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Mixed Frobenius Structure and
Local Quantum Cohomology

by

Yukiko KONISHI and Satoshi MINABE

Abstract

In a previous paper, the authors introduced the notion of mixed Frobenius structure
(MFS) as a generalization of the structure of a Frobenius manifold. Roughly speaking,
the MFS is defined by replacing a metric of the Frobenius manifold with a filtration on the
tangent bundle equipped with metrics on its graded quotients. The purpose of the current
paper is to construct a MFS on the cohomology of a smooth projective variety whose
multiplication is the nonequivariant limit of the quantum product twisted by a concave
vector bundle. We show that such a MFS is naturally obtained as the nonequivariant
limit of the Frobenius structure in the equivariant setting.
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81. Introduction

We continue our study of mixed Frobenius structure and local quantum cohomol-
ogy initiated in [8].

§1.1. A mixed Frobenius algebra

Let K be a field. A finite-dimensional associative commutative K-algebra A equip-
ped with a nondegenerate bilinear form g (called a metric) is called a Frobenius al-
gebra if g is invariant under the product, i.e., g(zy, z) = g(z,yz) for any x,y, z € A.

In [8], the following generalization of the Frobenius algebra was introduced.
Let A be a K-algebra as above. By definition, a Frobenius filtration (Is,ge) on
A consists of an exhaustive increasing filtration I, by ideals and A-invariant met-
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rics ge on its graded quotients (Definition 2.1). We call an algebra with a Frobenius
filtration a mized Frobenius algebra. If the filtration is trivial, this is nothing but
the notion of Frobenius algebra. We show that any algebra over an algebraically
closed field admits a Frobenius filtration (Theorem 2.3). This is in contrast to the
fact that not all algebras admit invariant metrics.

One of the main results of this paper is to show that a mixed Frobenius K-
algebra appears in the limit as A — 0 of a “Frobenius algebra over K[\]” (§3).
The precise statement is as follows. Let Hp be a free K[\]-module of finite rank
equipped with a symmetric K[A]-bilinear form g* : Hy x Hp — K[\, A7, If g* is
unimodular over K[\, A~!], then it defines on the K-vector space Hr := Hp /AH %
an exhaustive increasing filtration by subspaces and metrics on its graded quotients
(Lemma 3.4). We call such a pair a nondegenerate filtration. Moreover, if H I)} is
equipped with a K[\]-algebra structure with respect to which ¢g* is invariant, then
the nondegenerate filtration is a Frobenius filtration on Hx with respect to the
induced multiplication (Theorem 3.5). This construction is a generalization of the
nilpotent construction in [8, §3.1] (cf. §3.2).

81.2. A mixed Frobenius structure

A Saito structure (without a metric)' on a complex manifold M [11, §VIL1] is
a triple consisting of a torsion-free flat affine connection V, a symmetric Higgs
field ® : Thy — EndT)y and a vector field E called an Euler vector field sat-
isfying certain compatibility conditions (see Definition 4.1). A symmetric Higgs
field gives rise to a fiberwise commutative associative multiplication o on T);. If a
Saito structure (V, ®, E) on M is further equipped with a o-invariant metric g on
Ty compatible with the other data, then the Saito structure (V, ®, E') with the
metric g is equivalent to a Frobenius manifold structure on M [2].

Now we introduce the notion of mixed Frobenius structure which generalizes
the Frobenius manifold structure. The idea is to replace a o-invariant metric g
with a Frobenius filtration (I,, ge). Namely, we define a mized Frobenius struc-
ture (MFS) on a manifold M to be a Saito structure (V,®, E) on M together
with a nondegenerate filtration (I, ge) on the tangent bundle Ths subject to var-
ious compatibility conditions (Definition 4.5). In particular, it is required that
(T, 0, Ie, ge) is a mixed Frobenius algebra. We arrived at this notion through
our study of local mirror symmetry [1]. For details about the motivation, we re-
fer to [8, §1.3]. Notice that we slightly modify the definition of MFS from [8] (cf.
Remark 4.7).

Mn this article, we call a Saito structure without a metric a Saito structure for short.
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For the application to local quantum cohomology, it is necessary to con-
sider a formal and logarithmic version of MFS. Let K be a subfield of C. Let
R=K]|[t1,.. ., tn,q1,--.,qm]] and M = Spf R be the formal completion of K*T™
= Spec K[t, q] at the origin. We consider the logarithmic structure on M defined
by the divisor {q; ---¢nm = 0} on K"*™. We denote by M the resulting loga-
rithmic formal scheme. We define a formal (and logarithmic) MFS on MT in §5.
As in the case of mixed Frobenius algebra, we show that a formal MFS on M7 is
obtained in the limit as A — 0 of a “formal Frobenius structure over K[\]” on MT
(Proposition 5.5).

