim Bk:ll(Tk) = codim T}, follows from surjectivity of
Br_1. When my_1 < my, from the proof of Proposition 2.14 we conclude that
Tr D (Ker'By_1)*. Thus codimBk_}l(Tk) = codim T}, for any my_; and my. O

Proof of Proposition 3.7. Let (So,...,Sn—1) be a set of subspaces satisfying the
assumption of (C-S1). Suppose that ming dim Sy > 0. Then we can assume without
loss of generality that dim Sy > dim Sy > 0 for any k. Set So 0 = So and Sp41,0 =
Bk(Sk,O) C Vigypfork=0,1,..., N—2. Then Sk,() C Sk C Ker ji, Ak(sk,o) C Sk70
and dim Sy 9 = dim Sy for any k by Lemma 3.8. We define a 1-parameter subgroup
of [T GL(V%) by
o0) = o010, 0= (TG0 ) e qnov

Since the assumption [(a(s), B(s))] € M E(S';m, N) means that the [T GL(Vj)-
orbit of (a(s), 3(s)) is closed, we have

[T GL() - (als), 8(s) > lim g(t) - (a(s), B(s))
)

N ((aé a"0<s>>’ (ﬁ/és) 5?)))

But this representative has stabilizer group GL(1) C [] GL(Vj) (see also
(3.3) and the following discussion), contrary to the assumption [(a(s),3(s))] €
MyE(SYm, N).

Thus ming dim Sy = 0. In this case, Sy = 0 for any k£ from the proof of
Proposition 2.14. Therefore we have (C-S1). For (C-S2), we can argue in the same
way. O

Corollary 3.9. For (A, B,i,7) € ;" (0) C M, conditions (C-S1) and (C-S2)
are equivalent to (S1), (S2) and regularity.

84. Chainsaw quiver variety and parabolic sheaf

We consider the relation between a chainsaw quiver variety and the framed moduli
space of parabolic sheaves over P! x P!. This was originally given by Finkelberg—
Rybnikov and Braverman—Finkelberg [FR, BF]. We describe it more explicitly in
this section. However it seems hard to understand the procedure for general N.
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Thus, for simplicity, we only describe the N = 3 case, but we do not use this
assumption essentially. Recall the N = 3 chainsaw quiver variety:

Ag Ay Ao
Vo Fo 1% & Vo b2 Vo
Jjo Ji J2
Wi Wa W3
Here the left V;) and the right 1} are identified, and we renamed W, as W35. Set

m = (mg,my,ma) = (dim Vg, dim V7, dim V5). Recall that the maps uy are given
by

po(A, B,i,j) = A1 By — BoAg + i1jo,
p (A, Byi, j) = Ae By — B1A; + g,
p2(A, Byi, j) = AgBa — B2 Az + i3ja.
The stability conditions are
(C-S1) for a set of subspaces (S, S1,52) C (Vo, V1, Va), if Ak(Sk) C Sk, Br(Sk) C
Sk+1, and Ker ji D Sk, then Sy, = 0.
(C-S2) for a set of subspaces (Tp,T1,T2) C (Vo, Vi, Va), if Ak(Ty) C Tk, Br(Tk) C
Ty+1, and Im iy C Tk, then Ty = V.
This chainsaw quiver variety is written as M.(m, 3).

84.1. Parabolic sheaf

In this subsection, we define a parabolic sheaf over P! x P. First we fix notation
for P! x P! and its divisors.

Let [zg : 21] be the homogeneous coordinate on P!. For P* x P! = {([z¢ : 1],
[yo : y1])}, we write divisors as follows:

Hy Hy = {zg =0} = {([0: 1], [yo : y1])},
Hi ={z1 =0} ={([1:0], [yo : y1])},
Hy == {yo = 0} = {([wo : 1], [0 : 1])},
H) Hj == {y1 =0} = {([wo : 1], [L : 0]) }.

H] H
Clearly, Hy, and Hj, are linearly equivalent. The intersection numbers are given by
H? = H3 = 0 and H; - Hy = 1. For a sheaf § over P! x P!, we write §(p,q) for
§® O(pH; + qH>). Moreover, sometimes we regard a vector space V as a locally
free sheaf V ® O.
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Definition 4.1. Let n € Zsg and d = (do,dy,...,d,_1) € ZE7, and set W :=
W) @ ®W,, where Wy = Op: for each k. Let {F.} be an infinite flag of locally
free sheaves over P! xPl: ... CZ_1 CFoCF1 C---.

({Fe}, D1, @2) is called an (Hy, Hy)-framed locally free parabolic sheaf of rank
n and degree d with respect to H} if:

1. Fr—n = Fx(—H)) for any k € Z;

2. chy(Fx) = k[H}] for any k € Z;

3. chy(Fr) = —d;[H1] A [Ha] for i = k (mod n);

4. Fo/Sk and Fr/F—n are supported on Hj for —n < k < 0;

5. @1 Frlg, > WD - OWhik EWigk+1(—1) @ - -@W,,(—1) is an isomorphism
for —n < k <0;

6. ®o: Filw, — W is an isomorphism for —n < k < 0 and ®o|y, = P1|g, on
H, N H,,

where [—]: Ho(P! x P!) — H?(P! x P!) is the Poincaré dual.

We define 77((;7 n) as the moduli space of framed locally free parabolic sheaves
of rank n and degree d defined in Definition 4.1. This moduli space is often called
the framed moduli space of locally free parabolic sheaves.

Theorem 4.2. The chainsaw quiver variety Mc.(m, N) is isomorphic to the
framed moduli space P(m, N) of locally free parabolic sheaves.

