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Extended Affine Lie Superalgebras

by

Malihe YOUSOFZADEH

Abstract

We introduce the notion of extended affine Lie superalgebras and investigate the proper-
ties of their root systems. Extended affine Lie algebras, invariant affine reflection algebras,
finite-dimensional basic classical simple Lie superalgebras and affine Lie superalgebras
are examples of extended affine Lie superalgebras.
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81. Introduction

Given an arbitrary n x n-matrix A and a subset 7 C {1,...,n}, one can define the
contragredient Lie superalgebra G(A, 7) which is presented by a finite set of gen-
erators subject to specific relations. Contragredient Lie superalgebras associated
with so-called generalized Cartan matrices are known as Kac-Moody Lie super-
algebras. These Lie superalgebras are of great importance among contragredient
Lie superalgebras; in particular, affine Lie superalgebras, i.e., those Kac—-Moody
Lie superalgebras which are of finite growth, but not of finite dimension and are
equipped with a nondegenerate invariant even supersymmetric bilinear form, play
a significant role in the theory of Lie superalgebras. In the past 40 years, researchers
in many areas of mathematics and mathematical physics have been attracted to
Kac-Moody Lie superalgebras G(A, §)) known as Kac-Moody Lie algebras. These
Lie algebras are a natural generalization of finite-dimensional simple Lie algebras.
One of the differences between affine Lie superalgebras and affine Lie algebras is
the existence of nonsingular roots, i.e., roots which are orthogonal to themselves
but not to any other roots. In 1990, R. Hgegh-Krohn and B. Torresani [5] in-
troduced irreducible quasi simple Lie algebras as a generalization of both affine
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Lie algebras and finite-dimensional simple Lie algebras over complex numbers. In
1997, the authors of [1] systematically studied irreducible quasi simple Lie algebras
under the name of extended affine Lie algebras. The existence of isotropic roots,
i.e., roots which are orthogonal to all other roots, is one of the phenomena which
occur in extended affine Lie algebras but not in finite-dimensional simple Lie al-
gebras. Since 1997, different generalizations of extended affine Lie algebras have
been studied; toral type extended affine Lie algebras [4], locally extended affine
Lie algebras [9] and invariant affine reflection algebras [10], as a generalization of
the last two stated classes, are examples of such generalizations.

Basic classical simple Lie superalgebras, orthosymplectic Lie superalgebras of
arbitrary dimension as well as specific extensions of particular root graded Lie
superalgebras satisfy certain properties which are in fact the super version of the
axioms defining invariant affine reflection algebras.

In the present work, we study the class of Lie superalgebras satisfying these
properties; we introduce the notion of extended affine Lie superalgebras. Roughly
speaking, an extended affine Lie superalgebra is a Lie superalgebra having a weight
space decomposition with respect to a nontrivial abelian subalgebra of the even
part and equipped with a nondegenerate invariant even supersymmetric bilinear
form such that the weight vectors associated with real roots are ad-nilpotent.

We prove that the even part of an extended affine Lie superalgebra is an
invariant affine reflection algebra. We show that corresponding to each nonisotropic
root a of an extended affine Lie superalgebra L, there exists a triple of elements of £
generating a subsuperalgebra G(«) isomorphic to either sly or osp(1,2), depending
on whether « is even or not. Considering £ as a G(«)-module, we can derive some
properties of the corresponding root system of £ which are in fact the features
defining extended affine root supersystems [12].

As osp(1,2)-modules are important in the theory of extended affine Lie su-
peralgebras, we devote a section to the module theory of osp(1,2). Although it
is well-known that finite-dimensional 0sp(1, 2n)-modules are completely reducible,
we reprove this using the generic features of osp(1,2), in a different approach from
the one in the literature.

We conclude the paper with some examples showing that starting from an
extended affine Lie superalgebra, one can get a new one using an affinization
process.

§2. Finite-dimensional modules of osp(1,2)

Throughout this work, F is a field of characteristic zero and Zs := {0,1} is the
unique abelian group of order 2. Unless otherwise mentioned, all vector spaces
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considered are over F. We denote the dual space of a vector space V by V*.
If V is a vector space graded by an abelian group, we denote the degree of a
homogeneous element x € V by |z|; we also make the convention that if || appears
in an expression, for an element x of V, then by default, we assume that x is
homogeneous.

If X is a subset of a group A, we denote by (X) the subgroup of A generated
by X. The cardinality of a set S is denoted by |S|, and d; ; is the Kronecker delta.
For amap f: A— B and C C A, we denote by f|, the restriction of f to C. Also
we use W to indicate disjoint union.

In the present paper, by a module of a Lie superalgebra g, we mean a super-
space V = V; @ Vi and a bilinear map - : g x V — V satisfying g; - V; C V;; for
i,7 € {0,1} and [z,y] v =2 - (y-v) — (=)l Wly . (2. v) for all 2,y € g, v € V.
Also by a g-module homomorphism from a g-module V to a g-module W, we mean
a linear homomorphism ¢ of parity i (i € {0,1}) with ¢(z - v) = (=1)=l?lz . ¢(v)
forx € g,v € V.

Also by a symmetric form on an additive abelian group A, we mean a map
(,+) : Ax A — F satisfying
o (a,b) = (b,a) for all a,b € A,

e (a+b,c)=(a,c)+ (bc) and (a,b+ ¢) = (a,b) + (a,c) for all a,b,c € A.

In this case, we set A? := {a € A | (a, A) = {0}} and call it the radical of the form
(-,-). The form is called nondegenerate if A° = {0}. We note that if the form is
nondegenerate, then A is torsion free and we can identify A as a subset of Q ®z A.

If A is a vector space over I, bilinear forms are used in the usual sense.
We recall that osp(1,2) is a subsuperalgebra of s[(1,2) for which

010 0 0 2
Fo:=10 0 0|, F-:=]-2 0 0},
1 00 0 0 0
of parity one, together with
0 0 0 0 0O 00 0
H=|0 -2 0], Ef={(0 0 0], E_=10 0 -8],
0 0 2 0 20 00 0

of parity zero, form a basis. The triple (Fy, F_, H) is an osp-triple for osp(1,2) in
the following sense:

Definition 2.1. Suppose that g = g5 @ g7 is a Lie superalgebra. We call a triple
(x,y, h) of nonzero elements of g an sly-super triple for g if
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o {x,y,h} generates the Lie superalgebra g,

e 1,y are homogeneous of the same degree,

b [h,(E] = 21.7 [ha y] = _2ya [xvy] = h.

If z,y € g7, we refer to (x,y,h) as an osp-triple and note that if z,y € g5, then
(z,y, h) is an sly-triple.

Lemma 2.2. Suppose that (x,y,h) is an osp-triple for a Lie superalgebra g =
90 @ 91. Then (i[z, 2], —1[y,y), 3h) is an sly-triple for g5 and g ~ osp(1,2).

