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Non-Cocycle-Conjugate Ej-Semigroups on Factors

by

Oliver T. MARGETTS and R. SRINIVASAN

Abstract

We investigate Eo-semigroups on general factors that are not necessarily of type I or
II;. We show that several families on the hyperfinite 11, factor, which arise as tensor
products, consist of mutually non-cocycle-conjugate Eo-semigroups. Using CCR repre-
sentations associated with quasi-free states, we exhibit, for the first time, uncountable
families consisting of mutually non-cocycle-conjugate Eg-semigroups on all type III, fac-
tors, for A € (0,1]. They are not cocycle conjugate to the Eo-semigroups constructed
using CAR representations.
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§1. Introduction

An Eg-semigroup is a semigroup of normal unital *-endomorphisms on a von Neu-
mann algebra that is also o-weakly continuous. They arise naturally in the study of
open quantum systems, the theory of interactions, algebraic quantum field theory
and quantum stochastic calculus. The study of Eg-semigroups lead to the study of
interesting objects like product systems, super-product systems and C*-semiflows
as its associated invariants.

For Eg-semigroups on type I factors, the subject has grown rapidly since its
inception in [PW]. We refer to the monograph [Arv] for an extensive treatment
regarding the theory of Eg-semigroups on type I factors. Arveson showed that Eg-
semigroups on type I factors are completely classified, up to an identification called
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cocycle conjugacy, by continuous tensor products of Hilbert spaces called product
systems. This gives a rough division of Eg-semigroups into three types, namely I,
IT and III. The type I Eg-semigroups on type I factors are cocycle conjugate to
the CCR flows ([Arv]), but there are uncountably many Eg-semigroups of types II
and IIT ([PWIII, BhS, Tsl, ISy, ISs, Li]) on type I factors.

There has been relatively little progress regarding the study of Eg-semigroups
on type II; factors since it was initiated in the 1988 paper [PW]. In [Ale], Alevras
introduced an index using Powers’ boundary representation ([PW]), and computed
the index for several important cases. Still, this did not classify even the simplest
examples of Eg-semigroups on the hyperfinite II; factor called Clifford flows, since
it has yet been not proved that the Powers—Alevras index is a cocycle-conjugacy
invariant. The problem of proving non-cocycle-conjugacy for Clifford flows was
solved in [MaS], in an indirect way.

In [MaS], four new cocycle-conjugacy invariants for Eyp-semigroups on II; fac-
tors, namely a coupling index, a dimension for the gauge group, a super-product
system and a C*-semiflow, were introduced and computed for standard examples.
Using the C*-semiflows and the boundary representation of Powers and Alevras,
it was shown that the families of Clifford flows and even Clifford flows contain
mutually non-cocycle-conjugate Eg-semigroups.

On the other hand, there has been almost no work done regarding Eg-semi-
groups on type Il factors and type III factors. In this paper, for the first time
we produce uncountable families containing mutually non-cocycle-conjugate Eg-
semigroups on the hyperfinite type Il factor and on all type III factors for
A€ (0,1].

This paper is structured as follows. In Section 2 we fix our notation and give
the basic definitions of Eg-semigroups and the notions of cocycle conjugacy, units
and the gauge group. We associate a dual Eg-semigroup to any Eg-semigroup
“acting standardly” and show that it is well defined up to cocycle conjugacy.
Using this we define the notion of multiunits. Finally we recall the definitions of
important families of Eg-semigroups, namely CCR flows, generalized CCR flows,
Toeplitz CAR flows on type I factors, and Clifford flows, even Clifford flows on the
hyperfinite IT; factor and some important results regarding these families.

In Section 3, we associate a super-product system to Eg-semigroups on general
factors, which was initially defined for Egp-semigroups on type II; factors, and
show that this association is invariant under cocycle conjugacy. Then we define
the coupling index and clarify its relationship to the Powers—Arveson index for
Eg-semigroups on type I factors. We also prove that the super-product system
of tensor products of Eg-semigroups is the tensor product of the super-product
systems of the corresponding Eg-semigroups.
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In Section 4, we produce Eg-semigroups on type Il factors by tensoring E-
semigroups on type I factors with Eg-semigroups on type II; factors, and study the
problem of non-cocycle-conjugacy. We prove that the tensor product of a CCR, flow
of index m with a Clifford flow (or with an even Clifford flow) of index n is cocycle
conjugate to another such tensor product of a CCR flow of index p with a Clifford
flow (or with an even Clifford flow) of index ¢ if and only if (m,n) = (p,q). Then
we produce uncountable families of non-cocycle-conjugate Eg-semigroups on type
11 factors by fixing either a Clifford flow or an even Clifford flow on hyperfinite
II; factors and tensoring with many families containing mutually non-cocycle-
conjugate type III Ey-semigroups on type I, factors.

In Section 5, we analyze Eg-semigroups on type III factors, constructed using
CCR representations associated with a quasi-free state corresponding to a complex
linear positive operator A > 1, such that A — 1 is injective. Since they are given
by a Toeplitz operator, we call them Toeplitz CCR flows on type III factors. We
show that these Toeplitz CCR flows are “equimodular” (as defined in [BISS]) with
respect to the invariant vacuum state if and only if the quasi-free state is given by
an operator of the form A =1® R on L?(0,00) ® k. In this simplest case, we call
these Toeplitz CCR flows just CCR flows on type III factors given by R. We prove
that these CCR flows are canonically extendable (which was defined as extendable
in [BISS]), and they canonically extend to CCR flows (on type I factors) of index
equal to twice the rank of R. From this it follows that CCR flows associated with
operators of the form A = 1 ® R, with R having different ranks, are not cocycle
conjugate.

In Section 6, we further analyze the CCR flows given by positive operators
of fixed rank. We prove that two such CCR flows are cocycle conjugate if and
only if they are unitarily equivalent. This, in consequence, produces uncountably
many mutually non-cocycle-conjugate Eg-semigroups on all type III, factors for
A€ (0,1].

Ep-semigroups can also be constructed on type III factors using CAR repre-
sentations. But they are not canonically extendable. Since canonical extendability
is a property invariant under cocycle conjugacy, it follows that none of the CAR
flows are cocycle conjugate to the canonically extendable CCR flows on type IIT
factors.

§2. Preliminaries

Notation. The set of all natural numbers is denoted by N, and we set No = NU{0}
and N = NU{co}. For any real Hilbert space G, we denote the complexification of
G by GC. Throughout this paper, we use the symbol k to denote a separable real
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Hilbert space with dim(k) € N, except in Sections 5 and 6. In Sections 5 and 6, k
is a complex Hilbert space, as mentioned there. For any measurable subset S C R,
L?(S, k) is the Hilbert space of square integrable functions on S taking values in k.
All our Hilbert spaces are separable. For a complex Hilbert space H, by H we
denote the dual space antiisomorphic to H. The inner product is always conjugate
linear in the first variable and linear in the second variable. For S C H a subset
of vectors, we shall write [S] for the norm-closed subspace of H spanned by S.
All our von Neumann algebras act on separable Hilbert spaces. For von Neu-
mann algebras M and N, M V N denotes the von Neumann algebra generated by
M and N. For von Neumann algebras My, Ms, N1, Ny the following relations hold:

(1) (M; ® N;) V (Mg ® No) = (M; V Ms) ® (N; VNy),
(2) (M; @ N;) N (M ® Ng) = (M; N M) @ (N7 NNy).

§2.1. Ej-semigroups and dual Ej-semigroups

Definition 2.1. An Ej-semigroup on a von Neumann algebra M is a semigroup
{a; : t > 0} of normal, unital *-endomorphisms of M satisfying

(1) Qo = ld,
(il) (M) # M for all t > 0;
(iii) ¢t +— p(ae(x)) is continuous for all z € M, p € M,.

Definition 2.2. A cocycle for an Eg-semigroup a on M is a strongly continuous
family of unitaries {U; : t > 0} C M satisfying Usas(Uz) = Usyy for all s, ¢ > 0.

For a cocycle {U; : t > 0}, we automatically have Uy = 1. Furthermore, the
family of endomorphisms oY (z) := Usay(x)U; defines an Eg-semigroup. This leads

to the following equivalence relations on Egp-semigroups.

Definition 2.3. Let a and 8 be Egp-semigroups on von Neumann algebras M
and N. Then

(i) a and 8 are conjugate if there exists a *-isomorphism 6 : M — N such that
By =0oa,00 ! forallt>0;

(ii) « and B are cocycle conjugate if there exists a cocycle {U; : t > 0} for « such
that /3 is conjugate to aU.

Two Eg-semigroups « and 3, acting on M C B(H;) and N C B(H3) respec-
tively, are said to be spatially conjugate if there exists a unitary U : H; — Hs
satisfying

(i) UMU* = N;
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(ii) Bi(z) = Uay(U*zU)U* for all t > 0, x € N.

We say that a von Neumann algebra M is in standard form if M C B(H) has
a cyclic and separating vector {2 € H. By picking a faithful normal state, it is easy
to verify that every Eg-semigroup « is conjugate to an Eg-semigroup [ on a von
Neumann algebra N in standard form, which is uniquely determined up to spatial
conjugacy. So we assume, without loss of generality, that all our Eg-semigroups
are acting on a von Neumann algebra in standard form.

Theorem 2.4 ([Arz]). Let M be a von Neumann algebra with cyclic and separat-
ing vectors 1 and Qo. If J1 and Jo are the corresponding modular conjugations,
then the *-automorphism Ady, j,|M — M is inner.

Let a be an Eg-semigroup on a factor M with cyclic and separating vector
Q and let Jg be the modular conjugation associated to the vector 2 by Tomita—
Takesaki theory. Define a complementary Eg-semigroup on M’ by setting

ay(2') = Joay(Jaz'Jo)Jo (2 € M).

The following proposition asserts that the cocycle-conjugacy class of o’ does
not depend on Q. We call o, which is determined uniquely up to cocycle conjugacy,
the dual Ey-semigroup.

Proposition 2.5. Let M and N be von Neumann algebras acting standardly with
respective cyclic and separating vectors Q1 € Hy and Qo € Hs. If the Ey-semigroups
a on M and 8 on N are cocycle conjugate, then o' and (', defined with respect to
Q1 and Qq, are cocycle conjugate. Moreover, if a and 3 are conjugate, then o and
B’ are spatially conjugate and the implementing unitary can be chosen so that it
also intertwines o« and f3.