We prove this theorem in the following two subsections in a way different from
[FR, BF]. In §4.2, we construct a map from a chainsaw quiver variety to a framed
parabolic sheaf, and in §4.3 we give the inverse map.

Remark 4.3. In [FR, BF], the authors consider torsion free parabolic sheaves (as
opposed to locally free). Their moduli space is denoted by Py with d = d.

Conditions (C-S1) and (C-S2) make the corresponding parabolic sheaves lo-
cally free by Proposition 4.5. See also Remark 4.6 and Theorem 4.25.

The behavior of parabolic sheaves on H} is studied in §4.4.

The isomorphism P! x P\ H; UHoUHS =2 R3 x S may support the suggestion
that the relation (7) holds in (0.3).

84.2. Chainsaw quiver to parabolic sheaf

In this section, we construct a framed locally free parabolic sheaf over P! x P!
from a point of a chainsaw variety.

4.2.1. Monad. We define the following diagram and maps by using the terms of
M (17, 3):
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(4.4)
8’0: ‘/()(—1,0) @0 ‘/0(7171)@‘/0 Bo ‘/0(0’1)
Wi @ Wy ® Ws
B, 00 0
Jo=B: 90:< 0 Byig 0 ) ho=( B is )
0 0 0 idios
S ta(-1,0) — =y VRCLDOR P g a,1)
Ws @ W1 @ Wy @ Ws
B, 00 0 ,
fo1=B 971:< o1 Biiz 0 ) h*l:(}?)l 162 ic?g)
0 0 0 idsios ’
oot Vi(-1,0) — 22 Vi-Ll)en L e W e W)(0,1)
Wo @ W3z & W1 & Wo @ W3
Bo 00 0 .
e (Tamn o ) ()
0 0 O idasios
Vo(-1,1) & Vo oo

Fos: Vo(—1,0) —2 — (Voo W1 @ Wa @ W3)(0,1)

WieWydoWs oW, @ Wy d Ws

where id;23 is the identity map for Wy @ Wy @ W3. Here oy and Sy are defined as

y1—YoB210
xl—a;vo
ap = oo , Bo=(z1 —x0Ao —y1+yoB2io YoB21i1 yoBaiz Yois),
z0j1Bo
zoj2B1o
y1—YoB1o2
:El—:E()AQ
a_ = ZoJ2 ﬁ _ ( 1—w0A2 —y1+yoBio2 yoBiois yoBii1 yoiz 0
- z0jo B2 ’ -1 ToJ2 0 —y1 0 0 % /)’
z0j1Bo2
z0j2B1o2
y1—Yo0Bo21
:El—:E()Al
ZoJ1 z1—x0A1 —y1+yoBo21 YoBoz2i2 yoBoisz yoi1 0 0
a_g = zoj2B1 , Ba= zoj1 0 —Y1 0 0 o 0 [,
zo0joB21 z0j2 B1 0 0 Y1 0 0 yo
z0j1Bo21
z0j2B1o21

y1—YoB210
z1—x0Ao
z0Jjo z1—z0A0 —y1+yoB210 YoB21i1 yoB2iz yoiz 0 0 0
_ z0j1Bo _ ZoJo 0 -y 0 0 yo 0 0
a_3 = . 5 /8—3 - - ’
z0j2B1o z0j1Bo 0 0 —y1 0 0y O
zojoB210o zoj2B1o 0 0 0 —y1 0 0 yo
z0J1Boz210
zoJj2 B1o210

where Baojg = B2B1By : Vy — Vh. These maps are essentially given in [CH2].
When (4, B,i,5) € 1, (0), it follows that Bxay, = 0 and each square commutes
(i.e. apfo = goa—1 ete.).

Form now on, we assume [(4, B,i,5)] € M.(m,3). We define §j as the
middle cohomology of the (k + 1)th row of the complex in (4.4), that is, §r =
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Ker 8/ Im . First we see that §, is a rank 3 locally free sheaf. This follows from
the next proposition.

Proposition 4.5. Let (A, B,i,7) € M (0).

(i) ay is injective if and only if (A, B,1i,7) satisfies condition (C-S1).
(ii) B is surjective if and only if (A, B,1,7) satisfies condition (C-S2).

Proof. First we prove the “if” parts. When zg = 0 or yg = 0, both assertions are
clear. So we prove these assertions on the fiber over {([1: z1],[1: y1])}

(i) Suppose ag(vg) = 0. We get By By Bovg = y1v0, Aovo = 109, jovo = 0,
j1Bovg = 0 and j2 By Bovg = 0. Set

So = C”U(), Sl = Bo(So), SQ = Bl(Sl)

Then Ag(Sp) C Sp. Further, ug(vp) = 0 and u1(vp) = 0 imply A;(S1) C S; and
As(S2) C S3. Thus (Sp, S1,S2) satisfies the assumption of (C-S1), so we have
So = 0, vo = 0 and injectivity of ag. For ap (=3 < k < —1), the same argument
is valid.

(ii) Surjectivity of Bo: Vo @ VoW1 &Wod W3 — Vj is equivalent to injectivity
of Bo: Vi = Vg @ Vg @ Wi @ W5 @ Ws. Here it is easy to see that “(S},S1,55) C
(Vg, Vi, V") with *A4,(S;,) C Sy, 'Bi—1(S,) C Sp_; and Ker'iy,  S}.” is equivalent
to “(Sp™, ST, S51)  (Vo, Vi, Va) with Ay (Sh™) € S, Beo1 (S, ") € Si™ and
Imiy C S,’j‘”, where St = {v € V | (v,S) = 0} for S C V*. Thus by the above
argument, injectivity of 13y follows from (C-S2).

