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Two-Weight Norm, Poincaré, Sobolev and
Stein—Weiss Inequalities on Morrey Spaces
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Abstract

We establish two-weight norm inequalities for singular integral operators and fractional
integral operators on Morrey spaces. As a consequence of these inequalities, we obtain
two-weight Poincaré and Sobolev inequalities on Morrey spaces. Moreover, we also es-
tablish the Stein—Weiss inequality, the Hardy inequality and the Rellich inequality on
Morrey spaces.
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81. Introduction

The main results of this paper are the two-weight norm inequalities and some
important inequalities in partial differential equations, namely, Poincaré inequali-
ties, Sobolev inequalities, Stein—Weiss inequalities, Hardy inequalities and Rellich
inequalities on Morrey spaces.

The two-weight norm inequality is a natural extension of the weighted norm
inequality in analysis [14]. The main theme of the two-weight norm inequali-
ties is the characterization of those weight functions such that the correspond-
ing two-weight inequalities for the maximal function [6, 21, 40], singular inte-
gral operators [5, 8, 7, 10, 13, 27, 32, 34, 41, 48] and fractional integral opera-
tors [24, 26, 33, 42] hold.

On the other hand, the two-weight norm inequality also plays a significant
role in the study of partial differential equations. In particular, the two-weight
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Poincaré and Sobolev inequalities are consequences of the two-weight inequalities
of fractional integral operators. The two-weight Poincaré and Sobolev inequalities
have profound applications for partial differential equations such as eigenvalues
estimation [22], the regularity of degenerate second-order elliptic differential oper-
ators [4, 12] and unique continuation for differential inequalities [3].

In this paper, we further extend two-weight norm inequalities to Morrey
spaces. Morrey spaces were introduced by Morrey for the study of solutions of
some quasi-linear elliptic partial differential equations [25]. The introduction of
Morrey spaces has been one of the most important extensions of Lebesgue spaces.

Most recently, the study of two-weight norm inequalities has been extended to
Morrey spaces. The two-weight norm inequality for Morrey spaces was introduced
by Tanaka in [46]. In [46], some conditions on weights so that two-weight norm
inequalities for maximal functions are valid on Morrey spaces are identified.

The results in [46] give us the motivation to study two-weight norm inequali-
ties for singular integral operators and fractional integral operators.

In this paper, we find that, roughly speaking, whenever two-weight norm
inequalities for singular integral operators and fractional integral operators are
valid for Lebesgue spaces, they are also valid for Morrey spaces. Therefore, the
main result of this paper shows that two-weight norm inequalities on Morrey spaces
follow from the corresponding inequalities on Lebesgue spaces.

By using this principle, we establish two-weight norm inequalities for singu-
lar integral operators and fractional integral operators on Morrey spaces. These
inequalities yield two-weight Poincaré and Sobolev inequalities on Morrey spaces.

Furthermore, this principle also gives an extension of Stein—Weiss inequal-
ities for fractional integral operators to Morrey spaces. In turn it yields Hardy
inequalities and Rellich inequalities on Morrey spaces.

This paper is organized as follows. We give some preliminary results for
weighted Lebesgue spaces in Section 2. Two-weight norm inequalities for singu-
lar integral operators on Morrey spaces are presented in Section 3. We establish
two-weight norm inequalities for fractional integral operators on Morrey spaces in
Section 4. The two-weight Poincaré and Sobolev inequalities on Morrey spaces are
given in Section 5. In Section 6, we have Stein—Weiss inequalities, Hardy inequal-
ities and Rellich inequalities on Morrey spaces.

§2. Preliminaries

Let B(z,r) = {x € R™ : |x — z| < r} denote the open ball with center z € R and
radius 7 > 0. Let B = {B(z,7) : 2z € R", r > 0}. For any Lebesgue-measurable
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set E, let |E| and xg be the Lebesgue measure and the characteristic function of
E, respectively.

For any nonnegative locally integrable function u, we call u a weight. The
weighted Lebesgue spaces consist of those Lebesgue-measurable functions f satis-
fying

» 1/p
0= ([ 1f@Pua)de) ™ < .

Notice that L,(u) is not necessarily a Banach function space [2, Chapter 1,
Definition 1]. More specifically, for any unbounded Lebesgue-measurable set F
with finite measure |E| < oo, ||xE[ £, () i not necessarily finite.

Next, we present some duality results for L,(u) with respect to Lebesgue
measure.

