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Exponents of Some One-Dimensional
Gauss—Manin Systems

by

Alberto CASTANO DOMINGUEZ

Abstract

In this paper we provide a purely algebraic characterization of the exponents of one-
dimensional direct images of a structure sheaf by a rational function, related to the
vanishing of the cohomologies of a certain Koszul complex associated with such a mor-
phism. This can be extended to a more general family of Gauss—Manin systems. As an
application, we calculate a set of possible exponents of the Gauss—Manin cohomology
of some arrangements of hyperplanes with multiplicities, relevant to Dwork families and
mirror symmetry.
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81. Introduction

Let k be an algebraically closed field of characteristic zero. An algebraic variety,
or just variety, will mean for us an equidimensional quasi-projective separated
finite-type scheme over k, reducible or not. For any smooth variety X', DP(Dy)
will denote the category of bounded complexes of Dy-modules.

For an open subvariety of the affine line, the exponents of a D-module over it
are strongly related to the monodromy of its solutions. This notion is topological
in nature when k = C, but we can manage to work in an algebraic way with a
similar concept, and because of that, we will usually use both names, monodromy
and exponents, to denote the phenomenon and the object of study. Although this
theory can be constructed in any dimension thanks to the formalism of the V-
filtration, the Bernstein—Sato polynomial and the vanishing cycles of Malgrange
and Kashiwara (cf. [Mal, Kas, MM] or the appendix by Mebkhout and Sabbah in
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[Me, Ch. 111, §4]), it is defined in a much more simple way in dimension 1. In fact,
we will follow the approach of [Kal, §2.11].
The main aim of this paper is to prove the following result:

Theorem 1.1. Let n be a fized positive integer and let g € K[zy,...,2,] be a
nonzero polynomial. Now let R = k((t))[x1,...,2n,97 ], f € k[21,...,20,971],
and denote by f! the partial derivatives of f with respect to the variables x;,i =
1,...,n, and by G the closed subvariety {g(z) = 0} C A™. Let a € k and let ¢,
be the endomorphism of k((t)) given by &; — at=1. Denote also by f the associated
morphism A" — G — A'. Then, a mod Z is not an exponent at the origin of any
of the Dy1-modules H' f Opn_q if and only if the morphism

®: R — R,
(a,b',...,0") — (f —t)a+ (D1 + fla)b' + -+ (O + frpa)b”

is surjective. If it is not surjective, the number of Jordan blocks associated with o
of the zeroth cohomology is the dimension of the cokernel of ® as a k-vector space.

As the reader can check, the statement and its proof are completely inde-
pendent of the choice of k, providing a purely algebraic way of dealing with the
exponents of a morphism for any such field, apart from their definition itself.

As we indicated in the abstract, we will apply this result to a more general
context, regarding Gauss—Manin systems over an open subset of the affine line.
However, the notion of exponent is really local in nature, so that an open subvariety
actually plays an irrelevant role and in the following we will consider everything
over the whole affine line.

In the final section we provide two examples illustrating the usefulness of the
result. More concretely, we start with a well-known fact about quasi-homogeneous
singularities and then we give a result about the exponents of a Gauss—Manin
system associated to a special family of arrangements of hyperplanes, which is our
second main result:

Theorem 1.2. Let (wo,...,wy) € ZZE be an (n + 1)-tuple of positive integers,
and let X = ) - ... (1 — 2z — - — ). Then a € k is an exponent
at the origin of some cohomology of AyOan only if w;a is an integer for some
i = 0,...,n. Moreover, the multiplicity of every exponent of the form j/w; is
the same, without counting coincidences among some j/w; for different values of
i=0,....nandj=1,...,w;.