§1.3. MFS from local quantum cohomology

Let X be a smooth complex projective variety and let Hc := H®*"(X,C). We
choose a nef basis {¢1,...,¢,} of H*(X,Z) and extend it to a homogeneous basis
{po = 1,¢01,...,Pp, Ppt1,...,¢s} of Hc. Let tg,...,ts be the coordinates on Hc
associated to the basis. We set R = K]{[t, q]] where t = (to,tpt1,...,ts) and ¢ =
(q1,--.,qp) with ¢; = e'i. Let MT be the logarithmic formal scheme defined as in
the previous subsection.

Fix a concave holomorphic vector bundle ¥V on X (e.g., V is the dual of
an ample line bundle). We construct a formal MFS on MT from V as follows.
Let us introduce the fiberwise S'-action on V by scalar multiplication. Then,
following Givental [3], we consider the S'-equivariant Gromov—Witten invariants
of X and the intersection pairing on X, both twisted by the inverse of the S'-
equivariant Euler class of V. Using them, one can define the twisted quantum
cup product #y on H := Hc ®@c C[A] where C[A\] = H% (pt,C) is identified with
the S'-equivariant cohomology of a point. Identifying the logarithmic tangent
sheaf 7. 1= Thst ®c C[A] of MT over C[A] with Oy ®c HR, we obtain a formal
Frobenius structure over C[A] on M. Then, as an application of the results in §5,
we obtain a formal MFS on M7 in the nonequivariant limit (i.e. the limit as A\ — 0)
(Theorem 6.4).

As mentioned earlier, our motivation to study MFS comes from local mirror
symmetry [1]. Relationships to [1] and to our previous work [7] are explained
in §6.4.

81.4. Conventions

(1) Let K be a field. A K-algebra means a finite-dimensional commutative asso-
ciative K-algebra with a unit.

(2) Given a commutative ring R, an R-algebra structure on a free R-module means
an associative commutative R-bilinear multiplication which admits a unit.
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§2. Mixed Frobenius algebra
82.1. Frobenius filtration and mixed Frobenius algebra

Let K be a field. A nondegenerate symmetric bilinear form ¢ on a K-vector space
is called a metric. A pair (I,, ge) consisting of an exhaustive increasing filtration I,
on a K-vector space by subspaces and a collection of metrics go on I4/Io—_1 is called
a nondegenerate filtration on the vector space.

Let A be a K-algebra. We say that a metric g on an A-module [ is A-invariant
if it satisfies the condition

g(a~x,y):g(ac,a~y) (aEA7I7y€I)'

Definition 2.1. A Frobenius filtration on a K-algebra A is a nondegenerate fil-
tration (I,, go) on A such that each filter I, is an ideal of A and the metric go on
I¢/Ie_1 is A/I,_;-invariant.

Definition 2.2. A mized Frobenius K-algebra is a pair which consists of a
K-algebra A and a Frobenius filtration (I, ge) on A.

§2.2. Existence of Frobenius filtrations
In this subsection, the field K is assumed to be algebraically closed.
Theorem 2.3. Any finite-dimensional K -algebra A has a Frobenius filtration.

Let 91 = /0 be the nilradical of A. Note that the finite-dimensionality of A
implies that 91 is a nilpotent ideal and that 91 coincides with the Jacobson radical
of A. Tt follows that A/91is a semisimple algebra. Consider the decreasing sequence
ofideals ADMNDONZD--- DN oN =0.

Lemma 2.4. DN/MN is a completely reducible A/M-module.
Proof. Consider the exact sequence of A-modules
0 — N/NT - A/ 5 A/ — 0.

It follows that A/D+! acts on D /MH! via A/N, since D/NT! annihilates
I /M*L. Then the semisimplicity of A/ implies that N /NH! is a completely
reducible A/9-module, hence it is also a completely reducible A/M*+1-module. O

Lemma 2.5. Let B be a finite-dimensional K-algebra. Then for any simple
B-module S # 0, we have dimg S = 1.

Proof. Since S is a simple B-module, there is a maximal ideal m of B such that S =
B/m as B-modules. The finite-dimensionality of B implies that the composition
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K — B — B/m s a field extension of finite degree. It then follows that B/m = K|
since K is algebraically closed. O

Proof of Theorem 2.3. By the above two lemmas, 91°/9M**! is the direct sum
of 1-dimensional simple A/9%""!'-modules. If we take a basis z;; (1 < j <
dim g 918 /91+1) of the simple modules and define a bilinear form (, ); on 91¢/91+!
by

(Tijs Tik)i = Oj ks
then ( , ); is an invariant metric. Thus the filtration I, := 9'~* with metrics
ge := (, )i—e is a Frobenius filtration on A. O

§3. Mixed Frobenius algebra from a localized K[\]-metric
§3.1. Construction of a mixed Frobenius algebra

Let K be a field and let Hx be a K-vector space of dimension s. We set
H;‘{ := Hi @k K[)] and identify Hx with the quotient module H[A(/)\Hf% Let
e H;‘( — Hi = HI)‘(/)\H;‘< be the projection.