For B (-3 < k < —1), a little more argument is needed. Since S_; is sur-
jective onto Vi, for any ve € Vi, there exists (vh, vy, wh, w1, wq,0) € Vo @ Vo &
W3 @& Wy & Wo @ W3 mapped by S_1 to ve. Then for any ws € Ws, we have
B—1(vh, vl wh, w1, wa, w3 — Javh + y1ws) = (ve,ws). Thus By is also surjective for
—-3<k< 1.

Next we prove the “only if” parts. Suppose that (C-S1) is not satisfied. Then
we have a set of subspaces (Sp, S1,.52) such that

Ak(Sk) C Sk7 Bk(Sk) C Sk+1, Sk C Kerjk, (50751,52) 7& (0,0,0).

Assume Sy # 0. Then AgB2B;1Byls, — B2B1BoApls, = 0, so there exists 0 #
vg € Sp such that

Agvg = A1vg, BaBi1Bovg = Agvy, for some ()\17 )\2) S C2.

Then ag(vg) = 0 at ([1 : A],[1 : Ag]), so ap is not injective. In the same way,
S1 # 0 and S5 # 0 imply noninjectivity of a; and «s respectively.
In the same way we can check that surjectivity of §j implies (C-S2). O
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This proposition means that when (A, B, i, j) satisfies (C-S1), the image of ay,
defines a subbundle, so §x becomes a locally free sheaf.

Remark 4.6. Even if we do not assume (C-S1), the above proof implies that oy
becomes injective as a sheaf homomorphism. In this case, §; becomes a torsion
free sheaf (see also [Nak3, Chapter 2]).

Next, we consider the map g : §x—1 — Fr induced by (f, gk, hi)-
Lemma 4.7. § is an isomorphism on every fiber over P* x P1\ Hj.

Proof. We consider injectivity of gog. Take (ve,vh, wh, w1, we, w3) € Kerf_1 and
suppose that there exists vg € Vp such that ag(vg) = go(va, v, wh, w1, wa, ws).
Then we get a_1(va + yoB1Bovo) = y1 - (v2, v, wh, w1, we, ws) by the following
calculation. (ve, v}, wh, wy, wa, ws) € Ker f_1 means

(4.8) (x1 —20A2)v2 4+ (—y1 + Y0 Bio2)v5 +yo Broizws + yo Briiwi 4+ yoizws = 0,

ZoJov2 —yrwh +yows = 0,

and ag(vg) = go(ve, vh, wh, w1, wa, ws) means

y1v0—YoB210vo Bavz
x1v0—T0Aov0 Bgvé+i3wé
(49) ToJovo = w1y
z0j1Bovo wa
zoj2Biovo w3

From (4.8), (4.9), to = 0 and p1 = 0, we have

(1 — 2o A2)v2 = y1vh — yoBio(Bavhy + iswh) — yoBriywi — yoiaws
= Y10y — YoBio(z1v0 — 20 Agvo) — ToyoBri1jovo — Toyoizj1 Bovo
= Y104 — 21YoB1ovo + Toyo A2 B1ovo.
By using these equalities, we obtain

(y1—y0B102)(v2+yoBiovo)

(z1—x0A2)(v2+yoB1iovo)
z0j2(v2+yoBiovo)
a_1(ve + yoBiovg) = X
1( 2 T YoD1o 0) 0o Bz (va+yo Biovo)
z0J1 Bo2(v2+yoBiovo)
x0Jj2 B1o2(v2+yo B1ovo)
y1v2—yo B1o(y1v0—yo B210v0)+yo B1o(y1—yo B210)vo Y1v2
y1v5—x1y0 Brovo+zoyo A2 Biovo+yo (21 —x0A2) Biovo Y10
— y1ws—Yows+YoToj2 Biovo — y1ws
x0Jo (Yy1v0—YoB210v0)+zoYojo B21ovo Yy1wi
z0J1Bo(y1v0—y0B210v0)+T0Y0j1 Bo210vo Y1wz

z0J2B10(y1v0—y0B210v0)+Toyoj2 B1o210v0 Yy1ws
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This means that when y; # 0, go is injective and surjective because the dimensions
of the fibers of §y and F_; are same. For g (k = —1, —2), the same argument is
valid. O

This lemma means that g is injective as a sheaf homomorphism. Thus we
have a finite flag of sheaves §_3 C F_o C §_1 C §o-

Proposition 4.10. §_x and Fo(—H}) are isomorphic.

By using this proposition, we can inductively define infinitely many sheaves

{Fr |k €Z} by
Sk = Sk_3(HS) for any k € Z.

Thus, from the finite flag, we have the following infinite flag of sheaves:

(4.11) -+ F4 §-3 CF-2CF-1 C Jo §1
I I Il I
- §-1(=H3) C Fo(—Hj) S-3(Hjy) C F-2(H3)

In order to prove Proposition 4.10, we need the next lemma:
Lemma 4.12. go---§_n+1 is the 0-map on H).

