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Mod p Decomposition of H-spaces of Low Rank

by

Yutaka HEMMI and Hirokazu NISHINOBU

Abstract

Let X be a mod p H-space whose mod p cohomology is an exterior algebra generated
by finitely many generators of degrees 2nq + 1,...,2n; + 1 with 1 < n; < --- < ng. It
is known that if ny — n1 < p — 1 then X decomposes into a product of odd spheres, and
if ngy —n1 < 2(p—1) then X decomposes into a product of odd spheres and By, (p)s. In
this paper we consider the case of ny —n1 < 3(p — 1), and give a product decomposition
of X into irreducible factors.
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81. Introduction

Let p be a prime, and ), the prime field of characteristic p. In this paper we
assume that all spaces are localized at p. Let X be a simply connected H-space
whose [F,-cohomology is an exterior algebra generated by finitely many generators
of odd degree:

H*(X;Fp) = Alz1, ..., zk),

where deg z; = 2n; + 1 with 1 <ny <--- < nyg. We call the sequence (2n, +1, ...,
2ni + 1) the type of X, and k the rank of X.

We study decomposition of such H-spaces into irreducible factors. For com-
pact Lie groups, Mimura, Nishida and Toda [8] gave a complete list of such de-
compositions. According to their results the type (2n; + 1,...,2n; + 1) of each
irreducible factor appearing in the product decomposition of a compact Lie group
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satisfies

(1) n; # n; for any i # j, and
(2) n; =nj; modp— 1.

For p-compact groups, Davis [3] showed a similar result.

From those results one can guess that similar decompositions hold for general
H-spaces. However, this is not the case. In fact, Zabrodsky [13] showed that if
p > 5, then for any map f: S?™ — S?"F1  there is an H-space X = S*"1 U
e2mtl | e2nt2m+2 Thys, if f is essential with m # n mod p — 1, then X is not
decomposable into factors satisfying (2).

On the other hand, for an H-space X of type (2n; +1,...,2n,+1) if ng —ny
is not very large, then the result by Zabrodsky is not an obstruction to the decom-
position into factors satisfying (2) since ma, (S?"*1) =0 for m —n # 0 mod p — 1
for small m (e.g., m < n+ p(p — 1) by Toda [10]).

From this point of view, the first known result is given by Kumpel [7]. He
showed that if ny —ny < p — 1 then X is p-regular, i.e., X decomposes into a
product of odd spheres. The assumption ny —ny < p — 1 is essential. In fact,
Mimura and Toda [9, §2] showed that there is an irreducible space By (p) with
H*(Bn(p);Fp) = A(x1,22), where degzy =2n+ 1 and degze =2n+2(p—1)+1
with P'z; = z5. Then Hemmi [6] showed that if ny —ny < 2(p — 1) then X is
quasi p-reqular, i.e., X decomposes into a product of odd spheres and B,,(p)s.

In this paper, as the next step we consider the case of ny —n; < 3(p — 1).
Unfortunately, we have to assume that p > 5. The reason is stated later.

To study our case, we first construct spaces which appear as factors in our
decompositions. Those spaces are denoted by B(n), C(n), E(n) and F(n) for
n > 1, and D(n) for n > 2. Their cohomology algebras are as follows, where

q=2(p—1):

(1) H*(B(n);Fp) = A(b1, b2),

degb; =2n+1, degbs =2n+ 1+ g;
(2) H'(C(n):F,) = Aler, o)

degcy =2n+1, deges = 2n+ 1 + 2¢;
(3) H*(D(n);F,) = A(dy,dz, ds),

degd; =2n+1, degds = 2n + 1 + q, degds = 2n + 1 + 2q;
(4) H*(E(n);Fp) = Aler, €2, €3),

dege; =2n+1,deges =2n+ 1+ ¢q, deges = 2n + 1 + 2q;
(5) H*(F(n)7Fp) :A(f15f27f3)7

deg fi=2n+1,deg fo=2n+1+4gq, deg f3 =2n+ 1+ 2q.



