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Abstract

Given a tagged triangulation of a once-punctured polygon P* with n vertices, we as-
sociate an ice quiver with potential such that the frozen part of the associated frozen
Jacobian algebra has the structure of a Gorenstein K[X]-order A. Then we show that
the stable category of the category of Cohen—Macaulay A-modules is equivalent to the
cluster category C of type D,,. This gives a natural interpretation of the usual indexation
of cluster tilting objects of C by tagged triangulations of P*. Moreover, it extends natu-
rally the triangulated categorification by C of the cluster algebra of type D,, to an exact
categorification by adding coefficients corresponding to the sides of P. Finally, we lift
the previous equivalence of categories to an equivalence between the stable category of
graded Cohen—Macaulay A-modules and the bounded derived category of modules over
a path algebra of type D,,.
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81. Introduction

In a previous paper [9], we constructed ice quivers with potential arising from trian-
gulations of polygons and we proved that the frozen parts of their frozen Jacobian
algebras are orders. We proved that the categories of Cohen—Macaulay modules
over these orders are stably equivalent to cluster categories of type A. The aim
of this paper is to extend these results to tagged triangulations of once-punctured
polygouns to recover cluster categories of type D. We refer to [9] for a detailed intro-
duction and we will focus here on the tools we specifically need for this new case.

For every bordered surface with marked points, Fomin, Shapiro and Thurston
introduced the concept of tagged triangulations and their mutations [12]. Then,
they associated to each of these triangulations a quiver Q(o) and showed that the
combinatorics of triangulations of the surface correspond to that of the cluster alge-
bra defined by Q(o). Later in [25], Labardini-Fragoso associated a potential W (o)
on Q(o). He proved that flips of triangulations are compatible with mutations of
quivers with potential. This was generalized to the case of tagged triangulations
by Labardini-Fragoso and Cerulli Irelli in [7, 26].

We refer to [3, 8, 30, 31] for a general background on Cohen-Macaulay modules
(or lattices) over orders. Recently, strong connections between Cohen—Macaulay
representation theory and tilting theory, especially cluster categories, have been
established [1, 2, 11, 20, 21, 22, 24]. This paper enlarges some of these connections
by dealing with frozen Jacobian algebras associated with tagged triangulations of
once-punctured polygons from the viewpoint of Cohen—Macaulay representation
theory.

Throughout this paper, K denotes a field and R = K[X]. We extend the
construction of [12], and associate an ice quiver with potential (Q,, Wy, F)) to each
tagged triangulation o of a once-punctured polygon P* with n vertices by adding
a set F' of n frozen vertices corresponding to the edges of the polygon and certain
arrows (see Definition 2.9). We study the associated frozen Jacobian algebra

I, := P(QU,WU,F)

(see Definition 2.1). Our main results are the following:
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Theorem 1.1 (Theorems 2.19 and 2.30). Let ep be the sum of the idempotents

of Ty at frozen vertices. Then

(1) the frozen Jacobian algebra T, has the structure of an R-order (see Definition

- nXn

where R = K[X,Y]/(Y(X —Y)) and each entry of the matriz is an R’-

submodule of R'[X 1.

Remark 1.3. In view of the isomorphism of R-algebras

R~R-R:={(P,Q) e R*|P-Qe (X))},

we have an isomorphism

R—R R—R R—R R
(X)x(X) R-R  R—-R R
|- @xx) R-R R
()~ (X) (X)—(X) (X)—(X) R

(%) - (X) (X)—(X) (X)—(X) -~ (X)

((X) — (X) is the ideal of R — R generated by (X, X)).

Y = (0,X),
~R RxR
~R R-R
R R-R
-R R-R
x(X) R—R

nxn

This order is part of a wide class of Gorenstein orders, called almost Bass

orders, introduced and studied by Drozd—Kirichenko—Roiter and Hijikata—Nishida
[16, 17] (see also [18]). More precisely, A is an almost Bass order of type (III).

Theorem 1.4 (Theorems 2.30, 3.3, 3.16 and 3.19). The category CM A has the
following properties:

(1) For any tagged triangulation o of P*, we can map each tagged arc a of o

to the indecomposable Cohen—Macaulay A-module erl',e,, where e, is the
idempotent of Ty at a. This module only depends on a (not on o) and this
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map induces one-to-one correspondences

{sides and tagged arcs of P*} + {indecomposable objects of CM A}/=,
{sides of P} <> {indecomposable projectives of CM A}/,
{tagged triangulations of P*} <> {basic cluster tilting objects of CM A} /2.

(2) For the cluster tilting object T, := epl'y corresponding to a tagged triangula-
tion o,

Endoma(Ty) 2 TOP.

(3) The category CM A is 2-Calabi-Yau.
(4) If K is a perfect field, there is a triangle-equivalence C(KQ) = CM A, where
Q is a quiver of type D,, and C(KQ) is the corresponding cluster category.

Remark 1.5. To prove Theorem 1.4(3), we establish that
CMA = CM"*(K [z, y]/(@" 'y — y*)),
where = has degree 1 and y has degree —1 (modulo n).

Usually, the cluster category C(K Q) is constructed as an orbit category of the
bounded derived category DP(K Q). We can reinterpret this result in this context
by studying the category of graded Cohen—Macaulay A-modules CMZ A:

Theorem 1.6 (Theorem 4.5). With the same notation as before:

(1) The Cohen—Macaulay A-module T, can be lifted to a tilting object in CMZA.
(2) There exists a triangle-equivalence D (K Q) = CMZ A.

In Section 2, we introduce ice quivers with potential (Q,, W,, F') associated
with tagged triangulations o of a once-punctured polygon P*. We also introduce
combinatorial and algebraic elementary tools in Subsection 2.3. Finally, we prove in
this section that the frozen Jacobian algebra I', associated with (Q., W, F)) is an
R-order, and that A & epl',ep which is independent of ¢. In Section 3, we classify
Cohen—-Macaulay modules over A, we compute homological properties of CM A
and we establish the correspondence between tagged triangulations of P* and
basic cluster tilting objects of CM A. Thus, after proving that CM A is Frobenius
stably 2-Calabi—Yau, we conclude that CM A is stably triangle-equivalent to a
cluster category of type D. In Section 4, we deal with results about CMZ A.

Notice that the naive generalizations of these results to other surfaces do not
hold in general, as shown in Subsection 2.5 for a digon with two punctures.
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82. Ice quivers with potential associated with triangulations

In this section, we introduce ice quivers with potential associated with tagged
triangulations of a once-punctured polygon and their frozen Jacobian algebras.
We show that in any case, the frozen Jacobian algebra has the structure of an
R-order, and its frozen part is isomorphic to a given R-order A defined in (1.2).

§2.1. Frozen Jacobian algebras

We refer to [10] for background about quivers with potential. Let @) be a finite
connected quiver without loops, with set of vertices Qo = {1,...,n} and set of
arrows Q1. As usual, if @ € @, we denote by s(a) its starting vertex and by
e(a) its ending vertex. We denote by K@, the K-vector space with basis @; con-
sisting of paths of length i in @, and by KQ; s the subspace of KQ; spanned
by all cycles in K@Q;. Consider the path algebra KQ = @,., KQ;. An element
W e @,>; KQicyc is called a potential. Two potentials W and W’ are called
cyclically “equivalent if W — W' belongs to [KQ, KQ], the vector space spanned
by commutators. A quiver with potential is a pair (Q, W) consisting of a quiver @
without loops and a potential W which does not have two cyclically equivalent
terms.

For each arrow a € @1, the cyclic derivative 0, is the linear map from
D> KQicyc to KQ defined on cycles by

Oalay...aq) = E Qiy1 .. Qg ... Q41
;=

Definition 2.1 ([5]). An ice quiver with potential is a triple (Q,W, F), where
(Q, W) is a quiver with potential and F' is a subset of Q. Vertices in F' are called
frozen vertices.

The frozen Jacobian algebra is defined by

PQ,W,F)=KQ/J(W,F),
where J (W, F) is the ideal
TJ(W,F) = (0.W | € Qu, 5(a) ¢ F or e(a) ¢ F)
of KQ.

Example 2.2. Consider the quiver @) of Figure 2.3 with potential W = a3 51v1 +
asfave + asfsys — v182a3 and set of frozen vertices F' = {4,5,6}. Then the
Jacobian ideal is

T W, F) = (Bim, 101, @161 — Baces, Barye, Y202 — asy1, B3ys — 71 B2, y3u3).
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Figure 2.3. Example of iced quiver with potential.

Note that this ice quiver with potential appeared in connection with prepro-
jective algebras [5, 13].

§2.2. Ice quivers with potential arising from triangulations

We recall the definition of triangulations of a polygon with one puncture and intro-
duce our definition of ice quivers with potential arising from tagged triangulations
of a polygon with one puncture.

Definition 2.4. Let P be a regular polygon with n vertices and n sides. Fix
a marked point inside P. Then the marked point is called a puncture and the
combination of P and the puncture is called a (once-)punctured polygon P*. We
define the interior of P* to be the interior of the polygon P excluding the puncture.
We denote by M the set of all the n vertices of the polygon and the puncture.

Definition 2.5 (Tagged arcs [12, Definition 7.1]). A tagged arc in the punctured
polygon P* is a curve a in P such that

(1) the endpoints of a are distinct in M;

(2)

3)

(4) @ does not cut out an unpunctured digon. (In other words, a is not contractible
onto the sides of P.)

a does not intersect itself;

except for the endpoints, a is disjoint from M and from the sides of P;

Each arc a is considered up to isotopy inside the class of such curves.

Moreover, each arc incident to the puncture has to be tagged either plain or
notched.

In the figures, the plain tags are omitted while the notched tags are represented
by .

Definition 2.6 (Compatibility of tagged arcs [12, Definition 7.4]). Two tagged
arcs a and b are compatible if the following conditions are satisfied:
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(1) there are curves in their respective isotopy classes whose relative interiors do
not, intersect;

(2) if a and b are incident to the puncture and not isotopic, they are either both
plain, or both notched.

Definition 2.7 ([12]). A tagged triangulation of the punctured polygon P* is the
union of the set of sides of P and any maximal collection of pairwise compatible
tagged arcs of P*.

Remark 2.8. The set of all tagged arcs in a punctured polygon is finite. Moreover,
any tagged triangulation can be realized up to isotopy as a collection of tagged
non-intersecting arcs.

Let us now define ice quivers with potential arising from punctured polygons:

Definition 2.9. Let P* be a punctured polygon with n sides and let ¢ be a tagged
triangulation of P*. For convenience, the n sides of P and all the tagged arcs of o
are called the edges of 0. A true triangle of o is a triangle consisting of edges of o
such that the puncture is not in its interior.

We assign to o two ice quivers with potential (Qy, Wy, F)) and (QL, W/, F)
as follows.

The quiver @ is a quiver whose vertices are indexed by the edges of o.
Whenever two edges a and b are sides of a common true triangle of o, then @/
contains an internal arrow a — b in the true triangle if a is a predecessor of b
with respect to anticlockwise orientation centred at the joint vertex. For every
vertex of the polygon P, there is an external arrow a — b where a and b are its
two incident sides of P, a being a predecessor of b with respect to anticlockwise
orientation centred at the joint vertex. Moreover, if the puncture is adjacent to
exactly one notched arc and one plain arc of ¢, we have the configuration shown
in Figure 2.10.

The quiver @, is obtained from @’ by removing external arrows winding
around vertices of P with no incident tagged arc in o.

We say that a cycle of Q, (resp. Q) is planar if it does not contain any
arrow of @, (resp. @) in its interior and each arrow appears at most once. Notice
that for the definition of planar, the quivers are not abstract but embedded in
the plane (each internal arrow being drawn inside the triangle it is constructed
from, and each external arrow winding around the corresponding vertex outside
the polygon). We have the following possible different kinds of planar cycles in @,
and Q' :

(1) clockwise triangles which come from true triangles in o;
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Figure 2.10. Once-punctured digon. We depict the part of @), quiver induced by
a once-punctured digon. Notice that there are two other arrows linking a and b if
P is the digon itself.

(2) an anticlockwise punctured cycle which consists of the arrows connecting arcs
incident to the puncture;

(3) anticlockwise external cycles which contain exactly one external arrow and
each of which is centred at a vertex of P.

We define F as the subset of (Q)o indexed by the n sides of the polygon P.
The potential W, (resp. W) is defined as

Z clockwise triangles — Z anticlockwise external cycles

— the anticlockwise punctured cycle

in Q, (resp. Q).

When there is a once-punctured digon in the triangulation o as shown in
Figure 2.10, we have to slightly adapt the previous definition. The anticlockwise
external cycle centred at Pj, which is taken in account is the one containing vd. On
the other hand, both naf and nyd appear as clockwise triangles in W, and W/.
In this case, there is no anticlockwise punctured cycle. An explicit case involving
a once-punctured digon is described in the proof of Lemma 2.27.

Example 2.11. Let us consider the triangulation o of Figure 2.12. We drew the
corresponding quivers (v is in @/ but not in Q,). We have

W, = fgh+ abc + ade — aag — Bfbc and W, =W, —~h.

From now on, for any tagged triangulation ¢ of the punctured polygon P*,
we denote P(Q,, Wy, F) by T'5.
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B

Figure 2.12. Quivers associated with a tagged triangulation.

Remark 2.13. (1) We can also realize ', as
KQ,
T (W)
We will use both definitions freely depending on convenience.

(2) Notice that (QL,W.) and (Q,,W,) are not necessarily reduced, in the
sense that oriented 2-cycles can appear in the potential, because some vertices of

. where J'(W.) := (0,W. | @ € Q1, « is not external).

the polygon have no incident tagged arcs in o, or because the puncture has exactly
two non-isotopic incident tagged arcs. Thus, it is possible that non-admissible
relations appear.

(3) All arrows of Q, (resp. Q) appear either once in W, (resp. W.), or
twice with opposite signs. Thus all relations derived from the potential are either
commutativity relations (of the form w = w’ for two paths w and w’ of length at
least 1), or O relations (of the form w = 0 for a path w of length at least 1).

§2.3. Notation and preliminaries

The vertices of the polygon P are labelled Py, ..., P, in counter-clockwise order.
When we do computations on the indices of vertices of P, we compute modulo n.
If r,s € [1,n] :={1,...,n}, we denote

s—r if s >,
d(r,s) :=
s—r+n ifs<r
We also denote [r, s] = {r,r+1,...,s}, [r,s[ = [r, s]~{s}, [r,s] = [r, s] ~{r}
and [, s[ = [1,n] ~ [s,7] (notice that Jr,r[ = [1,n] ~ {r}). If A is a condition,
we define d4 to be 1 if A is satisfied and 0 if A is not satisfied.
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For r,s,t € [1,n], we will use freely the identities Jr,s] = [r + 1,s + 1[,
[r,sl = [1,n] N s, 7], [r,s[ = [1,n] \ [s,r[ and 57"6]]5,15[[ = 586[[t7r[[ = 6t€]]r,s]]-

If r,s € [1,n], we denote by (P,, Ps) the arc going from P, to Ps turning
counter-clockwise around the puncture (thus, (P, P.41) is a side of the polygon
and (P41, P) is not except if n = 2). We denote by (P,, x) the plain tagged arc
from P, to the puncture and by (P,,<) the notched tagged arc from P, to the
puncture.

From now on, we always denote a = (P,,, P,,) if a is not incident to the
puncture, and a = (P,,,*) or a = (P,,,) if a is incident to the puncture (in
the latter case, we fix ay = a; by convention). We need to fix some geometrical
definition. To make it precise, we suppose that P is a regular polygon inscribed in
the unit circle and that the puncture is at the origin of the plane. Then @ is the
vector from P,, to P,, if a1 # aq, and it is the unit vector tangent at P,, to the
unit circle in the clockwise direction if a; = as.