Proof. On H) = {y; = 0}, we have

—B210vo+B210v0
0 (z1—20A0)vo+B210v)+Ba1iiw] +Baiswh+izwy
( ’ , , ’ ) = ZoJovo+wi
,8_3(1}0,Uo,wl,wg,w37w17w27w3) z0Jj1Bovo+w2
z0j2 Biovo+ws

= ag(vo) + gog—19-2(vo, v, W, Wh, wy, w1, Wwa, W3).
Thus we obtain og—19-2|m; ([(vo, vg, W, wh, w, w1, wa, w3)]) = 0 € Fo. 0
Proof of Proposition 4.10. We consider the following two short exact sequences:

0— Fo(—Hj) =5 Fo—Q — 0,

0—>§_3M30—>Q’—>0,

where @ and Q' are quotient sheaves. Obviously Q = | my- From Lemma 4.7,
Q' is supported on Hj, and from Lemma 4.12, Q" = Fo[y;. Thus Q = Q' and
hence there exists an isomorphism between §_3 and Fo(—H3). O

4.2.2. Proof of Theorem 4.2, from M.(m,N) to P(m,N). We check that
the infinite flag {Fe} of sheaves constructed by (4.4) and (4.11) satisfies the six
conditions of Definition 4.1.
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The first condition is satisfied by the definition of the infinite flag (4.11), and
the fourth condition follows from Lemma 4.7. By calculation, we can check the
second and third conditions; for example, we have

ch(F_1) =ch(Va(-1,1) @ Vo ® W3 & W, & Wo & W3)
— ch(Va(—1,0)) — ch((Va & W3)(0,1))
=ma +4+ma(l — [H1] + [Ha] — [Hi] A [H2])
—ma(1 = [Hi]) = (m2 + 1)(1 + [H2])
=3 — [Hs] — mo[H1] A [H3].

Here we have used the intersection numbers of H; and Hy. We check the fifth and
sixth conditions:

Lemma 4.13. For —N < k <0, we have

Silr, 2 (W1 & & Whig) @ Opt & Wigps1 @ & Wa) @ Opr (—1),
S, 2 Wi @ & Wy) ® Opr.

Proof. For example, we check the assertions for §_;. Restriction to Hs means
1o = 0, so we have
id
Ilfngg

@ _ Toj2 5 | _ ‘Tl*mQAQ —id 0 0 0 O
—1[Hy z0jo B2 ) —1|H x0j2 0 —id 0 0 O .

z0Jj1Boz2
z0j2B1o2

This implies

a_1|H,

Foilm, =H (Vo ® Opy(—1) —2 Vo @ O, (1) @ Vo s Wy @ Wy & Wa @ Wy
B-1lHy Vs @WS)
= (Wh @ Wy & Ws) ® Opr.
And restriction to Hy means xzo = 0, so we have
Y1 —yoB1o2
id

Oé—1|H1 = 0

oS o o

B_1lm, = id —y1 +yoBio2 YoDBioiz yobBii1 yoiz O
o 0 —1 0 0 )
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This implies

a_1|m,

Fo1lm, = H (Vs Va® O (1) & Vs & W3 & Wy & Wa & W3

B-1lm,

(Vs © W3) @ Op, (1))
= Ker((—y1,0,0,y0): W & W1 @ W @ W3 — W3 ® O, (1))
= (Wl (S5) Wg) ® Op1 & W3 @ Op1 (—1),

where we have used Ker{(—y1,y0): O%2 — O(1)} = O(-1). O

It is clear that the above isomorphisms satisty @1 (Fk|m, ) g, = Po(Frlm,)|H, -
Thus {JF.} satisfies the conditions of Definition 4.1 for Wy, = Wi ® Op:. This
gives a map from M(m, N) to P(m, N).

84.3. Parabolic sheaf to chainsaw quiver

Next, conversely, we construct a point of a chainsaw quiver variety from a framed
locally free parabolic sheaf. We use the idea of Nakajima [Nak3].

4.3.1. Resolution of the diagonal. Let p;: (P! x P!) x (P! x P!) — P! x P! be
the projection to the ith factor, and Api 1 be the diagonal in (P! x P1) x (P! x P1),
that is,

P (e A o D,
= ([ : 1), [yo < 1)),
Ap1ypr = {([CEO : $1}, [@/0 : yl]v [xo : .%'1], [yo : yl])}

([ = 240, [yo = vil, [0 = 2], [yo = y1)

Set O(p,q) ® O(r, s) := piO(p, q) @ p5O(r, s). We consider the complex

it O(=1L0)WO(-1,0) g
C*:0(-1,-1)®O(-1,-1) — — 0(0,0) X 0(0,0)
0(0,-1) K O(0, —1)

with

/ /
1 Yo My — yy Kyo 0
= ($6®x1 —mi@zo) @ = (@0 Ko =y Kao —yp By + 41 Kyo).
Proposition 4.14. The complex

o BN LR ANy o BN, TN

Pl xpl

gwes a resolution of Oa,, ., -
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Proof. It is easy to check that d— and (d°)": C*" — C°" are injective on (P* xP?)
X (P! x P1) \ Apiypi. This means that d—! is injective as a sheaf homomorphism,

and the cokernel of d° is isomorphic to Oa O

PLxpl
4.3.2. Vanishing theorem
Lemma 4.15. For an (Hy U Hy)-framed flat sheaf F, we have
HY(F(p,q)) =0 forp<—1org<—1,
H*(F(p,q)) =0 forp>—1orq> -1
Proof. The short exact sequence
0— O(-1,0) 2% 0(0,0) —» O, =0
induces the long exact sequence

0— H(P' x P, F(p—1,q)) — H° (P! x P', F(p,q)) — H°(Hy, Flu, ® O, (q))
— H'(P' x P, F(p—1,q)) = H'(P' xP', F(p,q)) = H'(H1, Flu, ® O, (q))
— H*(P' x P, F(p—1,¢)) — H*(P' x P*, F(p,q)) — 0.

