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Pfaffian of Appell’s Hypergeometric System F; in
Terms of the Intersection Form of Twisted
Cohomology Groups

by

Yoshiaki GoToO, Jyoichi KANEKO and Keiji MATSUMOTO

Abstract

We study a Pfaffian of Appell’s hypergeometric system F4(a,b,c) of differential equa-
tions by twisted cohomology groups associated with Euler type integrals representing
solutions. We simplify its connection matrix by the pull-back under a double cover of the
complement of the singular locus. We express the simplified connection matrix in terms
of the intersection form between the twisted cohomology groups.
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81. Introduction

There are several hypergeometric series in two variables = (z1,z2). One of
them, Appell’s hypergeometric series Fy(a,b, ¢; z), is defined in (2.1) below, where
a, b and ¢ = (c¢1, o) are complex parameters. It satisfies Appell’s hypergeometric
system Fy(a,b,c) generated by the differential equations (2.2). This system is a
holonomic system of rank 4 with singular locus

S = {(l‘l,IEQ) S C2 | leng(I’) = O} U Loo,
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where R(z) = 2% + 23 — 2122 — 271 — 229 + 1 and L is the line at infinity in
the projective plane P2,

In this paper, we study a Pfaffian system of F4(a,b,c) by a twisted cohomol-
ogy group H?(02°*(C2),V) associated with Euler type integrals (2.3) representing
solutions to this system. By regarding this Pfaffian system as a connection V x of
a vector bundle

HA(2°°(2),9) = | H(2°(C2), V)

rzeX
over X = P2 — S with fiber H?(£2*(C2),V) of rank 4, we find a global frame
of this vector bundle and represent the connection as = = Zl'dx; + Z2dzs in

Theorem 4.1. The connection matrix satisfies the integrability condition d = = EAZE
and has no apparent singularity, but =Z; and =9 are complicated and d= # O. As
shown in Proposition 4.2, the system Fy(a,b,c) does not admit an expression of
the connection matrix as a sum of constant matrices times logarithmic 1-forms
associated with the singular locus S, like other Appell’s hypergeometric systems.
To make the connection matrix simple, we consider a double cover Y of X defined
by the map

pr:C? 3 (y1,92) = (w1,22) = (y1(1 — y2), y2(1 — 1)) € C2.

It induces the pull-back bundle and the pull-back connection Vy. By changing
a frame of the pull-back bundle, we express the pull-back connection Vy as a
sum of constant matrices times logarithmic 1-forms associated with S in Theo-
rem 5.1, where S is the preimage of S under the double cover pr. In particular,
the connection matrix 2 of Vy satisfies dZ = 2 A E = O. It is shown in [Kat]
that the pull-back of Fy(a,b,c; ) under a similar map satisfies a Pfaffian equation
equivalent to ours.

Let H?(02°(C2),VVY) be the twisted cohomology group defined by the dual
derivative VV of V. This space is regarded as the dual of H?(02°(C2),V) via
the intersection form Z.. We have the dual vector bundle over X and the dual
connection VY satisfying

dZ.(p,¢") =T(Vx, ')+ Lc(p, Vi¢'),

where ¢ and ¢’ are sections of the vector bundle and of its dual, respectively.

Proposition 3.2 states that there is no global frame of H?(£2%°(X), V) satisfying
(1.1) dZ.(pi,0]) =0, 1<4,j<4,

where @; € H*(2°(C2), V) and ¢y is the image of ¢; under the natural map from
H2(02%%(X), V) to H2(02%°(X), VV). The intersection form is also defined between
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the pull-back bundles. The frame of the pull-back bundle used in Theorem 5.1
satisfies (1.1). In fact, we find the double cover Y of X such that such a frame exists.
The existence of the frame enables us to represent the pull-back connection Vy
by the intersection form Z. in our main result, Theorem 5.2. We remark that this
expression is independent of the choice of frames with (1.1), not given in terms of
matrices.

The monodromy representation of Fy(a, b, ¢) was initially given in [Kan] by a
twisted homology group associated with the integrals (2.3), and reformulated in
[GM1] in terms of the intersection form. By results [GM1, §4], we can express the
circuit matrix along a loop turning around each component of S by the intersection
form and a subspace of vanishing cycles as x approaches the component. On the
other hand, we express in Proposition 5.1 the coefficient matrix of the logarithmic
1-form corresponding to a component of SinE by the intersection form and a sub-
space of vanishing forms as x approaches the component. Note that these matrices
admit a common characterization by the intersection form and vanishing vectors.
We also point out the similarity between the normalized intersection matrices of
twisted homology and cohomology groups in Remark 5.1.

Appell’s hypergeometric system Fy(a,b,c) generalizes to Lauricella’s hyper-
geometric system F¢(a, b, ¢) of rank 2™ with m variables. For this system, we have
twisted (co)homology groups associated with integrals representing solutions. The
monodromy representation of F¢(a,b, ) is expressed in terms of the intersection
form between twisted homology groups in [G, §5]. However, we have not been
able to deduce that the system F¢(a, b, c) admits a Pfaffian system with a simple
expression.

For Pfaffians of Lauricella’s hypergeometric systems F4 and Fp in m vari-
ables, it is easy to find frames satisfying (1.1) without considering covering maps.
Their Pfaffians are expressed in terms of intersection forms between twisted coho-
mology groups associated with integrals representing solutions [M1], [M2]. Re-
cently, a similar result was obtained in [GM2] for the hypergeometric system
E(k+1,k+n+2;a) (see [AoKi, Chapter 3] for its definition). Its Pfaffian system
admits a frame satisfying (1.1), and its singular locus contains components given
by non-linear equations.