If @ and b are tagged arcs of P*, we define

ez,b = d(al’ bl) + d(aQ’ bQ) + n|5a1€]]b1,a2[[ - 51726]]171,112["

Lemmas 2.14 and 2.15 are elementary observations about £¢. Proofs are com-
putational and given for the sake of completeness. We suggest skipping them on a
first reading.

Lemma 2.14. Ifa and b are two sides or tagged arcs of P*, the angle from a to b
18

T 6
a,br

up to a multiple of 2.

Proof. First of all, in complex coordinates, if a; # as,

<2m> — exp <2m'a1>
n
( a1+a’2)< ( .a2a1) < ‘a1a2>>
exp| me —exp| 7
n n
( a1+ a 2) . ( az—&l)
= 2isin| 71— |,
n

so the argument of @

T n
- a1 +as + 0 + ndar>as
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(note that this formula works also if a; = as). So the angle from @ to b is
™
(b1 — a1+ by —az + 18,20, — Ga12a2))-

As Ez,b is clearly invariant by rotation of the polygon, as also is the angle from &

to 5, we can suppose that as = 1 and the angle from a to b becomes
= (d(ar,b1) = 18y, + d(1bo) + (8,20, — 1))
= %(d(al, b1) +d(1,b2) — nda, b, — N, <b,)
= ~(d(ar,br) + d(1,b2) = ndayego, ag ~ MObaeln, ap);
which is clearly congruent to WZZ,b /m modulo 2. O

Another important point is that ¢ is subadditive:

Lemma 2.15. If a, b and c are three sides or tagged arcs of P*, then Zfl,b + Eg,c
> Zg}c. More precisely,

e ifa is a side of P,

gz,b + KZ,C = KZ,C + 2n(5026]]617b2[[6b1€[[b2701]] + 5111 e]]bhcl]]);
e ifbis a side of P,

ég,b + gz,c = ZZ,C + 277’(5@1E]]az—1701]]502€]]a2—1701]] + 6516]]01412—1[[);
e ifcis a side of P,

‘gz,b + gg,c = gi,c + Qn(5a1Eﬂb1,a2[[6526[[(127b1]] + 6026[[11271)2[[)'
Proof. We have

0+t — 08 =d(ay,by)+d(by, c1) —d(ar, c1)+d(az, ba) +d(ba, c2) — d(az, c2)
+1(|0ay €161 ,a5] — Obae]br.as[] T+ [0b1 €]er b2 — Feseler ball
- |5a1€]]c1,a2[[_5626]](:1,a2[[|)
=1(0b, €]er,a1 [ T Obs€]ea,an] + 0as €]b1,as] — Obaebyas(]
+|5b1€]](:1,b2|1_5(:26]]017172[[‘ - |5a1€]]c1,a2[[_6026]]c1,a2[[|)'
If this quantity were negative, we would have by € [ai,¢1] and by € [Jaz, 2] and

one of the following two posibilities:

e a1 € JJep,az] and c2 € [Jaz,c1]. As ca ¢ Je1,ba], we get by € Je1,baf so by €
[b2, c1]. It is then easy to deduce that a; € ]Jb1, az] and by € ]b1, as[, contrary
to the hypothesis.
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® 1) © [[ag,Cl]] and Cco € ]]Cl,ag[[. As aq ¢ ]]bl,CLQ[[, we get b2 ¢ ]]bhag[[ SO b2 S
[az,b1]. It is then easy to deduce that by ¢ Jeci,b2] and co € Jeq, bo, again
contrary to the hypothesis.

Notice that for any i, 7, k,1 € [1,n], we have the identities

|0ich il — Sielkjll = Gicir,i0ei kil + icls k1 Otelk i1
= biek,j[O1els k] + (1 — Siepr, i) (1 — diegjry)
= 20;e1k.101ei k] T 1 — Sielk sl — Oiel) k]
and
|0icik, 1 — Otelkjil = diclr.s10elim + diclsklOelk il
= dicri[(1 = Sieqrsp) + (1 = Sicpr i) dek i1
= Oielh,g[ T dielk,sl — 20ielk,j[0te]b i1

If a is a side of the polygon, we have as = a1 + 1 and the previous difference
becomes (up to a factor n)

by €Jer,ar] + Obseleasar+1] + 10arb: — Obyelby,ar+1l
+ 100, €er,ba] = Ocacler,bol = 10arer = Ococ]er,ar+1fl

=0a,e]br.e1] T Obselen,ar+1[ T Oar#b — Obye]byar+1[

+ 26, e[bs.c1]0caeler ba] 1 = Obrefba,en] — Oeaclerbal — arster + Ocreler,ar+1]
=0ase]br,e1] T 206, €[bs,e1]0ca€]er,ba] T 1 = Obyeba,er] — Oeaeler b

+ 0y e]ba—1,c0-1] — Oar=b; — Oare]ba—1,b,—1] t Sar=c; + as€lea—1,c1-1]
=0arelbr,er] T 206, €ba,c1]0ca]erba] — Obielba,er] — Ocoeler,bal

+ 0are]bo—1,c0-1] — Oar=by T Oare]bi—1,bs—1] T Oby=by + day=c; + Oa,]es—1,c1-1]
=0arelbr,er] T 206, €ba,c1]Ocae]erba] — Obielba,er] — Ocneler,bal

+ 0y e]br—1,e1-1] T Obae]er,br] T Ocacler,ba] — Sar=by + dar=c,
=204, €]by1,e1] T 200, €bs,c1]Oca€]er ba -

The other computations are analogous. O
Let us introduce the K-algebras that will play an important role in this paper.
As before, R = K[X]. We define R’ = K[X,Y]/(YX — Y?). It is in fact an

R-order of rank 2 (see Definition 2.17), and we have the following R-isomorphism
with a classical Bass order:

R—-R-R:={PQeR | P-Qc(X)}, Y (0,X).
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The three indecomposable Cohen—Macaulay R’-modules and irreducible mor-
phisms over R appear in each of the two lines of the following commutative

diagram:
/_L\ ) il )
(? N e /JY)
Y | U X-Y
RAX-Y) Y PR xv (X_-Y)

K_/\/

’
s

where Y and X — Y are multiplications, 7 are projections and ¢ are natural inclu-
sions.

Finally, we denote by R’ the algebra K[u*!, v]/(vu —v?) where R’ is seen as
a subalgebra of R’ through the inclusion

(2.16) R <R, Xw—u™ Y o™

§2.4. Frozen Jacobian algebras are R-orders

Let (Qo, W5, F) be an ice quiver with potential arising from a tagged triangula-
tion o as defined in Section 2.2, and e; be the trivial path of length 0 at vertex 1.
The main result of this section is that T'y := P(Qy, Wy, F') (Definition 2.1) is an
R-order.

First, we introduce the definition of orders and Cohen—Macaulay modules over
orders.

Definition 2.17. Let S be a commutative Noetherian ring of Krull dimension 1.
An S-algebra A is called an S-order if it is a finitely generated S-module and
socg A = 0. For an S-order A, a left A-module M is called a (maximal) Cohen—
Macaulay A-module if it is finitely generated as an S-module and socg M =0 (or
equivalently soc4 M = 0). We denote by CM A the category of Cohen—Macaulay
A-modules. It is a full exact subcategory of mod A.

Remark 2.18. If S is a principal ideal domain (e.g. S = R) and M € mod S,
then socg M = 0 if and only if M is free as an S-module.

We refer to [3], [8], [30] and [31] for more details about orders and Cohen—
Macaulay modules.
The main theorem of this subsection is the following.

Theorem 2.19. The frozen Jacobian algebra ', has the structure of an R-order.
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The remaining part of this subsection is devoted to proving Theorem 2.19.
The strategy is to define a grading on I',, to prove that the centre Z(T',) of T,
is R, and to give its order structure as an R’-module. Notice that the centre
of Jacobian algebras coming from surfaces without boundary was computed by
Ladkani [27, Proposition 4.11].

We describe T', in detail in Proposition 2.26. Let us define a grading on @,

(and Q7).

Definition 2.20 (f-length). Let a and b be sides or tagged arcs of P*, and « :
a — b be an arrow of Q. Let § be the value of the oriented angle from @ to b
taken in [0, 27). We define the 6-length of « by
Pa) = )
T

The #-length of arrows extends additively to a map £? from paths to integers,
defining a grading on KQ, (and K Q') which will also be denoted by ¢°.

Remark 2.21. Using Lemma 2.14, we easily see that /(o) = fZ,b for any arrow
a:a — b. Indeed, if a and b share a common endpoint, then 0 < Egﬁb < 2n.

We now prove that for any tagged arcs or sides a and b of P*, the possible 6-
lengths of paths from a to b in ), do not depend on the triangulation o containing
a and b.

Proposition 2.22. Let 0 and o’ be two different triangulations of the punctured
polygon P*. For any two edges a and b common to o and o', the minimal 0-length
of paths from a to b in Q, is the same as the one in Q.

Proof. Any two triangulations can be related by a sequence of flips such that
each time we only change one arc in the related triangulation to get another one.
Therefore, without losing generality, we can assume that the two triangulations o
and ¢’ have all arcs the same except one. We show the possible differences between
o and ¢’ in Figure 2.23.

It is sufficient to prove that for any two vertices common to both triangula-
tions, and for any path between them in one triangulation, we can find a path with
the same 6-length in the other triangulation. In each case, certain compositions of
two arrows in one of the diagrams have to be replaced by one arrow in the other
diagram. We can check case by case that the #-lengths of both are equal.

For example, suppose that the triangulations only differ in a square not in-
cident to the puncture as shown at the top of Figure 2.23. Considering the given
position of the puncture, the arcs are (P;, Py), (P;, P;), (P, P1), (P;, Py), (P, P;)
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Figure 2.23. Possible flips.

and (P, Py), and we get

C((Pj, Py), (P, Py)) + £ ((P;, Py), (P, Py))
= d(]vl) + d(ka.]) + d(Zal) = d(]al) + d(ka]) = 69((Pjapk)7 (vaj))

The other cases are handled in the same way. O

Proposition 2.24. The potential W, (resp. W.) on Q, (resp. Q) is homoge-
neous of O-length 2n. Thus, (% induces a grading on T .

Proof. Consider a true triangle of . Up to cyclic permutation, we can denote its
three sides by a, b, ¢ in clockwise order, satisfying a; = b, as = co. Moreover,
they satisfy either by = ¢; and a; € ]by, aq[ (if the triangle is not incident to the
puncture), or by = by and ¢; = ¢y (if the triangle is incident to the puncture). In
any case, the #-length of the clockwise triangle induced by this true triangle is
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éz,b + gz,c + gg,a
= (d(al, bl) + d(bl,cl) + d(chal)) + (d(ag, bg) + d(bg, CQ) + d(CQ,ag))
+ n(|5a1€]]b1,a2[ - 5b2€]]b1,a2[‘ + |5b1€]]01,b2[ - 502€H01,b2|1|

+ |5C1E]]a1m[[ - 5az€ﬂa1,02ﬂ|)
n+n+nx0=2n.

Using the flips introduced in the proof of Proposition 2.22, we can transform
o to a triangulation 7 that consists of the sides of P and the tagged arcs incident
to the puncture (as in Figure 2.29, p. 162). Moreover, using the reasoning of
Proposition 2.22, flips clearly preserve the 6-length of anticlockwise planar cycles
of Q. winding around the puncture or vertices of P*. Therefore, it is enough to
see that W/ is homogeneous of #-length 2n. This is easy to check by calculation.
As terms of W, are terms of W/, W, is also homogeneous. O

Proposition 2.25. Let a and b be two edges of o which are not incident to the
puncture or tagged in the same way. The minimal 0-length of paths from a to b
mn Qs is fZ,b-

Proof. Let us prove first that there exists a path from a to b with 6-length Kz’b. We
use induction on ézyb. If it is 0, then a = b and the result is obvious. If a and b are
both incident to the puncture and not isotopic, the result is immediate (consider
the triangulation 7 consisting of the sides of P and the plain tagged arcs incident
to the puncture).

Suppose that a is not incident to the puncture. We consider four cases:

e Suppose that by, by # ag. Consider an arc ¢ such that ¢; = a; and ¢c3 = ag + 1
and tagged in the same way as b if by = by and ¢; = co. The arc c is either
isotopic to the union of a and a side of the polygon (if az # a; — 1), or to a part
of a (if ag = a1 — 1). In any case, a, b and ¢ are compatible so we can choose a
triangulation o’ containing a, b and c. In @, there is an arrow « from a to ¢
of f-length 1, and as

€0y = d(cr,b1) + d(cz,b2) + 1|0, 1o, o] — Obselbr ol
=d(a1,b1) +d(az + 1,b2) + n[0a, )b, a0 +1] — Obse]br,az+1[]
= d(a1,b1) + d(az,ba) = 1+ 104, by anl = Foaelbranf] = lap — 1,
we can apply the induction hypothesis: there is a path w from ¢ to b of #-length

Eg,b and the path aw has the expected #-length Eg’b. Finally, thanks to Proposi-
tion 2.22; there is a path of the same 6-length in o.
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e Suppose that by,by # a1 and ay # a1 + 1. The same reasoning works with
c1 =a;+1and ¢y = as.

e Suppose that by = as and by = a;. In this case, we construct o’ by taking a,
b and the two tagged arcs connecting the puncture and as. In ¢/, there is an
arrow from a to b which has, by definition, #-length Zg,b-

e Suppose that as = a1 + 1 and by # a;1. In this case, set ¢ = (Py, 41, Pa,+1) and
complete to a triangulation o’ (containing b). We have an arrow « from a to ¢
of f-length 2. Moreover,

08, = d(c1,br) + d(ca, b2) + 1l6c, s ea] — Obaclbrea]l
=d(a1 + 1,b1) +d(ag + 1,b2) + 1|00, 41€]b1,a041] — Obo]br,an+1]|
= d(a1,b1) + d(a2,b2) — 2+ 180, by an] — Sbaclbranll = Lop — 2

and the same reasoning as before works.

The case where b is not incident to the puncture is similar.

Let us now prove by induction on the #-length of any path w from a to b that
this #-length is at least Zz’b. When a = b or if w is an arrow, it is clear. When a
and b are different and w is not an arrow, w is the composition of two nonzero
paths w’ from a to ¢ and w” from ¢ to b. By induction hypothesis and Lemma
2.15, we have

O (w) = 0w + 0 (w") > €Z7c + Eg,b > Ei,b- O

At the end of this section, we will prove that I', has the structure of an
R-order and we will specify its structure. More precisely, we prove that the centre
of T, is isomorphic to R’ and we realize ', as a matrix algebra whose entries are
free R-submodules of R’ (see (2.16), p. 153).

For each vertex d of Q' , we will define an element Cy of e4T',e4 as follows.

e If ) does not contain Figure 2.10 as a subtriangulation, all the planar cycles
at d are equivalent (because of commutativity relations). Denote by Cy the
common value of these planar cycles in I',.

e If Q) contains Figure 2.10 as a subtriangulation, if d # j, all cycles at d that
are planar in the full subquiver @/ ~ {j} are equivalent. Denote by Cy their
common value in I';. We define C; = 0.

/
o

For each frozen vertex a of @/, we denote by E, the big cycle at a pass-
ing through each external arrow once. Finally, if a and b are two vertices of Q7.

corresponding to edges which are not incident to the puncture, we write a F b if
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as € Jba, ar[ or by € Jba, ar[. We have a b b in the following cases:

Fix a grading of R’ such that uw and v have degree 1. Then R’ is graded as
a subalgebra of R’ (X and Y have degree 2n). If a and b are two vertices of @/,
we consider a graded R'-submodule A, 5 of R’ (that is also free over R) defined in
the following way:

o A, =0if a and b are incident to the puncture and tagged differently (as ¢ and
j in Figure 2.10);

L

o Ay =u 2+~ 1yR’ if one of a and b is incident to the puncture and plain and

the other one either incident to the puncture and plain, or not incident to the

puncture;

o Ayp = ufzvbfl(u — )R’ if one of a and b is incident to the puncture and notched

and the other one either incident to the puncture and notched, or not incident
to the puncture;

o Ayp = wler R 4 s R if @ and b are not incident to the puncture and a F b;

o Ayp= wer R if @ and b are not incident to the puncture and a ¥ b.