MoD p DECOMPOSITION OF H-SPACES OF LOw RANK 209

Moreover, the generators are connected by cohomology operations as follows:

Ploy = by, DPey =co, Pldi=dy, Pldy=ds,
Pler =ey, Pey=e3, Ofi=P'fo=fs.

Here, ® is the secondary operation detecting the Toda class as. Thus in particular
we see that the spaces B(n), C(n), D(n), E(n) and F(n) are irreducible.

Many of the above spaces are equivalent to the spaces given in [8] and [9]. In
fact, B(n) is equivalent to B, (p) of [9], and C(1) and E(1) are equivalent to B
and B3 (p) given in Propositions 8.4 and 7.4 of [8], respectively. Moreover D(n) is
equivalent to B3 (p) for some n in [9, Prop. 7.2].

To construct the above spaces we use the method introduced by Cohen and
Neisendorfer [1]. Since our construction is functorial, the above spaces are charac-
terized by the type of the cohomology rings and the action of the operations P!
and .

Our main result is stated as follows.

Theorem 1.1. Let p be a prime with p > 5. Let X be an H-space with exterior
F,-cohomology algebra of type (2n1 +1,...,2n, + 1) with 1 <nq < --- < ng. If
ng —ny < 3(p— 1), then X is homotopy equivalent to a product of the following
spaces.

1
2
3
4
5
6

St with ny < n < ny;
B(n) withny <n<njp—(p—1);
C(n) withny <n <ng—2(p—1);
D(n) withny <n <nj —2(p—
F(n)

~~ Y~ o~~~

)
)
)
) 1
) withn; <n<np—2(p-1
) n) withny <n <mngp—2(p—1

The above theorem states that the type (2n1+1,. .., 2n;+1) of each irreducible
factor satisfies (1) n; # n; for any i # j, and (2) n; = n; mod p— 1. The condition
ng —ny < 3(p—1) is essential for this fact. In fact, if ny —ny; = 3(p—1) then there
is an irreducible H-space of type

Cn+1,2n+qg+1,2n+2g+1,2n+2¢+1,2n+3g+ 1)

for which condition (1) is not satisfied.

The paper is organized as follows. In Section 2, we review the method of Cohen
and Neisendorfer [1] for constructing H-spaces of low rank. Then in Section 3 we
construct the spaces which appear as product factors in our decompositions of
H-spaces. The main theorem is proved in Section 4.
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82. Cohen—Neisendorfer construction

In the rest of paper, we do not distinguish a continuous map and its homotopy
class if there is no confusion.

There are two known methods to construct H-spaces of low rank: one by
Cooke, Harper and Zabrodsky [2], and the other by Cohen and Neisendorfer [1].
Here we review the Cohen—Neisendorfer method.

Let L be a cell complex consisting of odd cells:

. Q2n1+1 2no+1 2n,+1
L=S§"Tye™m U..-Ue™ T

where 1 < ny < --- < ng. We call such a space an odd cell complex of rank k.
It is proved in [1] that if & < p — 1 then there is an H-space M (L) and a map
Fo L — M(L) such that (uF),: H.(L;F,) — H.(M(L);F,) is a monomorphism
and H,(M(L);F,) is an exterior algebra generated by (:),(H.(L;F,)). Thus, in
particular, there are cohomology classes z; € H*(M(L);F,) (1 < i < k) with
degx; = 2n; + 1 such that {(t%)*(x1), ..., (%)*(zx)} is a basis for H*(L;F,) and

H*(M(L);F,) = Az, ..., zx).

This construction is functorial in the sense that for any map f: K — L from
another odd cell complex K of rank less than p—1, there is a map M (f): M(K) —
M (L) such that the following diagram is homotopy commutative:

K4f>L

LK\L e

M) 2L ar(r)

In particular, if K is a subcomplex of L of the form S?™"1+1ye2n2tl ... ye2nitl
with ¢ < k, then the cofibre sequence K — L — L/K induces a homotopy fibre
sequence

M(K)S ML) 5 M(L/K)
with

where

H*(M(K);Fp) 2 Alyr, .. ye),  H (M(L/E);F,) = Azeg, - 2).