Proof. If « is conjugate to 3, let U : Hy — Hy be the unitary implementing the
conjugacy and Qy € H; be a cyclic separating vector satisfying Ux{ly = 0(x)s
for all x € M. It is clear that UJg, = Jo,U and hence

Bi(x) = Ja,Uoy(U* Ja,2Jo,U)U* Jo, = UlJa,on(Jo,U*zU Jo,) Jo,U*

for all z € N’. It follows from Theorem 2.4 that the *-isomorphism M’ — M’,
x — Ja,Ja,xJq, Ja, is inner, so let V'€ M’ be the implementing unitary. Then
the right-hand side becomes

UV Jg,a(Jo, VU 2UV Jq,)Jo, VU* = UVa,(UV)* zUV)(UV)*.
So o’ and B’ are spatially conjugate and, since V € M/, for all x € N we also have

UVa,(UV) zUV)UV) = Uap(U*zU)U* = Bi(x).
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For cocycle conjugacy we may assume M =N, Q = Qy = Qg and {U; : t > 0}
is an a-cocycle such that 5:(-) = Urayx(-)Uf. For t > 0, let V; = JqU;Jq; then
{V; : t > 0} forms an o'-cocycle and g;(m’) = Viag(m')Vy* for all m’ € M. O

Definition 2.6. Let a be an Egp-semigroup acting standardly on M C B(H). A
unit for « is a strongly continuous semigroup T = {T; : ¢ > 0} of operators in
B(H) such that Ty = 1 and Tix = au(x)T; for all ¢ > 0, x € M. Denote the
collection of units by U,.

Definition 2.7. Let o be an Eg-semigroup on the von Neumann algebra M act-
ing standardly on H. A pnit or multiunit for the Eg-semigroup « is a strongly
continuous semigroup of bounded operators (1})¢>o in B(H) satisfying

Olt(l')Tt ifx e M,
Ttx =
ay(x)Ty ifzeM,

together with Tp = 1. Denote the collection of multiunits for o by U, . We say
that « is multispatial if it admits a multiunit.

When {(a;(m)Q,Q) = (mQ,Q) for all ¢ > 0, m € M, there exists a unit
S¢, which is the semigroup of isometries determined by S;xQ := ay(z)Q2. We call
{S : t > 0} the canonical Q-unit associated to a.

An Eg-semigroup « on a Iy factor M is automatically multispatial. Indeed,
the canonical unit with respect to the trace is a multiunit for a. On the other
hand, a type III Eg-semigroup on a type I factor is not multispatial, which follows
from Example 2.9. In Section 4, we provide examples of Ey-semigroups on type I
factors that are not multispatial. The following proposition gives a large number
of multispatial examples, of which Eg-semigroups on II; factors are a special case.

Proposition 2.8. Let a be an Ey-semigroup acting standardly on a factor M with
cyclic and separating vector ), and ¢ be the faithful normal state associated with
Q. Then the following are equivalent:

(i) ¢ is an invariant state for (M,a), and the corresponding canonical unit
(St)i>0 is a multiunit.
(i) ¢ is an invariant state for (M, a), and for allt > 0, the canonical unit (S;)i>o

and modular conjugation J, with respect to €, satisfy Sy = JSJ.

(i4) For allt >0, s € R the modular group (0s)scr satisfies ay = 0%, 0 oy 0 0.
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Proof.
(i)=(ii). For all m" € M’, t > 0, we have
Sim/Q = ay(m)Q = Jay (Jm' J)Q = TS, Jm/Q,

so Sy = JS;J for all t > 0.
(ii)=(i). For all m" € M’, t > 0, we have

Sym/ = JSpJm/ J* = Jay(Jm/ J)S:J = aj(m')S;.
(ii)=-(iii). For all t > 0, m € M,
AY28mO = AYV20,(m)Q = Jay(m*)Q = JS;m*Q = S;.Jm*Q = S AY?mQ,

so A28, D S;AY2 Thus 0¥ o a;(m)Q = A®S;mQ = S;A¥mQ = ay o

o’} (m)Q. (See, e.g., [Cnw, Section X].)

(iii)=-(ii). From the commutation relation we see that, for all ¢ > 0, the state
@ o« satisfies the KMS condition for ¢*2. Thus, by uniqueness, p o a; = ¢ for
all t > 0. It also follows from the commutation relation that AS, = S, A
for all s € R; thus we can infer that A'/2S, D A'/28, and, by the *-preserving

property of a, JS; = SiJ for all ¢t > 0.
O

Example 2.9. Let M = B(H) and H be the dual space of H, with an antiiso-
morphism ¢ + £ from H + H. Consider the standard representation 7 : M —
B(H ® H), defined by linear extension of 7(X)(£ ® 1) = X£ ® 7, with cyclic and
separating vector @ = > Le, @€, where {e,}52, is an orthonormal basis for
H. Then the corresponding modular conjugation is given by

JERn=n®¢.

If X is an operator on H then let X be the operator on the dual space defined by
Xn=Xn,s0J(X®1)J =1®X. Let a be an Eg-semigroup on M and denote by
3 the conjugate semigroup 7o a on~! on 7(M). Then we have

BleX) = J((X)®1)J = 1® ar(X).

Thus the dual Eg-semigroup §’ is conjugate to an Eg-semigroup @ on B(H) given

by @y (X) = o (X).

Definition 2.10. A gauge cocycle for « is a cocycle {U; : t > 0} that satisfies
the locality condition U; € a;(M)' N M for all ¢ > 0. Under the multiplication
(UV)y := U V4, the collection of all gauge cocycles forms a group, denoted by
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G(a), called the gauge group of a. The group G(«) is an invariant of a under
cocycle conjugacy.

Lemma 2.11. Let a be an Ey-semigroup on a factor M C B(H) in standard
form. Then there exists a family of isometries {U;(t) : i € T} C B(H) satisfying
as(x) = cr Us(t)zUs(t)* for all z € M, in o-weak topology. When M is a factor
of type Il or type I1I, the indexing set I is a singleton, and otherwise T = N.

Proof. Refer to [Arv, Proposition 2.1.1] when M is a type I factor and to [Ale,
Proposition 3.2] when M is type II; factor. For any factor M, H can be considered
a left module over M with respect to the identity action and also with -& = ay(z)€
for £ € H, and the ay(M)-dimension of L#(M) is co. But when M is of type Il or
type III, the M-dimension of the standard module is also infinite, and the existence
of a unitary U; € B(H) satisfying oy (z) = UaU;" is guaranteed. O

Proposition 2.12. Let o and 8 be two Ey-semigroups on factors My and Mo
respectively. Then there exists a unique Ey-semigroup a® 8 on My ® My satisfying

(¢ ® Br)(m1 @ ma) = ay(m1) ® B(me) Vmi € My, mp € My, t>0.

Proof. For each t > 0, let {U;(t) : i € I} and {V;(¢t) : j € J} be the isometries in
Lemma 2.11, implementing « and 3 respectively. Now the endomorphism a; ® (5
is implemented by the family of isometries {U;(t) @ V;(t) :i € Z,j € J}. O

§2.2. Generalized CCR flows

For a complex separable Hilbert space K, let I's(K) := EBZOZO KV™ be the sym-
metric Fock space over K, i.e., the sum of symmetric tensor powers of K, with
KV0 = C. Define the exponential vectors &(u) := ®2°(u®"/v/n!) for each u € K,
and the vacuum vector is €(0). The exponential vectors are linearly independent
and total in I'y(K). The well-known isomorphism between I'g(K7) @ ['s(K2) —
I's(K; @ K3) is given by the extension of e(u) ® €(v) — e(u + v).

Define the Weyl operator by Wy (u)e(v) := e’”““2/2*<“’”>5(u+v) for u, v € K,
which extends to a unitary operator on I'y(K). Then {Wy(u) : uw € K} satisfies
the well-known Weyl commutation relations

Wo(u)Wo(v) = e U Wo(u+0) Yu,v € K.

For a unitary operator U between K and K, define the second quantization T'(U)
by T'(U)(e(u)) = e(Uu) for u € K, which extends to a unitary operator between
I's(K7) and T's(K3). We can also define the second quantization for antiunitaries
in the same way, but extending antilinearly.
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Let k be a real Hilbert space. Let K = L2((0,00), k*) denote square integrable
functions taking values in k®. Throughout this paper we denote by (7});>0 the right
shift semigroup on L?((0, 00), k®) (or its restriction to L?((0,00), k)) defined by

0, s <t,
fls=1), s>t

(Tif)(s) = {

for f € K. The CCR flow of index dimk is the Eg-semigroup 0 = {6, : t > 0}
acting on B(T's(L?((0,00),k"))) defined by the extension of

0:(Wo(f)) == Wo(Sef),  f € L2((0,00),k").

The CCR flow of index n is cocycle conjugate to the CCR flow of index m if and
only if m = n (see [Arv, Corollary 2.6.10]).

Generalized CCR flows are defined in [[S;] as follows. Let {T}'} and {77}
be two Cp-semigroups acting on a real Hilbert space G. We say that {T}'} is a
perturbation of {77} if the following conditions are satisfied:

0 T =1
(ii) 7} — T7 is a Hilbert Schmidt operator.

Given a perturbation {T}} of {T7}, there exists a unique Eg-semigroup 6 =
{60; : t > 0} on B(I's(G®)) defined and extended by

ar(Wolx +iy)) = Wo(Tle +iT?y), =,y €G.
Also, 6 is called the generalized CCR flow associated with the pair ({T}}}, {T7?}).

§2.3. Toeplitz CAR flows

Let K be a complex Hilbert space. We denote by A(K) the CAR algebra over K,
which is the universal C*-algebra generated by {a(z) : © € K}, where z — a(x) is
an antilinear map satisfying the CAR relations

a(z)a(y) + a(y)a(z) =0,
a(x)a(y)” + aly)*a(z) = (z,y)1,
for all z, y € K. Since A(K) is known to be simple, any set of operators satisfying
the CAR relations generates a C*-algebra canonically isomorphic to A(K). The

quasi-free state wa on A(K), associated with a positive contraction A € B(K), is
the state determined by its 2n-point function as

wa(a(zn) - a(@)a(yy)” - alym)*) = Onm det((2:, Ay;)),



308 O. T. MARGETTS AND R. SRINIVASAN

where det(:) denotes the determinant of a matrix (see [Arv, Chapter 13]). Given
a positive contraction, it is a fact that such a state always exists and is uniquely
determined by the above relation. We denote by (Ha,ma,Q4) the GNS triple
associated with a quasi-free state wy on A(K), and set M4 := w4 (A(K))".

Now let K = L?((0,00),k%). An operator X € B(L?((0,00),k®)) is said to
be Toeplitz if Ty XT; = X for all t > 0. Let A € B(K) be a positive Toeplitz
contraction satisfying Tr(A — A?) < oo. Then My is a type I factor and there
exists a unique Eg-semigroup 6 = {6; : t > 0} on M4, determined by

Oi(mala(f))) = 7a(a(Tif)) VfeK.