It is an easy consequence of Lemma 2.15 that A := (Aup)apeq,, is an R-
subalgebra of the matrix algebra Mg/ (R').

Proposition 2.26. There exists an isomorphism of graded algebras ¢, : R’ —
Z(Ty) (Z(Ty) is graded by 0-length). Moreover, for the induced R'-algebra struc-
ture of Ty, there is an isomorphism of graded R'-algebras 1, : A — Ty induced
by isomorphisms of graded R’'-modules

P2 Agy =5 ealsen
(Ty is graded by 0-length). Finally, the following properties are satisfied:
()5 for each frozen vertex a of Qo,
€a®e(X) = ¢o(X)ea = Ea;
(ii)y for each vertex a of Q,,
€ads(Y) = ¢5(Y)ea

B {eang(X) — Cy if 0 has no plain arc incident to the puncture,

Cy otherwise;
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(iil)y for any pair of frozen vertices a and b, wg’b(uegﬂb) 1s equivalent to the shortest

path among paths consisting of external arrows from a to b,

(iv), for any pair of frozen vertices a and b such that a is an immediate successor
of b in anticlockwise order (by = a1), let sqp be the path from a to b whose
composition with the external arrow b — a is the anticlockwise external
cycle winding around aq; then

b, €0
wg’ (v a’b)
{wg,b(ufz,b) — Sa,b if o has no plain arc incident to the puncture,

Sab otherwise;

(v)o for any external arrow a of @, and any w € I'y, if aw = 0 then eyoyw =0,
and if wa = 0 then weg(q) = 0.

First of all, when the triangulation has only notched arcs incident to the
puncture, the situation is similar to the fully plain one. Then, up to applying the
R-automorphism of R’ given by Y — X —Y and the K[u*!]-automorphism of R’
given by v — u — v, both results are equivalent (note that this pair of automor-
phisms commutes with the inclusion R* C R'). From now on, we will only look at
cases where triangulations have at most one notched arc incident to the puncture.

Observe that (v), is in fact a consequence of the rest of the proposition.
Indeed, suppose that « is an external arrow from a vertex a to a vertex b and
suppose that w € ', satisfies cw = 0. Without loss of generality, we can suppose
that w = epwe, for some vertex ¢ of Q.. Thus, there is p € A; . such that w =
¥b¢(p). Then, thanks to (i), and the multiplicativity of v,, we have

0= Byw = ¢o(X)ept)5*(p) = do(X )15 (p) = v *(Xp),

and as ¥5° is injective, we get Xp = 0 in Ay .. Since Ay . is free over R C R/, it
follows that p = 0 and therefore w = 0. The other case is dealt with in the same
way.

If we suppose that the existence of ¢, as a morphism of algebras and (ii), are
proved, we can easily deduce that ¢, is graded. Indeed, we proved in Proposition
2.24 that ¢%(C},) = 2n. Thus, thanks to (ii),, if o has at most one notched edge
incident to the puncture, then ¢,(Y") is homogeneous of degree 2n. Moreover, as
¢ is a morphism of algebras, we have ¢ (X)¢s(Y) = ¢ (Y)ds(Y), s0 ¢5(X) is
also homogeneous of degree 2n.

It is then automatic that ¥’ is graded for any vertices a and b (under the
hypothesis that 1)%" is an isomorphism of R’-modules). Indeed, Ezyb is by definition
the minimal #-length of a path from a to b.
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The strategy for the rest of the proposition is to use induction on n. We start
by proving the proposition for two families of initial cases.

Lemma 2.27. Suppose that n = 2 and the triangulation o consists of one plain
and one notched arc incident to the puncture as in Figure 2.10. Then the conclu-
sions of Proposition 2.26 are satisfied.

Proof. In this case, the quiver Q/ is

and the potential is W, = naf 4+ nyd —yde —n¢, so the relations are fn = na = 0,
on = de, ny = ey and ¢ = af+7d (3 corresponds to the notched arc, and 4 to the
plain one). Using these relations we get

Claim 1. Any path different from n can be, up to the relations, expressed in a
unique way without subpaths of the form n, ¢, Bey or dea (the last two are 0
inTy).

The #-lengths are given by ¢ (a) = £9(8) = £%(y) = ¢9(5) = 1 and %(¢) =
00 =) =2.

Let us prove that there is an isomorphism
bo: R = Z(T,), X e(+ e+ Bea+dey, Y — eyd+de+ der.

It is easy to see that ¢,(X) and ¢,(Y) commute with all arrows, so the image is
included in the centre. Moreover, we have

0o (X)) (Y) = eafeyd + eydeyd + afeyde + ydeyde + deydey
= ey0ed + y0eyde + deydey = ¢ (YV)?,
SO ¢, is a morphism. Notice that
p1=e1¢se1: R = e1Z(Ty)er, X w—eaB+eyd, Y —evd,

is an isomorphism. Indeed, surjectivity comes from Claim 1. For injectivity, notice
that every element of R’ can be (uniquely) written in the form P + Y@ where P
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and @ are polynomials in X. Then, as eafeyd = eydeaf = 0,
91(P+YQ) = P(ca) + P(e76) — P(0)es + £73Q(e79).

If ¢1(P+YQ) =0 then S¢p1(P+YQ) = fP(caf) = 0. As ', /(eq,n) is a path
algebra (all relations are in the ideal (e4,n) of KQ. except ( = af + v9), we get
P = 0. Then ev6Q(evd) = 0. As ', /(e3,n — €) is a path algebra (all relations are
in the ideal (e3,n — ¢) of KQ/ except ( = aff + ), we get @ = 0. Thus ¢, is
injective. We deduce immediately that ¢, is also injective.

For the surjectivity of ¢, take an element z of Z(T',). Using Claim 1, it is
immediate that we can write

z = Pi(eaf) + Q1(e7d) + Po(afe) + Q2(yde) + P3(Bea) + Q4(de7)

where Q1 and Q2 have no constant terms (we make the convention that (ea3)° =
e1, (aBe)? = ea, (Bea)? = ez and (de7)" = e4). Using the identity az = za, as
Sea = 0, we get Po(aBe)a = aPs3(Bea) and, thanks to the grading by ¢, P, = Ps.
In the same way, 8z = zf implies P, = P3, vz = z7v implies Q2 = @4, and
0z = z0 implies Q1 = Q4. So z = Pi(eaf + afie + fea) + Q1(eyd + voe + dey) =
bo(PL(X = Y) + Q1(Y)).

It is an easy observation, using Claim 1, that e;Z(I'y)e; = e;I'ye; for every
s Qf,yo. This permits one to compute, together with the f-lengths given at the
beginning, the following isomorphisms of R’-modules (denoted %) from A, to
eal's€p where a,b € [[1,4]:

b

o 1 2 3 4
1 e W e v2en| (u—v)3 e ea v3 ey
2 u? = ¢, v = 6 11— e2 U—v vy
3 u—v— g (u—v)3 = Be [ut(u—v)e3 0
4 v v3 — de 0 u v ey

(note that 1+ 2 and 2 F 1). Points (i), to (iv), are easy to check. Multiplicativity
can be easily checked case by case. 0

Lemma 2.28. Suppose that the triangulation consists of the (plain) arcs connect-
ing each vertex of the polygon to the puncture. Then the conclusions of Proposition
2.26 are satisfied.

Proof. For each i from 1 to n, denote by 4 the arc from P; to P;y; and by ' the arc
from P; to the puncture. Let «; be the arrow of @, from ¢’ to (i +1)’, 8; the arrow
from (i41)’ to 4, ; the arrow from ¢ to ¢’ and ¢; the arrow from i—1 to i (modulo n)
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(Figure 2.29). Note that £9(a;) = €9(8;) = 2, £9(B;) = £%(7;) = n— 1. The relations
in I'y are By = i1t ... qi—204, Vi = 0i117viv1 and o;3; = B;-16; for all
1 € [1,n].

Figure 2.29. Initial case.

Notice that any path is equivalent to a path containing only arrows of type
0 or to a path containing no arrow of type J. Then, up to equivalence, a path
containing no arrow of type d can be supposed not to contain any arrow of type =y
except maybe at the beginning, and not to contain any arrow of type 8 except
maybe at the end. To summarize:

Claim 2. Any path of Q.. is equivalent to a path of the form
5i6i+1 ‘e 5j or ’YZI»LOéiOéi_;,_l [SPN Oéjﬁ;,
where p,v € {0,1}.

For 7 € [[1,77,]], we denote E1 = 5¢+16i+2 (Sl, Cl = %52_151 = ’}/10[161 =
div1Vir1fiand Cy = Bi_10ivi = Bi—1Vi—1Qi—1 = QQiq1 - .. @1 = ;3;7y;. Finally,
we set N N

E=Y (Ei+Cy) and C=>) (Ci+Cy).
i=1 i=1
Let us prove that there is an isomorphism of algebras given by

o : R =KX, Y]/(YX -Y?) = Z([T,), X—E Y~C.

We easily see from the relations that Cya; = @;Ciyry, Cigry Bi = BiCi = BiEy,
Civi = Eyys = viCy, 6:E; = Ei_104, 6;C; = C;_10;, BiCy = Bi by, Cyys = By and
C;E; = C?. Therefore C' and E are in the centre of I',, and ¢, is a morphism of
algebras.
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Any element of R’ can be written as P(X) + YQ(Y) where P and Q are
polynomials. If this element is in ker ¢, then P(E)+CQ(C) = 0. Notice now that
there are no relations between a path which contains only arrows of type ¢ and any
other path. Thus, we should have P(E) = 0 and then P = 0 as a polynomial (paths
appearing in CQ(C') contain arrows which are not of type §). Then CQ(C) =0
Powers of C have different 6-lengths, so @ = 0 and finally ker ¢, = 0.

Let us prove that ¢, is surjective. Let z € Z(T',). Using Claim 2 and E;C;
= C?, we can write

Z—Z i)+ Qi(C) + Si(Ci)]

for some polynomials P;, Ql and S; where @Q; has no constant term (we make
the convention that EO = ¢; and C’, = ey). For any ¢, za;; = ;2 implies that
Si(Cir)a; = ;Siy1(Clit1y ), so using the grading by f-length, S; = S;11. In the
same way, z3; = (;z implies Si11(C(iy1))Bi = Bi(Pi(E:)+Qi(Ci)) = (Pi(Civry )+
Q (C(H-l )Bz because BzE B'LCZ C(z—i—l) ﬂza so we get SZ+1 P+ Qz Finally:
20; = 6;z implies (P,_1(E;—1) + Qi—1(Ci—1))d; = 0;(Pi(E;) + Q;(C;)). As already
observed before, there are no relations between paths containing only d’s and
other paths. Thus, IDi_l(Ei_l)(Si = 51P,(E1) and Qi_l(C’i_l)(Si = (Sle(Cl), and
using 6-length, P;_; = P; and Q;—1 = @;. Finally, we get

z = P1(2E> +Q1(ZC’) + (P + Q1) (ZCz/) = ¢o(PL(X) + Q1(Y)),

S0 ¢, is surjective.
Let now 4, j be two frozen vertices. Notice that

iFj e it+le]j+Lliforje]j+1,i] & j=i—1.
The following maps are isomorphisms of graded R’-modules:
¢(i7,j : UQd(i’j)R/ — eiFgej, uzd(i’j) — 51'_;,_1(5“_2 R 5j (j 7é 1 — 1);
’L/)g’i_l : UQ(n_l)R/ + ’U2(n_1)RI — eifgei,h

WD s 518y i1, VP s B
1/}” cp2d@DFT=IR! T ey, 024D g g
z/;f, J 2@t DI Ry o Tpey, w2 EIHDEL By
1/;3’73“ p2dD R eilqejr, v240I) s a1 (J#1);
7,/}?7/1/ cu'wR — eil'yer, uw v e

The argument mainly relies on Claim 2. Let us for example look at the second
case. It is easy to check that

1pgi—l(,UQ(n—l))(lZv _ C) =0 and ,(/)gi—l(UQ(n_l) _ UQ(”_l))C =0,
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so 1%~1 is a morphism. Moreover, if an element u*"~YP(X) + 02~ DQ(Y) is
mapped to 0 by this map, using the same kind of analysis as before, we prove that
P = @ = 0, so the map is injective. For surjectivity, notice that, for any path
that does not contain ¢ from ¢ to ¢ — 1, different from ~;5;_1, in the form given by
Claim 2, we can write

Vi 011 = i 1Vip1Qig1 - Q11 =
=i+ 0im17i1CF i _1Bic1 = 8ig1 ... i CFFL,
so the map is surjective.
Multiplicativity can be checked case by case. For example, if 4, j, k € [1,n]
and j € ]i, k[, we have

.5 (5,2d(i,5)+n—1y,/,5" 2d(j,k+1)+n—1
Yo (v aig)n )Wf’k(v 4kt 1)+n ) = Vg .. o1 .o P
=0 1Vit1Qig1 - OB = = 0ip1 -+ Ok Bk = dig1 ... 0k C

_ w?k(umj(i,k)y) _ wz’f,k(UQd(i,k)-ﬂn) _ ¢3,k(v2d(i,j)+n—lv2d(j,k+1)+n—1).

Points (i), to (iv), are easy to check (and recall that (v), is a consequence
of them). O

Proof of Proposition 2.26. Suppose that the result is proved for all triangulations
of polygons with n — 1 vertices and that there is a corner triangle P,P;y1 P42 in
the triangulation, as follows:

m
[+2 - 1—1
B/
a/
Pris P,
m
[—1
-
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(if there is no corner triangle, we are either in the case of Lemma 2.27, or in the
case of Lemma 2.28). By induction hypothesis, the expected results hold for 7. As
the #-length depends on the size of the polygon, we will denote by ¢%7 (resp. £9)
the O-length in 7 (resp. o). In the same way, as the inclusion R’ C R’ depends on
the triangulation, we will call u, and v, the generators of R’ when we consider
this inclusion for 7.

Then there is a nonunital monomorphism

E:KQ. - KQ.,, o r—ab B —cB,yryforye (Q))~{d, 0}

We have W, = £(W!) 4+ abc — aa*, so for any v € Q. which is not external,
0 W/, = £(0,W,). Thus ¢ induces a morphism & : I'; — I',. Notice that by using
the relations, any path of @’ is equivalent to an element which does not contain
a*, ca or ab. It is then easy to see that:

Claim 3. Any path of Q. is equivalent to a path of one of the following forms
where w is a path of Q.. :

{w), &wla, Ewle, bE(w), BE(w), bE(w)a, bE(w)e, a, PE(w)a, BE(w)e.

Let us prove that € is in fact injective. Let 7, be the canonical projection
KQ! — T';. Thanks to (iv),, we get
(W, 0 W) + (T (W)
(W5, 0:W ) + ETHE(T' (W)
= (7 (DWW, W) + 7 (T (W)
=, (E Y{ca — Wi, i—1¢, ab — ﬂwl+2,m)))

eG’T ZQ,T
where w11 = Y7 (o) and wisg g = YEEET (0.

Up to equivalence, a path of Q! can always be supposed not to contain a*.
Moreover, e,, Im(§)e; = 0 = e;41 Im(§) ey, so

£ ((ca — Wi, i—1¢, ab — Bwita m)) = €1 ((cab — Wi, i—1ab, cab — cBwita m))
and

ker & = 7, (67 ((cab — w1 1ab, cab — cﬂwl+2,m>))

(

77 (€ ((cBwis2,m — Wi, —1ab, cab — cBwira,m)))
(
(

((
(B'wis2,m — wmi—10') + & ({cab — cBwiya,m)))
7 (67 ({cab — cBng’m))) =m.(0) =0.