§2. Appell’s hypergeometric function F}
In [ApKal], Appell’s hypergeometric series Fy(a,b,c;x) of variables x1,zo with
parameters a, b, ¢ = (c1, c2) is defined by

(a,n1 4+ n2)(b,ny + n2) ni s
(Cl,nl)(CQ,nz)m!ng! 72>

(2.1) Fy(a,b,c1,co;21,22) = Z

nl,’I’Lz:O



226 Y. Goro, J. KANEKO AND K. MATSUMOTO

where ¢1,¢3 #0,—1,-2,... and (a,k) =ala+1)---(a+k—1)=T(a+k)/I(a).
This series converges in the domain

D={x = (x1,22) € C| /|z1| + V]z2| < 1},
and satisfies the differential equations

[l‘l(l — 1‘1)8% — x%@% — 21‘13328182

22) +{c1 — (a+b+1)z1}01 — (a+ b+ 1)z202 — ab] f(z) =0,
2.2
[1‘2(1 — 1‘2)83 — xf@f — 21715623182

+{co — (a+b+1)z2}02 — (a+ b+ 1)z10; — ab] f(z) = 0.

The system generated by them is called Appell’s hypergeometric system Fy(a,b,c)
of differential equations. This system is of rank 4 with singular locus

S = {(x1,7) € C* | 129 R(x) = 0} U Loy C P2,
where L is the line at infinity and
R(x) = 23 + 23 — 2x109 — 221 — 229 + 1.

We use the following integral representation to solutions of Fy(a, b, c):

ds; Ad
(2.3) / u(s, ) L0252
A 5152

where
u(s,x) = 571532 Q(s)* L(s, x)™,
Q=Q(s) =518 — 81— 82, L=0L(s,2)=1— 8121 — S22,

)\1:CL702+1, )\2:0,7014*1, )\31614*027&72, )\4:71),

and a 2-chain A loading a branch of u(s,x) is a twisted 2-cycle. Refer to [AoKi]
for twisted cycles and twisted homology groups.

Remark 2.1. Tt is convenient for the study of a Pfaffian system of Fy(a,b,c) to
use the multi-valued function u(s,z) instead of

—-b
alts) = ot 1=y - et (12 2)

applied in [GM1]. We get u(s, z) by the change of variables (t1,t2) = (1/s1,1/s2)
and the replacement a — a + 1 in u(¢, z).
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83. Twisted cohomology group

We regard the parameters a,b and ¢ = (¢1, ¢2) as indeterminates and we set

app=a, agpo=a—c1+1, ap=a—co+1, a1=a—c—cy+2,

boo=b, bio=b—c1+1, bopy=b—co+1, byi=b—ci—co+2.
We assume that
(3.1) a;j,bi; $ Z (3,5 € Zo ={0,1})
when we assign complex values to the parameters. Recall that

M=a—c2+1l, M=a—ca+l, MN=c+c—a—2, I=-b
In this section, we regard vector spaces as defined over the rational function field
C(A) =C(Ay,...,A\q) =C(a,b,c1,c2). There is an involution on this field given by
(3.2) CN) 3 fFO, - A) = YA, ) = F(=A1, .0, =) € CN).
Note that

a" =M +X—=X)" =N - X+ A3=—a, b= (=) =X =-b,
cf = (14+XM4+X3)Y =1-A1—X3 =2—c1, ¢y = (1+Xa+A3)Y =1-Xa—)\3 = 2—cs.
We set

X ={(s,2) € C* x X | 5180Q(s)L(s,7) # 0} C (P* x P') x P?

where X is the complement of the singular locus S of F4(a,b,c) in P2. There is a
natural projection
p: X3 (s,z) »zeX.

For any fixed x € X, we have
C: =p'(2) = {5 = (51,52) € C? | 5152Q(5)L(s, ) # 0}

and an inclusion map
1, :C2 35 (s,1) € X.

We denote the C(\)-algebra of rational functions on P? with poles only along S
by O(X). Note that 21,22 and R(z) are invertible in O(X). We denote the vector
space of rational k-forms on (P! x P1) x P? with poles only along the complement
of X by 2%(X), and the subspace of £2¢+7(X) consisting of those elements which
are i-forms with respect to the variables sq, s by 297(X).
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We set

>\1d81 )\2d52 )\3de(5) A4d5L(S, ’JJ)
= + + ,
S1 S2 Q(S) L(57 l‘)
)\451d1‘1 /\482d.132
L(s,x) L(s,z)’
where dg; and d, are the exterior derivatives with respect to s1,s2 and to z1,xs,
respectively. Note that w € 219(X) and wy € 2%1(X). By using the twisted
exterior derivative V = d; + w A on X, we define the quotient spaces

HA(02°0(%),V) = ker(V : 2F0(X) — QF10(x)) /v (02F10(X))

w=dlog(u(s,x))

wx =dglog(u(s,x)) = —

as O(X)-modules, where k = 0,1,2 and we regard 2-1°(X) as the zero vector
space.

For a fixed z, the inclusion map 7, induces a natural map from H*(02%°(X), V)
to the rational twisted cohomology group

H"(02°(C2),V) =ker(V : 2F(C2) — QFH1(C2))/V(2F1(C2))

on C2 with respect to the twisted exterior derivative induced from V. Here £2%(C?2)
is the vector space of rational k-forms with poles only along the complement of C2
in P! x P!. The structure of H*(£2*(C2),V) is as follows.

Fact 3.1 ([AoKi], [C]). (i) We have

4 ifk=2
dim HF(Q(C2), vy = {* TR=2
0 k=01
(ii) There is a canonical isomorphism
Je : H*(2°(C3), V) — H*(E2(C3), V)
= ker(V: £2(C3) — £2(C1)) /V(£X(C)),
where E¥(C2) is the vector space of smooth k-forms with compact support
in C2.
We have a twisted exterior derivation VY = d, — w A for —w and
H?(2%0(%), VY) = 22°(%) / VY (210(%)),
H?(02°(C3), VY) = 2%(C2)/ VY (24(C2)).
For any fixed x € X, we define the intersection form between H?(2°*(C2),V) and
H?(02°*(C2%),VV) by

Lgnnbl) = [ 2e(0a) Al € €O,
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where ., ¢/, € 22(C2), and j, is given in Fact 3.1. This integral converges since
9z (pz) is a smooth 2-form on C2 with compact support. It is bilinear over C()\).
We take four elements ¢, ..., o, of H2(2%9(X),V):

d812 .’)31d$12
1= P2=——7F"
v 5159 soL(s,x)’
$2d812 d812

8T s1L(s,x)’ = Q(s)L(s,z)’
where dsio = ds1 A dss.