Then we have

HO(P' x P', F(p—1,9)) = HO(P' x P',
H*(P' x P*, F(p —1,q)) = H*(P' x P,

(p,q
(p.q
from the framing condition on Hy, that is, F|g, ® On, (q) = Og, (¢)®**% 7. From
Serre’s vanishing theorem, H°(P! x P, F(p,q)) = H?*(P! x P!, F(p,q)) = 0 for
sufficiently large p. Thus the assertion for ¢ holds. In the same way, we can prove

) for q S 717

F(p,q))
F(p,q)) forq> -1,

the assertion for p. O

Corollary 4.16. Let {Fe} be a parabolic sheaf defined in Definition 4.1. For
k<0,p>-1andqg< —1, we have

H(P' x PY, 1 (p, q)) = H*(P* x P, §1(p, q)) = 0.

Proof. 1If we prove the assertion for —3 < k < 0, the assertion for k& < —3 follows
from Fp—35 = §x(—H)).

We recall that F_3(p,q) = So(p, g — 1) and Fo is an (H; U Hs)-framed sheaf.
Hence by Lemma 4.15, we get H°(F_3(p,q)) = H°(Zo(p,q)) = 0 from ¢ < —1
and H?(F_3(p,q)) = H*(To(p,q)) = 0 from p > —1. Then the inclusions F_5 <
§_2 = F_1 <= Fo induce the injective maps

0=HF-3(p.a) 25 HOF_2(p,q) "5 HF_1(p,)) 2+ HO(Fo(p.q)) = 0,
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so HY(Fr(p,q)) = 0 for —3 < k < 0. The fourth condition of Definition 4.1 means
H?(F1/Tk_1) =0 for =3 < k <0, so we have

0=H2F-3(p,q) = H2(F-2(p,0)) 225 H2(F-1(p,9) =2 H2(3o(p, q)) =0,
and H2(Fx(p,q)) =0 for -3 <k <0. O

We recall that the total Chern characters of the sheaves §x of a parabolic
sheaf {Fo} are given by

ch(Fo) = 3 — do[H1] A [Ha,
ch(F-1) =3 — [Ha] — d2[H1] A [Ha],
ch(§-2) = 3 — 2[Ho] — di[H1] A [Ha],
ch(§-3) = 3 — 3[Hz] — do[H1] A [H2] = ch(Fo(—H3))

Since the Todd genus of P! x P! is given by Td = 1+ [H;] + [Hz] + [H1] A [Hz], we
can calculate the dimensions of the first cohomology of sheaves by Corollary 4.16
and the Riemann—Roch—Hirzebruch theorem (see Table 4.1).

Table 4.1. Dimensions of the first cohomology of sheaves

hl(gk(71772)) hl(gk(fol)) hl(gk(ovfl)) hl(gk((]:*Q))

k=0 do do do do+ 3
k=-1 do do do +1 do + 4
k=-2 di di di +2 di+5
k=-3 do do do + 3 do + 6

4.3.3. Inverse construction. For any coherent sheaf F, we consider the double
complex R*po.(p;F @ C®). From [Nak3, p. 19], if we take the cohomology of {C*}
first, we have

F  for (p,q) = (0,0),
0 for (p,q) # (0,0)

On the other hand, if we take the direct image first, the E;-term of the spectral

ED? = Ripy, (HP (pjF @ C*)) = {

sequence is given by

(4.17)  HYF(—1,-1))(~1, 1) H(7(=1,0))(=1,0) H9(F(0,0))(0,0)
| T ar, ) 0,-1) R

for ¢ = 0,1,2, and this spectral sequence must converge to F at (p,q) = (0,0).
Therefore, when we set F = §(0, —1) for a parabolic sheaf {Fo} and use Corollary
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4.16, we can conclude that the middle cohomology of the complex

1 H'(§k(~1,-1))(~1,0) )
H (Sk(_la _2))(_15 _1) - Hl(Sk(O, _2))(07 _1) —H (gk(oa _1))(0’0)

coincides with §%(0,—1). Thus the flag §_3 C F_2 C F_1 C Fo is described as
(4.18)

1 L ony ao  HY(Fo(—1,-1))(-1,1) NS

fo Tgo ho
1 _ a1 H! (S (_17_1))(_171) B _
HY(§-1(=1,-2))(-1,0)— HUF1(0,—2) ——H"(§-1(0,-1))(0, 1)

f-1 Tg—l h_1

11,210 I C LT 0. -y

f-2 T,qu h_2

11,210 B TN a0, )00

where «j, and B are respectively induced by d=' and d° of the complex C*,
and fx,gr and hp are induced by the inclusion §r_1 — Fk. Here notice that
convergence of (4.17) means that oy is injective and Sy is surjective as sheaf
homomorphisms. Furthermore, since § is a locally free sheaf, o, must be injective
and [ surjective as fiberwise homomorphisms.

Now we study the vector spaces H!(Fp(—1,-2)), H'(Fx(-1,-1)),
H(F1(0,-2)) and H(F1(0,—1)) for =3 < k < 0. By using the fifth and sixth
conditions of Definition 4.1, we have the following exact sequences:

(4.19)

0= H'(3k(—1,-2)) L5 H'(3(~1,-1)) = 0,
0= H'(3(—1,—1)) 2% H(§4(0,~1)) — H'(Hy, Film © Op, (—1)) = 0,
0= H'(Fr(—1,-2)) 2% H(3(0,~2)) = H'(Hy, $alm © O, (=2)) = 0,

0 — H°(Hy, F|m,) — H' (F1(0,-2)) Yo, H'(31(0,-1)) = 0.

The relations of the first cohomology are summarized as

¢, isom. Hl 31@ -1 _1)) zg inj.
/ > Hl(gk(07
%l\m) HY(31(0,-2)) — 4 surj.