Tr
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Let us prove that the following map is an isomorphism:
b ZOT) =R — Z(T,), X =& (X)) + E+ Ejqy,
Y &(¢r(Y)) + G+ Cra.
First of all, ¢, (X), o (Y) € Z(T'y). Indeed, for each arrow + in Q,, we have,
by using induction hypothesis,
V90 (X) = 7E(6-(X)) = E(v9r (X)) = £(dr (X)) = E(¢7(X))y = ¢a(X),

and the same for Y. For arrows which are not in ), we have

ext. ext.

adps(X) =aE; = aa*f7"a=C1 8 a
ext. ext.
=pBCL2"Na=-=p72C = Ejp1a= ¢s(X)a

where ext. denote products of external arrows and, thanks to (i),

by (X) = b rmab = Ejb = b0 (X)b,

ext.

chp(X) = cEip1 = BT abe = ¢ (X)c,
Boo(X) = BE142 = E1418 = ¢ (X)B,
ady(X) = aby = Ei_1a = ¢, (X)a.

For ¢,(Y), by using (ii),, all the computations are immediate.

Notice now that

C'ZQ = be(ab)(ca) = bcﬁé(d)lflm (vfﬁg‘m ) ) f_(dﬂn’l*l (vff’x“l ) ) «a

0,7
Liin 1120 ¢

0,7

— bCﬁg(wi_‘—Q’l_l (Uq- ))a — bcﬁé(wi”’l‘l (YuTl+2,L—1))a

0,7
— bCﬁC[+2£(¢.l,_+2’l_1(uf—l+2’l_1))a
o,
_ Clbcﬂf_(w,lﬁrz’l*l (uf_l+2,l—l))a — OE,
and C7_ | = Ci41E;41 by the same method. Therefore
9o (Y X) = (¢ (Y)E(6- (X)) + CLE; + Cri1 Bipa
=&(or(Y?)) + CF + CRy = ¢6(Y?),

S0 ¢, is a morphism. As ¢ and ¢, are injective, ¢, is also injective. The last thing
to show is that ¢, is surjective.

Using Claim 3 and the fact that, as it commutes with idempotents, every
element z € Z(T',) is a linear combination of cycles, we can write

2= (&) + bg(2")a + BE(")e.
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Then, as z is in the centre, for any x € T';,
E(z2") = E(2)E(2") = E(a)z = 2E(x) = £(2)é(x) = €(2'x),

and, as ¢ is injective, x2' = 2’z and 2’ € Z(T,). Therefore, up to subtracting

b, (2'), we can suppose that z = b&(z")a + B£(2"")c. Hence, we have

0 =zab=azb=¢(a'2"d),

and, as ¢ is mJectlve o’’’ = 0. Finally, e,;,2"¢;—1 = 0 thanks to (v),. In the
same way €;422"" e, =0, so z = 0. Therefore ¢, is surjective.

We will prove the existence of 1), as a family of morphisms of R’-modules.
Then these morphisms are automatically graded by looking at homogeneous gen-
erators. If 4, j ¢ {l,l+1}, £ induces an isomorphism of R’-modules from e;I'-¢; to
e;l'se;. This proves the existence of 1/1?;3' in this case.

Recall that | = (P, Pi41), | + 1 = (P41, P12) and m = (P}, P42). Thus,
I+1F 1, 1% 1+1, and for any i € Qo ~ {l,[ + 1} which is not incident to the
puncture, we have i1,io 1+ 1, so

iHl & ige]]l-i-l,il[[OTlE]]l—‘rl,il[[

o iellnforl—1ell,a] & iFl—1
[k l+1€]]i2,l[[ori1€]]i2,l[[
l+2€]]i2,l[[ori1€]]i2,l[[ S mkig

&
=

iFl+1 & igE]]l+27i1[[0rl+1€ﬂl+2,i1[[
S dgel+2,uforle]l+2,4] & ik m;
=

I+1F4 142 € Jig, I+ 1] or iy € Jig, I + 1]
< [+3€ig,l+2[orig €ig,l+2] & [+2F1.
Let ¢ ¢ {l,1 4+ 1}. There are isomorphisms of R’-modules
eilrel 1 = elge, wis EW)a;  epalre; = epilqe;, w i BE(W);
emlre; — elge;, w s bE(w); eilren — eilgeii1, w E(w)e

Injectivity comes from (v),. For example, if {(w)a = 0 then £(w)ab = 0 and
therefore &(wa’) = 0, so wa’ = 0 and finally w = 0. For surjectivity, it is enough
to use Claim 3. In the same way, there is an isomorphism of R’-modules

emlrem — elloerrr,  w i bé(w)e.

Thus we get the expected R’-module structure for e,I'ye; except when i =
je{l,l+1}ori=1l+1and j=1I.
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Suppose that ¢ = j = [. The elements of ¢;I',¢e; are of the form Ae; + bwa for
A€ K and w € e,,,I'5e;_1. We already know that

emlse1—1 = ubmi R véfﬂvlflR',
and we get the following isomorphism of R/-modules:

R~ K® ug(uzi)"vl—lR’ + vef"vl—lR’) —elge, (AN udp) = Aep + 0™ " p)a

(injectivity comes from (v), and the injectivity of £).
In the same way, if ¢ = j = [ + 1, there is an isomorphism of R’-modules

R 2 KD ’LL3(’U,Z?+2"’”RI + Uéle+2v”LR/) —err1lsert,
(A, udp) = 1 + BYLT2™ (p)e.

Finally, suppose that i =1+ 1 and j = [. The elements of ¢;11',¢; are of the
form Aa + Bwa and there is an isomorphism of R’-modules

Wi R 4 ot R 22y Kottt @ udulie201 R — 1 Toey,
(Afrs utp) s Aa + B (p)a.
Indeed, the only nonimmediate thing to check is aF; = aCj. By induction hypoth-
esis (in particular (v);),
F(ond2,0—1 ¢, i F (o201 (v Ui
abeBE (P2 (u ) ) = BE(EHITH (Y ) )a
‘

= BE(UE (Vo) Yo = BE(U (o) E (I (o)
— abE(m 1 (07 ) ) = aC.

aEl

For the multiplicativity of the v, let us start by noticing that, thanks to the
beginning of the proof of Lemma 2.15, for any vertices 4, j and k of Q, we have
the identity

0 0 0 6,7 0,7 0,7
G+, —tin Gy 4% — bk

n n—1

It implies that 17 (w)2F(w') = Y&* (ww’) for any (w,w') € A; j x Aj . Indeed,

it is enough to prove this when w and w’ are generators as R’-modules. Suppose
6 6

for example that w = u%. and w’ = u%.*. Then, by the induction hypothesis,
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TG ))

or . 0o o ;
(o) = € () 5F)) = el
— &4, (X(e" T e";)/z(nq))wi,k(uffji))
_ %(X (W07 07— 2(n— 1))¢ (uf_ek)
= o (XAt 20 ik (1) = ik (st )
Multiplicativity for paths starting or ending at [ or [+ 1 can be deduced easily
from that. For example, if i and k are vertices of T,

YR ()bt (ufte) = i () abyE ()
= P (e gl (g (k)

= w(’;k (uef,z—lJrSJrffn,k) — 1}[}(7,7k (ugffrzf’k)'

The last thing to check are the five additional conditions. Points (i), to (iv),
are easy to check and (v), is a consequence of them. O

Theorem 2.30. There is an isomorphism of R-orders (and R’'-algebras)
€FFU€F [ 2d ,] R/+U2d(l,j)R/6J i— 1] ]E[[l n]] A

where the entries of epl'yep are R'-submodules of R’ and A is defined at (1.2).
For each edge a of o, the epl' yep-module

My :=erlse, = [Al,m A2,a7 cee 7An,a]t

18, as a A-module, isomorphic to

[(Y)...(Ya)l(YQ)...(YQ)}t . if @ = (Pay,%);

(X —Y). .. (X —Y)(X2-Y?)... (x2-Y?) if a=(P,,,);
ai as—ai n—as )

B R (XY).(XY)(X)..(X)] if a1 < ag;

(L) (X, Y) (X)) (X) (X2,Y2) .. (X2, Y2)] if a1 > as.

Proof. If we arrange the sides of the polygon in the order (Py, Ps), (P, P3), ...,
(Pp-1,Pn), (Pn, P1), the first equality is a direct application of Proposition 2.26.
Notice that for sides ¢ and j of the polygon, we can rewrite A; ; as

A; i = qu(%J)R’ + U2d(17J)R’5J i1



170 L. DEMONET AND X. LUO

We conjugate by the diagonal matrix with diagonal entries u**1% for i € [1,n];
then the matrix we obtain has entries

u2d(l,i) (u2d(i,j)R/ + ,U2d(i7j)Rl5j=¢,1)u—Qd(l,j)
— u2d(i,j)—1+2d(l,i)—2d(l,j) (uR/ + ’UR/éjzi_l)
:Uznéieﬂj’lﬂil(uR/ + UR/(sj:ifl) — X5i>j R/ + Xﬁéiﬁj YR/(sj:-;,l

for i,j € [1,n]. It is A.
We obtain the structure of M,, up to some degree shift, by multiplying on
the left by the same diagonal matrix. O

Remark 2.31. Notice that in Theorem 2.30, the module M, depends only on the
edge a and not on the triangulation o.

§2.5. Counterexample with more than one puncture

In this subsection, we show that we cannot expect to generalize these results to
polygons with more than one puncture.

We take the triangulation o of a twice-punctured digon of Figure 2.32. It
induces the quiver @), on the right and using the same definition as in Section 2,
we find that the natural analogue of I',, is the path algebra of the quiver modulo
all obvious commutativity relations. We still call it T',. Suppose that ', is a K[U]-
order, for U in the centre of T';. We can write e;U = P(af) + aw where P is a
polynomial and w € egl'ye;. As, for £ > 0, c(af)’ is clearly not divisible by ¢ on
the right, and as ¢U = Ugc, we infer that P is a constant polynomial. So, if we
denote by 7 : e1I'ye; — K[af] the canonical projection, we get 7(U) = P(0) € K.
Hence K[af] is not a finitely generated module over K[n(U)] = K and therefore
e1l'yep is not a finitely generated module over K[U], a contradiction.

This counterexample is easy to generalize to any polygon with at least two
punctures.

Figure 2.32. Twice-punctured digon.
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83. Cohen—Macaulay modules over A

The aim of this section is to study the representation theory of A and its connection
to tagged triangulations of the punctured polygon P* and the cluster category of
type D,. In particular, we classify all Cohen-Macaulay A-modules and construct
a bijection between the set of isomorphism classes of all indecomposable Cohen—
Macaulay A-modules and the set of all sides and tagged arcs of P*. We then show
that the stable category CM A of Cohen—Macaulay A-modules is 2-Calabi—Yau and
CM A is triangle-equivalent to the cluster category of type D,,. To summarize, we
will prove that CM A admits the Auslander—Reiten quiver of Figures 3.1 and 3.2.

(m+2, <) (m+3, %) (m, p<1) (m+1, *) |
| - — o — - — |
(m+2, m+1) = (m+2, %) = (m+3, m+2) > (m+3, ) (m, %) — (m+1, m) — (m+1, 1) = (m+2, m+1)

| — o — — e |

; (m+3, m+1) (m+4, m+2) - (m+1, m—1) (m+2, m) ;

| o — > — o — |

(m+3, m) (m+4, m+1) (m+2, m—1) (m+3, m)

| T T ~— 7 T~ — |

i (m+4, m) (m+5, m+1)  (m+2, m—2) (m+3, m—1) i
(2m, 3) (1,4) (2m—1, 2) (2m, 3)

| /(1,3) /(2,4) (2m—1,1) /(2m,2) |
(1.2 T e T em TSl

Figure 3.1. CM A for n = 2m.

§ (m+3, ) (m—+4, *) (m+1, ) (m+2, *) |

| - —~ _ —~ _r —~ !
(m+3, m+2) - (m+3, *x) - (m+4, m+3) - (m+4, ) (m4+1, %) = (m+2, m+1) > (m+2,4) > (m+3, m+2)

! — o — o — o ;

3 (m+4, m+2) (m+5, m+3) - (m+2,m) (m+3, m+1) 3

i o — o — o — |
(m+4, m+1) (m+5, m+2) (m+3,m) (m+4, m+1)

| T T ~ 7 T~ — |

3 (m+5, m+1) (m+6, m+2) (m+3, m—1) (m+4, m) 3

| (1,4 (2,5) (2m, 2) (2m+1,3) |

' / \ / o —

(1,3) /(2,4) (2m+1, 2) /(1,3)
T (2,3) T (3,4) (2m41, 1) T (1,2)

Figure 3.2. CM A for n = 2m + 1.

§3.1. Classification of Cohen—Macaulay A-modules

Let S be the set of tagged arcs and sides of the once-punctured polygon P*. In
this subsection, we prove the following theorem:
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Theorem 3.3. (1) There is a bijection between S and the set of isomorphism
classes of indecomposable Cohen—Macaulay A-modules given by a — M, (M,
is defined in Theorem 2.30).

(2) Any Cohen-Macaulay A-module is isomorphic to @, g Mle for some non-

a€S
negative integers l,. Moreover, the l, are uniquely determined.

Remark 3.4. Theorem 3.3 shows that the Krull-Schmidt—Azumaya property is
valid in this case. This is interesting in its own right since our base ring R = K[X]
is not even local, and in such a case, this property usually fails.

First of all, it is immediate that the M, are nonisomorphic indecomposable
Cohen-Macaulay A-modules. To prove this theorem, let us define the following
elements of A:

@ =FEii+1, an=XE,1, Bi=YEi1i, Bon=X 'YEi,.

Together with the idempotents E;;, they generate A as an R’-algebra and satisfy

the relations
Qg ... 051 = X By,

Bi—1Bi—2...Bi =YY" Ey,
aifi = Bi—1ai—1 = Y By,
for i € [1,n]. In fact, the quiver of A is

X"'YEi, Y E32
XEn 23
En_1n
YE,n-1
n—1<""

Lemma 3.5. Let r € (Y)¥™, s € R'®P and t € (X —Y)®7 be vectors such that
the ideal I generated by their entries includes the ideal (X,Y). Then there exists
an invertible (m 4+ p+ q) x (m + p+ q) matriz

A B O
G=|C D FE
0 F G

with coefficients in R’ where B has coefficients in (Y) and F has coefficients in
(X =Y) such that
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t
o cither G[r st] contains one 1 in its second block and 0 everywhere else;

o cither G[?"st]t contains one Y in the first or second block, one X —Y in the
second or third block and 0 everywhere else.

Proof. The proof mainly relies on the Euclidean algorithm. We can write r = 7'Y’,
s=s5+s"Y and t =t/(X —Y) where v’ € R s/ s € R and t' € R%?. Up
to applying the Euclidean algorithm on the entries of s’ and then on the entries of
s (which is multiplying by an invertible matrix on the left), we can suppose that

s=[Q1+ QY Q:’,Y]t

for some Q1,Q2,Q3 € R (we can ignore 0 entries). With the same method, we
can suppose that r has only one (nonzero) entry PY and ¢ has only one (nonzero)
entry S(X —Y). Using a sequence of (feasible) matrix multiplications

[T(Xl— Y) ﬂ [gé; ° Yﬂ N [(S +QT1Q+1>%(Y— Y)] ’

R | e i |

thanks to the Euclidean algorithm, we can assume that )1 = 0 or S = 0. In the
same way, we can assume that Q3 = 0 or P = 0. If ; = 0, we can ensure that
at most one of J3, @3 and P is nonzero. To summarize, and forgetting about 0
entries, we can assume to be in one of the following four cases:

1. r=PY,s=0,t=S(X —Y): In this case, by our assumption,
(V)& (X —Y) = (X,Y) C I = (PY,S(X — Y)) = (PY) & (S(X — Y)),

so we deduce that (Y) = (PY) and (X —Y) = (S(X —Y)), so up to scalar
multiplication P =S = 1. This is one of the expected cases.
2.r=0,s=QY,t=5(X —Y): In this case, by the same reasoning as before,
up to scalar multiplication @@ = S = 1. This is one of the expected cases.
3. r=PY,s=0Q1+Q2Y,t=0: In this case, we rewrite s = Q] + Q5(X —Y)
where Q) = —Q2 and Q] = Q1 + Q2X. Up to a sequence of feasible matrix
multiplications

E—F ﬂ {Qﬁ + QIZ?X - Y)] B {@’1 +TPX) + f@i ~TP)(X -Y)]’

[1 TYH PY ]_{ (P+TQ,)Y
0 1@ +@xX-Y)] [Q+QyX-Y)]
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we can suppose that P =0 or Q] = 0. If Q] = 0, we are in the previous case
and we can conclude. If P = 0, then [ is a principal ideal containing (X,Y"), so
I = R’ and, up to scalar multiplication, Q] + Q5(X —Y) = 1. We are again in
an expected case.