Proposition 3.1. For a fized x € X, the numbers I (5 (i), 15 (v;)) (1 <1i,5 <4)
are (2m/—1)%2C;;, where

) ) )
BT A\ & Alzs \Ao A2 Aoza \ Ao A1
1 1 1 1 1 1 1 1 1
=)+ — =+ — )+ —(—+—),
ago \ @Go1  a10 bio \b11 a0 bor \b11  ao1
-1 1 1 -1/ 1 1
Cio = —F =)=+,
b A1‘34(Ao Az) blo(bll a10>
-1 1 1 -1/ 1 1
Cam—(—+—)=—(—+—),
v )\2_34()‘0 )\1) 01 (511 a01>
C’14_0a
TS RS
2 Ao A2\ M\ 134 bir  aw/)\boo b))’
-1 1
C —
27 XA biiboo
C’24*03
) () )
¥ Ao A\ A Aggy bir  ao1 ) \boo  boi)’
C34 =0,
2 2
Cuaa =

" MMR(@)  anbooR(r)’

Cji =Cy  for i<y,

Ao = =M1+ A2 +2X3+ M) =bi1, A2z = A + A2 + A3 = ago,
Aaa=—(A1 4+ A3+ M) =b1o,  Agzy = —(A2+ A3+ Ay) = bo1-

The matriz C = (Cjj);; is symmetric and its determinant is

4Xg ( 1 ) 4a3,
detC == = .
(@) Ao A2 A3 N 123 A 134 Agay R() LE}J aijbij ) b3 R(x)
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Divisor N's agj, by a,b,c1,co
E Ao big b—c1—c+2
s1=0 A1 ap1 a—co+1
s9 =0 Ao ato a—ci+1
Q(s)=0 A3 —a11 —a+4ci+co—2
L(s,z) =0 X4 —boo —b
Ey A123 aoo a
S1 =00 )\1_34 b10 b— c1 + 1
S9 = OO )\2_34 b01 b— Cco + 1

Table 1. Residues for components of the pole divisor of w.

Proof. For a fixed z, we blow up P! x P! (D C2) at two points (0,0) and (oo, 00).
We tabulate the residue of the pull-back of w to this space in Table 1, where Ej,
and E, are exceptional divisors coming from the blow up of P! x P! at the points
(0,0) and (o0, 00), respectively. Now using these data, follow the proof of [GM1,
Theorem 5.1]. O

Note that the matrix C is well-defined and det(C') # 0 for any € X under our
assumption. The natural map % : H?(2%%(X),V) — H?(02°(C2),V) is surjective
by Fact 3.1.

Corollary 3.1. The O(X)-modules H*(2%°(X),V) and H*(2*°(X), V") can be
regarded as vector bundles

U #(e°(c).v), | 5 (@°(C3). V),

zeX zeX

over X with the natural projection p. The classes of p1,...,p4 form a frame of
H2(02*%(X),V) and that of H*(2*°(X),VY).

Proof. We have only to prove that the natural map from H?(02°°(X),V) to
H?(02°(C2), V) is injective. We show that if ¢ € 229(X) satisfies 1% (¢) = 0 as an
element of H?(£2°(C2),V) for any fixed x € X then ¢ € V(£219(X)). There exists
by € 21(C2) such that Vb, = 1% () for any x. Since this is a differential equation
in variables s, so with parameters x1, s, ¥, can be globally extended to . Hence
we obtain ¢ € 250(X) such that V() = ¢. O

By Proposition 3.1 and Corollary 3.1, the intersection form Z. can be regarded
as a map from H2(02°%(X),V) x H?(2*°(X),VY) to O(X). We show that it is
impossible to eliminate R(x) in the matrix C' by any frame change of (41, ..., ¢4).
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81:0

Qo1

S9 = 00

bOl

Qs) =0

L(s,z) =0
~boo i—an
.'"«.f}oo
SS9 = 0
a1p

5] = 00

blO

Figure 1. Pole divisor of w.

Proposition 3.2. There is no frame change G in
(G € M(4,4,0(X)) | det(G) £ 0}

of "(¢1,-.,p4) such that all entries of the intersection matriz of G*(p1,...,¢4)
are independent of v € X.

Proof. Suppose that such a frame change G exists. Then the intersection matrix
of the frame G (i1, ..., p4) is given by GC''GY, whose entries are independent of
x € X. Here the matrix GV is obtained by applying the involution (3.2) to each
entry of G. By considering its determinant, we have

r(d)

(3.3) det(G) det(G)Y = mR(x),
where ¢(\) and () are in C[A1,..., A\q]. We set
det(@) = I 0 o) b ) € Clau, - A, o).

h(\, z)’
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By clearing the denominators in (3.3), we have

(3-4) a(Ng(\,2)g(A, 2)" = r(AMh(X, 2)h(X, 2)" R(z).

We decompose g(A, x), h(\, ), ¢(A) and 7(\) into homogeneous parts of A, ..., Ay:
Mg mp Mg my

gha) = g\ x), b z) =Y k(A x), qN) =Y a(N), r(N) =D r(N),
i=0 i=0 i=0 i=0

where each component satisfies

gi(th,z) = t'gi(\ x), hi(th, x) = t'hi(\x), q(t\) = tigi()), ri(th) = tiri()).

Since .
g()‘vx)v = Z<_1)igi()"x)a
i=0
we have
2 2
g(/\7x)g(>\7m)v=( > gi(/\,x)) —( > gi(/\w)) :
0<i<my, 0<i<my,
i€2N i¢2N

The equality (3.4) is equivalent to

(e[ X 000) - (¥ o)

0<i<my 0<i<my
i€2N i¢2N
— () [( T m0n) - (X mna) R,

Comparing the terms with the highest degree of A in this equality, we have
£¢m, (N gm, (A, ) = 1, (N, (A, 2)* R().