We call 0 the Toeplitz CAR flow associated with A (see [Arv, Chapter 13] and
also [IS2]).

§2.4. Clifford flows, even Clifford flows

Next we recall some examples of Eg-semigroups on hyperfinite type II; factors
(see [PW, Ale, MaS] for discussions on these examples). For a real Hilbert space
K, let To(K®) := @, (K©)"" be the antisymmetric Fock space over K€, i.e.,

the sum of antisymmetric tensor powers of K. For any f € KC, the fermionic
creation operator a*(f) is the bounded operator defined by the linear extension of

f if £ =10,

! (m:{ng ife 10,

where Q is the vacuum vector (1 in the O-particle space C), and f A £ is the
antisymmetric tensor product. The annihilation operator is defined by a(f) =
a*(f)*. The unital C*-algebra Cl(K) generated by the self-adjoint elements

{ulf) = (a(f) +a"(f))/V2: f € K}

is the Clifford algebra over K. The vacuum {2 is cyclic and defines a tracial state
for CI(K), so the weak completion yields a II; factor; in fact it is the hyperfinite
II; factor R.

Now if K = L?((0,00),k), where k is a separable real Hilbert space with
dimension n € N as mentioned before, then there exists a unique Eg-semigroup on
R, defined by the extension of

a (u(fr) -+ u(fy) = w(Tifr) - w(Tifr),  fr-- fr € K,

called the Clifford flow of rank n. The von Neumann algebra generated by the
even products,

Re = {u(fl)u(fQ) : u(fQ’ﬂ) : fi S L2((0’OO)7 k)’ ne N}7



Ep-SEMIGROUPS ON FACTORS 309

is also isomorphic to the hyperfinite II; factor. The restriction of the Clifford flow
a™ of rank n to this subfactor is called the even Clifford flow of rank n.

Let « be an Eg-semigroup on a II; factor. For each ¢ > 0 let A, (¢) := a;(M)'N
M. These algebras form an increasing filtration. Define the inductive limit C*-
algebra A, := ;50 Aa (t)H'”, together with a semigroup of *-endomorphisms a4, .
This is called the C*-semiflow corresponding to a. Since this is a subalgebra of
M, there is a canonical trace on A, that we denote by 7,. Two cocycle-conjugate
Eo-semigroups have isomorphic (in the obvious sense of the word) 7-semiflows
(see [MaS, Section 9]). We will be using the following fact in Section 4. See [MasS,
Theorem 9.6] for details of the proof.

Proposition 2.13. Any two Clifford flows (or even Clifford flows) are cocycle
conjugate if and only if they are conjugate if and only if they have isomorphic
T-semiflows if and only if they have the same rank.

83. Super-product systems and coupling index

An Eg-semigroup « on B(H) is completely determined by the invariant (Arveson)
product system, defined by E = {X € B(H) : XT = ow(T)X VT € B(H)}. A
super-product system, of an Eg-semigroup on a general factor, is a generalization
of Arveson’s product system. However, for the class of non—type I factors, a super-
product system is not a complete invariant, as shown in Section 5 for the case of
type III factors.

Definition 3.1. A super-product system of Hilbert spaces is a one-parameter
family of separable Hilbert spaces {H; : t > 0}, together with isometries

Ust: Hs ® H — Hgyy  for s,t € (0,00),
satisfying the following two axioms of associativity and measurability:
(i) Associativity. For any s, s, 83 € (0, 00),
Usi,sotss(LH,, ® Usy s3) = Usytss,55(Usy s @ 1m,,)-

(ii) Measurability. The space H = {(¢,&;) : t € (0,00), & € H,} is equipped with
the structure of a standard Borel space that is compatible with the projection
p: H — (0,00) given by p((t,&;) = t, tensor products and the inner products
(see [Arv, Remark 3.1.2]).

A super-product system is an (Arveson) product system if the isometries U ;
are unitaries and further, the axiom of local triviality is satisfied, i.e., there exists
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a single separable Hilbert space H satisfying H = (0,00) X H as measure spaces
(see [Arv, Remark 3.1.2]).

Proposition 3.2. Let M C B(H) be a factor acting standardly with cyclic and
separating vector Q0 and o an Ey-semigroup on M. For each t > 0, let

HY ={X € B(H) : Vinem Xm = ax(m) X, Vemw Xm' = aj(m')X};

then H* = {H : t > 0} is a concrete super-product system with respect to the
family of isometries Us 1 (X @Y ) = XY

Proof. 1t is routine to verify that X*Y € (MUM’')’ = C1 for any X, Y € H{.
Clearly each H} is closed under the operator norm, and this coincides with the
norm induced by the inner product (X,Y)1 := X*Y, hence each H{ is a Hilbert
space with respect to this inner product. It is straightforward to check for X € HS,
Y € Hf that XY € HZ , and that the map U, (X ® Y) = XY is an isometry.
The measurability axiom can be proved in an exactly similar manner as in the
case of product systems, as given in [Arv, Theorem 2.4.7, page 37]. O

Definition 3.3. By an isomorphism between super-product systems (Htl,Uslyt)
and (H7,UZ2,) we mean an isomorphism of Borel spaces V : H! — H? whose
restriction to each fiber provides a unitary operator V; : H} — H? satisfying

VerUg, = U2, (Ve @ V).

A priori, the super-product system appears to depend upon the chosen state
Q. The following theorem shows that the isomorphism class does not depend on ).

Theorem 3.4. Let a and B be Ey-semigroups acting standardly on respective fac-
tors M and N with cyclic and separating vectors Qq and Qs. If a and B are cocycle
conjugate then the associated respective product systems H** and HP*2 are iso-
morphic.

Proof. First we show that for any two cyclic and separating vectors 21, 2o, that
H*™ and H* are isomorphic. By Theorem 2.4 there exists a unitary V €
M’ such that Jo, Jo,m Ja,Jo, = Vm/'V* for any m’ € M’. We claim the maps
HY 5 X — VXV* give the required isomorphism. Indeed, VXV™* is clearly an
intertwiner for «, and

VXV*m = VXV VIV* = Vg, ou(Jo,Vim'Vg,)Jo, XV*
= JQ2at(J92m/JQZ)JQQVXV*.

It is a direct verification to check that this also provides an isomorphism of super-
product systems.
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Next, if « and S are conjugate then, letting U be the unitary implementing
the conjugacy, we get an isomorphism Adj,vj,u : HtOKQ — HE’UQ. Last, if
is a cocycle perturbation of a by the cocycle (Uy);>0, then left multiplication by
JoU;JoUy gives the required family of unitaries H — H*, O

We will thus talk freely of the (abstract) super-product system {H¢, U, ,} for
«. The multiunits associated with an Eg-semigroup « are precisely the units in the
associated super-product system, i.e., measurable sections {us : uz € H{*, ¢ > 0}
satisfying ust¢ = Us (us ® ug). Thus, for a multispatial Eg-semigroup ¢, we can
define a covariance function ¢ : Uy o/ X Un.or — C by X;Y; = e“XY)1 for all
t € R;. Since the covariance function is conditionally positive definite (see [Arv,
Proposition 2.5.2]) the assignment (f,g) — > vy, ¢(X,Y)f(X)g(Y) defines
a positive semidefinite form on the space of finitely suggorted functions f : Up,or —

Csatisfying > v, , f(X) = 0. Hence, if this space is nonempty, we may quotient
and complete to obtain a Hilbert space H Uy, o).

Let a and 8 be cocycle-conjugate Eg-semigroups on respective factors M and
N acting standardly. Then there is a bijection U, o — Ug g that preserves the
covariance function. In particular, if one Eg-semigroup is multispatial, then so is
the other, and we have H(Uy, o) = H(Up p/).

Definition 3.5. For a multispatial Eg-semigroup «, define the coupling index
Ind.(«) as the cardinal dim H (Uy o).

Every pair (X%, X?) € Uy,or x Ug g gives a multiunit X ® X7 for a® 8. As
(X7 @ X)) (V2" @ V) = XY e my ey

there exists an isometry H (U7 /) @H(L{g’ﬁ,) — H(Ll;"gg’(a@ﬁ),) (see [Arv, Lemma
3.7.5]). So we have Ind.(a® ) > Ind.(«) +Ind.(3). We do not know whether the

equality holds.

Remark 3.6. Let a be an Ey-semigroup on a factor M C B(H) in standard form.
If there exists an Eg-semigroup ¢ on B(H) satisfying

t>0

- )

O't(.’L') =

{at(x) if x € M,

ai(z) ifxeM,

then the super-product system of « is the Arveson product system of o, and
Ind. () is equal to the Powers—Arveson index of o. In this case we say « is canoni-
cally extendable. Let 8 be another Eg-semigroup on a factor N C B(K) in standard
form, which is cocycle conjugate to a. Let U : H — K be unitary and (Uy);>0 be
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a unitary cocycle for « satisfying 8; = AdyAdy,asAdy~ for all t > 0. By Propo-
sition 2.5 there exists a unitary V : H — K implementing the conjugacy of both
(Ady,aq)i>0 and S as well as the conjugacy of the respective dual Eg-semigroups.
Now

Ht = AdVAde,Angsz,ng O'tAdv*

provides the canonical extension for 5. So canonical extendability is a property
that is invariant under cocycle conjugacy, and ¢ is called the canonical extension.

All Eg-semigroups on type I factors are canonically extendable; indeed a® @ is
the canonical extension for an Eg-semigroup a on B(H), as shown in Example 2.9.
The super-product system of a is E®® E¢*. So by [Arv] « is multispatial if and only
if it is spatial in the sense of Powers—Arveson, in which case Ind.(«) = Ind(a®@) =
2Ind(«): its coupling index is twice its Powers—Arveson index.

All of our known examples of Eg-semigroups on II; factors (and type I,
factors) are not canonically extendable (see [MaS]). It is an open problem to con-
struct a canonically extendable Eg-semigroup on a II; factor. On type III factors
we know examples of both extendable (arising from CCR representations) and
nonextendable (arising from CAR representations) type.

The previous example suggests that a better definition for the coupling index
would be half the dimension of H, /. However, by historical accident, our first
paper on the coupling index considered only Eg-semigroups on type II; factors.
We will not attempt to redact the original definition, since we do not have any
reason to believe that an arbitrary Eg-semigroup must have an even coupling index,
though constructing an example with an odd coupling index is an open problem.

Proposition 3.7. Let a and S be Ey-semigroups on factors My and My, then the
super-product system for a ® (3 is the tensor product of the super-product systems

for a and S.