Definition 3.1. A localized K [\]-metric on Hp is a symmetric K [A]-bilinear form
g : Hy x Hp — K[\, A71] which is unimodular over K[, A71]%,

Now assume that a localized K[\]-metric g* on H }’\( is given. We will construct
from ¢* a nondegenerate filtration on Hy-.

Lemma 3.2. There exist a pair of K[\-module bases x1,...,xs and yq,...,Y,
of Hy and a set of integers k1 > -+ > kg satisfying

(3.1) 9N @iy y;) = A6
The integers r; are uniquely determined by g* (but the bases are not).

Proof. Let G be the matrix representation of g* with respect to a K[A]-module
basis of H I’\< Multiplying by A*0 with some kg € Z if necessary, we assume that
all entries of the matrix A*G are polynomials. By the theorem of elementary
divisors, A* G can be transformed into a diagonal matrix by successive elementary
transformations from the left and from the right. This means that there exist K[A]-
module bases {;}, {y;} of Hj such that A gy (x;,y;) = 6;j e; where ey, ..., e, €
K[)] are diagonal entries (i.e. the elementary divisors of A*0G). The assumption
of unimodularity over K[\, A\~1] implies that e;’s are monomials. O

2This means that, given a K[)]-basis of HI)‘{7 the representation matrix of g is unimodular
over K[\, A71].
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Let us define a sequence of K[\]-submodules by

(3.2) Iy ={z € Hg [ \N'gMz,y) € K[\ (Vy € Hy)} (k€ 2).
Concretely, I} is written as follows with the basis @1, ..., x5 of Lemma 3.2:
(3.3) L= P KNzo @ N FEN .

itk <k it ki >k

The same formula holds for the other basis {y,}.

Lemma 3.3. For z,y € I}, Resx—o \*"1g*(x,y) depends only on w(x),n(y) €
Hy . Moreover Resy—o \*"'gMz,y) =0 ifx € I} , ory €I} |.

Proof. Let us write x, y € I,i‘ as

2= 3 fNai+ Y ATEEWNe () € K,

ki <k it ki >k
y= > Nyt D ANy (h(A) € K[).
itk <k itk >k

By (3.1), we obtain

(3.4) Resx=o AN '™ (@, y) = D [i(0)hi(0).
i ){,’,:k‘
The statement follows easily from this. O
Let
(3.5) L=n(})= @ EKr(z:) (ke).
1K Sk

By Lemma 3.3, the following bilinear form gy on Iy /I;_; is well-defined:
(3.6) ge(Z,7) = Resxmo N oM@ y) (2,9 € I),

where x — & denotes the projection Hx — Hg /Ix—1 and x,y are any lifts of x,y
to I,i‘.

Lemma 3.4. (I,,ge) is a nondegenerate filtration on Hp.
Proof. The nondegeneracy of g follows from (3.4). O

Now assume that H I)‘( is equipped with an associative commutative
K [\]-algebra structure * with unit. Let g* be a localized K[A]-metric which is
x-invariant, i.e.

(3.7) PMNery.z) =gz, y*z) (zy,z€H).
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On Hg, we have the induced multiplication and the nondegenerate filtration
(Ie, go) defined in (3.5), (3.6).

Theorem 3.5. (Hk,I,,gs) is a mized Frobenius algebra.

Proof. The x-invariance (3.7) of g* implies that I} is an ideal. Therefore I, is an
ideal with respect to the induced multiplication o on H. The o-invariance of gy
follows from the *-invariance of g*. O

§3.2. Nilpotent construction

Let (A, g) be a Frobenius K-algebra having nilpotent elements nq,...,n, and let
n=X\N +mA" 4+ 4 n, € AN.

As an example of Theorem 3.5, we consider the case Hp = A[)\] with the localized

K[\-metric g* given by

Pey) =g@ yn ) =Y el n (V- nf) (ey € AN).
i>0

Let us calculate the nondegenerate filtration (I, go) defined by (3.5), (3.6).
The ideals I} of A[A] defined in (3.2) are as follows.

Lemma 3.6. We have
(38) m:{kawmeAW}w<m,
I & J}) (k> 0).
In the last line, the direct sum is that of A-modules and
T ={x € A"\ | \ex is divisible by n},

where A<"[\] = {x € A[\] | degx < r}. Here degx is the degree of © with respect
to .
Proof. Since m is monic of degree r, any € A[A] can be written uniquely as
x=mn- -z +x"” with dega” < r.