Since R(x) is irreducible in C[Aq, ..., A4][x1, 2], we have a contradiction. O

§4. Pfaffian system of Fy(a,b,c)
For any ¢ € H%(£2*°(X), V), we have

@) d [ utsie)o= [ (outsin) Ap+us. o)) = [ uls )T
A A A
where Vx = d, + wx A. Thus the exterior derivative d, on X induces the connec-

tion Vx =d; + wx A,

Vx : H*(2°°(%),V) = H*(2%(%),V) = 2>1(%)/V(2V1(X)).
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By considering 1/u(s,z) instead of u(s,z), we also have the connection V¥ =
dy —wx A,

Vi HA(2%0(%),VY) = H*(2°1(X), V) = 021(X)/VY (21(%)).
Proposition 4.1. The connection V x is compatible with the intersection form Z.,
i.e., they satisfy

d:Ze(p,¢') = L(Vxp,¢') + Le(p, Vx¢').-

Proof. It is enough to show that this equality holds in any small simply connected
domain U in X. We have

deC(SD7 Lp/) = d$ /(C2 ’LL(S, x)jI(w) A U(f/z)
— : Lp/
= [, et 2@ A s [ oo n s

= [ Vxton nd + [ 0o ATk

since () is with compact support for any point 2z € U. By following the proof of
[M1, Lemma 7.2], we can show that Vx(j.(¢)) is V-cohomologous to 7, (Vx(¢)).
Hence

L 9xtaenne = [ (V@) ne' =LVxei),
which complet‘es the proof. O

Since Vxp € 2%1(X), there exist =} and =2 in O(X) such that

T
4 4
Vxp=dzi A ZE}Q@Z + dxo A ZE?%
i=1 i=1

By calculating =} and =2 for ¢ = 1, ..., ¢4, We represent the connection Vx as

vXt(<p1,...,<p4)=E t((p1,...,<p4), E=d$151+d$252,

where Z! and =2 are 4 x 4-matrices over the C())-algebra O(X). By (4.1), the
vector-valued function

F(a:):t</Au(s,x)<p1,...,/Au(s,x)cp4)

satisfies a system of differential equations
d,F(z) =EF(z).

Let us determine Z' and Z2. A straightforward calculation implies the following.



234 Y. Goro, J. KANEKO AND K. MATSUMOTO

Lemma 4.1. We have

—Xudsia Cdes A —Agdsi2

v =dx; A
X(Spl) 1 52[/ 81L

dx dx
= = A (=A)pa + — A (= Aa)gs,
X1 X9
(1 — )\481$1 — 521‘2)d812 (1 — )\4)$1d812
VX(‘:02>:d.%‘1/\ 52L2 +d-T2/\T7

(1 — )\4)1‘261812 (1 — 8171 — )\4821‘2)d812

Vx(ps) =dz1 A 7 + dxg A 17 ,
(1 — )\4)516[812 (1 — /\4)82d812
Vx((p4> = dl‘l N T + d$2 A\ T
To obtain E' and =2, we express
dsi2 s1ds12 s2ds12 dsi2 ds12 51ds12 59ds19
L2 ) 82L2 ) 81L2 ) 82L27 31L2 ’ QLQ ’ QLQ )

in terms of 1, ..., @q.
Lemma 4.2. As elements of H*(2%°(X), V), we have

200 — Doy
Md&z =AM+ A2+ A3)p1 + (A2 — Mg

12
+ (A1 = Ag)pz + A3(1 — 21 — 22) 04,
M —1zys A+ A3+1
(A )2 ! 1d512 = ¥¢2 + A3¢4,
solL €
M —1 Ay + A3+ 1
(A )2x282d _ et At w3+ A3p4
s1L 2

Proof. Straightforward calculations imply

L S1 S92
2()\4 — 1)x1$2d812
—[(A1+ A2+ A3)p1 + (A2 = Aa)p2 + (A1 — Ag)ps + A3(1 — 21 — 22)p4],

s1ds A — 1Dxys A+ A3+1
V(- ! 2) = Qg = Dy Ldsyy — {135:’,(p2+)\3804}7

v(xldsl — $2d52 + d81 d52>

soL 592 1
d A —1 Ao+ A3 +1

o 2951 _ )2x232d812_ Motdstl oyl
s1L s1L T2

which proves the lemma.
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Lemma 4.3. As elements of H*(2%°(X), V), we have

2(A — Dz
%dsm =M1+ X2+ A3)p1 + (A2 — Ag)p2
+ (A1 42X + 203 + Ag)ps + As(1 — 21 + 22) 4,
2(A —1
%dmz =M1+ A2+ A3)p1 + (2A1 + Aa + 223 + Ay 2
2

+ (M = M)z + A3(1+ 21 — z2)pa.

Proof. Note that

1 T1_ S\, ds12 3
— =5 = s12 = = —,
s1L2 L2 sL2 s1L a9

< 1 _1’2_51$1>d812:d=912_902

sol2 L2 52 sol 14

Use Lemma 4.2.

Lemma 4.4. As elements of H*(2%°(X),V), we have

s1ds1a 1—214+ 2o ()\1 + Ao+ 2X3 + )\4)(1 +x — ,TQ)I‘Q dsia
Qr? = R@ 7 NR(z) 2
2Mxo dsiz Ao(l —xy — x2) dsio
© MR(z) s1L2 MsR(x)  spL?
s1ds12 14+ x1 — 29 (M 4+ A2+ 2 3 + M) (1 — 21 + x2)x1 dsia
02 = R@ T N R(z) L2

. )\1(1 — 1 — {EQ) d812 _ 2)\2{,61 d312
>\3R(JJ) 81L2 /\3R(.73) 32[/2.