MoD p DECOMPOSITION OF H-SPACES OF LOw RANK 211

As a special case, we have
M(Ll V Lg) ~ M(Ll) X M(Lg)

Now, to define the space M (L) and the map «*: L — M(L), a space \(L)
and a map A\(L) — XL are constructed in [1] such that there is a natural fibre
sequence

QNL) — QXL & M(L) - \(L) — ZL.

Then (“: L — M(L) is given by the composition t* = po Er, where Ex: X —
Q¥ X denotes the adjoint of idyx : XX — XX for a space X. It is also shown that
there is a section s: M (L) — Q3L so that po s ~ id, and multiplication on M (L)
is defined by the composition

popo(sxs): M(L) x M(L) — M(L),

where pu: QXL x QXL — QXL is the loop multiplication.
Now we show the following

Lemma 2.1. so/f ~E;: L — QXL.

Proof. We first recall the definition of the section s from [1]. It is shown that the
map Yl XL — YM(L) has a retraction 7: XM (L) — XL so that r o ¥uF ~ id.
Set s’ = Qro Epry: M(L) — QXM (L) — QXL. It is also proved in [1] that the
composition pos’': M(L) — M(L) is a homotopy equivalence. Then the section
s: M(L) — QXL is defined by s = s" o (pos’)~L.

Now (pos') ot =poQro By ol =poQroQXiloEp ~ po Ep ="
Thus, we have

sort =5 o(pos’) Lol ~ s otk ~ Q’I“OEM(L)OLL ~ QroQXitoE, ~E. O

Let L; (1 < i < t) be an odd cell complex with rank less than p — 1. Set
L=1L,V---V L. Consider the composition

Kl b
Lt L C Ly x oo x Ly S22 V(L) x - x M(Ly).

It is clear that ¢, Hy(L;Fp) = Ho (M (Lq) x --- x M(Ly);Fp) is a monomorphism

and H, (M (Lq)x---xM(L;);Fp) is an exterior algebra generated by ¢.(H.(L;Fp)).
Thus it is natural to write M (L1) x --- x M(L;) as M (L) and ¢ as ¢":

oL — M(L) = M(Ly) x --- x M(Ly).
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Then we show the following

Lemma 2.2. Let L= L1V ---V L;, where L; are odd cell complexes of rank less
than p — 1. Let Y be an H-space and f: L — Y a map. Then there is a map
f: M =M(L)—Y such that the following diagram is homotopy commutative:

f

M(L)

Y

Proof. 1t is sufficient to handle the case of L = L;. In fact, if there are maps
fir M(L;) = Y with f;|L; = f|L; for 1 <i <, then we can define f: M(L) =Y
by

flay e, ) = (- (fu@) fa(wa)) - ) fule)
using multiplication of Y.
Now we define f: M(L) — Y by the composition

roQXfos: M(L) = QSL — QSY — Y,

where s: M(L) — QXL is the section and r: QXY — Y is the retraction of an
H-space so that ro Fy ~id: Y — Y. Then by Lemma 2.1 we have

folt~roQSfosoll ~roQSfoE, ~roEyof~f O

§3. Construction of low rank H-spaces

Now we construct H-spaces B(n), C(n), D(n), E(n) and F(n) by using the
Cohen—Neisendorfer method. Since the rank should be less than p — 1, we need
to assume that p > 5. Our method to prove the main theorem is as follows:
We construct odd cell complexes La(n) for A = B, C, U, V and W such that
M(La(n)) = A(n). Then we show that there is an odd cell complex L which is a
wedge sum of such complexes, and a map f: L — X to an H-space X with the
properties in Theorem 1.1 such that f*(z1),..., f*(xx) is a basis for fI*(L;IFp),
where H*(X;F,) = A(z1,...,2x). Then by Lemma 2.2, we obtain Theorem 1.1.