First, we consider the case k = 0. It is easy to see that = € I3 if and only if
gMx",y)=0forany y € A. If &’ =37, a;A""" then we have

by _ (\T j —(i+jr) _ g(alay) i
g (a:/lvy) - Z g(az(/\ n)]ay)/\ = by +O<)\2 ’

1<i<r, j>0

From this equation, for  to be in I3, it is necessary to have g(a1,y) = 0 for any
y € A, hence a; = 0. Then we have

glaz,y 1
g)\(m”7y) = (;2 ) +O<>\3)7

hence as = 0. Repeating this process, we obtain x”/ = 0.
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Next, we consider the case k < 0. If € I} then @ € I3}. Therefore it can be
written as @ = n - @’. Since & € I}, we have \g*(z,y) = N\Fg(x',y) € K[| for
any y € A. It then follows that the coeflicients of @’ up to degree —k — 1 must be
zero. Hence x’ is divisible by A7,

For k > 0, it is easy to see that € I}} if and only if \*z" is divisible by n. [

Let N : A®" — A9 be the homomorphism given by

—nq 1 0 0
ai —ny 0 1 0 al
N . = . . . .
ay —Ny—1 0 0 -+ 1 ar
—n, 0 0 -+ 0

The projections A®"™ — A to the first and the rth factors are denoted p1, p,..

Lemma 3.7. We have

0 (k <0),
(3.9 Iy =q{z-n.|xe A} (k=0),
IO + Jk (k > O)v

where Ji, = p,(Ker N¥).

Proof. By Lemma 3.6, it is enough to show that w(JQ) = Ji for k& > 0. Let
p: A<"[\] = AP" be the isomorphism >_;_; a;A\""¢ = *(aq,...,a,). Notice that
ptoNop: A<"[A\] = A<"[\] maps x to the remainder of Ax divided by n. By
induction on k, we can show that

k—1
(3.10) Mg = Z(pl oN'op) ()N 1" nt(ptoNFop)(x) (e A<T[N)).
i=0
Thus we obtain
I} ={x € A<"[\] | p(z) € Ker N*}.
From this m(J})) = Jj, follows. O

Lemma 3.8. We have

go(z - np,y-n.) =gz y,n.),
gk(‘fay) = g(xapl(Nkilyﬂ)) (k > 07 T,y € Jk)?

where ij € Ker N¥ is any lift of y satisfying p.(y) = y.
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Proof. The case k = 0 is clear. For k > 0, let =,y € J be lifts of x,y. By (3.10),

we have
k
gu(2.9) = ¢ (w “’) = oo p1 (V" p(g))). 0

A=0
As a corollary of Theorem 3.5, we obtain

n

Proposition 3.9. (A, I,,ge) with 1o, ge given in Lemmas 3.7 and 3.8 is a mized
Frobenius algebra.

When r =1, Jy = {z € A | n} -2 =0} and gx(7,9) = g(x -y, (—n1)k 1)
(k > 0). This is the nilpotent construction in [8, §3] up to shifts of the filtration.

84. Mixed Frobenius structure

In this section, the base field is K = C, a manifold means a complex manifold and
vector bundles are assumed to be holomorphic. For a manifold M, Th; denotes the
tangent bundle, 7Ty its sheaf of local sections and we write x € Tj; to mean that
x is a local section of Tyy.

Although definitions here are for complex manifolds, they can be easily trans-
lated to C*°-manifolds (K = R).

84.1. Saito structure

The following definition is due to Sabbah [11, Ch. VII].

Definition 4.1. Let M be a manifold. A Saito structure (without a metric) on M
consists of

e a torsion-free flat connection V on T}y,

e an associative and commutative Oj;-bilinear multiplication o on 7Tj; with a
global unit section e, and

e a global vector field E on M (called the Euler vector field),
satisfying the following conditions.

(i) The multiplication C, by = € Ty regarded as a local section of End Ty
satisfies

(41) v'ccy - Vycar = O[w,y]v

and the unit vector field e is flat, i.e. Ve = 0.

(ii) The vector field E satisfies V(VE) = 0 and

(4.2) [E,xoy] — [E,z]oy—xo|E,yl=z0y (z,y € Tu).
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In this article, we call a Saito structure without a metric a Saito structure for
short.

Remark 4.2. In [11], a Saito structure is defined in terms of the symmetric Higgs
field instead of the multiplication. As explained in [11, Ch. 0.13], a symmetric Higgs
field corresponds to a multiplication and Definition 4.1 is equivalent to that in [11].

Lemma 4.3. Given a Saito structure (V,o, E) on a manifold M, there exists a
local vector field G € Tys such that

(4.3) VoVyG=zo0y
for any flat vector fields x,y € Tar. Moreover VV([E,G] — G) = 0.
We call G satisfying (4.3) a (local) potential vector field.

Proof. Let {t,}a be a local coordinate system on M whose corresponding local
frame fields {0, }o are V-flat. Let us write 9,005 = > C, 30,. The commutativity
implies C; = C},,. Equation (4.1) is equivalent to 9aC}., = 93C3,,. Therefore
there exist G¥ € Oy such that 0,036 = CZB. Then G := Zﬂ{ G0, satisfies (4.3).
The second statement follows from (4.2). O

Remark 4.4. It is known that a Frobenius manifold structure defined by Dubro-
vin [2] is equivalent to a Saito structure with a metric [11, Ch. VII, Prop. 2.2].
When M is a Frobenius manifold, (4.1) is equivalent to the potentiality condition,
and the gradient vector field of the potential function is a potential vector field.