Proof. Set
- d812 81d812 o 82d812

770—QL2, m = oLz’ N2 = QL?

There is a relation

o (]. — 811 — 821'2)d812 o
No — T1M — T2M2 = = 4

QL?

among them. We have

x1ds1 + x2dss
V()

)\1.’E2 )\2.’E1
= — - A - — |d
3(z1 — z2)no 3T1M + A3xame + (51L2 5o L2 S12,

235
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ds1 — dss (.131 + .TQ)(—SQdSl + 81d82)
v( —_ 2

= 2X3m0 + As3(x1 + 22 — D) + As(z1 + 22 — 1)
( A1 A2 (M 4+ A2+ 223 + M) (21 + 332))
- dSlQa

81L2 + 82L2 L2

which are zero as elements of H2(2*9(X),V). By regarding these relations as
linear equations in variables 19, 11, 72, we can solve them. The solutions yield the
lemma. O

Remark 4.1. The form 7y = dsj2/(QL?) in the proof of Lemma 4.4 is expressed

as
o 1-— r1 — T2 2()\1 + )\2 + 2)\3 + )\4)I]C1"E2 d512
=T R@ T N R(z) 2
Mag(l4+ 21 —x3) dsia Aexy(l — 21 + 22) dsio
B /\3R(JE) 81L2 B )\3R($> 82L2 ’

Now we are ready to find an expresssion of the connection matrix =.

Theorem 4.1. With respect to the frame '(p1,...,04), the connection Vx is
represented as

VXt<Q017-"7Q04) = E/\t(@17---7<ﬁ4)7

where 2 = Eldz, + Z2dxy and

A
0 -2 0 0
I
A A
0 Mt 0 —\3
=l = T1 ,
At - M A (1T — )
221 221 211 2%
=1 =1 =1 =1
=41 =42 =4,3 =44
A
0 0 - 0
T2
_)\1+)\2+>\3 _)\2—>\4 _)\1—)\4 _)\3(1—£C1—$2)
=2 = 229 2 2 2 ,
A A
0 0 M2t As W
T2
=2 =2 =2 =2
=41 =4,2 24,3 =44

—4,1 AS -

-1 _ )\1 +)\2+)\3 )\1 7)\2 ()\1 +2)\3 +)\4)(1+$1 7%2)
B R(z) 221 R(z) ’
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o1 Q2= A) (e + 203+ M)
T2 AsR(z)
+ )\1)\2 + )\1)\4 + )\2)\4 + 2)\3)\4 + )\i 1-— r1 — T2
2/\3 le(Ji) ’
-1 Ada A Aoy 2030 + A2
43 A\sR(x)
B ()\1 — )\4)()\1 + Mg+ 2)\3) 1—21— 2o
2)\3 le(a:) ’
- 14z
Sl = (M =20 = 32—l (A = A1
14 (A1 3 4t )2R<x)+( 1= M+ )R(m)
(22 — 1)
— (A + 223+ M) ———
(A1 +2X3 + \4) 2% R(z)
—2 7A1+>\2+>\3 )\27)\17()\2+2)\3+>\4)(171’1+1’2)
AL A3 R(zx) 2z9R(x) ’
—o _ Ade+ A+ A+ 2A30 + A2
42 A\sR(x)
_ ()\2 — )\4)()\2 + 2X3 + )\4) 1—21— 2o
2)\3 CEQR(ZE) ’
=2 _ (A = A) (A1 4+ Mg +2X3)
3 A3 R(x)
" AMA2 + A Ag + Aoy + 22304 + )\Z 1—21 — 2o
2)\3 l‘gR(I)
+1
22 = (o — 20 -3+ 2) 2 (e A+ D
4,4 ( 2 3 4+ )2R<.’I})+( 2 4+ )R(l‘)
(z1 —1)°
— (Ng + 223 + M\y) ——~.
(A2 424 + A) 2z9R(x)

This connection matriz and the intersection matriz C' in Proposition 3.1 satisfy

(42) EC+C'EY =4d,C

4(1 - d 4(1 —x9)d
—diag<0’0,()7 ( X1 erz) X1 + ( + a1 xg) 1’2>’

)\3>\4R($)2

where 2V is the image of 2 under the involution (3.2), and diag(...) denotes the
diagonal matrix with given entries.

Proof. Lemmas 4.1-4.4 yield the representation of Vx with respect to the frame
Y(p1,...,04). By applying Proposition 4.1 to the frame (¢1,...,ps), we ob-
tain (4.2). O
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Remark 4.2. Though the connection matrix = is not closed, it satisfies the inte-
grability condition, i.e.,

— = 9 =1 —2
= dw._. = ( 371‘2_4 + 8:1:1u )d.’L’l /\dl‘g 7& 0.
Remark 4.3. We give some expressions of elements of H?(2%°(X),V) in terms
Ofgpl?"'a@@
ds ds Asds
V(—l + 2) it [—(/\1 + A2+ /\3)(,01 + )\4(,02 + /\4(,03}7
s1 82 Q
ng - /\3d$12
V( 5 ) =750 [=(A1 + As)e1 + Aapa],
d81 - )\3d812
V(—ﬁ) = 520 [— (A2 + A3)p1 + Aaps].

Remark 4.4. We define a function fi(z) by [, u(s,z)p:1 for a twisted cycle A
loading a branch of u(s,x). This function satisfies

ofi(z) _ / Ofi(z) _ /
T 8931 = )‘4 Au(svx)QD% ) 6562 - )‘4 AU(S,!IJ)QD:},
0? A
i = e f et v 0120 e

+ (A1 — Ag) /A u(s, z)p3 + A3(1 — 1 — IQ)/

., u(s, :E)(p4].