By using the Holder inequality, we find that

[ @@l < ([ ir@pat )" ([ ol e ar)

= Ifllz,wllgllL,, v vy,

1/p’

where p’ is the conjugate of p.
Moreover, we also have the norm conjugate formulas for the pair L,(u) and
Ly (u=?'/7),

Lemma 2.1. Let 1 < p < co and u be a nonnegative locally integrable function.
We have

20 Ul =swd [ @@l o <1,

22 Wl =swf [ f@e@lde ol <1}

The above results follow from the norm conjugate formulas for the Lebesgue
spaces L,,.
Recall that the Hardy—Littlewood maximal operator M is defined as

(M)(x) = sup ﬁ /B F)ldy, fe L.

B>x

where the supremum is taken over all balls B € B containing z.
We now define the class of pairs of weights (v, u) such that M is bounded
from L,(v) to Ly(u).

Definition 2.2. Let 1 < p < oo. For any nonnegative locally integrable functions
u, v, we write (v, u) € M, if the Hardy-Littlewood maximal operator M is bounded
from L,(v) to Ly(u).
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For instance, for any 1 < p < oo and any weight u, in view of [14, Chapter II,
Theorem 2.12], we have (Mu,u) € M,.

For any 1 < p < oo, (u,u) € M, is equivalent to u € A,, where A, is the
Muckenhoupt class of weight functions [44, Chapter V, Section 1]. The reader is
referred to [21] for the proof of this result.

We have a precise characterization of the condition (v, u) € M, by Sawyer [40].

Theorem 2.3. Let 1 < p < co. For any nonnegative locally integrable functions
u, v, (v,u) € M, if and only if there exists a constant C' > 0 such that for any
cube @,

(2.3) /Q(M(vl_p/XQ)(m))pu(x) dx < C’/Qv(x)l_p/ dx < oo.

Notice that whenever (v, u) satisfies (2.3), v'~?" = v=2'/? is locally integrable.

We now obtain some estimates for the norm of the characteristic function of
B € B on weighted Lebesgue spaces whenever (v,u) € M,,. These estimates are
crucial for the establishment of two-weight norm inequalities for singular integral
operators.

Lemma 2.4. Let1 <p < oo and v,u be nonnegative locally integrable functions.
If (v,u) € M, then there exists a constant C > 0 such that for any B € B, we
have

(2.4) IxBllL,, @w-»/mlxsllc,w < CIB.

Proof. For any B € B, we consider the projection

(Pea)) = (i [ lot@)l o) xato)

There exists a constant C' > 0 such that for any B € B, Pp(f) < CM(f). Hence,
supg | P8z, ()= Lpw) < CIMI L, (w) =L, ()

Furthermore, as (v, u) € M, that is, (v, u) satisfies (2.3), we find that =P =
v~/ (#=1) = =P'/P i5 locally integrable. Therefore, for any B € B, ||XB||Lpl(v,p//p)
is well defined.

Consequently, (2.2) ensures that

IxBllL,, @w-r/mlIxBllL,w = sup { /B lg(z)| dz|[xBllL,w) : 19z, < 1}

1
—sup{ o [ ol delelli, o ol < 1}1B
B1 s
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< Cswp {nPB(g)L,,(u) Nl < 1}|B|
< Csup {||M<g>||Lp(u> Nl < 1}B| <c|Bl.

O

We now give the definition of weighted Morrey spaces that is used in this
paper.

Definition 2.5. Let 1 < p < o0, w : B — (0,00) and u be a nonnegative lo-
cally integrable function. The generalized Morrey space MP (u) consists of those
Lebesgue-measurable functions f satisfying

1
P ) = SUp ——< w) < O0.
£l e, ) Be%w(B)“fXBHLP( )

We call w the Morrey weight for MP (u).

When u = 1, MP (u) is the generalized Morrey space introduced by Nakai [28].
Furthermore, whenever u = 1 and w(B) = |B|(/?P)=(1/9) for some ¢ > p, MP (u)
becomes the classical Morrey space in [25].

83. Singular integral operator

We obtain two-weight norm inequalities for singular integral operators on Morrey
spaces in this section. We first present the conditions imposed on the Morrey
weight w.

Definition 3.1. Let 1 < p < oo and u be a nonnegative locally integrable func-
tion. For any w : B — (0, 00), we write w € W, if there exists a constant C > 0
such that for any x € R™ and r > 0,

(3.1) w(B(zx,2r)) < Cw(B(z,T)),

(3.2) 3 HXB(’%’“’”LP(“) w(B(x,27%1r)) < Cw(B(x,1)).
= IX B2+ | 2, (w)

For any a € R, whenever u(x) = |z|*, we write W), as W, 4.