(4.20)  HY(Fu(— -1))



NAHM’S EQUATIONS, QUIVERS AND SHEAVES 33

Table 4.2. Relations between cohomology and W

HY(Hy,§klm, ® Oy (-1))  HY(H1,8klm, ® O, (—2))  HO(Hz,§klm,)

k=0 0 w w
k=-1 W3 Ws e W w
k=-2 Wo & Wy Wod Wy W w
k=-3 Wi @ Wy d W3 WieWe e Wz W w

By using these data, we define V3, and Wj,. We set Wy, := H°(Hy, W;,) and W :=
W1 @ Wy @ W3. Then by the fifth and sixth conditions, we have Table 4.2, and
because of (4.20), we can define Vj, as

Virs = H'(3u(~1,-2)) = H"(Fr(-1,-1))
~Tmaxy C H (§x(0,-1))
~Ima) C H'(3x(0,-2)).

Here V3 = HY(Fo(—1,-2)) =2 H*(F_3(—1,—1)) = Vy. Thus from (4.19) and Table
4.2, we have Table 4.3. Note that the respective dimensions are given in Table 4.1.

Table 4.3. The first cohomology and vector spaces

\Hl(m—l,—z)) H'3K(~1,-1)) H'Fx(0,-1))  HFx(0,-2))

k=0 Vo Vo Vo Vo W
k=-1 1%} 1% Vo @ W3 Vo W3 W
k=-2 Vi Vi VieWsoWs VieWseoWseW
k=-3 Vo Vo VoW VooWaeWw

4.3.4. A normal form. From now on, we define maps Ay, By, i and ji, and
describe oy and S in terms of A, B, i and j. First, from the inclusion §x_1 < Fk,
we define By, By and By as follows:

Bo: HY(F_3(—1,-2)) = H(F_2(—1,-2)),
Bi: HY(F_2(—1,-2)) - HYF_1(-1,-2)),
Bo: HYF_1(—1,-2)) = H (Fo(—1,-2)) = H (F_3(—1,-1)).

The isomorphism y§: HY(Fx(—1,-2)) — H'(Fx(—1,—1)) induces

HYF_5(—1,-1)) 2% HY(F_o(~1,-1))
By BN F (=1, -1) 22 HY(Fo(—1, -1)).
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On the other hand, the inclusion Fr_3(—1,—1) — Fr(—1,—1) coincides with
Y1 Se(=1,-2) = F(—1, —1). Thus y; @1 —yi ®yo: H' (§r(—1,-2)) (-1,0) =
HY(Fr(—1,-1))(—1,1) is described as

Y1 — B1o29o: Hl(gq(—la —2))(_170) — Hl(gfl(_]-v —1))(_17 1)7
y1 — Boziyo: H' (F-2(—1,-2))(=1,0) = H'(F_2(—1,-1))(-1,1),
y1 — Boroyo: H' (F_s(—1,-2))(=1,0) = H (F_3(—1,-1))(-1,1).

By composing the inclusion Vi3 — H(F1(0,—2)), the map —y) @ y1 + ¥} @ yo:
HY(F1(0,-2)) — HY(F1(0,—1))(0,1), and the projection H'(F(0,—1)) — Viys,
we have

—y1 + Buoayo: Vo = H'(F-1(0,-2)) — H'(§-1(0,-1))(0,1) — Va(-1,1),
—y1 + Bo21yo: Vi — HY(F—2(0,-2)) — H*(F-2(0,—1))(0,1) — Vi(-1,1),
—y1 + Baroyo: Vo — H'(§_3(0,-2)) = H'(F_3(0,-1))(0,1) — Vo(-1,1).

Next, we define Ag, A; and Ay as the composites of zf: H'(Fr (-1, —2)) —
H'(F%(0,—2)) and the projection H'(Fx(0,—2)) — Viyi3:

Ag: Vo 2 HYF_1(—1,-2)) = H (F_1(0,-2)) — V5,
Ay Vi 2 HY (G o(—1,-2)) = HY(F_2(0,-2)) — V4,
Ag: Vo =2 HY(F_3(—1,-2)) = H (F_3(0,-2)) = V.

We also have the commutative diagram

HY(Fy(~1,-2) —2s HY (510, ~2)) —— Vs

’ ’
Yo , Yo
T

H'(F-1(—1, 1)) —— H'(§-1(0,-1)) — V&

so the composite of z7: H'(Fx(—1,—-1)) — H(Fx(0,—1)) and the projection
HY(F1(0,—1)) = Viy3 coincides with Ay, 3:

Ag: Vo =2 HY(F_1(—1,-1)) = HY(F_1(0,-1)) = V4,
A Vi 2 HY(F_o(—1,-1)) = H'(F_2(0,—1)) = W1,
Ag: Vo =2 HY(F_5(—1,-1)) = HY(F_3(0,-1)) = Vj.

Summarizing, the restriction of the diagram (4.18) to V is
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I

( 1 (z1—r0A1 —y1+yoBoz21)
)

(yl—yoBozl >
A e e SN 4 V1(0,1)

[ (%5 [
<y1—y03210> 0 BO

%(—1,0) 1 —20A0 V()(_L 1) oV (x1—20A0 —y1+Y0B210) %(07 1)

Vl(*la 0)

y1—YoB210
%(*1,0) ( z1—x0Ao ) ( 1,1) & Vo (z1—r0A0 —y1+yoB21o) Vb(o, 1)
TBQ (BZ 0 TBQ
(y1*y03102> 0 B
‘/2(_1, O) x1—x0A2 ( 1, 1) o Vé (r1—20A2 —y1+yoBioz2) ‘/2(07 1)
B; 0
TBI ( 01 B1 TBI
)@

Note that this diagram does not commute.