First we note that M(S27+1) = §2n+1 and 57" = id.

To construct the required odd cell complexes, we recall the homotopy group
Tom (S2F1) for 2m < 2n + 3¢. In this range, the only non-trivial cases are

Tontq(SPHY) 2 Z/p{lan(2n + 1)}, Toni2q(S"H) = Z/plas(2n + 1)}
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Here, a;(m) € mpmyiqg—1(S™) for m > 3 are well known generators with a;(m) =
Ym=3q,(3) for m > 3. Moreover , az(3) is defined by the Toda bracket as

a(3) = {1 (3),p, a1 (2p)}-
For the composition oy (2n + 1) o a;(2n + q) we have the following

Lemma 3.1 (Toda [11, Proposition 13.6]). If n = 1, then a1(3) o a1(2p) is a
generator of my+1(S%) 2 Z/p, while for n > 2, a1(2n+ 1) o aq(2n + q) = 0.

Hereafter, we simply denote «;(m) by «;.
Now, for n > 1, we set

LB(TL) —_ SQn+1 Ual 62n+q+1’ Lc(n) —_ S2n+1 Ua2 e2n+2q+1'

It is clear that Lg(n) = 22" 2Lg(1) and Lo(n) = 22" 2Lc(1). We notice that
YLg(n) = 82" 2 U,, "2472 and XLo(n) = S22 U, e?nt2at2,

Now, if n > 2, then a1(2n + 1) o @1(2n 4+ ¢) = 0 by Lemma 3.1, and so we
have an extension &;: S?"T9U,, e2"T24 — §27+L of o §2ntd — Gntl,

S2n+tq * §2n+1

|
S2ntay, e?nt 1
Then, for n > 2, we set
Lp(n) = ST Uy, C(S?" T2 U, €27 129),
It is clear that Lp(n) = X?"~4Lp(2), and
Lp(n)/S?"+1 = §2rHarty,, 220 ~ Lp(n+p—1).
Finally, for n > 1, we set

Lg(n) = §*+! Uvo(avas) (e2ntatly g2nt2atly
LF(TL) — (52n+1 vV 52n+q+1) U(az\/al)OA €2n+2q+1’
where V: 82711y §2nt+l 3 §2n+1 i the folding map and A: §27F2¢ — §2n+2qy
§21+24 i the coproduct. Then Lg(n) = £2* 2L (1) and Lp(n) = £272Lp(1).
It is clear that
Lg(n) C Lg(n), Lc(n) C Lr(n),
Lp(n)/S*" ™ = Lp(n+p—1), Lp(n)/S? 4 = Lo(n).
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Now we define H-spaces B(n), C(n), E(n) and F(n) for n > 1, and D(n) for
n > 2 by

B(n) = M(Lg(n)), C(n)=M(Lc(n)), D(n)=M(Lp(n)),
E(n) = M(Lg(n)), F(n)= M(Lp(n)).

Then the following proposition is clear from the construction.

Proposition 3.2. The H-spaces B(n), C(n), D(n), E(n) and F(n) are irre-
ducible, and

degb; =2n+1, degby =2n+ 1+ q;
(2) H*(C(n);Fp) = Alcr, c2),

degcy =2n+ 1, degeo = 2n + 1 + 2¢;
(3) H*(D(n);IFp) = A(dl,dg,dg),

degd; =2n+1, degds =2n+ 1+ q, degds =2n + 1 + 2¢q;
(4) H*(E(n);Fp) = Aler, e2, €3),

dege; =2n+1, deges =2n+ 1+ q, deges = 2n+ 1 + 2¢q;
(5) H*(F(n)7F1)) :A(f15f27f3)7

deg fi=2n+1,degfo =2n+1+¢q, deg f3 =2n+ 1 + 2q.