Notice that (3.2) is connected to [30, (1.3)]. Moreover, some similar conditions
have been used in [16, 17, 18, 19, 20] for studies of vector-valued maximal inequali-
ties, fractional integral operators and singular integral operators on Morrey spaces
with variable exponents.
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Let A < 1/p. When u = 1 and w(B) satisfies the condition
w(B(z,2r)) < 2 w(B(z,7))

for all z € R"® and r > 0, then w € W, ,,.
We now present one of the main results for this paper: two-weight norm
inequalities for singular integral operators on Morrey spaces.

Theorem 3.2. Let 1 <p < oo and w € Wy, and (v,u) € M,,. Let

Tf(z)= . K(x,y)f(y) dy,

where
1

3.3 K(z,y)| < Ci—s
(33) T

T Fy

for some C > 0. If T : L,(v) = Ly(u) is bounded, then T can be extended to be a
bounded linear operator from MP (v) to MP (u)

Proof. Let f € MP(v). For any z € R™ and r > 0, write f(z) = fo(z) +
>oie fi(x), where fo = Xp(z2n f and fj = XB(z2t1r\B(z.20m) > 7 € N\{0}.

Since T': Ly,(v) — Ly(u) is a bounded linear operator, we find that ||7"fo[ £, (x)
< C||follz,(v)- Consequently, (3.1) ensures that

1 1
4 ——— T <O
(3 ) UJ(B(Z,?"))HXB(Z’T)( fO)”Lp(u) = CW(B(z,Qr))HXB(Z’%)JCHLP(”)

1
<O sup ————=IXB(w.Rr) fllL, )
yern w(B(y, R)) PR )
R>0

According to (3.3), there exists a constant C' > 0 such that for any r > 0,
xz € R™ and Lebesgue-measurable function f with supp f C R™\B(z,r),

1
(35) i@ <0 [ 15wl
Then, (3.5) guarantees that there is a constant C' > 0 such that, for any j > 1,
(3.6) X5 @(Tf) (@) < C277"r "X () (x)/ - f)ldy.
B(z,2it1r)

The Holder inequality ensures that
dy<C z,2it1p 2,20ty s (v—r'/P
Lo @10 < Clxate il X5t 1 e

for some C' > 0.



TWO-WEIGHT NORM INEQUALITIES 125

Subsequently, applying the norm || - [z, ) on both sides of (3.6), we have
X5 (T L,@ < C277"r " IXBem L, IXBe 2040 Fll o)
(37) X ‘|XB(Z,2j+1T)HLP,(U—P,/IJ)'
Applying (2.4) with B = B(z,27T1r), we have

2(j+1)nrn

X 29+1  (v—p S C .
IXB(z2t10)l L, (o-r/v) [F ST

Using the above inequality on (3.7), we obtain

Jxsen e, lxseon fll o, 200"

X8 (T L, < 027Ny~
IXB () (Tl (w) ||XB(Z’21+1T)||Lp(u)

<c X8 |2, @)
IXB(z20+1m) |2, (w)

||XB(Z=2j+17’)f||Lp(v)'

Thus,
(3.8)

IXBr) (T Fi)llL, ()
IXB@m L, w(B(z,27F7r))
IXB(2.25+1m) L, () w(B(z,271r))
||XB(3: r)HL (u) ; 1
< T B(z, 271! — V)
C OJ( (27 ’I")) sup (B(ny)) ||XB(y,R)f||Lp( )

T IxB@2itimlln, @ yerR™ W
R>0

<C

IXB(z20+1r) flIL, (v)

Asw e W,,, (3.4) and (3.8) yield

1 1 o0
m||XB(z,r)(Tf)|le(u) < SBG) ;::0 IXBer) T L

1

<Csup ————~|xB Rf”L

oo By, R e e
R>0

where the constant C' > 0 is independent of r and z. Taking the supremum over

z € R™ and r > 0 gives the boundedness of T from MZ (u) to MP (v). O

Some similar results are obtained in [19] for vector-valued operators with
singular kernels on Morrey spaces built on Banach function spaces. Notice that
L,(u) is not necessarily a Banach function space, therefore, the results in [19] do
not apply to MP (u).
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Even though we present the result in Theorem 3.2 for singular integral op-
erators, the proof of Theorem 3.2 also applies to the Hardy-Littlewood maximal
operator. Therefore, we have the following two-weight norm inequalities for the
Hardy-Littlewood maximal operator on Morrey spaces. For brevity, we skip the
proof of the following corollary.