Thus the vector-valued function

Ofi(x) 0fi(x) 32f1(l‘)>

t
Fy(z) = <f1(1‘),x1 0, "2 0z, T2 50 02y

satisfies
dyFo(z) = (GoEGy" + d. Gy Gy )Fo(x),
where
1 0 0 0
0 -\ 0 0
Gy = ,
9 0 0 N\ 0

)\123/\4/2 (/\2 — )\4))\4/2 ()\1 — )\4))\4/2 )\3)\4(1 — X1 — $2)/2
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1 0 0 0

—1
. 0 ~A; 0 0
o 0 0 Y 0
—Ai23 A2—A4 A1—A4 2

Ag(l—zl—mg) )\3)\4(1—I1—I2) )\3)\4(1—Z1—Z2) )\3)\4(1—:E1—:EQ)

Note that the matrix Gy does not belong to
GL4(O(X)) ={G € M(4,4;0(X)) | det(G) is invertible in O(X)}.

Proposition 4.2. Suppose that the parameters a,b,c1,co satisfy the condition
(3.1). There is no global frame of the vector bundle H?(02%°(X),V) over X such
that the connection Vx can be expressed in terms of logarithmic forms as

Aldﬂ +A2@ +A3dwR($),
X1 T2 R(x)

where A1, As and As are 4 X 4-matrices over the algebraic closure C(X) of C(A).

Proof. Suppose that such a global frame exists. By the integrability condition, we
have

0 =d, (Aldm1 +a822 A3d$R(x)>
T T2

R(x)
— A1@+A2@+A3dmR(x) A A1%+A2@+A3d“ﬂ(m)
1 T2 R(x) y o R(x)
[A1, As]  2[A1, Asl(zo — 21 — 1) 2[Ag, Ag](1 — 25 — 1)
d d
< T1T2 + le(l‘) QTQR(.'I,‘) x1 N\ x9,

where [4;, A;j] = A;A; — AjA;, R(z) = 1 — 231 — 229 + 2% + 23 — 27129 and
d.R(x) = 2(x1 — 2 — 1)dxy + 2(x2 — 21 — 1)dxo. This equality reduces to

[Al,AQ] . 1 — 2([141,142] + [Ag,AQ]) X1 — 2([A1,A2] + [Al,Ag]) + o
+ ([A1, Az] +2[A3, Ao]) - @] + ([A1, Ao] + 2[A1, A3)) - 23
— 2([A1,A2] + [Al,Ag} + [A3,A2]) c 1T = O,

which is equivalent to
[A1, Ag] = [A1, A3] = [Ag, A3] = O.

Hence there exists P € GL4(C()\)) such that PA;P~' (i = 1,2,3) are upper-
triangular matrices. This means that the system Fy(a,b,c) is reducible. On the
other hand, it is shown in [HT] that the system Fy(a, b, ¢) is irreducible under the
condition (3.1). Therefore we have a contradiction. O
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Remark 4.5. The same claim as in Proposition 4.2 holds for Lauricella’s system
Fela,b,c) under the irreducibility condition of [HT]. We can easily modify the
proof of Proposition 4.2 so that it is valid for F¢(a,b, ).

§5. Connection matrix in terms of intersection form

As mentioned in Proposition 3.2, there is no global frame of the vector bundle
H?(02*9(X),V) over X such that its intersection matrix is independent of x € X.
The obstruction is that R(z) is square free in C(z). Thus it is natural to con-
sider the quadratic extension field of C(z) with /R(xz) added. In this section,
we introduce the double cover of C? branching along R(x) = 0, and express the
pull-back Vy of the connection Vx under this covering by using the intersection
form Z..
We define an affine variety

X = {(xl,(EQ,{IJg) € (C?) | xg = R($1,$2)},

which is regarded as the double cover of C? branching along the divisor R(z1,x2)
= 0 by the projection

pr: X > (x1, 9, 23) > (z1,15) € C2.

(1+$1—$2—$3)(1+$1—$2+$3)
2 2 -

<1—x1+x2—x3>(1—$1+$2+$3>
2 2 = T2,

for (z1,x2,23) € X. Thus the preimages of the lines ; = 0 and z, = 0 in C2

Note that

under the projection pr are expressed by the equations

1+1‘1—l‘2—$3_0 1—$1+$2—1‘3_1
2 - 2 -
and
1+$1*l‘2*$3 17$1+£L’27’I3
5 =1, > =0,

in X respectively. By means of the map

~ 1 R _
X9($17$27$3)'—>(y1792)=( o 2x2 x3, :c1—|—2x2 xB) e C?,

X is bi-holomorphic to C2; the inverse of this map is

C*3 (y1,y2) = (z1,22,23) = (Y1 (L — y2), (L — y1)y2, L —y1 — y2) € X.
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Though (z1,z2) are not valid as local coordinates on the set

0

{(Il,x27l‘3) S )’Z ‘ 871'3

(23 — R(z1,12)) = 23 = O},

we can use

l1+x1 —x9 — 23 1—.131+.732—$3)

(y1,92) = ( 5 ; 5

as a global system of coordinates on X. The covering transformation
p:(r1,22,73) = (71,22, —3)
of pr: X > C?is represented as
(y1,92) = (1 —y2, 1 —y1).
The ramification locus of pr is

{(y1,y2) €C* | y1 +y2 =1}

and the preimage of the singular locus of F4(a,b,c) in C? under the projection pr
is
{(y1,92) € C* | [y1(1 = 92)] - [y2(1 = 91)] - (1 — 91 — o) = O}

We set
Y ={y=(y1,52) € C* | y2(1 — y1)y2(1 — y2)(1 — y1 — y2) # 0} C P?,
S=p? -,

and denote the restriction of pr to Y by the same symbol pr. Note that SandY are
invariant as sets under the action of p. Let O(Y) be the C(A)-algebra of rational
functions on P2 with poles only along S. From the vector bundle H2(2*%(X%),V)
and the connection Vx over X, the projection pr : ¥ — X induces the vector
bundle

prH?(02°°(X),V) = {(y.p) € Y x H*(2*°(X),V) | pr(y) = p()},
and the connection Vy = pr*Vx over Y, where p : H2(2%°(X),V) — X is the
projection. There is a natural frame
{(pr*(@1)s -+, pr*(a))

given by the pull-backs of ¢1,..., ¢4 in H?(2%°(X), V) under the projection pr.
Since
pri(R(z)) = (1 —y1 — y2)*,

there is a global frame on Y whose intersection matrix is independent of y.
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Corollary 5.1. Let Y($1,...,%4) be a global frame on'Y given by

Gt(pr*(gol), s 5pr*(904))ﬂ G= dl&g(l, L,1L,1—y — y2) € GL4(O(Y))
Then the intersection numbers I.(p;, ;) (1 <i,j <4) are (277\/—1)2@j, where
Cis if 1<id,57 <3,
~ 2 2
Ci; = - if (6,7) = (4,4),
J )\3)\4 allbOO f ( -]) ( )
0 otherwise,

and the Cj; are as in Proposition 3.1.