The generators are connected by the cohomology operations as follows:

‘:Plbl = bQ, (I)Cl = Cg, Tldl = dQ, TldQ = dg,
Ple; =€y, Pey=e3, Ofi=P'fo=fs

Moreover, those spaces are characterized by the type of the cohomology rings and
the action of the operations P! and ® since the Cohen—Neisendorfer method is
functorial.

Various generalizations of the Cohen—Neisendorfer method have been consid-
ered by several authors. Among them are Wu [12] and Grbi¢, Harper, Mimura,
Theriault and Wu [4], who studied the case of rank p— 1. In particular, it is proved
in [4, Proposition 1.1] that the Cohen—Neisendorfer method works also for the rank
p — 1 case but the resulting space need not be an H-space. This means that the
above spaces B(n) and C'(n) exist also for p = 3 as just topological spaces. More-
over, conditions for those spaces to be H-spaces are studied in [4, Theorem 7.1].
In particular, it is shown that B(n) for p = 3 is an H-space if and only if n = 1
or n = —1 mod 3, which coincides with the result of [14] and [5]. To study D(n),
E(n) and F(n) with p = 3, we need to consider the rank p case, and there are no
known results for this case.
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Now we study the homotopy groups of the spaces of Proposition 3.2.
Let eB: 82"l — Lp(n), e9: $?2"*1 — Lo(n) and ef': S2"FY — Lip(n) be
the natural inclusions. Then, for n > 1, we set

ay = (e7)u(az) € Tant2q(L(n)), f = (e )x(1) € Taniq(Lr(n)),
af = (£9)u(a1) € manyq(La(n), a5 = (6] )u(az) € Tanyaq(Lr(n)).
Next we define af € Ton+2q(Lp(n)) for n > 2. Since ag o1 = 0 €

7r2n+2q,1(52”+1) by Lemma 3.1 and «; has order p, we have the Toda bracket
{a1,a1,p} C Tant2q(S?™ ). It is proved in [11, Chapter XIII] that {a1,1,p}
consists of a single element 2~ 'as. In other words, we have &; o p = 2 ' in the
following diagram:

§2nt2q-1 p §2nt2q-1 1 g2nta 1 g2n+l
£ 5B
(31) 52n+2q71 Up 62714»2q 52n+q qu e2n+2q LB (’I’L)

i

52n+2q SQn+2q a1 SQn+q+1

We note that the above diagram is homotopy commutative except for two central
parallelograms which are homotopy anti-commutative, i.e., homotopy commuta-
tive up to sign.

Then we define

Ay € mony2q(Lp(n))

to be the coextension of ay: 27124 — §2n+a+l a5 defined in the above diagram.
By definition we have

(3.2) (7). (@P) =01 and paf = —271(B),(an),

where 78: Lp(n) — Lp(n)/S?"+1 = §2n+4+1 ig the projection.
Finally, we set
a1 = (e7)4(a7) € Tant2q(Lu(n)),

where e¥’: Lg(n) — Lg(n) is the inclusion.
Then we show the following
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Lemma 3.3.

2n+2q+1 LD n
— 3

2n42¢+1
ab € ~ Lg(n

)

v/ Sr2n+2q+17

~ Lp(n

(n)

(n)
Le(n) Uge 2ttt ~ [ p(n),
o 62n+2q+1 ( )
(n)

of e2nt2atl o Le(n)V Lg(n+p—1).

Proof. The first three relations are easy to show.
Let eP: §2nt1 — Lp(n) and g1 : §2nH1 — §2n+ly §2n+atl he the inclusions.
Then the last two relations are shown as follows:
LE(TL) U&{s e2nt2atl o LD(TL) U(ED)*(az) g2nt2atl
~ Lp(n) v §2n+2att
LF(’IL) Uag 62n+2q+1 ~ ((S2n+1 vV S2n+q+1) U(E1)*(042) e2n+2q+1) U 62n+2q+1
~ (Lc(’n) v S2n+q+1) U(*70¢1) e2n+2q+1
~ Loe(n)V Lp(n+p—1). O

We can also prove the following relation, but we do not give the proof since
we do not use it in this paper:

Lp(n) Uyr et ~ Lg(n)V Lg(n+p—1).