Proof. Assume My C B(H;) and My C B(H>) are in standard form with respec-
tive cyclic and separating vectors 1 and Q. It is clear that H* ® Htﬁ C Hf®ﬂ;
we prove the other inclusion as follows. Let £ = 21 ® 5. Notice that any operator
X e H ®8 is determined by its value on €2 through the relation

X(m1 ®m2)Q2 = (ag(mq) ®ﬂt(m2))XQ.

Suppose X € H®? such that X | H® ® H/; then X* is 0 on H*H, ® H/ H,.
This implies that the projection of XQ onto Hf*H; ® Hng is 0. So it remains to
show that the projection of XQ onto (H¥H; ® HtBHg)l is also 0.
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Before proving this remaining assertion, we claim that there does not exist a
vector & € Hy such that

0# (1® P)XQ € (HYH,)*" ® C¢,

where P is the projection onto the one-dimensional subspace spanned by £. Sup-
pose there exists such a vector ¢; let E¢ : Hy — H; ® Hy denote the isometry
n — n®E, and we write B¢ : Hi®Hy — Hy for its adjoint. Note that F¢ B¢ = 1@ Pk.
Define T € B(H,) by T = E$X Eq,, so that 0 # T = E$XQ € (HfHy)* (where
Eq, is also defined similarly). Then, for all my,mq € M,

TmimeQ = ESX (myma ® 1)Q = ES (o (my) ® 1) X (ma @ 1)Q
= ay(m1)ES X (ma @ 1)Q = ay(my) TmaQ,

so that T'my = a¢(m1)T and, similarly, Tm} = aj(m})T for all m’ € M’'. Thus
T € Hf, contradicting TQ; € (H®H;)*. Hence the claim is proved. Flipping the
same argument, by switching the role of the first and second tensor components,
we also conclude that there does not exist an n € H; such that

0+ (P,®1)XQ e Cne (H Hy)*.
Now assume towards a contradiction that 0 # XQ € (H*Hy ® H Hy)*, ie.,
0#XQe (HPH)" ® Hf Hy) @ ((H Hy)* @ (Hf H)*)
@ (HHy @ (H H2)™b).

There exists a vector £ € Hy such that 0 # (1® Pr) X and there exists an n € H;
such that 0 # (P,®1)XQ.If € € HtﬁHg, then we have (10 P:) X € (H¥H;)*+®C¢,
and similarly if n € H* Hy, then we have (P, ® 1)XQ € Cn® (H/ Hy)*. Both are
not possible by the claims in the preceding paragraph. By applying a projection if
needed, we also conclude that n and £ cannot have nonzero components in H*H;
and HtBHg respectively. Hence XQ € ((HXHy)* ® (HFHQ)L)’ which is also not
possible by the same claims. O

84. Egp-semigroups on II factors

In this section, by considering tensor products of Eg-semigroups on type I, factors
with Eg-semigroups on type II; factors, we produce several (both countable and
uncountable) families of mutually non-cocycle-conjugate Eg-semigroups on Il
factors. Let R be the hyperfinite IT; factor, and we always assume R C L?*(R)
with respect to the tracial state. Let Roo = B(H) ® R; then R, is the hyperfinite
11, factor.
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Throughout this section, a™ denotes either the Clifford flow or the even Clif-
ford flow of rank n, with n € N, and when n is fixed we simply write a. The
super-product systems of o™ are computed in [MaS, Corollary 8.13]. Set

Hf7n = [fl /\52 ARER A€2m7 517627 oo 7€2m S LQ((07t>7 k(c)7 m c NO}

for all t > 0, and dim(k) = n € N. We may write just Hf in many instances when
n is fixed. The super-product system of the Clifford flow (which is isomorphic
to the super-product system of the even Clifford flow) of rank n is described by
Hy"Q = Hy" for all t > 0, where Q € L?(R) is the vacuum vector. The isometries
Ut HX' Q@ HY" Qs HY,,Q are given by

Ust((E1 AN ANam) @ (1 Ana A+ Anamr))
=LA AN AT ATgna A== AN Tsnamy

where £1,&s,...,&m € L2((0,s),kc), N1,M2, -y Nam € L2((0,1), kc).

84.1. Tensoring with CCR flows

Throughout this subsection, let 6™ = {6}* : t > 0} denote the CCR flow of index
m € N on B(H™), where H™ = ['y(L*(R.,k®)), dim(k) = m. The (Arveson)
product system of Hilbert spaces associated with 8™ is the well-known exponential
product system {H/" : t > 0} of index m, which is described as follows: H{™ =
Ls(L2((0,t),k)) with dim(k) = m and the unitaries U, : H™ ® H™ — HI, are
the extensions of e(x) ® e(y) — e(z + Tsy).

Theorem 4.1. The Ey-semigroup 0™ @ a™ is cocycle conjugate to P @ a? if and
only if (m,n) = (p,q).

Proof. Step 1. Assume 0™ ® o™ is cocycle conjugate to 6P ® af.

Thanks to Proposition 3.7, the super-product system of §™ ® o™ is given by
(H" @ H,")® Hf". Notice that the super-product system H®™ can be embedded
as a super-product subsystem into the product system corresponding to the CAR
flow (on type I factors) of index n. Since any unit in the super-product subsystem
is also a unit for the bigger product system, it follows from [Arv] for product
systems that units in (H” ® H, ) ® Hf™ are of the form u; ® v;, with u; a unit
for (H™ @ Hy )i>0 and v, a unit for (Hf™);>0. But the super-product system
(H{™)t>0 has the canonical unit as the unique unit up to a scalar (see [MaS,
Section 8]). By comparing the coupling index we get m = p.

Step 2. Take 0™ = 0P =0, H" = H; and assume 6 ® o™ is cocycle conjugate
to 0 ® af.
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Set M = B(H). We assume Roo = M® R C B(H ® H) ® B(L*(R)) is in
standard form, by identifying M with B(H) ® 1, and (without loss of generality)
that both the semigroups act on the same algebra. Suppose that there exists a
f ® a™-cocycle U in Ry and a unitary V € B(H ® H ® L?(R)) such that

0; @ of = Adyy, o (0 ® af) o Ady- Vit > 0.

Let (S7)t>0, (S7)¢>0 be the canonical units in B(L?(R)) for a™ and o respectively.
Notice that § and its complementary Eg-semigroup 6’ extend to @6’ on B(H®H ),
and the super-product system H; @ H; is the product system of Hilbert spaces
associated with # ® 6’. The multiunits of # are just the units in the product system
H, ® H,.

Let u; ® S be a unit for Hy ® H; ® H;", with uy a unit for Hy @ Hy.
Let J = J; ® Jo, with J7, Jo modular conjugations for M and R with respect
to cyclic and separating vectors Q; and Qo respectively. Let U/ = JU;J. Then
(VU[U(uy ® SP)V*)i>0 is a unit for (H; ® H; ® H;'");>0, which is of the form
(v @ S7)4>0, for some unit (v;);>o for H; ® H,. Since the (left) action of (U;U;)¢>0
and Ady on the units preserves the covariance function, the map u +— v also
preserves the covariance function. So there is an induced automorphism of (U, ¢)
(see [Arv, Definition 3.74 and Section 3.8]), where U is the collection of units
for H; ® H; and c is the corresponding covariance function. As proved in [Arv,
Section 3.8], this automorphism is given by a gauge cocycle of ®6’; so there exists
a gauge cocycle (Wy);> of 0 ® 0’ satisfying

(3) VU U(uy @ S;)V* = Wouy @ S Vu, € U.
It is also clear that
(UU) V(v @ ST)W = Wio, @ S Vo, € U.
For every choice of units wuy,,...,us, in Hy ® Hy, with t1,...,t, € Ry satisfying
t1+---+t, =t, we have
VUU((ug, - un)@SP)V* = (VU Uy, (ug, @ S )V*) -+ - (VU; Uy, (ug,, ® Sy )VF)
= (Wyug, @ SE) -+ (Wi, ug, @ S7)
= Wiug, -y @ SP,
where we have used the properties of (U;):>0 and (W;)>0 being cocycles, (ut)i>0,

(Si)e>0 and (S7)>0 being units and equation (3). Since the product system of a
CCR flow is generated by units (and by a similar argument), we get

(4) VUU(T @ SHV* =W, T ® S?, (UU)'VH(R@ SP)YV =W/ R® S}
forall T, R € H, ® H,.
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Now, for any X € 6;(M)'NM, T € H; ® H;, we have

VU(X @ DU VH(T ® SP) = VUIU,(X @ 1)(UIU)*V*(T @ SP)VV*
= VUU(X @ 1)(W;T ® SP)V*
= VUU(XW;T & S/)V*
=W, XW;T ® SP,

where we have used equation (4) and the fact that XW;T € H; @ H;. It follows
that, for any ¢ € H® H and m’ € R’ N B(L?(R)),

VU(X @ DU VHTE@m' Q) = (1@m \VU(X @ 1)U V*(TE @ SPQy)
=1 em (W, XW/TE¢® SPQs)

Since (H; ® H;)(H ® H) = H® H and 5 is cyclic for M’, we have
(5) AdVUt (X & 1) = Ath (X) ®1 VX e et(M)/ N M.

Since U; € Ro and Ady is an automorphism of R, it follows a fortiori that
Adw,(X) € M for all X € 6,(M) N M. Now, from the explicit description of
gauge cocycles given in [Arv, Section 9.8], it follows that W, is a product of gauge
cocycles of 6§ and #’, and we assume, without loss of generality, that (W;);>o C M
is a gauge cocycle of 6.

Now we consider the C*-semiflows associated with these Eg-semigroups. For
i=mn,p, let

Ci=((0:®a})(Re) NRew, A= al(RYNR, 20,

, ; Il o Il
C = ®ah)(Re)) NR) A =J(@i(R)NR) .

t>0 t>0

The inductive limit ¢ of the maps ¢; := Adyy,|C}* — CF provides an isomorphism
between C™ and CP intertwining the C*-semiflows.
By equation (5), we have

Adwrenve,(1@Y)(X @1) = (W @ VU1 Y)(X @ DUFVH (W, @1)

for all X € 0,(M)’ "M and Y € R. Hence, for all Y € A},

Adwrenve, 1@Y) € (0:(M)'NM)@ 1) NCY =10 A7,
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where the latter equality follows from relation (1) in Section 2. It follows that for
each t > 0, ¢ restricts to a map from 1 ® A to 1 ® AV, and hence ¢ restricts to
an isomorphism intertwining the C*-semiflows for a™ and o”.