84.2. Mixed Frobenius structure

Definition 4.5. A mized Frobenius structure (MFS) on a manifold M consists of
a Saito structure (V, o, F) together with

e an increasing sequence of subbundles I, of Tj; and

e metrics (i.e. nondegenerate symmetric Op-bilinear forms) ge on Ze /Ze_1
satisfying the following conditions.

(i) (o,1s,ge) is a mixed Frobenius algebra structure on Ty, i.e. Z, are ideals of
Ta and all gi’s are o-invariant.

(ii) The subbundles Ij, (k € Z) are preserved by V and the metrics are compatible
with V, i.e.

(4.4) 29:(Z,7) = gr(Vo2,9) + g1(T, V. y) (KE€Z, z€ Ty, x,y € Ii).

Here x — T denotes the projection T, — Zj /Zp—1.
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(iii) The subbundles Iy, (k € Z) are preserved by [E, —| and there exists a collection
{Dy), € K}kez of numbers (called charges) such that

(4'5) Egx(Z,y) - gk([Eﬂ $]7y) - g (T, [Ea y])
:(2_Dk)gk(j’g) (kGZ, CE,yGIk)-

A MFS with the trivial filtration I, (i.e. 0 C Thy) is the same as a Saito
structure with a metric [11] and also the same as a Frobenius manifold structure [2].

Lemma 4.6. If (V,0,E, I,,ge) is a MFS on a manifold M, then each Ty C Ty
(k € Z) is involutive.

Proof. This follows from the condition that I is preserved by the torsion free
affine connection V. O

As a consequence of this lemma, there exists a flat local coordinate system

{tka}kGZ, 1<a<dim Iy /T, such that {tka}kgl, 1<a<dim It /Tx_1 is a local coordinate
system of leaves of I;.

Remark 4.7. The definition of MFS in this article is different from that in our
previous article [8, Definition 6.2] in a few points.

Firstly the charges Dy are allowed to take any values. The advantage is that
any mixed Frobenius algebra has a MFS (see Proposition 4.8 below) whereas the
condition Dy, = Dy — k in the old definition is quite restrictive.

Secondly the compatibility conditions of the multiplication with the connec-
tion and the Euler vector field are strengthened as we adopt the Saito structure
(compare [8, (6.2), (6.9)] with (4.1), (4.2)). The reason for this change is the ex-
istence of a local potential vector field (Lemma 4.3) and the flat meromorphic
connection [11] on the Saito structure. We believe that they may play important
roles in formulating local mirror symmetry as an equivalence of MFS’s (cf. §6.4).

84.3. An algebra with a Frobenius filtration has a MFS

Let (A, Is, ge) be a mixed Frobenius algebra. We assume that A = P ., Aq is a
graded algebra satisfying I, = @, Ir N Aq. Moreover we assume that there exist
{Dy, €Z|keZ,I/Ir_1 # 0} such that

gr(w,y) =0 unless |z|+ |y| = Dy.

Here |x| denotes the degree of © € A. Notice that any mixed Frobenius algebra
satisfies this assumption with A = Ag and Dy = 0.

Let {exa | kK € Z,1 < a < dim I} /I;—1} be a homogeneous basis of A such
that {exq | k < 1,1 <a < dimI;/I;_1} is a basis of I;. Let {¢x,} be the associated
coordinates of A.
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Proposition 4.8. The trivial connection d, the multiplication on A, the vector
field

E = Z(l - |eka|)tkaak)a7

k,a
and the nondegenerate filtration (14, ge) form a MFS on A of charges {Dy}.

85. Formal mixed Frobenius structure

In this section we will define a formal (and logarithmic) version of MFS using [4]
as reference.
In this section, the base field K may be any subfield of C.

§5.1. Notation

Fix n € Zsg and m € Z>¢. Set R = K[[t1,...,tn,q1,--.,qm]] and
(5.1)  P={®(t,q)€R|3dy,...,dmEL>g such that ¢, --- ¢4 ®(t,q) € R*},

which is a submonoid of R. Let M = Spf R be the formal completion of K"*™ =
Spec K [t, q] at the origin and let Py; be the constant sheaf on M with a stalk P.
Denote by MT the formal scheme M equipped with the logarithmic structure
associated to Py < Oyy.

Let Tas+ be the sheaf of logarithmic vector fields on MT which is freely gen-

erated by aitl’ cee B%n and qla%l,...,qm% over Q). Namely, if we let
o VTR S
. " o Ve " o0,

then Tyt = On @k Hi. Define a flat connection V on Tyt by V=d®1g, . The
Lie bracket [ , | satisfies

(5-3) [2,9] = Vay = Vyz (2,y € Tagt)-
85.2. Formal mixed Frobenius structure

We keep the notation of §5.1.