Let t4: La(n) — M(La(n)) = A(n) be the natural map for A= B, C, U, V
or W. Then we have the following fact, parts of which were already proved in [9,
Thm. 3.2] and [8, Prop. 6.3].

Proposition 3.4. The even-dimensional non-trivial homotopy groups of B(n),
C(n), D(n), E(n) and F(n) for dimension less than 2n + 3q are as follows:

Tan+q(C(n)) 2 Z/p{(:9).(af)},
Tanv2q(B(n)) 2 Z/p{(") (1)} (n>2),
Tan+q(F(n)) 2 Z/p{ (7). (al)},
Ton+2q(F(n)) = Z/p{ (") (03)}-

We remark that ma,, (D(n)) = 0 for 2m < 2n + 3q.
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Proof. Almost all parts are easy to show by studying homotopy exact sequences
of fibre sequences. Here we give just an outline.

For the case of B(n), we consider the following fibre sequence coming from
the cofibre sequence S?"*1 — Lp(n) — Lp(n)/S?"+! = §2ntatl,

S+l B(n) — §*ntatl,

It is easy to show that the even-dimensional non-trivial homotopy groups of
B(n) occur only in dimensions 2n + 2¢. Since the connecting homomorphism
Out Mopyoq(SPTITL) — 79,0, 1(S?7 1) satisfies O.(a1) = g oay, if n = 1
then by Lemma 3.1 we have ma,12(B(1)) 2 Z/p{(:®).(af)}. For n > 2, we have
Ton+2¢(B(n)) = Z/p*{(”)«(a')} by Lemma 3.2.

For E(n), we consider the homotopy exact sequence of the fibre sequence

52n+1 — E(n) N 52n+q+1 % SQn—&-Qq—i—ll

Then the connecting homomorphism 0, : Topqe.(S?" 9T x §2nt2etl)
Tont2q—1(S?" 1) satisfies Ox(a,*) = a7 o ;. Thus, for the same reason as in
the case of B(n), we obtain the result.

The other cases are easy to show by considering homotopy exact sequences of
the following fibrations:

32n+1 N C(n) — 32n+2q+1’
B(n) — D(n) — §*n2a+l,

S2ntl s g2ntatl y p(p) — §2nt2atl O

For positive integers ny and n with n; <n <mn; +3(p — 1), let S, », be the
set consisting of the pairs (A, ), where A is

(1) S?™+! with ny <m < n,
(2) B(m) withny <m<n-—(p—1),or
(3) C(m), D(m), E(m) or F(m) with ny <m <n—2(p—1),

and v € o, (A4).

By Proposition 3.4, if v #0, then A must be §?7—4+1 §2n=2¢+1 B(n_2(p—1)),
E(n—2(p—1)) or F(n —2(p — 1)), and + is one of the classes in mg,(A) given
in Proposition 3.4 up to unit. We note that A is neither C(m) nor D(m), and
v # (tF)u(af’) even if A= F(m) for dimensional reasons.

We define a preorder on S,,, by writing (Ai,71) = (Aa,72) for
(A1,7), (A2,72) € Sy, if there is a map f: Ay — Ay with fi(y1) = 2. It is
clear that (A1,71) =X (A2,72) if 72 = %, or A1 = Ay with 41 = 72 up to unit. For
the other cases, we have
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Lemma 3.5. Let ny <n<n;+3(p—1) and m =n—2(p—1). Then in Sy, »
we have

(52771-"-(2—i)q-"-17

A

;) = (F(m), (i7)«(ad)) = (B(m), (1%).(a3))

for i =1,2. Moreover, if m > 2, then also for i = 1,2 we have
(B(m), (+%).(af)) = (E(m), (1%).(aF)) < (82 HC-0aH q;).