We claim that ¢ intertwines the tracial states on A¢ induced by the canonical
trace on R. Indeed, by [Ale, Proposition 2.9] each A! is a II; factor and hence the
maps ¢; intertwine the induced traces on each of the corresponding subalgebras;
the statement follows by taking inductive limits. In the terminology of [MaS, Sec-
tion 9], &™ and of have isomorphic 7-semiflows, and hence by Proposition 2.13,
n=p. O

84.2. Tensoring with generalized CCR flows

Throughout this subsection, we denote by 8 = {6; : t > 0} a generalized CCR flow
associated with a pair ({T}}i>0, {T2}i>0), where {T}} : ¢ > 0} and {T7? : ¢t > 0}
are two Cp-semigroups that are perturbations of one another (see Section 2.2). In
our examples we assume the semigroup {7} : t > 0} is the right shift on L?(0, co)
with index 1. Basic facts about spectral densities describing off-white noises can
be found in [Ts2].

In [IS;], local algebras associated with product systems were used to dis-
tinguish generalized CCR flows given by off-white noises with spectral density
converging to 1 at infinity. Here we define and use local algebras associated with
super-product systems to study Eg-semigroups on the hyperfinite 11, factor, given
by tensor products of such generalized CCR flows with a.

A subset O C [0,a] is an elementary set if O = UN_, (s,,,t,), a finite disjoint
union of open intervals. We assume s,,11 > t,,. By O¢ we mean the interior of the
complement in [0, a]. For a Borel set E C R, |E| denotes the Lebesgue measure
of E.

Let H = (Hy,Us ) be any super-product system. Fix an arbitrary a > 0. The
local algebra A (I) associated with the super-product system H for any interval
I = (s,t) C[0,a] is defined by

AR (1) =Uf (Cly, ® B(H;—s) ® Cly, ,) (U})*,

where Uf is the canonical isometry Uf : Hy ® Hy_s ® Hy—y — H, determined
uniquely by the associativity axiom. Here we consider A (I) as a von Neumann
subalgebra of B(PfH,), where P§ = Ug(Uf)*.

For an elementary open set On = UY_, (s,,,t,,), denote by Pg,. the projection
U4, (U§, )", where

(6) U(%N : HS1—to ® Ht1—81 R HSN_tN—l oY HtN—SN ® HSN+1—tN — Ha
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is the canonical isometry uniquely determined by the associativity axiom of the
super-product system. (Here we have set t¢ = 0 and sy41 = a.) We just write
Uoy for Ug, and Po, for P@ when a is unambiguously fixed. For 1 <k < N, if
we define I, = (sg, tx), Ok] = Ui;%(sn,tn), O[k = Uﬁ:kJrl(Sn — tg,ty — tg), then
using the associativity axiom, it is not difficult to verify that

U, = U, (U8, @ L, @ UG™).
Using this we see for © € B(Hy, s, ),
P8 UL, (Ln, @@ 1n,,, ) (UF) = U8, (ln, @@y, , ) (Us,)"
=Uf, (1u, @@ 1u,.,, ) (U Ps,,

and hence P§ = € A;k,tk foralll <k < N.
For a general open set O C (0,a) with O = U2, a disjoint union of

intervals, define

Po= N Po,,

n=1

where O,, = U}_; I} is an increasing sequence of elementary open sets. The projec-
tion P» does not depend on the choice of the intervals or the elementary open sets
{0,352, since Po, < Po,, if the elementary sets satisfies O,,, C O,,. (Caution:
The relation Pp, < Py, does not hold in general for arbitrary elementary sets
satisfying @1 C O3, but it does hold for sets in this collection, since the interval
components of the elementary open subset are a subcollection of the interval com-
ponents of the bigger elementary open set.) Every Po, commutes with A(7,) if
I, € Oy, So Py also commutes with A(Z,). Define

AT(0) = \/ PoA (L),
n=1
the von Neumann algebra generated by {Po A" (1,,)}2%, in B(PoH,).

If the family (V:)¢>0 provides an isomorphism between two super-product
systems (Hy, U, ¢) and (H{,U;,), then Ad(V,) provides an isomorphism between
AH(0) and A”'(0). Hence the family of von Neumann algebras { A7 (0) : O C
[0,a]} is an invariant for the super-product system (Hy,Us,), and hence for the
associated Eg-semigroup.

Lemma 4.2. Let H be a super-product system and O =|J;°_, I, C [0,a] an open
set for mutually disjoint open intervals I, = (sp,t,). Then

(1) if H is spatial, then AT (O) has a direct summand that is a type I, factor,
and further, if t, < sn1, then AH(O) is a type I factor;
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(2) if H = H¢ is the super-product system associated with a Clifford flow of any
fived indez, then AH(O) is a type I, factor for any open set O C [0,al.

Proof. (1) Let (S¢)t>0 be a unit for H. Without loss of generality we assume that
|S¢|| = 1 for all t > 0. Notice PoS, = S,. Let L = [AH(0)S,] € PoH, and Py,
be the projection from PpH, onto L, which belongs to A (0)’. We introduce a
state w of A7 (O) by w(z) = (£S,,S,). We have w(z) = (S, _s,, St,—s,) for any
z € Po A" (I;). Now for z; € A" (1,,,) i=1,2,...,N, we have

w(Poxixe - xN) = (PoPoyTi1Te - TNSa, Sa)
=(Uoy (21 ®1® - @ay®1)Ud, Sa; Sa)
= <x1$tn1—sn1 ) Stnl —snl> T <$NStnN —Snp 0 StnN —an>
= w(r)w(x2) - w(TN),

where Ho: = ®kN:0Hsnk+17tnk
a product pure state of ®fi1 PoA(I,,) C AH(O) for all N. Therefore A% (O)Py,
is a type I factor.

The other statement, when t, < s,1, follows from Theorem 4.15.

(2) For an interval I, denote by Hy(I) = [fl AfaNoo-Afr: fi € L2(1, kC)],
the k-particle space of the antisymmetric Fock space of L?(I), and k is the multi-

with £,, = 0 and s, , = a. This shows that w is

plicity space of the Clifford flow. Define
Ho = [97§n1 A gnz ARSRNA gnN : gnl € H2ki(lni>7 kivnivN € N] .
It is not difficult to verify that A" (O) is nothing but B(Hp). O

We denote by AY(O) the local algebra associated with the super-product
system H?7 of an Eg-semigroup 7.

Proposition 4.3. Let v and 8 be two Ey-semigroups and O C (0,a). Then
AP (0) = A(0) @ AP(O).

Proof. Thanks to Proposition 3.7, the above proposition holds true for intervals.
For elementary sets, it follows from relation (1) in Section 2, and hence for any
open set. O

From the above proposition it follows immediately, thanks to Lemma 4.2(2),
that A®%(0) is a type I factor if and only if A?(O) is a type I factor, for any
open O C [0,al.

Tt is shown in [IS;] that there exists a “one-parameter continuous family of off-
white noises, whose spectral density functions converge to 1 at infinity” such that
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the associated family of generalized CCR flows {6* : A € (0, 3]} contains mutually
non-cocycle-conjugate Eg-semigroups. This is accomplished by producing an open
set O, for any given Ay, Ay € (0,3] such that A% (O) is a type 1T factor, but
AP (O) is a type I factor (see [IS;, Theorem 8.8]). In the following theorem let
« be any one of the o™ with fixed n, then from the preceding discussions we have

the following theorem.

Theorem 4.4. The family of Eo-semigroups {0* @ a : A € (0,3]} is mutually
non-cocycle-conjugate.

When the “spectral density” converges to co at oo, the local algebras A(O) are
not useful in distinguishing the associated generalized CCR flows. Tsirelson used
the lim inf and lim sup of subspaces of the sum system, associated with elementary
sets, to distinguish those generalized CCR flows (see [Ts1, Section 13]). Tsirelson’s
invariants can be equivalently described by the limsup of local von Neumann
algebras associated with elementary sets, as shown in [BhS, Section 3] (which was
called the liminf there, as remarked in the following definition).

Definition 4.5. For a sequence of von Neumann algebras A,, C B(H), define

"

limsup A, = {T € B(H) : 3ny T oo, Ty, € A,, such that v]g—liank = T} ,
=00

where w-limp, ,o0 Ty, is the limit in the weak operator topology. (We realized this
should be termed lim sup rather than lim inf as initially defined in [BhS, Section 3].)
Also define

"
liminf A, = {T € B(H): 3T, € A, such that slimT, = T, s-imT* = T*} ,
n— oo n—oo
where the limits of the sequences {T,,} and {7} are in the strong operator topol-
ogy.

Since the local algebras A (O) for super-product systems are not, proper von
Neumann subalgebras of B(H,), we need to modify the definition slightly. For an
elementary open set O C [0, 1], define

AZ(0) = AH(0)"'nB(H,) = AF(O)®aC(1 - Po).

For product systems, A (0) = A7(0O). Given any sequence of elementary open
sets O,, C [0,1], limsup A7 (0O,) € B(H,) is an invariant for the super-product
system H = (H, Usy).

Lemma 4.6. For a sequence of von Neumann algebras A,, C B(H),

limsup A, C (liminf A},)".
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Proof. Suppose T € limsup A, and S € liminf A/, so that there exists a subse-

ns

quence T, € A, such that T,,, — T weakly, and there exists S,, € A], such that
(S, S%) — (S, 5*) strongly. Then for any £, n € H, we have

Since {||T;, n|l} and {||T},&||} are bounded we have

(TS¢,n) = li,§1<TnkSnk§,n> = li]£n<5n,cTn,c€7n> =(ST¢,m) V& neH.
O

For an open set O C [0, 1] we denote by O¢ the interior of the complement in
[0,1]. Since we are dealing with L?-spaces with respect to Lebesgue measure, end
points of the intervals do not matter. As before, H¢ denotes the super-product
system associated with Clifford flow of any fixed rank.

Proposition 4.7. Let {O, : n € N} be a sequence of elementary sets contained
in [0, 1] such that |O,| — 0. Then

liminf A7 (0,) = B(H,) and limsup A% (0,) = C.

