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Finite W-Superalgebras and Dimensional Lower
Bounds for the Representations of Basic Lie
Superalgebras
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Abstract

In this paper we show that the lower bounds of dimensions in the modular representations
of basic Lie superalgebras are attainable, under an assumption on the minimal dimensions
of representations of the finite W-superalgebra U (gc, e) over the field of complex numbers.
The aforementioned lower bounds for modular representations, as a super version of the
Kac—Weisfeiler conjecture [26], were formulated and proved by Wang—Zhao in [35] for
basic Lie superalgebras over an algebraically closed field k of positive characteristic p.
We further conjecture that the assumption is actually satisfied (see Conjecture 1.3). That
is to say, the complex finite W-superalgebra U(gc, ) affords either one-dimensional or
two-dimensional representations, according to the parity of the discriminant number (the
difference of dimensions between the odd part of gc and its subspace centralized by e).
We demonstrate the positivity of the conjecture with examples including all the cases of
type A, and finally reduce the investigation of the conjecture to the case of rigid nilpotent
elements as is the situation for ordinary finite W-algebras (cf. [29]).
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81. Introduction

This paper is a sequel to [37]. On the basis of the structure theory of finite
W-superalgebras developed there, we study the modular representations of basic
Lie superalgebras, as a remarkable application of finite W-superalgebras.
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§1.1.

A finite W-algebra U (g, e) is a certain associative algebra associated with a
complex semisimple Lie algebra g and a nilpotent element e € g. The study of finite
W-algebras can be traced back to Kostant’s work in the case when e is regular [15],
then a further study was done by Lynch in the case when e is an arbitrary even
nilpotent element (cf. [19]). Premet developed finite W-algebras in full generality
n [27]. On his way to proving the celebrated Kac—Weisfeiler conjecture for Lie
algebras of reductive groups in [26], Premet first constructed the modular version
of finite W-algebras in [27] (they will be called the reduced W-algebras in the
present paper). By means of a complicated but natural “admissible” procedure,
the finite W-algebras over the field of complex numbers were introduced in [27],
which shows that they are filtered deformations of the coordinate rings of Slodowy
slices.

Aside from the advances in finite W-algebras over the field of complex num-
bers, the modular theory of finite W-algebras has also developed excitingly. It is
remarkable that in [29] Premet proved that if the C-algebra U(g,e) has a one-
dimensional representation, then under the assumption p > 0 for the positive
characteristic field k = Fp, the reduced enveloping algebra U, (gi) of the modular
counterpart gy of g possesses an irreducible module of dimension d(e) (where x
is the linear function on g corresponding to e, and d(e) is half of the dimen-
sion of the orbit Gy - x for the simple, simply connected algebraic group Gy with
g = Lie(Gyk)), which is a lower bound predicted by the Kac—Weisteiler conjecture
mentioned above.

The existence of one-dimensional representations for U(g, e) associated with
g = Lie(G) of a simple algebraic group G over C was conjectured by Premet, and
confirmed in the classical cases by Losev in [17, Theorem 1.2.3(1)] (see also [16, §6]).
Goodwin-Rohrle-Ubly [8] proved that the W-algebras associated with exceptional
Lie algebras Fg, E7, Fy, Ga, or Eg with e not rigid, admit one-dimensional repre-
sentations (see also [29]). Finally Premet solved this problem completely in [30].

§1.2.

The theory of finite W-superalgebras was developed at the same time. In the
work of De Sole-Kac [33], finite W-superalgebras were defined in terms of BRST
cohomology under the background of vertex algebras and quantum reduction. The
topics on finite W-superalgebras attracted many researchers (cf. [2, 21, 22, 24, 25,
23, 36, 40]).

In the work of Wang—Zhao [35], they initiated the study of modular repre-
sentations of basic Lie superalgebras over an algebraically closed field of positive
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characteristic, formulating the super Kac—Weisfeiler property for those Lie super-
algebras as well as presenting the definition of modular W-superalgebras.

§1.3.

Based on Premet’s and Wang—Zhao’s work as mentioned above, our previous
paper [37] presents the PBW structure theorem for finite W-superalgebras (along
with reduced W-superalgebras), which shows that the construction of finite TW-
superalgebras (and also reduced W-superalgebras) can be divided into two cases by
virtue of the parity of the dimension for a specific subspace of the basic Lie super-
algebra gg, where F is the field of complex numbers or an algebraically closed field
of characteristic p > 0. To some extent, the situation of finite W-superalgebras is
significantly different from that of finite WW-algebras.

To be explicit, let g = g5 + g7 be a basic Lie superalgebra over C excluding
type D(2,1;a) (a € C is not an algebraic number), and e € gz be a nilpotent
element. Fix an sly-triple (e, h, f), and define g°¢ := Ker(ade) in g. The linear
operator ad h defines a Z-grading g = @, 9(i). Define the Kazhdan degree on g
by declaring that = € g(j) is of (j + 2). A finite W-superalgebra is defined by

U(g,e) = (EndgQy)°",

where @, is the generalized Gelfand—Graev g-module associated with e. In [37] we
showed that

Theorem 1.1 ([37]). Under the Kazhdan grading, we have

(1) grU(g,e) = S(g°) as C-algebras when dim g(—1)7 is even;
(2) grU(g,e) = S(g°) ® C[O] as vector spaces over C when dim g(—1)7 is odd,

where C[O] is the exterior algebra generated by one element ©.

§1.4.

The main purpose of this paper is to further develop the construction and
representation theory of finite W-superalgebras both over the field of complex
numbers and over the field in prime characteristic. The most important part is the
accessibility of lower bounds in the super Kac—Weisfeiler property. Our approach
is roughly generalizing the “reduction modulo p” method introduced by Premet
for the finite W-algebra case in [29], with careful analysis and examination of
the variation of structural features arising from the parity of dim g(—1);. Let us
explain it roughly below.

In this paper we always assume that g is a basic Lie superalgebra excluding
type D(2,1;a) (a is not an algebraic number). Let gy and Q, i be the modular



4 Y. ZENG AND B. SHU

counterparts of g and of the generalized Gelfand-Graev g-module @), respectively.
To simplify notation, we will identify the nilpotent element e € g over C with the
element € = e®1 in gy by “reduction modulo p” in the following. Define the finite
W-superalgebra over k by

U(g]ka 6) = (Endgle%]k)op'

Let T'(gk,e) be the transition subalgebra of U(gg,e) that is derived from the
C-algebra U(g,e) by “reduction modulo p”. In our arguments, the transition
subalgebras will play some medium role between the theory of finite W-super-
algebras over C and that of reduced enveloping algebras over k. So in the first
part of the paper, we will investigate the structure of the transition subalgebra
T(gk,e) and the finite W-superalgebra U(gk,e) over k. To be explicit, for any
real number a € R, let [a] denote the largest integer lower bound of a, and |a|
the least integer upper bound of a (it is notable that this notation also works for
numbers in the prime field F,). Set d; := dim g; — dim g¢ for i € Zy = {0, 1}; then
we have

Theorem 1.2. There is a subspace ay of gy with dimay = (%0, [%ﬂ) such that
U(gi, e) = T(gk, e) OuZp(ax) as k-algebras, where Z,(ax) is the p-center as usually
defined, with respect to the subspace ay.

In the second part of this paper, we exploit some remarkable applications of
finite W-superalgebras to the modular representations of basic Lie superalgebras.
We provide a super version of Premet’s work, as aforementioned, on the accessibil-
ity of lower bounds of dimensions in the modular representations of reductive Lie
algebras predicted by the Kac—Weisfeiler conjecture. For this, we will formulate
a conjecture about the “small representations” of U(g,e) over C (in the paper,
we call a representation of an algebra “small” if its dimension is minimal among
all the representations of this algebra). By [37, Remark 2.7] we know that d; has
the same parity as dimg(—1)7. As seen before, the variation of the parity of dy
gives rise to a change in the structure of finite W-superalgebras, and as we will see
furthermore, also of the representations of finite W-superalgebras. First, we pro-
vide the following highly plausible conjecture, generalizing a conjecture proposed
by Premet on the representations of finite W-algebras that has already been con-
firmed (cf. [29, 30]).

Conjecture 1.3. Let g be a basic Lie superalgebra over C. Then the following
statements hold:

(1) When d; is even, the finite W-superalgebra U(g, e) affords a one-dimensional
representation.
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(2) When d; is odd, the finite W-superalgebra U(g, e) affords a two-dimensional
representation.

So we call dy the discriminant number as we said in the abstract. For the
case that g is of type A, Conjecture 1.3 is confirmed in the present paper, which
is accomplished by conversion from the verification of the attainableness of lower
bounds of modular dimensions for basic Lie superalgebras of the same type by some
direct computation; see [38] for more details. However, our final result on the lower
bounds of modular dimensions for basic Lie superalgebras is generally dependent
on the above conjecture. In the final section of the paper, we introduce the notion
of rigid nilpotent elements, and reduce the investigation of Conjecture 1.3 to the
case of rigid nilpotent elements, i.e.,

Theorem 1.4. Assume that the statement of Conjecture 1.3 holds for any given
basic Lie superalgebra g and any given rigid nilpotent e € gg. Then Conjecture 1.3
s true for all cases.

§1.5.

Assuming Conjecture 1.3, we finally accomplish a super version of Premet’s
work on classical Lie algebras. To be explicit, let (,-) be an even nondegenerate
supersymmetric bilinear form on gy (see §2.2.1), and & € (gi); be any p-character
of gy corresponding to an element T € (gx)g such that &(y) = (Z,7y) for any
y € gk. Now let dy = dim(gy)s — dim(gf)g and d; = dim(gk); — dim(g; )7, where
g, denotes the centralizer of Z in gg. Recall that the dimension of any irreducible
representation of gy is divisible by pdTOZLdTlJ (cf. [35, Theorem 5.6]). The main
result of the present paper is the following theorem.

Theorem 1.5. Let gy be a basic Lie superalgebra over k =T, and let £ € (o135
If Conjecture 1.3 is established for all the basic Lie superalgebras over C exclud-
ing type D(2,1;a) (a € C is not an algebraic number), then for p > 0 the
reduced enveloping algebra Ug(gi) admits irreducible representations of dimen-

ston pdTOQLdTlJ.

The main part of the proof of the above theorem will be to deal with the sit-
uation when ¢ is nilpotent. In the present work, the arguments in Premet’s work
will be exploited in the super case. The greatest challenge here is to deal with
the structural change arising from the variation of the parity of dimg(—1); (or
equivalently, the parity of d;). Here we sketch some main ingredients of our proof,
beyond exploiting Premet’s arguments. Based on the PBW structure theorems of
finite W-superalgebras established in [37], we first prove that when dimg(—1);
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is odd, the C-algebra U(g,e) does not admit one-dimensional representations
(Proposition 3.7). The possible two-dimensional modules of U(g, e) will turn out
to be of type @, with parity involution arising from some special odd element
Oi4q+1 € U(g, e) appearing only in the case of dimg(—1); being odd (Proposi-
tion 5.2), while what we need to deal with more are lots of arguments involving
the generators and defining relations of U(g, e) associated with 04,41 (see §5.2).

0
a nilpotent element e € (gi)g such that x(z) = (e, Z) for any T € gy, the following

As for the case when the p-character x € (gi)? is nilpotent, corresponding to

theorem releases the condition in Theorem 1.5.

Theorem 1.6. Let gy be a basic Lie superalgebra over k =TF,, and let x € (o1)3
be a nilpotent p-character, with respect to the element e € (gi)g as described above.
If the corresponding finite W -superalgebra U (g, e) over C affords a one-dimensional
(resp. two-dimensional) representation when dy is even (resp. odd), then for p >0
the reduced enveloping algebra U, (gi) admits irreducible representations of dimen-

sion pdTOQLdTlJ , where dy = dim(gg)g — dim(gf)g and di = dim(gik)7 — dim(gg )1-
§1.6.

The paper is organized as follows. In §2, some basics on algebraic supergroups,
Lie superalgebras, and finite W-superalgebras are recalled. In §3, the transition
subalgebra T'(g,e) over k is introduced and studied, then follows the structure
relation among the finite W-superalgebras, the transition subalgebras, and the
p-central subalgebras of some subspaces of gi. In §4 and §5, the minimal dimen-
sions for the representations of U(g, e) over C are estimated and conjectured. We
demonstrate that the conjecture is true for some cases, including the whole case
of type A. Then §6 will be devoted to the proof of our main theorems. In §6.2,
we first complete the proof of Theorem 1.6. In §6.3, we improve the result on the
dimensional lower bounds of modular representations for a direct sum of basic
Lie superalgebras with nilpotent p-characters in Proposition 6.5 and Remark 6.6
(note that this conclusion does not depend on Conjecture 1.3), which was origi-
nally discussed by Wang—Zhao in [35, Remark 4.5]. Then the accessibility of the
lower bounds for the refined version is obtained under Conjecture 1.3. Then §6.4
is devoted to the proof Theorem 1.5. By virtue of the results obtained in §6.3, we
further show that the lower bounds in the super Kac—Weisfeiler property with ar-
bitrary p-characters in [35] are also reachable under Conjecture 1.3. The main tool
applied in this section is the method of nilpotent orbit theory, and also the tech-
niques for the modular representation theory of restricted Lie superalgebras. In §7,
we introduce the notion of rigid nilpotent elements, and reduce the investigation
of Conjecture 1.3 to the case of rigid nilpotent elements (see Theorem 1.4).
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§1.7.

Throughout, we work with the field of complex numbers C, or the algebraically
closed field k = F, of positive characteristic p as the ground field.

Let Zy be the set of all the nonnegative integers in Z, and denote by Z,
the residue class ring modulo 2 in Z. A superspace is a Zs-graded vector space
V = V5 @ V3, in which we call elements in V5 and Vi even and odd, respectively.
Write |v| € Zsy for the parity (or degree) of v € V, which is implicitly assumed to
be Zy-homogeneous. We will use the notation

dimV = (dim Vg, dimV;),  dimV = dim V; + dim V;.

All Lie superalgebras g will be assumed to be finite-dimensional.

Recall that a superalgebra analogue of Schur’s lemma states that the endo-
morphism ring of an irreducible module of a superalgebra is either one-dimensional
or two-dimensional (in the latter case it is isomorphic to a Clifford algebra), cf.
for example, Kleshchev [14, Chapter 12]. An irreducible module is of type M if its
endomorphism ring is one-dimensional and it is of type @ otherwise.

We consider vector spaces, subalgebras, ideals, modules, and submodules etc.
in the super sense throughout the paper.

§2. Basic Lie superalgebras and finite W-superalgebras

In this section, we will recall some knowledge on basic classical Lie superalge-
bras along with the corresponding algebraic supergroups, and finite W-(super)alge-
bras for use in the sequel. We refer the readers to [3, 12, 20] for Lie superalgebras,
[5, 31] for algebraic supergroups, and [27, 29, 34, 37| for finite W-(super)algebras.

§2.1. Basic classical Lie superalgebras and the corresponding algebraic
supergroups

2.1.1. Basic classical Lie superalgebras. Following [3, §1], [12, §2.3-§2.4], [13,
§1], and [35, §2], we recall the list of basic classical Lie superalgebras over F for
F = C or F = k. These Lie superalgebras, with even parts being Lie algebras of
reductive algebraic groups, are simple over F (the general linear Lie superalgebras,
though not simple, are also included), and they admit an even nondegenerate
supersymmetric invariant bilinear form in the following sense.

Definition 2.1. Let V = V5 @ V7 be a Zs-graded space and (-,-) be a bilinear
form on V.

(1) If (a,b) = 0 for any a € V5,b € Vi, then (-,-) is called even.
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(2) If (a,b) = (—1)lell(b, a) for any homogeneous elements a,b € V, then (-, -) is
called supersymmetric.

(3) If ([a,b],c) = (a,[b,c]) for any homogeneous elements a,b,c € V, then (-,-) is
called invariant.

(4) If one can conclude from (a, V) = 0 that a = 0, then (-,-) is called nondegen-
erate.

Note that when F = k is a field of characteristic p > 0, there are restrictions
on p, as shown for example in [35, Table 1]. So we have the following list.

Table 1. Basic classical Lie superalgebras over k

Ok 95 Restriction of p when F = k
allmn)  gi(m) & gi(n) p>2
sl(m|n) sl(m) @sl(n) & k p>2,pt(m—n)
osp(m|n) so(m) @ sp(n) p>2
D(2,1,a) sl(2) @ sl(2) @ sl(2) p>3
F(4) 5[(2) @ s0(7) p>15
G(3) s1(2) & Gy p>15

Throughout the paper, we will simply call all gr listed above “basic Lie super-
algebras” for both F = C and F = k.

2.1.2. Algebraic supergroups and restricted Lie superalgebras. For a
given basic Lie superalgebra listed in §2.1.1, there is an algebraic supergroup Gg
satisfying Lie(Gy) = gr such that

(1) Gy has a subgroup scheme (Gp)ey that is an ordinary connected reductive
group with Lie((Gr)ev) = (9rF)g;

(2) there is a well-defined action of (Gg)ey on gr, reducing to the adjoint action
of (gr)o-

The above algebraic supergroup can be constructed as a Chevalley supergroup
in [5]. The pair ((GF)ev,gr) constructed in this way is called a Chevalley super
Harish-Chandra pair (cf. [5, Theorem 5.35] and [6, §3.3]). Partial results on Gy and
(GF)ev can be found in [1, Ch. 2.2], [5], [6, §3.3] etc. In the present paper, we will
call (Gf)ey the purely even subgroup of Gg. When the ground field F = k is of odd
prime characteristic p, one easily knows that g is a restricted Lie superalgebra
(cf. [31, Definition 2.1] and [32]) in the following sense.
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Definition 2.2. A Lie superalgebra gi = (gi)5® (gx )1 over k is called a restricted
Lie superalgebra, if there is a p-th power map (gi)5 — (gx)g, denoted by (—)P!,
satisfying

(a) (kz)lP! = kPzlP) for all k € k and Z € (gi)g;

(b) [zlP), 9] = (ad 2)? () for all € (gi)p and § € g

(c) (z+7) = alr) 4-glr) + S P! si(7, ) for all Z,§ € (gi)g, where is;(Z,7) is the
coefficient of X! in (ad(A\Z + 7))P~1(Z).