Proof. First we show that there is a map f: Lp(m) — Lpg(m) such that
fo(ad)y = aof. Then M(f): F(m) — B(m) satisfies M(f).((t:7)«(ad)) =
(:P). (), and we have (F(m), (:F). (k) = (B(m), (B).(aB)).

Now since {a1,p,a1} = o, we have &3 o &3 = ag in the following dia-
gram, which is homotopy commutative except for two central homotopy anti-
commutative parallelograms:

§2m+2q-1 [t §2m+q p §2m-+q a! G2m+1
52m+q Uozl e2m+2q S2m+q Up 62m+q+1 LB (m)
& P
\L 1 l / iﬂ_B
§2m+2q 1 §2m+q p §2m+q+1

Then the map p: S+ — Lp(m) satisfies
pe(ar) = —(7)s(a2) = —ay.
Consequently, for the map fo = Vo (B Vvp): §2m+ly §2mtatl o [ 5(m) we have

foo ({2 V ay) o A) ~ %, and there is an extension f: Lp(m) — Lg(m) of fo:

§2m+1 \y g2m+a+1 fo Li(m)

|

Lp(m)

Then
foaz) = (e1)s(az) = (£7).(az) = o3
Next we show that (S?m+(2-9etl o) < (F(m), (F).(ad)) for i = 1,2.
Clearly (S%2™*! ag) < (F(m), (1F)«(ad)) since af = (eI'), () for e §2m+1
Lr(m). On the other hand, for the other inclusion £ : §?m+at+l — [ (m) we
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have
(62)«(—a1) = (e7)u(02) = 3.

Thus, (S?" 9 aq) < (F(m), (tF).(ad)).

Next suppose m > 2. The relation (E(m), (:¥).(a¥)) =
for i = 1,2 is clear by con51der1ng the equalities (7f).(af) = a; and
(r8).(aF) = a2, where nF: Lg(m) — Lg(m)/Lg(m) = ST+l and
¥ Lp(m) — Lg(m)/Lc(m) = S?" 1 are the projections.

Moreover, the relation (B(m), (1?).(af)) = (E(m), (1F).(a¥)) is clear since
(e7)«(a7) = af. B

(S’Qm-‘r(Z i)q+1 az)

84. Proof of Main Theorem

First we show the following

Lemma 4.1. Let B be an H-space, and f = (f1, f2): S*™ — A x B a map,
Suppose that there is a map n: A — B such that no fi ~ fo. Then there is a
homotopy equivalence : A x B — A x B such that ¢ o f ~ (f1,x*).

Proof. Define ¢¥: Ax B — A x B by

"/](av b) = (a7 M(U(@y b))7

where p is multiplication of B. Then ¢ o (f1,*) ~ f. Since ¢ is a homotopy
equivalence, the homotopy inverse ¢ of 1 is the desired map. O

Now we prove the main theorem.

Proof of Theorem 1.1. We show that there are odd cell complexes L; and maps
fi: Ly = X for 1 < i < k such that the following conditions are satisfied:

(1) L;is a wedge of spaces S*™*1 Lg(m), Lc(m), Lp(m), Lg(m) and Lg(m) for
suitable m so that M(L;) is a product of S?™*1 B(m), C(m), D(m), E(m)
and F(m).

(2) fr(x1),..., ff(2;) is a basis for H*(L;;F).

Then by Lemma 2.2 there is a map f;: M(L;) — X such that
H*(M(L:); Fp) = A(ff (1), fi ()

In particular, fk: M (L) — X is a homotopy equivalence, and so gives the desired
decomposition.
For i = 1, we take L1 = S?™*! and f; the obvious map.
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Suppose inductively that we have spaces L; and maps f; for ¢ < t. We
can change the generators z; in H*(X;F,) if necessary so that f;_; satisfies
fioq(x;) =0 for i > t.