Proof. We have

[[z,2], [y, y]] = =8h, [, [z,z]] =4[z, 2],  [h,[y,y]] = —4[y,y],
Hxvx]vx] =0, [[y’y]vy] =0.
Therefore, (%[az, x), f%[y, Y], %h) is an sly-triple; in particular [z, x] # 0 as well as

[y,y] # 0 and we have g = Flz, z] @ Fly, y] ® Fh & Fy ® Fz. Now it follows that g
is isomorphic to osp(1, 2). O

Lemma 2.3. Suppose that (e, f,h) is an osp-triple for a Lie superalgebra g. As-
sume (V,+) is a g-module with corresponding representation 7. If A € F\{—2} and
u € V; (i € {0,1}) are such that h-u = Au and [e,e]-u = 0, then the g5-submodule
of V generated by f - u equals

T := Z Ff2k . (e-u) + Z Ff2EL o (f - (e u) — (A4 2)u)

keZz0 kez=0

in which the action of f* is by means of w(f)* for all k € 720,
Proof. Since h-u = Au and e (e-u) = 3[e,e]-u = 0, we have h-(e-u) = (A+2)e-u,
h-(f-(e-u))=Af-(e-u) and

e-(f-(e-u)=—f-(e-(e-u)+h-(e-u)=(A+2)e-u.
Now for x € {f - (e-u) — (A\+2)u,e-u}, we have e = 0 and for

A ife=7f-(e-u)—(A\+2)u,
Ag 1= .
A+2 ifx=e-u,

we have
he(ff )=\, —2k)fF -z,
[ )=,

—kflg if k is even
. k . = 7
e (f" ) {(/\x — (k- 1))fk—1 -x if k is odd,
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for k € Z2%, where f~! -z is defined to be zero. Now it follows that T is invariant
under the action of [f, f], [e, e] and h, i.e. it is a gg-submodule of V. On the other
hand,

fru= s (e = f(f - (erum A+ 2u) €T,
Also if S is a gg-submodule of V containing f - u, then
—2e-u=—[h,e]-u=—h-(e-u)+e-(h-u)
=—f-(e-(e-u)—e-(f-(e-u)+e-(h-u)

— e (fe-u) b ()
ze-(e-(f-u))—e-(h-u)+e-(h-u)zé[e,e}-(f-u)ES

So T' C S. This completes the proof. O

Lemma 2.4. Suppose that (V,-) is a finite-dimensional module for a Lie super-
algebra g ~ osp(1,2) with the corresponding representation w. Let (e, f,h) be an
osp-triple for g. Then:

(i) w(h) is a diagonalizable endomorphism of V with even integer eigenvalues each
of which occurs together with its negative.

(ii) Suppose that V is irreducible and A is the set of eigenvalues of w(h). Then
the corresponding eigenspaces are one-dimensional and there is a nonnegative
even integer X with A = {—=X\, =X+ 2,..., A — 2, A\}. Moreover, if X\ £ 0, then
V5 and Vi are irreducible gg-submodules of V and there is i € {0,1} such that
{=N2,=X/24+2,...,0/2 —=2,2/2} and {-)\/2+1,-)/2+3,...,)/2 — 3,
A/2 — 1} are the sets of eigenvalues of 1m(h)|y, and i7(h) respectively.

V€+i

Proof. (i) We know that gg =~ sl5(F) and that (%[e, e], —X[f, f], 1R) is an slp-triple
for gg. Considering V as a gg-module and using sly-module theory [6, §IIL.8], we
find that w(%h) acts diagonally on V with integer eigenvalues each of which occurs
together with its negative.

(ii) Suppose that V is irreducible. Let A be the largest eigenvalue of w(h)
and fix a homogeneous eigenvector vy for this eigenvalue. Set v_; := 0 and v; :=
7(f) (vo) for i € ZZ°. For i € Z2°, we have

h"Ui:(A72Z‘)U¢, f'Ui:UH_l,

v —iv;_1 if 7 is even,
(A= (= 1)y if i is odd.

This together with the fact that V is irreducible shows that V =37, ;0 Ffr - vg
and so each eigenspace is one-dimensional. Since A+ 2 is not an eigenvalue, by (i),
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neither is —\ — 2; in particular, vy;1 = 0. So V = 22:0 Ff* . vg. This completes
the proof if A = 0. Now suppose A # 0. For ¢ € {0,..., A}, we have v; € V"™ where
m; := A — 2i and

V@¥ii={veV|h-v=mp}={veV|ih-v=1Imuv}.
Set
U :=spangp{vy; | i € {0,...,A/2}}, W :=spang{voit1 | i € {0,...,A/2 —1}}.

Both U and W are invariant under the action of [e, €], —3[f, f], 3h and so they
are gg-submodules of V. Since ) is the largest eigenvalue for w(h) and h- (e-vy) =
(A+2)vg, we have e-vg = 0 and s0 0 # Avg = h-vg = e-f-vg+ f-e-vg = e- f-vy. This
implies that f-vg # 0. So U and W are nonzero gg-submodules. For i € {0, ..., A},
Umi/2:=yminNU and W™/2 := VY™ N W. Then

/2
U — Z]FUQi — U—)\/Q @ U—>\/2+2 @ . @ U)\/Q—Q @ U)\/Q’
=0
A/2—-1
W= Z Fogipr = WAL gWw =28 g ..o w23 g w21,
=0

Using the standard slo-module theory, we find that v; # 0 for 0 < ¢ < X and that
both U and W are irreducible gg-modules. If the homogeneous element vy is of
degree i (i € {0,1}), we have V; = U and V; 1 = W. This completes the proof. O

Corollary 2.5. Fach (nonzero) finite-dimensional irreducible osp(1,2)-module is
of odd dimension. Moreover, suppose that A is a nonnegative even integer and
V is a superspace with a basis {v; | 0 < ¢ < A} of homogeneous elements such
that {ve; | 0 < @ < N\/2} is a basis for either of V5 or Vi. Let (e, f,h) be an
osp(1,2)-triple for a superalgebra g. Set vay1 = v_1:=0 and define - : gxV =V
by

[ v =i,

R —iV;_1 Zf’L is even, [fv .ﬂ TV = 2f ! (f : Ui)a
et A= —1)vi—1 ifi is odd, le €] - v; == 2e- (e v;),

h UV = ()\ — 27;)’[%,

for 0 < i < X. Then up to isomorphism, (V,-) is the unique finite-dimensional
irreducible g-module of dimension \ + 1.