Let gi be a restricted Lie superalgebra. For each € (gi)g, the element
zP — zlPl € U(gy) is central by Definition 2.2, and all of them generate a central
subalgebra of U(gk). Let {w@1,...,w.} and {@],...,@}} be the basis of (gk)g and
(gr)1 respectively. For a given x € (gk)35, let J, be the ideal of the universal
enveloping algebra U(gy) generated by the even central elements w? — wlP) —
x(w)? for all w € (gi)5. The quotient algebra U, (gi) := U(gk)/Jy is called the
reduced enveloping algebra with p-character x. We often regard x € gj. by letting
x((gr)1) = 0. If x = 0, then Up(gk) is called the restricted enveloping algebra.
It is a direct consequence of the PBW theorem that the k-algebra U, (gk) is of
dimension p¢2%, and has a basis

{@f* -+ wle ()P - (wly)b | 0 < a; < p,b; € {0,1} forall 1 <i < e, 1<j<d}
§2.2. Finite W-superalgebras over the field of complex numbers

2.2.1. Let g be a basic Lie superalgebra over C and h be a typical Cartan sub-
algebra of g. Let ® be a root system of g relative to b whose simple root system
A ={ay,...,o} is distinguished (cf. [13, Proposition 1.5]). Let ®* be the corre-
sponding positive system in ®, and put @~ := —®". Let g=n" ® h & n™" be the
corresponding triangular decomposition of g. By [5, §3.3], we can choose a Cheval-
ley basis B = {ey | v € @} U{hqa | @ € A} of g excluding the case D(2,1;a) with
a ¢ Z. (In the case D(2,1;a) with a ¢ Z being an algebraic number, one needs
to adjust the definition of a Chevalley basis by changing Z to Z[a] in the range
of construction constants; see [7, §3.1]. Here Z[a] is the Z-algebra generated by
(a).) Let gz denote the Chevalley Z-form in g and Uy, the Kostant Z-form of U(g)
associated with B. Given a Z-module V' and a Z-algebra A, we write V4 := V ®z A.

Let G be an algebraic supergroup as in §2.1.2, with Lie(G) = g and the super
Harish-Chandra pair (Gey, ). Let e € gg be a nilpotent element. By Dynkin—
Kostant theory we know that ad Gey.e and (gz)g have nonempty interaction; then
one can assume that the nilpotent e is in (gz)g. By the same discussion as in [27,
§4.2], for any given nilpotent element e € (gz)s we can find f,h € (gg)g such that
(e, h, f) is an slp-triple in g. In [37, Proposition 2.1] it is shown that there exists
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an even nondegenerate supersymmetric invariant bilinear form (-, -), under which
the Chevalley basis B of g takes values in Q, and (e, f) = 1. Define x € g* by
letting x(z) = (e, z) for all x € g; then we have x(g7) = 0.

Following [37, Definition 2.4] we call a commutative ring A admissible if A is
a finitely generated Z-subalgebra of C, (e, f) € A*(= A\{0}) and all bad primes
of the root system of g and the determinant of the Gram matrix of (-, ) relative
to a Chevalley basis of g are invertible in A. It is clear by the definition that every
admissible ring is a Noetherian domain. Given a finitely generated Z-subalgebra
A of C, denote by Specm A the maximal spectrum of A. It is well known that for
every element 8 € Specm A, the residue field A/%P is isomorphic to F,, where ¢ is
a p-power depending on ‘B. We denote by II(A) the set of all primes p € N that
occur in this way. Since the choice of A does not depend on the super structure of
g, it follows from the arguments in the proof of [29, Lemma 4.4] that the set II(A)
contains almost all primes in N. We denote by g4 the A-submodule of g generated
by the Chevalley basis B.

Let g(i) = {z € g | [h,x] = iz}, then g = @,.,0(i). By slp-theory, all
subspaces g(i) are defined over Q. Also, e € g(2)g and f € g(—2)5. There ex-
ists a symplectic (resp. symmetric) bilinear form (-,-) on the Zs-graded sub-
space g(—1)y (resp. g(—1)1) given by (z,y) := (e, [z,y]) = x([z,y]) for all z,y €
g(—1)5 (resp.x,y € g(—1)7). There exist bases {ui,...,uzs} of g(—1)5 and
{v1,...,v,} of g(—1)1 contained in gg := ga ®a Q such that (u;,u;) = "6y 2541
for 1 <4,5 < 2s, where

-1 if1<i

<
T =
1 ifs+1<

S?
© < 28,

and (v;,v;) = 04541 for 1 < 4,5 < 7.

Set m =P, _,0(i) ® g(—1)" with g(=1)" = g(—1)§ © g(—1)], where g(—1)j
is the C-span of usi1,...,u2s and g(—1)f is the C-span of vzy1,...,v, (resp.
Vrgs, .. ,vr) when 7 := dimg(—1)7 is even (resp. odd); then y vanishes on the
derived subalgebra of m. Define p := @1;0 g(7),

m if r is even,
m® Cvrer  if r is odd.
2

Write g¢ for the centralizer of e in g and define d; := dimg; — dimg{ for
i € Zo; then r and dy always have the same parity by [35, Theorem 4.3]. This
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parity is a crucial factor in deciding the structure of finite W-superalgebras (cf. [37,
Theorem 4.5]), which is called the judging parity in [37]. We further have

dimm = (o %1) if d; is even,
T 1) if d; is odd.

After enlarging A one can assume that g4 = @, 04(i), and each ga(i) :=
ga N g(7) is freely generated over A by a basis of the vector space g(i). Then
{u1,...,u2s} and {v1,...,v,} are free bases of A-modules ga(—1)5 and ga(—1)1,
respectively. It is obvious that m4 := g4 Nm, m’y := gaNm’, and p4 := g4 Np are
free A-modules and direct summands of g 4. Moreover, one can assume e, f € (ga)g
after enlarging A possibly; [e, g4 (7)] and [f, ga(?)] are direct summands of g4 (i+2)
and g4 (¢ —2) respectively; and ga(i+2) = [e, ga(¢)] for each i > —1 by sly-theory.
As in [37, §2] we can choose a basis z1, ..., %1, 141, .., Tm € (PA)5s Y15 - -+ Ygs
Yag+1s---+Yn € (pa)i of the free A-module p4 = P,>,94(¢) such that

(a) @i € ga(ki)o,y; € ga(k})1, where ki, ki € Zy with 1 <i<mand 1 <j <n;

(b) @1,...,2 is a basis of (g4)§ and yi,...,y, is a basis of (g4)§;

(C) Tigly--->Tm € [fa (gA)()] and Yg+15---3Yn € [fa (gA)T]'

2.2.2. Recall that a Gelfand—Graev g-module associated with y is defined by

QX = U(g) ®U(m) (CXa

where C, = C1,, is a one-dimensional m-module such that .1, = x(z)1, for all
x €m. For k € Z,, define

ZE = {(i1,... i) | ij € T4}, Ajy = {(i1, ..., ix) | i € {0,1}}

with 1 < j < k. For i = (41,...,%) in Zi or AL, set |i| = 41 + -+ + i). For
any real number a € R, let [a] denote the largest integer lower bound of a,
and |a] the least integer upper bound of a. Given (a,b,c,d) € ZT} x A}, x
Z5 x Ay (where t := [L] = L%J), let z2yPucvd denote the monomial
20ty gt usf v in U(g). Set Q= U(94) Gma) Avs
where A, = Al,. By the definition, @)y, 4 is a ga-stable A-lattice in @, with
{z2yPucrvd ® 1, | (a,b,c,d) € Z7 x A/, x Z5 x A,} being a free basis. Given
(a,b,c,d) € ZT! x A}, x Z5 x A}, set

m n

s t
(@, b,c,d)e = ai(ki +2)+ > bi(kj+2)+ > i+ Y di.
=1 =1

=1 i=1
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Set
o if1<i<l,
Yii=<Quyiy ifl4+1<i<l+gq,
vep ifi=l4g+1,

where Y; € g(m;) with m; € Z and the term Y4441 occurs only when r =
dimg(—1)7 is odd. Then there are Lie buperalgebra operator identities in the
setting of [Y;,Y;] = Zéqu a”Yk in g° for 1 <i,5 <l+gq Setq =qifr (or
equivalently, dy) is even, and ¢/ = g+ 1if r is odd. By [37, Theorem 4.7, the finite
W-superalgebra U(g, e) := (EndgQ, )P is generated by ©1,...,0; € U(g,e); and
Oi41,-..,014¢ € U(g,e)1 with

— k a b, c d
@k(lx) = (Yk+ E /\abcdx Yy uv
la,b,c,d|c=mr+2,
lal+[b|+|c|+|d|>2

+ Z Nobe dfﬂaybucvd> ® 1y, (2.1)
|a,b,c,d|c<mj+2

for 1 < k <1+ g, where )\abcd € Q, and )\abcd =0if a1 = =ay =
byg1 =+ =by, =c1 =+ =¢cs =dy = - —d[]—OWhenrlsoddset
91+q+1( ) Yiggr1 ©® 1y = v @ 1y

y [37, Theorem 4.5], the monomials @‘1“ @’”@ﬁl (_)liq’ with a; €

Z+,bj €{0,1} for1 <i<land 1< j < q form a basis of the vector space

U(g, e). The monomial O7* -- @‘”95:{1 ®qurq

22:1 a;(m; +2) —|—Zfl 1 bi(migs +2). For k € Zy,let FrU(g,e) denote the C-span

; ay a; b1 a
of all monomials ©7* --- "0/} - @l+q

FrU(g,e) with k > 0 form an increasing exhaustive filtration of the algebra U(g, e),

, is said to have Kazhdan degree

, of Kazhdan degree < k. The subspaces

which is called the Kazhdan filtration. The corresponding graded algebra gr U(g, €)
is a polynomial superalgebra in gr©s,...,gr 0, . Recall that [37, Theorem 4.7]
shows that there are superpolynomials F;; with 4,5 = 1,...,1 4 ¢ such that the
defining relations on those generators can be described as

[@ia®j]:Fij(gla"'7®l+q/)7 iajzla"'vl+q,7 (22)
while
l+q
Fij(©1,...,019) = > b0k +qij(01,...,O11g) (mod Fr s 11U (g, €))
k=1

(2.3)
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fori,j =1,...,1+q, where g;; is a superpolynomial in [ + ¢’ variables in Q, whose
constant term and linear part are zero. For the case when one of the indices i, j
equals [ +¢q+1, it follows from [37, Remark 3.8] that there are no obvious formulas
for the superpolynomials F;; as shown in (2.3). However, by the same discussion as
in [37, Theorem 4.5], one can still choose the superpolynomials F;; properly such
that the Kazhdan degree for all the monomials in the Fj; is less than m; +m; + 2.
Moreover,

Fligi104¢+1(01,. .., Opgy1) = 1@ 1y (2.4)

when r is odd.

In fact, some of the defining relations in (2.2) are equivalent to each other.
By the same discussion as in [37, Remark 3.8(4)], after deleting all the redundant
commutating relations in (2.2), the remaining ones are with indices i, j satisfying
1<i<j<Lil+1<i<j<l+¢d,and1<i<l<j<l+¢.

In the following arguments, when we consider the corresponding counterparts
of all of the above over the algebraic closured field k = T, of positive characteris-
tic p, we assume that the prime p is large enough such that the admissible ring A
contains all Ny y, . g in (2.1) and all coefficients of the Fy; in (2.2), thereby the “ad-
missible procedure” developed by Premet for finite W-algebras can be reproduced
in the super case.

For a = (a1,...,a;) € Zﬂr and b = (b1,...,by) € A}, let U(ga,e) be the
A-span of the monomials

{e ...@?l@bl ..@bq/

Oy [ (ab) € ZY x ALY

2.2.3. Let I,, denote the Zy-graded ideal in U(g) generated by all x — x(x) with
x € m;,i € Zy. By construction, I, is a (U(g), U(m))-bimodule. The fixed point
space (U(g)/I, )™ carries a natural algebra structure given by (z+1,,)-(y+1,) :=
(xy + I,) for all z,y € U(g). Then Q, = U(g)/I, as g-modules via the g-module
map sending 1 + I, to 1,, and Q;dm >~ U(g,e) as C-algebras. Any element of
U(g,e) is uniquely determined by its effect on the generator 1, € @,, and it
follows from [37, Theorem 2.12] that the canonical isomorphism between U(g, €)
and Q4™ is given by u +— u(1,) for any u € U(g, e). In what follows we will often
identify @, with U(g)/I, and U(g,e) with Q3™.

Let wi,...,w. be a basis of g over C. Let U(g) = U, FiU(g) be the
Kazhdan filtration of U(g), where F;U(g) is the C-span of all wy ---w. with
w1 € g(J1)s.--swe € 9(Je) and (j1 + 2) + -+ + (Je + 2) < 4. The Kazhdan fil-
tration on @y is defined by F;Q, := n(F;U(g)) with 7 : U(g) — U(g)/I, being
the canonical homomorphism, which makes @, into a filtered U(g)-module. The
Kazhdan filtration of ), has no negative components, and the Kazhdan filtra-
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tion of U(g,e) defined in §2.2.2 is nothing but the filtration of U(g,e) = Q2™
induced from the Kazhdan filtration of @), through the embedding Qid“‘ — Qy
(see [37, §2.3]).

§2.3. Finite W-superalgebras in positive characteristic

2.3.1. Pick a prime p € II(A) and denote by k = Fp the algebraic closure of F,,.
Since the bilinear form (-,-) is A-valued on g4, it induces a bilinear form on the
Lie superalgebra gx = g4 ® 4 k. In the following we still denote this bilinear form
by (-,-). If we denote by Gk the algebraic k-supergroup of distribution algebra
Uk = Uz ®z k, then gr = Lie(Gk) (cf. [10, §1.7.10] and [31, §2.2]). Note that
the bilinear form (-,-) is nondegenerate and Ad (G)ev-invariant. For x € ga, set
T = x ® 1, an element of gi. To simplify notation we identify e, f, h with the
nilpotent elements € = e®1, f = f®1, and h = h®1 in gy, and x with the linear
function (e, -) on gy.

The Lie superalgebra gy = Lie (Gy) carries a natural p-mapping z — 7!
for all x € (gK)g, which is equivariant under the adjoint action of (Gk)ey. The
subalgebra of U(gy) generated by all 2P — zP! with & € (gy ) is called the p-center
of U(gw) and we denote it by Z,(gi) for short. It follows from the PBW theorem of
U(gw) that Z,(gi) is isomorphic to an (ordinary) polynomial algebra in dim(gx)g
variables. For every maximal ideal H of Z,(gx) there is a unique linear function
n =ng € (gi); such that

H = (@ — 2" —(2)" | & € (gw)o)-

Since the Frobenius map of k is bijective, this enables us to identify the maximal
spectrum Specm(Z,(gx)) of Z,(gi) with (g ).

For any £ € (gi); we denote by Je the two-sided ideal of U(gx) generated by
the even central elements {ZP — zP! — £(Z)? | Z € (gi)5}. Then the quotient algebra
Ue(gr) = U(gr)/Je is called the reduced enveloping algebra with p-character
¢. We have dim Ug(gr) = pdi™(@o2dim(ex)t by construction. Tt follows from the
Schur lemma that any irreducible gx-module V is that of Ug(gy) for a unique
§ =&y € (gk)5. We often regard £ € gy, by letting §((gi)1) = 0.

2.3.2. For i € Z, set gi(i) := ga(i) ®4 k and put my := my ®4 k, then
[37, Lemma 2.18] shows that my is a restricted subalgebra of gi. Denote by
my = m,y ®4 k and px := pg ®4 k. Due to our assumptions on A, the el-
ements Z1,...,%; and 1,...,J, form bases of the centralizer (gf); and (gf)1
of e in g, respectively. It follows from [35, §4.1] that the subalgebra my is p-
nilpotent, and the linear function x vanishes on the p-closure of [my,my]. Set
Qyx = U(gk) ®u(my) ky, where k, = A, ®4 k = kl,. Clearly, k1, is a one-
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dimensional my-module with the property z.1, = x(Z)1, for all Z € my, and it is
obvious that @y x = @y, 4 ®a k as gr-modules. Define the finite W-superalgebra
over k by U(gx, €) := (Endg, Qy.x)P.

Let g% be the A-module dual to g4 and let (m%)y denote the set of all linear
functions on (ga)g vanishing on (my4)g. By the assumptions on A, (m})g is a free
A-submodule and a direct summand of g*. Note that (m§ ®4 C)g and (m} ®4k)g
can be identified with the annihilators m3- := {f € g; | f(mg) = 0} and (mj)g :=
{f € (g); | f((mw)s) = 0}, respectively. Let I, 4 denote the A-span of the left
ideal of U(ga) generated by all z — x(z) with x € my4.

Given a linear function n € x + (mi)g, set the gi-module QY = Qx i/ InQx k-
Each gg-endomorphism ©; of @),k preserves J,@Qy k, and hence induces a gy-
endomorphism of @} which is denoted by 0;. As in [37], we set U,(gk,e) =
(Endg, @7)°P, and call it a reduced W -superalgebra.

Since the restriction of 1 to my coincides with that of y, the left ideal of U(gy)
generated by all  — n(z) with € my equals I, i := I, 4 ®4 k and k, =k, as
mg-modules. We denote by Iy, the left ideal of U, (gi) generated by all x — n(z)
with z € my.

For a (left) U, (gi)-module M, define

M™ :={ve M| In.v=0}

It follows from [37, Proposition 2.21] that U,(gx,e) can be identified with the k-
algebra U, (gi)*d™< /U, (gx)>d ™= N I1n, . Therefore, any left U, (gi)* ™-module can
be considered a U, (g, e)-module with the trivial action of the ideal U, (gx)*d ™ N
I, - Recall [37, Theorem 2.24] shows that

Theorem 2.3. The correspondence M to M™« gives rise to a category equivalence
between the category of Uy (gi)-modules and the category of U, (g, e)-modules:

U, (gx)-mod — U, (g, e)-mod
with the inverse
U, (g, e)-mod — U, (gi)-mod, V= Uy (oK) ®u, (gi)2d ™ V-

Furthermore, for any U, (gi)-module M, [37, Lemma 2.22] shows that M ™ is
a free U, (my)-module. By the same discussion as in [35, Proposition 4.2], one can
conclude that there is an isomorphism of vector spaces M = U, (my)* @i M ™. It

is immediate that .
dim M™ = M
dim U, (my)

In particular, we have dim U, (gi) = dim U, (my) - dim U,, (gi)

(2.5)

ad my
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§3. Transition subalgebras of finite W-superalgebras in prime
characteristic

We will maintain the notation and conventions of §1. In particular, g is a
given basic Lie superalgebra over C, A is an associated admissible ring, and k is
an algebraically closed field of characteristic p € II(A). Throughout this section,
fix a nilpotent element e € gg; then we can define d; = dim g; — dim g for ¢ € Zs.
Further recall that both dim g(—1)7 and d; = dim g7 —dim g§ have the same parity
by §2.2.1. We always set ¢’ = ¢ if dy is even, and ¢’ = ¢+ 1 if d; is odd.

In this section we will introduce a so-called transition subalgebra of the finite
W-superalgebra U(gy,e) over k. We present some structure relations between
U(gx, e) and its transition subalgebra that enable us to connect the information
of finite W-superalgebras over C with the modular representations of reduced
enveloping algebras of basic Lie superalgebras over k in the following sections.