Take a map 3: S2" — M(L;_1) such that f;_; o 8 ~ % and for an extension
Gi—1: M(Li—1) Ug €™+ — X we have

H*(M(Le—1) Ug €™ Fy) 2 Mgy (21), -+ 91 (w-1)) ® Z/p{gi 1 ()}

If B ~ x, then M(L;—q) Ug €™+ ~ M(L;—1) vV S?™*1. Thus we can set
L;=L;,_; Vv S?+! and define f,: Ly — X by

ft =Vo (ft—l \ (gt_1|S2nf‘+1))Z Li=L;_ 1V S2utl 5 X v X — X,

Then it is clear that L, and f; satisfy the desired conditions (1) and (2).

Suppose that 8 2 *. We write L;_1 = K1 V --- V K, where each K; is one
of $?m*+1 Lp(m), Lc(m), Lp(m), Lg(m) or Lp(m), and 8 = (Bi,...,Bs) with
Bi: S§?" — M(K;). Moreover, if B; 2 * then (M (K;), 3;) is one of (S2"¢=4+1 q),
(SQnt_2q+1va2)7 (B<nt - 2p + 2>7(LB>*(O‘ZB))’ (B(nt - 2p + 2)7(LB)*(O~‘IB))7
(BE(ne — 2p + 2), (tF).(@F)) or (F(ny — 2p + 2), (1)« (af’)) by Proposition 3.4.
We remark that the pairs (C(n; —p+1), (1)« (a§)) and (F(ns —p+1), (). (af)
do not occur for dimensional reasons. We assume that the {(M(K;),5;)} are ar-
ranged so that if (M (K;),8;) = (M(K;), B;) then ¢ < j.

We show there is a homotopy equivalence t: M(L;—1) — M(L;—1) such
that ¢ o B =~ (B1,%,...,%) or Yo B ~ (ag,ay,%,...,%) with K; = §2ne—2a+l
and Ky = §?™~9+1 In fact, if (M(K;),B1) is a minimum pair, then by
applying Lemma 4.1 with A = M(K;) and B = M(Ks) x -+ x M(Ks)
we get such a homotopy equivalence ¥: M(L;—1) — M(L;—1). On the other
hand, if there are no minimum pairs in {(M(K;),p;)}, then we can as-
sume that (M (K1), B1) = (S22 ay), (M(Ks),B2) = (S?=9+1 q), and
(§2=2a+l ny) < (M(K;), ;) and (S?~9+1 ) < (M(K;), ;) for i > 3. Then
by applying Lemma 4.1 with A = M (K;)x M(K>) and B = M (K3)x---x M(Ky)
we obtain a homotopy equivalence t: M (L;—1) — M(L;_1) as desired.

Let A and B be the spaces in the above argument. We replace fi_1 by ft—1 o
W~ tolli-1: L, — X, and 8 by v o 8. Then we can write L,_; = L4 V Lp with
M(Ls) = A and M(Lg) = B, and 8 = (B4, 8B), where Bp ~ *: S?"t — B and
(A, B4) is one of (§2 =24+ qy), (§2ne=atl o), (§2m =20+l §2ne=atl (qy ay)),
(B(ne—2p+2), (%)« (aF)), (B(ne—2p+2), (%) (&), (E(ne—2p+2), (7). (7))
or (F(ng — 2p + 2),(tM)u(ad)). Then B4 =~ 14 o v, where (La,v) is
one of (§2nt=2a+L q,), (82m—9t1 ), (§%ne=2a+l vy G2nie=atl (qy V ay) o A),
(Lp(ns — 2p + 2),a8), (Lp(ny — 2p + 2),aP), (Le(ny — 2p + 2),aF) or
(Lr(ng —2p+2),ad).
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Set ha = fi—1|La and hg = fi_1|Lp, and consider the extension
LaU,e?™t — X We write Ly = (LaU, e*™ 1)V L and define fi: Ly — X

fi=Vo(haVhg):Li—»XVX—X.

Since La U, e?™ 1 is a wedge of S?™*1 Lg(m), Lc(m), Lp(m), Lg(m) and
Lp(m) for suitable m by Lemma 3.3, L; and f; satisfy the desired conditions (1)
and (2). This completes the proof. O
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