Proof. Since the map pr: Y — X is locally isomorphic, we have

Zo(pr* (i), pr*(95)) = Ze(pis ;) (1 <i,5 < 4).

The conclusion is now clear by the transformation G, the equality pr*(R(z)) =
(1 —y1 — y2)?, and Proposition 3.1. O

~

—_
—

—

Theorem 5.1. The connection matric of Vy with respect to the frame

23 = diag(0,0,0,2(\s + A1),

The connection matriz = satisfies

Proof. By using

pr(z1) = y1(1 — ya),
pr(dzy) = (1 — y2)dy1 — y1dysz,
pr*(R(z)) = (1 —y1 — y2)*,

t(cﬁl, ey Py) s
=1dy1 | mpdye 20,1 A1 =11 dY2 | a3 dyn +dys
=1 =2 =271 =171 =3
B =+ E =+ 5 —— + 13,51 + = ,
i Yo Bly —1 Blyy —1 Y1 +y2 —1
where
0 - 0 0
=1 0 —A — A3 0 0
== —Xiag Aoty EONE= VY =X3 )
2 2 2 2
(Araa—As)hizs  y + QeFA)Aa4As) A= A)Apa—A3)  Ajza—As
23 4 2)3 2X3 2
0 0 -4 0
—Ai123 —Aa+Ag —A1+Ag —A3
22 2 2 2 2
- 0 0 —A3 — Ao 0
(A234—A3)A123 (A2—Ag) (N334 —A3) a A2+A)(A1+A1)  Agza—As
2A3 2A3 4 23 2

1371 = dlag(l, 1, 1, —1)

pri(z2) = (1 —y1)y2,
pri(dzs) = —yodyr + (1 — y1)dys2,



PFAFFIAN OF F4 243

we can calculate the connection matrix Z with respect to ! (pr* (1), .. ., pr*(¢4)) as
the pull-back of Z under pr. The connection matrix = with respect to (31, ..., P4)
is given by the gauge transformation

GEG™' +d,GG™}

of Z. By straightforward calculations, we get the expressmn of = =, which implies

: = 0. By the integrability condition, = satisfies = A= = O. Here note that the
gauge transformation by G changes the non-closed connection matrix = into the
closed connection matrix =. O

We now express the connection Vy in terms of the intersection form Z.. Let
C be the matrix (@j)lgi,jgz; given by the intersection numbers in Corollary 5.1.
This matrix is symmetric and satisfies cV=C , where CV is the image of C under
the involution (3.2).

~
—
—

Lemma 5.1. The connection matriz = satisfies

SV__8 264+E'E—o0,
Proof. We can easily check this by using Theorem 5.1 and Corollary 5.1. The

second equality can also be obtained from dya = O by using Proposition 4.1. O

Lemma 5.2. (i) The eigenvalues of =L are 0 and —(A1+2A3) = 1—c1, and each
of the eigenspaces is 2-dimensional. The (1 — c1)-eigenspace is spanned by the
row vectors

es = (0.1,0,0), ()\)1\?2}3,/\2)\—3)\4’)\1>\—3/\4’1>.

22 are 0 and —(Ay + A3) = 1 — ¢y, and each of the
eigenspaces is 2-dimensional. The (1 — c2)-eigenspace is spanned by the row

(ii) The eigenvalues of

vectors

es = (0,0,1,0), ()\)1\237/\2)\—::\4’)\1)\—3)\4’1).

(iii) The eigenvalues of Z3 are 0 and 2(A3 + As) = 2(c1 + co —a — b — 2). The
0-eigenspace is 3-dimensional and the 2(c; + ¢ca — a — b — 2)-eigenspace is
1-dimensional, spanned by ey = (0,0,0,1).

Proof. Use Theorem 5.1. O

We set

ex — A123 >\2_)\4 )\1_)\4 1 en = )\123 )\2_)\4 )\1_)\4 -1
5 )\3 ) /\3 ; )\3 ) ) 6 ) 9 9
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and
D5 = )\)1\23@1 + )\2)\_3)\4@ + )\1)\_3)\ P3 + Pu,
B = 2By 4 22,y Mo g,

corresponding to the vectors e5 and eg, respectively.

Lemma 5.3. (i) The forms @2 and @5 vanish as y1 — 0. The forms ps and @g
vanish as yo — 1.

(ii) The forms @3 and @5 vanish as y2 — 0. The forms @3 and Pg vanish as
yl—él.

(iii) The form p4 vanishes as y1 + ya2 — 1.

Proof. (i) Since 93 equals y1 (1 — ya)ds12/(s2L(s,y)), it vanishes as y; — 0 and as
y2 — 1. By Lemma 4.2, the image of 2(\y — 1)x122ds12/L? under pr* is

A23P1 + (A2 — M) @2 + (A — Aa) @3 + AUl —1y1 2t 2y1yg)¢4.
—Y1— Y2

It is clear that this element vanishes and its last term converges to As@s (resp.
—A3pP4) as y1 — 0 (resp. y2 — 1). Thus A3@s vanishes as y; — 0 and A\3@¢ vanishes
as yo — 1.

(ii) Similar.