This section is somewhat a generalization of the Lie algebra case by Premet
in [29, §2], with a few modifications. The emergence of odd parts in the Lie super-
algebra gi makes the situation complicated.

§3.1. Transition subalgebras
Recall that in §2.2.2 we defined

Zh = {(i1,... ix) |4 € 24}, A ={(i1,...,ix) | i; € {0,1}}
for k € Zy with 1 < j < k. For a= (a1,...,a;) € Z, and b= (b1,...,by) €Ay,
U(ga,e) denotes the A-span of the monomials

ay aj b1 bq/
{1 -6 G)l+1"'®l+q'

| (a,b) € Z!, x Ay}

in §2.2.2. Our assumption on A guarantees U(ga,e) to be an A-subalgebra of
U(g, e) contained in (Endg, @y, 4)°P. By the definition of @, 4 in §2.2.2 and I, 4 in
§2.3.2 we know that @), 4 can be identified with the ga-module U(ga)/Iy, 4. Hence
U(ga,e) embeds into the A-algebra (U(ga)/I 4)™4 2 (Qy,4)2™4. As Qy 4 is
a free A-module with basis {z2yPuv? @ 1, | (a,b,c,d) € ZT x A, x Z x A}},
an easy induction on Kazhdan degree (based on [37, Lemma 4.3] and the formulas
displayed in [37, Lemma 4.2, Theorem 4.5]) shows that

Ulgase) = (Endg, Qy,a)° = Q2414

Definition 3.1. Set the k-algebra T(gy,e) := U(ga,e) ®4 k. In the following we
will call T'(gk, ) a transition subalgebra.

It is notable that by the definition, T'(gy, €) can be naturally identified with a
subalgebra of the finite W-superalgebra U(gi, e) = (Endg, Qy,k)°" over k. More-
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over, T(gx, €) has a k-basis consisting of all monomials " - - - @?iq,, where ©; :=
0, 1€U(ga,e)@akforl <i<l+q.

Since all the coefficients of the polynomials F;; for 1 < ¢,j <1+ ¢ in §2.2.2
are in Q, one can assume the F;; are over A after enlarging A if needed. Given a
superpolynomial g € A[Th,...,T,], let Pg denote the image of g in the polynomial
superalgebra k[TY,...,T,] = A[T1,...,T,] ®4 k. By the same discussion as in [37,
Theorem 4.7], we know that there exist superpolynomials PF;; of I 4+ ¢’ indetermi-
nants over k (i,5 = 1,...,1 + ¢’) with the first | indeterminants being even, and
the others being odd, such that

[@,‘,éj]:pFij(él,...,él+q/), i,jZI,...,l—Fq/,
while the PF;;(01,...,0,44) satisfy the same relations as (2.3) and (2.4).

Theorem 3.2. Maintain the notation above. Then the ©; and the PEy; fori,j =
1,...,l + ¢ constitute a data of generators and defining relations of T(gk,e),
with ©1,...,0; € T(gk,e)g and O11,...,011y € T(gk, €)1 as the generators
of T(gk, ) subject to the relations

[éi,éj] = pFij(él, . '7él+q’);
where 1 < 4,7 <Il+¢'.

83.2. Revisiting reduced W-superalgebras with p-characters
1€ X+ (mg)g
Recall that in §2.3.2 we defined the gi-module QY = Qy 1./ J;Qy k and the re-

duced W-superalgebra Uy (gk, €)=(Endg, Q7)°P, and §2.2.1 shows that {x1,...,Zm,
Y1, -, Ynt is an A-basis of p . Set

Titl ifl1<i<m-—1I,

X, — Yitq—m+i ifm-Il+1<i<m+n—10—g,
Ul g—m—n—ti ifm4+n—-Il—qg+1<i<m+n—I1l—q+s,
Ubgem-n—sti Um+n—Il—g+s+1l<i<m+n—Il—qg+s+t,

where ' := [§] = [%]

Conventions 3.3. We will denote [5] by ¢’ once and for all. It follows from (35,

Theorem 4.3] that dim U, (my) = p%Z(%] and we denote it by § afterwards. By
the assumption of the notation we have % =m—1+ s and fd—;] =n—q-+t.
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For (a,b,c,d) € ZT‘I x A

n

_g X Z5 x Ay, define

abed._ yai yxOm-iyb  ybia el X
X T Xl mel melJrl Xm+n7l7qu+nflfq+1 Xernflqurs
d1 dyr
: Xernflqurerl e Xm+n7l7q+s+t’
and
vab.ed . __ yvar | yvom—i b L Ybn—q v C1 Y
X s Xl mel meH»l Xm+n7l7qu+n7l7q+l Xm+n7l7q+s
v di _dt’
: Xernflqurerl e Xm+n*l*q+8+t”

elements of U(ga) and U(gk), respectively. Denote by 1, the image of 1, € Qi
in Q7. For k € Z, define

Ag Z:{(’L.l,...,ik)‘ijGZJr, 0<Z] gp—l}
with 1< j < k.

Lemma 3.4. The right modules Qy,a and Q7 with n € x + (mih)g are free over
U(ga,e) and U, (g, e) respectively. More precisely,

(1) the set {XaPed @1, | (a,b,c,d) € Z7 " x AL, X Z5 x Ay} is a free basis
of the U(ga,e)-module Q. a;

(2) the set {X*Pd @1, | (a,b,c,d) € Apy x A, _, X Ay X A} is a free basis
of the Uy (gx, e)-module QY.

Proof. The proof is the same as in the finite W-algebra case, thus will be omitted
here (see [28, Lemma 4.2] and [29, Lemma 2.3]). O

§3.3. Transition for finite W-superalgebras

Let pi denote the representation of U(gy) in Endi@, k. Given a subspace
V in gi we denote by Z,(V) the subalgebra of p-center Z,(gi) generated by all
z» — 7l with z € V. Clearly, Z,(V) is isomorphic to an (ordinary) polynomial
algebra in dim Vg variables. We will denote Z,(gi) by Z, for short.

Let ag be the k-span of X1,..., Xyin—i—gtste in gr and put pr = ag & g
(resp. pi = ax D gy & ]kv%) when d; is even (resp. odd), then g = my @ pi..

By our assumptions on Zji1,...,%Tm,Yq+1,---,Yn and the inclusion gﬁ -
D<o 9k (i), we have that

o= {7 € i | (@,00) =0}  (resp. ax ®kvep = {7 € pu | (7,0]) = 0})

when d; is even (resp. odd).
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Theorem 3.5. Let e € (gi)g be any even nilpotent element:

(1) Then pi(Z,) = Z,(px) as k-algebras.

(2) We have Ul(gy, €) is a free pi(Z,)-module of rank p'29 . In particular, U(gy, )
is generated by its subalgebras T(gk, e) and px(Z,).

(3) Furthermore, U(gx,e) = T(gk, €) ®x Zp(ax) as k-algebras.

This theorem is a generalization of the finite W-algebra case in [29, Theo-
rem 2.1]. Compared with finite W-algebras, the construction of finite W-superalge-
bras is much more complicated. In particular, some new phenomenon occurs when
dy is odd. Now we will prove the theorem in detail.

Proof. (1) Tt follows from gx = my @ pr that Z,(gx) = Z,(mk) @k Zp(px) as
k-algebras. As Z,(mi) N Kerpi is an ideal of codimension 1 in Z,(my), one
can conclude that pi(Z,) = pr(Z,(px)). As the monomials z2yPu°v? ® 1, with
(a,b,c,d) € Z x A, x Z5 x A} (recall that t = L%J) form a basis of
Qx> and Z,(Py) is a polynomial algebra in {2F — 2P | 1 < i< m} U {af — ﬁgp] |
1 < j < s}, we have Z,(px) N Ker pr, = {0}. Tt follows that px(Z,) = Z,(pi) as
k-algebras. This completes the proof of statement (1).

(2) As the proofs of the remaining statements are the same whether d; is
even or odd, it is sufficient for us to make arguments under the assumption that
dy is odd.

First recall that S((pr)g) = k[x + (mj-)g] by the discussion of [37, §2.3], hence
Z,(pr) = K[(x + (mih)g) D], where (x + (mi)g)™® C (g]’f{)él) is the Frobenius twist
of x + (mi)g. Then we will manage to construct a set of free bases of U(gy, €) as
a pk(Z,)-module, via the reduced W-superalgebra U, (gx, €) with n € x + (mi)g.
Now we proceed by steps.

(2-1) Let us begin by understanding the Z,(px)-module @, k. As an immedi-
ate consequence of [37, Theorem 4.5(1)], we have

éi(lx) - (332 + Z Mg,o,c,oxpaupc> ® 1x € (Qx,lk)p(mk+2)fl (3-1)
[(a,0,c,0)|c=mp+2

for 1 < k <[, where Ng,o,c,o € F,. Since /P! € gy (pi) whenever & € gg(i) for all
i € Z (see the proof of [37, Lemma 2.18]), within the context of the graded algebra
gr(U(gk)) under the Kazhdan filtration, we can obtain that

gr(@? — @) = gr(@;)?, gr(@—al’) =gr(a;)? (1<i<m; 1<j<s). (3.2)
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On the other hand, Lemma 3.4(1) implies that the vectors X @P¢d) @1, with

(a,b,c,d) = (a1,...,am—i;b1,...,bp_gsc1,...,¢cs;5d1,...,dy)
€L X N, X 75 x A
form a free basis of the right T'(gk, e)-module @y k. As Qy i is a Kazhdan-filtered

T(gk, e)-module, straightforward induction on filtration degree based on (3.1) and
(3.2) shows that Q,  is generated as a Z,(px)-module by the set

{X@Pedgld @1, | (a,b,c,d,i,j) € Amoy x Al_, x Ay x Ap x Ay x AL}

(2-ii) Let h be an arbitrary element of U(gk,e). By the above discussion we
can assume that

— E .Yy al v am—1 by Tbn—q
h’(lx) - fa,b,c,d,l,_]Xl e mel meH»l e X'm+n7l7q

761 DEEY 7C 7d1 DRI 7dt/

: Xm+n—l—q+1 Xfri+n—l—q+sXm+n—l—q+s+l X7n+n—l—q+s+t’
Qi1 ayraY! SJa QJa+1

-0 "'@l G)l+1 ’ "@l+q@l+q+1(1x)>

where fab.cdij € Zp(Pr) with (a,b,c,d, i,j) in the set Ay, x A}, x Ay x A}, x
Ay x A}, . For any n € x + (mi-)g, the image of fapbca,ijin Uy,(gi) is a scalar in
k, which shall be denoted by 7(a, b, c,d,i,]j).

Suppose fab.c.d,j 7 0 for anonzero (a,b,c,d) € Ay, x A}, x Ay x A}, and
some (i,j) € Ay xAj, ;. Then there exists € x+(mi)g such that n(a, b, c,d, i,j) #
0. Let h, be the image of h € U(gx,e) in Uy(gk,e) = (Endg, Q7)°P. In [37, Re-
mark 3.9] it is shown that there exist even elements 61,...,60; € Uy,(gk,e)s and
odd elements 641, ...,0144+1 € Uy(gk, €)1 in the same sense as in [37, Corollary
3.6], such that the monomials

ai a; by bg+1
o1 - "91 9l+1 T 0[+q+1

with 0 < ag, <p—1f0r1<k<land0<bk<1for1<k<q+1f0rmaﬂ<—ba§is
of U, (g, e). Therefore, h,(1,) is a k-linear combination of §}' ---0;’9{;1 e ij_q
- 607471 (1) with
ity i3G5+ g dasn) € A AL x AL

By Lemma 3.4(2), the set

{(X@Ped @1 |(a,b,e,d) € Ay x A, x Ay x Ap}
is a free basis of the right U, (g, e)-module Q7. Since 7(a,b,c,d,i,j) # 0 and
i 007 -0 g/*t" | is the image of Of ..ehel, ..o

. . _Jq+1 1
1+1 1+q%14q 1+1 l+q @l+q+1 n
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U, (gK,€), it is now evident that h,(1,) cannot be a k-linear combination of

i i nd J Jag+1 (7 .
6l 006, 601 61 (1)) with

(i1yee ey it g1, daidasn) € Ay x Al x AL

This contradiction shows that fab.ec,d,ij = 0 unless (a,b,c,d) = 0. As a conse-
quence,

{OF 0107+ 01, Oy | (1) € A x Af ) (3.3)

generates U(gy,e) as a Z,(pi)-module. Specializing at a suitable n € y + (my)g
and applying [37, Remark 3.9] we further deduce that the set

{évf "'é?éﬁ-l e @?iq@?fqll | (i,j) €Ay x A;+1} (3~4)
is a free basis of the Z, (px)-module U (gi, €). Then U (g, e) is a free px(Z,)-module
of rank p'29+1. Note that the elements of (3.4) are in the k-algebra T(g, €); then
the second part of statement (2) follows. We complete the proof of statement (2).

(3) We first claim that
u € T(g, e) - Z,(ak) for each u € U(gy, e). (3.5)

We proceed with the proof of claim (3.5) by steps, starting with some necessary
preparation.

(3-1) Note that every gi-endomorphism of @, i is uniquely determined by its
value at 1,. For a nonzero u € U(gk, e) with highest Kazhdan degree n(u), we can
write

u(ly) = > Aab.cdZ27PuTd @ 1,,
|(a,b,c,d)|e<n(u)
where A\a b c,a 7 0 for at least one (a, b, ¢, d) with |(a, b, c,d)|e = n(u). For k € Z
put

A¥(u) :=={(a,b,c,d) € ZT x Al, x Z% x A} | Aapca #0 & |(a,b,c,d)|. = k},

and denote by A™®*(u) the set of all (a,b,c,d) € A" (u) for which the quantity
n(u) — |a] — |b| — |c| — |d| assumes its maximum value. This maximum value will
be denoted by N(u). For each (a,b,c,d) € A™, let Z; € gi(ki)o, U5 € ok(k))1

for 1 <i<mand1<j<n with ki,k;- € Z,; then we have

m n

s t
|(a,b,e,d)le = [a] = [b] = |e| = [d| = > (ki +2)ai + Y (k] +2)bi +) ;i +) _d;
i=1 i=1 i=1

i=1
— |a] = [b] —[¢| —[d|
> 0.
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Consequently, n(u), N(u) € Z4, and n(u) > N(u).

(3-ii) The previous arguments in step (2) along with [37, Theorem 4.5(1)]
show that

AT(0;) = {(euO 0,0)} for 1 <i<l,
A (o (28 — ! )) = {(pe;,0,0,0)} for 1 <i<m,
A (py (@ — @l")) = {(0,0,pe;,0)} for 1 <j<s,
A"*(0y) = {(0,e5-1,0,0)} for 1 +1<k<l+gq,

Here e; = (d;1,0:2,...,0;;) is a tuple with j entries for j € Z4, and J;; is the
Kronecker function for k =1,..., 7.
Since @y k is a Kazhdan-filtered U (gi)-module, this implies that

Ammx(Hp]k (.Tp _ x[P ) Hp]k (u — ])bi . (:)il . @a@ldjrl ®l+q614q:¢r1il>
= { ( Zpaiei + Z c;€ej, Z diei, Zpbiei, dq+1et> }
i=1 Jj=1 i=1 =1

for all (ai,...,amib1,... bsicr,... ci3dy, ... dgyr1) € LT X Z5 x A X A:H_l.
Thanks to statement (2), U(gx, e) is generated as a Z,(pk)-module by the set

@Jq

{(:)211 @lz @Jl Al

I+1° @Jfl | (1,j) € Ay x Alq+1}~

gt+1
It follows that for every u € U(gg,e) with (n(u), N(u)) = (d,d’) there exists a
k-linear combination u’ of the endomorphisms

u(a,b,c,d) Hpu{ z¥ fz lek a fu (RS @ClG?j_l @l+q®lj;ii_1
for all (ar,...,am;b1,. ., bsicr,. .o ci5dy, .o dgyr) € ZI X Z5 x Ay x Aj with
A™*(y(a, b, c,d)) C A™**(u) such that either n(u—u') < d, or n(u—1u') = d and
Nu—-u)<d.

(3-iii) Let Q := {(n1,n2) € Z3 | n1 > ny} be a totally ordered set with
tuples ordered lexicographically. Due to the arguments in (3-i), (n(u), N(u)) € Q
for all uw € U(gk,e). Now we prove claim (3.5) by induction on (n(u), N(u)) in
the totally ordered set Q. The claim is clearly valid when (n(u), N(u)) = (0,0).
Assume that u € T(gx, €) - Z,(ax) for all nonzero u € U(gk, e) with (n(u), N(u)) <
(d,d"). Now let u € U(gg,e) be such that (n(u), N(u)) = (d,d’). By the preced-
ing remark we know that there exists u' = Z(a’bp’d) Aabcat(a,b,c,d) with
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A" (u(a,b,c,d)) C A™*(u) for all (a,b,c,d) with Aapea # 0 such that
(n(u—u"),Nu—u')) < (d,d). Set

'U(a,b,C,d) = ( 07 O ap+1, - - '7am)7b70a0)

Paz Cc1 | aqyd q+1
H (O] 9 @l+1 @l+q@l+(1+1)

i=1

Using (3.1) it is easy to observe that A™**(u(a, b, c,d)) = A™**(v(a, b, c,d)) and

(n(u(a,b,c,d) —v(a,b,c,d)), N(u(a,b,c,d) —v(a,b,c,d)))
=< (n(u(a,b,c,d)), N(u(a, b, c,d))).

We now put u' = Z(a,b,c,d) Aab.cav(a,b,c,d), an element of T'(gi, e) - Z,(ax).
Because (n(u—u" ), N(u—u")) < (n(u), N(u)), the equality U(gk,e) = T (g, €) -
Zy(ax) follows by induction on the length of (d,d’) in the linearly ordered set
(©, <). We complete the proof of claim (3.5).

Next we will finish the proof of statement (3). By Lemma 3.4(1) and the
procedure of “modular p reduction”, we know that the vectors X (@P-¢d) g 1, with

(a,b,c,d) = (a1,...,am—1;b1,. .., bp_giC1, ..., Cs;d1,...,dv)

€ Z7 ! x A, X 75 x Ay
form a free basis of the right T'(gy,e)-module Q, . Since (3.2) shows that X?
and X7 — X}p] have the same Kazhdan degree in U(gy) for 1 < i < m — [ and

m+n—I{—qg+1 <7 <m+n—1—qg-+srespectively, and @, 1 is a Kazhdan-filtered
U (g )-module, it follows that the vectors

m—l m4n—Il—qg+s

11 I1 pre(XP = X p (X7 — X[PhPs - 65 - 0101, - 8] 8t

i=1 j=m+4n—Il—qg+1

are linearly independent, where (a,b,c,d) € Z7 " x Z% x ZL x Afiq
Combining all the above, we have an isomorphism between k-algebras

U(gk €) = T'(gk, €) Ok Zp(ax).-
By the analysis at the beginning of step (2), we complete the proof. O

With the above theorem, we can define a “reduced” quotient algebra of
U(gk,e), analogous to the reduced enveloping algebra of a restricted Lie (su-
per)algebra, by

ﬁn(glka 6) = U(glkv 6) ®Zp(ﬁk) ﬂ{”]'
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Lemma 3.6. For any given n € x + (mi-)g, the above “reduced” quotient algebras

~

are isomorphic to the reduced W -superalgebras, i.e., U, (gi, €) = U, (gk, €).