Definition 5.1. A formal Saito structure on MT consists of

e an O);-bilinear multiplication o on 7T,+ and

e an element E € Ty

satisfying the following conditions.
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(i) The multiplication o is compatible with V in the sense that
(5.4) Vilyoz)=Vy(zoz) (z,y,2z€ Hg),

and the unit element e satisfies Ve =0, i.e. e € Hg.
(ii) The element F satisfies® V,V,E = 0 for 2,y € Hy and

(5.5) [E,xoy]|—zo[E,y|— [E,xloy=z0y (x,y € Tast)-

If (o, E) is a formal Saito structure on M7, then as in Lemma 4.3, there exists
G € K[logq,...,logqm] ®k Ty satisfying (4.3) for 2,y € Hg.

Definition 5.2. A formal mized Frobenius structure on M consists of

e a formal Saito structure (o, ) on M and

e a nondegenerate filtration (I, go) on Hg
satisfying the following conditions:

(i) Zr, = On ®k Ii is an ideal and gy extended Os-bilinearly to Zj, is o-invariant,

i.e.
(5.6) ge(z oy, z) = gr(y,x02) (x € Ty, y,2 € Iy).

(ii) Zy is preserved by [E, —], i.e. [E, z] € Zy (z € Z};) and there exists a collection
{Dp € K|k €Z,I/I;;—1 # 0} of numbers, called charges, satisfying

(5'7) Egk(*@g) —gk([E,a:],g) _gk(«f; [an]) = (2_Dk)gk(i'ag) (m,y eIk)‘
Here x — & denotes the projection Zy, — Zy/Zy—1.

Remark 5.3 (on the convergent case). Let (o, ) (resp.(o, E, Io, ge)) be a formal
Saito structure (resp. a formal MFS) on MT and let C); € Oy (1< a,B,7 <
n+m) denote the structure constants of o with respect to the basis (z1, ..., Zntm)
= (O, 00, 010q ;- - -, Gm0q,, ). If there exists an open neighborhood U’ of 0 €
K"t™ = Spec K|[t, q] where all C’;B converge, then (V, 0, E) (resp. (V,0, F, I, ge))
is a Saito structure (resp. a MFS) on U = U' N {q; - gm # 0} with local flat
coordinates t1,...,t,,logq1, - ..,log g,. In the case when the filtration I, is trivial,
then (U, o, E, e, go) is a Frobenius manifold with logarithmic poles along the divisor
{q1 -+ gm = 0} (see [10] for the definition).

3If we write E = o1 Eabry + 21, Eiqi0y;, the condition VVE = 0 implies that E,
(1<a<mn)and E; (1 <i<m) are linear polynomials in ¢ independent of gq.
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§5.3. Localized formal Frobenius structure over K|[)]

We still keep the notation of §5.1 and use superscripts A for objects tensored with
K[\: O} == Oy @k K[|, Hy = Hg @k K[\, and T}, = Tarr @ K[\ =
Om ®K Hy. We have a flat connection V on 7;); defined by the K[\]-linear
extension of that introduced in §5.1.

Definition 5.4. A localized formal Frobenius structure over K[\ on MT consists
of

e an O),-bilinear multiplication * on 7;;\[“

e an element E € 7}, and

e a localized K[\-metric g* on Hy,
satisfying the following conditions.

(i) The multiplication * is compatible with V in the sense that
(5-8) Valyxz) =Vy(zxz) (2,y,2€Hy),

and the unit e satisfies Ve =0, i.e. e € H}‘(
(ii) The element E satisfies V;Vy,E = 0 for z,y € Hp and

(5.9) [EMzxy] -z BNy - [ENz]lxy=z*y (z,y€Tip)

where E* := E + A\ 5.
(iii) g*, extended O4,-bilinearly to ’Tj\éﬁ, is x-invariant.

(iv) There exists D € K (called a charge) satisfying

(5.10)  E*gMz,y) — g ([EY 2], y) — ¢ (=, [EY, y))
=2-D)gMz.y) (@Y€ Ty

Proposition 5.5. Let (x, E,g") be a localized formal Frobenius structure over
K[\ of charge D on M*. Let o be the multiplication on Tyt induced by 7 : Tz\i\ﬂ —
Tat = Ty /ATy E = n(E), and let (1o, ga) be the nondegenerate filtration on
Hy induced from the localized K [\]-metric g* (see Lemma 3.4). Then (o, E, I, ge)
is a formal MFS on M' of charges {Dy = D — k}.

Proof. First, the conditions (i) and (ii) of Definition 5.1 follow from (i) and (ii) in
Definition 5.4 respectively.