(iil) Since
(1 — 41 —yo)dsi2

~

T QM) L(s.y)
it vanishes as y; + y2 — 1. O
We set
(A3—A134) (A1 +A3) —2(A1+A3)
= (Ic(@z,m) Ic(@z,%)) I EEPYSYS VY AoAs s
Z.(P5,P2) Ze(Ps,P5) —2(A1+A3) —4(Aa+A3)(Ai4X3) |
AOA3A4 A0A§A4
(A3—=A334) (A2+A3) —2(Aa+A3)
f <Ic(¢3,<ﬁ3) Ic(@?a,%)) _ AoA1 a3, AoA3Ag
) = T3 T3Sl -
Z(P5,03) Zo(P5,P5) —2(Aa+A3) —4(Aa+A3)(AM1+A3)
AOA3A4 AOA§A4
We have
T(P2,D2) Zo(P2,%6)\ A Z(P3,03) Zo(P3,96)\ A
~ o~ ~ ——Ch PN R = (Y
Z(P6,P2) ZLo(Ps, o) Z(P6,P3) Ze(Pe, Do)
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Proposition 5.1. The matrices =i (i = 1,2,3) can be expressed in terms of C
and its eigenvectors with non-zero eigenvalue as

El=— (A1 + A3)C(lea,bes)(Cy) (eQ) ,

€5
22— O+ Aa)Ceaen) G ()
23 =2(\3 + M) Cles(Cas) ey
Proof. We claim that R
vClwY =0

for any eigenvector v of Z¢ with non-zero eigenvalue o and for any eigenvector w

of 2% with eigenvalue 0. Lemma 5.1 implies

Since « # 0 and

the claim follows. Lemma 5.2 together with this claim gives the desired expressions
of the matrices =*. O

Theorem 5.2. The connection Vy of pr*H?(2%°(X),V) can be expressed in
terms of the intersection form Z. as

V()= LA (- ) L5 82 Tl7 ) (g)

+ % A (1= e2)(Z(P, P3), Ze(P, @-,))(62)—1(

) ©)
o’ W
© 6 ~—

o w
N————

I (- ) 05 ) (6 50 @)

dyo PN N ~ [’5
TS CACTA AT N O

Y2 — Y6

dy1 + dy2 A -1
4y T2 ol ten —a—b—2)T(F,34)(C .

vl tys—1 (c1 2 )Ze(P5 $4)(Caa)™ P4

Proof. Note that the linear transformation

5> (1= ) (L. 320, T(3, 35)) () (g)
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is represented by the matrix 2! with respect to the frame *($1,...,%,). The

eigenspace of 13,121[3_’ 11 with non-zero eigenvalue is spanned by es and eg, which
correspond to P2 and g, respectively. Thus the linear transformation

5 s (1= ) (Tu(B, 32). Tu(3, 56))(C) ! (g)

is represented by 13’121[?:11 with respect to “(1,...,P4). Similarly, we have rep-

resentation matrices Z2 and 13,1§2I5; 1. The linear transformation
Gr2(c1+cr—a—b—2)L(3,54)(Caa) ' Pa

is represented by =3 with respect to (@1, ..., Ps). Theorem 5.1 and Proposition
5.1 yield the conclusion. O

We can easily check that E! and 22 commute. Since they are diagonalizable,
there exists a frame change such that Z! and Z2 are simultaneously transformed

into diagonal matrices.
Proposition 5.2. We have
PE'P! =diag(1,1—¢1,1,1 —¢1), PE2P~ ' =diag(1,1,1 — 2,1 — ¢3)

for the matriz P = P, Py, where

1
P = diag(—AaA123, Ad2A134, A1 234, A3(A123 + Az + M),
()\1 + /\3)(/\2 + )\3) ( )
Ar+Xa+A3)Aa+2(A1+A3)(A2+A3)  Aod223+A A1 4223+ ) 1
k3>\4 )\3 )\3
A1+Aa+As _A2+2A3+\g A1—=A4 1
Py = As Az Az
A1+Aa+As A2—A4 _M+2M3+ 1
>\3 )\3 )\3
A1+Aa+As A2—A4 A1—=A4 1

The row eigenvector of PE3P~1 of eigenvalue 2(c1+c2—a—-b-2)14s(1,1,1,1),

and PCtPV is (6171)(@71%‘(1&76176%2) times the diagonal matriz with entries

1 —(a—c1+1)(b—c1+1) —(a—ca+1)(b—ca+1) (a—c1—co+2)(b—c1—ca+2)
’ ab ’ ab ’ ab
Proof. Let Vi and V; ., be the eigenspaces of the eigenvalues 0 and 1 — ¢; of
i for i = 1,2. Then the intersections Vi o N Vao, Vie, N Voo, Vio N Vae, and
Vi,e; NVa,c, are spanned by the row vectors of F. To normalize the eigenvector of
POE3P0_1 of eigenvalue 2(c; +co —a —b—2) into (1,1,1,1), we use the matrix P;.
By straightforward calculations, we obtain the expression of PCtPY. Here note
that PV = P, since the entries of Py and P; are homogeneous of degree 0 with

respect to A1, ..., Aq. O
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Remark 5.1. The monodromy representation of Fy(a,b,c) is studied in [G],
[GM1] and [M3]. We normalize a fundamental system of solutions satisfying:

e the circuit matrices along loops turning the divisors z; = 0 and xzo = 0 are
diagonal;

e the non-1 eigenvector of the circuit matrix along a loop turning the divisor
R(x) = 0 becomes *(1,...,1).

Then the diagonal matrix

diag(l —(a=7)(B=m) —(@=72)(B—72) (@—7172)(B— 7172))
"nla=1)B-1) " ele-DB-1) " nrla-1)(E-1)
appears in the intersection matrix of twisted homology groups, where o = e2mv-la
B = e2™V=1b and 5; = >™V=1¢ (j = 1,2). Notice the similarity between the
normalized intersection matrices of twisted homology and cohomology groups.
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