Theorem 2.6. FEach finite-dimensional 0sp(1,2)-module is completely reducible.
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Proof. Fix an osp triple (e, f,h) for g := o0sp(1,2) and consider the sly-triple
(Lle, €], —%[f, f], 3h) for gg as in Lemma 2.2. Suppose that V is a finite-dimensional
osp(1,2)- module w1th the corresponding representation 7. We know from Lemma
2.4 that 7(h) is diagonalizable with even integer eigenvalues. Moreover, Vg and V;
are both finite-dimensional gg-submodules of V. Suppose that V5 = @?:1 Wi is a
decomposition of V into irreducible gg-modules. For each 1 < j < n, let w; be an

eigenvector of the largest eigenvalue A; of W(%h) on WJ. We have

by j
(2.1) Wi = EDF(f /1wy = DFF - w
k=0 k=0

by sly-module theory. For j € {1,...,n}, set
T9 = FfF (e wy), 8= FfF(f-(e-wy)— (24 +2)w;).
k=0 k=0
We carry out the proof in the following steps:

Claim 1. Ify is an eigenvector of w(h) of eigenvalue 2\ such that e -y = 0, then
f2>\+1 Yy = 0.

As h-(f*-y) = 2\ —2k)fF -y for k € Z2° and V is finite-dimensional, there
is k € Z2° such that f* -y # 0 but f*¥+! .y = 0. Therefore,

1y J By if ks odd,
0=eUf y)_{(QA—k)fk-y if & is even,

This implies that £k = 2\, and we are done.
Claim 2. For each j € {1,...,n},

Aj+1 Aj—1
9= FfF(e-wy), 87 =D FfF(f- (e wy) — (27 + 2w;).
k=0 k=0

Since w; is an eigenvector of w(h) with eigenvalue 2);, we have h - (e - w;) =
(2X; +2)(e-wy) and h- (f - (e-wj)) =2\, f - (e w;). Also since [e, €] - w; = 0, as
before, we have

e (e-w;) =0, e (f-(e-wy)—(2\; +2)w;) =0,
and so we are done using Claim 1.

Claim 3. We have
Aj noAj

GZZ A e'wj)JFZZFf%(f'(e'wj)—(Q/\j+2)wj)-

k=0 j=1 k=0



316 M. YOUSOFZADEH

Let X be the right hand side. For each j € {1,...,n},

1

wj = 2)\j+2(f'(e'wj)—(f'(e'wj)—@)\j+2)wj))-

Therefore

Aj Aj
w; € z:]FfmHl - (e wj) —|—Z]Ff2k (f(ewj) = (2N +2w;) € X
k=0 k=0

for all j € {1,...,n}. This completes the proof as X C Vg and {w; | 1 < j <n}is
a set of generators for the gg-module V5.
Claim 4. For each j € {1,...,n}, let U7 be the gy-submodule of V generated by
f-wj. Then Vi = P+ Z?Zl UJ where P := {0} if Vi has no one-dimensional
irreducible gg-submodule, and otherwise P is the sum of all one-dimensional irre-
ducible gg-submodules of Vy.

Take U := P+3_7_, U’. Since V is a completely reducible gg-module, there is
a gg-submodule K of Vj such that V; = U@ K. If K # {0}, we pick an irreducible
gg-submodule S of K and suppose u is an eigenvector for the largest eigenvalue A
of the action of 2h on S. Since SNU € KNU = {0}, S is not one-dimensional, so
A is positive and 2f - (f-u) = [f, f]-w # 0. But f-u € V5 = Z?Zl Z;;OFf%-wj,
so f-(f-u) e Z?leziolFf% - f-w; € U. This means that 0 # f - (f-u) €
SNU C KNU = {0}, a contradiction. Therefore, K = {0} and we are done.

Claim 5. V is a sum of irreducible g-modules.

Let U’ and P be as in Claim 4. Fix a basis {v1,...,v,,} of P if P is not zero
and set z; := f - (e-v;) — 2v; for i € {1,...,m}. Then for i € {1,...,m}, Fz; is
a trivial one-dimensional g-submodule of V, and as e - v; € V5, (2.1) implies that
v =5(f(e-v) —m) € Z;;l U’ + Fz;. Moreover, by Lemma 2.3, U/ = T7 4 SJ
for j € {1,...,n}, and by Claims 2-4, we have

n o 2X;+2 n 2X; m
V= ka~(e-wj)+ZZIka (f - (erwy) = (A + 2)wy) —|—ZF$¢
j=1 k=0 j=1k=0 i=1

in which the last sum disappears if P = {0}. This together with Claim 1 and
Corollary 2.5 completes the proof. O

§3. Extended affine Lie superalgebras

We call a triple (£, H, (-, -)), consisting of a nonzero Lie superalgebra £ = L5® L1,
a nontrivial subalgebra H of L5 and a nondegenerate invariant even supersymmet-
ric bilinear form (-,-) on £, a super-torus if:
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e L has a weight space decomposition £ = P4~ LY with respect to H via the
adjoint representation. We note that in this case H is abelian; also since Lj
and L7 are H-submodules of £, we have L5 = @,y L5 and L7 = P, cpy- LT
with £& := L; N L%, i = 0,1 [8, Prop. 2.1.1].

e The restriction of the form (-,-) to H is nondegenerate.

We call R := {a € H* | L* # {0}} the root system of L (with respect to H). Each
element of R is called a root. We refer to elements of Ry := {a € H* | L§ # {0}}
(resp. Ry := {a € H* | LS # {0}}) as even roots (resp. odd roots). We note that
R = Ro U R;. Suppose that (£, H, (-,-)) is a super-torus and p : H — H* maps
h € H to (h,-). Since the form is nondegenerate on #, this map is injective. So
for each o € H? := p(H), there is a unique t, € H representing « through (-, ).
Now we can transfer the form on H to a form on HP, denoted again by (-,-), and
defined by

(o, B) := (ta,tp) (o, B € HP).

Lemma 3.1. Suppose that (L, H,(-,-)) is a super-torus with root system R =
RO U Rl. Then:

(i) For o, B € H*, [L£*, LP] C LB, Also for i = 0,1 and o, B € R;, we have
(E%?‘MC?) = {0} unless a + B = 0; in particular, Ry = —Ry and Ry = —R;.
(ii) If o € HP and x4 € LT with [T, 7 o] € H, then (2o, 2 o) = (Ta, T—a)ta-
(iil) Ifa € R\{0} (i € {0,1}), o0 € L and x_o € L5 with [za,7 o] € H\{0},
then (o, o) #0 and o € HP.

Proof. (i) This is easy to see.
(ii) For h € H, we have

(3.1) (hy [TarT—a]) = ([hy Ta), T—a) = a(h) (Ta, T—q).

Therefore
(B, [2a,2—0a]) = A(h)(a, 2-a) = (ta(Tas T—a), h).

This together with the fact that the form on H is symmetric and nondegenerate
completes the proof.

(iii) Suppose to the contrary that (zs,2_o) = 0. Then (3.1) implies that for
all h € H, (h, [Za, T—a]) = 0; but the form on H is nondegenerate, s0 [Z4, Z_q] = 0,
a contradiction. Again using (3.1), we see that (h, m[xa,x,a]) = a(h) for
all h € H and so o = p( [Tar2—a]) € HP. O

1
(Ta,T—a)

Definition 3.2. A super-torus (£ = L5 ® L1, H,(+,-)) (or L if there is no confu-
sion), with root system R = RyURy, is called an extended affine Lie superalgebra if
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(1) for € R; \ {0} (i € {0,1}), there are 2, € LS and z_, € L such that
0# [Ta,2_0] € H,

(2) for « € R with (o, ) # 0 and x € L%, the map ad, : £L — L, sending y € L
to [x,y], is a locally nilpotent linear transformation.