4. r=0,s=[Q1+Q2Y Q3Y], ¢t = 0: This case in similar to the previous one. [

Lemma 3.6. Let M = R' @ My and N be Cohen—Macaulay R'-modules and f :
M — N and g,¢' : N — M be morphisms satisfying gf = X1dys, fg = X 1dy,
g f=YIdy and f¢g = YIdy. There exists an isomorphism ¢ : N — N1 @ Ns
such that
/ /
of = {7/151 ¢12], gqu _ [Xll )(12}7 g/qu _ [Xn X/12],
o 0 X2 0 X2
where either
L4 Nl = Rl: 11111 = ]-7 X11 =X and Xlll :Y7 or
e Ni = (X,Y), 11 = X, x11 is the inclusion and X}, maps both X andY to Y.

Proof. Let f1: R — N be
Idp
ero ]
As (Y), R’ and (X —Y) are the only isomorphism classes of indecomposable
Cohen—Macaulay R’-modules, we can decompose, up to isomorphism of N,

r

N=(Y)"gR"q (X -Y)%, fi=|s|,

where r is a vector with entries in (Y'), s is a vector with entries in R’ and ¢ is a
vector with entries in (X —Y). Using gf = X Idy and ¢'f = Y Idy, we conclude
that the ideal generated by the entries of r, s and ¢ contains (X,Y), so, thanks to
Lemma 3.5, up to multiplying f on the left by an invertible matrix and reordering
the rows, we can suppose that we are in one of the following cases:

1. N=R & N, and

In this case, we can write

X = Y =
g{o ] and 9{0 }

using the identities gf = X Idy and ¢'f = Y Idy. We are in the first expected
case.
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2. N=(Y)® R & N; and

Y *
f=1X-Y =«
0 *

In this case, we can write

|:LY 1 *} , |:LY 0 *]

g= and ¢ =

x % % * ok ok

Up to column operations on g and corresponding row operations on f, we can
write

Y «x
1
f=1x of, g:[o 0], g’=[LY 0 *]

SR ST S
0

(the 0 in the second column of f comes from gf = X Idy). It is now easy to
see that we cannot get fg’ = Y Idps. So this case is excluded.

3. N=(Y)d(X-Y)® N and

Y *
f=1X-Y «
0 *

In this case, we can write

|y tx—y % and o — ty 0
I lo o« Y=o o0 «

(once again, we use the fact that (Y') and (X —Y) are in a direct sum). Using
the equality (Y) @ (X —Y) = (X,Y), we are in the second expected case.

4. N=R ® R' & Ny and

Y *
f=1X-Y «x
0 *
We can write
[1 1 *} , {1 0 *}
g = and ¢ =
* ok % * ok %

As in (ii), using column operations on g, we can rewrite

*
01 0 1 0 =
0], g|: :|7 g/|: :|a
I * ok X
*

and this contradicts fg’' =Y Idy,.

kﬁ
Il
o =~
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5. N=R & (X —Y)®N, and

Y *
f=1X-Y =«
0 *
We can write
g:[l Lx-y *] and g’:[l 0 *}
* * * * ook ok

Using column operations on g and ¢’, we can rewrite

g:
* * * * * *

R N S

(the 0 in the second column of f comes from ¢'f = Y Idy). We cannot have
fg = X1dy, so this case is excluded. O

We can easily dualize the previous lemma (over R’):

Lemma 3.7. Let M = R' @& My and N be Cohen—Macaulay R'-modules and f :
N — M and g,g' : M — N be morphisms satisfying gf = XIdy, fg = X Idy,,
g f=YIdy and fg' = Y1dy;. There exists an isomorphism ¢ : N — Ny @ Ny
such that

f¢—1=[2i“ O], o>g=[x” O}, ¢g’={":“ 9],
21 Yoz X21  X22 X21  X22

where either

e Ni=R Ynu=1xu=Xandx}, =Y, or
o Ny = (X,Y), 1 is the inclusion, x11 = X and X}, =Y.

Lemma 3.8. Let M be a Cohen—Macaulay A-module. If M, as an R'-module, has
a direct summand isomorphic to R', then M has a direct summand isomorphic
to M, for some tagged arc or side a of P* which is not incident to the puncture.

Proof. For i € [1,n], let M; = E;; M. By abuse of notation, we denote by «; :
M1 — M; and 8; : M; — M;,1 the morphisms of R’-modules corresponding to
the elements with the same names in A.
Let ¢,j € [1,n] be such that a; 41 ... oj_1; has a direct summand isomor-
phic to
R 5 R
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(such a pair exists as M contains R’ as a direct summand, and ;@41 ... ;1 =
X1Idyy, for any ¢ € [1,n]). If j < 4, note that a,a; appears in the previous
composition. The number k of factors of this composition is d(7,j) + 1. We make
the additional assumption that k is as small as possible. Without loss of generality,
we can suppose that ¢ = 1 < j (the problem is invariant under cyclic permutation).
Using Lemma 3.6 for f = o, ¢ = aj110542... -1 and ¢’ = §;, we find that
actually j > 1 and we can suppose that M;,1 = R' @& M],,, M; = (X,Y) ® M

and
_ [X %m}
Q5 =
0 ajoo
(the other possibility of Lemma 3.6 would contradict the minimality of k). Then,
we easily see that we can write My = R’ & M7 and

LXxy) 712
=Q1...005_1 =
! ! { 0 ’722]

where ¢(xyy : (X,Y) — R’ is the inclusion. Note that by hypothesis
o [x o0
= 0 x|

As all morphisms to R’ which are in the radical of CM R’ factor through
vx,y): (X,Y) = R, by column operations on v which do not affect the previous
shapes we can suppose that one of the following holds:

e v12 =05
° MJ’-:R’@MJ’-’ and

X )
L(X y) 1 0 O[j712
vy = ’ and a;= |0 * ;
0 x %
0 *
then by a column operation on v, we get
X Q12
[010] and a; = [X 0
¥k %
0 *

(the 0 in the second column of «; comes from the shape of ya;). But this
contradicts the existence of 3; such that a;3; =Y Idy;,.

Finally, we get the situation

[ 2] e
v = and «; = .
0 722 0 aj2
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Now, using Lemma 3.7 for j > 2 permits us to suppose that
L 0
o] = |: (X.Y) :|
Q121 (1,22

Then we easily get
Va0 [ 1 0 }
=Q9...0;_1 = .
! Va1 Voo
By row operations on 7/ (and the corresponding ones on al), we can suppose that

ay = |1 0 and o = 1 (/) .
0 Q1,22 0 75

We also easily get
V' =g an = [1 ?,}
0 72
Acting by automorphisms on Ms,...,M;_; if j > 3 and on Mjio,..., M, if
7 < n —1 permits us easily to suppose that

N _{1 0 ]
¢ 0 Qp 22

for any ¢ € [2,7 —1]U[j + 1,n]. Then we conclude that M has a direct summand
isomorphic to
Jj—1 n—j

(R (X,Y)...(X,Y)(X)...(X)]" = Mp, p). O

Lemma 3.9. Let M be a Cohen—Macaulay A-module. If M, as an R’'-module, has
no direct summand isomorphic to R’ then M has a direct summand tsomorphic to
some M, where a is a tagged arc of P* incident to the puncture.

Proof. Denote as before M; = E; M. As an R'-module, M is a direct sum of copies
of (V) and (X —Y). As there are no morphisms between (Y) and (X —Y), we
can suppose that only one of them appears as a summand of M and therefore the
matrix coefficients of the «; are just elements of R. Up to circular permutation,
we can suppose that a,, is not invertible. Choose an R-basis {e1,...,es} of M,
such that e; is not in the image of a,,. By the usual Euclidean algorithm applied
on the right of «,, we can suppose that

{)\ O} [)\’ O]
oy = and «p...0q_1 = .

* ok * *

As X = X and e; is not reached by a,,, we can suppose up to a scalar change
of basis that A = X and ) = 1. Hence, by row operations on a; ...a,_1, we can
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suppose that

{X O] {1 O]
oy = and ap...0p4-1 =
0 = 0 =x*

(the lower left 0 of a,, comes from a,aias...a,—1 = XIdy, ). Therefore, by
changes of basis of Ms, ..., M, _1, we can suppose that

[t o
Ozg—o*

for £ € [1,n — 1]. Finally, M has a direct summand isomorphic to

n n

— ¢
(V) (V)] =Mp, . or [(X=Y)-(X=Y)] = Mgp, s -

Proof of Theorem 3.3. First of all, thanks to Lemmas 3.8 and 3.9, any Cohen—
Macaulay A-module can be decomposed as expected.

For the uniqueness of the decomposition, we need to use Proposition 3.10
(notice that we do not use Theorem 3.3 in its proof). The endomorphism algebra
of M, is isomorphic to R’ if a is not incident to the puncture and isomorphic
to R if a is incident to the puncture. Moreover, any endomorphism factorizing
through another indecomposable is in the ideal (X,Y) in the first case and in
(X) in the second case. Thus, if we denote A = K[X] ®g A, and consider the
functor K[X] ®g —: CMA — CM A, nonisomorphic indecomposable objects are
mapped to nonisomorphic objects, which are also indecomposable. Moreover, the
endomorphism rings of the objects K[X]® g M, are local, so we get the uniqueness
of the decomposition of objects in the essential image of the functor K[X] ®g —.
This permits us to conclude the proof. O

§3.2. Homological structure of CM A

The aim of this subsection is to compute spaces of morphisms and extensions in
the category CM A = CM A’ where A’ = epI',ep. For convenience of notation,
we will work with A’. Notice that the definitions of a - b and A, ; given for two
tagged arcs a and b before Proposition 2.26 make sense even when a and b are not
compatible (there are cases where a F b other than the one depicted there).

Proposition 3.10. Let a and b be two tagged arcs or sides of P*. In the notation
of Proposition 2.26, we have

HomA/ (Ma, Mb) = Aa,b-

Moreover, these morphisms are realized by right multiplication in R', and therefore
composition of morphisms corresponds to multiplication in R'.
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Proof. First of all, for i € [1,n], using Theorem 2.30, recall that E;; M, = A, ,
and E; My = A, (in a compatible way with the A’-module structure). Thus, we
know that for any ¢, Hompg/ (4, 4, Aip) can be realized as an R'-submodule of R’
through multiplication. Namely,

Aip i’

-/ -/
w' ~loR w ~Hu—v)R ul R’
Ai,a
. ./ . -/ :
wlyR! uw —ITly R 0 ul —it2n—ly R
- T o
Wl (u—v)R 0 w I (u —v)R | ud TIT2n (g — )R/
, T T T
uw R’ w' IR | W I (u — v) R uwl ~IR/

where j = f?ﬂ and j' = nyb (the only other kind of A; , or A;; which can appear
is W R +w/ R = w1 ((u—v)R ®vR'), which can be realized as the direct
sum of the first two rows, and the first two columns; in any of these cases, the sum
is direct inside R').

If f € Homp/ (Mg, My), let f; € Homp/(A;q, Aip) be its ith component. As
u?E; 41 € N, for any m € M, we find that f(u?FE;;11m) = u?E; ;41 f(m). This
can be rewritten as f;(u?m;y1) = u?fiy1(mis1) or again fium;1 = u?fir1mi
if f;, fiz1 are considered as elements of R’. As u? is invertible in R/, we get
fimiz1 = fiyi1mipq1. This is true for any m;11 € Aif1,4, 50 fi — fit1 is in the
annihilator of A;y; ,. By Theorem 2.30, the annihilators of A4;y;, and A;, are
the same and included in

e (u—v)R'if a is incident to the puncture and plain;

e vR’ if a is incident to the puncture and notched;

e 0 if @ is not incident to the puncture.

Moreover, looking at the previous table, we find that

e Homp (A; 4, Aip)+Homp (Aj11 4, Aiv1,p) C R’ if @ is incident to the puncture
and plain;

o Homp/ (A, q,Aip) + Homp: (Ait1,a, Ait1) C (v — )R’ if @ is incident to the
puncture and notched,

so Homp: (4; o, Aip) +Homp (Ai11 4, Ait1,p) intersects the annihilator of 4; , at 0

and we obtain f; = fi11.
Finally, we get

n
HomA/ (Ma, Mb) = ﬂ HomR/ (Ai,mAi,b)

=1

as R’-submodules of R'.
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(a) Suppose now that neither a nor b is incident to the puncture. For ¢ € [[1,n],

we have 0
L ue;Pi,PM),aR/ if (7, Piv1) ¥ a,
O e oR) (P P
and 0
Ay = “;Pﬂp’*l)’bR’ if (i, Piva) ¥ b,
’ w PP (R +utoR!) if (P, Pigy) b
Therefore,

Homp (Aiq, Aip)
6 6
e (4 if (Pi, Piy1) ¥ a and (P, Pig1) # b,
0 0
= ¢ reri e e 0@ PRy =Yy RY) (P, Piyq) Fa and (P, Pipy) ¥,
6 6
uf PP~ PR (R 4y WwR)if (P, Pig) b b.
Using Lemma 2.15, we obtain
Homp (Aia, Aip)
ubar=2nGryetny azlderelog b1 Hoiclor i) R if (P, Pipy) ¥ a and (P, Pryq) ¥ b,
UEZ,b—Q"((sze]]bl,a2[5u1e|1a2,b1]]+5ie]]a1,bl]]—1) (R + ’UflvR')
if (Pi, Pi+1) Fa and (R, P¢+1) t b,

o
uéa,b_zn(‘ssz]]mJu[[5a1€[[a2,b1]]+5ie]]a1,b1]])(R/ + 'u,_l’uR/) if (P“ Pi+1> Fb.

Notice that (P;, Pi+1) F a if and only if ¢ € Jaq, as].

(a-1) Suppose that a F# b. This means that ay ¢ b, a1] and by ¢ ]be, aq].
In this case, y,cp,,a2[0a,€fas,b,] = 0- Taking i = ay, we have (P, Piy1) ¥ a
and (P;, Piy1) ¥ b and an easy computation gives Homp (A; 4, Aip) = ey -
The only way to get a smaller module would be in the case (P;, Piy1) F a and
(P, Piy1) # b, that is, i € Jai, as] N]ba, b1]. With the current hypotheses, we get
la1, az] N b2, b1] C Jai,b1], so actually we cannot get a smaller module.

(a-2) Suppose now that a - b. This means that as € b, a1 or by € [ba, aq][.
Let us consider two cases:

e by € |b1,a2] and a1 € [ag,bi]: Taking ¢ = by, we have (P;, Piy1) F a and
(P;, Piy1) F# b, and an easy computation gives

Homp/ (Aja, Aip) = uez’b(R' +u"oR)).

Thanks to the term dy,c)p, a3[0a; €[az,b,]> SUbmodules that appear for any other
1 are bigger.
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o by ¢ ]by,as] or a1 ¢ [ag,b1]: In this case, as by # by, we see that in fact
by € ]ba, a1[. Taking ¢ = a1, we obtain (P;, P,y+1) F b and
Homp (Ajq, Aip) = uler (R +u 'wR)).