Proof. Set T¢(L*(O,kC)) = [E1 A& A -+ Ao &1,y ..., Eam € L2(O,KE), m €
Ny], and when m = 0 the wedge product is just the vacuum vector 2. The map

VO((gl A 52 ARERIA 527n) oY (771 A T2 JARERIAN 7727n’))

=G ANQN - ANom A AN A A2,
where 517 52, . 7£2m S L2(07 k(c)7 M,M2,---5M2m’ € LQ(OC, k(C), extends to an
isometry between I'¢ (L2(0, k%)) @ T'¢(L?(0¢, k%)) — Hf. Define
B(0) = Vo (B(T5(L*(0,k%)) @ 1re (r2(0ekey)) V& and  B(O) = B(0)".
Since |0, | — 0, for any f € L?((0,1),kT), we have 1pe f — f. Using this it is easy
to verify that liminf B(O¢) = B(H,).
Notice that for any elementary set O = UX_, (s;,t;),
U(') ((I)Slfto Y Htlfsl @ (I)SN*tN—l Y HtN*SN & (I)SN-H*tN)
C Vo (Te(LX(0,K5)) @ @),

where ®;,_,;, denote the vacuum vectors in Hs_;_;, and Up is the canonical isom-

etry as in (6). This consequently implies that A7 (0) C B(O) for any elementary
open set O C [0, 1]. Hence we have

B(OS) C B(0,) € A" (0,) V¥neN.
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So we have liminf A" (0,) = B(H,). Now it follows from Lemma 4.6 that
limsup A7 (0,,) = C. O

The Arveson product system of Hilbert spaces associated with generalized
CCR flows is described by sum systems. Since we do not want to recall the defini-
tions and restate the facts, which are used only in the following proposition, we ask
the reader to refer to [BhS, Section 1] and [IS;, Section 3] for the definition of sum
systems and for the construction of product systems from sum systems. Also, for
definitions/facts/notation regarding the liminf and lim sup of Hilbert subspaces,
which we use in the proof of the following proposition, we ask the reader to refer
to [BhS, Section 3] (they were originally defined and used in [Tsl1]). The lim inf
and lim sup of Hilbert subspaces are defined in [BhS, Definition 3.2]. We provide
an exact reference to the facts we use in the following proposition.

For product systems arising from sum systems also, while dealing with local
algebras, end points of intervals do not matter (see [BhS, Corollary 25]).

Proposition 4.8. Let H = (H;,Us;) be the product system constructed from a
sum system (Gs.t,St)s te(0,00)- For a sequence of elementary sets O,, C [0,1],

liminf A"(0,) = {Wo(z +iy) : « € liminf Go,, y € liminf G, }”,
limsup A7 (0,,) = {Wy(z + iy) : € limsup Go, , y € limsup Gli}”.
Further,
limsup A7 (0,,) = (liminf (A7 (0,)"))" = (liminf A7 (05))".
Proof. For an elementary set O C [0, 1],
AT(0) = {(Wo(z+iy) s 2 € Go,, y € Gb.} and  A(0) = AT(0°)

(see the discussion just before [BhS, Lemma 3.2]). The strong continuity of the
Weyl representation x — Wy(x) (see [Par, Proposition 20.1]) implies

{(Wo(z +1iy) : = € liminf Go,,, y € liminf G}’ C liminf A7 (0,,).

On the other hand,

{Wo(x + iy) : « € liminf Gp,,, y € liminf Gé;% Y
= {Wolz+iy):x € (liminfGaCL)L, yE (liminfGOn)l}N
= {Wo(z + iy) : @ € limsup Goe, y € limsup Gy}’ (by [BhS, Lemma 3.1])
C limsup {Wo(z +iy) : v € Goe, y € Gén}// (by [BhS, Lemma 3.2(i)])
C (liminf {Wo(z +iy) : z € Goe, y € Gén}’)/ (by Lemma 4.6)
= (liminf A7 (0,)) .



Ep-SEMIGROUPS ON FACTORS 323

Hence liminf A (0,,)) = {Wy(z + iy) : * € liminf Go,,,y € liminf G§. }”. The
proof of the corresponding statement for limsup A% (0O,,) is as follows: one inclu-
sion follows from [BhS, Lemma 3.2(i)] and the other inclusion can be proved by
flipping lim inf A (0,,) with lim sup A (0,,) in the above arguments. The remain-
ing statements follow from above and [BhS, Lemma 3.1]. O

Let ({T}},{T?}) be a perturbation pair and 6 be the associated generalized
CCR flow on B(T's(G%)). Let j : G® +— G® be the antiunitary = + iy — y + iz for
z,y € G, and I'(j) : ['s(G®) = T'4(G®) be the second quantization of j defined by
['()(e(€)) = e(j€) and extended antilinearly to I's(G®). Then

T(HW(x+iy)L(j)=W(y+iz) Va,y€qG.

By the discussion in Example 2.9, the dual E¢-semigroup of 6 on B(I's(G%)) is
conjugate to the Eg-semigroup 6, given by

0:(W (2 +iy)) = T(5)0: (T (/)W (= + iy)L(7))T'(5)
=W(T?x +iT}y) Va,yed.

So @ is the generalized CCR flow given by the perturbation pair ({77}, {T}}), and
in particular the associated Arveson product system (Hy,Us) is also given by a
sum system, say (Gs ¢, St).

Corollary 4.9. Let 0 be a generalized CCR flow. Then
limsup A?(0,) = (liminf (.,Zla((?n)/))’.

Proof. Let (Hy,Us ;) be the Arveson product system of 6. By Remark 3.6, the
super-product system of 6 is given by (H; ® Hy, Us; ® U ;), which arises from the
sum system (Gs,t &) és,ta S @ gt) Also, for any two sequences of Hilbert subspaces
{G,} and {F,}, it is easy to see that liminf (G, & F,) = liminf G,, ® liminf F),
and limsup (G,, @ F,,) = limsup G,, ® limsup F,,. Now the corollary follows from
the above Proposition 4.8. O

Proposition 4.10. Let a sequence of elementary sets {0, C [0,1] : n € N} be
such that |O,| — 0 and let 0 be any generalized CCR flow. Then limsup (A%(0,,)®
A%(0,)) is C1 if and only if limsup A?(0,,) = C1.

Proof. Let A, B, be any two families of von Neumann algebras. It immediately
follows if lim sup (A, ® B,,) = C, then both limsup .4, = C1 = limsup B,,, since
limsup A, ® limsup B,, C limsup (A,, ® B,,).

Also, liminf A}, ® liminf B, C liminf (A}, ® B},). So by Lemma 4.6, we have

limsup (A, ® B,,) C (liminf (A, ® B,))" C (liminf A, ® liminf B,,)".
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If limsup A?(0,,) = C1 and |O,| — 0 then, thanks to Corollary 4.9 and Proposi-
tion 4.7, both liminf (49(0,)’) = B(HY{) and liminf (4(0,)’) = B(H{). Hence
limsup (A%(0,) ® A*(0,,)) = C. O

For r > 0, let o, be a smooth positive even function with o,.(A) = log" ||
for large |A|. Then o, is the spectral density function of an off-white noise, and
gives rise to a family of generalized CCR flows {6" : r > 0}. In [Tsl], a sequence
of elementary sets (with Lebesgue measure converging to 0) is produced for any
given 71 # 7o, so that limsup A" (0,) = C but limsup A°”*(0,,) is nontrivial.
(Tsirelson produced invariants through sum systems, but this is equivalent to the
above statement, as explained in [BhS, Section 3].) In the following theorem let «
be any one of the o™ with fixed n; then thanks to Proposition 4.10 we have the
following theorem.

Theorem 4.11. The family of Ey-semigroups {0" @ « : r > 0} is mutually non-
cocycle-conjugate.

84.3. Tensoring with Toeplitz CAR flows

To distinguish Toeplitz CAR flows discussed in [ISs], type I factorizations were
used as invariants, as defined by Araki and Woods [AW;]. Here we define these
invariants with respect to super-product systems and use them to distinguish Eg-
semigroups on hyperfinite 11, factors, given by tensor products of Toeplitz CAR
flows with «. Throughout this subsection, every index set (indexing a type I fac-
torization) is assumed to be countable.

Definition 4.12. Let H be a Hilbert space. We say that a family of type I sub-
factors {My}rca of B(H) is a type I factorization of B(H) if

(i) My C Mj, for any A\, p € A with A # p;

(i) B(H) = Ve Ma.
We say that a type I factorization {M)}xea is a complete atomic Boolean algebra
of type I factors (abbreviated as CABATIF) if for any subset I' C A, the von
Neumann algebra \/, . My is a type I factor.

Two type I factorizations {Mx}xea of B(H) and {N,},eca of B(H’) are said
to be unitarily equivalent if there exist a unitary U from H onto H' and a bijection
o: A — A’ such that UM U™ = Ngy).

Let A = {a,}22, be a strictly increasing sequence of nonnegative numbers
starting from 0 and converging to a < co. Define P{ = UnUjy where

N-1
Uv: Q) Hapir—ap ® Haay — Ha

n=0
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is the canonical isometry uniquely determined by the associativity axiom of the
super-product system. Clearly {P§ : N € N} is a decreasing family of projections
in N. Define P4 = A7°

Pg. (We write P4 to remember the Eg-semigroup.)

Lemma 4.13. Let H = (H;,Usy) be a super-product system that can be em-
bedded into a product system, and let A = {an}>, be a strictly increasing se-
quence of nonnegative numbers starting from 0 and converging to a < oco. Then
{PAAH ((an, ant1))}5%, is a type I factorization of B(PAH,).

Proof. Let E = (E4, V, ) be a product system where the super-product system H
can be embedded. Then { A ((ay,an11))}5%, is a type I factorization of B(E(a))
because
B(Ea) = \/ AE((O’t))
0<t<a
holds (see [Arv, Proposition 4.2.1]). Let @ be the orthogonal projection from F,
onto PyH,. Then QA AP ((an, any1))Q* = PAAR ((ay, any1)). O

The following proposition is immediate, since

Ae\/r(1\4;<g>1\4§) = (A\E/FMi) ® (A\e/FMi)

Proposition 4.14. For two type I factorizations {M}}rea and {M3 }ren, {Mi®
M2 }aea is a CABATIF if and only if both {M}} en and {M3 }ren are CABATIFs.

When {Mjy}aen is a type I factorization of B(H ), we say that a nonzero vector
£ is factorizable if, for any A, there exists a minimal projection py of M) such that
pré€ = £. Araki and Woods characterized a CABATIF as a type I factorization with
a decomposable vector. One can find the following theorem in [AW;, Lemma 4.3,
Theorem 4.1].

Theorem 4.15 (Araki-Woods). A type I factorization is a CABATIF if and only
if it has a factorizable vector.

As before, let A={a,}52, be a strictly increasing sequence of nonnegative
numbers starting from 0 and converging to a < co. When a super-product system
H has a unit {S; : t > 0}, then PAS, = S, and further, it gives a factorizable
vector for the type I factorization {PAAH ((an,an:1))}5%,, which is necessar-
ily a CABATIF thanks to Theorem 4.15. So type I factorization associated with
the super-product system of Clifford flow of any rank is a CABATIF for any se-
quence A = {a,}. Now if 6 is a Toeplitz CAR flow, then the type I factorization
{PAIDUIDY((a,, ay41)) )22 is a CABATIF if and only if {PAU0 ((an, ant1)) 3%,
is a CABATIF.