The extended affine Lie superalgebra (£, H, (-,-)) is called an invariant affine
reflection algebra [10] if L1 = {0}, and a locally extended affine Lie algebra [9] if
L7 = {0} and £° = H. Finally, a locally extended affine Lie algebra (£, H, (-,-)) is
called an extended affine Lie algebra [1]if £L° = H is a finite-dimensional subalgebra

of L.
We immediately have the following:

Proposition 3.3. If (L, H,(-,-)) is an extended affine Lie superalgebra, then the
triple (Lo, H, (-,+)|cyxcy) @5 an invariant affine reflection algebra.

Example 3.4. Finite-dimensional basic classical simple Lie superalgebras [7] and
affine Lie superalgebras [11] are examples of extended affine Lie superalgebras.

Although in contrast with extended affine Lie algebras, for an extended affine
Lie superalgebra (£, H, (+,-)), the root space corresponding to zero does not nec-
essarily coincide with H, we call such Lie superalgebras extended affine because in
view of Example 3.4, they are a wide extension of affine Lie (super)algebras. Also
under some natural conditions on £ (see Proposition 3.10(iii)), non-self-orthogonal
roots of the root system R of £ fall into two disjoint parts corresponding to the
even and odd parts of £, so one may refer to R as a “root supersystem”. We shall
prove that the root system of an extended affine Lie superalgebra (£, H, (-,-)) is
an extended affine root supersystem in the following sense:

Definition 3.5. Suppose that A is a nontrivial additive abelian group, (-,-) :
A x A — T is a symmetric form with radical A°, and R is a subset of A. Set

R :=RnN A", R* := R\ R°,
R} :={a€R| (a,a) # 0}, R, := R} U{0},
RX:={a € R\ R’ | (,a) =0}, Ry := RS U{0}.

We say (4, (+,-), R) is an extended affine oot supersystem if:

(S1) 0 € R, and (R) = A,
(S2) R= R,
(S3) 2(a, B)/(cv,cx) € Z for « € R, and § € R,
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(S4) the root string property holds in R in the sense that for o € R and 8 € R,
there are nonnegative integers p, ¢ with 2(53, «)/(a, o) = p — ¢ such that

{B+ka|lkeZ}NnR={8—-pa,...,0+qa},
(S5) {B—a,B+a}NR#0Dfor a € Rys and 8 € R with (a, 3) # 0.

If there is no confusion, for simplicity we say R is an extended affine root super-

system in A.
Extended affine root supersystems have been systematically studied in [12].

Lemma 3.6. Suppose that (L, H,(-,-)) is an extended affine Lie superalgebra with
root system R = Ry U Ry. Suppose that o € R; (i € {0,1}) with (o, ) # 0. Recall
that to, is the unique element of H representing o through the form (-,-) restricted
to H and set hy, := 2to/(a, ). Then there are yiq, € E%O‘ such that (Yo, Y—as ha)
is an sly-super triple for the subsuperalgebra G(a) generated by {Ya,Y—a,ha}; in
particular, if « € Ry N RX, then 2a € Ry.

re’

Proof. Suppose that ¢ € {0,1} and « € R; with (o, ) # 0. Fix x4, € E%a with
0 # [Ta,2_a] € H. Considering Lemma 3.1 and setting e, := z, and e_, :=
T—o/(Ta,T_a), we have [eq,e_q] = to. Now we see that (yo := 2e0/(tasta); Y—a
‘= €_q, hq) is an sle-super triple for G(a). Next suppose a € Ry N RY. Using
Lemma 2.2, we find that 0 # [y, ya] € £2* and so 20 € Ry. O

Lemma 3.7. Ifi,j € {0,1}, o € R, and f € R; with (o, 8) # 0, then either
B—a€RorB+acR.

Proof. Fix 0 # z € E? and z € LS, y € L7 with [z,y] € H \ {0}. Using
Lemma 3.1, we obtain [z,y] = (z,y)ts. Therefore

0 # (z,9)(ev, )2 = (&,9)[ta, 2] = [[&,y], 2] = [, [y, =] = (=) W[y, [z, 2]].

This in turn implies that either [y, z] # 0 or [z, z] # 0. Therefore either 8 —a € R
or B+ a€R. O

Proposition 3.8. Suppose that (L, H, (-,-)) is an extended affine Lie superalgebra
with root system R = Ry U Ry. For a, f € R with (a, &) # 0, we have:

(1) 2B ¢ Z, in particular if k € F and ka € R, then k € {0,+1,4+2,+1/2}.

()

(i) ra(B) = — 2284 ¢ R,

(e, )

(iii) There are nonnegative integers p,q such that p — q¢ = 2(8,a)/(a,«) and
{keZ|B+kaeR}={-p,...,q}.
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Proof. Suppose that o, 8 € R with (a, ) # 0. Assume « € R; for some i € {0,1}.
By Lemma 3.6, there are y, € L3,y € L£; such that [ya,y-a] = ha =
2to/(a, ) and (Yo, Y—a, ha) is an sly-super triple for the subsuperalgebra G(a)
of £ generated by {Ya,¥Y—a,ha}. Consider £ as a G(a)-module via the adjoint
representation. Then M := 3", _, LO+*% is a G(a)-submodule of £. For k € Z and
x € LOTFY set

M(z) := spang{ad; ad;’x|[m,n € 7%},

We claim that M(x) is the g(«)-submodule of M generated by z. Indeed, as
G(a) is generated by {ya,Y—a,ha}, it is enough to show that M(z) is invariant
under ady,, ,ad,, ,ad,_,. By Lemma 3.1(i), for m,n € Z=°, we have ad;, ad' z €
LAtkatma—nago M(z) is invariant under the action of h,. Also it is trivial that
M(z) is invariant under the action of y_o. We finally show that it is invariant
under ad,,,. We use induction on n to prove that [y.,ad; _ad,’x] € M(x) for
n,m € Z=° If n = 0, there is nothing to prove, so we assume that n € Z=! and
[Yers adZ__jade] € M(z) for all m € Z=°. Now for m € Z=°, we have

Yo ad]_ ad? 2] = [ya, [y—a, ad)'ad 2]

= (—1)¥l[y_o, [ya, ad)~"ad]" 2]] + [ha, ad) " ad])" 2.

This together with the induction hypothesis and the fact that M(z) is invariant
under ady, and ad,__ completes the induction process.

Now we are ready to prove the proposition. We keep the notation above.