Other submodules are bigger, because if (P;, Piy1) t b, that is, i € Jba, b1], we
would have i € Jaq, b1].

We finished the case where neither a nor b is incident to the puncture.
(b) Suppose now that both a and b are incident to the puncture. For i € [1, n],

we have
fep, P;iq) -1 / 3 3 ]
A w (PiPix1)a” "y R if a is plain,
i,a — 00 1 . .
w PP (4 — )R’ if a is notched,
KGP, Piiq) bfl / 3 3 ]
A w PirPig1),b™ ") P if b is plain,
ib =

e -1 e g s
w PP (y — )R’ if b is notched.

As there are no morphisms if the tags are different, we can suppose that both a
and b are plain, and we obtain, for any i € [1,n],

e —ef -1
Homp (A g, Aip) = w Folee b P ey R
Using Lemma 2.15 and the fact that b; = b2, we deduce that
6
HOI’IIR/ (Ai@, Ai,b) = Ueaﬂb_Qnéie]]al‘bl]]_l’UR/,

and for ¢ = ay, Homp/ (A4; 4, A4ip) = uzii’*lvR’, which is of course the smallest
possible.

(c) Suppose now that a is incident to the puncture and b is not. Without loss
of generality, we can suppose a is plain. We have (X — Y)M, = 0. Therefore, for
any f € Homp/ (Mg, M), (X —Y)Im f = 0. Notice now that

My ={meM,|(X-Y)m=0}
satisfies

2 +2n—1 .
(P;,P;11),b / A A
u FiPit1 vR' if (P, P, Hb 0 ) _
E;i My = 0 (i Fivr) = ' Po Py TEier 1T

WP TR i (P Pry) b b
Let b/ = (Py,, *). Thanks to Lemma 2.15, we can rewrite

e, pooyyw T 200ielban] = L0p, by + Lo b — 208ichby 1] + 208ic]by 1]

iy 0
== E(Piypi+1)7b/ + Eb’,b‘
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Thus M{ = uzg’«be/ and
Homy/(M,, M) = v v Homy/ (M, My ) = w1y R,
and we have (using a1 = a2)
Gy + 00 = d(ba, by) + 2d(a1,bz) = d(ar, br) + 6, ey a0 + dlar, b)) = €4,

which concludes this case.
(d) Finally, suppose that b is incident to the puncture and a is not. Without
loss of generality, we can suppose b is plain. As (X —Y)M, =0,

Homy/(M,, My) = Homp: (M., M)
where M| = M, /(X —Y)M,. Using the same idea as before, we find that
EuM, = uéﬁpﬁpﬁl)*“_lvR/,
and thanks to Lemma 2.15, if o/ = (P,,, %),
£?P£7Pi+1),a = E?Pi,PHl)@' + ng,a — 2n(8asear,a1[0a1 €far,ar] T iclar,ar])
= E?P,-,PiJrl),a/ + Lo o — 21,
and therefore M| = ueg’vfz"Ma/. Thus
Homy/ (M, M) = w?" .« Homy/ (My, My) = u2n7€2’=a+zz/~flvR’,
and, since b; = bo,
2n — éﬁ,’a + ng,b =2n — (d(a1,a2) +n) + 2d(a1,b1)
=2n— (n—d(az,a1) +n) + 2d(ay,by)
=d(a1,b1) + d(az,b1) + nda, cpy a0 = KZ,b-
This concludes the proof. O

Proposition 3.11. Let a and b be two tagged arcs or sides. Let M, and M, be the
corresponding indecomposable A'-modules. We have the following isomorphisms of
graded R'-modules:

e Hom,,(M,, My) =0 if a and b are both incident to the puncture with different
tags;
e Hom,, (M,, M) = uezwb(R’/(X, Y))®e, where

€= 5a1—16]]b1,b2[[652+1€]]a17a2[[ = 5112—16]]5171?2[[551-0-16]]&17112[[7

if either a and b are both incident to the puncture with the same tag, or exactly
one of them is incident to the puncture;
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e Hom,, (M,, M) = uzzvb(R'/(X, Y))®e, where

= 6a171€]]b1,b2[[6b2+1€]]a1,agﬂ + 6112716]]171,b2[[6b1+1€]]a1,a2[7
if neither a nor b is incident to the puncture.

Proof. (a) Suppose first that neither a nor b is incident to the puncture. For any
i € [1,n], let P; be the projective module corresponding to the arc (P;, Piy1) of
the polygon. Thanks to Proposition 3.10, we have

2 .
w @ PiPir1) Rf if a t/ (Pu PZ‘+1),

Homp/ (Mo, P;) = 40
u a’(P"’Pi+1)(R/+U_1UR/) if a - (Pi7P7;+1)’

and
o .
w PPt R if (P;, Piy1) b,
HomA’(PivMb) = 0 ( +1)
u PPt (R +uwoR') if (P, Pipqr) B b.

As a consequence,

Homy/ (P;, M) o Homp: (M, P;)
6 0

wlerepi ) Horp D0 B if a ¥ (P;, Piy1) and (P;, Piyq) H b,
6 0

’l/a’("’i~Pi+1)+Z(PivPi+1>’b(R/ + u_lvR') ifat (Pi7 Pi+1) or (Pi7Pi+l) Fb.

Using Lemma 2.15, we get

ez,(Pi,Pg+1) + K?Pi,PH,l),b = gz,b + 2”(6a1€]]a2*1,b1]]61726]]&271,171]] + 6i€]]b1,a271[)'

The minimum is reached for i € Jag — 1,b1] and is

Kg,b + 2n6b2€ﬂa2*1,b1]]5&1G]]a2*1,b1]] = gz,b + 2n6a2*1€]]b17b2[[651+1€]]a1,az[['

Recall now that a - (P;, Piy1) if and only if ag € Ji 4+ 1,a4[ if and only if ¢ €
[a1—1,a2—1[, and (P;, Pi+1) F bif and only if by € Jbe, 4] if and only if ¢ € b1, b2].
Soat (P, Pit1) or (P, Pir1) F bif and only if ¢ € [ap — 1,a2 — 1[ U Jby, bo]. If
[ar —1,a2 — 1[U]by, ba] intersects [az — 1,b1], we deduce that

P (Mg, My) = Homp (P;, M) o Homy (Mg, P;)
i=1
_ uéZYb+QTL5a271€]]b1,b2[[5b1+151]a1:az[[(R/ -|-u_1vR')
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and otherwise

P (Mg, My) = Homp/ (P;, M) o Homy (Mg, P;)
=1

= UZZ,b"'Q"(s%*16]]b1,b2ﬂ551+161|a1,a2[[R/.

Notice that [a; — 1,aa — 1] U ]Jb1, b2] intersects [az — 1,b1] if and only if
bi+1 € [[al,ag[[or as—1 € Hbl,bgﬂ, if and only ifb1+1 € ]]al,ag[[or as—1 € ]]bl,bg[[
ora; =by+1oray=>by+ 1.

Then we can simplify P(M,, Mp) in the following way:

Case 1: P(M,, M) = uzi»b+2"(R’+u’1vR’) ifb1+1 € Jar,az] and as—1 € by, be],
Case 2: P(M,, M) = ules R if b1 +1¢ [ar,as] and az — 1 ¢ Jby, b2],
Case 3: P(M,, M) = uei:b(R' +u~twR’) otherwise.

Recall also that
uler R if a £ b,

P(M,, My) C Homp:(M,, M) =
( b) ( b) {uez»b(R’ + u—lvR/) if alb b,

and therefore, in Case 3, we will always get Hom,,(M,, M) = 0. In Case 1, if
alt b, we get Hom,, (M,, M) = 1/2,;,3//()(7 Y) (as graded R'-modules); if a - b,
we get Hom y, (M, Mp) = uzﬁrvb(R’/(X, Y)®R'/(X,Y)). In Case 2, if a I b, we get
Hom,, (M,, My) = 0; if a - b, we get Homy, (M,, My) = u‘er R /(X,Y).

Notice that a - b if and only if a3 — 1 € [by,be] or ba + 1 € Jay, az]. Then an
easy case by case analysis concludes the case where neither a nor b is incident to
the puncture.

(b) Suppose now that at least one of a and b is incident to the puncture.
Without loss of generality, we can suppose that no notched tag appears. An easy
computation shows that, in any case,

LT TIPS ¥ ST Sy,
Homp/ (P;, M) o Homp: (Mg, P;) = w @ Fe Py T (PaPip) b2y R
By Lemma 2.15,
0 0 0
gav(PhPH»l) + é(PuPiH)J) = éa,b + 2n(5a1Eﬂaz—Lbl]](stE]]az—Lblﬂ + 5i€]]b1»a2—1[[)7
which implies, as before, that the minimum is reached for i € Jas — 1,b;] and is
€ b+ 21840, 16161 521001 +1€]ar,anl-

Therefore, Hom,, (M,, M) = uei,bR’/(X,Y) if ag —1 € Jby,bo] and b1 +1 €
Ja1, a2, and Hom ,, (M,, Mp) = 0 otherwise. O
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Proposition 3.12. The category CM A’ admits the following Auslander—Reiten
sequences for j # i,i+ 1:

" =

0— M(Pij) —= M(Pi+1»Pj) ® M(Pmp_ﬁ—l) — M(Pi+1,P_7‘+1) -0,
0— M(Pm*) = M(Pi+17P1t) - M(Pi+17'><1) =0,
0 — Mp, py — M

v
Pip1,P) 7 M(P71+17*) — 0.

Notice that M(p, p,), if it appears, has to be interpreted as Mp, .y M p, pa)- Thus,
CM A’ admits an Auslander—Reiten translation T defined by

T(Mp,pp) =M,y yy  if JF LI+,
T(M(p, ) = M(p,_ s T(M(p, pay) = M(p,_, 4)-

Proof. (a) Consider the first case. Let a be a side or an arc of P* which is not
incident to the puncture or a formal sum (P, , ) (Py,,), and f : M(p, p,;y — M,
be a morphism which is not a split monomorphism. According to Proposition 3.10,
the degree deg(f) of f is at least

E?Pi,Pj),a + 2n6a:(P111PJ)'

Moreover, using the beginning of the proof of Lemma 2.15, we get

0 0 0
é(Pth)v(Pi+1=Pj) + E(Pi+17pj),a o K(Pi»Pj)ﬂl

<6i:a1 +0+0+ |§i+1€ﬂa17j[[ - 6a2€]]a1,j[[| - |6i€]]a1,j[[ - 602€ﬂ01,j[[|)

n
1 (8i=ay + (Sazefsar] = Saselar i) Fit1ear il — Siclar.i1))
n<6i:a1 + (26a2€[j,a1]] - 1)6i:a1) = 2n6i:a16a2€[j,a1]]7

so deg(f) > K?PL-7PJ-),(P¢+17PJ-) + K?P,+17Pj),a +2n(8a=(P;,P;) — Vi=a1dare[j,ar])> and

k3

0 0 0
é(PijL(PivPHl) + E(P,i,PHl),a o é(Piij)va
=n(0 4 8j=a, + 0+ [dicjar j+1] — Saselar.j+1il — 19ielar il — Sazelar.itl)
:n(§j:a2 - (5i€]]a1,j[[ - 6i6[[j,a1]])5j:a2) = 2716]’:(1251'6[[]',(11]]3

so deg(f) > K?Pi,Pj),(Pi,PjH) + €?Pi)Pj+1)7a + 2n(0u=(p,,P;) — Oj=as0ic[jai])- AS
at least one of d,—(p, ;) — di=a10ase[ja] @A du=(P;,P;) — Oj=as0ic[j,a,] 1S DOD-
negative, we get

: 0 0 0 0
deg(f) = mm(e(Pi,Pj)v(PHth) + K(Pz'Jrlij)xa’K(Pz‘xpj%(PivPHl) + K(Pi,Pj+1),a)'

Suppose that a; # ¢ and as # j. In this case,

6 0 __ 0 0
K(Piﬁpj)x(P#th) + E(P,L-H,Pj),a - E(Pi,Pj),(Pi,Pj+1) + e(Pi,PHl),a'
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Notice that if (P;, Pj) F a, i.e. j € Jag,i[ or a1 € Jasg, [, then j € Jas,i + 1] or
ar € Jag, i+ 1] or j+1 € Jag, i or a1 € Jag,i[, i.e. (Piy1,Pj) Faor (P, Pj11) F a.
From that fact and easy observations, we get

fe HomA'(M(PiH,Pj) S Mp,,pyi)s Ma)u.

Suppose that a; = . Then deg(f) > K?Phpj)f(PingJrl) + K?Pi’PjJrl)’a'

If (P, P;) F a,ie j € Jas,i[, then we have j +1 € Jag,if or j +1 =
i, i.e. (P, Pjy1) F a or (P, Pjy1) = (P;,*) @ (P;,). From that fact and easy
observations, we get

f S HOIIIA/ (M(Pi7R7‘+l)7 Ma)u.

Suppose that a2 = j. Then deg(f) > K?Pnpj))(PHth) + g?PH~1xPJ')7a.

If (P, Pj) F a, i.e. a1 € Jag,i] then we have a1 € Jag,i+1[, i.e. (P11, Fj) k- a.
From that fact and easy observations, we get

f € Homy, (M(Pi+1,Pj)7 Ma)u.

Thus in the first case, we have an almost split sequence.

(b) Let us consider the second case (the third case is similar to the second).
Let f : M(p, «y — M, be a morphism which is not a split monomorphism. As
before, deg(f) > €?Pi7*)7a + 2n0a—(p, +)-

Notice that, thanks to the beginning of the proof of Lemma 2.15,

6 6 6
E(Pi,*),(PHl,Pi) + K(Pi+1,Pz‘),a - E(Pi,*),a
:n((si:al +0+0+ |6i:a1 - 6a2€]]a1,i[‘ - 5a2€]]a1,i[)

= 2n6i:a1 6&26[[i,a1]] = 2n6a:(Pi,*)7
so f € Homa/(M(p,,, p,), Ma)v. O
Proposition 3.13. Denote v’ = u—v. The nonsplit extensions between indecom-
posable objects of CM A’ are, up to isomorphism,

d(35,1)
u . .
[ud(i,k)] (R 40D

0= Mp, p)) Mp, py ® Mp, . pyy ————— M(p,,p) = 0

if k€ ]i, j[ andl €]j,1];

w6 R)+n
[ wd(i.1) ] [ud(i,l) 4Gk

0— M(Pz‘,Pj) ’ M(lePz‘) ® M(Pzij) M(Pk>Pl) —0

if k€ [j,i] and 1 € i, j[;

d(j,k)
[Laen ] [l _ydG)]

0= Mp, p)) Mp,,p) ® M(p,,p;) ———— Mp,,p) =0,
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d(j:1)
[:fd(z‘,kz)] [wd(BR) gy (D)

0— Mp, p) M, py® Mp, . pjy —— M(p,,p) — 0
if L € 14, k[ and j € [k, i[;

d(i,k)
[Yaii | [plGR)  _y2dGi.k))

pd(d,i)
0 — Mp, p,) Mp,,py) © M(p, o) ——————— M(p, ) =0,
[:)‘2(82] [/ A0 K _yr2d(iR))
0— M(P,hpj) M(Pk,Pj) & M(Pi,N) M(Pk,N) =0
if k€i,jl;
[vd(i,k) ]
2d(i,l) d(il) d(l,k)]
0= Mp, . — M(p,,py @ Mp, ) ————— M(p, ) — 0,
rd(i,k)
[3/2d(i,t)} wd@D gk
0 = Mp, s Mp,,p) ® M(p, pa) ————— M(p,,p) = 0
if i € |k, 1[;

FEICHD) ZICHO)
0= Mp, ) — M(p,,p;y — M(p ) = 0,

ZICRD) Ld(E:k)

0= Mp, pa) —— M(p,,p) — M(p, ) = 0

ifi k.