326 O. T. MARGETTS AND R. SRINIVASAN

In [IS;], an uncountable family of mutual non-cocycle-conjugate Toeplitz CAR
flows {0” : v € (0, ]} is constructed. This family is distinguished by providing a se-
quence A = {a,, }52, for any given vy, v5 € (0, 1], so that {PAAT" ((a,, ant1))}2,
is a CABATIF but {PAAY"” ((an,ani1))}2, is not a CABATIF. From the above
discussions we have the following theorem.

Theorem 4.16. The family of Ey-semigroups {0¥ @ a : v € (0, %]} is mutually
non-cocycle-conjugate.

If a generalized CCR flow (or a Toeplitz CAR flow) is fixed, it is still open
to show that it leads to non-cocycle-conjugate Eg-semigroups, when tensored with
Clifford flows of different indices.

85. CCR flows on hyperfinite type III factors

In this section we investigate a class of Eg-semigroups on hyperfinite type III
factors arising from quasi-free representations of the CCR algebra. The structure
of these representations was worked out in the early papers [Ary, Ary, DAn, Hol,
ArY, AW5]; in order to make this paper reasonably self-contained we include the
relevant details.

For a complex Hilbert space K, there exists a universal C*-algebra generated
by unitaries {w, : v € K}, subject to

—4 Im(

WyWy = € “’”>wu+u (u,v € K),

known as the algebra of canonical commutation relations, or the CCR algebra,
denoted by CCR(K) (see, e.g., [Pet]).

From here onwards, in the last two sections of this paper, k will denote a
separable complex Hilbert space, with conjugation j. We denote the conjugation
on K = L?(R,; k) also by j, obtained as (jf)(s) := jf(s) for all s > 0. Let A > 1
be a complex linear operator on K such that T = %(A — 1) is injective. The state
on CCR(K) determined by

pa(wy) = e 3AN = =3 IVIFITSI?

is known as the quasi-free state with symbol A. The corresponding GNS represen-
tation, on I'y(K) ® ['s(K), is given by

Ta(w(f)) = Walf) = Wo(V1+Tf) @ Wo(jVT).

It follows from [Ar;] that this representation generates a factor M4 = {ma(w(f)) :
f € K}, for which the vacuum vector 2 = £(0)®¢(0) in I';(K)@T'5(K) = T's(KBK)
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is cyclic and separating. Under this representation, (2 induces the state ¢4. The
factor is type I if and only if A2 — 1 is trace class, and otherwise it is type III
(see [Hol)).

Lemma 5.1. Let X € B(L?(R.;k)) be a positive, injective Toeplitz operator.
-1

Then the operators VXTyvV X = extend to a family of isometries that is a strongly

continuous semigroup.

Proof. Since \/1)7 > 0 is injective, VX - is closed and densely defined. For any
f € Dom(vX ), we have

|VELVE | = (VE T xndE ) = (VR VRS = 11

-1

so that \/)1( T;v/X = admits a unique isometric extension Y;. For any f €
Dom(v/X )it is clear that Y,Y;f = Yoy, f and Y;f — f as t — 0, so the family
(Y2)i>0 is a strongly continuous semigroup of isometries. O

-1

For any Toeplitz operator X, we denote the isometric extension of v XTiv/ X
by T;X. The following proposition ensures the existence of Eg-semigroups that we
call Toeplitz CCR flows given by the Toeplitz operator A.

Proposition 5.2. Let A > 1 be a Toeplitz operator on L*(R.;k) such that A—1
is injective. Then there exists a unique Eg-semigroup a®* = {af* : t > 0} on My
defined by a*(Wa(f)) = Wa(Tif), where (Ty)i>0 is the semigroup of right shifts
on L2(Ry;k). Further, at1®42 = o4 @ a2,

Proof. Thanks to Lemma 5.1, we have the semigroup of isometries

T o0

Y = (K)tZO = 0 jTTj
t

on K®2, Tt follows from [Arv, Proposition 2.1.3] that there exists a unique Eg-
semigroup o on B(H) satisfying oy (Wy(f)) = Wo(Y,f) for all f € K®2. Clearly M4
is an invariant subalgebra for o, and by the density of 74 (CCR(K)), the restriction
ot¢|m, 1s the unique Eg-semigroup satisfying the conditions of the proposition. [J

Since A is Toeplitz, ¢4 is a faithful, normal invariant state for each of these
Eo-semigroups, and thus provides a canonical unit S = (S;);>0 associated with
Q. The modular conjugation with respect to € is given by Jo =T [fj _oj}v and
we have JoWa(f)Jo = W, (f), where W/ (f) = Wo(VTf) @ Wo(jv/1 +Tf). The
dual Eg-semigroup o on M/, is given by aj (W) (f)) = W4(Tif). The following
proposition characterizes when S is a multiunit.
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Proposition 5.3. If A > 1 is a Toeplitz operator such that A—1 is injective, and
a 1s the Ey-semigroup on M4 satisfying ae(Wa(f)) = Wa(Tif), then the canonical
unit is a multiunit if and only if A = 1p2®) ® R for some R € B(k). Moreover,
when this is the case, there exists a CCR flow o on B(H) extending both o and o'.

Proof. One way is clear. Suppose S is a multiunit; then the modular group (0$);cr
satisfies ap = 0 0,008 for all t > 0, s € R (see Proposition 2.8(iii)). Here, 0! is
the Bogoliubov automorphism associated with 7% (1 +7)~%. Hence T%(1+T)~%
commutes with T} for all £ > 0 and so it is of the form lr2ry) ®Us. By considering
the (analytic) generator, we infer that T(1+7)~! = 12g) ® X, for some densely

defined self-adjoint operator X on k. For f € Dom((1+ T)~!) we have
A+D) =1 -TA+T))f =1a@, ® (1 - X)f.

This implies that (1—X) has a bounded inverse and T=172 @ (1 — (1 — X)),
When A = 172y ® R, then Tt1+T =T, = T}, and the CCR flow given by
T, @ T, extends both o and o'. O

For the rest of the paper we restrict to this class of Eg-semigroups, where
the canonical unit is a multiunit. Since the Toeplitz part of A is trivial, these
Eg-semigroups are simply called CCR, flows. We denote the CCR flow given by
A=1®R by o). Since L?(R,) is infinite-dimensional, Tr(I ® (R? — 1)) < oo if
and only if Tr(R%? — 1) = ||VVR? — 1||us = 0, i.e., R? — 1 = 0. Here, ||-||us refers to
the Hilbert—Schmidt norm. By our (A — 1 is injective) assumption, we get R # 1,
so M4 is a type III factor.

The second half of the above proposition shows that the super-product system
for «, @’ is isomorphic to the completely spatial product system of index 2 dim k;
hence Ind.(«) = 2dim k. If dim k = n, we say that the corresponding Eq-semigroup
is a CCR flow on the type III factor M 4 of rank n. Since R is injective, rank(R) =
dim(k). The following corollary is immediate.

Corollary 5.4. CCR flows on hyperfinite type III factors associated with opera-
tors of the form A; = 1® R;, i = 1, 2 are not cocycle conjugate if Ry and Ry have
different ranks.

In order to classify these semigroups further, we must determine when the
algebras M 4 are isomorphic. For this we require the following lemma, whose proof
is easy. Here and elsewhere, o(X) denotes the spectrum of X.

Lemma 5.5. Let X, Y be closed, densely defined operators of the form X =
i NP, Y =300 15Qy, where { P332y and {Q;}32, are families of mutually
orthogonal projections. Then c(X ®Y) = o(X)o(Y).
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The following theorem may be gleaned from [AWj]; for the reader’s conve-
nience we include the details.

Theorem 5.6. Let A=1® R >1 be such that T = (A —1)/2 is injective. Then
there are the following three possibilities:

(i) A has discrete spectrum and there exists A € o ((1+T)7'T) C (0,1) such
that the eigenvalues of (1+T) ™ T all have the form \; = A% for some d; € N.

(i) A has discrete spectrum, but is not of the form (i).

(iii) A contains nonempty purely continuous spectrum (see [Kat, X.1.1]).

In case (i), M 4 is the hyperfinite III, factor, whereas in all other cases, M 4 is the
hyperfinite III; factor.

Proof. By definition, A is one of the three types described above, so it remains
to show that the factors are as claimed. In [AWj, Section 12], the following is
observed:

(a) If A has discrete spectrum then M, is an infinite tensor product of factors of
type I (ITPFI), and so hyperfinite.

(b) If A has discrete spectrum and A is a limit point of o((1 + T)~'T), then
A € roo(My), the asymptotic ratio set of My.

(¢) If A has nonempty purely continuous spectrum then M4 is isomorphic to an
ITPFI and 7o, (M4) = R;.

By [Con, Theorem 3.6.1], roo (M) = S(M4) for ITPFI factors, so the third point
is equivalent to M 4 being hyperfinite type I1I;. If A has discrete spectrum then, as
A =1 ® R, all eigenvalues have infinite multiplicity, so all points in the spectrum
are limit points. Thus, if A has discrete spectrum and satisfies (ii), then by (b)
Too(Ma) # {0} U{A\" : n € Z} for any A € (0,1), and clearly roo(Ma) # {0,1}, so
S(M4) =R, and My is type III;. If A satisfies (i) then, again by (b), reo(M4) 2
{0} U{N\"* : n € Z} and we are left to show that the modular spectrum of M
contains nothing further. We simply show o(Agq) 2 {0} U{\* : n € Z}. Since
Agq is the sum of tensor powers of (1 + T)™1T @ T~1(1 + T), by Lemma 5.5 its

spectrum is the closure of (oo, o((1 4+ T)7'T)", i.e., {0} U{\" : n € Z}. O

Remark 5.7. When k is one-dimensional, only (i) can occur. When k has fi-
nite dimension, (ii) occurs if and only if (1 + 7)7'T has eigenvalues \;, \; with
log A\;/log A; ¢ Q. In infinite dimensions there are further examples of case (ii)
coming from sequences of rational powers with strictly increasing denominators,
e.g., (A (1) . Clearly, case (iii) can occur only if k is infinite-dimensional.
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In particular, thanks to Corollary 5.4, A = %I L2(R, k) gives infinitely many
non-cocycle-conjugate Eg-semigroups on each hyperfinite III, factor with 0<A<1
distinguished by their rank. Distinguishing between two CCR flows of equal rank
is more complicated, and we take up a detailed analysis in the next section.