The *-invariance of ¢* implies that Oy @ I ,? =: I,;\ C 7’1\)/‘[T is an ideal with
respect to *, which in turn implies that Z; is an ideal with respect to o. It also
implies the o-invariance of the metrics ge.
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Equation (5.10) implies that the Lie bracket [E*, —] preserves Z;. From this
it follows that [E, —] preserves Zj,. Equation (5.10) also implies (5.7) as follows.
For x,y € Zj, we have

Eg(%,9) = Resn—o \* "1k + EN g (z, y)

(5.10) o
=" kor(z,9)

+ Resx—o AN Hg (BN, 2], y) + g™ (@, [E*, y]) + (2 — D)™z, y)}
= (2-D+k)gr(z,9) + g ([E, 2], y) + gr(=, [E, y]),

where x,y € I;C\ are lifts of z,y. O

§6. Local quantum cohomology

In this section, K denotes either R or C.

§6.1. Notation

Let X be a smooth complex projective variety. Let V — X be a concave® vector
bundle of rank r. Let S' = U(1) act on V by the scalar multiplication on the fiber.
The generator of the S'-equivariant cohomology of a point is denoted .

Let Hi = H®°"(X,K). We fix a basis {¢1,...,¢,} of H*(X,Z) satisfying
the condition that fc ¢; > 0 for any curve C C X.> We also fix a homogeneous
basis {¢o =1, ¢1,..., Pp,s dpt1,...,0s} of Hg.

Let tg,...,ts be the coordinates on Hy associated to the basis. We set R =
K|[[t,q]] where t = (to,tpt1,...,ts) and ¢ = (q1,...,qp) with ¢; = €', As in §5.1,
we consider the formal scheme M = Spf R with a fixed logarithmic structure
defined by the monoid (5.1) and denote it by MT. We identify Hy with the linear
space of derivations on R defined in (5.2) by

(61) {gbaHai’a (a:O’p+17"'78)7

¢i = qige: (1<i<p).

Hence Tyt = On ®x Hp. The same notations 03, Hyx and TA’}T as in §5.3 will
be used.

4A vector bundle V is concave if HO(C, f*V) = 0 for any genus zero stable map (f,C) to X
of nonzero degree.

5 The existence of such a basis follows from the fact that the Mori cone NEg(X) of a smooth
projective variety X does not contain a straight line (see e.g. [6, Corollary 1.19]). If o denotes
the image of NEr(X) in Hz(X,R), the dual cone ¢¥ = {z € H2(X,R) | (z,y) >0, y € 0} is
of maximal dimension. Therefore there exists an integral basis ¢1, ..., ¢p of H2(X,R) such that
¢; €aV.
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We put the grading on the vector space Hi by setting |¢| = k if ¢ €
H?!(X, K). We also put the gradings on the rings Oy and O3, by [ta]| = 1 —|¢a|
(a=0,p+1,...,8), [\| =1 and |¢g;| = &, where &; are defined by

(6.2) a(X) + e (V Z Eii.

Then we have the induced gradings on 7T+ and TA’}T.
Let

(6.3) E= Z — |¢al) a+zp:§4 9 p g2
. al)ta Oty £ z%aqiv B

Then, for a homogeneous f € Oy, and x € Ty}, we have
(6.4) B =flf,  [BY 2] = (x| - D=
§6.2. Localized formal Frobenius structure over K[\

The following material can be found in [3]. Let ¢* be a localized K[A]-metric on Hz
defined by

1
6.5 Mo, p) = / UpU ——
(6.5) 9(ee)= [ oV o V)
where eg1 (V) is the S'-equivariant Euler class of V:
est(V) = A"+ WA (V).
Lemma 6.1. ¢* and E (in (6.3)) satisfy (5.10) with D = dim¢ X + 7.

Proof. By degree consideration, ¢ satisfies

(6.6) 9N (Pa, dp) = napAlPeHIOslmdime Xm0 € K),

This together with (6.4) implies the lemma. O
We define a multiplication on T]\)/\n as follows. For x1,...,x,, € Hx and d €

Hy(X,7), let

(6.7) (1, Tm)v,d = / Hevf ziUegi(—R°usevy, V) € K[\

[MO,WL(de)]Vir =1

where Mg ,,,(X,d) is the moduli stack of genus zero stable maps to X of degree
d with m marked points, ev; : Mo ,(X,d) — X is the evaluation map at the
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ith marked point, and p : Mo m+1(X,d) = Mg (X,d) is the forgetful map. We
define the multiplication , on 73y, by

1
(68) gA(fL'*Vyvz):ZZ %<wayaz77—7"'77>v7d (wayv'ZET]\}T)
d m>0 ’ m
1
=D @y aT o vadt
d m>0 m

In the first line, 7 = >.° _  ta¢a, and in the second line, 754 = ZZZPH ta®o and
¢% = eJaltior++12¢) In passing to the second line, the fundamental class axiom
and the divisor axiom of Gromov—Witten theory (see, e.g., [9, III, §5]) are used.