Proof. The canonical projection Qy x — Qy i/ JnQx.k = Q7 gives rise to an alge-
bra homomorphism p,, : Uy (gk, €) — (Endg, Q1) = Uy (gi. ). As dim U, (g, €) <
p'2¢" by Theorem 3.5(2), [37, Remark 3.9] yields that pp is an algebra isomorphism.
We complete the proof. O

83.4. Transition for minimal-dimensional representations
First notice the following important fact:

Proposition 3.7. Assume that dy is odd. Then the finite W -superalgebra U (g, €)
over C cannot afford a one-dimensional representation.

Proof. Recall that when d; is odd, §2.2.2 shows that there is an element ©;1 441 =
vrp @1y € U(g, e)1; then

[/Ur+1’v7‘+l} X ]‘X = %X([’Uvﬁ—l ,Uil]) (4 ]‘X = % [ 1X'

2 2

N[

912+q+1(1x) = U%erl ® 1=

Thus ®l2+q+1 = 1id.

For any U(g, e)-module M, let 0 # v € M be a Zy-homogeneous element. We
claim that ©;1q41.v # 0. If not, i.e., O g11.v = 0, then 612+q+1.v = 0. However, by
the preceding remark we have @l2+q+1 W= %v, a contradiction. Therefore, ©4441.v
is a nonzero element in M, which obviously shares a different parity from that of v.
Thus the dimension of any U(g, e)-module (as a vector space) is at least two, and

the algebra U(g, ) cannot afford a one-dimensional representation in this case. [

Remark 3.8. Recall that in §2.2.3 we obtained an algebra isomorphism

¢+ (EndgQy) = Q¥'™,
© — O(1y).

In the paper we will often identify U(g,e) = (EndgQ,)°" with Q;d“‘ as
C-algebras, which will cause no confusion. For any Zs-homogeneous elements
01,0, € Q*;(dm, since ¢(O1 - O2) = ¢(01)d(02), we can identify ©1 - O5 in U(g, €)
with ©1(1y)-O2(1y) in Q3™ When d; is odd, the element O4441 in (EndgQy)°P
can be considered as the element v 51 ® 1, in Q;dm, and for any Zs-homogeneous

element v in a U(g, e)-module M, we have 9lz+q+1.v = %v by Proposition 3.7.

Now we are in a position to talk about the transiting role of the transition
subalgebras for the minimal dimensions of modular representations of basic Lie
superalgebras.
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Proposition 3.9. Keep the above notation. If p > 0 for the field k = Fp, the
following hold.

(1) Assume that dy is even. Then the following assertions are equivalent:

(1-i) The transition subalgebra T(gy,e) admits one-dimensional representa-
tions.

(1-ii) There exists n € x + (mi- )0 such that Uy (gi) admits irreducible repre-

sentations of dimension p P9,
(2) Assume that dy is odd. Then the following assertions are equivalent:

(2-i) The transition subalgebra T(gy, e) admits two-dimensional representa-
tions.

(2-ii) There exists n € x + (mi-)y such that U, (gi) admits irreducible repre-

d1+1

dg
sentations of dimension p= 2

Proof. Let us first prove statement (2).

“(2-1) = (2-ii)”: Recall that there is a k-algebra isomorphism U(gg,e) =
T(gK, e) ®x Zp(ax) by Theorem 3.5(3). Thus assumption (2-i) implies that the k-
algebra U(gy, e) affords a two-dimensional representation too; we denote it by v
with the representation space V.

Let vz € V5 be a nonzero even vector in V. The proof of Proposition 3.7
shows that ©;444+1.v5 € Vi is a nonzero odd vector, and we denote it by vg.
Then V is k-spanned by vg and vi as a vector space. For any T € (gx)g, since
7P —zlPl € Z,(gy) is central in U(gy), we have [p(zP —zPl), ©;4,11] = 0. Therefore,
both kv and kvi are one-dimensional representations of pi(Z,), decided by the
same function on (gi)g. By Theorem 3.5, pi(Z,) NKer v is a maximal ideal of the
algebra pi(Z,) = Z,(pr) = k[(x+ (mi)g )(1)] Then there exists n € x+ (mi )y such
that p(zP — zlP! — n(z)?) € Kerv for all & € (gi)g. Our choice of 1 ensures that
the “reduced” quotient algebra f]n (gK, e) affords a two-dimensional representation.
It follows from Lemma 3.6 and Theorem 2.3 that the k-algebra U,(gi) has an

d1+1

do.
irreducible representation of dimension p=2 2

“(2-i1) = (2-1)”: Conversely, under assumption (2-ii) it follows from The-
orem 2.3 that the reduced W-superalgebra U, (gk,e) admits a two-dimensional
representation, and so does the k-algebra ﬁn (9K, ¢) by Lemma 3.6, the “reduced”
quotient of U(gy,e). Then the k-algebra U(gk,e) also affords a two-dimensional
representation. Since the transition subalgebra T'(g, €) is a subalgebra of U(gy, €)
by the definition, T'(g, €) also affords a two-dimensional representation.
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The same arguments also go through for the proof of statement (1), which
will be omitted here. We complete the proof. O

84. Conjectural one-dimensional representations for finite
W-superalgebras when d; is even

In this and the next sections we proceed to investigate small representations
for the finite W-superalgebra U(gr,e) both over the field of complex numbers
F = C and over a field F = k of positive characteristic. We will find that the
parity of di plays a key role for the dimensions of the small representations of
U(gr, €), which is significantly different from the case of finite W-algebras. We will
present a plausible conjecture for such dimensions, and demonstrate the conjecture
with some examples. Based on these results, we will discuss the accessibility of the
lower bounds of dimensions predicted in the super Kac—Weisfeiler property [35,
Theorems 4.3 and 5.6] in §6. For simplicity we always assume that the characteristic
of the field k = Fp satisfies p > 0 unless otherwise specified.

For the ordinary finite W-algebra counterpart of the above issue, there are
some remarkable work and exciting progress (cf. [30]). However, when we turn to
the study of the finite W-superalgebra case, the tools available are very limited.
The issue of minimal dimensions for the representations of finite W-superalgebras
over C is in a position of being reasonably estimated, but not being solved, here.

§4.1. On the minimal-dimension conjecture when d; is even

Recall that the parity of d; plays a key role in the construction of finite W-
superalgebra U (g, €) in [37, Theorem 4.5]. Based on the different parities of dy, we
will consider each case separately. This section is devoted to the case when d; is
even.

Conjecture 4.1. When d; is even, the C-algebra U(g, ¢) affords a one-dimensional
representation.

Assuming that Conjecture 4.1 holds, we can assume that this one-dimensional
representation O := Cu, is generated by a nonzero vector v,. Now we will investi-
gate the consequences.

84.2. The analogue of commutative quotients for finite
W-superalgebras in the even case

Recall that the C-algebra U(g,e) is generated by Zs-homogeneous elements
©1,....0, € U(g,e)5 and Oy41,...,0;44 € U(g, €)1 in [37, Theorem 4.5]. Let M
be any U (g, e)-module. For a given odd element « € U(g, e); and a homogeneous
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vector m € M, we know that m and u.m have different parity. As O is a one-
dimensional superspace, then ©;.v, = 0 for [ + 1 < ¢ < [ 4 ¢ by consideration of
parity. Set ©;.v, = ¢;v, for 1 < ¢ < I with ¢; € C. Recall [37, Theorem 4.7] shows
that the algebra U(g,e) is completely determined by the commuting relations of
©1,...,0144 (see also §2.2.2). Based on the parity of these generators, we will
consider each case separately.

(i) For 1 <14 < j <, the element [0;,0,] is even since 0;,0; € U(g,e)g. It
is immediate from [©;, ©,].v, = (0;-0; —0,-0;).v, = (¢;c; —c¢;j¢;).v, = 0 that the
polynomial superalgebra F;;(©1,...,04,) in | + ¢ variables acts on O trivially.

When we put each polynomial F;;(©1,...,0;4,) as a C-linear combination of
o7t --- @;“@?jrl e @?iq, deleting all the terms for which any of the odd elements
©i41,...,044 occurs, one can obtain an (ordinary) polynomial in [ variables, and

denote it by Fi'j(@l, ...,0y). Since ©;.v, = 0 for I +1 < i < I+ g by the preceding
remark, then Fj;(01,...,0;).v, =0 for 1 <i<j <l

(ii) For I +1 < i < j < 1+ g, the element [0;,0;] is still even since ©;,0;
are both odd. As ©;.v, = 0 for I +1 < ¢ < | + ¢, we have [0;,0;].v, = (6, -
©; +0; - 0;).v, = 0. By the same discussion as (i) we can also get polynomials
Fl(©1,...,0;) for [ +1 < i< j<l+ g, and the one-dimensional property of O
entails that F{j(@l, e, 01).v, = 0.

(ili) For 1 <¢ <1< j<l+gq, the element [©;,0,] is odd since ©; € U(g, e)g
and ©; € U(g,e)1. As ©;.0, = 0 for [ +1 < i < [+ ¢, we have [0;,0;].v, =
(0;-0;,-0;-0;).v, = 0, which entails that F;;(O1,...,0;4) acts on O trivially. It
is immediate from [0;,0,] = F;;(O1,...,0;44) that all the F;;(O1,...,0;14) are
odd elements in U (g, e). Therefore, when we put each polynomial F;;(©1,...,044)
as a C-linear combination of monomials ©f* "'62”@?-1%1 e @?j_q,
monomial some odd element O, with [ +1 < k < [+ ¢ will occur at least once.
Since ©r.vo = 0 for [ + 1 < k < 1+ g, the equations F;;(01,...,044).v, = 0 are
trivial for 1 < ¢ <1 < j <1+ ¢. In this case no new equations are obtained.

in each given

Keep in mind all the polynomials Fj;(01,...,©;) from the above arguments.
Actually, since the polynomials F;;(01, ..., 0;44) give rise to the defining relations
of U(g,e), from all the above one can conclude that the one-dimensional mod-
ules of U(g, e) are completely determined by the polynomials Fj;(01,...,©;). Set
Ul(g, e)®® to be the quotient algebra of U(g, e) by R, where R is the ideal of U(g, e)
gencrated by all the odd generators ©;11,...,0;4+, and all commutators [a, ]
with a,b € U(g,e). Then U(g,e)?? is isomorphic to the algebra C[T},...,T;]/A,
where C[T1,...,T;] is an (ordinary) polynomial algebra in [ variables, and A is the
ideal of C[T1,...,T}] generated by all the F/;(T1,...,T;) for 1 < i < j < and
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l+1<¢<j <1+ ¢ Such a commutative quotient in the Lie algebra case is
studied by Premet in [29], which leads to a lot of understanding on the small rep-
resentations of finite W-algebras. Now we exploit this machinery in the super case.
In fact, combining all the discussions above, Hilbert’s Nullstellensatz shows that
the maximal spectrum & := Specm U(g, e)* parameterizes the one-dimensional
representations of U(g,e). Denoting by &(C) the set of all common zeros of the
polynomials Fi’j[Tl,...,Tl] forl<i<j<landl+1<i<j<!+qin the affine
space A(lc, we have

Lemma 4.2. When d; is even, the Zariski closed set &(C) parameterizes the one-

dimensional representations of finite W -superalgebra U (g, e).

Note that for 1 < i < j < lL,orl+1 <14 < j <1+ gq, all the coeffi-
cients of the Fj;[T1,...,T;] are over the admissible ring A. Thus all the coeffi-
cients of the Fi’j [T1,...,T;] are also over A by the definition. Set PF; [T, ..., ;] :=
Fi’j [T1,...,T;] ®4 k, the polynomials over k, and denote by &(k) the set of all
common zeros of the polynomials ”Fij'[Tl,...,Tl] in the affine space A]lk with
1<i<j<lorl+1<1i<j<Il+gq. Since the transition subalgebra T (g, €)
over k is induced from the C-algebra U(g,e) by “modular p reduction”, Theo-
rem 3.2 and Lemma 4.2 show that the Zariski closed set & (k) parameterizes the
one-dimensional representations of the k-algebra T'(gy, ¢). By the same arguments
as in [29, Theorem 2.2(a)], one can verify that

Lemma 4.3. Assume that dy is even. If the finite W-superalgebra U(g,e) over
C affords one-dimensional representations, then the transition subalgebra T (g, €)
over k = Fp also admits one-dimensional representations.

Now we can talk about the small representations for the reduced enveloping
algebra of a basic Lie superalgebra. The following result is an immediate conse-
quence of Proposition 3.9(1) and Lemma 4.3.

Lemma 4.4. When dy is even, if the finite W -superalgebra U (g, e) over C affords
a one-dimensional representation, then for p > 0 there exists n € x + (mﬂf)() such
that the reduced enveloping algebra Uy, (gi) admits irreducible representations of
dimension pdTO 2%

§4.3. Confirmation of Conjecture 4.1 for gl(M|N) and sl(M|N)

In [35] Wang—Zhao gave some explicit description for the Dynkin gradings of
basic Lie superalgebras of all types. In particular, they showed that dim gl(M|N)$

is always an even number for any nilpotent element e € gl(M|N)g (cf. [35, §3.2]). As
the dimension of gl(M|N); is also even, then d; = dim gl(M|N); —dim gl(M|N)5 is
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always an even number. It is notable that although Wang-Zhao’s origin arguments
are carried over the field k in positive characteristic (see Table 1 in §2.1.1), as
shown in [35, Remark 3.2], all the discussions there are still valid for the case
of complex numbers. Actually, in order to confirm Conjecture 4.1 for the complex
finite W-superalgebra associated with gl(M|N) and sI[(M|N), we will first consider
the transition subalgebra T'(gx, e) in positive characteristic.

Lemma 4.5. Let gi be a Lie superalgebra of type gl(M|N) or sl(M|N) with
M,N € Z,. For any nilpotent element e € (gi)g, the k-algebra T'(gx, e) affords a
one-dimensional representation.

Proof. For the Lie superalgebra gi = gl(M|N) or sl(M|N), in [38] the authors
showed that the reduced enveloping algebra U, (gi) admits an irreducible repre-

sentation of dimension pdTU 2% over k = Fp under the assumption that (i) p > 2
when g = gl(M|N); (ii) p > 2 and p t (M — N) when g = sl(M|N). Since d; is

even in this case, we have dimm = (%, 4) by §2.2.1. Hence Proposition 3.9(1)
yields that the k-algebra T'(gy, e) admits a one-dimensional representation. O

The following result is an immediate consequence of field theory.

Lemma 4.6. Let g be a basic Lie superalgebra over C. When dy is even, if the
transition subalgebra T (gy, €) with k = F,, affords one-dimensional representations
for infinitely many p € II(A), then the finite W -superalgebra U(g, e) over C has a
one-dimensional representation.

Proof. Recall Lemma 4.2, and what follows show that the one-dimensional rep-
resentations of finite W-superalgebra U(g, e) over C can be parameterized by the
Zariski closed set &(C), and the transition subalgebra T'(gg, €) by & (k). The lemma
follows by the same means as in the Lie algebra case [29, Corollary 2.1], using
knowledge of Galois theory, and thus will be omitted here. O

Now we are in a position to introduce the main result of this subsection.

Proposition 4.7. Let g = gl(M|N) or s{(M|N) (M,N € Zy) over C. For
any nilpotent element e € gg, the finite W-superalgebra U(g,e) affords a one-
dimensional representation.

Proof. The proposition readily follows from Lemmas 4.5 and 4.6. O

§5. Conjectural two-dimensional representations for finite
W-superalgebras when d; is odd

In this section we will always assume that d; is odd.
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85.1. On the minimal-dimension conjecture when d; is odd

By virtue of Proposition 3.7, we can formulate the following conjecture on the
minimal-dimensional representations of U(g, e) when d; is odd.

Conjecture 5.1. When d; is odd, the finite W-superalgebra U(g,e) over C af-
fords a two-dimensional representation of minimal dimension.

In this section, we mainly investigate such two-dimensional modules under
the assumption that the above conjecture holds, and also confirm the conjecture
for the regular nilpotent elements of g = osp(1|2n). Take such a module as in
Conjecture 5.1 and denote it by V. Recall that in [37, §4.4] we introduced the
refined finite W-superalgebra W)'( = Q‘;(d " over C, a proper subalgebra of U(g, e).
By virtue of this algebra, we can formulate a more precise description for the two-
dimensional representation V' of the C-algebra U(g,e).

Proposition 5.2. Any irreducible U(g, e)-module in Conjecture 5.1 is a W, -mod-
ule associated with an odd module automorphism.

Proof. Let V be a two-dimensional representation of the C-algebra U(g, ) in Con-
jecture 5.1. Define the C-mapping

T:V =V,
V= \/i@l+q+1.v.

It is easy to verify that the mapping 7 is odd and surjective. In fact, 7 is also
injective since 7(v) = 207, ,,.v = v. We claim that 7 is a homomorphism of the
W, -module V.

For any Zs-homogeneous elements © € W) and v € V, we have 7(0.v) =
V2014 4+1.0.v by definition. Since O 441 € m’ and © € Q4™ then [01411, )]
= 0. Moreover, [0;44+1,0] = O11g41 -0 — (—1)IP1O - ©;4441. Tt is immediate
that ©; 1441 -0 = (=1)®10 - 014 411; then 6,1 ,11.0.v = (—1)1®10.0, 4111, ie.,
7(0.v) = (—1)I®le.7(v). We complete the proof. O

85.2. The analogue of commutative quotients for finite
W-superalgebras in the odd case

Recall that in [37, Theorem 4.7] we chose the Zj-homogeneous elements
©1,...,014441 as a set of generators for the C-algebra U(g,e) subject to the
relations

[0:,0;] = F;j(©1,...,014¢+1), 1<4,j<l+qg+1

To simplify notation, we will denote F;;(©1,...,0444+1) by F;; for short.
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If the C-algebra U(g, e) affords a two-dimensional representation V', Proposi-
tion 5.2 yields that V is C-spanned by an even element v € V5 and the odd element
Ol1+¢+1-v € V7. Hence we can get 4(1 + g + 1) variables k¥, k}, K?, K! € C such
that

O,.v = k?v + k}@l+q+1.v, 0;.01 14410 = K?U + Kil@l+q+1.v7 (5.1)

where 1 <7<l +q+ 1.
Similarly, there exist 4(l 4 ¢ + 1)? variables (Fy;)3, (Fi;)%, (Fyj)3, (Fij)i € C
with 1 < 4,5 <1+ g+ 1 such that

Fij.’l) = (Fw)gv + (Fij)%®l+q+1.v,

1 ! (5.2)
Fij-@l+q+1~v = (Fij)()’U + (Fij)19l+q+1-v-

It is worth noting that each polynomial F;; is generated by the Zs-homoge-
neous elements O1,...,0;4411 of U(g,e) over Q. After enlarging the admissible
ring A possibly, one can further assume that the Fy; for 1 < 4,5 < l+qg+1
are defined over A. Since the actions of Fj; on v and ©;4411.v are completely
determined by the constants in (5.1), then (Fj;)8, (Fy;)9, (Fi;)§, (Fij)i can be
written as an A-linear combination of the monomials in k?, kil, K iO, K il; thus there
are no new variables appearing in (5.2).