Corollary 3.3. Let 1 < p < oo, (v,u) € M, and w € W, .. Then, there ezists a
constant C' > 0 such that for any f € MP (v), we have

(3.9) 1M fll pmz ) < CNF Az )

When v = u, the above corollary is connected with the work in [30]. Notice
that for the Hardy-Littlewood maximal operator, condition (3.2) can be further
relaxed; see [35, 46]. In fact, the above result is a special case of [46, Theorem 3.1].
A detailed description of the two-weight norm inequality for the Hardy—Littlewood
maximal operator on Morrey spaces is given in [46]. In addition, our concentration
is on two-weight norm inequalities for singular integral operators and fractional
integral operators. Therefore, we refer the reader to [46] for the details of two-
weight norm inequalities for the Hardy-Littlewood maximal operator on Morrey
spaces. We just remark that the characterizations given in [46] use the pre-dual of
Morrey spaces [39, 46].

We now apply Theorem 3.2 to Calderén—Zygmund operators. For complete-
ness, we first recall the definition of a Calderén-Zygmund operator.

We say that T is a Calderén—Zygmund operator if T is a bounded linear
operator on Lo and there exists a § > 0 such that for any z,y € R"™ with
x # y and any z with |z — 2| < |z — y|, the Schwartz kernel of T, K(z,y),
satisfies

K (z,y)| < Clz —y|™",
K (2,y) = K(2,9)| < Cla = 2’la —y| 7",
K (2,2) — K(z,y)| < Cly — 2’|z —y| 7"
We are now ready to apply Theorem 3.2 to Calderén—Zygmund operators.

Theorem 3.4. Let 1 < p < 0o and u be a nonnegative integrable function. Sup-
pose that w € W), yiw+1,,, where MPIFY s the ([p] + 1)-iterate of the Hardy-
Littlewood mazimal operator M and [p] is the integer part of p.

If T is a Calderéon—Zygmund operator, then, for any nonnegative locally inte-
grable function u, we have

ITFllmz ) < ClF g artera)-
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Proof. Tn view of [32, Theorem 3.1], we find that 7' : LP(MPH1y) — L,(u) is
bounded. Moreover, according to [14, Chapter II, Theorem 2.12], we find that

/ (M (@) u(z)de < C / |f (@) Mu(z) do < / ()P M () da

n n

for some C > 0. Therefore, (MPI+1y, u) € M,,. Finally, Theorem 3.2 ensures the
boundedness of T from M? (MPI+1y) to MPE (u). O

In particular, Theorem 3.4 also extends the result of the two-weight norm
inequality for singular integral operators in [5] to Morrey spaces. Specifically, for
any nonnegative locally integrable function u, and any 1 < r < oo,

w < (M@u")Mm).

According to [44, Chapter V, Proposition 8], (M (u"))'/" € A;, where A; is the
class of Muckenhoupt weight functions. The characterization of A [44, Chapter V,
Section 5.2] guarantees that

M[p]+1u < M[p]+1(M(ur)1/r) < CM(uT)l/",

As a special case of Theorem 3.4, we have an extension of the Cérdoba—
Fefferman inequalities on Morrey spaces.

Corollary 3.5. Let 1 < r < 00, 1 < p < 00, u be a nonnegative integrable
Junction and w € W, yriw+1,,- If T is a Calderdn—Zygmund operator, then, for any
nonnegative locally integrable function u, we have

||Tf||/vtf,(u) < CHf”Mf)((M(m))l/*y

For some more conditions for which the two-weight norm inequalities for sin-
gular integral operators are valid on Lebesgue space and some other related re-
sults such as sharp bounds for two-weight norm inequalities, the reader is referred
to [5, 8, 7, 10, 13, 27, 32, 34, 48].

Furthermore, one-weight norm inequalities for Calderén—Zygmund operators
and their commutators on Morrey spaces with weight w belonging to A,, 1 <
p < oo are obtained in [23, Theorems 3.3 and 3.4]. Note that Corollary 3.5 gives
two-weight norm inequalities for which the weight (M (u"))'/" belongs to A;.

84. Fractional integral operators

In this section, we establish two-weight norm inequalities for fractional integral
operators on Morrey spaces.
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We first recall the definition of fractional integral operators. For any 0 < a <
n, the fractional integral operator I, is defined by

o)) = [ T ay

The fractional integral operator I, is also called the Riesz potential. The corre-
sponding fractional maximal operator is defined by

1
(M) = s e [ 1f )l dy
where the supremum is taken over all balls B € B containing .