This calculation does not belong only to the realm of hyperplane arrange-
ments, but appears in other interesting contexts. Namely, it can appear when we
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study the Gauss—Manin cohomology of a generalized Dwork family (cf. [Ca, §3]
and[Ka2| to know more, respectively, about that relation or about Dwork families
in general). That was in fact the main motivation for overcoming this problem.
In addition, in [Ca, §3] we explain how the Gauss—-Manin system associated with
the morphism A is strongly related to the restriction of a linear form to a torus
in A"*! (in fact the latter is just an inverse image by an étale covering of the
former), a setting already treated in [DS], for instance, and of importance in mir-
ror symmetry, for it gives a description of the quantum cohomology of a weighted
projective space.

§2. Preliminaries

In this section we will recall the basic concepts from D-module theory that we will
need in the following.

Definition 2.1. Let f : X — Y be a morphism of smooth varieties. The direct
image of complexes of Dy-modules is the functor f, : D*(Dy) — DP(Dy) given
by

fiM :=Rf, (Dyx @p, M),
where Dy . x is the (f_lDy, DX)—bimodule

Dy x = wx Qf-10y f71 HOHI(QY (wY,Dy) .

The inverse image of complexes of Dy-modules is the functor f¥ : Db(Dy) —
DP(Dx) given by

fTM:=Dx_y ®§57le M,
where Dx _,y is the (DX7 f_lDy)—bimodule

Dx_y :=0Ox ®f*1(9y fﬁl'Dy.

Remark 2.2. When f: X =Y X Z — Z is a projection, Dz, x ®%X M is nothing
but a shifting by dim Y places to the left of the relative de Rham complex of M,

DRf(M) :=0 — M — M@0y U,z — -+ — M Qoy Vx,z — 0,
so we will have fi = Rf,DR;(e)[dimY] ([Me, Ch. I, Lem. 5.2.2]).

We will be interested in the case in which X is an open subvariety of the affine
line. From now on, we will denote by D, the product xd,, omitting the variable
as long as it is clear from the context.

Definition 2.3. A Kummer D-module is the quotient K, = Dg, /(D — «) for
any a € k.



434 A. CASTANO DOMINGUEZ

Remark 2.4. Note that any two Kummer D-modules K, and K are isomorphic if
and only if o — 3 is an integer. Then K, = Og,, for any a € Z.

Proposition 2.5. Let M be a holonomic Dx-module, let p be a point of X and

fix a formal parameter x at p such that @X’p = k[[z]]. The tensor product M @0

k((z)) can be decomposed as the direct sum of its regular and purely irreqular parts.
Now assume that M @0, k((z)) 2 k((x))[D]/(L), where

L= Ai(D) € Kal)ID,

with degp, L = g > go = degp Ag (so that Ag #0). As a consequence, the rank of
(M @0 k((2)))eq 18 9o, and if this last degree is positive and Ag(t) = v [];(t —
a;)™, its composition factors are Ko, , with multiplicity n;, where Kg, is the
tensor product k((x)) Quz+) Ks = k((z))[D]/(D — B).

Moreover, if the roots of Ay(t) are not congruent modulo Z, then

M@0y k((2)))eq = k((2))[D]/(Ao(D)) = @k((z))[D]/(D — )"

Proof. The decomposition into regular and purely irregular parts of the tensor
product M ®op, k((z)) is a well-known fact of the theory of integrable connections
(cf. [Ma2, Ch. III, Thm. 1.5, Cor. 1.7]).

The rest is analogous to [Kal, Cor. 2.11.7]. Although that result and those on
which it depends in [Kal, §2.11] are stated over C, their proofs are purely algebraic
and, in fact, can be generalized for any algebraically closed field of characteristic 0.

O

Proposition 2.6 (Formal Jordan decomposition lemma). Let M, p and x be as
before, and suppose that M is regular at p. Then,

(i) M®o, k((z)) is the direct sum of regular indecomposable k((x))[D]-modules;
(i) writing
Loc(a,ng) :=k((2))[D]/(D — «)",
then, for any two k((x))[D]-modules Loc(a, ny) and Loc(B,ng), andi = 0,1,

the vector space Extp  (Loc(a,ng), Loc(B,ng)) has dimension min(nq,ng)
ifa— B €Z, and 0 otherwise;

(iii) any regular indecomposable k((z))[D]-module is isomorphic to Loc(a,ng),
where « is unique modulo the integers;

(iv) given a € k, the number of indecomposables of type Loc(a, m) in the decom-
position of M ®p, k((x)) is dimgy Homp, (M, Loc(a, 1)).
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Proof. When k = C, there is a topological proof as in [Kal, Lem. 2.11.8]. However,
we can give a purely (linear) algebraic one.