Since each ©; is Zs-homogeneous for 1 < i < I+¢+1, it follows that 2(14+¢+1)
variables in (5.1) equal zero. More precisely, ki = K? = 0 for 1 < i <[ (in this
case all the ©; are even) and k? = Kil =0forl+1<i<l+¢g+1 (in this case all
the ©; are odd). By the definition it is obvious that all the Fj; are Z,-graded and
have the same parity as [0;,0;] for 1 < i,j < [+ g+ 1. Therefore, 2(1 + g + 1)?
variables equal zero in (5.2). More precisely, (F};)? = (Fi;)§ = 0 if Fj; is even, and

By virtue of (5.1), a simple calculation shows that

0;.0;.v = (k)k) + Kk )v + (k[k) + K'k])O4q41.0, 3
0:.0;.01¢41v = (KK} + K)K v+ (K K + K K] )O14441.v (5:3)

for 1 <i,7<l+q+1.

Recall that the structure of a C-algebra U(g,e) is completely determined by
a data of generators and defining relations (cf. [37, Theorem 4.7]). Hence, V is
completely decided by the following equalities:

(@i.(%j — (—1)'9”‘@"‘@]‘@1‘ — Fij).’l} = O7
(619] — (*1)'91“'@”@]‘@1 — Fij).®l+q+1.v =0
for 1 <i,7 <1+ ¢+ 1. Simple calculation based on (5.3) and (5.4) shows that the

variables kY, k}, K, K} and (F};)3, (Fi;)9, (Fij)b, (Fij)i for 1 <i,j <l+q+1

(5.4)



32 Y. ZENG AND B. SHU

should satisfy the following system of linear equations:

(kK] + KPkj) — (~D)I NN RIRS + K} KT) — ()5 = 0,
(k1K) + K1k} — (=)0 (k)] + K KG) — (Fy)f = 0,
(k‘?K;) + K?K]l) _ (_1)|@1‘,H@j|(K?]§? + K}KO) (Flj)(l) 0,
(k1KY + K} K}) — (—1)\919 (K%} + K} K}) — (Fi;)1 = 0.

It is notable that 4(I + ¢+ 1) variables are involved in above equations (recall
that the Fj; (1 <1¢,j <I+¢g+1) can be Written as an A-linear combination of the
monomials in ko k , K9, K} with 1 <i <1+ g+ 1), and the remark preceding
(5.3) shows that 2(] + q + 1) variables equal zero. Set

0 0 0 1 1 1 1 1 0 0
CIXD, X0, XD Xty X, YE Yo YL Y Y ]

to be an (ordinary) polynomial algebra in 2(I + ¢ 4+ 1) variables over C. For 1 <
i <1+ q+ 1, substitute the constants k¥, k!, K?, K} for the variables X?, X},
Y, Y;! respectively, and define the polynomials

(X?X;? +X1Y0) — (-1l (X0 x9 + X]vP) - 89,
= (X] X9+ X}V — (-0l x?x + x]v!) - SL,
O = X7V + YY) = (1) XY + VYY) - T,
DW—MYMYY><1WWWEW+W2>E;

for 1 <4,5 <14 q+1, where S?j, S}j, R T1 stand for the polynomials over A
obtalned by substltutlng the variables kY, k}, K 9 K} into the polynomials (F; )8,
(Fi;)%, (Fij)§, (Fij)i for the indeterminate X0 X1 Y, Y1, respectively. By the
preceding remark, for the terms in A;;, B;;, Cij5, D;; with 1 < 4,5 <I+q+1, we

have

(1) X! =Y =0 for 1 <i <! (in this case the ©; are even);

(2) X =Y =0forl+1<i<Il+q+1 (in this case the ©; are odd);

(3) S =T =0when1<i,j<l,orl+1<1i,j<l+q¢+1 (in this case the Fj;
are even);

(4) 8% =T =0when1<i<I<j<l+qg+1lor1<j<I<i<l+qg+1(in
this case the Fj; are odd).

It follows from (5.3), (5.4), and [37, Theorem 4.7] that there is a 1-1 corre-
spondence between the two-dimensional representations of C-algebra U(g,e) and
the points of all common zeros of the polynomials A;;, B;j, Cyj, Dij in 2(l+¢q+1)
variables for 1 < 4,7 <1+ ¢+ 1 subject to conditions (1)—(4).
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Given a subfield K of C containing A we denote by & (K) the set of all common
zeros of the polynomials A;;, B;j;, Cyj, Dsj for 1 < 4,5 < 1+ ¢+ 1 in the affine
space A%Hqﬂ) subject to conditions (1)—(4). Clearly, the A-defined Zariski closed
set &(C) parameterizes the two-dimensional representations of C-algebra U(g, e).
More precisely,

Lemma 5.3. Assume that dy is odd. Then the two-dimensional representations of
C-algebra U(g, e) are uniquely determined by all common zeros of the polynomials
A;j,Bi;,Ci;,Di; (1 <1i,j <1+ q+ 1) subject to conditions (1)-(4) in the affine
space Ag”qﬂ).

Similarly, let & (k) be the set of common zeros of the polynomials PA;;, PB;;,
PCj,PD;; subject to the “modular p” version of the conditions (1)—(4) in the affine
space A]i(”q“) with 1 < 4,7 <1+qg+1, where PA;;, PB;;, PC;j, PD;; stand for the
polynomials over k obtained from A;;, B;;, Ci;, D;; by “modular p reduction”,
ie.,

0 0 0 1 1 1 1 1 0 0
KXO, XY, X0 X s Xgi Y Yoo Y Y Y]
0 0 0 1 1 1 1 1 0 0
= AXD XS XD X X, Y Ya Y Y Y] @a K

It follows from Theorem 3.2 that the Zariski closed set &(k) parameterizes the
two-dimensional representations of the k-algebra T'(gy, e).

Following Premet’s treatment of the Lie algebra case in [29, Theorem 2.2(a)],
we have

Lemma 5.4. When d; is odd, if the C-algebra U (g, ) affords two-dimensional rep-
resentations, then the transition subalgebra T (g, e) also admits two-dimensional
representations.

Proof. Taking Lemma 5.3 into account, we can prove the lemma by the same
discussion as in Lemma 4.3. The detailed arguments are omitted here. O

As a corollary of the above lemma and Proposition 3.9(2), we have

Lemma 5.5. When d; is odd, if the finite W -superalgebra U(g, e) over C affords
a two-dimensional representation, then for p > 0 there exists n € x + (m]f{‘)()
associated with which the reduced enveloping algebra U,(gw) admits irreducible

. . . dg jd1+1
representations of dimension p=2 27z .

§5.3. Confirmation of Conjecture 5.1 for g = osp(1|2n) with regular
nilpotent elements

We first need the following observation:
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Lemma 5.6. Let g = osp(1]2n) be a basic Lie superalgebra over k. For any
regular nilpotent element e € (gi)g, the transition subalgebra T(gk,e) affords a
two-dimensional representation.

Proof. First note that d; is odd in this case (cf. [25, Corollary 2.10]). Let gi =
n @ by @ ny denote the canonical triangular decomposition of Lie superalgebra
osp(1]2n). It follows from [35, Corollary 5.8] that

dimn, = dimmy, = (dim(my)g, dim(my); + 1).

Moreover, the baby Verma module Z, (\) of reduced enveloping algebra U, (gxk)
associated with the regular p-character y is irreducible (cf. [35, Corollary 5.8]),
and has the same dimension as the vector space U, (mf.). Theorem 2.3 shows that
Zy(A)™ is a U, (g, e)-module, and there is an isomorphism of U, (my)-modules
Zy(N) =2 U, (m)* Qi Zy (A)™ by the proof of [35, Proposition 4.2]. Then we have

dim Z,(\)  dim U, (m},)

dim U, (mg)  dim U, (mg)

dim Z, (\)™

Therefore, the algebra U, (g, €) admits a two-dimensional representation. By the
same discussion as the proof of Proposition 3.9(2), one can conclude that the
transition subalgebra T'(gy, ¢) also affords a two-dimensional representation. [

Recall that Lemma 5.3 shows that the two-dimensional representations of
finite W-superalgebras over C can be parameterized by the Zariski closed set &(C)
for the case when d; is odd. By the same consideration as in Lemma 4.6, one can
also obtain

Lemma 5.7. Let g be a basic Lie superalgebra over C. When dy is odd, if the
transition subalgebra T (gi, €) affords two-dimensional representations for infinitely
many p € II(A), then the finite W-superalgebra U(g, e) over C has a two-dimen-
sional representation.

Now we are in a position to introduce the main result of this subsection.
Proposition 5.8. Let e € g5 be a regular nilpotent element in the Lie super-
algebra g = osp(1]2n) over C; then the finite W-superalgebra U(g,e) affords a

two-dimensional representation.

Proof. The proposition readily follows from Lemmas 5.6 and 5.7. O
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86. The realization of minimal-dimensional representations for
reduced enveloping algebra U (gx)

86.1. Introduction

This section is devoted to the accessibility of dimensional lower bounds for the
irreducible representations of Ue (gi) predicted by Wang—Zhao in [35, Theorem 5.6]
as below:

Proposition 6.1 ([35]). Let gk be a basic Lie superalgebra overk = F,, assuming
that the prime p satisfies the restriction imposed in §2.1 (Table 1). Let £ be an
arbitrary p-character in (gi)5. Then the dimension of every Ug(gi)-module M is

divisible by pd702Ld71J .

Therefore, the number p%0 9L%) becomes a lower bound of dimensions for the
irreducible modules of the k-algebra Ug(gi). A natural question is the accessibil-
ity of this number, i.e., whether there is any irreducible module of Ug(gi) with
dimension equaling such a lower bound.

For the Lie superalgebra gy of type gl(M|N) or sl(M|N) with M, N € Z,, in
[38] the authors showed that every reduced enveloping algebra U (gi) has a “small”
representation of dimension equaling the lower bound. The method applied there
is to construct an appropriate parabolic subalgebra that has a one-dimensional
module, then induce it to an irreducible representation of gi. However, this method
cannot be easily exploited in the general case. Thus the general attainableness of
such lower bounds of dimensions in Proposition 6.1 is an open problem.

Now we first formulate Conjecture 1.3, summarizing the previous two sections:

Conjecture 1.3. Let g be a basic Lie superalgebra over C.

(1) When dy is even, the finite W -superalgebra U(g, e) affords a one-dimensional
representation.

(2) When dy is odd, the finite W-superalgebra U(g, e) affords a two-dimensional
representation.

By virtue of Conjecture 1.3, we will prove that the lower bounds of dimensions
in Proposition 6.1 are accessible for p > 0 in this section. In the first part, we will
deal with the case for nilpotent p-character x € (gi)j, mainly following Premet’s
treatment for the Lie algebra case in [29, §2.8], with a few modifications. One can
observe that the emergence of the odd part in the Lie superalgebra gi makes the
situation much more complicated. In the second part, we will deal with the case
for arbitrary p-character £ € (gi)5, which may be not nilpotent. A lot of precise
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analysis on the modular representations of basic Lie superalgebras has to be done
for the second case.

86.2. On the dimensional lower bounds for the representations of
basic Lie superalgebras with nilpotent p-characters

6.2.1. Recall that in Lemmas 4.4 and 5.5 we discussed the representations of
minimal dimensions for the reduced enveloping algebra U, (gik) associated with
some p-character i € x + (mj-)g based on the parity of d;. It is notable that the p-
character 1 can be guaranteed only in x + (mi )y, with no further information
apparently contributing to U, (gk). Owing to Premet’s treatment of finite W-
algebras in [29, Theorem 2.2], one can translate the dimensional lower bounds
for U, (gi) to those for U, (gi) (see Lemma 6.2). Taking such an approach, we will
finally get at the result desired in Theorem 1.6.

Lemma 6.2. Let gi be a basic Lie superalgebra over k. If the k-algebra U, (gi)
affords a representation of dimension pdTOQLdTlJ for some n € x + (mib)g, then

Uy (o) also admits a representation of dimension pdTOQLdTlJ,

Proof. First note that (1) [4] = 4 when d; is even; and (2) |4 | = 9
when d; is odd. Since the proof is similar for both cases, we will consider only the
situation when d; is odd.

Let (Gx)ev be the reductive algebraic group associated with the even part
(gx)o of the Lie superalgebra gi. For any £ € (gi)3, it is well known that the
construction of the k-algebra Ug(gi) depends only on the orbit of £ under the
coadjoint action of (G )ey up to an isomorphism. Therefore, if £ := (Ad*g)(¢) for
some g € (Gi)ev, then Ug(gi) = Ue (gi) as k-algebras.

Let = denote the set of all £ € (gi); for which the algebra Ug(gr) contains a
two-sided ideal of codimension p@241+1 Tt follows from [39, Lemma 2.2] that the
set = is Zariski closed in (g ). Moreover, the preceding remark shows that the set
E is stable under the coadjoint action of (Gi)ey-

(i) We claim that ¢- & € = for all £ € k™ (= k\{0}).

For any £ € (gi)j, we can regard £ € g by letting {((gi)1) = 0. Now let
&= (z,-) for some T € (gi)g. Let T = 540 be the Jordan—Chevalley decomposition
of Z in the restricted Lie algebra (gi)g and put & = (§,-), & = (7, ). Take a
Cartan subalgebra by of gi that contains s, and let gi denote the centralizer of §
in gi. Let ® be a root system of gy relative to hi. Then gj =l = (Ii)g + ()1
also has a root space decomposition ik = b ® B, cq(r,) (K)o With (k) == {a €
® | a(5) = 0}. From [35, Proposition 5.1] we know that there exists a system A
of simple roots of g such that A N ®(l) is a system of simple roots for D(ly).
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In particular, [y is always a direct sum of basic Lie superalgebras (note that a
toral subalgebra of gi may also appear in the summand). Let by = by © ny be the
Borel subalgebra associated with A. Then we can define a parabolic subalgebra
pr = I+ by = [ Duy, where ug denotes the nilradical of py. Recall [35, §5.1] shows
that £(uk) = 0, and €|y, = &, |y, is nilpotent. It is notable that all subalgebras here
are naturally restricted subalgebras of gj.

Since T = 5+ n is the Jordan—Chevalley decomposition of Z, it follows that
tx = t5 + tn is the Jordan—Chevalley decomposition of £z for ¢ € k*. Obviously,
we have gi® = I

It follows from [35, Theorem 5.3] that every irreducible Ug(gk)-module is
Ug (ug)-projective. Since wy is nilpotent in gy and |y, = 0, it follows from [35,
Proposition 2.6] that the k-algebra Ug(ux) is local with trivial module as the
unique irreducible module. Then every irreducible Ug(gi)-module is Ug (uy)-free,
and the unique maximal ideal Ny, of Ug(uy) is generated by the image of wuy in
Ue(uk). We put 1 = 1+ N, the image of 1 in k¢ := Ug(ug)/N,,. Consider the
L-algebra Ug (p), which contains Ug (ug) as a subalgebra. Set Q) to be a Up (px)-
module with the ground space Uy (pk)/Ue (pi) Ny, then Qp, = U (py) - 1¢. For any
g € @y, there is 4 € Ug(py) such that ¢ = @ - 1¢. Since [py, Ny, ] € Ny, it follows
from the Jacobi identity that [n, 4] € Ug(pi)Ny, for any i € N, . Then

n-q=([.q + (~1)"19g-7) - I¢ C Ug(pr)Nu,
for any Z,-homogeneous elements 7 € N, and ¢ € QY . Thus we have the following
algebra isomorphism:
Ue (px)/ Us (px) Nu, = Ug (pre/uxc).-
Define
Q¢ = Ue(aw) /Ut (01) N

which is clearly endowed with left Ug (g )-module structure. The algebra inclusion
Ue(ur) C Ue(gi) (resp. Ue(pr) € Ue(gi)) gives rise to the canonical embedding
of spaces ke = k-1 — Qg (resp. Qg]k — QE) Those embeddings clearly satisfy
the property that for any g € ng there is a unique hg € Endgkég such that

0 = 2dim(ugk)p

dim (g )5 — dim(h)g,
d/1 = 2dim(u]k)i = dim(g]k)i - dim([]k)i.
Since every irreducible Ug (gi)-module is Ug (ug)-free, by the same discussion as in

[35, Theorem 4.4] we can obtain a k-algebra isomorphism:

Ue(gi) = Mat 4y ot ((Endg, QF)°). (6.1)

pz 272
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Therefore,
dim(Endg, %) = paim(@o—ds gdim(mu)—d; _ pdim(i)o gdimm(l)s
Since
dim Ug (pr /ux) = pdin(Pr)o—dim(ux)o dim(pr) 1 —dim ()1 — pdim(ho)o gdim(ho)z
it follows that Endgk@g = {hg | g € Q}, }. Define the mapping
7+ Endg, Qf — Ug(pr/us)°®,
6 — 0(1¢).