For the mapping properties of fractional integral operators on function spaces,
the reader is referred to [1, 29]. Studies of fractional integral operators have been
extended to generalized fractional integral operators. The reader may consult [36,
37, 38].

Similar to Definition 2.2, the following class consists of those pairs of weights
such that the fractional integral operator is bounded from L, (v) to L,(u).

Definition 4.1. Let 1 < p,q < 0o and 0 < a < n. For any nonnegative locally
integrable functions v, u, we write (v,u) € Fp 4.4 if vP /P s locally integrable and

(4.1)

HafllL,w) < Clfllz, o
for some C' > 0.

We see that in the above definition, we require that VP /P s locally integrable;
this condition is crucial for our study since it guarantees that for any B € B,
IXBll1,, (- r0y is well defined.

According to [42], for 1 < p < oo and v,ul™? € A, where Ay is the
Muckenhoupt class of weight functions, (v, ) satisfies (4.1) if and only if

1 1 , Pt
4.2 sup 7/ u(y) dy (/ TP (y dy) < o0.

Notice that (4.2) also guarantees that v'™#" = v=?'/? is locally integrable. Thus,
for any (v,u) satisfying (4.2), (v,u) € Fp 4.a-

Additionally, in view of [26, 47], for any 1 <p < Z,
v, we have (vP,v9) € F,, 4 o if and only if

(4.3) sup <£1?| /B v () dz:)l/q <|;| /B v (z) d:z:)l/p/ < .

— o and any weight

=

1
q
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Also notice that whenever v satisfies the above condition, (v?)~?/? = v~ ig
locally integrable.

For some more conditions that guarantee (v,u) € Fp 4 and some related
results such as sharp weighted bounds for fractional integral operators, the reader
is referred to [24, 33].

The following proposition gives a crucial estimate on the norm of the charac-
teristic functions of B € B whenever (v,u) € Fp, 4 .

Proposition 4.2. Let 1 < p,q < oo and 0 < a < n. If (v,u) € Fp 4.4, then there
exists a constant C' > 0 such that for any B € B,

(4.4) I8 L, o-v' o) IXBN L) < OB,

Proof. We consider the operator Pp (g), B = B(xo,r), x0 € R” and r > 0,
defined by

(Poas)) = giara [ 191 ) xao)
The operator Pp  is uniformly dominated by the fractional maximal operator
M,.
In addition, there exists a constant C' > 0 such that for any nonnegative
locally integrable function f, we have

M.f < CILf.

Consequently, there exists a constant C' > 0 such that for any B = B(zo,r),
Ppa(g) < Ia(g). Hence, supg || P allL, )~ L, ) < CllallL,@)—L,w)-

As (v,u) € Fp g0, v7P/? is locally integrable. Therefore, ||XB||LP/(U_,J//,,) is
well defined and we are allowed to use (2.2). The uniform boundedness of Pg ,
and of (2.2) guarantee that

IxBllL,, v mlXBllL,w

—sup{| [ o) el xlz, 0 € L) ol < 1]
B
1

— . l—-a/n
—su{ rtara] [ 060 de el 20 € ). ol < 1 11

< Csup {|1P5.a(9)ll L, 1 9 € Lp(v), gl o) < 1} B/
< Csup {||La(9) ) * 9 € Lp(v), llgllz, ) < 1} B[
< C|B|1_a/”,

for some C' > 0. O
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We are now ready to establish the main result of this section.

Theorem 4.3. Let 1 < p,g < 00, 0 < a <n and (v,u) € Fpga. Ifw € W,,,
then there exists a constant C > 0 such that for any f € MPE (v)

o fllams )y < CIFll e )

Proof. For any f € M (v), 2 € R™ and 7 > 0, write f(z) = fo(z) + 3252, fj(2),

where fO = XB(z,Qr)f and fj = XB(Z,2j+1r)\B(z,2-7T')fu JjE N\{O}
As I 1 Ly(v) — Lg(u) is bounded, we obtain [[Iafollz,w) < Cllfollz, @) In
view of (3.1), we find that

1 1
45 (B Iy W <C—— |IXB(s2n .
(45) w(B(Z,r))HXB(Z’T)( folllzq w(B(z,2r))||XB( 20 [ Ly ()
1
<C sup ——|lx ¥ .
yeﬂ%n w(B(y,r))” B(y,r) ||L,,(v)
>

The definition of the fractional integral operator yields a constant C' > 0 such
that, for any j > 1,