(i) Since ad, , and ad,, are locally nilpotent linear transformations, for
x € LATFe (k € Z), M(z) is finite-dimensional, so M is a sum of finite-dimensional
G(a)-submodules M(x) (z € LA |k € Z). We know that

(3.2) hg acts diagonally on M with eigenvalues {8(h,)+2k | k € Z, B+ ka € R}.
Moreover, this set of eigenvalues is the union of the set of eigenvalues of the
action of h, on the finite-dimensional G(a)-submodules M(z) (z € LP+F,
k € Z) of M.

Since £ # {0}, each nonzero element of £? is an eigenvector of ady,_ restricted
to M corresponding to the eigenvalue S(h,,). Therefore 8(h,) is an eigenvalue of
ady,, restricted to a finite-dimensional G(a)-submodule M (z) for some x € LA+
(k € Z), and so using sly-module theory together with Lemma 2.4, we conclude
that 2(8,a)/(a, ) = B(ha) € Z.

(ii) As in the previous case, B(h,) is an eigenvalue of ady_ restricted to a
finite-dimensional G(a)-submodule M(x) of M for some z € L+ (k € Z). By
Lemma 2.4 and sly-module theory, —f(hy) is also an eigenvalue for ady,,, on M (x).
So there is an integer k such that § + ka € R and —f(ha) = B(ha) + 2k. This
implies k = —f3(hy). In particular, 8 — 2(/3’3%04 =08 —pB(ha)a=p+ka €R.

(e,
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(iii) We first prove that {k € Z | 8 + ka € R} is an interval. To this end, we
take r, s € Z with 8+ra, f+sa € R and show that S+ta € R for all ¢t between 7, s.
Without loss of generality, we may assume |3(hy) + 27| > |8(ha) + 2|. Suppose
that ¢ is an integer between r, s. Since 8 + ta € R if and only if —§ — ta € R, we
simultaneously replace 8 with —8 and (r, s) with (—r, —s) if necessary and assume
B(ha) +2r > 0. So —B(hg) — 2r < B(ha) + 28 < B(ha) + 2r. But using (3.2),
we find that B(hs) + 2r is an eigenvalue of the action of h, on M(z) for some
x € LAk (k€ 7). So by Lemma 2.4 and Theorem 2.6, 3(h, )+ 2t is an eigenvalue
for the action of h, on M(x). Therefore, 8 + ta € R by (3.2).

We next show that this interval is bounded. For k € Z, we find that (8 + ka,
B+ ka) = (8,8) + 2k(B,a) + k*(a, a). So there are at most two integers k such
that 8+ ka € RX. Now to the contrary assume that the relevanr interval is not
bounded. Without loss of generality, we may assume there is a positive integer kg
such that for k € ZZ*o we have 8 + ka € RX and (a, 8+ ka) # 0. For k € Z=Fo,

2((){’,6)

(o) T2k _ 2(a, B) + 2k(a, @) _ 2(a, B+ ka)
Gy | el | 2 (B,B) + 2h(as B) + K2, ) (B ke, B ka)

Now as k,2(a, 8)/(c, ) € Z, we see that (5, 8)/(a,a) € Q, so

2(0‘75) + 2k.
im 75 (a’az)u B) =0
k—o00 > + ao‘ov[) + k2

(e,@)

(e,

This is a contradiction as it is a sequence of nonzero integers. Therefore we have
a bounded interval. Suppose p,q are the largest nonnegative integers with g —
pa, B+ qa € R. Since 7, (8 —pa) = B+ qa, we find that p—q = 2(8, ) /(a, ). O

Corollary 3.9. If (L,(:,-),H) is an extended affine Lie superalgebra with root
system R, then R is an extended affine root supersystem in its Z-span.

Proof. This is immediate using Lemma 3.7 together with Proposition 3.8. O

Proposition 3.10. Suppose that (L, (-,-),H) is an extended affine Lie superal-
gebra with root system R.

(i) For a € R, we have 2cc € Ry; also if o € Rye and 2o & R, then o € Ry.
(ii) If o € Ry with (a, ) = 0, then (o, Rg) = {0}; moreover, Ry N Rys = {0}.
(iii) If £° C Lg, then R* N Ry N Ry = ().

Proof. (i) We know from Proposition 3.8(i) that 4o ¢ R. Now the result is imme-
diate from Lemma 3.6(1).
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(ii) Although the first assertion can be obtained by modifying the argument
in [9, Prop. 3.4] and [1, Prop. 1.2.1], for the convenience of the readers, we give
the proof. To the contrary, suppose a, 8 € Ry with (a,) = 0 and (o, 8) # 0. If
there are infinitely many consecutive integers n with 5+ na € Ry N R}, then for
such n, we have

Aeftna) _ 2Aaf)

(B+na,B+na) (B,5)+2n(a,B)
Therefore, (3,8) # 0 and

2(a,8)
(8,8) c7

@By <&
1+ 20755

which is absurd as it is a sequence of nonzero integers converging to 0. Hence,
there is p € Z with v := S+ pa € Ry and v — a € Ry. Fix 0 # x € Lg and
Yta € L%O‘ With [Y—a; Y] = ta. Setting zo := z, 2, = (ad,, )"z, for n € Z=1, we
have ad,__ (z,) = n(o,¥)Tn-1. S0 &, # 0 for all n € Z=9. This means that for
consecutive integers k,, := p+n (n € Z=°), we have f+k,a € Ry, a contradiction.

For the last assertion, suppose 0 # a € RyN Rys. Since a € R, thereis B € R
with (o, 8) # 0. If 8 € Ry, there is r € {£1} with a4+ 78 € Ry (see Lemma 3.7).
Since («a + rB,a) # 0, we may always assume that there is a real root v with
(ar,7y) # 0. But by the first assertion, v € R; N R} and so 2y € Ry by Lemma 3.6.
This implies that (a,2v) = 0, a contradiction.

(iii) To the contrary, suppose that & € R* N Ry N Ry. By (ii), we get o € R)X.
Consider Lemma 3.1 and fix 2, € L5, ya € L5 such that [z4,ya] = ta; also fix
ea € L, fo € LT with [eq, fo] = ta. We have [ya,eq] € LY = {0} and by (i),
[Zas €a] € L3 = {0}, so we get

0# (a,a)eq = [tas €a] = [[Ta, Yol €al = [Ta, [Yas €al] = [Was [Tas €al] = 0,
a contradiction. O

Example 3.11. Suppose that A is a torsion free additive abelian group and G
is a locally finite basic classical simple Lie superalgebra, i.e., a direct union of
finite-dimensional basic classical simple Lie superalgebras (see [13] for details)
with a Cartan subalgebra H and a fixed nondegenerate invariant even bilinear
form f(-,-). One knows (G, H, f(-,-)) is an extended affine Lie superalgebra with
GY = H. Suppose that 6 : A x A — F\ {0} is a commutative 2-cocycle, that is,