It is obvious that 7 is a homomorphism of k-algebras. As both k-algebras have
the same dimension (as vector spaces), one can deduce that 7 is an isomorphism.
Taking the opposite algebras for both sides, we have an algebra isomorphism

(Endg, QF)* == U (pi/ux) = Ug (I)- (6.2)

For the p-character £, repeating the same arguments as above for &, we can
obtain that

(Endgkég)(}p = Upe (I).- (6.3)
And also we have an algebra isomorphism
Uge (g1) = Mat éQ%((Endgkég)OP)_ (6.4)
P

Recall that [ is a direct sum of basic Lie superalgebras. Set [, = (gi)1 - ®
(gi)r @ 4, where (gi); is a basic Lie superalgebra for 1 < ¢ < r, and ¢, is a toral
subalgebra of gy. For each 1 < i < r, let (Gy); denote the algebraic supergroup
associated with (gy);. It is well known that the even part of (Gx); (1 < i < r)is
a reductive algebraic group, and we denote it by ((Gk)i)ev. Since &|y, = &y, is
nilpotent, it follows from [11, Lemma 2.10] that k* -£|(4,), € (Ad"((Gk)i)ev )€ (g): -
For each 1 < ¢ < r, since the reduced enveloping algebra Uf‘(swi((gﬂf)i) de-
pends only on the orbit of &|(g,), under the coadjoint action of ((Gx)i)ev, then
UE‘(B]k)i<(g]k)i) = Uff\(gm((g]k)i) as k-algebras. With ¢ being arbitrary, we have
R, Ut (op), ((B1)i) = (S Utg| oy, ((8K)i)- As i is a toral subalgebra of gy,
the reduced enveloping algebra U, (t],) is commutative and semisimple for every
¥ € ()" .(Indeed, ¢ has a k-basis ¢1,...,tq with tgp] =t for 1 < i < d
Therefore, Uy(t,) = A1 ® --- @ Ag where A; =2 k[X]/(XP — X — ¢(¢,)P) is
a p-dimensional commutative semisimple k-algebra.) From this it is immediate
that Uihﬁ( () = Ugﬂtﬁ( (t;.) as k-algebras. Since Iy = @._,(gk); ® t;, we have

Ue(@iz1(81): © ) = @iz Ul g, ((91)i) @ Ug,, (1) and Uze (B (g)i @ ) =
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R, Ute oy, ((81)1) @ Ugg),, (). Therefore, Ug(Ix) = Ug(Ik) as k-algebras. It fol-
v k
lows from (6.1)—(6.4) that there is a k-algebras isomorphism

Ue (i) = U (9x) (6.5)

for all ¢ € k*. Now claim (i) is an immediate consequence of (6.5), i.e., if £ € =,
then t - £ € = for all ¢ € k*. Moreover, combining with the arguments prior to
paragraph (i), we know that the affine variety E is conical.

(ii) We claim that x € E.

Recall that the abbumptionb of the lemma shows that U, (gi) has an irreducible
module of dimension p Pt , thus n € Z. As n € x + (mi )y, we can write
n=(e+g,-) for some § = Zz<1 ¥; with g; € gi(i)g, ¢ < 1. There is a cocharacter
A k* — (Gi)ev such that (AdA(f))Z = /7 for all zegk(j)(j€Z)and t € k*.
For ¢ < 1, set n; = (i, -); then n = x + ZZ<1 7;. For any even element 3’ € gi(5)g,
by the coadjoint action of A(#) on (gi); one has

(Ad*(AE) ) (') = n(AdA®) Y
7 e+ _i;_l
( o 7)
) {F(&y/) (G =2,
951 00 7) (G # -2).
Note that (F2x+Y,<; #7:) (7)=t(e, #')+> i<y T (%, §'). Then we have (Ad*A(£))n

=X+ iy t'ni, and (Ad"N(D)) 'y = £ 2X + > i1t 'mi- As E is conical and
Ad* (Gy)ey-invariant by step (i), this implies

(Ad /\(E) 7’7X+Zt (9:,9') € E

i<l

for all £ € k*. Since Z is Zariski closed, this yields x € Z. Then claim (ii) is proved.

From all above we know that U, (gi) admits a two-sided ideal I of codimen-
sion p%2491+1 and all irreducible modules of the factor algebra U, (gi)/I have
dimensions < p% 245 Combining with Proposition 6.1, one can conclude that
2 We
complete the proof. O

the k-algebra U, (gi) really has an irreducible module of dimension pdz 2

6.2.2. Proof of Theorem 1.6. Let g be a basic Lie superalgebra over C and
g be the corresponding Lie superalgebra over positive characteristic field k. Let
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X € (gx)5 be a nilpotent p-character of gy such that x(7) = (e, ) for any y € gi.
Under the assumption that the finite W-superalgebra U(g, ¢) over C affords a one-
dimensional (resp. two-dimensional) representation when d; is even (resp. odd),
we want to prove that the reduced enveloping algebra U, (gi) with nilpotent p-
character x possesses an irreducible module whose dimension is exactly the lower
bound predicted by the super Kac—Weisfeiler property in Proposition 6.1. For the
case of d; being even, the conclusion follows from Lemma 4.4 and Lemma 6.2. The
odd case can be done by Lemma 5.5 and Lemma 6.2. Then Theorem 1.6 follows.
We complete the proof.

As a corollary of Theorem 1.6, we have the following consequence on the
“small representations” of reduced W-superalgebra U, (g, €).

Corollary 6.3. Let g be a basic Lie superalgebra. When dy is even (resp. odd),
if the finite W -superalgebra U(g,e) over C affords a one-dimensional (resp. two-
dimensional) representation, then for p > 0, the reduced W -superalgebra U, (gi, €)
overk = F, also admits a one-dimensional (resp. two-dimensional) representation.

Proof. For any U, (gi)-module M, it follows from Theorem 2.3 that M™ is a
Uy (g1, e)-module. For the case n = x, (2.5) shows that

dim M™ — dim M _ (ilm]}l/[ '
dim Ux(m]k) p702|—71-‘
Then the desired result follows from Theorem 1.6. O

86.3. The case of a direct sum of basic Lie superalgebras with
nilpotent p-characters

In this section we will consider the lower bounds of the super Kac—Weisfeiler
property for a direct sum of basic Lie superalgebras with nilpotent p-characters.

6.3.1. First we make digression to recall some known facts about finite-dimen-
sional superalgebras [14, §12].

Let IF be an algebraically closed field. Now we will recall some basics on simple
superalgebras over F (cf. [14, §12.1]). Let V be a superspace with dim V' = (m, n);
then M (V) := Endp(V) is a superalgebra with dim M (V) = (m? + n?,2mn). The
algebra M(V') is defined uniquely up to an isomorphism by the superdimension
(m,n) of V. So we can speak of the superalgebra M,, ,,. We have an isomorphism
of superalgebras

Mm,n & Mk,l = Mmk+nl,ml+nk- (66)

Moreover, [14, Example 12.1.1] shows that M,, , is a simple superalgebra.
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Let V be a superspace with dim V = (n,n) and J be a degree 1 involution in
Endp (V). Consider the superalgebra Q(V,J) := {f € Endg(V) | fJ = (-=1)/IJf}.
Note that all degree 1 involutions in Endp(V') are conjugate to each other by an in-
vertible element in Endr(V')5. Hence another choice of J will yield an isomorphism
superalgebra. So we can speak of the superalgebra Q(V'), defined up to an isomor-
phism. Pick a basis {v1,...,v,} of Vg, and set v, = J(v;) for 1 < i < n. Then
{v{,...,v.} is a basis of Vj. With respect to the basis {v1,...,vs,v],..., v}, the
elements of Q(V, J) have matrices of the form

A B
(45 on

where A and B are arbitrary n X n matrices, with B = 0 for even endomorphisms
and A = 0 for odd ones. In particular, dim Q(V) = (n?,n?). The superalgebra
Q(V,J) can be identified with the superalgebra @, of all matrices of the form
(6.7). Moreover, [14, (12.6), (12.7)] show that

and

as F-algebras. Moreover, [14, Example 12.1.2] shows that Q,, is a simple superal-
gebra.

We say that an irreducible module of a finite-dimensional superalgebra is of
type M if its endomorphism ring is one-dimensional and it is of type @Q if its
endomorphism ring is two-dimensional. Given a finite-dimensional superalgebra A
over IF, define the parity change functor on A-mod (the A-module category)

T : A-mod — A-mod.

For an object V, Y(V) is the same underlying vector space but with the opposite
Zo-grading. The new action of a Zs-homogeneous element a € A on v € V is
defined in terms of the old action by a - v := (—1)lav.

Given left modules V and W over F-superalgebras A and B respectively, the
(outer) tensor product VXIW is the space V ® W considered as an A ® B-module
via

(a@b)(vew)=(-D)"wobw (acA beB veV,weW).

For the irreducible representations of the F-algebra A® B, the following result
was obtained by Kleshchev in [14, Lemma 12.2.13]:
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Lemma 6.4 ([14]). Let V be an irreducible A-module and W be an irreducible
B-module:

(i) If both V and W are of type M, then VAW is an irreducible A ® B-module
of type M.
(i) If one of V and W is of type M and the other is of type Q, then VX W is
an irreducible A @ B-module of type Q.
(11i) If both V and W are of type Q, then VRW =2 (Ve W)d T(V®W) for an
1rreducible A ® B-module V ® W of type M.

Moreover, all irreducible A @ B-modules arise as constituents of VKW for some
choice of irreducibles V., W.

6.3.2. Now we return to the representations of reduced enveloping algebras for
a direct sum of basic Lie superalgebras with nilpotent p-characters. In [35, Re-
mark 4.6], Wang—Zhao showed that the statement in Proposition 6.1 still holds
for the case when [ is a direct sum of basic Lie superalgebras with nilpotent
p-characters.

In fact, their result can be somewhat strengthened. Let Iy = @;_,(lk); be
a direct sum of basic Lie superalgebras over k = Fp, where (I); is a basic Lie
superalgebra for each 1 < ¢ < r, and the characteristic p of the field k satisfies the
restriction imposed in §2.1 (Table 1). Let x = x1 + - - - + X, be the decomposition
of nilpotent p-character x in [ with x; € (Ix)} (each x; can be viewed in [} by
letting x;(y) = 0 for all g € P, ;(l);) for 1 <i < r. Set e=ey +---+ € to be
the corresponding decomposition of € € (l)g with respect to the nondegenerate
bilinear form (+,) on [ such that x;(-) = (€;,) for 1 <14 < r. Define

d6 = dim([]k)() - dim([]i 0> d/l = dim([]k)i - dim([]i)j,
(do); := dim((I)i)g — dim(()§)g, (d1); := dim((l);)1 — dim((I)$)1,
where [f denotes the centralizer of € in [, and ([]k)fi is the centralizer of €; in
(Ii); for i € {1,...,r}. It is obvious that dj = Y_/_,(do); and d} = >\, (d1);.

Rearrange the summands of i, = @;_, (Ii); such that each (d;); isodd for 1 < i <1
(if it occurs) and each (dy); is even for I +1 < ¢ < r (if it occurs). In particular,

(6.10)

d} and [ have the same parity.

Note that all arguments in the preceding sections remain valid for a direct
sum of basic Lie superalgebras. Let my and mj, be the subalgebras of [ as defined
in §2.3.2. Write my = @,_, (mx); and mj, = @_, (m}); as the decomposition of
my and my_ in i respectively, where (my);, (mg); € (I); for 1 < ¢ < r. As my
is p-nilpotent and the linear function y vanishes on the p-closure of [my, my], it
follows from [35, Proposition 2.6] that U, (my) has a unique irreducible module
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and U, (my)/Np, =k, where Ny, is the Jacobson radical of U, (my) generated by
all the elements z — x(Z) with Z € my.

Recall that [35, Proposition 4.1] shows that every k-algebra U, ((mg);) (1 <
i < r) has a unique irreducible module (there is a minor error in [35, §4.1] since this
irreducible module is not necessarily a trivial module) which is one-dimensional
and of type M. Let N(y,), denote the Jacobson radical of U, ((my);) for 1 <i <r
(which is the ideal of U,,((mk);) generated by all the elements z — x(&) with
T € (my);). Then Uy, (Mi)i)/Nemy), =k for 1 <i <.

For the case when (d;); is odd (i.e., 1 <14 < 1), the k-algebra U,, ((m],);) also
has a unique irreducible module; it is isomorphic to V; = Uy, ((m3,)i) @v, ((my)) Lxis
which is two-dimensional and of type Q. Let IV, (my), denote the Jacobson radical of
Uy, ((my);) (which is the ideal of Uy, ((m}.);) generated by all the elements z — x(Z)
with Z € (my);). Then Uy, ((my,);)/Nmy), is isomorphic to the simple superalgebra
Q@ for 1 < @ < I. For the case when (d;); is even (ie., [ +1 < i < r), one
can also define Ny, as the Jacobson radical of Uy, ((my);). Moreover, we have
Uy, ((my)i) = Uy, ((mx);) and N(wy), = Nimy), for (my); = (my); by construction;
thus Uy, (mg)i)/Nmy), = k.

Since Iy = @;_, (Ix);, it is easy to verify that

Uy (my) = ®U ((mi)),  Uy(my) 2= Q) Uy, ((mi)i) (6.11)

as k-algebras. For a U, (I)-module M set
M™ ={ve M| (z—x(Z)).v=0forall T € my}.

As the finite-dimensional restricted Lie superalgebra [ is a direct sum of basic Lie
superalgebras, an analogous discussion of [35, Proposition 4.2] shows that every
Uy (lx)-module M is U, (my)-free and M = U, (my)* ®i M™ as U, (my)-modules.

Let Ny denote the ideal of Uy (my,) generated by all the elements Z — x(Z)
with Z € my; then M™ is a U, (my)/Ny, -module. Since my = @;_, (my);, one
can conclude from (6.11) and the remark prior to it that

U)o, = U () S0 T = O (B0 ) 3, o

=1 i=1

3

= (UXI ((m]/k)l) ®Uxi((m]k)i) IXz) = ® U 1((m]/k)1)/N(m]{()z
i=1 =1
l r—l1 l

Ql®...®Q1®]k®...®]ngl®...®Q1

1

as k-algebras.



44 Y. ZENG AND B. SHU

Now we will introduce the refined super Kac—Weisfeiler property for a direct
sum of basic Lie superalgebras with nilpotent p-characters.

Proposition 6.5. Let I be a direct sum of basic Lie superalgebras over k = TF,,
and x € (k)5 be a nilpotent p-character. Retain the notation in (6.10) and below,
and assume that the prime p satisfies the restriction imposed in §2.1 (Table 1).
Then the dimension of every U, (lx)-module M is divisible by pdT0 9% (appoint
1 =0 if the (dy); are all even for 1 <i < r).

Proof. For each U, (I)-module M, the arguments preceding the proposition show

that the U, (my)-module
M = UX(m]k)* Qp M™x (6.12)

is free. Let us first investigate the dimension of M™k. Since M™* is a module over
l

the superalgebra U, (my)/Ny, = m, based on the parity of | we will
consider each case separately.
(i) When [ is odd, (6.8) and (6.9) imply that
1
Uy () Ny 2 Q15+ 6 Q1 = Q.

Since Q2 =1 is a simple superalgebra whose unique irreducible module is 2 - 27 =
2% -dimensional, it follows from Wedderburn’s theorem [14, Theorem 12.2.9] that
every Qz% -module has dimension divisible by 2% . In particular, the dimension
of M™x is divisible by 2% By the same discussion as in [35, Theorem 4.3] we
can conclude that dimmy = (%, dllgl); then dim U, (my) = p% 2@. Together
with (6.12) this implies that each U, (Ix)-module M has dimension divisible by

p%Qd&;I . QHTl = pdTOlel;l .
(ii) When [ is even, it follows from (6.8) and (6.9) that
1

—_——N—
Ux(My) /Ny 2Q1 @ @Q1 =M1,

257
Since M2 Lo1 Lo is a simple superalgebra whose unique irreducible module is 25-
dimensional, it follows from Wedderburn’s theorem [14, Theorem 12.2.9] that every

M2 Lo1 1 _,-module has dimension divisible by 23. In particular, the dimension of
M™x is divisible by 22 . The same discussion as in [35, Theorem 4.3] shows that
dimmy, = (%, %); then dim U, (my) = pd702d71. Together with (6.12) this implies
dy _di+l

2277 .

dfy d}
that each U, (Ix)-module M has dimension divisible by p7 27 - 25 =p



FINITE W-SUPERALGEBRAS AND LOWER BOUNDS 45

The discussions in (i) and (ii) complete the proof.
O

Remark 6.6. Recall that d] and [ have the same parity by the preceding discus-
sion. Thus Proposition 6.5 coincides with the consequence obtained by Wang—Zhao
in [35, Remark 4.6] on the special occasion that at most one of the (d;); is odd for
1 < i < r. However, when more than two of the (dy); are odd for 1 < i < r, the
dimensional lower bounds of the representations of Iy given here should be opti-
mal (see the proof of the forthcoming Theorem 6.7), which are much larger than
those mentioned in [35, Remark 4.6]. Also note that the conclusion we obtained
in Proposition 6.5 does not depend on Conjecture 1.3.

6.3.3. Assuming Conjecture 1.3, the following theorem shows that the dimen-
sional lower bounds for the representations of reduced enveloping algebra U, (ly)
with nilpotent p-character x € (Ix)3 in Proposition 6.5 are accessible.

Theorem 6.7. Retain the assumptions in Proposition 6.5. If Conjecture 1.3 holds
and p > 0, then the reduced enveloping algebra U, (Ii) admits irreducible repre-

di+1

d/
sentations of dimension p= 27 (appoint | = 0 when the (dy); are all even for
1<i<r).

Proof. For each 1 <7 < 7, let Q)i be the (Ix);-module as defined in §2.3.2, and
denote by Uy, ((lk):, &) = (Endy,),QY:)°P the reduced W-superalgebra of basic
Lie superalgebra (lx); associated with nilpotent element €; € ((Ix)i)g. Let QY be
the lx-module with the same definition as in §2.3.2, and U, (lx, €) be the reduced
W-superalgebra of [} associated with nilpotent element & € (I ). Then we have

T op
Uy (I, €) = (End,, Q)P = (Endé([) b §>
k)i .
=t (6.13)

T

= Q) (End(,), QX)) = Q) Uy, ()i, &)

i=1 i=1
as k-algebras. Now we proceed with the proof by steps.

(1) We first prove the conclusion for the k-algebra ®i:1 Uy, ()i, €5). We
will carry out the proof by induction on .

(1-1) For the beginning of the induction, let us first look into each single term
(); for 1 < 4 < I, and make some basic observations on the tensor product of
two terms. Under the assumptions of the theorem, Corollary 6.3 shows that the
k-algebra U,, ((Ix)i, &) admits two-dimensional representations for 1 < i < [
Denote by Vi and V, the two-dimensional irreducible representations (of type
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Q) of the k-algebras U,, ((fx)1, €1) and U,, (()2, &2) (if it occurs), respectively.
Then it follows from Lemma 6.4(iii) that V; K Vo = (V) @ Vo) @ T (Vi @ Va)
as Uy, ()1, €1) ® Uy, ((Ix)2, €2)-modules, where Vi @ V, is an irreducible
Uy, (1)1, €1) @ Uy, ((Ik)2, €2)-module of type M. Recall that V3 ® V4 is the same
underlying vector space as T(V; ® V3), thereby sharing the same dimension, i.e.,
dimV; ® Vo = dim Y (V; ® V3). Since Vi K V5 is just V3 ® V; as vector spaces, from
all of the above we can conclude that V; @ V2 is an irreducible U,, ((l)1, €1) ®
Uy, ((li))2, &)-module of type M with dimension 2 = 23.