(46 X @Il @) < C20 @) [y

By using the Holder inequality, we have
|f(y)| dy < C XB(z,2i+1r f HXB 2,20ty H ,(v—p' /P
/B N IxBe2tn fllL, wlIxBe2tin L, w-re)

for some C > 0.
By applying the norm || - ||, () on both sides of (4.6), we find that

I TafilL, @ < C277 ™ g e, xBe2min fllL )
(4.7) X IxBe 2t L, @w-r/e)-

According to (4.4), for any z € R", j € N and r > 0, we have

2(j+1)(n7a),r.n7a

X B(z,2i+1 Jo—p'py S C .
l B(z,279 T)”Lp (v=r'/p) ||XB(Z,2H1T)||L(Z(U)

Therefore, the above inequality and (4.7) give
I1XB(zr) Lafi)ll Ly w)

IxBen o @lXBe2in Q20D rm=e

< C2—j(n—o¢)r—n+a
IXB(z,2+1m) | Ly (w)

<C ||XB(Z,T)||Lq(u)

T IxBe2itin L, w

HXB(Zv2j+17")fHLp(v)'
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Thus,

(4.8)  [IxB(zr) o)l Ly (w)
IXB@,r L, w(B(z,271'r))
IXB (20417l Ly () W(B(2,27717))
||XB(J:,T) ||Lq(u)

<cC

IXB(z20410) flI L, ()

. 1
<C w(B(z,27r)) sup W”XB(@/,R)fan(v)

IXB(@,2i+1m) | L, () yeR™ W
R>0

In view of w € W, 4, (4.5) and (4.8) we assert that

1
5By e aDllk,e < ((7]20 B o) L)

1
S C Sup e E—— X f e
yRERS w(B(y, R)) IXB.R) L, )

>

where the constant C' > 0 is independent of r and z. Taking the supremum over
z € R™ and r > 0 ensures the boundedness of T from MY (u) to MP (v). O

It is well known that I, : LP — L9 is bounded whenever 5= + . Therefore,
by applying Theorem 4.3 with v = 1, v = 1 and w(B) = |B| 1/1’) am r >
p, we recapture Spanne’s result on the mapping properties of fractional integral
operators on Morrey spaces [31].

Furthermore, for any 0 < o <n, 1 <p < 7, 7 :%—%,wew va and v
satisfying (4.3), we have

1/q 1/p
(/ |Iof(x |qu) < Csup ——= (/ |f(z |pdac>
BeIBw pep w(B

for some C' > 0. This is a generalization of the result in [26] to Morrey spaces.
The reader is referred to [19] for the mapping properties of fractional integral
operators on Morrey spaces built on Banach function spaces. Similarly to the
discussion at the end of Section 3, as the weighted Lebesgue space L,(u) is not
necessarily a Banach function space, the results in [19] do not apply to MP? (u).
In the next section, we use the results from Theorem 4.3 to establish the
two-weight Poincaré and Sobolev inequalities on Morrey spaces.

85. Poincaré and Sobolev inequalities

In this section, we give some applications of Theorem 4.3 on Poincaré and Sobolev
inequalities on Morrey spaces. At the end of this section, as an example of the main
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results of this section, we present the two-weight Sobolev inequality on Morrey
spaces with a Newtonian potential.

The Poincaré and Sobolev inequalities are two fundamental inequalities for
partial differential equations.

The Poincaré and Sobolev inequalities are consequences of the mapping prop-
erties of fractional integral operators. Therefore, whenever we have the mapping
properties of I, from MP (v) to MP (u), we can obtain the two-weight Poincaré
and Sobolev inequalities on Morrey spaces.

We first present the Poincaré inequality when n > 1. Since for any D € B,
whenever [, f(x)dz =0 or supp f C D, we have

\Y
60 Il scnaelvi-c [ WL g, veep,
bl —
see [9, (4.34) and (4.35)].
Thus, Theorem 4.3 yields the weighted Poincaré inequality on Morrey spaces.

Theorem 5.1 (Poincaré inequality). Letn > 1, 1 < p,q < oo, (v,u) € Fp 41 and
w € Wyu. For any D € B and for any once continuously differentiable function f,
if either [ f(x)dx =0 or supp f C D, we have

sup L(/DmB |f(2)]|%u(x) dx)l/q < C'sup %(/B |V f(z)Po(x) dx)l/p

Bes wW(B) BeB W

for some C > 0.

The previous result gives the two-weight Poincaré inequality on Morrey spaces
with the assumption that (v,u) € F,, ;1. We also have another version of the two-
weight Poincaré inequality on Morrey spaces where (v, u) € M,.