Third, we consider the composite of 2} : H'(F_1(—1,-2)) = HY(F_1 (0,—2))
and the projection H'(F_1(0,—2)) — W3 @ W. Notice that W3 & W1 & Wo & W3
was defined as H'(Hy,F 1]z, ® O(—2)) and Serre duality means

(421)  H'(H;, W3 ® O(=3)) = H(H;, Wy @ O(1))" = Ws(yg)" & Ws(y1)".
Hence
(4.22) H'(Hy,F-1lm, ® O(=2)) = Ws(yg)" & Wilyy)" & Walyy)" @ Ws(y;)".

Further the fifth condition of Definition 4.1 and (4.22) imply that the map
Hl(H1,§_1|H1 X 0(72)) — Hl(Hl,go‘Hl X 0(72)) induced by 3'_1 — 8:0 is

(4.23) (0 idyog): Ws @ Wy @ Wo @ W3 — Wy & Wy @ Wi.
Then we define jg, j1 and jo as the following composites:
ot Vo 5 HAF4(0,-2)) = H'(Hy, § 1], © O(~2)) = Wa(yf)",
Ji: Vi T HF2(0,-2)) — H'(Hy,§alm, © O(~2)) = Waly})",
Jot Vo 5 H'B-s(0,~2)) — H' (1, §—al, © O(~2)) = Wa(yh)"-
We have
jaBioa: Va = H'(§-1(0,-2)) = H'(H1,§-1|m, ® O(=2)) = Ws(y1)",

1
(424) le()Qll V1 — Hl(f‘{,g(o, —2)) — Hl(HhS’fZ‘Hl Y O(_2)) - WQ(yll)v7
joBaio: Vo = H'(§-3(0,—2)) = H' (Hy1,§—3lm, ® O(=2)) = Wi(y;)".

On the other hand, we consider the composite of W3 — H(F_; (0,—2)), the
map H(F_1(0,-2)) — H*(Fo(0,—2)), and the projection H'(Fo(0, —2)) — Vp.
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Then we define 41, i3 and i3 as the following composites:

Here we consider the composite of Vo — H'(F0(0,—2)) — H'(Hy,Jolm, @ O(—2))
— W3 as above. From (4.23) and (4.24), we have

Vo = H'(Fo(—1,-2))
B

Va = H'(§-1(-1,-2))

Wa(y;)Y

(0T

Ws(yo)” ® Wa(y)”

J2@j2 B1o2

By using this diagram, we conclude that the composite of Vo — H (g0 (0, —2)) —
HI(H1,30|H1 (29 0(72)) = Wl D W2 (a2} W3 is

(

Jj2B1o

Jo
Jj1Bo

)Z%%Wl@WQ@Wg.

Therefore, the left hand part of the diagram (4.18) is

Vo(—1,0) —

|

Bz

Va(-1,0) —

By

Vi(—-1,0) —

Bo

Vo(—1,0) —

y1—YoB210
z1—x0Ao
ZoJo
z0Jj1Bo
z0j2B1o

y1—YoBio2
T1—0A2
ZoJ2
z0Jjo B2
z0j1Bo2
z0j2B1o2

y1—Yo0Bo21
x1—xoA1
ZoJ1
z0j2B1
zo0joB21
z0j1Bo21
z0Jj2B1o21
y1—YoB210
z1—T0Ao
Zojo
z0Jj1Bo
z0j2B1o
zojoB210

z0Jj1Boz210
z0Jj2B1o210

%VO(_Ll)@VO@Wl & Wy Wy

+~
By 00 0
0 Byiz O
0 0 0 idias

I
%%(_1?1)@%@WS@W1@WQ@W3

B, 00 0
0 Byia O
0 0 0 idsios

- m(*lﬂl)@‘/l@w2@W3@Wl@W2®W3

Bo 00 0
0 Boii O
0 0 0 idysias

- ‘/0(7]‘?1)®‘/0®W1®W2®W3@W1@W2@W3
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By commutativity of this diagram, we have

po = A1Bg — Bo Ao + i1j0 = 0,
p1 = AsBy — B1Ay +i2j1 =0,
po = AgBy — BoAs +igj2 = 0.

Lastly, we consider the composite of W3 @ W — HY(F_1(0,-2)), B_1:
HY(F_1(0, =2)) = HY(F_1(0,—1))(0,1) and the projection H*(F_1(0,—1))(0,1)
— W3(0,1). This map is induced by

Yo @Y1 +y1 @yo: H' (H1,F-1lm, ® O(=2)) = H' (H1,§-1]m, ® O(=1))(0,1).
Thus, from (4.21), we have
B-1lwsew = (—y1 00 yo): Wiz & W1 & Wa & W3 — W3(0,1).

Summarizing the argument in §4.3.4, from Bray = 0 and commutativity of (4.18),
we conclude that ag, Bk, gk, fr and hy are as described in (4.4).

4.3.5. Completion of the proof of Theorem 4.2. The data (A, B, 1, j) defined
in §4.3.4 are described as a point of M. (1, V). Moreover, the stability conditions
(C-S1) and (C-S2) follow from injectivity of ay and surjectivity of B by Proposi-
tion 4.5. Thus we obtain a map from P (1, N) to M(m, N). It is easy to see that
the composite P(mi, N) — M(m,N) — P(m, N) is the identity. By the same
argument as in [NakY, §5.4], the composite M. (mi, N) — P(m, N) — M (m, N)
is also the identity. Thus, the proof of Theorem 4.2 is complete.