Denote by V3 a two-dimensional irreducible representation (of type @) of the
k-algebra Uy, ((lk)3,e3) (if it occurs). It follows from Lemma 6.4(ii) that (V; &
Vo) ® V3 is an irreducible (U, ()1, €1) @ Uy, ((fk)2, €2)) @ Uy, ()3, €3)-module
of type @ with dimension 2-2 =4 = 2%,

(1-ii) On the basis of (1-i), we can easily draw the conclusion by induction on
the number of the terms for ®§:1 Uy, (), €;), summarizing it as

(1-ii-1) when [ is odd, the k-algebra ®i:1 Uy, ((Ii)i, &) admits an irreducible
representation of type @ with dimension 272 , and we denote it by V;

(1-ii-ii) when [ is even, the k-algebra ®§:1 Um(([lk)liaéi) admits an irreducible
representation of type M with dimension 22 (assume that [ = 0 when
the (dy); are all even for 1 <14 < r), and set it as V.

(2) Now we consider the general case with Uy (I, €) =2 @._; Uy, ((I)i, &)

Under the assumptions of the theorem, Corollary 6.3 shows that the k-algebra
Uy, ((Ik)s, &) admits one-dimensional representations of type M for [ +1 < i < r
(if it occurs). Easy induction based on Lemma 6.4(i) shows that the k-algebra
Qi—111 Ux: ()i, &) admits a one-dimensional representation of type M, denoted
by W.

Note that @;_, Uy, ((lk):, &) = ®2=1 Uy (h)is €) @ Qi—i1 U ()i, €i).
Based on the parity of [, we will consider each case separately.

(2-1) When [ is odd, (1-ii-i) shows that the k-algebra ®é:1 Uy, ((Ix)i, €;) ad-
mits an irreducible representation V of type @ with dimension 2“?17 and the k-
algebra @;_;, | Uy, ((lk):,€;) admits a one-dimensional representation W of type
M by the preceding remark. It follows from Lemma 6.4(ii) that V X W is an irre-
ducible module of type @ with dimension 2 for the k-algebra ®i:1 Uy, ()i, &)
® ®::l+l UXi(([]k)iv €)= ®;:1 Uy ((h)s, €:)-

(2-ii) When [ is even, (1-ii-ii) shows that the k-algebra ®i:1lUxi(([}k)i,éi)
admits an irreducible representation V' of type M with dimension 22, and the k-
algebra @;_;, | Uy, ((lk)i,€;) admits a one-dimensional representation W of type
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M by the preceding remark. It follows from Lemma 6.4(i) that V' KW is an irre-
ducible module of type M with dimension 2% for the k-algebra ®§:1 Uy, ()i, &)
® ®;:l+1 UXi (([lk)tv é’i) = ®2:1 UXi (([]k)’i’ éL)

(3) Keeping in mind the algebra isomorphism
Uy () = Matp%z(%w (Uy (I, €)) (6.14)
(cf. [35, Remark 4.6]), we can conclude
(3-i) when [ is odd, it follows from (2-i) that the k-algebra U, (li) affords irre-

df di-1 141 d di+1

ducible representations of dimension p2' 272 -2 =pz 277 ;

(3-ii) when [ is even, it follows from (2-ii) that the k-algebra U, (lx) affords
irreducible representations of dimension pdTO 2% .24 = pd702d12+l .

Summing up, we complete the proof. O

Remark 6.8. Recall that the dimensional lower bounds introduced in Proposi-
tion 6.5 are much larger than the boundary obtained by Wang-Zhao in [35, Re-
mark 4.6] when more than two of the (d;); are odd for 1 < i < r (cf. Remark 6.6).
In fact, careful inspection of the proof of Theorem 6.7 shows that Wang—Zhao’s
estimation on these lower bounds can never be reached in this case, and those
introduced in Theorem 6.7 are optimal.

§6.4. Discussion for basic Lie superalgebras with arbitrary
p-characters

In this subsection we will consider the accessibility of the lower bounds of the
super Kac—Weisfeiler property with any p-characters in Proposition 6.1.

6.4.1. For a given p-character £ € (g]k)g, we have its Jordan—Chevalley decom-
position § = &5 + & under the Ad (G )ev-equivariant isomorphism (gi)5 = (gx)o
induced by the nondegenerate bilinear form (-,-) on (gx)g. That is to say, the de-
composition of £ can be identified with the usual Jordan decomposition Z = 5§+ n
when £ corresponds to Z under the isomorphism (g)5 = (gi)o- Let i be a Cartan
subalgebra of gy that contains 5 and denote by [} = gy, the centralizer of 5 in gy.
Let @ be the root system of gi and ®(Ik) := {o € & | a(5) = 0}. By [35, Proposi-
tion 5.1], I is always a direct sum of basic Lie superalgebras with a system A of
simple roots of gi such that A N ®(l) is a system of simple roots of ®(ly) (note
that a toral subalgebra of gy may also appear in the summand). This is to say,

e = g = Plow)i @ 4,

i=1
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where each (gi); is a basic Lie superalgebra for 1 < ¢ < r, and ] is a toral
subalgebra of gi. Then by [35, §5.1], & = & + - -+ + & is a nilpotent p-character
of l with & € (gi)} (each & can be viewed in [} by letting &(g) = 0 for all
RS @#i(gu{)j @) for 1 <i<r. Let i =71+ -+ 7, be the corresponding
decomposition of 7 in [ such that &(-) = (f;,-) for 1 < ¢ < r. Then we can
obtain the reduced W-superalgebra Ug, ((gi)q, ;) of (gi); associated with nilpotent
element 7; € (gi);. It is easily verified that

Ue, (é(gn«)i,n> = @ Ue, ((g1)i, i)

=1

by the same discussion as (6.13). Define

do := dim(gr)5 — dim(gf)s,  d1 := dim(gr)7 — dim(g§)1,
(do); == dim((gw):)5 — dim((gw)")g, (d1); := dim((gw):)7 — dim((gx)]")1,

where g denotes the centralizer of Z in gk, and (g]k)?" is the centralizer of n; in
(gi); for each i € {1,...,7}. Rearrange the summands of @;_,(gk); such that
each (dq); is odd for 1 < ¢ <1 (if it occurs), and each (d;); iseven for [+1 <i < r
(if it occurs).

Let by = b @ ni be the Borel subalgebra associated with A. Let py be a
parabolic subalgebra of gy with Levi factor [y, i.e., pi = [ + by = [l B ug, where

(6.15)

u is the nilradical of py. Set u;. to be the complement nilradical of py such that
Ok = Pk D uy = ug @ i ®uy as vector spaces. Since &(ux) = 0 and &|, = &y, is
nilpotent by [35, §5.1], any Ug(lix)-mod can be regarded as a Ug(pi)-mod with a
trivial action of ug. Wang—Zhao proved that the k-algebras Ue (gi) and Ug (Ix) are
Morita equivalent in [35, Theorem 5.2], and any irreducible U (gi)-module can be
induced from an irreducible Ug (I )-mod (which is also a Ug (pi )-mod with a trivial
action of uy) by

Ug(g]k) QU (pr) — Ug([]k)—mod — Ug(g]k)—mod. (6.16)

6.4.2. Keep the notation and assumptions as in §6.4.1. We first recall the following
result.

Proposition 6.1 ([35]). Let gi be a basic Lie superalgebra over k = F,, assuming
that the prime p satisfies the restriction imposed in §2.1 (Table 1). Let £ be an
arbitrary p-character in (gi)5. Then the dimension of every Ug(gi)-module M is
divisible by pdTOQLdTlJ,

The above proposition was first verified by Wang—Zhao in [35, Theorem 5.6].
Compared with the proof we present below, Wang—Zhao’s proof in [35] is more
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concise since they did not consider the parity of the (dy); (1 < i < r) for the
summands of [y = gj decomposed into @;_, (gi)i D t,.

As our approach to the main goal of this subsection will be much dependent
on the analysis of the parities of those (d;);, along with the above result, then we
have to formulate another proof of Proposition 6.1, based on Proposition 6.5. This
will be important for us to get at the goal.

Proof. (1) First note that [35, Theorem 5.6] shows

dim gg — dim g¥ = dim g — dim [
dim gy — dim gp = dim g — dim by ) (6.17)
= 2dim u;. + (dim g — dim I;),
where [f! denotes the centralizer of 7 in [x. Since I = @B,_,(gx); ® 4, and n €
@._, (gK):, it is obvious that (¢} )™ = t]; then
dim b — dim I =~ (dim (gs)i — dim (g1)}"*) + dim , — dim ()"

=1

v . (6.18)
:<Z(d0)i7 Z(dl)i)-
i=1 i=1
As dimuy, = dimuy, (6.17) shows that
do — >0 (do);
dim (g )g = dim(u)o = % (6.19)
6.19
dy = >0 (dy);

(2) For Iy = @ (gk): D 4., we have an algebra isomorphism
i=1

s T
Ve 1) = Ve, ( Pai 04 ) = e, (Do) ool 020
i=1 i=1

Let us first consider the representations of the k-algebra U, (D;_,(gik):)-
Since &gy, is nilpotent and each (gy); is a basic Lie superalgebra for 1 < i < r,
it follows from Proposition 6.5 that every Ue, (D;_, (gk):)-module is divisible by

Yiz1(do)i X7 _q(d1);
2 2 2 .

b

Next we look at the k-algebra Uy(t],). As {j, is a toral subalgebra of gi with
a basis {t1,...,tq} such that tgp] = t; for all 1 < i < d, then Up(t)) = AP? where
Ay 2 k[X]/(XP — X) is a p-dimensional commutative semisimple algebra whose
irreducible representations are one-dimensional (naturally of type M). Hence we
can conclude from Lemma 6.4(i) that all irreducible representations of Uy(t],) are
one-dimensional and of type M.
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Recall that U, (k) = U, (B, (g1):) @Up (], ). Summing up, we can conclude

T—1(do)y T _1(d1)s
2 2 .

that any Ug,, (Ix)-module is divisible by pZ

(3) Recall that an object in the representation category of Ug(lx) can be
regarded as one in the representation category of Ue(pi) with a trivial action of
ug; then it follows from (6.16) and (6.19) that the dimension of every U (gi)-mod
is divisible by

» - (dg)i QéJrZ::l (d%)i 'pdo—252=1(do)i 2‘11—Z{2=1(d1)i :pdTO % (621)
(4) We now claim that in (6.21) we have [ = 0 or 1; that is to say,
at most one of the (dy); is odd for 1 < < r. (6.22)

The proof of the claim (6.22) will be given for each case separately. Recall that
for Iy = gj, with a direct-sum decomposition i = @._, (gi);  t, we have (i) d;
and )_._,(dy); share the same parity (see (6.15), (6.17), and (6.18)); (ii) the (d1);
are odd for 1 < i < [, and the (d;); are even for [ +1 < ¢ < r (see §6.4.1). It
follows that d; and [ have the same parity. Combining this with the claim (6.22),
Proposition 6.1 follows. O

Proof of the claim (6.22). We will complete the proof by steps.

(1) The above discussion shows that we need to consider only the summands
of @;_,(gk)s, investigating the situation with nonzero odd parts. Recall that an
explicit list of non-W-equivalent systems of positive roots was found by Kac in
[12, §2.5.4] (a system of simple roots for F'(4) is missing; see the remark above [35,
Proposition 5.1]). Note that in the examples given by Kac, the Cartan subalgebra
bk is a subspace of the space D of diagonal matrices; the roots are expressed in
terms of the standard basis ¢; of D* (more accurately, the restrictions of the ¢; to
bi). In the following we assume that the semisimple element § € by.

(2) Given any nilpotent element e € sl[(M|N), we have gl(M|N); =
sl(M|N)y and gl(M|N)§ = sl(M|N)$ for all M, N € Z,, where gl(M|N)$ and
sI(M|N)$ denote the centralizers of e in gl(M|N )y and sl(M|N)z, respectively. It
follows from [35, §3.2] that (dy); (1 <4 < r) is always even for the summand (gi);
that is isomorphic to the basic Lie superalgebra of type A(m,n) with m,n € Z..
By virtue of this consequence, completely elementary yet tedious case-by-case cal-
culations show the following:
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(i) When gy is of type A(M, N), each summand of @]_, (gi); with nonzero
odd part is always isomorphic to a basic Lie superalgebra of type A(m,n) with
m,n € Zy, thus for 1 < i < r the (dy); are all even in this case;

(ii) When gy is of type B(M,N), C(M,N), or D(M, N), each summand of
@._, (gk); with nonzero odd part is either isomorphic to a basic Lie superalgebra of
type A(m,n) with m,n € Z; or at most one summand is isomorphic to B(m,n),
C(m,n), or D(m,n) (m,n € Z.) respectively (which is of the same type as g).
Hence for 1 < i < r, at most one of the (d;); is odd in this case.

(iii) When g is of type D(2,1;a) or G(3), each summand of @,_, (gx); with
nonzero odd part is either isomorphic to a basic Lie superalgebra of type A(m,n)
with m,n € Z4; or at most one summand is isomorphic to B(m,n) (m,n € Z,).
At the extreme, I = g equals D(2,1;a) or G(3) respectively when 5§ = 0. Hence
for 1 < ¢ < r, at most one of the (d;); is odd in this case.

(iv) When gy is of type F'(4), each summand of @);_, (gi); with nonzero odd
part is either isomorphic to a basic Lie superalgebra of type A(m,n) with m,n €
Z,; or at most one summand is either isomorphic to B(m,n) with m,n € Zy, or
to D(2,1;a). At the extreme, I = gf = F(4) when 5 = 0. Hence for 1 <i < r, at
most one of the (dy); is odd in this case.

Summing up the above discussions, we can conclude that at most one of the
(d1); (1 <4 < r)isodd in the summands of @;_,(gr);. Then we complete the
proof of the claim (6.22). O

Remark 6.9. The significance of the above new proof can be seen as below:

(1) From the precise analysis of the proof, one can conclude that the lower
bounds for the dimension of Ug(gi)-modules critically depend on the parities
of the (dy); for 1 < i < r. Without careful inspection of the summands of
e = D;_,(gk)i ® tf,, we cannot ensure that the lower bounds introduced in [35,
Theorem 5.6] are optimal.

(2) What we are concerned with is the realization of “small representations”
of dimensions equaling the lower bounds in [35, Theorem 5.6], when assuming
Conjecture 1.3. By the above proof, we can demonstrate how to realize the Ug(gy)-
modules of minimal dimensions by the representation theory of the k-algebra
Ue (I); see §6.4.3 for more details.

6.4.3. The proof of Theorem 1.5. Now we are in a position to prove Theo-
rem 1.5, attacking the problem of the accessibility of the lower bounds in the super
Kac—Weisfeiler property [35, Theorem 5.6].
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Proof of Theorem 1.5. Retain the notation in (6.15). For the subalgebra i = gi =
@D._, (gi)i DY, of gi, recall that Theorem 6.7 shows that, assuming Conjecture 1.3,
the k-algebra Ug, (D._, (gi):) admits an irreducible representation of dimension

” (dg); ke (d1)q . .
pi=1 Phof+Tin Y , and we denote it by V. By the arguments of step (4) in
the proof of Proposition 6.1, one can conclude that

S (dg); (A1) S (do); S (d1);
dimV—pi; g12%+iz1 5l—p§1 cRN DR

Step (2) in the proof of Proposition 6.1 shows that the k-algebra Uy(t;,) affords
an irreducible representation of dimension one, denoted by W (note that it is
of type M). Thus it follows from Lemma 6.4 that V X W is an irreducible rep-
resentation of the k-algebra Ue, (D;_, (gk)i) ® Uo(ty) = Ue(lk) with dimension
pZio ol Ti, P

Recall that any Ug(lx)-mod can be regarded as a Ug(pi)-mod with a triv-
ial action of uy. It follows from (6.16) that the Ue(gi)-module induced from the
Ue (pi)-module VRIW is irreducible. By (6.19) we can conclude that the dimension
of this induced module is equal to

r (do)s ro (d1)g do—37_1(dg); d1—=37_1(d1);
21 (221 ]
pei= 2 92 i= 2 ) 2 2 2

:p222+(LZi:1 L= )

Owing to (6.15), (6.17), and (6.18), >-'_, (d1); and d; have the same parity. Hence,
the desired result follows from (6.23). O

Remark 6.10. For the reduced enveloping algebra U (gi) with arbitrary p-char-
acter £ € (gi)g, the formulation of the super Kac-Weisfeiler property in Proposi-
tion 6.1 is dependent on the gj that equals the direct sum of some basic Lie super-
algebras and a toral subalgebra, and set it to be €._, (gi); Dt} (cf. [35]). However,
after the super Kac-Weisfeiler property for the k-algebra Ug, (D._, (gi):) is re-
fined in Proposition 6.5, one may be worried whether the real minimal dimensions
of the representations of Ug (gi) are much larger than those introduced in Proposi-
tion 6.1. Fortunately, Theorem 1.5 certifies that they are exactly the real minimal
dimensions of those representations, when assuming Conjecture 1.3.

87. Reducing Conjecture 1.3 to the rigid nilpotent cases

In the concluding section we will reduce the investigation of Conjecture 1.3 to
the rigid nilpotent cases, generalizing the arguments of [29, §3.2] in the ordinary
finite W-algebra case. We maintain the same notation as used previously.
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87.1. Rigid nilpotent elements

We first introduce the notion of induced nilpotent elements for basic Lie su-
peralgebras, analogous to the case of reductive Lie algebras (cf. [4], or [18]). Given
a basic Lie superalgebra gc over the field of complex numbers, [5, §3.3] shows that
there is a Chevalley basis B of g¢ excluding the case D(2,1;a) with a ¢ Z (in
the case D(2,1;a) with a ¢ Z being an algebraic number, adjust the definition of
the Chevalley basis by changing Z to Z[a]). Denote the Chevalley Z-form in gc¢
associated with B by gz. We continue to assume that the field F is either F = C or
F =Lk, and p > 0 when k = Fp. Let gr := gz ®zF be a basic Lie superalgebra over
F. Let pr be a parabolic subalgebra of gr with the proper Levi subalgebra Ip and
nilradical ufF" . Then we have pp = [ © ul‘FIr . Denote by uy the opposite nilradical of
pr; then gr = ug @ g @u];f.

Definition 7.1. Retain the notation above. A nilpotent element e € (pr)g is said
to be induced from a nilpotent element ey € (Iy)g if the following items are satisfied:
(1) [pr, €] = [lr, e0] D ui as vector spaces;

(2) gf C pr, where gf denotes the centralizer of e in gp.

Call e rigid nilpotent if there is no ey as above such that e is induced from eg.

For a given pair of nilpotent elements (e, eg) in the reducing relation as in
Definition 7.1, one can give a further description as follows.

Proposition 7.2. Retain the notation above, and let e € py be a nilpotent element
induced from a nilpotent element e, € Ip. Then there exist nilpotent elements
eg € g and e; € u]‘F”' such that e = eg + ey, and e can also be considered induced
from eg.