Theorem 5.2 (Poincaré inequality). Letn > 1,1 < p < oo, (v,u) € M, andw €
Wy - For any once continuously differentiable function f, if either fB(wO ” f(z)dx
=0 orsupp f C B(zo,r), we have

(5.2)
302 55y b)) < O s ([ st )

for some C > 0.

Proof. According to the Hedberg inequality [15] and [9, Lemma 4.3.19], for any
x € B(xo,7),

/ MO < crmr(f) ().
B

(zo,r) |IL‘ - y‘nil
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Therefore, (5.1) gives

Vily
z)| < 0/ |m|_ |n)|1 dy < CrM(Vf)(z), Vo€ Bwo,r).
EQ T‘
As (v,u) € M, and w € Wy, (3.9) yields (5.2). .

Let 1 < p < o0, u be a weight and w € W, ,,. Theorem 4.3 ensures that for
any once continuously differentiable function f, if either | Blzo.r) f(z)dx = 0 or
supp f C B(zo,r), we have

1 » 1/p
2121)3 TB) ( /B(:vo r)ﬁB ‘f(x” U(w) dx)

< Crsup — / |V f(x)]P Mu(x )dx) v
BEB W
because (Mu,u) € M,.

The above theorem can be further generalized by using the results from [46].
For brevity, we leave the details to the reader.

For the case where supp f C D, the Poincaré inequality is also called the
Friedrich inequality. Therefore, the above results are generalizations of the Fried-
rich inequality on Morrey spaces.

The two-weight Poincaré inequality is related to Harnack inequalities and the
regularity of the degenerate second-order elliptic differential operator VAV when
A(z) is a nonnegative matrix with least and greatest eigenvalues v(x) and u(x),
respectively; see [4, 12].

For studies of the Poincaré inequalities on Banach function spaces, the reader
is referred to [9, Chapter 4].

Next, we present the Sobolev inequality when n > 2. Let A denote the Lapla-
cian. Since f = I3(Af), Theorem 4.3 gives the weighted Sobolev inequality on
Morrey spaces.

Theorem 5.3 (Sobolev inequality). Let n > 2, 1 < p,q < oo, (v,u) € Fp 42 and
w € Wyu. For any D € B and for any twice continuously differentiable function f
with supp f C D, we have

sup L(/ |f(2)]|Tu(x) dx) e < Csup —— / |Af(x)Po( dz) r
BeB w(B) \Jpnp Ben w(
for some C > 0.

The two-weight Sobolev inequalities are related to the absence of positive
eigenvalues for Schrodinger operator —A 4+ v and the unique continuation for the
differential inequality |Af| < u|f]; see [22, 3], respectively.
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We now present an example for the two-weight Sobolev inequality on Morrey
spaces.

Corollary 5.4. Letn > 2, v € Ay and w € Wa,,. Suppose that there exists a
constant C' > 0 such that for any B € B,

1
Then, for any twice continuously differentiable function f with supp f C D, we
have
(5.4)
1 9 1/2 / 1/2
sup ——— z)|“v(x) dz < Csu A
BG%W(B)</Bme( JFele) ) Be%w A7 ) )

for some C > 0.

Proof. Since

=i <>dy<;/ ((11/))_1<y>dy>(w|j_m/3v<y>dy>2,

(5.3) ensures that the pair (%,v) fulfills (4.2). That is, (%,v) € F3 5 9. Therefore,
Theorem 5.3 yields (5.4). O

Condition (5.3) is equivalent to the condition v € ML , where wo(B) =
|B|'=/". In addition, compared to [36, 37], our result requires only that f is
locally in L?(v) and that v is locally integrable.

In particular, it is well known that the Newtonian potential in R3, vo(y) =
ly| ! satisfies (5.3). In fact, the monotonicity of Morrey spaces in the local param-
eter and [11, Lemma 2.4] guarantee that vy € M},

Since vy € Ao, we obtain the following weighted Sobolev inequality with
Newtonian potential on Morrey spaces.

Let w € Wy ;. For any twice continuously differentiable function f with
supp f C D, we have

1 o1 \1/2 /
— <C A d
up ([ (i@ dn) < o o ([ 18Pl )

for some C > 0.
In the next section, we extend the above inequality to some different power-
weight functions by using the Stein—Weiss inequality on Morrey spaces.
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86. Stein—Weiss inequalities

In this section, we extend Stein—Weiss inequalities for fractional integral operators
to Morrey spaces. As special cases of Stein—Weiss inequalities, we obtain Hardy
inequalities and Rellich inequalities on Morrey spaces.

The celebrated Stein-Weiss inequalities [45, Theorem B*] give the mapping
properties of fractional integral operators on power-weighted Lebesgue spaces.

Theorem 6.1. Leta,beR and 1 <p<g<oo. If

b
(6.1) o< pon 0<Z42
p P q
b 11
(6.2) a:a++n<—>>0,
p q p q
then

69 ([ semera) o[ swpere)”

for some C > 0.

We see that condition (6.2) follows from the scaling condition of the mapping

properties of fractional integral operators. More precisely, for any ¢t > 0, write
D.f(z) = f(txz). We find that

I.(Dof)(z) = t~Io(tz).

Additionally,

1/q 1/q
( / |Ia<th><x>|qx|bda:) _ motb-m/g ( / |Iaf<x>Q|xbd:c)
n R’Vl

1/p 1/p
([ 1) =i ([ )

Therefore, the validity of (6.3) requires that

and

pat(-n)/q _ t*(aJF”)/p, vt > 0.

Consequently, (6.2) is necessary for the validity of (6.3).
According to Theorem 4.3, we obtain Stein—Weiss inequalities on Morrey
spaces.
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Theorem 6.2 (Stein—Weiss inequality for Morrey spaces). Let a,b € R and 1 <
p<g<oo IfweW,_p and a,b,a satisfy (6.1) and (6.2), then there exists a
constant C' > 0 such that

(6.4) sup —— /|I F@)|9)z|~ bda:) < Csup ——= /|f \p|x\adx>

BEBW Be]Bw

Proof. Since u(x) = |z|? is locally integrable if and only if # > —n, according
to (6.1), we find that |2|*(~?"/P) and |z|~" are locally integrable. Moreover, since
a, b, a satisfy (6.1) and (6.2), we find that

a b 1 1 n n n o n
a=-+-+n(---|]<—+-—+-——=n
b q b q p qa P g
Therefore, Theorem 6.1 ensures that (|z|%, |2|=%) € F, 4.o. We are allowed to apply
Theorem 4.3 and obtain (6.4). O

In view of (5.1), we obtain the power-weighted Poincaré inequality on Morrey
spaces.

Corollary 6.3. Letn > 1, a,b € R and 1 < p < g < oo. Suppose that w € Wy _p
and a,b, a satisfy (6.1) and

(6.5) 1“+b+n(11).

b q b q

For any D € B and for any once continuously differentiable function f, if either
Jp f(x)dx =0 orsupp f C D, we have

1 1/q 1/p
sup ——— z)|9z| " dx < Csu / \Y Plz|* dx ,
swp = ([ p@lel ) < Cswp s ([ 19 5@) el as)
for some C > 0.

In particular, when a = 0, b = 2 and p = ¢ = 2, we have the generalization of
the Hardy inequality [43, (6.2.2)] to Morrey spaces.

Corollary 6.4. Let n > 2 and w € Wy _9. For any D € B and for any once
continuously differentiable function f, if either fD fdxr =0 orsuppf C D, we
have

1 2),.1—2 1/2 / )2 /2
sup —— x)|%|x|”* dx < Csu v dm ,
swp ([ 1f@)Plel 2 an) < 0w ([ 96
for some C > 0.

Similarly, the identity f = I2(Af) and Theorem 6.2 yield the power-weighted
Sobolev inequalities on Morrey spaces.
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Corollary 6.5. Letn > 2, a,bc R and 1 < p < ¢ < oo. Suppose that w € Wy, s
and a,b, a satisfy (6.1) and

b 1 1
(6.6) 2=a++n<—>.
p q rp q
For any D € B and for any twice continuously differentiable function f with

supp f € D, we have

1 1/q 1 1p
sup ——— 9270 de < (C sup —— /A 2P|zl da :
swp ([ 1p@lel ) < Cswp i ([ 18f @) Iaf de)

for some C > 0.

In particular, when a = 0, b = 4 and p = ¢ = 2, the above corollary gives the
Rellich inequality [43, (6.2.8)] on Morrey spaces.

Corollary 6.6. Let n > 5 and w € Wy 4. For any D € B and for any twice
continuously differentiable function f with supp f C D, we have

1 _ 1/2 ]_ 1/2
aw i ([ @R tas) < o o ([ iarwpar)

for some C > 0.

Notice that (6.5) and (6.6) are inherited from (6.3). Hence they follow from
the scaling condition of the mapping properties of fractional integral operators.
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