As a corollary from the proof of Theorem 4.2 and Remark 4.6, we obtain
Braverman—Finkelberg-Rybnikov’s theorem.

Theorem 4.25 ([FR, BF]). The variety {(A, B,i,7) € ;' (0) C Mc(m, N) |
(A, B,i,j) satisfies (C-S2)}/Ge(m, N) is isomorphic to the moduli space of
(Hy, Hy)-framed torsion free parabolic sheaves over P! x P! of rank N and de-
gree m with respect to HY,.

Theorems 3.5 and 4.2 lead to Theorem 0.4:
Theorem 4.26. M®(S*; 7, N) is isomorphic to P(m, N).
84.4. Behavior on the parabolic structure

In this subsection, we study the behavior of parabolic sheaves on Hj by using our
monad description. On Hj = {y; = 0}, (4.4) descends as follows:
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(4.27)

—Ba1o
x1—x0A0
ZoJo
z0J1Bo
Solas: Vi TO]QBlo W) oW (z1—20A0 B210 B21i1 Baiz i3) Vo
’ Wi @ Wy @ Ws
—Bio2 B, 0 0 O
r1—x0A2 0 Bsiz 0 By
T0J2 0 0 0 idi2
z0jo B2 —xpj2 0 0 O
—1|H’ : Va( 10]1302 sz(—l) e Vs (z1—20A2 Bioz Biois Biiy i2) v
Wz Wy @ W,
—Bo21 By 00 O
z1—x0A1 0 Biiz O B
z0J1 0 0 0 idsz
zoj2 B1 —zgj1 0 0 O
S—2|H’: Vi( 10]0321 Vl(—l) SR% (z1—20A1 Bo21 Boziz Bois i1) Vi
Wy d W3 ® Wi
—B210 Bo 0 0 0
Bo fl—ngo 0 Bgii O Bo
xoJjo 0 0 0 idos
z0j1Bo —z0jo 0 0 O
Sl Vo(—1) —i2Bio 7, Vo(=1) @ Vo (oo Baro Bars Baia i) -y
Wi e Wy d Ws

We have the following proposition.

Proposition 4.28. For a framed locally free parabolic sheaf {Fe} as in Definition
4.1, the restriction of §k/Fk—1 (—n+1 <k <0) to H} is locally free.

Proof. For §o|p; and §_1|m; given in (4.27), we consider the following commuta-
tive diagram:

—Ba1o
z1—20Ao
ZoJo
z0j1Bo
. zoj2Bio Vo(—=1)® Vy (z1—z0A0 B21o B21i1 B2iz i3)
Solmy - Vo(=1) % éamg @ W, Yo
1 2 3
—Bio2 By 0 0 O
B, ml—I'OAQ Jo= 0 Bsoiz O B,
Toj2 0 0 0 idi2
z0jo B2 —xoj2 0 0 O
. z0j1Bo2 Vo(—=1) @ Vo (z1—z0A2 Bio2 Bioiz Bii1 i2)
S-1lmy: Va(=1) (=1) Va
W3 & Wy Wy
Bio 00
. 0 ido 5
id —B, $o1= 0 0id 1o
a1_<mlzoA2> 7w9j0 00
z0j2 —x0j1Bo 0 0
Ar: Va(-1)—— "2 Ly e v
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b_1a_1 = 0 follows from the equation, and injectivity of a_; and surjectivity of b_
follow from stability conditions (cf. Proposition 4.5). Thus 8_; = Kerb_;/Ima_;
becomes a locally free sheaf. A straightforward calculation shows Im $_1 = Ker Jo
on each fiber. Therefore when q~$_1 is injective on each fiber, we conclude that Im gg
and (§o/F-1)|my are locally free.

To prove ¢_1 is injective on each fiber take (vg,ve,w3) € Kerb_; and suppose
that there exists v}, € V5 such that a_1(v5) = ¢_1(vo, v2, ws3). Then we can show
a—1(vh) = (vg,v2,w3) on each fiber, so é_1 is injective. O

85. From chainsaw quiver varieties to handsaw quiver varieties

When my = 0, a chainsaw quiver variety M. (m, N) becomes a handsaw quiver
variety My (m/, N), where m/' = (my,...,my—1). Then we can observe that The-
orem 4.2 descends to Theorem 2.7.

We consider the N = 3 case, that is, m = (0,m1,m2). Then Ag = By = jo =
By =3 = 0. On H}, the monad (4.4) splits as follows (see also (4.27)):

0—2 5 W1 @& Ws @ Wy 0 0
0 idi2
(xl—x0A2> 0 <*I0j2 0 ) 0
ZoJ2 (x1—zoAz Biiy i2)
VQ(_]-) » Vo @ Wy V2(_1)@W1@W2 Vs
. B 0
o) (5D (o ) g
x —ZoJ1
zoj2B1 (x1—wo A1 1)
Vi(-l) ——————VieW,eW;  Vi(-1)eW,; Wi
0 (0 idzg) 0 0
00— —— W aW,eW,s 0 : 0

We can see that the left hand part essentially appears in [S] and the right hand
part is given in [Nak5]. From [Nak5, Lemma 3.2], Theorem 4.2 leads to Theorem
2.7, and Theorem 4.25 leads to the following theorem:

Theorem 5.1 ([FR, Nak5]). The variety {(A, B,i,5) € (g ' (0) C My (', N) |
(A, B,i,j) satisfies (H-S2)}/Gn(m', N) is isomorphic to the moduli space of oco-
framed locally free parabolic sheaves over P! of rank N and degree 1.
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