8§6. Characterizing cocycle conjugacy for CCR flows

In this section we show that there are uncountably many non-cocycle-conjugate
Eg-semigroups on each hyperfinite 11T, factor with A € (0,1]. The proof relies
upon the precise form of the gauge group and a detailed analysis of its fate under
cocycle perturbations.

Proposition 6.1. Let A=1® R > 1 be such that A—1 is injective and consider
the corresponding CCR flow a on M. Then every element of the gauge group
G(«) has the form

Up = eMWa(loy @& (t>0)

for some A € R, £ € k. As a topological group, G(«) is isomorphic to the central
extension of (k,+) by the R-valued 2-cocycle w(&,n) = —Im(&, n).

Proof. Let 6 be the CCR flow on B(H) mentioned in Proposition 5.3, which ex-
tends both « and . Since oy (M) N M C 0,(B(H))', every gauge cocycle for « is
also a gauge cocycle for 8, and G(«) is the subgroup of G(6) consisting of cocycles
living in M 4. From [Arv, Section 3.8], it follows that G(6) consists of cocycles of
the form

Ui\ EV) = eiAtWO(1(07t) ® f)(].—‘([[ﬁ[o’t] RV)® F(ILQ([t,oo);k@Q))) vt >0,

where A € R, ¢ € k%2 and V € U(k®?).
If Uy(N &€, V) € My then for any n € k, we have

Wzlcx(l(o,t) @MU, &, V) = Us(A &, V)W;l(l(o,t) ®n).
Evaluating on 2 we get
Wil @mWo(los ®EQ=Wo(lo @EWo((I @ V)E'1(1(0,s) @ 1)),

where ¥/ := |:\/()Tj\/10+7Tj:|7 u(f) = (]]}) Thanks to the linear independence of

exponential vectors, comparing both sides,

VRy v VRy
iV1+Rn] jV1+ Ry’
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VEr N N e[ VB
jV1+Rn)]’ " \JyV1+Rn) /)’

for all n € k. The first equation implies that the unitary V' is the identity on the real

VRn
JjV1+Rn

. . VRn . V'Rin .
by L is the whole of k & k (consider (jmn> +14 (jmin) and range(R) is
dense). The other equation implies that the imaginary part of the inner product

of ¢ with any element in L is 0, which means £ is of the form < Vji};;]/) for some

n € k.

linear subspace L = ) e k}. But the complex Hilbert space spanned

Definition 6.2. A continuous bijective real linear operator Z : H — H is said to
be a symplectic automorphism if Im(Z f, Zg) = Im(f, g) for all f, g € H.

Proposition 6.3. If Ry # ZRxZ* for any symplectic automorphism Z, then the
CCR flow corresponding to Ay = I ® Ry is not cocycle conjugate to the CCR flow
corresponding to As = I ® Rs.

Proof. Let o' and a? be the CCR flows corresponding to R; and R, acting stan-
dardly on M; and My respectively. Suppose that there exists a unitary V and an
a'-cocycle (W;):>o implementing cocycle conjugacy so that Ady Wiai Ady - = o
for all ¢ > 0. Recall the algebras A,:(t) = ai(M;)' N M;, i = 1, 2 defined at the
end of Section 2. Note that the isomorphism ¢, = Adyw, @ Agi(t) = Au2(t) is
strongly continuous. For ¢ = 1, 2 consider the topological group

Gi(a') == {(us)sefog * (us)sz0 € G(a')},

which is canonically isomorphic to the gauge group. Then the map (us)sep, —
(¢4(us))se(o,g induces an isomorphism G (o) = Gi(a?). Indeed, the only nonobvi-
ous aspect is to check that Wyu,W; = W,u W for each u € Gy(al) and s € [0,1],
which follows from the cocycle property and the fact that u, € al(M;)". De-
note ¢ ® 14 by ¢y for any ¢ € k, ¢ € Ry. Since ¢ is linear and strongly
continuous, there exist continuous maps ¢ : k = R and Z : k — k satisfying
1 (Wa, (cq)) = Wy, (Z(c)y) for all ¢ € k. These induce a group homomor-
phism, so we must have

15O el d)—Im(Z LYy (7(c)y + Z(d)y)
— zs(up(c+d) Im(c, d))WA (Z(C+d) ])

hence
¢(c) + ¢(d) —Im(Z(c), Z(d)) = ¢(c + d) — Im(c,d)
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for all ¢, d € k. The imaginary parts of the inner products are antisymmetric under
an exchange of ¢ and d, whereas the other terms are clearly symmetric; thus it
follows that Z is a symplectic automorphism and f is a real linear functional.

By the Riesz representation theorem there exists « € k with ¢(c) = Re(z, ¢)
for all ¢ € k, and we can form a functional ¥ on L?([0,t]; k) by setting ¥(f) :=
Re(lp, ® @, f). Since Wa,(cprs) = Wa,(—c;1)Wa,(cq) for each j = 1,2, ¢ €
k, 0 < r < s < t, then we have, for any step function f € L?([0,];k), that
b (Wa, (f) = eYOWa, (I ® Z)f), by the homomorphism property of ¢;. Thus,
if f € L?([0,¢];k) is the limit of a sequence of step functions (f,,)5%; then

$u(Woay (1)) = selim 64 (W, (1)
= E—Eg}eiq’(f”)WAz((I ® 2Z)fn)
= MWL, (T2 2)f).

Now using canonical commutation relations we get

(Ad(Wa, (=i(1p,q @ 2)/2))¢) (Wa, () = Wa, (I @ Z) ).

Since ¢, is normal, this implies that the representations of CCR(L?([0,];k)) given
by
wy e Wa, (f) and wy = Wa, (I @ 2)f)  (f € L*([0,];k))

are quasi-equivalent. In particular, the restriction of ¢4, to CCR(L?([0,t];k)) is
quasi-equivalent to the state

CCR(L*([0,1]:k)) 3 wy = (2, Wa, (I © 2) [)Q) = e7 2 Reth (&2 0010,

Thus, by [ArY] it must be the case that

\/ILZ([o,t]) ® Ry — \/(IL2([O,t]) ® Z*)Ir2((0,4) ® R2)(I12(j0,4)) ® Z)

is Hilbert—Schmidt. But L?([0,]) is infinite-dimensional, so we must have v/R; =
VZRSZ, ie.,
Ry =7"RyZ,

as required. O

This condition suggests that there should be a large number of distinct CCR
flows on the hyperfinite III, factor, for each rank n > 2. To show this, we need to
analyze the relation Ry = Z*R2Z in more detail.

As a real Hilbert space, k is isomorphic to a direct sum kg @ kg and under this

identification, multiplication by 7 becomes multiplication by [? _01 ] Using this we

see that a real linear operator X = [§; §i] € B(kg @ kgr) is complex linear if and
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only if X; = X4 and X5 = —X3, and it is a positive complex linear operator if
and only if it is of the form X = [)gl )?1 ], for some positive operator X on kg.
In [Par, see Proposition 22.1] it is shown that for a symplectic automorphism Z
there exist unitaries Uy, Us on k and a positive operator Z; on kg such that

Z; 0

Ui ZU; = 0 77!

Setting U RoUy = [§ ] and U R U5 = [ ¥ 2] we obtain

Z 0
0zt

b

Y
0

xollz o
0X||0 2z

0
Y

ie,Y =2XZ and Y = Z;' X Z; !, which leads to
(7) Z:XZ} =X and Z}YZi=Y.
To analyze these conditions we use the following proposition.

Proposition 6.4. Suppose B, R € B(k) are positive invertible operators and
R>1. If BRB = R then B =1.

Proof. The assumption implies RY2BR~1/2 is a unitary and it has the same
spectrum as B, which is positive. Hence R*/2BR~1/2 =1 and hence B = 1. O

Now we are able to give a complete classification of CCR flows when R —1 is
injective.
Theorem 6.5. Let Ry, Ry > 1 be bounded operators with Ry — 1 and Ry — 1
injective. The CCR flows o) and oF2) are cocycle conjugate if and only if there

exists a unitary U such that Ry = URyU*. When this is true, o'F1) is conjugate
to alft2),

Proof. If R; and Ry give cocycle-conjugate Eg-semigroups, thanks to Proposi-
tion 6.3, Ry = Z*RyZ for some symplectic automorphism Z = U, {Zol Z?ITUQ,
where Z; is a positive operator on kg. As before, if we set Uy RyUy = [§ ] and

UsRiUs = [¥ 2] then ZiXZ} = X and Z{YZ{ = Y, so by Proposition 6.4,
Z12 = 1. Since Z; is positive it follows Z; = 1.

Conversely, suppose that there exists a unitary U such that Ry = URyU*
and let A; = I ® R; for j = 1, 2. Then the quasi-free states given by A; and
(I®U*)A2(I ®U) are quasi-equivalent; indeed they are same states. This implies
that the representations of CCR(L?([0,t]; k)) given by

wp = Wa, (f) and wp = Wa,(I@U*)f) (f € L*([0,1];k))
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are quasi-equivalent. Let 6 : M4, — M4, be the isomorphism satisfying

O(Wa,(f)) = Wa, (TR U")f);

then, since (I ® U) commutes with T3, we have

(90f2671) (Wau(£) = Wa (I £ U (1 2 U) )
= Wa,(Tif) = 07" (Wa, (f)).
O

Remarks 6.6. (1) If 0 < A < 1 then there exists exactly one rank 1 CCR flow
on the hyperfinite III, factor.

If n > 2 then there exist a countable infinity of non-cocycle-conjugate CCR
flows on the hyperfinite IIIy factor with rank n. These are given, for instance, by
choosing natural numbers 1 =d; < --- < d, and then

TA+T)"!' =T ®diag(\™,..., %),

so that the quasi-free representation corresponding to

14 Ah 1+ A\
L— A7 1 — \dn

R = diag(

generates a hyperfine III, factor. Each distinct choice of d; gives different eigen-
values for R by injectivity of the map [0,1) = R4, z — (1 +z)/(1 — z).

Using a similar argument we see that there exist uncountably many CCR
flows of infinite rank on the hyperfinite III, factor, one for each distinct sequence of
integers 1,dy, da, . . . up to permutations. (To see that this collection is uncountable,
note that every strictly increasing sequence gives a different example.)

(2) The hyperfinite III; factor admits no CCR flows of rank 1. For any rank
n > 2, the hyperfinite type III; factor admits uncountably many non-cocycle-
conjugate CCR flows. For n finite this is seen by noting that each distinct sequence
of numbers A\ <--- < A, in (0, 1), for which at least one pair (\;, A;) satisfies

log(X;)/log(X;) ¢ Q,
defines a CCR flow on the hyperfinite III; factor with

R—dn&mg(l_/\l,...,l_)\n

When n = oo there exist further examples, as indicated by Remark 5.7.
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