Since M is holonomic, it is a finitely generated torsion Dx-module, and so
will M ® k((z)) be over k((z))[D]. This ring is a noncommutative principal ideal
domain, so by the structure theorem for finitely generated modules over such a
ring (cf. [Ja, Ch. 3, Thm. 19]) we obtain that M ® k((z)) is the direct sum of
indecomposable k((z))[D]-modules. They must be regular since M is, and that
proves point (i).

Now let Loc(a,nq) and Loc(8,ng) be as in point (ii). We can suppose that
both « and 3 belong to the same fundamental domain (exhaustive set of repre-
sentatives without repetitions) of k/Z, up to isomorphism. Since Loc(a, ny) is a
flat k((z))-module, we can assume that @ = 0. Now note that the vector spaces
Ext}, (Loc(a, ), Loc(8,mg)) are just the kernel and the cokernel of D" over
Loc(8,ng). In general, each Loc(y,m), for any v € k/Z and any m > 0, is a
successive extension of Loc(v,1). Thus if 8 # 0, since the operator D is clearly
bijective on them, both Ext spaces vanish. If 8 = 0, then the statement is easy to
check.

Let us go now for point (iii). Thanks to the discussion of the first point, we
can affirm that

M@ k() = @k((:v))[D}/(Ai(x, D)),

where A;(z,D) = > .5, 27 A;;(D). By Proposition 2.5, k((z))[D]/(Ai(z, D)) is
isomorphic to a successive extension of the Loc(ay, 1), the a; being the roots of
each A;o. Now we just need to invoke the previous point; such an extension must
be a direct sum of some Loc(83, ng), with, possibly, some ng > 1 if the roots of A;g
were congruent modulo the integers.

Point (iv) is just an easy consequence of the two preceding ones. O

These two propositions show that the equivalence classes modulo Z of the
numbers « appearing in the decomposition of the tensor product of a holonomic
Dx-module with k((z)), and their associated n,, are intrinsic to the Dx-module
and it is quite important, actually, to know its behavior at a point, so that moti-
vates the following definition.

Definition 2.7. Let M, p and = be as in Proposition 2.5. The exponents of M
at p are the values «; € k such that

(M @y k(@)));, = €D Loc(ai, ny),

seen as elements of k/Z. For each exponent «; we define its multiplicity as n;.
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Remark 2.8. For the sake of simplicity, we will usually denote both an exponent
and some of its representatives in k in the same way.

Exponents are considered unordered and possibly repeated. Note that, when
k = C, this notion of multiplicity of an exponent « is related to the size of the
Jordan blocks of the local monodromy associated with the eigenvalue e?™*®, and
not to its multiplicity as a root of the characteristic polynomial of the monodromy.
However, these two notions are the same under some special conditions (cf. [Kal,
Cor. 3.2.2, Lem. 3.7.2]). Nevertheless, in our algebraic setting, whenever we men-
tion “Jordan block” we will mean a regular indecomposable Loc(a, ny, ), in analogy
with the complex analytic case.

Although, as we have seen, the exponents at the origin of a Dyi-module can
be defined even if it has an irregular singularity there, in the following we will deal
with complexes of regular holonomic Dyi-modules, since direct image preserves
regularity (cf. [Me, Ch. I, Thm. 9.3.1]).

83. Gauss—Manin systems, main result and Laurent series

Let us recall now the basic setting of one-dimensional Gauss-Manin systems, seen
from the point of view of D-module theory.

Fix a positive integer n, some variables z,...,z, and a special one called
A. Consider an open set U C A™ = