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On Calderén’s Problem for a System of Elliptic
Equations

by

Oleg IMANUVILOV and Masahiro YAMAMOTO

Abstract

We consider Calderén’s problem in the case of a partial Dirichlet-to-Neumann map for
systems of elliptic equations in a bounded two-dimensional domain. The main result of
the paper is as follows: If two systems of elliptic equations generate the same partial
Dirichlet-to-Neumann map on some subboundary, then the coefficients can be uniquely
determined up to gauge equivalence.
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§1. Introduction

Let © be a bounded domain in R? with smooth boundary, let N be an arbitrarily
chosen natural number, let " be a relatively open set on 9 and I'g = Int(9Q\ T).

Consider the following boundary value problem:
L(z,D)u = Au+ 2A40,u+ 2Bdzu+ Qu =10 in Q,
ulp, =0, ulg = f.

(1.1)

Here v = (u1,...,uy) is an unknown vector-valued function and A, B, Q are
N x N matrices. Consider the following partial Dirichlet-to-Neumann map limited
on I

AaBof = Opulg, where L(z, D)u = 01in Q,

ung = 07 ’U,|f = f7
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where 7/ is the outward unit normal to ). The inverse problem of determining A,
B, @ is a generalization of the so-called Calderén problem (see [2]), which itself is
the mathematical realization of Electrical Impedance Tomography (EIT).

The uniqueness of the Dirichlet-to-Neumann map on an arbitrarily chosen
subboundary for single conductivity equations and the Schrédinger equations was
first proved by [6]; see [9] as a related survey paper.

The goal of this paper is to extend the result obtained in [3], which consid-
ers elliptic equations in a convex domain in R? with d > 3 and proves that the
coeflicients of two systems of elliptic equations producing the same Dirichlet-to-
Neumann map can be determined up to gauge equivalence. However [3] discusses
only the case of [ = 092, which means the Dirichlet-to-Neumann map on the whole
boundary.

In this paper, for a Dirichlet-to-Neumann map limited to an arbitrarily small
subboundary in two dimensions, we prove a necessary and sufficient condition
for operators producing the same Dirichlet-to-Neumann map. Our main result is
stated as follows.

Theorem 1.1. Let A;, B; € C°t%(Q), Q; € C***(Q) with j = 1,2 and some
a € (0,1), and the operators L;j(x,D) are of the form (1.1) with coefficients A;,
Bj;, Q; and the adjoint operators L} (z,D), j = 1,2 to these operators do not have
a zero eigenvalue.

Then Aa,.B, .0 = Ma,,B,.Q, if and only if

(1.2) A=Ay and By =By onT,

and there exists an invertible matriz Q € C5+*(Q) such that

(1.3) QF=1, Q=0
(1.4) Ay =2Q7'0:Q+Q'AQ inQ,
(1.5) B, =2Q7'0.Q+Q'B,Q in®
and

(1.6) Q=Q'Q1Q+Q 'AQ+2Q '4:19.Q +2Q ' B10:Q in Q.

For a related result, see [4].

The paper is organized as follows. In Section 3 we construct the complex geo-
metric optics solutions for the boundary value problem (1.1). In Section 4 we prove
some asymptotics for integrals involving the complex geometric optics solutions for
the operators L (x, D) and Lo(x, D)*. In Section 5, from the asymptotics relations
obtained in Section 4, it is proved that there exists a gauge transformation Q that
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preserves the Dirichlet-to-Neumann map and transforms the coefficient A; — As.
After that, for the operators Q'L (x, D)Q and Ly(z, D), we obtain some system
of integral-differential equations, and we study this system of integral-differential
equations and show that the operators Q' L;(x, D)Q and Lo(z, D) are the same.

Notation. Let i = /—1 and Z be the complex conjugate of z € C. We set
0. = 3(0p, — 10,,), Oz = 5(0n, +i0,,) and
oty =1 [ £ g ag,  ortg— -1 [ L) g ag,
T Jo (—=2 T o (—%Z

(see, e.g., [11]).

Let €, 7 =1,..., N be the standard basis in RY. For a holomorphic function
P, we set ' = 9,0 and &' = 9;®, " = 929, & = 920. Let 7 = (v2,—v1) be
the tangential vector to 02, and let us set 0y = Oy, 1 + Ox,v2 and Oz = Oy, V2 —
Dp,v1. Let Wy ™ (Q) be the Sobolev space Wi (Q) with the norm ||uHW21,T(Q) =
IVull 2 () + |7|[|ul| 12 (). Moreover, for a normed space X with norm || - ||x, by
lim,, oo W =0 and ||f(n)|lx < Cn as n — oo with some C' > 0, we define

f(n) = ox(n) and f(n) = Ox(n) as n = co. Let 5= (b1, B2), B; € Ny := N\ {0},
|B] = B1 + P2 and I be the identity matrix. By A* we denote the adjoint matrix
to a matrix A in the space RY. By (-,-)12(q) we denote the L?(Q2)-scalar product
over R, while (-, ) is the scalar product in R? if there is no fear of confusion.

§2. Construction of the operators Pp and T

Let A, B be N x N matrices with the elements from C°*%(Q) with o € (0,1).
Consider the boundary value problem:
IC(J?, D)(Uo,TQ) = (Q&ZUO + AU(), 2(92T0 + BT()) =0 in Q,

(2.1)
U()+T0 =0 on Fo.

Without loss of generality we assume that [ is an arc with the endpoints z4.
We have

Proposition 2.1. Let A, B € C°t%(Q) for some a € (0,1), ¥ € C>®(99),
T0ks- - T5k € CN be arbitrarily given and z1,. .. , oy, be mutually distinct arbi-
trary points from the domain Q). For any positive € there exists a solution (Uy, Tp) €
C5*(Q) to problem (2.1) such that

(2.2) OUo(xe) = Fjp, YVje{0,...,5} and Ve {1,... k},
and

(2.3) ||U0 - \IJHCSJﬂ*(I—‘o) S €.
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Before the proof of Proposition 2.1, we prove slightly stronger versions of [7,
Proposition 6.1 and Corollary 6.1].

Proposition 2.2. Letzy,...,x; be mutually distinct arbitrary points from the do-
main Q and ro i, ..., 75, € C be arbitrarily given and ¥ € C*°(09Q) be a real-valued
function. For any positive €, there exists a holomorphic function a(z) depending
on € such that

(2.4) dalx)) =rje Vje{0,...,5) and Yl {1,..., k},
and
(25) ||a - \I/||Cs+a(f0) < €, Ima\po = 0,

where a. € (0,1).

Proof. Since by [7, Corollary 6.1], for each positive €; there exists a holomorphic
function b such that

16— Wllgstamy) <€,  Imblp, =0,
it suffices to prove the proposition for the case ¥ = 0.

We introduce the operator R(z;) : C°(Q) — C® by formula R(x;)v =
(v(z}), . ..,d%v(x;)). Let us fix some j € {1,...,k} and let j; # j, j1 € {1,...,k}.
By [7, Corollary 6.1], for each positive €; and each p € {1,...,4}, there exists a
holomorphic function v,(z) with the following properties:

Im vp[p, =0, lvpllgs+a(mg) < €1,
lvi(xj,) — 1] < e, [v2(2j,) — V—1| < e,
|U3(xj1)_1/2| < €1, |U4(le)_2V_1| < €1,
4

R(zj)or — €1 + D [R(5)vp| < e,

p=2

. ~ Im vy Ty
where & = (1,0,...,0) € RS. We set 0y(z) = v1420(2) — ﬁvzwe(z)a
¢ € {0,1}. Then vy(z,) is a real number and there exists a constant C' independent

of €1 such that
|50(xj1) - 1| + |61(xj1) - \/j1| < 061,
Imglr, =0, |[Uellgs+acry) < Cear, £=1,2,
IR(z;)v1 — €| + [R(z;)v1| < Cey,

for all sufficiently small ¢;. Taking v;, 2(2) = vUo(z) — Mﬁl(z), we obtain that

v1 (T4, )
vjy 2(25,) = 0, Im vy, alr, = 0, [[vj, 2llcs+ar,) < Ce [R(x5)v4,,2 — €1| < Ce. Let
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v be a holomorphic function satisfying [[v[|cs+a(r,) < € and [R(zj)v — 7] < €,

where 7 is an arbitrary fixed vector from R®. The holomorphic function 9; =
k 6 :

OIl5 _q j, 2,5, o satisfies

(2.6) R(xp)o; =0, Vke{l,...,j—1,7+1,...,k}; |R(z;)v; —7] <k,

(2.7) Imd;lr, =0,  [[95llgs+ary) <€

Using the functions ¥; and the argument used in the construction of these
functions, for any j € {1,...,k} we construct a holomorphic function ¢; such that
Im ¢j|r, =0 and

Rlzp)e; =0, Vke{l,...,j—1j+1,....k}  ¢(z;)=0,
820_](3:]) = 1, ||Cj||cs+a(f0) S €.

Indeed let v; satisfy (2.6), (2.7) where 7 and € are replaced by (v/—1,0,...,0) and
€/2, and ¥; satisfy (2.6), (2.7) where € is replaced by €/2 and the first coordinate

. . . ~ ~ I 0. 2~ . ~ .
of 7 is real. Consider the function 1; = 0; — 2% @)F. The function w; satisfies
J J Im v, (x;) I J

(2.6), (2.7) and w;(z;) is a real number.

Next, observe that if the first coordinate of 7" is zero, then one can take w;
satisfying (2.6), (2.7) and w;(z;) = 0. We take a function w; = 0; — %Eij;’ﬁj,
where v; satisfies (2.6), (2.7) where 7 and e are replaced by (v/—1,0,...,0) and
€/2, and 0; satisfies (2.6), (2.7) with €/2 instead of e. Moreover, v;(x;), 0;(z;) are
real numbers.

Let v; satisfy (2.6), (2.7) where 7 and e are replaced by (0,4/—1,0,...,0)
and €/2, and v; satisfy (2.6), (2.7) where 7" and e are replaced by (0,1,0,...,0)
%@-. Then, since
0.wj(z;) # 0 for all sufficiently small €, we set ¢;(z) = w;(z)/0.w;(x;). Since

and €/2. Moreover, U;(z;) = 0;(z;) = 0. Let w; = 0; —

0.w;(z;) is a real number, we have Im ¢;|r, = 0. The construction of functions ¢;
is complete.
We set a;(z) = %c?(z) and a;5(z) = a;5(2) = l,c?(z),

5
aj(z) = 50(2) = Y Faje(s)aze(z), Le{0,...,4}.
k=0+1
Then Ima; |r, = 0 and

8503]',2(1']‘) =1 a;najl(xk) =0, V(m, k) € {0775} X {177]%}\{(&])}3

llajellos e gy < €2
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For an arbitrary e; > 0, we similarly construct holomorphic functions b; ;(z) such
that Im bj,f‘l—‘o =0 and

0bje(xj) = V=1; OTbje(wx) =0, V(m,k)€{0,....5} x {1,....k}\ {(t,/)};
[165,¢llca+e(py) < €2

The holomorphic function

E 5
a(z) = Z Z (Rerjeaje(z) +Imr;ebje(2))
£=1 j=0
satisfies (2.4) and (2.5) with Ce. O
Corollary 2.3. Let x1,...,x; be mutually distinct arbitrary points from the do-

main Q, o € (0,1) and rok,...,7r5%5 € C be arbitrary and ¥ € C*(0N2). For any
positive €, there exists a holomorphic function a(z) in general depending on € such
that

(2.8) da(x)) =rje, Vje{0,...,5) and YL {1,..., k},
and
(29) ||a* \IIHC'{’*“(f‘O) S €.

In order to prove Proposition 2.1, we prove the following proposition.

Proposition 2.4. Let € be a positive number, A € C°+*(Q) for some o € (0,1),
¥ e C(L), Fok,--- 75k € CN be arbitrary vectors and x1, ..., x; be mutually
distinct arbitrary points from the domain Q. There exists a solution Uy € C%+*(Q)
to the problem

(2.10) 20:Uy + AUy = 0 in Q

such that

(2.11) O™ Uo(x¢) = Py, ¥Yme{0,...,5} and Yl {1,... k},
and

(2.12) [Uo — ¥l gsra(my) <€

Proof of Proposition 2.1. We fix some positive €;. By Proposition 2.4, there exists
a solution Uy € CT2(Q) to problem (2.10) that satisfies (2.11) and

(2.13) ||l70 - \I/||Cs+a(fo) S 61/4.
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Let Tg be a solution to the boundary value problem

(2.14) 20,To + BTy =0 in Q
such that
(2.15) ITo + Wl s ta(ry) < €1/4-

Then (2.13) and (2.15) yield

(2.16) 1To + Tollos+a(ry) < €1/2-

Consider the boundary value problem

(2.17) K(z,D)(U,T) =0 1in €, U+T=g onl,.

For any g € C%T%(Ty), problem (2.17) admits a solution (U,T) € C®t%(Q) x
C5*2(Q). It is shown in [12] that problem (2.17) has a solution that satisfies an
estimate

(U, T)|lcs+e(@y < Cllglleostea(ry)-
In particular for g = —[70 — TO, we have
(U, T)ll¢s ey < CllUo + Tollgstar,) < Cer/2.

For any ¢ € {1,...,N} we construct solutions (Up(¢),To(¢)) to problem (2.17)
with ¢ = 0 depending on €, > 0 such that

(2.18) |Uo(0) (1) — €| < €0, VLe{1,... Kk}
and
(219) HU(](E) —€z||cs+a(f0) < €, \AS {1,7]%}

Let U(e,z) = [U1),...,U(N)] and T(e,z) = [T(1),...,T(N)] be N x N matrices.
Let U be a matrix such that U = [Up(1),...,Up(k)]. The matrix U is invertible on
Lo U{xo,...,z;} and U™! € C%(Ty). Then solution (Uy, Tp) to problem (2.1) is
given by formula

(2.20) (Uo, Ty) = (Ua, Ta),

where a(z) = (a1(2),...,an(z)) € C%(Q) is a holomorphic vector-valued function
such that Ima|r, = 0. Take the holomorphic function a(z) such that a(z) =
U~ (24)U(x,) for all k € {1,...,k} and any m € {1,...,5},

m

M a(xy) = U™ (ax) <3?U(xk) i(’;) GTPU(xk)afa(xk)>  Vke{l,... k)
0

p=
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and
||a||c5+a(f\0) S €, Ima|p0 = O7
provided that e; > 0 is sufficiently small. We note that the existence of the function

a(z) has already been proved in Proposition 2.2. Then the pair ([70 +U —Uea, To+
T — Ta) satisfies (2.2) and (2.12). The proof of Proposition 2.1 is complete. [

Henceforth B{(0£2) denotes a Besov space (see, e.g., [10]).

Furthermore we show
Proposition 2.5. Let ¢ be a positive number, A € C>+%(Q) for some o € (0,1),
¥ e C=(y), 7,...,7; € CN be arbitrary vectors and x1,...,z; be mutually

distinct arbitrary points from the domain ). Then there exists a solution Uy €
C5t(Q) to the problem

(2.21) 20:Uo + AUy =0 in
such that

(2.22) Uo(xg) =7, Ve0e{l,....k},
and

(2.23) 0o = ¥llcory) < e

Proof. Consider the following extremal problem:
k
4 .
(220)  JU) = U = Wleorsgyy + U ey + D2 UG;) = s — it

j=1

(2.25) 20.U + AU =0 in Q.

Here € is a positive parameter. We claim that for each ¢ > 0 there exists a unique
solution to (2.24) and (2.25), which we denote as U,. This fact can be proved by
standard arguments. Denote by U,q the set of admissible elements of the problem
(2.24) and (2.25), namely

Upg = {U € W(Q); 20:U + AU =0 in Q}.

Clearly 0 € U,q and the set of admissible elements is not empty. Set J. =
infyeu,, Jo(U). Therefore there exists a minimizing sequence {Ux}32,; C Wi(9Q)
such that

Je= lim J.(Uy).

k— 400
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The LP estimates for the d,-operator and the uniform boundedness of the trace of
Ui in Bi?’/ *(99) imply the boundedness of the sequence {Uy} in Wi (). Without
loss of generality, we can assume that

Up — U, weakly in W)(Q) and Uy — U. weakly in B2¥/*(09).

Then, since the norm in the space Big/ 4(89) is lower semicontinuous with respect
to the weak convergence, we obtain that
J(U) < lim J(Uy) = Je.
k——+o00

Thus the function U, is a solution to the extremal problem (2.24) and (2.25). Since
the set of admissible elements is convex and the functional J. is strictly convex,
this solution is unique.

By the Lagrange principle (see, e.g., [1]) there exists a multiplier p € L*/3(Q)
such that

JL(U)[8] + Re (pe, 2026 + A5) 0, VoeWiQ).

L2Q) —

This equality can be written in the form

(2.26) II/‘O,23/4(06 - ‘I’)[g] + 61(199723/4(05)[5] + Re (Pea 2855—# Ag)LQ(Q)

k
+2Re Y (Uc(w)) —¢;)0(x;) =0, Ve Wi(Q)
j=1

where I1. , () denotes the derivative of the functional w — ||w||j§2<r*) at .

Observe that J.(Ue) < J.(0) = ||\I’||A;323/4(F0)+Z§:1 |cj|. This implies that the
4

sequence {U,} is bounded in Bz3/4(FO), the sequences {U.(x;) — ¢;} are bounded

in C, the sequence eI}, 23/4((76)[5] converges to zero for any 0 from BZSM(@Q).
Then (2.26) implies that the sequence {pc}.¢ g ) is bounded in LY3(9)). Passing
to the limit in (2.26) we obtain

(2.27) I}, 23/4(U — 0)[0] + Re (p, 20:0 + A9) ,, @
i
+2Re Y (U(x;) — ¢;)0(x;) =0, Vo€ WL(Q).
j=1

From (2.27), we obtain
]; A~
(2.28) 20:p+ A*p = Z(U(x]) —¢)0(x —z;) inQ, plao\r, = 0.

j=1
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By p € L*3(Q) and (2.28), the function p belongs to L*(2\ O), where O is any
open set containing I'oU{x1,...,2;}. Then the uniqueness of the Cauchy problem
for the 0,-operator yields p =0 on Q \ U?zl{xj}. This fact and (2.28) imply that
U(zj) —c; =0.

Let us fix an arbitrary j € {1,..., I%} We proved that for any positive € there
exists a solution U(f) € C5t*(Q), depending on ¢, to the problem

20:U(0) + AU(() =0 in Q

such that
k
(2.29) U = Ellooryy <& D NUE) () — &l <e
k=1

Let U(e,z) = [U(1),...,U(N)] be an N x N matrix. By (2.29) the matrix U(e, x)
is invertible on o and |[U™"||gs+a g,y < C for all sufficiently small e. By Corollary
2.3, for each positive €7, there exists a holomorphic vector-valued function a(z)
such that

la—U™0lcopyy < €1, alar) =U (@), Vke{l,... k}
Then function Ua satisfies (2.22) and (2.23). O

Proof of Proposition 2.4. Let us fix some ¢y > 0. First, for any £ € {1,..., N} we
construct solutions Up(¢) to problem (2.21) depending on €y > 0 such that

(2.30) Uo(O)(zx) =, Vele{l,...,k}
and
(2.31) 1Uo(€) = Ellcoqry) < €0, VEE{L,... .k}

We set U = [Up(1),...,Up(k)]. The matrix U is invertible on 'y and U~! €
C5*(Ty). Then the solution Uy to problem (2.21) is given by the formula

(2.32) Uy = Ua,

where a(z) = (ai(z2),...,an(2)) € C5(Q) is a holomorphic vector-valued function.
Take the holomorphic function a(z) such that

—

a(zy) = 70k,

O a(wy) = U™ (ay) (fmk - i: (’;) GTPU(:ck)afa(xk)>

p=0
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for each k € {1,...,]%} and m € {1,...,5}, and
la = U || csrar,) < e

The existence of such a function a(z) is already proved in Corollary 2.3. Hence
(2.11) and (2.12) hold true. The proof of the proposition is complete. O

We construct matrices C and P satisfying
(2.33) C = (To(1),...,To(N)), P = (Uo(1),...,Us(N)) € COT*())
and for any j € {1,...,N},
(2.34) K(z, D)(Uo(j), To(j)) =0 in Q,  Uo(j) +To(j) =0 on Io.

Let & be some point from Q. By Proposition 2.1 for equation (2.34), we can con-
struct solutions (Up(j), To(j)) such that

Uo)(@) =&, Vjie{l,... N}

By Z we denote the set of zeros of the function gon Q : Z = {z € Q; ¢(z) = 0}.
Obviously card Z < oo. By k we denote the highest order of the zeros of the
function ¢ on .

By Proposition 2.1 we construct solutions (Uéj)7 Téj)) to problem (2.34) such
that

(2.35) Ui (x)=¢;, Vje{l,...,N} and Vae Z.

Set P(z) = (UM (2), ..., UM (@) and C(z) = (T (x), ..., T\ (x)). Then there
exists a holomorphic function § such that detP = G(z)e~ (/29 4 in Q. Let
Z ={2€Q; §(z) =0} and % the highest order of the zeros of the function §.

By (2.35) we see that ZNZ = (). Therefore there exists a holomorphic function
7(2) such that |z = 0 and (1 — )| 5 = 0 and the orders of zeros of the function r

on Z and the function 1 — r on Z are greater than or equal to max{x, K}
We set

(2.36) Paf =Pz (P=lrf) + 1POZ NP1 — 1) f).

Then

Pif =—3r(PH) 0z (P f) — (1 —r)(PH)* 0z (P*[).
For any matrix A € C°t*(Q) with a € (0,1), the linear operators Pa, Pj €
L(L*(2), W4 (Q)) solve the differential equations

(—20: + A" )Phg=g inQ and (20:+ A)Pag=g in Q.



152 O. Yu. IMANUVILOV AND M. YAMAMOTO

In a similar way, using matrices C, C and some antiholomorphic function rq,
we construct the operators

Spf=3Co; (C 7 rif) + 3CO;H(CTH L — 1) f)
and
(2.37) Spf=—ir(Ctyr oo (e f) - 51 —r)(C )97 (CH ).

For any matrix B € C5t%(Q) with « € (0, 1), the linear operators Sp and S}
solve the differential equations

(20, +B)Spg=9g inQ and (—20,+ B*)Sgg=g in Q.

Finally we introduce two operators:

Rr By = 67(6_@53(67(@_6)9) and R, pg = 67—(@_6)133(67—(6_@)51).

Here, ® is given later.

83. Step 1: Construction of complex geometric optics solutions

For j = 1,2, let L;j(x, D) be operators of the form (1.1) with the coefficients A,
Bj, @;. In this step, we will construct two complex geometric optics solutions u;
and v respectively for the operators Lq(z, D) and Lo(z, D)*. Here and henceforth
Lo(x, D)* denotes the formal adjoint operator to Ls(x, D).

As the phase function for such a solution, we consider a holomorphic function
®(z) such that ®(z) = p(x1,z2) + (21, x2) with real-valued functions ¢ and .
For some «a € (0,1) the function ® belongs to C5+*(Q2). Moreover,

(3.1) 0:® =0 in Q, Im ®|p, = 0.

Denote by H the set of all the critical points of the function ®: H = {z € Q; ¢'(2) =

0}. Assume that ® has no critical points on T and that all the critical points are
nondegenerate:

(3.2) ®"(2) #£0, VzeH, card " < 0.

Let 002 = Ug\;lfyj. The following proposition was proved in [7].

Proposition 3.1. Let & be an arbitrary point in domain . There exists a se-
quence of functions {®c}ee(o,1) € CO(Q) satisfying (5.1), (3.2) and there exists a
sequence {Z.},e € (0,1) such that

(3.3) Tc€He={z€Q; d/(2) =0}, Te— T ase— +0.
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Moreover, for any j from {1,...,N'} we have

H Oy =0 ifvNT 0,
Heﬂ’YjCFO ifyjﬂl::(b,
(3.4) Im®(Z.) ¢ {Im P (2); z € He \ {Z}} and ImP.(Z,) # 0.

Let the function ® satisfy (3.1), (3.2) and T be some point from #. Denote
Q1(1) = =20.A; — B1 A, + Qq, Q2(1) = =20:B; — A1 B, + Q.
Let (U, Tp) € C%T(Q2) be a solution to the boundary value problem

K(x, D)(Uo, Ty) = (20:Uy + A1Up, 20.Tp + B1Tp) =0 in €,

(3.5)
U0+T0 =0 on Po.

The complex geometric optics solutions are constructed in [6] and [7]. We
recall the main steps of the construction. Let the pair (Up,Tp) be defined in the
following way. Let

(36) Uy = Pia, Ty = Cia,

where a(z) = (a1(2),...,ax(z)) € C***(Q) is a holomorphic vector-valued func-
tion such that Imalr, = 0, or

(3.7) Uy = Pia, Ty = —(C1a,

where a(z) = (a1(2),...,an(2)) € C5t%(Q) is a holomorphic vector-valued func-
tion such that Re a|p, = 0, and matrices C; and P; are constructed by

(3.8) C1 = (Tp(1),...,Th(N)), P1 = (Up(1),...,Up(N)) € COT(Q)

and for any k € {1,..., N} the functions (Up(k), To(k)) solve the boundary value
problems

(39) IC(.”L', D)(Uo(k),T()(k‘)) =0 in Q, Uo(k}) + T()(k) =0 only.

In order to make a choice of C; and Py, let us fix a small positive number e. By
Proposition 2.1 there exist solutions (Up(k), To(k)) to problem (3.9) such that

(310) HU()(]C) 7€k||cs+a(f‘0) <e Vke {1,,N}
This inequality and the boundary conditions in (3.9) on 'y imply

(311) |‘T0(k)+€k||c5+u(f0) <e Vke {1,,N}
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Let eq, ex be smooth functions such that
(3.12) e1+ea=1 on(

and let e; vanish in a neighborhood of 9 and e vanish in a neighborhood of the
set H N Q.

For any positive €, set G, = {z € ; dist(suppej,z) > €e}. The following
proposition was proved in [8]:

Proposition 3.2. Let B,q € C°T*(Q) for some a € (0,1), the function ® satisfy
(3.1), (3.2) and G € Wy () for some p > 2. Suppose that qlyy = qls = 0. Then
the following asymptotic formulae hold true:

~ . (T m ~62i71/)(177 1
(313) Rep(er(a+a/7) g =@ ) (WT? + 0@, (72))
YEH

as || — 400,
(3.14)
B s . =20 () 1
Rep(er(a+d/m)lg, =" <yTz T o, (ﬂ))
YEH

as || = +o0.
Let € H \ 9Q. Denote
q1 = Pa, (Q:1(1)Uo) — My, g2 = Sp,(Q2(1)Ty) — My € C°F(Q),

where the functions M; € Ker(205 + A1) and M, € Ker(20, + B;) are taken such
that

(3.15) (@) = q2(F) = Oqu(x) = Wqa(2) =0, Vo € H\ {3} and V[B <5.

Moreover, we can assume that

(3.16) lim 1 Fo(@)] + |[Uo(2)]

T—xy |z — 2y |98

=0.

Indeed, in order to obtain (3.15) and (3.16) for the function ¢y, let us take the
pair (U, Vi) as a nontrivial solution to problem (3.5) such that for some vectors
@ and ¥ either U,(T) = @ or V,(Z) = ¥, and let a(z) be a holomorphic function
in Q such that aly\(z3u{zy = 0, Imalr, = 0 and a(z) = 1. Set (Up, Vo) =
(a*U,,at%V,) and take the functions M;(2) and Ma(z) as polynomials such that
(Pa, (Q1(1)U0) — Mi)lp = (SB,(Q2(1)To) — Ma)|3 = 0 and 92(Pa, (Q1(1)Uo) —
M)z = 02(SB, (Q2(1)Ty) — My)|z gz = 0 for all j from {1,...,5}. Then
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we obviously have Qk")-[ =0 and aquh{\{g} = a%qkh{\{g} =0 for k = 1,2 and
j€{1,...,5}. Finally, in order to prove the last two equalities in (3.15), we need
to consider the case

(3.17) P02y (x) = 051022 go(z) = 0,
VIB <5 and B #0,82 #0, Vo e H\ {7}

Let us prove the equality for the function ¢;. The proof for the function go is the
same. We argue by induction. First we observe that

1

(3.18) 00 qu(w) = 50210 (Aran + (Q1(1)a'PU)) ()
1

= 0008 (M) (@), Va e H\ (T},

From this equality, by the assumption in the induction, we have

0.0-q1(x) = %@(Alql)(x) —0, VzeH\ {7}

If (3.17) is proved for all |5| < k — 1, then from equality (3.18) the conclusion
holds for all |8] < k.

Next we introduce the functions (U_1,T_1) € C37%(Q) x C5+2(Q) as solutions
to the following boundary value problem:
(319) K@ D)(U_1,T_1)=0 inQ,  (U_y+T 1), = % + 2‘%

In order to fix the choice of the operators Pp, and T4, in formulae (2.36) and
(2), we take C = Cy, P = Py and C= C~1, P =P, for appropriately constructed Co
and P,. We set p; = —Q2()(5¢ —U-1) + Li(x, D)(5), p2 = —Qi1(D)(5& —
T 4) +L1(17,D)(622£/2)a G2 = Sp,p2 — ]\72 and q; = P4, p1 — Ml S CS+Q(Q)7 where
Ml € Ker(205 + A;) and MQ € Ker(20, + B;) are taken such that

(3.20) OPqi(x) = 0PG(x) =0, VYzeH and V|3 <5.
By Proposition 3.2, there exist functions m4 z € C?*%(G.) such that

_ N _ e 2T (@) 1
(321) RT,Bl (61 (Q1 + Q1/7')) |§5 = eT(q> ®) (—"%7_2 + 002(@() (7_2)>

as |7] = +o0

and

N o (m_ pe 2@ 1
(322) Ry, (e1(g2+@/7) g, = (2 +002<G€><72>)

T

as |7] = +oo.
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The functions m4. , with y # Z are identically equal to zero, thanks to (3.20).
For any ¥ € H, we introduce the functions as z,bsz € C*%(Q) as solutions to
the boundary value problem

(3.23) /C({E, D)(ai,g, bi,g) =0 in €, (aiﬁ + bi75)|pg =My 3.
We introduce the functions a4 z, b4 7 in the form
(3.24) (at,7,0+7) = (P1(z)az(2),Ci(z)bs 7(2)),

where a4 z(z) is some holomorphic function and by 3(Z) is some antiholomorphic
function. Let (U_2,T_3) € C°2(Q) x C5*%(Q) be a solution to the boundary
value problem

—0 ; @, G2
K(z,D)(U-2,T_2) =0 in €, (U_2+T-2)|r, = 20 | 93!
We introduce the functions Uy -, Tp,» € C*T2(2) by
U_1— 29’
(3.25) Uor = Uy + %
L [ 2iry@ —2ir(F 2
+§ (e Wl )a+,5+e Wl )a,’5+U_2— 2<I>’>
and

T_1 - 62(]2/2&)/
T

1 oo e 4
+ g (621,T¢(x)b+j + 6—2171?(%)19_7% + T72 — q26/2> .
= 23

(3.26) To.r =Ty +

We set O, = {z € Q;dist(z, Q) < €}.
In [7] and [8], it is shown that there exists a function u_; in the complex
geometric optics solution satisfying the estimate

VIllluillzze + = [ Vuillzz + luoilws o, = o(+)
(3.27) vaul ? T
as || = +o0
and the function
(3.28) uy (x) = Upe™® + To’TeT6 - eT‘I’ﬁT’B1 (e1(g1 +q1/7))

— €™ Ry a,(e1(q2 + G2/7)) + € Fu_y
solves the boundary value problem

(3.29) Li(z,D)u1 =0 inQ,  wlp, =0.
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Similarly, we construct the complex geometric optics solutions for the operator
Ly(z, D)*. Let (Vo,Wy) € C52(Q) x C%*(Q) be a solution to the following
boundary value problem:

M(z, D)(Vo, Wo) = ((20, — B3)Vo, (205 — A5)Wp) =0 in Q

(Vo + Wo)lr, =0,

)

(3.30)

which satisfies V(Z) = r for some r € RY and

: [Vo(2)] o [Wo(2)|
3.31 1 =1 —
( ) z—lgcli |z — xi‘gs x—lgtli |z — xi‘gg

Such a pair (Vp, Wp) exists by Propositions 2.1 and 2.2. More specifically let
(3.32) Vo=0Csb, Wy =Psb,

where b(z) = (b1(2),...,bn(2)) € C°%(Q) is a holomorphic vector-valued func-
tion such that Imb|p, = 0, or

(3.33) Vo =Cob, Wy = —Pab,

where b(z) = (b1(2),...,bn(2)) € C°%(Q) is a holomorphic vector-valued func-
tion such that Reb|r, = 0, and the matrices C2 and Py are constructed by

(3.34) Co=(Vo(1),....Vo(N)),  Pa=(Wo(1),...,Wo(N)),
and for any k € {1,...,N},
(3.35) M(z,D)(Vo(k), Wo(k)) =0 inQ,  (Vo(k) + Wo(k))|r, = 0.

Moreover, by Proposition 2.1, there exist solutions (Vy(k), Wy(k)) to problem
(3.30) such that

(3.36) [Wo(k) — €kllcs+amy) <€ VEe{l,...,N}.
This inequality and the boundary conditions in (3.30) on I'g imply
(337) “%(k)+€k||05+u(f0) <e Vke {1,...,]\7}.

In order to fix the choice of the operators P_py and T 4;, we take C =
Ca, P = Py and C = 52, P = 7,5; for appropriately constructed 52, 5; We set
g3 = P_a;(Q1(2)Wo) — M3 and q4 = S_p;(Q2(2)Vo) — My € C5+2(Q), where
Q1(2) = Q3 —20:B; — Bi A3, Qa(2) = Q3 —20, A% — A5BS, My € Ker(20- — A3)
and M, € Ker(20, — Bj) are chosen such that for all z € H \ {Z} and for all
1Bl <5,

(3.38) 43(%) = qu(¥) = 97 qs(2) = 9} qu(x) = 0.
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We note that in order to have (3.38), the pair (Vy, Wy) should have zeros of suffi-
ciently large orders on H\ {Z}. The latter can be achieved by choosing the function
b such that it has zeros of sufficiently large orders on #H \ {Z}.

By (3.2) the functions 537, ;& belong to the space C5T(T). Therefore we
can introduce the functions V_i, W_; € C5T%(Q) as a solution to the following

boundary value problem:

(3.39)  M(z,D)(Voy,W_1)=0 inQ, (Voi+W_1)p, = 7(% %)
Let ps = Q(2)(S8 + Wo1) + La(z, D)*(%57), pa = Q2(2)(5%d + Vo) +
Ly(w,D)*(%2#) and qu = (S—pgpa — M3), @3 = (P-agps — My) € C°F(Q),

where M; € Ker(20; — B3) and M, € Ker(20, — A%), and (g3, q4) are chosen such
that

(3.40) OPq(x) = 0PGqu(x) =0, VYzeH and V|G| <5.

By Proposition 3.2, there exist smooth functions m4 z € C*t*(G.), T € H,
independent of 7 such that

iy 5e2iT (@)

) 1
2
¢ = 3 + e oe ()

(3.41) ﬁ_f,—B;(el(Q3 +a3/7)) i

as |7] = +oo

and
M ze~2T(W=%(@))

; 1
> -2
G. = 7_2 +e ’LT"[’OCQ(GT) (ﬁ)

(342) R_;_az(e1(qa+da/7))

as |7] = +oo.

Using the functions m4 7, we introduce functions a4 z, ’Z;i@ € C**t*(Q) that
solve the boundary value problem

(3.43) M(z, D) (G5, be ) =0 mQ,  (Gez+bsz)|r, = Mz
We choose a4 z, fl;i@ in the form
(3.44) (@x 7, b+ 5) = (Co(@)as (2), Pa(2)bs 7(2)),

where a4 z(Z) is some antiholomorphic function and by z(z) is some holomorphic
function. By (3.2) the functions 557, -2 belong to the space C5T%(Ty). Therefore
there exists a pair (V_o, W_3) € C°T¥(Q) x C>t*(Q) that solves the boundary

value problem

2/ + 29

(3.45) M(z,D)(V_9,W_5) =0 inQ, (Voo + Woa)lr, = —( ER] )
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We introduce functions Vg -, Wy - € C?+2(Q) by

(3.46) Wo, =Wy + M
)T T

1 1 =7 _9; =\ (& q-
+ﬁ (CQlTw(L)b_hgg—f—e 21T¢(1,)b_75+W72+ 2(]3>

207
and
—
V_ 20
(3.47) Vor =Vo + %
1 1T (T) > —2iTY(T) >~ 62&4
The last term v_; in the complex geometric optics solution satisfies the esti-
mate
(3.48)

Virlllv-allzz@) +

and the function

1
\/HHV’I),lHLz(Q) =+ ||’U*1||W21'7((’)€) = 0(;) as |T| — 400
(3.49) v=Vo,re T4 Wo e — e TR, _ps (e1 (g3 + @3/7))
— eiTq)'R,_T’_As (e1(qa +qu/7)) +v_1e” 7%
solves the boundary value problem
(3.50) Lo(z,D)*v =0 in Q, v|r, = 0.

We close this section with one technical proposition that can be proved simi-
larly to [7, Propositions 5.3 and 5.4]:

Proposition 3.3. Suppose that the matrices C;, P; € C6t*(Q), j = 1,2 with
some a € (0,1) are given by (5.8)-(3.10), (3.34)-(3.36) and satisfy
(351) {(1/1 =+ Z'Vg)q)l(lp1a,792b) + (1/1 — ng)(i)/(Cld,CQB)} do =0

Ele)

for all the holomorphic vector-valued functions a,b such that Ima|r, = Imb|p, =
0. Then there exist a holomorphic function © € W21/2 (Q) and an antiholomorphic
function © € W21/2(Q) such that

(3.52) Oz =C3¢1. Ol = P3Py

and

(3.53) ©=0 onTy.
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Proof. First we show that for arbitrary holomorphic vector-valued functions a, b
satisfying Ima|r, = Imb|r, = 0, there exist a holomorphic function ¥ and an

antiholomorphic function ¥ such that
(3.54) ('(C1@,C2b) — ¥)|p, = (¥ (Pra, Pab) — ¥)|r, =0
' and ((v1 — iva) VW + (1 + iva)W)|p, = 0.

Observe that equality (3.51) implies
(355) I= {(1/1 + iVQ)q)/(Pla, sz) + (Vl — iyg)i)l(cl(—a), CQB)} do = 0,
a0

for arbitrary holomorphic vector-valued functions a, b satisfying Re a|r, = Im b|r,
= 0. Indeed,

1 _ _
1=- {(Vl + 7,1/2) /(Plia,Pgb) + (1/1 — iVQ)q),(Cl(_id),CQb)} do
o0
1 _ _ _
= ; {(Vl =+ iVQ)(I)/(Plia, PQb) + (1/1 — Y:VQ)(p/(Cl (ia), Cgb)} do = 0.
o0

Here, in order to obtain the last equality, we used (3.51). In order to prove equalities
(3.54), consider the extremal problem

(3.56) J(U, W) = ||®(Cra,Cab) — \I!HLZ(F + ||®'(P1a, Pob) — \IIHLZ(F — inf,
where

U , -
(3 57) ?92 0 in Q, % =0 in Q, ((Vl—iyg)\ll—i-(yl +iV2)\I/)‘FO =0.

Denote a unique solution to this extremal problem (3.56) and (3.57) by
(T, T \IJ) € I/Vl/2 (Q) x W;/Q(Q). Applying the Fermat theorem, we obtain

~

(358)  Re(¥'(Pra, Pob) — U,0) a5 + Re(P'(Cra,Cob) — U, 0) 1
for any 8, & from W;/Q(Q) such that

a6 , o6
(3.59) 5= 0 inQ, p

and there exist two functions P, P € W, / ?(€) such that

=0 inQ,  ((1+im)d+ (1 — i12)d)|r, =0,

op . op :
(3.60) = 0 in Q, 5 = 0 in Q,
(3 61) (1/1 + ZVQ) (Pla Pgb) — {Iv’ on f,

(11 —ivy)P = ®'(C1a,C2b) — ¥ on T
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and

(3.62) (P — P)|p, = 0.

Denote Wy(2) = & (P(z) — P(z)) and ®(2) = 3(P(2) + P(%)). Equality (3.62)
yields

(363) Im \110|[‘0 =Im (I)0|F0 =0.
Hence
(3.64) P=(®y+ily), P =(d—ilp).

From (3.58), taking §=Vand§= \T!, we have

=

(3.65) Re / (3'(Cra,Cab) — B)T + (O (Pra, Pab) — B)T) dor = 0.

r

By (3.60), (3.61) and (3.64), we have

H= Re/((@/(P1a7'P2b) - \T/)CI)/(’Pla,PQb) + ((i)/(cld,CQB) - \/I})(I)/(Cld,CQb)) do
r

= Re/v((l/l + ’L'IJQ)P(P/(’Pla,,PQb) + (1/1 - 1'1/2)}3@’((31&,(325)) do
r

= Re/~((1/1 + iUQ)(q)o + i\Ifo)(I)l(Pla,sz)
T
+ (1/1 - iVQ)((i)O - m)‘il((;ld, CQB)) do.

By (3.51) and (3.63), we have

(366) Re/f{((y1+il/2>q)/(731<¢)0a),Pgb))-i-((l/l—Z'VQ)(i)l(Cl((I)Oa),CQB))}dO’ =0.
By (3.55) and (3.63), we obtain

(3.67) Re /f (1 + iv2)®' (P1 (iW0a), Pab))

+ Re((ul — iyg)(i)/(cl(—illloa),025))} do = 0.

Then by (3.66), (3.67) and (3.65), we see that H = 0. Taking (3.65) into account,
we obtain that J(¥, ¥) = 0. Hence

(3.68)
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In general, the function ® may have a finite number of zeros on €. At these zeros
the functions =, = may have singularities. On the other hand, observe that =, = are
independent of a particular choice of the function ®. Making small perturbations
of these functions, we can shift the position of the zeros of the function ®'. Hence
there are no poles for the functions Z and Z. By (3.57), we have ((v1 —ivo) U+ (11 +
ivy)W)|r, = 0. Next, using the assumption Im ®|p, = 0, by direct computations,
we have ((v1 +ive)® + (v1 — iva)®')|r, = 0 . Therefore

(3.69) 2(z) =E(2) onT\.
Consider N holomorphic vector-valued functions b; = (b;1,...,b; n) such that
Imbj|r, = 0 and the determinant of the square matrix [bq, ..., by] is not equal to

zero at least at one point of domain 2. The equality (3.68) can be written as

(P;Pra,b;) =E;(z) and (CiCia,b;) =Z;(2) onT.

Then .

PiPia =B 'E and CiCia=B 'E onl.
Here B is the matrix such that the jth row equals b§ and 2(2)=(Z,(2),...,En(2)),

== (E1(2),...,2En(2)). Consider N holomorphic vector-valued functions a; such
that Ima;|r, = 0. Then

P;Plaj = BflEj and C;Cldj = BflEj onI'.

From this equality, we have

PiPy =B A" and C;C; =B 'IIA~' onT.

Here A, ﬁ, IT are the matrices such that the jth rows equal a;, Ej and Z; respec-
tively. We set
©=B 'MA"! and 6 =B 'lIA".

These formulae define the functions O, 5 correctly except at the points where
determinants of the matrices A and B are equal to zero. On the other hand,
it is obvious that the functions O, O are independent of choices of the matrices
A, B. Hence, if we assume that there exists a point of singularity of, say, the
function © by Proposition 2.1, then we can make a choice of the matrices A, B
such that the determinants of these matrices are not equal to zero at this point
and reach a contradiction. The equality (3.53) follows from (3.69) and the fact
that Im B|r, = Im A|r, = 0. Indeed,

PiP =B 'MIA ' =B 'MIA™' = B 'IA"' = C5C;  on Ty,
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The proof of the proposition is complete. O

Let u; be the complex geometric optics solution given by (3.28) constructed
for the operator Lq(x, D). Since the Dirichlet-to-Neumann maps for the opera-
tors Li(xz, D) and Lo(x, D) are equal, there exists a solution us to the following
boundary value problem:

Ly(xz,D)us =0 in Q, (u1 — uz)|oq =0, Op(u; —uz) =0 on T.

Setting u = w1 —ug, A= A1 — Ay, B=B; — By and Q = Q1 — Q2, we have

(3.70) Lo(z,D)u+ 2A0,u1 + 2Bozu; + Qu; =0 in Q
and
(3.71) u|aQ = 0, 817u|f =0.

Let v be the function given by (3.49). Taking the scalar product of (3.70) with v
in L2(Q) and using (3.50) and (3.71), we obtain

(3.72) 0= / (2A0,u1 + 2Bozuq + Quy,v) dx.
Q
Denote

(3.73) V= Vo,e T+ Wo,e ™ — e R, _pi(er(qs + @3/7))

— e PR, _as(er(ga + /7))

and

(3.74) U=Upre™® + Tore™ = ™Ry, (1 (a1 + 61 /7))
— eTERT,A1 (e1(g2 + q2/T)).

We have

Proposition 3.4. Let uy be given by (3.28) and v be given by (3.49). Then the
following asymptotics holds true:

/(2./48%” + 2Bozuq + Qul,v) dr = /
Q

1
(2A0.U + 2B3:U + QU, V) dz + 0(7)
[e) T

as T — +00,
where the functions U, V are determined by (3.74) and (3.73).

The proof of Proposition 3.4 is exactly the same as the proof of [6, Proposi-
tion 5.1].
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Conditions (3.15), (3.16) and (3.38) may impose some restrictions on the pairs
(Uo, Vo) and (Tp, Wy) and this will be inconvenient for us, since in the next section
we shall try to establish the identity (3.51). However we can argue as follows. We
set

3.75) wy = Upe™ + VoeT‘i> + Ueore” #, v="The ™® + VVOe_T‘i> + Veore ¥,
(
where
(3.76) [tcor 2w () + lveorlwpm () < C-
From (3.75) and (3.76), we have
/(2A8zu1 + 2B0zuy + Quy,v)dx
Q
= / ((2A8. + 2Bz + Q) (Uoe™ + Ve ™), Toe ™ + Woe ™) da + o(7)
Q
as 7 — +00.

This equality and short computations immediately imply (3.51).

84. Step 2: Asymptotics

We introduce the functionals

Sral = et o B2
(U(ﬁf)_ 02u(@) | 0%Zu(@) 3zu(55)<1>”’(5)_8ZU(5)<T>’”(9?)>
T 20/(@)r2 | 281(T)r2 | 2(@7(2)2r2  2(9"(7))2r2
and

B VI =1V (-3 Vi — e ( u ) T(2-9)
Jou = (@=2) go — d. do.
! /89“ 270 7 /89 o 2720 ) € 7

Using this notation and the fact that ® is a harmonic function, we rewrite the
classical result of [5, Theorem 7.7.5] as

Proposition 4.1. Let ®(z) satisfy (3.1), (3.2) and u € C°T(Q), a € (0,1) be
some function that has zeros of order 5 on the set H N 0. Then the following
asymptotic formula is true:

_ . ~ 1
(4.1) / ue™ =) dy = Z XV WE u+ Jou + 0(—2) as T — +00.
@ yeEH g
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Denote
H(z,0.,0) = 240, + 2B0: + Q and J, = /Q (H(x, 0., 0:)U., V') d,
where U and V are given by (3.74) and (3.73) respectively. We have
Proposition 4.2. The following asymptotic formula holds true:

1
1 .
(42) 0= Y "+ ((J+ + Iy g+ K ) (@)@
k=-—1

+ (g K )(@)e 2 @)
+ /~<(l/1 — i) (AUe™, Voe_ﬂi)) + (1 + iVQ)(BTO@T(I)7 Woe ™)) do
T

1
+ 0(7) as T — 400,
T

where J_1 and Jy are independent of T, and

(43) Jl = /89((V1 - iVQ)é,(To, Vb) + (1/1 =+ iVQ)(I)/(Uo, W())) dO’,
(4.4) I, (@) = W( — (20, AUy, Vo) — (AUy, A3V0)

— (BAL Uy, Vo) + (QUo, Vo)) (7),
(4.5) J_(F) T (— (AB Ty, Wo) — (20-BTp, Wy)

2 det " ()|
— (BT, BsWo) + (QTo, Wo)) (2),

(4.6) Ii () =— /BQ {(yl —iv2)((2b4 9, Vo) + (29T, d+ 7))

+ (11 + i) (202 39, Wo) + (2¢'U0,Zi,§))} do,
(4.7) Ky =78.5(q, Th, (Bi A Vo) — AV + 2T, (9.8*Vp)

+Tp, (B*(A5Vo — 270'14)))

— 27875 (P2 45 (A(0:Up + 7®'Uy) + Bo:Uy), qa),
(4.8) K- =15 2(qo P}, (20.(A"Wy) — 200/ A* W) — B W,

+ Pj, (A{B"Wo))

—27F_ - 5 (s, T gy (A Ty + B(0:Ty + 79'Tp))).

Proof. By Proposition 3.4, the following asymptotic formula holds true:

$=/mm@%mmmzqg a7 o oo,
Q T
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Integrating by parts and using Proposition 4.1, we obtain

19 M= / (240, (Uo,re™®) + 2B0:(Ug ™), Vo.re” ™) da
Q

_ / ((~20-AUs-e™ Vo e ™) — (2AUo 167, 0.Vo ™)
Q
+ (2885[]0’-,—67—(1), VO’Te_T&’)) dx

—|—/ (v — il/g)(AUo,TeT@,VO,Te_T&)) do
o0

= 2 TVIF, (= (20..AU, Vo) — (24U, 0:Vo) + (2B9:Uo, Vo))
+ j'1‘(_(282~/4(]O,'1'7 %,T) - (2AUO,Ta anO,'r) + (QBaéUO,'ra ‘/O,'r))

5 _ 1
+ /~ (1 — i) (AU, Vo)e™ @) do + kg o + “0; Ly 0(;),
I

where kg ; are some constants independent of 7.
Integrating by parts, we obtain that there exist constants &; ;, independent
of 7, such that

(4.10) / (240, (Ty €™ + 2B:(Ty re™®), Vo.re ™) da
Q

= (2A82TO,T7 %,T)LQ(Q) + (QB(azTO;F + T(i/TO,T)7 %,T>L2(Q)

R1,—1

=TRK1,1 + K10+

1 _ o _
+ ;(62’71”(””)(2Bb+7§<1>',VO)LZ(Q) +6_2ZT¢(I)(28b—,’i(I)/,Vo)L2(Q))

1 oo o
+ 7(62”1!)(1)(28'1)/110, a+,§:’)L2(Q) + 6—21T¢(I)(2B¢/T07 a—,%)L%Q))
.
1
+ o(;).
Since by (3.5), (3.23), (3.30) and (3.43), we have

(2BR'Ty, ax 7) = —40,(®' Ty, a+ 7),
and (QBbi,g(I)/, Vo) = 746z(bi75‘§/, Vb) in Q,

from (4.10) we obtain

(4.11) My = / (240, (Ty €™ + 2B=(Ty +e™®), Vo.re ™) dx:
Q

R1,—1

=TK1,1 + K10+

- / L2 (20 (9Bh, 28, V) e 27V@ (2Bb_ 58, Vy)) do
a T



CALDERON’S PROBLEM FOR ELLIPTIC SYSTEMS 167

— / @(e%w@)(z@%,m@) + e 2@ 2Ty - 5)) do
o0

1
+ 0<7> .
T
Integrating by parts, we obtain that there exist constants s ;, independent of 7,
such that

(4.12) M3 = / (240, (Up r€™®) + 2B05(Up ™), Wy re™®) dx
Q

= (2A(9.Uo,r + 7®'Up ) + 2BO:Up 7, Wo,+) L2(2)

R2 —1

=TR21 + K10+

2 . ~ . ~
+ ;(62”1[1(90) (“461_"_’5(1)17 WO)LZ(Q) + e~ 2iTY(@) (Aa_i@’, WO)LQ(Q))

2 iTY(T T —2iT(T 7
+ ;(62”1[1(90) (A@’T07b+755)L2(Q) 4+ e~ 2im( )(A(I)/W(),b_,g)Lz(Q))
1
+ o(;).
Since by (3.5), (3.23), (3.30) and (3.43) we have

(Aas 79", Wy) = —20:(as 7', W)
and (A®'Ty, by z) = —20:(®'Tp, be z) in Q,

we obtain from (4.12),

(413) My = / (240, (Us., ™) + 2BD-(U e™™), Wore~™®) dar
Q

K2 ,—1

=TK2,1+ K10+

2 . ~ . ~
—/ (1/1 + ng);(@QlTw(I)(aJrjq)/, Wo)-i-e_QZTw(x) (0,775(1)/, Wo)) do
oQ

2 e ~ . ~
- / (V1 +ive) = (2@ (B Ty, by 3) + e 2VE(D' Ty, b_ 7)) do
N T

1
+o0 (—)
T
Integrating by parts, using (3.5) and Proposition 4.1, we obtain that there exist
some constants k3 ;, independent of 7, such that

(4.14) My— / (240, (Tore™) + 2B0-(Ty ™), Wore~™) da
Q

= /((2,482710}7—67@, W()’-,—e_ﬂb) — (2856T0’76T$, Wo)-,—e_ﬂb)
Q
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— (QBToyTeTi), 85W077—67T¢)) dx

+ / (1/1 + iVQ)(BTOVTeTé, W()’.,—@i‘rq)) do
[219)

= e 2 @E_ (240, Ty, Wo) — (20:BTy, Wo) — (2BTp, 0:Wy))
+ j—T((zAazTO,Ta WO,T) - (28,ZBTO,T7 WO,T) - (2BTO,Ta aEWO,T))

3 K3,— 1
+/~(1/1 + ivg) (BToe™® , Woe ™) do + k31 + 37’_ ! +0<;).
T

Integrating by parts and using Proposition 4.1, we obtain

(4.15) M5 =— /Q(2u45'z(757,31(61((h + @ /7)e™®)
+ 2885(75,7,51 (61((]1 + @'1/7'))67—@), V();,—e_ﬂi)) dx
= [(ABR b1l + /) - erar)e™

+ 2323(757,131 (ex(qr + @1 /7))e™™), Vore ™) da
~ [t i) BRep eran+ 32 /7) Vo e
+ (2BRrp, (e1(qr + @1 /7)), 05 (Vo,re™ ™)) p2 g + 0(%)
= /Q ((A(BlsBl (€@ Peiqr) —erq)e™ ™ Vo )
+ (20.B(S5, (" Verqn)), Vo,r) ) da
+ (BSp, (e"® Peiqr), 0:Vo,r — 279" Vo) 120
— [ 1+ ) B e + T /), Vo) P o+ of 1)
o0

= 2™ @E (a1, Sp, (BiA* V) — AV,
+ 25}‘;1 (0.B*Vy) + Sgl (B*(A3Vp — 27<I>/V0)))

‘ ~ N (DG 1
B / (v1 +i10) (BRy, 5, (e1(q1 + @1 /7)), Vo,r)e™ * ™) do + 0(7>
o9 T
as 7T — +o0.

After integration by parts, we have
Mo == [ (2A0.(Rr, (er(ar + @ /7)e™)
Q
+ 2805 (75,-,—’31 (61((]1 + /671 /T))GT(I)), Wo,-,—e_‘rq)) dzx

= /Q(A(BlﬁT,Bl(@l(fh +q1/7)) —e1q1)
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N _ 1
+20:BRr 5, (e1(q1 + G1/7)), Wo.r) da + o(;)
— (2BR+5, (e1(q1 + @1 /7)), 0:Wo.r)r2(0)

— / 2 iVQ)(BﬁT7Bl (61((]1 + 671/7’)), WO,T) do.
o0
Using (3.21), (3.22) and [7, Proposition 8], we obtain that
1
(4.16) Mg = — / (Aq1, Wy ;) dx + o(f) as T — +o0.
Q T

Integrating by parts and using Proposition 4.1, we have
(4.17)
M7

_ / (240 (Uo,re™®) + 260 (Vo +¢™), Rr.— a5 (€2 (s + @a/7))e ™) de
Q

=2 / (A(0.Up » +7®'Up ,)e™® + BO-Up ™%,
Q
R_r—az(er(qa+da/7))e ™) dx

= 1
— 9 / (P 45 (A(0:Up + 79'Ug) + BO:Us, 1), e1q1¢™* =) dar + 0(;)
Q

= 2P TVDF (P24 (A@.Uy + 78 Uy) + B0:Uo), 1) + ()
as 7 — +00.
Integrating by parts and using [6, Proposition 8], we have
(4.18)
Ms

_ / (240, (Uo+¢™®) + 2B0: (U re™), Ry —py (e1(g3 + Bo/7))e ™) da
Q
= /(—(—23ZAU0 + Bo:Uy, 7%77,73;(61(% +q3/7)))
Q
N B 1
— (AUs.r, ByR 7 (e1(qs +3/7) — e108)) da +o( )

- / (r — Z'VQ)(AU(LIﬁ»f—r,fB; (e1(g3 + g3/7))) do
o9

1
:_/(AUO’ﬁq;;)dx—i—o(f) as 7 — +00
Q T
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and
(419)  My—— / (2A0. (Rr, 4, (€1(g2 + G2/ 7))e™)
Q
+2B:(Ry 4, (e1(q2 + G2/7))e™®), Vo re ™) da

= [ (Ren(erla + /7). 0.4V0,)
+ (B(A1R 7,4, (e1(g2 + G2/7)) — e142), Vo)) dz + o(%)
- /BQ(VI — i) (AR 4, (e1(q2 + §2/7)), Vo) do

1
:_/(BQ%VO,T)dl‘-&-O( ) as T — +00.
Q

.
Integrating by parts and using Proposition 4.1, we obtain

(4.20) Mg = — / (240. (R, (e1(gs + G2/ 7))e™®)
Q
+ 2B0:(Rr 4, (e1(q2 + G2 /7))e™), Wo e ™) dz
= / ((*RT,Al (61(QQ + 62/7')), *82(2A*W077—) + 2T‘I)/A*W07-,—)
Q
+ (B(A1Rr 4, (e1(q2 + @2/7)) — e1a2), Wo,r)e™ ™)) da
. N o 1
a / (Vl - ZVQ)(ART,Al (61 (qQ + CI2/T>), WO,T)e @ do + 0(7)
0 T
= / (elqg, P‘Zl (2&2 (.A*WO,T) — 2T‘I)/A*W0) — B*WO
Q
+ P4 (ATB Wp))e™ =) du
) _ (B 1
*/ (v1 = 2) (AR, (€1(2 + B2/7)), Wo)e” @~ do + 0 =)
o9 T
= e 2V OF (g2, Ph,(20.(A"Wo ) — 270" A" W)
— B*Wy + P (ATB*Wq))
‘ _ B 1
- / (v1 = iv2) (AR, 4, (ex(a2 + B2/7)), Wo)e™ =) dor + 0~ )
9 T
as 7T — +oo.
By (3.15) and Proposition 4.1, we obtain
(4.21)
M

_ / (240, (To-¢™®) + 280 (To.re™), R _ps (e1(g3 + Ga/7))e ™) dc
Q
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=— / (2A0.Ty » + 2B(0:To » + 7®'To ), R 7. ps (e1(qs + 3/7)))e” ") da
Q
d @ 1
= — / (61%7 TjB; (2A82T0’T —+ 28(821"0’7_ + T(I)/TO}T)))eT(q)_(I)) de + 0(;)
Q

. _ 1
= e HTVDF_(gs, 57 p; (2A0.Ty + 2B(9:Ty + 78'Ty))) + o(;)
as 7 — +00.

By Proposition 4.1, there exist constants s4,;, independent of 7, such that
(4.22) My = / (Q(Uo€7® + Tore™), Vore ™ + Wo e ™®) da
Q

™
= Kgq,0 + Kq,— +
4,0 4, 1/7— 27|det¢”(x)|1/2

% ((QUo, Vo) (7)™ @ + (QTy, Wo)(F)e @)

1
+ 0<7) as 7 — +00.
T

Since J, = ,1€2:1 M., the proof of Proposition 4.2 is complete. O
We have

Proposition 4.3. The matrices A; and B; on r satisfy

(4.23) A —Ay=B; —By=0 onT.

For any matrices Cj, P; € C5T*(Q) satisfying (3.8)-(3.10) and (3.34)~(5.36) with
sufficiently small positive € and some a € (0, 1), there exists a holomorphic matriz
O € Ct*(Q) such that the matriz Q = P1O~1P; verifies

(4.24) 20:Q+41Q—-QA: =0 nQ\X, Qlg=1, 9Qlz=0,
where X = {x € Q; det O(z) = 0} and
(4.25) Qe O\ X&), detQ#0 inQ\AX.

Proof. From (4.2), we have Jy = J; = 0. All remaining terms on the right-hand side
of (4.2) except for [z((vy —ive)(AUpe™®, Voe  ™®) 4 (v1 +ivo ) (BTpe™, Woe™ ™)) do
are of order o(\%). Let the phase function ® = ¢ + i1) be given by [7, Proposition
2.2]. Let Z be an arbitrary point from T and p € Cg(f) be equal to 1 in some
neighborhood of z. Thanks to (3.16) and (3.31), the functions Uy, Vy, To, Wy can
be chosen such that

L D@+ @] Vo) + Wo(w)

T—T 4 \x — fi|98 T—T 4 |ﬂ? — :i':t|98

=0
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and
6 P 6
— | Im®(z_ 0 Im®(z 0.
Here #4-0 and % mean the limit from the right and the limit from the left,

respectively. Hence we have

Z = /y((vl — i) (AUe™®, Voe_T‘i’) + (1 + iug)(BTOeT‘i), Woe™™®)) do
i

= /Nu((yl — iug)(.AerT@, Voe_“i)) + (11 + ng)(BTOeT@, Woe_ﬂb)) do
T

1
+ 0( —) .
T
For the restriction of the function ¥ on supp p, the set of the critical points G is fi-

nite and all the points are nondegenerate. Applying the stationary phase argument
to the last integral, we obtain

(4.26) Z= zg:g ’3?(@1 — i) () (AUp, Vo) (z)e' ™)
+ (v + i) (&) (BT, Wo) (x)e—T4@) + o(\%)

Here k is some function not vanishing for any x € G. Since () # —¢(T) + 27k
and ¥(Z) — ¥ (z) # Omodulo 27k for all = from G \ {Z}, by (4.26) and (4.2), we
have (4.23).

From Proposition 4.2, for any function ® satisfying (3.1) and (3.2), we have

(427) /89((U1 + ’L'l/g)q)/(To, VO) + (1/1 — Z'I/Q)(il(U07 Wo)) do = 0.

If a(z) = (a1(2),...,an(2)) and b(z) = (b1(2),...,bn(2)) are holomorphic
functions such that Im a|r, = Im b|r, = 0, then the pairs (P;a,C1@) and (Pab, Cob)
solve boundary value problems (3.5) and (3.30) respectively. Therefore we can
rewrite (4.27) as

(428) {(1/1 + iVQ)q)/(Pla, PQb) + (Vl - iVQ)(i)/(Cld, CQE)} do = 0.
o2

Thanks to (4.28), all the assumptions of Proposition 3.3 hold true. By Proposition
3.3 there exist a holomorphic matrix ©(z) and an antiholomorphic matrix ©(z)
on Q such that

(4.29) ©=P;P, onl and ©=CiC; onl and ©,0 € L*Q)
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and
(4.30) ©-6=0 onl,
From (4.29) and (4.30), we have
6. 6- {79;791 00 itz el,
0 if x € Ty.
By (3.8), (3.9), (3.34) and (3.35), we have
(4.31) ©—O0="P;P, —CiC; on 0N

From (4.31) and the classical regularity theory of systems of elliptic equations
(see, e.g., [12]), we see that ©, © € C6T%(Q). Without loss of generality, we can
assume that

(4.32) detP; #0 and detP; #0 on I.
Moreover (3.10) and (3.36) yield

det Py #0 and detP; #0 onIy.
Observe that
(4.33) I=P©°'P; onl
by (4.29).

Since
20;P1+ A1P1=01inQ and 20:;P; —P;A2 =0 in Q
by the construction of the matrices P;, and the matrix © is holomorphic, we have
20:(P1O N+ A (PO ) =0 inQ\X
and
(4.34) 20-(P1O7'Py) + A1 (PO 'Py) — (P1O7'P3)A3 =0 in Q\ X.

Thus the first equation in (4.24) holds true. By (4.33) the second equation in (4.24)
is proved.
By (4.23) and (4.33), we have

(4.35) —20;Q=A1P1O P — PO " Ps Ay = AT — [Ay = Ay — Ay = 0.

In order to prove the third equation in (4.24), we observe that there exists a
matrix Y (x) with real-valued entries such that det T(z) # 0 and V = Y (x)(9z, O7).
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Therefore 9 = 1((Y11 +iY21)d5 + (T12 + i 22)dz). By (4.35) on T the following
equation holds:

1 .

9:Q = 5((T11 +iT21)05Q + (T12 +iT22)0-Q)
1 ) ‘

- 5((T11 + ZTQl)aﬁQ + (T12 —+ ZT?Q)aFI)

1 .
= §(T11 + ZTQl)aﬁQ = 0

Since the determinant of the matrix T is not equal to zero, we have (Y17 +iY91) #
0. Hence from the above equation, we have 0;Q = 0.

If det Q(zo) = 0, then det Pi(x¢)det Pa(z9) = 0. Let matrices 73\] be con-
structed as P; but with a different choice of the pairs (Uy(k), To(k)), (Vo(k), Wo(k))
that are solutions to problems (3.5) and (3.30) respectively, and satisfy (3.10) and
(3.37). In such a way, we obtain other matrices P;, ©, Q that satisfy (4.24) with
a possibly different set X'. We denote such matrices P;, ©, Q by 75j, e, Q By the
uniqueness of the Cauchy problem for the d.-operator, we have

Q=Q onQ\XUX where X = {z € Q; detO(z) = 0}.

Consequently Q(wo) = 0. On the other hand, one can choose the matrices ’ﬁ;
such that detP;(z9) # 0. Therefore we reach a contradiction. The proof of the
proposition is complete. O

Our next goal is to show that the matrix Q is regular on €.

Now we prove that if the operators L;(z, D) generate the same Dirichlet-
to-Neumann map, then the operators L;(z, D)* generate the same Dirichlet-to-
Neumann map.

Proposition 4.4. Let A;, B;, Q; € C5t%(Q), j = 1,2 with some o € (0,1). If
AA17317Q1 = AAz,Bz,Qz; then A—AI,—BI,R1 = A—A;,—B;,RQ; where Rj = 7(92/1; -
0:B; + QF for j € {1,2}.

Proof. Let v; solve

Lj(x,D)'v; =0 inQ, wvjlr, =0, vilg=g

and u; solve

Lj(z,D)u; =0 inQ, [, =0, ujlz=f.
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By our assumption and the Fredholm alternative for both problems, solutions exist

and are unique for any f,g € C§°(T"). By the Green formula, we have
(Lj (1‘7 D)*Ujv ﬂj)LQ(Q) - (Uj7 Lj(x7 D)ﬂj)Lz(Q)
= (aﬁvjvaj)m(f) - (Ujvaﬁﬁj)m(ﬁ)
- (Aj(’/l - iVQ)gvf)L2(f) - (Bj(Vl + iVQ)gaf)Lz(f)» Jj=12

Subtracting the above formulae for different j, using (4.23) and taking into account
that AA17317Q1 = AAQ,BQ,QQ, we have

(alﬂ}l — Opva, f)Lz(f) = 0.

Since the function f € C§°(T") can be arbitrarily chosen, the proof of the proposi-
tion is complete. O

By Proposition 2.1, there exist solutions (Ug(k), To(k)) to the problem

(20zUo (k) — ATUg(k), 20, To(k) — BiTo(k)) =0 in Q,

(4.36)
Uo(k) + T()(k‘) =0 only
and solutions (Vo (k), Wo(k)) to

(4 37) (QOgVQ(kJ) + AQVO(k‘), 28ZW0(]€) + BQWO(k‘)) =0 inQ,

' Vo(k) + Wo(k) =0 on Iy
for k € {1,..., N} such that
(4.38)  [[Uo(k) = €kllcsra(ry) + [Wolk) = €kllcstamy) <€ VEke{l,...,N}.
This inequality and the boundary conditions in (4.36) and (4.37) imply
(4.39) || To(k) = €kllcs+amy) + IVo(k) = €kllcotam,) <€ Vhke{l,...,N}.
We define matrices M1, Ms, R1, Ro by

M,y :(To(l),...,To(N)), Rl:(UO(l)v'“vUO(N))a

(4.40)
Mo = (Vo(1),...,Vo(N)),  Ra=(Wo(1), ..., Wo(N)).

By Proposition 3.3, there exists a holomorphic matrix ) such that the matrix
function G = MY~ M3 solves
20:G 4+ GA; — AiG =0 inQ\ {z € Q; detY(x) = 0},

(4.41)
Glz=1, 0;Glz=0.
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Observe that the matrix Q* ' solves

282Q*_1 + Q*_lA; _ TQ*—l — 0

(4.42) h

in Q\ {z € Q; det P1(x) det P2(z) = 0}
and
(4.43) Q 'r=1, &HQ 'z=0.

Here the matrix Q is constructed in Proposition 4.3 and we recall that Q* is the
adjoint matrix in L?(Q) over R.

Let matrices ’/P; be constructed as P; but with a different choice of the pairs
(Uo(k), To(k)), (Vo(k), Wo(k)) that are solutions to problems (3.5) and (3.30) re-
spectively, and satisfy (3.10) and (3.37). In such a way, we obtain another matrix
Q that satisfies (4.24) with a possibly different set X'. We denote such a matrix Q
by Q By the uniqueness of the Cauchy problem for the d,-operator, we have

(4.44) Q=Q onQ\{z e det(Py PP Po)(z) = 0}.

Let z. € Q be a point such that det(P;Ps)(z,) = 0. We choose the matrices
75]- such that the determinants of these matrices are not equal to zero in some
neighborhood of the point x,. Then by (4.44) the matrix Q*~! can be extended
in a neighborhood of z, as a C8*+_matrix. Hence

(4.45) 20:Q* '+ QA —AIQTT =0 inQ.

By (4.41) and the uniqueness of the Cauchy problem for the d,-operator, we
obtain
G=Q" ' inQ\{zec; detY(z) =0}

Repeating the above argument, we obtain that the matrix G=* € C5t*(Q) can be
defined. Therefore the matrix Q belongs to the space C%t*(Q) and solves equation
(4.24) in Q.

The operator Ly (z, D) = Q 'Ly (z, D)Q has the form

Li(z,D) = A + 24,58 + 2B10: + Q1,
where
B =Q '(Bi1Q+20:Q), Q1=Q ' (@Q:1Q+AQ+24,0.Q+2B,9:Q).

The Dirichlet-to-Neumann maps of the operators L (z, D) and El(m,D) are the
same. Let @; be the complex geometric optics solution for L (z, D) constructed
in the same way as the solution for the operator Li(x, D). In fact, we can set
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w; = Qup where u; is the complex geometric optics solution given by (3.28)
constructed for the operator Lq(x, D). For the elements of the complex geometric
optics solution uy such as Up -, Ty -, we use the same notation as in the construction
of the function u;. Since the Dirichlet-to-Neumann maps for the operators L1 (z, D)
and Lo(z, D) are equal, there exists a solution us to

Ly(z,D)us =0 inQ, (i) —uz)log =0, 9p(@ —up) =0 onT.

Setting u = uy — us, B= Bl — By and é = @1 — @2, we have

(4.46) Lo(z, D)+ 2Bt + Quy =0 in Q
and
(4.47) oo =0,  Opuls = 0.

Let v be the function given by (3.49). Taking the scalar product of (4.46) with
v in L%(2) over real numbers and using (3.50) and (4.47), we obtain

3 5 = ~ 1
(4.48) /(235%171 + Quy,v)dr = / (2BozU + QU, V) dx + 0(7> =0,
Q Q T
where the function V' is given by (3.73) and
(4.49) U = U07T67<I>+T0,7676767<1>7€T’§1 (61(Q1+§1/7))7675R77A2(61(q2+§2/7)),
We have

Proposition 4.5. The following equalities are true:
(4.50) Sgl (B*Vy) = Sgl(i’B*Vo) = SiBg (BTy) = SiB; (®'BTy) =0 onTl
and

(4.51) L o(F) =0.

Proof. Since the matrix P, satisfies the equality 205P1 + AP = 0, the matrix
‘P3P is holomorphic in the domain €. Indeed,

(4.52) 20z(P3P1) = 2(0: P3Py + P30:P1) = Py AsP1 — P APy = 0.
In order to obtain the last equality, we used 20;P5 = A3P;. Equality (4.52) implies
(453) / (Vl + iu2)<1>'(771a,772b) do = 0.

o0

By (4.48) the conclusion of Proposition 4.2 holds true, if the operator Ly (z, D)
is replaced by the operator Ly (z, D).
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From (4.53) and (3.51), we obtain

(454) / (1/1 — iVQ)(f/(Cld, CQB) do = 0.
o0

By Proposition 4.2, there exists an antiholomorphic function O in Q such that
C5C; = ©(Z) on I'. Hence

‘/~(l/1 - Z'I/Q)(I)/(Cscld, l_)) do = /~(1/1 - 7;1/2)&)/(@6,, l_)) do
r r

= —/ (11 — i) ®' (Oa, b) do.
To
We write (4.54) as
(4.55) / (11 — i)@' ((C3Cy — O)a, b) do = 0.
o

Therefore, by [7, Corollary 7.1], from (4.55) we obtain
(4.56) CiC; =© on 0N

We observe that for the construction of the function Uy, instead of the matrix
C1, we can also use the matrix C;. In that case the equality (4.56) has the form

(4.57) CiCy = O, on 09,

where O, is some antiholomorphic function in Q. We define S = (9'B*Vp) on R2\ Q)
1

by formula (2.37). Now let y = (y1,¥2) € I be an arbitrary point and z = y; +1ys.
Then, thanks to (4.23), for any sequence {y; 521 C R?\ Q such that Y;j — Y, we
have

(4.58) S (DB Vo) (y;) = S5, (¥'BVo)(y) as j — +oo.
Indeed, by (2.37) and (4.23), there exists a constant C' such that
* (Tl 1% * (T 1% % 1 1
(4.59) |95 (2'B"Vo)(y;) — 55, (2B Vo) (y)] < C/ 1Bl - ’ dg,
1 1 Q Zj - C zZ — C

where z; = y;1 + 1y, 2. Since g*(f) =0,¢€eT by (4.23), the sequence

~ 1 1 >
B¢ - }
GGl
is bounded in L*°(£2). Moreover for any positive § the above sequence converges

to zero in L>®(Q\ B(y,d)). Thus, from these facts and (4.59), we obtain (4.58)
immediately.
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By (4.56) and (4.57), we have
* X/ 1% 1 — — * T/ 1%
(4.60) S5 (®'B"Vo)(y;) = 5(Ci 'ro.n) ()0 (C1E'B Vo) (y;)

+ o (CTM (1 = 70,0)) (7)1 (CL ' B Vo) (y;)

2 :
1 9.(P'CiCa)b

- *%TOvl(Eﬁ)(Cfl)*(yj)/Qﬁds
(1= o)) ()5 /Q 0:(2'C1C)b |

1

— o) ) [ TR g

=0.

Here, in order to obtain the last equality, we used the fact that z; ¢ Q and therefore

the functions e,:%{),gb, éf‘i’%b are antiholomorphic in Q. From (4.58) and (4.60), we
. Zj— Zj—

have S%l(é'B*Vb)h: = 0. The proof of the remaining equalities in (4.50) is the

same. Next we show that T4 ¢(Z) = 0. By (3.24) and (3.44), we have

(4.61) i@ = / { = iv2)(203C1b.4 58, B) + (20/C3C13, 2 7))
N
+(1 +iv2) (2P3 Pras 70, b) + (2<1>’7>;Pla,'5i,5))} do.

Since by (4.56) the restriction of the function C3C; on 0 coincides with the
restriction of some antiholomorphic function in € and by (4.52) the function P3P,
is holomorphic in €, the equality (4.61) implies (4.51). The proof of the proposition
is complete. O

We use the above proposition to prove
Proposition 4.6. The following equalities hold true:
T/ Q* 2% _Q* T/ 2%
(4.62) d Sél (B*Vy) = Sél(® B*Vy),
(4.63) ®'S” . (BTy) = S7 . (¥'BTy).
Proof. Denote r = @’S*—‘E} (B*Vy) — St (®'B*Vp). Then this function satisfies
1 1

20:7 — Bir =0 in Q.
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Proposition 4.5 yields
|z = 0.

By the uniqueness of the Cauchy problem for the ds-operator, we obtain r = 0.
The proof of (4.63) is the same. O

We use Proposition 4.6 to prove
Proposition 4.7. Under the conditions of Proposition 4.2, we have
(4.64) —(BAyUs, Vo) — (Q1 (1)U, S5 (B*Vo)) + (QUo, Vo) =0 in Q

and

2(0:BTy, Wo) + (BTy, BiWo) — (9T, Wo)

(4.65) -
— (Q1(2)Wy, Si]g; (BTp)) =0 in Q.

Proof. We recall that ® satisfies (3.1), (3.2) and
(4.66) Im®(z) ¢ {Im®(z); z € H\ {z}}.

By Proposition 4.2, equality (4.2) holds true. Thanks to (4.66), (4.23) and Propo-
sition 4.6, we can write (4.2) as

(J + Ku)(T) + Ii@(%) =0.
This equality and Proposition 4.5 imply
(4.67) (Jr + Ky)(z) =0.
By Propositions 4.1 and 4.6, we obtain
(4.68) Frz(ar, Sy (B A" V) — A'Vo + 2% (9.B°V)
+ 85 (B (A3V — 208'V7))
% (1% T 1
= —27§ (01, S5, (B¥'0)) +o( =)
I/ Q% (1% 1
= —27§.5(01. ¥’ (BV0) +o( =)
0

~ - 1
= —W(wzqh S5, (B*V0))(Z) + 0(;)
m

= e @ (DU S5, BV)@ +0(5) as 7=+
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and
(469) =28 5(P* 4y (A(0-Up + 70'Up)) + B0zUs ~, 1)
~ 1 1
= =28, (P 4: (AT®'Up), qu) + 0(*) = 0(7> as 7 — +o0.
2 T T

By (4.68) and (4.69), we have

wy = g @0 S5, B @)+ o()
as T — +00.

In a similar way, we compute K_(Z):
(4.70)  §-rzlaz, Ph, (20:(A"Wo) — 27®' A Wo) — B Wy + P}, (435" Wo))

= —27F_, 52, P, (DA WY)) + 0(%) - 0(%) as T — +00
and
(472) 2§ _,(qs, S p; (2A0.Th + 2B(9:Ty + 79'Ty)))

= —28_+3(g3, Sy (rB®'Ty)) + 0(%)

2t 1
- W(Qlﬂ)wo’ SiBﬁ (BTo)) + 0(;) as 7 — +o0.

By (4.71) and (4.72), we have

(4.73) K_(7) i 75(Qu2Wo, 57, (BTp)) + 0(1) as T — +oo.

"~ 2[det 9" (2) T

Substituting the right-hand side of formulae (4.70) and (4.73) into (4.67), we obtain
(4.64) and (4.65).

Since by (3.4) for any = € €2, there exists a sequence {z}.¢(0,1) converging to
x, we rewrite equations (4.64) and (4.65) as

(4.74) —(BAUs, Vo) — (Q1(1)U0, S5 (B*V0)) + (QUo, Vo) =0 in ©
and
~2(0:BU0, Wo) — (BUo, BsWo) + (QUo, Wo) + (Q1(2)Wo, S* 5 (BTp)) = 0 in Q.

The proof of the proposition is complete. O
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85. Step 3: End of the proof

End of the proof. Let 4 be a curve that does not intersect itself and passes through
the point Z and a couple of points z1, T2 € T such that the set FNOQN\ {x1,z2}
is empty. Denote by €27 the domain bounded by 7 and the part of 9 located
between the points x1 and x2. Then we set Q1 = {z € Q;dist(Q,2) < €}. By
Proposition 2.1, for each point £ from €); . one can construct pairs of functions
W, T, (VO WD) satisfying (3.5), (3.30) and

T® (@) =&, W) =&, Vkle{l,.. N}

Then for each & there exists a positive §(Z) such that the matrices {TO } and
{WO(?} are invertible for any x € B(#,(#)). From the covering of {; . by such

balls, we take a finite subcovering Q; . C U?’:lB(a:k, 0(zx)). Then from (4.65) we
have a differential inequality:

(5.1) 0By, < C1 (e (ZS*B* (B*TM)| + |i§|+|é|)
in . Vije{l,...,N}L
Let ¢o € C2%(Q) satisfy

(5.2) Vgo(z) #0 in Iodoly < o' <0, ¢olz =0,

where o' is some constant and 7 is the outward normal vector to €. and x.
satisfies

Xe € 62(91,6)7 Xe = 1 in Ql7

and x. = 0 in some neighborhood of the curve 9  \ T. From (5.1), (4.23) and
(4.50), we have

( ) |(9 (Xe ij | < CV2 (Z ‘XGS B* B* )‘ + |X€B| + HXE? z] ~ij| + |Xeé|)

in . Vije{l,...,N},
(54)  XeBlog,. = 05(xcB)log,,. = 0.
Here we recall that [-, -] is the commutator.

Set 1y = e*? with sufficiently large positive X\. Applying the Carleman es-
timate to the boundary value problem (5.3) and (5.4), we see that there exist
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constants C3 and 79, both independent of 7, such that

1 ~ ~
(5.5) / e2m%o <T|vxéz3|2 + TIXEB|2> dx
Qe

N

<o [ (X IS oy BT 4 2BP + 15

k=1

+ |[Xe,3z]l§|2)62”/’° de, VY71>19.

By the Carleman estimate for the operator 9, and (4.50), there exist constants
C}4 and 19, independent of 7, such that

60 [ Sy (BT da
1,e
o /Q <|[X€,82]Si35(g*Ték))|z+|XEE*Ték)|2>e2rwo dx
1,e

and

(5.7) / |X€S§1 (g*vo(k))‘2e27w0 dr

1,e

< C4/Q (HXﬁvaZ]Sgl (g*vo(k))|2 + ‘Xeg*‘/o(k:)‘2)627—w0 dr

for all 7 > 7.
Combining estimates (5.5) and (5.6), we obtain that there exists a constant
C5, independent of 7, such that

68) [ e (ZV0GBIP + Tl BP) ds
Q T

N
= /sz (X?(|B|2 +19P°) + Z I[Xes 8Z]SiB; (B*Ték))|2
1,e Pt
+ e, 82]g|2>62w0 dz, Y1 >0

For all sufficiently large 7, the term le,e |X€l§\262w0 dx can be absorbed into
the left-hand side of the inequality (5.8). Moreover, thanks to the choice of the
function x., the supports of the coefficients of the commutator operator [x., 9]
are located in the domain Q; ( \ €; /2. Hence one can write the estimate (5.8) as

1 ~ -
6:9) [ (V0B + xR da
Qe T
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N
2112 ,,2
§06</ Clgperd+ [ (Zm, s (BT 2
Qe Q1,e\Q1 /2 1

+ |[Xe,82}g\2)62w0 dﬂf), V1>

By Proposition 2.1, for each point & € €2, one can construct pairs of functions
(Uék),TO(k))7 (‘/O(Z)7W(§Z)) satisfying (3.5), (3.30) and

v (@) =&, V@) =&, VkLe{l,... N}

Then for each & € Q. there exists positive §(%) such that the matrices {Ué,ji)}
and {Vo(i)} are invertible for any x € W From the covering of }; by such
balls, we take a finite subcovering Q C Uf:]év*B(xk,é(xk)). Then there exists
C7(€) > 0 such that

N+N~™
(5.10) Bl <coIBl+ 3 155, E W) in o

k=N+1

Combining (5.7), (5.9) and (5.10), we obtain that there exists a constant Cs,
independent of 7, such that

1 - ~
) [ (LB + Tl BP) de
Q¢ T

< Cg/ ( |Xea z B* B*T(J(k)”
Q1,\Q1,¢/2 Z

N4+N*
+ Y e 0185, BV + [[xe, 0 -]B|2>62w0dx, VT >
k=N+1

By (5.2), for all sufficiently small positive e, there exists a positive constant 6 < 1
such that

(5.12) Yo(z) <6 on Qi \ Qo

Since & € suppgﬂ 7 and 9p¢oly < 0" < 0 with some constant ¢’, there exists a
constant x > 0 such that

(5.13) k2™ < / eQTwOIXGg‘QGQTwO de, V12>m1.
Q1 ¢
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By (5.12), we can estimate the right-hand side of inequality (5.9) as

(5.14) C / (
Q1 \Q1e/2 \f

N N+N*
* ~* k' * N* k'
e, 0218 s BTN+ D [[xe, 0185, (B V™)
1 k=N+1

+ |[xe, 3Z]l§|2>62”{’° de < Cipe®™, V1 >m7,

where constants Cg, C1o > 0 are independent of 7. Using (5.13) and (5.14) in (5.9),
we obtain that there exists a constant C;1, independent of 7, such that

ke’ < 011620T, V1 >m1.

Since # < 1, we reach a contradiction. Hence

g:é:() on €.

The proof of the theorem is complete. O
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