0(¢, &) = 0(¢,¢) and  0(¢,§)0(C + &) = 0(5,m)0(C, & + 1)
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for all {,&,n € A. Suppose that #(0,0) = 1 and note that this in turn implies that
6(0,A) =1 for all A € A. Consider the F-vector space A := Y, Ft* with a basis
{t* | A € A}. Now A together with the product defined by

15 = 0(C, T (6,¢eN)

is a A-graded unital commutative associative algebra with A* := Ft* (for A € A).
We refer to A as the commutative associative torus corresponding to (A, 6). Set

G:=GoA
and define
lr®al:=|z|, =z€g, acA
Then Q together with
[z ®a,y®b], = [z,y] ®ab
for z,y € G and a,b € A is a Lie superalgebra. Now define

(z @t y@th) =0\ 1)drrpof(z,y)

for z,y € G and A, u € A. This defines a nondegenerate invariant even supersym-
metric bilinear form on Q Next take V := F ®z A. Identify A with a subset of
V and fix a basis B := {\; | i € I} C A of V. Suppose that {d; | i € I} is the
dual basis of B, and V' is the restricted dual of V with respect to this basis. Each
d € V1 can also be considered as a derivation on G mapping r ® t* to d(\)z ® t*
for x € G and X € A; indeed, for a,b € G and A\, u € A, we have

d(\ + p)[a, b] @ tM*
d(N)[a,b] @ tM* + d(u)[a, b] @ 't
[dla®t*),b@t"], +[a@t*, dbot")],.

d(fa@t* b t"],)

Also for a,b € G, d,d € V' and \, u € A, we have
(dla®t*),b@t") =d(\)(a@t*,b@t") = d(\)dr, .0\, 1) f(a,b)
= —d()0x, w0\, 1) f(a,0) = —d(p)(a @, b @ t+)
= —(a@t, dbt"))
and
(dd'(a @), b t") =dN)d (N)(a@t*,b@ t") = d(A\)d' (N)drt 00\, 1) f(a,b)
= —d(N)d' ()0r 1,00\, 1) f(a,0) = —d(N)d' (1) (a @ 1,0 @ t#)
=—(dNaat)dwWbat") = —(daot),d (b t")).
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Therefore,
(3.3) )
(d(x),y) = —(2,d(y)), (dd'(z),y) = —(d(2),d'(y)) (x,y € G,d,d" € VT).
Set
e=GovaeVi=GeAdaovaeV!

and define
[d,x] = —[z,d] = d(z), deV! zeg,
vV, £l =[£,V] = {0},

(3.4) Vvt = {0},
[z, = [z, 9], + D> _(di(2),9)N,  zy€G.

iel
Lemma 3.12. Set £5 := Q@ VeVl and &1 = g}. Then £ = £5 @ £1 together
with the Lie bracket as in (3.4) is a Lie superalgebra.

Proof. Since the form on G is supersymmetric, (3.3) implies that the Lie bracket
defined in (3.4) is anti-supercommutative. So we just need to verify the Jacobi
superidentity. We recall that the form on G is invariant and supersymmetric, and
d € VI acts as a derivation on G. Take z,Y,2 € G and d,d € V. Then

3.3)

(d([z, y]g), 2) = —([z,9lg, d(2)) = —(z, [y, d(2)]g)
= (~)¥(, [d(2), ]5)
= ()W, d((z,9]5)) = ()P, [z, d(y)]g)
= —(z,d([y. zlg]) — (=DW([z, 215, d(y))

—(z,d 16)

= —(z,d([y, 2)g)) + (1) a0 d(y)
(3.3)

=" (=D E((=n W d(ly, 2]g), 2) + (1) (d([z, 2]g), ).

Therefore

(=D =, y], 2] + (1) W[z, 2], o] + (=)W [y, 2], 2]
= (~=1)F 2, )5, 2)g + (DY (dillz,]6), 2) A
iel
+ (CDFIWIz, 25, 9] + (DY (di(z,2]5), 9)As
el
+ (=DM ly, 2]g, 2)g + (1) (di(ly, 2lg), ) A
i€l
=0.
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Also we have

H(E,y],d] = [[l',y]é7d] = _d([xvy]g) = _[d(m)>y]g - [x,d(y)]g

i€l i€l

) d(w)], — (@), @)+ Y (). dil) A~ [d). ),
= —[z,d(y)], — Z(di(x),d(y))& + (-1 lyl(Z(di(y)7d(x)))\i + [y, d()],)
= —[z,d(y)] + (1) W[y, d(2)] = [, [y, d]] = (~1)* W[y, [z,d]

and

[[d,d'],z] = 0=dd (z) — dd'(z) = dd'(z) — d'd(z) = [d, [d’, z]] — [d', [d, z]].
Now the result follows immediately. O

Lemma 3.13. Ezxtend the form on G toa supersymmetric bilinear form (-,-),
on £ by

VEvh, =W,60A), = VI,ge A), = {0},

gy V=0
' d(v), deVivep.

(v, d) ¢

Then (-,-), is a nondegenerate invariant even supersymmetric bilinear form.

Proof. 1t is trivial that this form is nondegenerate, even and supersymmetric, so
we just prove that it is invariant. We first consider the following easy table:

(2,y,2) € ([z,y],2) € (@, [y, 2]) €

(G.6,V) (G+V.V), ={0} (G.{0}). ={0}
(V,6,9) ({0},9). = {0} V,G+V). ={0}
(G.V,yuVviug) ({0},2), = {0} (G.{0}). = {0}

(G, VI, yuVi) (G.vuvh), ={0} | (G.{0}). = {0}
Yuvt g, vuvh G, yuvh, ={0} | Yuvhg), ={0}
(Yuvhvuvtg) ({0},6), = {0} vuvtg), = {0}
vuvh yuvtvuvh | ({0}, vuvh, ={0} | vuVvt {0}), = {0}
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Then we note that if z,y, 2 € G, then
([z, 9] 2) e = (2,95, 2) e = ([3,9]5,2) = (2, [y, 2,) = (2, [y, 2],) e = (2, [y, 2]),
and for z,y € G and z = d; € V! (j € T), we get
([2,9],2). = ([2,9]g + Y (di(), ) Nis d;) . = (dj(2),)

iel

(. d; () = (@ dy ) = (]9, 2)).

Considering the latter equality, as the form is supersymmetric, for v,z € G and
z=d; € VI (j € I) we have
([z,9), 2)e = (=) (2, [, y]) = (1) Iz, [y, 2]) = (=) (2, 4], 2)
—(=) (2, [2,9]) = (2, [y, 2]).
Finally, for 2,z € G and y = dj € VT (j € I), one has

([2,9),2)e = —(dj 2], 2)o = —(dj(2),2) ) (2,d,(2)) = (=, [d}, 2])

= ('Ta [y’z])s' O

Now set b := (H®F) @ V@ VT and let R be the root system of G with respect
to H. We consider a € R as an element of h* via

aVe V) :={0} and ah®1):=ah) (heH).
We also consider A € V as an element of h* via
MBHRF)@V):={0} and \d):=d(\) (deV).