Lemma 6.2. (TA)/‘”,*V) is a graded ring. Hence the multiplication %y and E in
(6.3) satisfy (5.9).

Proof. The lemma follows from the degree axiom of Gromov—Witten theory. [

Proposition 6.3. (¢, *y, E) is a localized formal Frobenius structure over K[|
of charge dimc X + 1 on M.

Proof. By the definition of xy, it is clear that g* is *y-invariant and satisfies (5.8).
O

§6.3. Formal mixed Frobenius structure
from local quantum cohomology

Theorem 6.4. The collection (oy, E, I, ge) of the following data determines a
formal MFS of charges {dim¢ X + 1 — k}rez on MT;

e the multiplication oy on Tyt induced from the multiplication *y, on Tj\)/‘ﬁ,
e the Euler vector field E which has the same expression as E in (6.3),

e a nondegenerate filtration (1o, ge) on Hy constructed in Lemma 3.4.

Proof. Applying Proposition 5.5 to the localized formal Frobenius structure over
K[)] in Proposition 6.3, we obtain the result. O

Remark 6.5 (on convergence of the formal MFS). If V — X is a negative line
bundle, it can be shown that the structure constants of oy, are convergent if those
of the quantum product of X are convergent, e.g. if X is a smooth projective
toric variety [5]. The proof is completely the same as Iritani’s [5] except that it
is necessary to modify the proof of his Lemma 4.2. For a pair of such X and a
negative line bundle V, the formal MFS described in this subsection is actually a
MFS on some open subset of Hy (see Remark 5.3).
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Let us describe the MFS in Theorem 6.4 concretely. The multiplication oy, on
Tart is as follows. For d #£ 0, zy1,..., 2, € Hg, let

(6.9) (1, Tm)pd = /[ H eviziUe(R pevi, 1 V),

Mo, m (X,d)]¥ir ;24

where e denotes the (nonequivariant) Euler class. Then a potential vector field G
for oy (cf. Lemma 4.3) is given by

(6.10) G =) (0aPa)¢™ + D _(9aPqu)er(V) Uo7,
a=0 a=1
where 0, = % and
(I)d:l TUTUT, ¢llizzﬁ<7>4,---,7>4>§:0v
3N x ! d#£0 m>0 M "

m

and {¢*} is a basis of Hi dual to {¢,} with respect to the intersection form of X.
By the result of §3.2, the nondegenerate filtration (I, ge) on Hy is

I, =0 (]C < O),
(6.11) Iy={zUc (V) |z € Hg},
Iy =Io+ Jy, Ji =pr(Ker N¥),

where
—a(V) 1.0 -+ 0
—c(V) 01 0
N = : Lono [ HE o HY
—cro1(V) 0 0 - 1
—(V) 00 -+ 0

and p, is the projection to the rth factor. The metrics gi on I /I;_1 are given by

go(er(V) Uz, CT(V)Uy):/XcT(V)Uny (z,y € Hk),

(6.12)
9k (Z, 7) :/ xUpl(Nk_lgj) (k>0,z,y €Jg),
X

where i € Ker N* is any lift of y.

Remark 6.6 (on the nilradical of oy). If [,(c1(X) + ¢1(V)) < 0 for any curve
C C X, then ¢,op g € O @ H219e1H1951 (X | K) by the degree axiom. Therefore
for such (X, V), the nilradical of (Tys+,0y) is Oy @x HZ2(X, K).
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86.4. Remarks on local mirror symmetry

Let X be a Fano toric surface and ¥V = Kx the canonical bundle. Take ¢, = #°.
Then

p+1 P
G=> (0aPc)0™ + > ki(0i®qu)bpi1,
a=0 i=1
where
Pgu = ZNd q, Na = /7 (R s evyy i1 Kx),
[]VIO,()(X,d)]Vi"

d#0
and the k; are defined by Y-7_, k;¢; = ¢1(Kx). The coefficient of ¢,41 in G above
is nothing but the function Fipeq in [1, §6.3].

Next, let us discuss the relationship with the mirror side of the story. Let A
be the fan polytope of X. There is a certain family of curves C — M(A) in (C*)?2
associated to A. It was shown that

H*(X,C) = H*((C")%,C:) (2 € M(Q))

as C-vector spaces and that the weight filtration of the mixed Hodge structure on
H?((C*)2,C.) coincides with Frobenius filtration (up to shifts). Compare [7, §8]
with (6.11) and [8, (8.8)].

Under the mirror map, Fiocar corresponds to a double logarithmic period of
wo(z) = [(F+ A 92,0)] € H2((C*)?,C.), and {go(¢s oy b5, c1(Kx))}i<ij<p is
essentially equal to the Yukawa coupling defined in [7, §6].

It would be desirable to construct a MFS on H?((C*)?,C,) which is compat-
ible with its variation of mixed Hodge structures and which agrees with the MFS
on H*(X,C) under the mirror map.
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