Moreover, in each case, fizing representatives of these isomorphism classes of

short exact sequences induces a basis of the corresponding extension group.

Proof. First of all, it is easy to check that all these nonsplit extensions exist (to
prove exactness, the easiest way is to project the sequence on each idempotent)
and they are nonsplit and not isomorphic to each other (and therefore linearly
independent). Let 4,4, k,l € [1,n] with j # i,i + 1 and | # k,k + 1. Thanks to
Proposition 3.12, we know that CM A’ admits an Auslander—Reiten duality

Ext}, (X,Y) = Homg (Hom,, (Y, 7(X)), K).
Then, using Proposition 3.11, we get
dimEXt}\/((M(pk7pl), M(Pi7Pj)) = dimHomA/(M(pi,pj),M(pk717pl71))
= 0;—1€]k—1,1-1[01€]i,j[ t Oj—1e]k—1,1—1[Oke]i [
= dicki[01e]i i T ik 1[Oke]i sl
2 ifle]i, k[ and j € ]k, 1,
1 ifke]i,jfand € ]j,1],
or k € [j,if and I € Ji, 4],

0 otherwise.
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We also get

dim Ext}y, (Mp, ), M(p,,p,)) = dim Hom,, (Mp, p,), M(p,_, »))

= 6i71€]]k71,k71[[6k€]]i,j[[ = 5k€]]i,j[[§

dim Exty, (M(p, p,), M(p, ) = dim Hom,, (M(p, ., M(p, ., 1))

= 6i71€ﬂk71,l71[[5l€]]i,i[[ = 5ie]]k,l[[§
dim Ext), (M(p, ., M(p, ) = dimHom,, (M(p, .y, M(p, , pa)) = 0;

dim Ext), (M(p, ), M(p, p)) = dim Hom y, (M(p, sy, M(p, _, 5))
= 0;—1€]k—1,k—1[Oke]ii] = Oiztk-

The other cases are realized by swapping * and <. In any case, we exhausted the
dimensions with the short exact sequences that we provided. O

Corollary 3.14. Ifa andb are two tagged arcs of P*, then dim Ext}, (M,, M,) is
the minimal number of intersection points between representatives of their isotopy
classes (where (P;,*) and (Pj,1<) intersect once for i # j by convention).

Proof. It is an easy case by case argument. O

§3.3. Cluster tilting objects of CM A and
relation to the cluster category

Let us recall the definition of cluster tilting objects.

Definition 3.15. Let C be a triangulated or exact category. An object T in C is
said to be cluster tilting if

addT = {Z € C | Ext}(T, Z) =0} = {Z € C | Ext:(Z,T) = 0},
where add T is the set of finite direct sums of direct summands of T'.

For any tagged triangulation o of the once-punctured polygon P*, we denote

T, = @Ma ~epl,.
aco
Theorem 3.16. The map o — T, gives a one-to-one correspondence between the
set of tagged triangulations of P* and the set of isomorphism classes of basic cluster
tilting objects in CM A. Moreover, for any tagged triangulation o, Enda(T,,) =2 TP
via Tight multiplication.
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Proof. Let E be a set of tagged arcs and sides of P* and Mg = @, M, the
corresponding object in CM A. By Corollary 3.14, any two arcs in F are compatible
if and only if Ext) (Mg, Mg) = 0. Thus, Mg is cluster tilting if and only if it is a
maximal set of compatible tagged arcs and sides of P* if and only if £ = o is a
tagged triangulation of P*. Thus, Mg = T,.

For the second part, thanks to Propositions 2.26 and 3.10, for any a,b € o,
Homp: (M, My) = Agp = eqI'5ep. Therefore,

Endy (T,) = EB ealoep =T,
a,b€c
Moreover, composition on the left coincides with multiplication on the right by
Propositions 2.26 and 3.10. Notice that we get the opposite algebra because we
make endomorphism rings act on the left. O

Theorems 3.3 and 3.16 show that the category CM A is very similar to the
cluster category of type D,,. In the rest of this section, we give an explicit connec-
tion. First, we recall some basic facts about cluster categories. The cluster category
is defined in [6] as follows.

Definition 3.17. For an acyclic quiver @, the cluster category C(K Q) is the orbit
category DP(KQ)/F of the bounded derived category D(KQ) by the functor
F = 7711], where 7 denotes the Auslander-Reiten translation and [1] denotes
the shift functor. The objects in C(KQ) are the same as in D°(KQ), and the

morphisms are given by

Home(x) (X, Y) = @) Hompn (k) (F' X, Y),
i€z
where X and Y are objects in D°(KQ). For f € Home () (X,Y) and g €
Home (k) (Y, Z), the composition is defined by

(gofli= D ginoF"(f)

i1 tia=i
for all 7 € Z.

In [15], Happel proved that DP(K(Q) has Auslander-Reiten triangles. For a
Dynkin quiver @, he showed in [14] that the Auslander-Reiten quiver of DP(KQ)
is ZA, where A is the underlying Dynkin diagram of (). Then the Auslander—
Reiten quiver of C(KQ) is ZA/p, where ¢ is the graph automorphism induced by
771[1]. In type D,,, the Auslander-Reiten quiver of C has the shape of a cylinder
with n 7-orbits. As a quiver, it is the same as the quiver of CM A (see Figures 3.1
and 3.2).
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Recall that a triangulated category is said to be algebraic if it is the stable
category of a Frobenius category. Let us state the following result due to Keller
and Reiten.

Theorem 3.18 ([24, Introduction and Appendix]). If K is a perfect field and
C an algebraic 2-Calabi—Yau triangulated category containing a cluster tilting
object T with Ende(T) = KQ hereditary, then there is a triangle-equivalence
C(KQ)—C.

By using the above statements, we show the following triangle-equivalences
between cluster categories of type D and stable categories of Cohen—Macaulay
modules.

Theorem 3.19. (1) The stable category CM A is 2-Calabi-Yau.
(2) If K is perfect, then there is a triangle-equivalence C(KQ) = CM A for a quiver
Q of type Dy,.

Proof. We will prove (1) in the next subsection independently.
Let o be the triangulation of P* whose set of tagged arcs is

{(Pl,Pg), (P17P4)7 ey (1:)1,Pn)7 (Pl, *), (Pl,l><l)}

The full subquiver @ of @, with set of vertices Q5,0 ~\ F' is a quiver of type D,,.
Thus, we have

I3/ (er) = (KQ)°.
By Theorem 3.16, for the cluster tilting object T,, we have the isomorphism

End, (T,) =T57/(er).
Then, by Theorem 3.18, we obtain C((KQ)°?) = CMA. O
§3.4. Proof of Theorem 3.19(1)

Here, we prove that the stable category CM A is 2-Calabi—Yau. Throughout, we
denote D := Homg (—, K), D := Homp(—, R) and (—)* := Homyu (—, A).

Let us recall some general definitions and facts about Cohen—Macaulay mod-
ules. Let A be an R-order.

Definition 3.20. We say that X is an injective Cohen—Macaulay A-module if
Ext)(Y,X) = 0 for any Y € CM A, or equivalently, X € add(Hompg(A°P, R)).
Denote by inj A the category of injective Cohen—Macaulay A-modules.

An R-order A is Gorenstein if Homp(Aa, R) is projective as a left A-module,
or equivalently, Hompg(4 A, R) is projective as a right A-module. We have an exact
duality Dg : CM A°? — CM A.
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The Nakayama functor is defined here by v : proj A L proj A°P Dr, inj A,

which is isomorphic to (Dr A) ® 4 —. For any Cohen—Macaulay A-module X, con-
sider a projective presentation

pLposxo0
and apply (—)* : mod A — mod A°P to get the exact sequence
0—X"—=F; EAN P — coker(f*) — 0.
We denote coker(f*) by Tr X and we get Im(f*) = QTr X, where Q is the syzygy
functor mod A°? — mod A°P. Then we apply Dr : CM A°® — CM A to
o-x e lhonx o
and denoting 7X := Dr QTr X, we get the exact sequence
(3.21) 0—=7X > vP—-vX —0.

For an R-order A, if K(z) ®g A is a semisimple K (z)-algebra, then we call
A an isolated singularity. By using the notions above, we have the following well-
known results in Auslander—Reiten theory.

Theorem 3.22 ([3, 28, 29]). Let A be an R-order that is an isolated singularity.
Then

(1) [3, Chapter I, Proposition 8.3] The construction T gives an equivalence of cat-
egories CM A — CM A, where CM A is the quotient of CM A by the subgroup
of maps which factor through an injective object.

(2) [3, Chapter I, Proposition 8.7] For X,Y € CM A, there is a functorial iso-
morphism

Hom 4(X,Y) = Dg Ext} (Y, 7X).

For Gorenstein orders, we have the following nice properties.

Proposition 3.23. Assume that A is a Gorenstein isolated singularity. Then

(1) CM A is a Frobenius category.
(2) CM A is a K-linear Hom-finite triangulated category.
(3) T=Qu=[-1]ov.

Proof. (1) The projective objects in CM A are just projective A-modules. They
are also injective objects. Since each finitely generated A-module is a quotient of
a projective A-module, it follows that CM A is a Frobenius category; (2) is due to
[14] and [31, Lemma 3.3]; (3) is a direct consequence of (3.21). O
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The order A is Gorenstein. Indeed, as a graded left A-module,

R R R - R R XMX,Y)]
(X,Y) R R - R R R
xXx) (xX,v) R - R R R
Dgr(Ap) = Homp : : o : : : ,R
X)) X x) - K R R
X)) X)) X)) - XY) K R
LX) X)) X)) - (X)) (X)Y) R
can be identified with
R XYX,Y) X'R ... X 'R X R XR
R R’ X_l(X,Y) .. XTIR X 'R X 'R
R R R’ .o XTIR X 'R X 'R
Xt : : : : :
R R R .+ R XYX)Y) X 'R
R R R e R R X YX,Y)
(X,Y) R R e R R R |
= AV PC M, (RXY)),
where
[0 0 0 X 0]
0 0 0 0 X
X2 0 0O 0 O
V=19 x2 0 0 0l
L0 0 ... X2 0 0]

Therefore Dr(Ay) is a projective (left) A-module.
According to Theorem 3.22 and Proposition 3.23, we have

Hom, (X, Y) 2 Dy Hom, (Y, vX)
for X, Y € CMA. Thus v = (Dg A) ®, — is a Serre functor. We want to prove that
(DrA) @p — = Q7% (—).

Thanks to the previous discussion, there is an isomorphism of A-modules

f:A—=Dp(Ay), p—pVt
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We define an automorphism a of A by a(\) = V7IAV for A € A. The auto-
morphism « corresponds to a 47 /n counter-clockwise rotation of the quiver of A
shown on page 172. In fact, if

[ >\1,1 )\1,2 s >\1,n72 )\1,n71 >\1,n |
>\2,1 )\2,2 e >\2,n72 )\Q,nfl >\2,n
>\3,1 )\3,2 e >\3,n72 )\3,7171 >\3,n

A= : : .

/\n—2,1 )\1,2 cee /\n—Q,n—2 )\n—2,n—1 /\n—2,n

/\n—l,l An—1,2 .. A'rL—l,n—Q )\n—l,n—l An—l,’n

L >\n,1 )\n,2 .. An,n—Q A’n,n—l )\n,n i

is an element in A, then

[ Ass Asa oo Az XMAgg X Ag,]
As  Aaa o Aan Xgg X1
Ass  Asa oo Asa XMAsq Xl
aN=| : :
Ans And oo Am X g XAo
Xhs XAia ... XAn A Al
[ Xdos XXy ... Xdom  Aoa A2

Let A and B be two R-orders. For an (A, B)-bimodule M, 9 € Aut(A) and
¢ € Aut(B), we define yM. := M as a vector space, and the (A, B)-bimodule
structure is given by

a xm xb=19(a)ms(b)

for m € yM; and a € A, b € B. Since ¥ € Aut(A), y(—) is an automorphism of
mod A.

Proposition 3.24. The above f : A — Dg A gives an isomorphism of A-bimodules
1A, =2 DrA.

Proof. Clearly, f preserves the left action of A. Moreover, it preserves the right
action since for A, u € A, we have

flua(N) = f(p(VIAV)) = p(VTIAV)V T = uV I = f(w). O

By using the isomorphism of Proposition 3.24, we find the following descrip-
tion of the Nakayama functor v.

Lemma 3.25. We have an isomorphism v = ,—1(—) of endofunctors of CM A.



ORDERS ARISING FROM PUNCTURED POLYGONS 195

Proof. Since D A = 1A, it follows that v & 1A, ®x —. On the other hand, we
have an isomorphism H : 1A, ®p — = ,-1(—) given by A® — — a7 1(\)(=). O

Let T = Klz,y] and S := K|[z,y]/(p) for some p € T
We define a Z/nZ-grading on T by setting deg(z) = 1 and deg(y) = —1. This
makes T a Z/nZ-graded algebra

T= P G=TreTro - &Thit
i€Z/nL

Suppose that p is homogeneous of degree d with respect to this grading. Then the
quotient ring

S =Kz, yl/(p) =S50 5@ 05
has a natural structure of a Z/nZ-graded algebra. The following result can be easily
established from classical results about matrix factorization (see [9, Theorem 3.22]
for a detailed proof).

Theorem 3.26 ([31]). In the category CM?%/" S, there is an isomorphism of
autoequivalences 2] = (—d).

Setting p := 2" 'y — %, we have S = K[z, y]/(z" 'y — y?). Identifying
R' = K[X,Y]/(XY — Y?) as a subalgebra of S via X — 2" and Y > zy, we
regard S as an R’-algebra. We obtain the following lemma.

Lemma 3.27. Fori € [0,n — 1] we have, as R'-modules,

{R’xi if ie0,n—2],

S-
(L,X7WW)z" ! ifi=n—1

K2

1%

Proof. Let i € [0,n — 2]. Over R = K|[X], S; is generated by z and z't'y.
Thus, we have S; & R'z’. Over R, S.— is generated by 2"~ ! and y. So S>— &
(1, X7 1Y)an—1L O

From the Z/nZ-graded algebra S we define an R-order S which is a subal-
gebra of M, (S) as follows:

S St Sz 0 Spmm Sim
So=t S5 ST Simm Sim
gl _ [9n2 Samt o Samr i
S3 S35 57 S5 5t
St S5 53 Si=t 5%
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Proposition 3.28. We have an isomorphism S = A of R'-algebras.

Proof. According to Lemma 3.27, S is the matrix order

[ R Rz R'z? .. Rixn—2 (1, X71Y)z" 1]
(1’ Xfly)xnfl R/ R/.’E L R/.’En73 R/xn72
R/xn72 (1’ Xfly)xnfl R/ . R/xn74 R/xn73
R 22 R 23 Rz* ... R Rz
i R’z R'z? Rz - (1, X7 'Y)an—? R’ |

Taking the conjugation by the diagonal matrix B = diag(mi)ieﬂoynﬂ, we get
BSMB=!t = A. O

From now on, we identify A and S™. Consider the matrix

00 0 1 0]
00 00 1
10 00 0
U=1g 1 00 0
00 ... 10 0

The automorphism £ of SI" given by (s) = U~'sU for s € SI"l corresponds
to the automorphism « of A. Thus we have an isomorphism 1.5 [",]1 & 1A, of
St"l_bimodules.

Using the notation above, we have the following lemma.

Lemma 3.29. (1) [19, Theorem 3.1] The functor
F : mod%/"S — mod SM,
Mﬁ@MT@QBMm'—)[MG MT Mi}t,

is an equivalence of categories.

(2) Fori € Z, we denote by (i) : mod Z/"2S — mod%/"2S the grade shift functor
defined by M(i); = Mz for M € modZ/"2S. The functor (i) induces an
autofunctor (denoted by ~;) of mod S which makes the following diagram
commute:

mod /728 — £, mod S

gl |

modZ/m2g — £ 5 mod sl
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More precisely, for any left SI™-module [Mﬁ M; ... Mm]t, we have
t t
w([Mg My ... Mi=])=[M; Mgy ... Mg

Now we can prove the 2-Calabi—Yau property of CM A.