Then £ has a weight space decomposition with respect to h with the corresponding
root system R = {a+ A | @ € R, A\ € A}; moreover,

£0=p and LM =G*@Ft* (a€R,\c A witha+\#0).

Suppose A € Aand o € R; (i € {0,1}) with a+ A # 0. Use Lemma 3.1(iii) together
with the fact that f(-,-) is nondegenerate on H to fix r € G and y € G; * with
flz,y) = 1 and [z,y] € H. Let t, be the unique element of H representing «
through f(-,-). We have

[z @t 0N Ny @t = (ta @ 1)+ Y di(MAi = (ta ® 1) + X € 5\ {0}.
iel
It follows that (£,h,(-,-)) is an extended affine Lie superalgebra with root sys-
tem fRA.
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For a unital associative algebra 4 and nonempty index supersets I, J, by an
I x J-matriz with entries in A, we mean a map A : I x J — A. For i € I and
j € J, we set a;; := A(i,j) and call it the (4, j)-th entry of A. By convention, we
denote the matrix A by (a;;). We also denote by A/*7 the set of all I x J-matrices
with entries in A and note that it is a vector superspace, under the componentwise
summation and scalar product, with

AP = {Ae A | A(l; x J5) = 0,%,5 € Zy with t+ 5 =i + 1}

for i € Zy = {0,1}. If A = (a;;) € AP*7 and B = (bjx) € A7*E are such that for
alli € I and k € K, for at most finitely many j € J, a;;b;; is nonzero, we define the
product AB of A and B to be the I x K-matrix C' = (¢;) with ¢ := ZjeJ a;jbjk
for all 7 € I, k € K. We note that if A, B,C are three matrices such that AB,
(AB)C, BC and A(BC) are defined, then A(BC) = (AB)C.Foric I, j€ J and
a € A, we define E;;(a) to be the matrix in A’*/ whose (i, j)-th entry is a and
the other entries are zero, and if A is unital, we set

ei7j = E’L,](l)

Let M;y;(A) be the subsuperspace of A'*/ spanned by {E;;(a) |i € I,j € J,
a € A}; in fact My.y(A) is a superspace with M;y;(A); = spang{E, s(a) |
|| + |s| = i} for i = 0,1. Also with respect to the multiplication of matri-
ces, the vector superspace Mryr(A) is an associative F-superalgebra and so it
is a Lie superalgebra under the Lie bracket [A, B] := AB — (=1)411BIBA for all
A, B € Mix;(A). We denote this Lie superalgebra by pl;(A). For an element
X € pl(A), we set str(X) = Y, (=1)llz;; and call it the supertrace of X.
We finally make the convention that if I is a disjoint union of nonempty subsets

I,...,I; of I, then for an I x I-matrix A, we write
A o Ay
Agy o0 Agy
Apr o Agg

)

in which for 1 < r,s <t, A, is an I, x I,-matrix whose (7, j)-th entry coincides
with the (i, j)-th entry of A for all ¢ € I, and j € I,. In this case, we say that
A € A8l and note that the above defined matrix product obeys the product
rule for block matrices.

In the next example, we realize a certain extended affine Lie superalgebra
using an “affinization” process. To this end, we need to fix some notation. Suppose
that A is a unital associative algebra and “x” is an involution on A, that is, a self-
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inverting linear endomorphism of A with (ab)* = b*a* for all a,b € A. We next
assume I,J,K are nonempty index sets with disjoint copies I ={il|iel}
J={j|jeJYand K = {k | k € K} respectively. Suppose that 0,0,0” are
three distinct symbols and by convention, write 0 := 0, 0’ := 0’ and 0" := 0".
We let I be either I w I or {0} w1 WI; J be either JW.J or {0'}w.J W .J; and
K be either K W K or {0”} @ K & K. For a matrix X = (z;;) € M ;(A), define
X® = (yji) € Myx1(A) by yji :==aj; (i € I, j € J) where for an index t € TUJ,
by £ we mean t. It is immediate that for X = (z;;) € Myyr(A),

(3.6) tr(X?) = (tr(X))".

Also if X = (z;5) € Mixj(A) and Y € My (A), then for i € I and k € K,

XY kz - <Z xz]ygk:) Zyjk ij Zy kx ZYk] YOX )kia

jeJ jeJ jedJ jeJ

which implies that
(3.7 (XY)=Y°X".

Example 3.14. In this example, we assume that the field F contains a fourth
primitive root of unity {. Suppose that G is a torsion free additive abelian group
and A is a commutative 2-cocycle satisfying A(0,0) = 1. Let .A be the commutative
associative torus corresponding to (G, \), let * be an involution of A mapping A7
to A™ for all 7 € G and suppose that I and J are as in the previous paragraph
such that INJ = 0, and |I| # |J| if I and J are both finite. Consider I W J as
a superset with |i| := 0 and |j| := 1 for i € I and j € J and set L := pl;,;(A).
Then for (L :={(zy;) € L]z € A7, Vi,jeIWJ} (T1€G), L=P, gL isa
G-graded Lie superalgebra. Set

G:=sla(I,J):={A€plys;(A) |str(4) =0} ~slp(l,J) @ A

As G is a subsuperalgebra of £ generated by {E; j(a) | i,j € IWJ, i # j, a € A},
it follows that G is a G-graded subsuperalgebra of £. Set H := spang{e;; — e,
€jj —€ss:€ii+ejli,rel, jseJ}. Then G has a weight space decomposition
g= @ae?-t* g% with respect to ‘H with root system

R={ei—¢,0; —bs,¢, —06;,0; —¢; | i,7r €1, j,s € J}
where for ¢t € I and p € J,

e H—=TF, ei—erp=>0ip—0rs €55 —e€550, €5+ e5s iy,

op:H—oF,  e;—er—0,e;—€ss>0jp—0ps, €0 T €5 Opj,
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(i,rel, j,se€J)and fori,r €l and j,s € J with i # r and j # s, we have
geiTer = Aei,r» géjiés = Aej’sa geiiéj - Aei,j, géjiq = Aej,ia
g% = {A = Z ager s € plyys(A) ’ str(A) = 0}.
telwg
For o € R and 7 € G, setting
m9* = mgng,

we have

€i—€r __ AT 8;—0s __ AT €i—0; __ AT di—€;i __ AT
(9 =ATeir, G770 =ATejs, 97T =ATei;, (GY T = ATey,

[T]QO = {A = Z ager € plyys(A) ‘ ap €A™ (t € TWJ), str(4) = O}

telwJ

for i, € I and j,s € J with i £ r and j # s.
Now let € : A — F be the linear function defined by

0 ifr#0
x7|—>{1 ifTiO (1 €@).
Define
(,):GxG—>F,  (z,y) — e(str(xy)).

This defines a nondegenerate invariant even supersymmetric bilinear form on G.