Proof. Since e € pp and pp = [ B u]}', there exist ey € Iy and e € uﬂ: such that
e = eg + e1. Obviously, the elements eg and e; are nilpotent. In the following, we
will verify that [pr, €] = [I, €0] & .

First note that

[bE, €] = [Ir + ug, 0 + e1] = [Ir, o] + [Ip, e1] + [ug, eo] + [ug, eq]. (7.1)

Since ey € Ip, e1 € u, and uf is the nilradical of pr, we have [lr,eo] C I,
[Ir, €] + [uf, eo] + [ug, e1] Cu.
On the other hand, as e is induced from e}, € lr, we have
[or, €] = [l €g] © 15 . (7.2)

Combining (7.1) with (7.2), we have that [lg, eo] = [Ir, €f], uf = [Ir, e1] + [ug, eo] +
[u, e1] as vector spaces. Therefore, (7.1) shows that [pr, €] = [lr, eo] D1y, i.e., the
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nilpotent element e can also be considered induced from ey € Ig. This completes
the proof. O

In the following we will always assume that e € (pg)g is induced from an
element eg € (Ir)g such that e = eg + 1 for some e € .

Remark 7.3.
(1) The notions of “induced nilpotent” and “rigid nilpotent” can also be
introduced for odd nilpotent elements. Proposition 7.2 still holds for them.

(2) Hoyt introduced the notion of Richardson elements for a basic Lie su-
peralgebra gr in [9, §4.3]. Our setting in Definition 7.1 includes Hoyt’s definition
of Richardson elements as a special case when ey = 0, which is parallel to the
relationship between their counterparts in the Lie algebra case.

Now continue to consider the super case. One can easily verify
Proposition 7.4. Keep the above notation. The following are true:
(1) dim g = dim [°, where [;° denotes the centralizer of eg in Ig;
(2) dim [gr, €] = dim [lr, o] + 2dim u7".
Proof. (1) Since pp = Iy ® uyf, one can conclude from [pp, e] = [lr, €] @ ui that

dim pr — dim [pp, €] = dim [ — dim [lg, o).
Then it follows from
dim py = dim pr — dim [pr, €], dim [° = dim lp — dim [l, eo]

that
dim p§ = dim [0, (73)

On the other hand, since pr is a subalgebra of gr, it is immediate from gi C pr
€o

that pf = gf. Combining this with (7.3), we have dim gf = dim [°, proving (1).

(2) Since dimuy = diimu];f, we have dimgr = dim [f + 2di7mu];f. Note that
dim gf = dim gr — dim [gr, €]; then we have

dim [gr, €] = dim gr — dim gf = dim lp — dim gf + 2dim u;
= dim Iy — dim [£° + 2dim u;
= dim I, eo] + 2dim ey,
where the third equality follows from (1). All these complete the proof of (2). O

In the following, we will give an example of the induced nilpotent elements
associated with basic Lie superalgebras.



FINITE W-SUPERALGEBRAS AND LOWER BOUNDS 55

Example 7.5. Let V = V5 @ V; be a superspace with dimV = (2,4); then
gl(2]4) = End(V) is a general linear Lie superalgebra associated with V. Choose
ordered bases of V5 and Vi that combine to a homogeneous basis for V. Then
parameterize such a basis by the set I(2]4) = {1,2;1,2,3,4}. The elementary ma-
trices are accordingly denoted by e; ; with 4,5 € I(2]4). With respect to such an
ordered basis, gl(2]|4) can be realized as 6 x 6 complex matrices of the block form

alb
) o

where a, b, ¢, d are respectively 2 x 2, 2 x 4, 4 x 2, 4 x 4 matrices. The even
subalgebra gl(2[4)g consists of matrices of the form (7.4) with b = ¢ = 0, while the
odd space gl(2|4)1 consists of those with a =d = 0.

Let b be the typical Cartan subalgebra of g := gl(2|4) consisting all of diagonal
matrices. Let ® be a root system of g relative to h whose simple root system

A = {8 — 62,00 —€1,61 — 9,62 —€3,63 — €4}

is distinguished, where {d;, £} ; is the basis of b* dual to {e; ;, e;,;}:,; fori € {1,2}
and j € {1,2,3,4}. Consider A’ := A\{e2 — £3}, a subset of A. Associated with
A’, there are a standard Levi subalgebra and a parabolic subalgebra of g, which
are denoted by [ and p respectively. Then p = [+ u™ with

ut = (Cei,g D (CeiA D (Ceig D (CGQA D (Cel’g D C€1’4 D (Ceg’g D C62’4.

Let eg := e1 3 + €12 +e34 be an element in [. Then e = eg + 1 fore; =eq3 € ut.
One can verify by a direct computation that e € pg is induced from eg € [j.

8§7.2. Some conventions

We now make some conventions for accomplishing the “modular p reduction”
in connection with the “induced nilpotent elements”. First recall the notation
in §2.1.2. For a given basic Lie superalgebra g over the field C, there exists an
algebraic supergroup G satisfying Lie(G) = g, and G has an ordinary connected
reductive group Ge, with Lie(G.,) = gg such that the action of G, on g can be
reduced to the adjoint action of gg.

Let e € pg be induced from an even nilpotent element ey in a proper Levi
subalgebra [. Up to an Ad Gey-isomorphism, Dynkin—Kostant theory ensures that
the nilpotent element e may be assumed in the Z-span of the vectors of a Chevalley
Z-form gz associated with the distinguished simple root system (cf. [5, §3.3] for
the Chevalley basis of g). What is more, we can further assume that e is also in
the C-span of the positive root vectors relative to a W-equivalent root system of
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the parabolic subalgebra p of g, where W is the Weyl group of g. Put such a root
system as ®, with a simple root system A’ = {a],..., ]} (in contrast to the Lie
algebra case, it is a super phenomenon that all the systems of simple roots, or the
systems of positive roots of g, are not equivalent under the Weyl group, thus A’
is not necessarily a distinguished one). Let (®')% be the corresponding positive
system in @) and set (&)~ := —(®')*. Denote by b’ the corresponding Cartan
subalgebra of g such that the root system ®’ is relative to §’ with simple root
system A’. Write gg := gz ®z Q for the Q-span of gz in gc. As e € (gz)g, by the
same discussion as in [27, §4.2] we can find f, h € (gg)g such that (e, h, f) is an slo-
triple in g. Then the above settings ensure that h € h’. Let g = (n')” @ b’ & (n)*+
be the corresponding triangular decomposition of g, with b’ = b’ & (n')™ being
the Borel subalgebra associated with A’. Let g = b’ @ (P,cq 9a) be the root
space decomposition of g associated with ®'. By sls-representation theory, one can
choose a basis of g such that all simple root vectors X1, € g, (o € A’), together
with all root vectors X, € g, (o € ®') generated by these simple root vectors,
and also a basis of h’ with & € ®’ (denote them by H, € b’), are in the Q-span
of the vectors of the Chevalley Z-form gz, with e also being in the Q-span of the
positive root vectors X, € g, with a € (®')7.

Under the above settings, we can assume that A’ N®’(I) is a system of simple
roots for the root system ®’([) of [ with ®'(I) being a subsystem of ®’; then we
have [ = @, cnr CHa® (Do) CXa)- Let (®'(I))* be the corresponding positive
system of [in ®'([). Put p = [+b’ = [®u™, where u™ is the nilradical of p. It can be
easily observed that p is the subalgebra of g generated by b’ and all the root spaces
ga witha € A" or —ar € A'NP'(I). Moreover, we have u™ = @, o)+ (#/(17)+ CXa;
and p = P, cn CHa & (B, (1yu(a)+ CXa). Since e is in (n')™ by the preceding
discussion, sls-representation theory yields that g¢ C p.

§7.3. Reduction to the rigid nilpotents: Theorem 1.4 and its proof

Now we can go into the main results of this section. Given a Lie superalgebra
grover F=Cor k= Fp with p > 0, note that we always have dim gc = dim gy,
and so do the subalgebras of gc and gy.. Therefore, we will not distinguish between
them in the following discussion.

Proposition 7.6. For a basic Lie superalgebra g over C, let e be an even nilpotent
element in a parabolic subalgebra p of g, which is induced from an even nilpotent el-
ement eg in a proper Levi subalgebra I. Define d := dim([l, []); —dim([[, []°°)3, where
[, 1] denotes the centralizer of eq in [I,1]. When d is even (resp. odd), if the finite
W -superalgebra U ([I, 1], e9) affords a one-dimensional (resp. two-dimensional) rep-
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resentation, then the finite W -superalgebra U(g, e) also admits a one-dimensional

(resp. two-dimensional) representation.

The above proposition is a generalization of [29, Theorem 3.1]. Compared
with the finite W-algebra case, we have to bypass the machinery of nilpotent
orbits for Lie superalgebras in the proof for the lack of related settings. Moreover,
the ramifications of the possible minimal dimension for the representations of finite
W-superalgebras in Conjecture 1.3 (which resulted from the parity of d) makes
the situation much more complicated. So we will still give the details of the proof.

Proof. (1) Let ut be the nilradical of p such that p = [® u™ as vector spaces. By
Proposition 7.2 one can assume that e = eg +e; for an element e; € u™. Retaining
all the settings in §7.2, we further assume that e, eg, e; € (gz)5-

Let g = @ cn CHo @ (P e CXa) be the root space decomposition of g
associated with @’ such that all simple root vectors X1, € go (a0 € A’), together
with all root vectors X, € go (o € ®') and the semisimple elements H, € b’
(a € ®') generated by them, are in the Q-span of the vectors in the Chevalley
Z-form gz, with e also being in the Q-span of the positive root vectors X, € gq
for a € (®)*. Set g = Bpenr QHa © (Dyecer QXa). Denote by by the Q-span
of all the vectors H, € b’ with a € A', and define lg := b & (B ,ecqp (1) QXa)-
Obviously b(’@ and g are subalgebras of b’ and [, respectively. One can further
define the Q-subalgebras of u* and p by

ua = @ QX,., po = lo @ua,
a€(®)F\(2 (D) *

respectively.
We claim that

[pQ7 6] = [[Qv 60] D u(ig' (75)

(a) First recall that e = eg + e1, where eg € 5, €1 € u
By the same discussion as in (7.1), one can show that

3‘, and eg,e1 € (9z)5-

o, €] [l eo] ® uf (7.6)
as vector spaces.

(b) On the other hand, since the base vectors of g that we have chosen can
be written as the Q-span of the vectors in the Chevalley Z-form gy of g, it follows
from sly-representation theory that dimg g® = dimg 95 and dim¢ [ = dimg [(le’.
As g° C p by Definition 7.1(2), combining this with Proposition 7.4(1), one can



58 Y. ZENG AND B. SHU

conclude that dimg p§ = dimg [60. Thus we have

dimg [po, €] = dimg pg — dimg pg
= dimg [g — dimg I + dimg ug) (7.7)
= dimg [lg, €o] + dimg ug.
Then the claim (7.5) is an immediate corollary of (7.6) and (7.7).

(2) Recall that in §2.2.1 we introduced the admissible ring A. Enlarging A if
necessary, one can assume that all the base vectors of g given in step (1) (which
are in the Q-span of the vectors in the Chevalley Z-form gz of g) are also in the
A-span of the Chevalley basis of g. Let ga, 'y, [a, u}, and ps be the A-span
of the corresponding base vectors that define go, by, lo, ua and pg in step (1),
respectively. Enlarging A further, we may assume [[4, €g] is a direct summand of
[4, and claim (7.5) shows that [pa,e] = [la,e0] Dul. As gi = ga ®ak (cf. §2.3.1),
one can further define by, [, u]'k" , and py in g to be the modular counterparts of
by, La, uX, and p4 in ga, respectively. Define € := e® 4 1 and €y := ey ® 4 1; then
[Pk, €] = [l, €] g for all p > 0.

Put xo := (€9,-) and x := (&, ), which are the linear functions on [l and gy,
respectively. Note that x vanishes on uﬁt and the restriction of x to [y equals xg.
Denote by 3(l) the center of [y in k. Since [ is a Levi subalgebra of gy, we have
le = [, fe] @ 3(I), and

Uyo (i) = Uy ([l ]) @1 Uo (3(lc)) (7.8)

as k-algebras. As ®'(I) C @’ is the root system of I, by knowledge of linear
algebras one can find an element § in the Cartan subalgebra b of gg such that
gf{ = I, where gf{ denotes the centralizer of 5 in gy. Moreover, [l, l] is a direct
sum of basic Lie superalgebras, and 3(Ix) C by, is a toral subalgebra of gy.

(i) Set dimj(lx) = k. As 3(lk) is a toral subalgebra of gi with a basis
{t1,...,tr} such that tgp] =t; for all 1 < ¢ < k, then Up(3(Ix)) = A?d where
Ay 2 k[X]/(X? — X) is a p-dimensional commutative semisimple algebra whose
irreducible representations are one-dimensional. Hence the k-algebra Uy (3(Ii)) has
a one-dimensional representation; set it as W.

(ii) When
d = diml[l, l]; — dim][, (] (7.9)

is even (resp. odd), the C-algebra U([[, (], ) admits a one-dimensional (resp. two-
dimensional) representation by the assumptions in the proposition. Set

d' = dim[l, [y — dim[t, []<°. (7.10)
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Since Proposition 6.1 holds for a direct sum of basic Lie superalgebras in the case
that all the p-characters associated with them are nilpotent (cf. [35, Remark 4.6]),
by the same discussion as the proof of Theorem 1.6 one can check that Theo-
rem 1.6 is also true in this situation. Thus the k-algebra U, ([lx, &]) affords a
representation of dimension p%ﬂ%J whether d is even or odd; set it as V.

Combining (i) and (ii), one can conclude that VX W is a representation of
the k-algebra U, (k) = Uy, ([, k]) @k Up(3(Ik)) with dimension p%QL%J whether
d is even or odd; set this module as V'. Write

dy == dim [ — dim [°, d} :=dim [y — dim [°. (7.11)

Since I, = [l, k] @ 3(k) and 3(Ik) is the center of [k, it can be easily observed that
dfy = d' and d} = d by direct computation.

(3) For the Uy, (Ix)-module V', we may regard it as a U, (pi)-module with the

trivial action of u;” and consider the induced U, (gk)-module V= Uy (0K) ®u, (py)
V', Set
do := dim g5 — dim g, d; := dim g7 — dim g§.
Since
dim gf, = dim [[°
by Proposition 7.4(1), we have
dim gy — dim gf, = dim gi — dim [[° = 2dimw + (dim [ — dim [{°).  (7.12)

It follows from (7.12) that d} and d; have the same parity. Applying Proposi-
tion 7.4(1) again, it follows from the PBW theorem that

dimV = pdim (gx)o —dim(pi)o gdim (gr)1 —dim(pr)z . p%IQL%J

dim(g)) g —dim (1) g +dim(1y )5 —dim(150) 5 ol dim(ay) 1 —dim (1) +dim ()7 —dim(1£0) |
2 2

=p

dim(gy)g—dim(sf)g dim(gy)7 — (dim gf)7
2 2'. 2 J

=p
—pFol P,

Then Proposition 3.9 entails that the reduced W-superalgebra T'(gi,€) admits
one-dimensional (resp. two-dimensional) representations when d; is even (resp.
odd). Since this holds for all p > 0, Lemma 4.6 (resp. Lemma 5.7) yields that the
finite W-superalgebra U(g,e) affords a one-dimensional (resp. two-dimensional)
representation when d; is even (resp. odd). As d and d; have the same parity, this
completes the proof. O

Recall that in [29, Theorem 3.1], Premet reduced the problem of the existence
of one-dimensional representations of finite W-algebras to one with rigid elements.
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One may expect that Proposition 7.6 can play the same role for the representations
of finite W-superalgebras. In fact, this idea is indeed feasible. We put it as follows:

Retain all the notation introduced in Proposition 7.6 and its proof. Recall that
[k, ] is a direct sum of basic Lie superalgebras, and so is the Lie superalgebra [I, []
over C. Set [I,1] = @)_, l;, where [; is a basic Lie superalgebra for each 1 <i <r,
and let eg = €1+ - -+ e, be the decomposition of eg with each e; € [; for 1 <i < r.
Write

(do)i := dim(l;)5 — dim([")g, (dv); := dim(l;)1 — dim(I*)1 (7.13)

for1<i<r.

Retain the notation of (7.9), (7.10), and (7.13). As dj = d’ and d} = d, we
have dj = Y._,(do); and d} = >_._,(d1);. For 1 < i < r, denote by Uy, (I;, ;)
the finite W-superalgebras over C associated with each pair (I;,e;). By the same
discussion as in (6.13), one can conclude that

U([61,e0) = QU1 ) (7.14)
=1

as C-algebras.

In order to reduce proving Conjecture 1.3 to the case of basic Lie superalgebras
with rigid nilpotent elements, we must start from the representations of the C-
algebras U (I;, ;) for 1 < i < r, instead of those of finite W-superalgebra U([[, [], eg)
associated with the direct sum of the [;.

Now we will discuss the relationship between the representations of these
algebras. Based on the parity of d, we will consider each case separately.

(a) When d is even, applying (7.14) it can be easily verified that all the C-
algebras U(l;, e;) for 1 < i < r afford one-dimensional representations if and only if
the C-algebra U(][l,1],eg) has a one-dimensional representation. Therefore, in this
case we have already achieved our goal just by applying Proposition 7.6.

Remark 7.7. Note that when [ is a Lie algebra, we have d = 0. Thus the Lie
algebra case belongs to this situation.

(b) When d is odd, the situation becomes much more complicated. In fact,
we cannot just restrict all our attention to the odd case. The major difficulty
comes from the parities of the d; for 1 < i < r. What is more, even if all the
C-algebras U(l;,e;) for 1 < i < r afford two-dimensional representations, we still
cannot ensure that the C-algebra U([[, (], e9) has a two-dimensional representation
without careful inspection.

Now let us make further investigations of the case when d is odd. Recall that
g5 = Ik = [Ik, l]®3(lx) by the proof of Proposition 7.6, and so do their counterparts
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over C, i.e., g° = [ =[] ® 3(I). Then claim (6.22) shows that at most one of the
(d1); is odd for 1 < i < r. Without loss of generality, we can assume that (d); is
odd, and all the (dy); are even for 2 < i < r. Since (dy); is odd, Proposition 3.7
yields that U(ly,e1) cannot afford a one-dimensional representation. If we assume
that the C-algebra U(ly,e1) has a two-dimensional representation, and each C-
algebra U(l;, e;) for 2 < i < r has a one-dimensional representation, by the same
discussion as step (2-ii) in the proof of Theorem 6.7 endowed with I = 1, one
can conclude from (7.14) that the C-algebra U([[,],eq) has a two-dimensional
representation.

Now we can complete the proof Theorem 1.4, which follows from Proposi-
tion 7.6 and all the considerations as above.
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