Proof of Theorem 3.19(1). The equivalence mod?/"*S = mod Sl = mod A in-
duces an equivalence

CM%/nE g = oM S = CMA.
In the category CM%/"t g , according to Theorem 3.26, we have an isomorphism
of functors

[2] = (—deg (¢ —¢?)) = (2).
By Lemma 3.25, we have v = ,-1(—). Therefore, it is enough to prove ,-1(—)
>~ (2), or equivalently sM = y_o(M) for any M € CM Sl

Let s; be the row matrix which has 1 in the ith column. Since

ﬁM:[S()XgM $1XﬁM SQXBM $n_1><5_]\4]t
t
= [B(SO)M B(si)M  B(s2)M ... B(Sn—l)M]
= [Sn,QM Sn,]_M SoM PN Snng]t,

it follows that gM = y_o(M). Therefore, the category CM A is 2-Calabi-Yau. O

84. Graded Cohen—Macaulay A-modules

In this section, we prove a graded version of Theorem 3.19 which gives a relation-
ship between the category CMZ A of graded Cohen-Macaulay A-modules and the
bounded derived category DP(K Q) of type D,,.

Let @Q be an acyclic quiver. We denote by KP(proj K@) the bounded ho-
motopy category of finitely generated projective K(@Q-modules, and by D®(KQ)
the bounded derived category of finitely generated K(@-modules. These are
triangulated categories and the canonical embedding KP(proj KQ) — D"(KQ)
is a triangle functor.

We define a grading on A by A; = ANM,(KX®+ KX*~'Y) for i € Z. This
makes A = P, Ai a Z-graded algebra. The category of graded Cohen-Macaulay
A-modules, CMZ A, is defined as follows. The objects are graded A-modules which
are Cohen-Macaulay, and the morphisms in CM% A are A-morphisms preserving
the degree. The category CMZ A is a Frobenius category. Its stable category is
denoted by CM” A. For i € Z, we denote by (i) : CM* A — CM” A the grade shift
functor: Given a graded Cohen—-Macaulay A-module X, we define X (i) to be X
as a A-module, with the grading X (i); = X;1; for any j € Z.
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Remark 4.1. We show that this grading of A is analogous to the grading of
A’ given by the #-length. Let i, j € F. By Theorem 2.30, e;A’e; = e;Ae;. Let
A € e;Ne; = ejAe;. Using a similar argument to the proof of Theorem 2.30, we
get
(N + 2d(1,4) — 2d(1, j)
2n
where deg(\) is the degree of A as a member of A. Consider the two graded algebras

= deg(})

A = é ANe; and A" :=End (é u2d(1’i)A’ei).

i=1 i=1

By graded Morita equivalence, we have CMZA’ = CMZA”. Since A = A" as
R-orders and deg(X) = 2n in A”, it follows that the Auslander—Reiten quiver
of CMZ A” has 2n connected components each of which is a degree shift of the
Auslander—Reiten quiver of CMZ A.

We introduce the properties of CMZ A in the following theorems.

Theorem 4.2. (1) The set of isomorphism classes of indecomposable objects of
CM” A is
{6,9) 14,5 €Z,0<j—i<n}U{(i,*)|ie€Z}U{(i,>) |7 €Z},

where
i Jj—i n—j

(i,) = [(X) - (X) (X2,Y?) - (X%,Y?) (XZ)""(XZ)}t if 0<i<js<m;

j—n n—j+i n—i
(14) = [(X,Y) -+ (X.7) (X) -+ (X) (X272 (X2,Y2)] if i <n<j;
() = (V) (V) (V) (V)] g o<ism

(i,00) = [(X —Y) - (X = V) (X2—Y2). - (X2-V2)]" if0<i<n,
and the other (i,j) are obtained by shift:

(i + kn,j+ kn) = (i,5)(k),
(i + kn,*) = (i, %) (k)
(i + kn,>) = (i,)(k),

)

for k € Z. The projective-injective objects are of the form (i,i+ 1) for i € Z.
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2) The nonsplit extensions of indecomposable objects of CMZ A are of the form
]

= (,4) = (@D (k) = (kD) =0 ifi<k<j<l<itmn
0—>() (kyit+n)@(l,j) = (ki+n) =0 fi<l<j<k<itn;
e I g B e WP PP pTRES
0 Ls ) 5 () o g S0f ¥ EEI <
i UM g A In gy SIS B B S
- Em))i(?k ++n73> (fkj - 0} fi<k<itn.

Moreover, fixing representatives of these isomorphism classes of short exact
sequences induces bases of the corresponding extension groups.

(3) The exact category CMZ A admits the Auslander—Reiten sequences
0—(i,j) > (G,j+1)@(E+1,5) = (E+1,j+1) =0
fori+1<j<i+n (with the convention that (i,i+n) = (i,%) ® (4,));

0—(4i,*%) = (i+1,i4+n) = (i+ 1,00 =0,
0—(i,<) = (i+1,i4+n) = (i+1,%x) >0

for any i € Z.
(4) The Auslander—Reiten quiver of CMZ A is the repetitive quiver of type Dyi1
(unfolded version of Figures 3.1 and 3.2).

(5) The syzygy in CMZ A is defined on indecomposable objects by

QG,5)=0t+1-n,j+1—mn),
Qi *) =G +1—n,), Q,=))=(G+1—mn,x%).

Proof. (1) First of all, it is immediate that the graded modules (i,j) for 0 <
j—1<mn,(ix) and (i,i<) for ¢ € Z are not isomorphic. Therefore, we need to
prove that there are no other isomorphism classes. We consider the degree forgetful
functor F : CMZA — CMA. Let X € CMZ A be indecomposable and M be an
indecomposable direct summand of F'X in CM A. By Theorem 3.3, there exists
a tagged arc or a side a of P* such that M = M,. Then it is immediate that
M = FY where Y € CM% A is (i,7) for 0 < j —i < n or (i,) or (i,) for i € Z.
There are two morphisms f : FY — FX and g : FX — FY such that gf = Idpy.
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Let us write
f:me and gzzgm
meEZ meZ

where f,,, is a graded morphism from Y to X (m) and g,, a graded morphism from
X(m) to Y. Thus, we have

> gefr =Tdpy

kez
and, as the endomorphism ring of Y is K, there exists k € Z such that g fx
is a nonzero multiple of Idy. In other terms, we found two graded morphisms
f:Y = X(k) and g : X(k) = Y such that §f = Idy. Thus, in mod”(A), we have
an isomorphism X = Y (—k)®X’. As mod”(R) is Krull-Schmidt, X’ is necessarily
a graded Cohen-Macaulay module. Finally, as X is indecomposable in CMZ A, we
get X 2 Y (—k).

Therefore, the set of isomorphism classes of indecomposable graded Cohen—

Macaulay A-modules is

{(6,9) |1, € Z,0<j—i<n}U{(i,*)]|1€Z}U{(i,x)]|i€Z}.

Statements (2) and (3) are direct consequences through F' of the ungraded
versions of Propositions 3.12 and 3.13. Statement (4) is a direct consequence of (1)
and (3).

For (5), using (2), the short exact sequences constructed from projective covers
are:

0—-(@G+1-nj+1-n)—=(G,i+1)®(G—nj—n+1)— (4,j) =0,
0= (G+1—mn,x)— (i,5+1) = (4,%) — 0,
0—=(G+1—n,%)— (i,5+1) — (i,>x) — 0. O

For any indecomposable graded Cohen—Macaulay A-module A, if A is of the
form (7, ) for two integers ¢ and j, we write Ay =i and Ay = j, and if A is of the
form (i,%) or (i,<), we write A1 =i and As = i + n. In this way, all morphisms
in CMZ A are going in the increasing direction in terms of these pairs of integers.

Definition 4.3. Let C be a triangulated category. An object T is said to be tilting
if Home (T, T[k]) = 0 for any k # 0 and thick(T") = C, where thick(7T') is the small-
est full triangulated subcategory of C containing T" and closed under isomorphisms
and direct summands.

Theorem 4.4 ([23, Theorem 4.3], [20, Theorem 2.2], [4]). Let C be an algebraic
triangulated Krull-Schmidt category. If C has a tilting object T, then there exists
a triangle-equivalence

C — K" (projEnde(T)).
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Now we get the following theorem which is analogous to Theorems 3.16 and
3.19(2).

Theorem 4.5. Let Q be a quiver of type D,,. Then

(1) for a tagged triangulation o of the once-punctured polygon P*, the cluster
tilting object epL, can be lifted to a tilting object in CMZ A;

(2) there exists a triangle-equivalence DP(K Q) = CMZA.

Proof. (1) First, we have epl', =

shift of each M,.
Suppose that all tagged arcs of ¢ are incident to the puncture. Suppose with-

wco Ma. So we need to choose some degree

out loss of generality that they are tagged plain. We can lift o to the set ¢’ of
indecomposable objects of CMZ A of the form (i,%) for 1 < i < n. Let us prove
that the graded module T, = @ ;. A is tilting (it is T, if we forget the grading).
Let us check that
Homgyz A (4, %), QF(j,%)) =0
for any i,j € [1,n] and k # 0. Thanks to Theorem 4.2, it is easy to compute
projective covers of modules and we know that QF(j, %) = (j + k(1 — n), ) if
k is even, and QF(j,*) = (j + k(1 — n),>) if k is odd. Therefore, if k is odd,
Homgyz 5 (4, %), 2% (4, %)) = 0.
Moreover, if k > 2, we get j+k(1—n) <j+2-2n<0<1i. So

Homgyz o (i, %), Q(5,%)) = 0.
If k£ < —2 is even, we want to prove that
Homgyz o (4, %), Q% (4, #)) = Extgyz o ((3,%), Q5 (4, %)) = 0.

We have QF+1(j, %) = (j+(k+1)(1—n),) and j+(k+1)(1-n) > j+n—1>n>i
and clearly Extéyge o ((7, %), QFF1(j, ) = 0.

Let us now prove that thick(7”,) = CM” A. First of all, for any i € Z such
that n <14 < 2n — 2, considering the short exact sequence

0= (G—n+1,%x) = (i,i+1)d(n—1,%) = (i,2n — 1) = 0,

as (i —n + 1,%) and (n — 1,%) are in ¢’ and (¢,7 4+ 1) is projective, we see that
(¢,2n — 1) € thick(T),). Now, for any ¢ € Z such that n < ¢ < 2n — 1, using the
short exact sequence

0= (n,2n—1) = (i,2n — 1) ® (n,*) = (4,%) = 0

we find that (i,*) € thick(7,). Thus, as Q2*(j, ) = (j +2k(1—n), %), all the (j, *)
for j € Z are in thick(T),). Consider i,j € Z such that 1 < j —i < n. We then
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have a short exact sequence
0= (G+1—n,x)—= (i,i+ 1) B (G —n,x) — (i,5) = 0,

and, as (i +1—n,*) and (j — n, *) are in thick(77,) and (4,74 1) is projective, we
deduce that (4,7) € thick(T,). Finally, as Q(i, %) = (i — n + 1,1), all the (4,)
are in thick(77,). We have thus proved that T, is tilting in this case.

Suppose now that there is at least one tagged arc of ¢ which is not incident
to the puncture. Then there exists a vertex ig of P such that iy does not have
any incident internal edge in o. Therefore, we can lift the tagged arcs of o to a
set o of indecomposable objects of CMZ A such that for any A € o', we have
ig < A1 <ipg+nand ig+1 < Ay < ig+ 2n. Let us prove that the graded module
T, = @ ac, Ais tilting (it is T, if we forget the grading). Let us check that

Hommz A(A7 QkB) =0

for any A,B € o' and k # 0. Let B’ = Q¥B. Thanks to Theorem 4.2, B} =
B; + k(1 —n) and B) = By + k(1 — n).

Therefore, if k>0, we get B} <B; +1—n<iy<A;. So Homcyz o (A, B')=0.

If k < —1, we want to prove that Homeyz o (A, B') = ExtéMjA(A, QB") =0.
If we denote B” = QB’, we have BY = B, +1—n> By +n—1>ig+n > A;.
Then as the morphisms are positively directed, Extgyz 4 (4, QB') = 0.

For k = —1, by Theorem 3.16, we get

Homgyz o (70, Q7' T1,)C Homewm A (Ty, Q7' T,) = Exting o (15, 7o) = 0.

Let us now prove that thick(7”,) = CM”A. Consider an indecomposable
object A € CMZA with A; = ig 4+ n. Let A’ € CMA be its image through the
forgetful functor. It is a classical lemma about cluster tilting objects that there
exists a short exact sequence

0T = T5—=A" =0

of Cohen—-Macaulay A-modules such that 7}, 7] € add(Ty).

Let X’ be an indecomposable summand of T}. For any lift X of X’ such that
Extiggz o (A, X) # 0, we have 49 < X; < ig + n by Theorem 4.2(2), so such a
lift X is unique and has to be in ¢’. Moreover, in this case, ExtéMZA(A,X) =
Extégg o (A, X7). Therefore, the unique lift Ty of T} which is in add(77,) satisfies
Extingz o (A, T1) = Exténg 4 (A, TY), so we can lift the short exact sequence

0T - Ty —A =0
to a short exact sequence

0T, —>Ty —+A—0
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of graded Cohen—Macaulay A-modules. As any indecomposable summand X of Ty
is between T7 and A in the Auslander—Reiten quiver, we get ig < X1 < Ay = ig+n,
so X € ¢’. Finally, Ty and Ty are in add(77,), so A € thick(T,,).

For any i € Z such that ig+n < i < ig+2n—1, there is a short exact sequence

0= (ig+n,i+1)—= (i,i+1) B (ig +n,*) = (i,%) = 0,

so, as (ig +n,i + 1) and (ip + n,*) are in thick(7”,) and (i,% + 1) is projective,
(i, %) is in thick(T?,). As we already got the result for (i + n,*) and (ip + n, )
and Q71 ((ig+n,>)) = (ig+2n—1, %), all the (i, *) for ig+n < i <ig+2n—1 are
in thick(7?,). Up to a shift by 1 —iy —n, we already saw that these (i, *) generate
CMZ A. Therefore, T, is a tilting object in CMZA.

(2) Take the triangulation o whose set of tagged arcs is

{(P1,P3),(P1,Ps),...,(P1, Pp), (Py1,%),(P,x)}.
The full subquiver Q of @), with the set Qo . F' of vertices is of type D,,. Thus,
L5 /(er) = (KQ)™.
Let ¢’ be constructed from o as before. Namely, i = 2 and
o ={(n+1,n+3),(n+1,n+4),...,(n+1,2n),(n+ 1,%), (n + 1,x)}.
For any A, B € ¢’ and k € Z, we have B(k); =n+ 1+ kn, so
Homgyz o (A, B(k)) =0

for k # 0. Indeed, if k£ < 0 this is immediate as morphisms go increasingly, and if
k> 0, Homeyz o (4, B(k)) = Extyz 5 (A, QB(k)). Moreover, QB(k)1 = 2 + kn >
n + 2 and for the same reason as before Ext{y , (4, QB(k)) = 0.

Thus, by Theorem 3.16,

Endgyz a(erl's) = Endoma(erl's) 2 TP/ (er).

Because CMZ A is an algebraic triangulated Krull-Schmidt category, and
erl, is a tilting object in CMZ A, by Theorem 4.4 there exists a triangle-equiv-
alence

CMZ A =~ kP (proj End‘é‘l’\/IZA(eFFa)).

Since gl.dim K@ < oo, we have a triangle-equivalence

K (proj End&ZA(BFFU)) >~ P (proj KQ) = D°(KQ).

Therefore there is a triangle-equivalence CM” A = D (K Q). O
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