Next set V := F ®z G. Since G is torsion free, we can identify G with a subset
of V in the usual manner. We next fix a basis B := {7; | t € T} C G of V. Suppose
that {d; | t € T} is its dual basis and let VT be the restricted dual of V with respect

to this basis. Each d € V! can be considered as a derivation of G (of degree 0) via
d(x) := d(7)x for each x € 4G (T € G). Set

g:=¢gaovae V.

We extend the form on G to a nondegenerate even supersymmetric bilinear form
('a ) on £ by

V.V =0y =w,6) = (VG :={0} and (d,v):=dv) (deViuveV).
We also define
dx) = —[z,d =d(z) (deV' zeg)
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5 is the bracket on G. Setting h := H OV @ Vi, as in the previous
example, one finds that (£,h,(-,-)) is an extended affine Lie superalgebra with

where [+, ]

root system
R={a+7|a€R, 7€G}

in which o € R is considered as an element of h* via
a(Ve V') = {0},
and 7 € V is considered as an element of h* via
T(H®V):={0} and 7(d):=d(r) (deV).
We also have
£9=h and £ =(4G% (e €R,7€G witha+7#0).
Next for A= (% ¥,) € £ =pl;y;(A), define

-X° z°
A? = <—Y° —W°> .
We have [A, B]# = [A#, B¥] and so # is a Lie superalgebra automorphism of £

of order 4. Since # maps G to G (see (3.6)), we consider # as a Lie superalgebra
automorphism of G as well. Let M = ()Z( V"//), N = (C D) € G. Then

(3.8) (M# N#) = e(str(M#N#))
(tr(X°A° — Z°B®) — tr(=Y°C°® + W°D®))

|
a

(
e(tr((AX)° + (CY)® — (BZ)® — (DW)°))
(AX)°) + t2((CY)°) — tr((BZ)°) — tx((DW)?))

tr

™

e
(
2 e((tr(AX)" + (82(CY))* — (tx(BZ))* — (tr(DW))*)
(tr(AX) + tr(CY) — tr(BZ) — tr(DW))
(tr(XA) + tr(YC) — tx(ZB) — tr(WD))
= e(str(MN)) = (M,N).

™

I
[0}

We also have
(3.9) d(z#) = (d(z))*, deVi zeg.

Now extend # to £ by v# := v for v € V@ V1. It follows from (3.8) and (3.9) that
# is an automorphism of £ of order 4 mapping h to h. So £ = @?:0 (18 where
forie 7,

llg.={zreg|a? =)
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with [i] indicating the congruence class of i € Z modulo 4Z. Using (3.8) together
with the fact that the form on £ is nondegenerate, for ¢, j € Z we have

(3.10) (g, Ulgy £ {0} if and only if i+ j € 4Z.

Next let o be the restriction of # to b, and let h7 be the set of fixed points of b
under o. Consider a linear endomorphism of h* mapping o € b* to a0 o1 and
denote it again by o. The Lie superalgebra £ has a weight space decomposition
L= (r(a)acst} £7(®) with respect to h” where

m(a) = a+o(a)+0*(a) + 0*(@) (a €R)
(see [3, (2.11) & Lem. 3.7]). Moreover,
m(R) = {m(a) [a € R}

={r|7eG}
U{i((e—e)+(er—€&))+7 TG, iyrel, i#r}
U{L((6;=8)+ (05— 6:)) +7 | 7€ G, jysed, j#s)
U{s((ei=0))+ (G5 —€&)+7|7€G, icl je ]}
U{3((6;—€)+(es—6)+T|T€G, il jeJ}
:{TlTGG}

{( — (& — ;))+T|7‘€G,i,r€[,i7ér}

U {2((s; —(6s—085))+7|T€EG, j,seJ j#s}

U{(ei—e) = (6 —6;))+7|reqiel, jeJ}
U3 =) —(@—e)+7|TeG icl jeJ}

which is an extended affine root supersystem of type BC(Z, J) if {0, 0" }n(IUJ) # 0,
and of type C(I, J) otherwise (see [12] for the notion of type for an extended affine
root supersystem). We next note that for ¢ € {0, 1,2, 3}, as [l ¢ is an h?-submodule
of £, it inherits the weight space decomposition

lg= Y lgr@
{m(a)|aeR}
from £ with [1g7(®) .= g n g7(®) We recall (3.10) together with the fact that
the form (-, -) is nondegenerate. So if a, 8 € R and i, j € Z, we deduce that
(3.11) for 0 # z € Hgr@ (g gy £ [0} if and only if i + j € 4Z and
m(a) +m(8) =0.
Now we set

£:=) ("eaF)eoFcaFd
i€EZ
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where ¢, d are two symbols. Since # preserves the Zy-grading on £, L£isa super-
space with

=) ("engy) @Ft')oFc@Fd and £ :=>» ((1eng) @ Ft).
€L €L
Moreover, £ with the bracket
@t +rc+sdy@t! +r'c+s'd]™ = [z,y] @t +id; _;(x,y)e
+sjy@t! —siz @t

is a Lie superalgebra equipped with a weight space decomposition with respect to
(h° @ F) @ Fe @ Fd. More precisely, if we define

§: (" RF)eFchpFd—-F, ¢c—0,d—~1,h®1—0 (hebh?),

then R = {m(a) +id | a € R, i € Z, 1N £ = {0}} is the corresponding
root system of £ in which m(a) is considered as an element of the dual space of
(h° @ F) @ Fc ® Fd mapping h® 1 € h° @ F to a(h) and ¢,d to 0. Furthermore,
since 7(a) # 0 for each o € M\ {0}, as in [2, Cor. 3.26] we have [1£7(0) = 7. So
for « € R and 7 € Z,

an@+is _ ) (Tenem@) @t if (i) #(0,0),
Tl el)®@FcaFd if (a,i) = (0,0).

We extend the form on £ to a supersymmetric bilinear form (-,-)~ on £ by
(3.12)

(c,d)~ =1, (¢,¢)~ = (d,d)™ = (c, 1€ @Ft")~ = (d,le @ Ft')~ := {0} (i € Z),
(@@t y@t)” =dio(z,y) (i.j€Z velig yelle)

Since the form on £ is even and nondegenerate, so is (-, -)~; moreover, by (3.11),
if j € {0,1}, o € R and i € Z with (i,a) # (0,0) such that [1g7(®) 0 g5 = {0},
then (Mm@ 0 g; [Filgm(=e) n £:) £ {0}. Using this together with the fact that
0]¢m(0) = h7 and Lemma 3.1(iii), one finds z € [1£7(*) N £,y € (=il gr(=) 0 £;
with 0 # [z,y] € 7. So

@t y@t™] =lryl 1 +i(z,y)ce (h” @ 1) @FcaFd)\ {0}.

Also as 7(R) is an extended affine root supersystem, it follows that ad, is locally
nilpotent for all z € £ where & € RX. So

(L,(h° @F) @ Fe ® Fd, (-,-)™)

is an extended affine Lie superalgebra with root system fR.
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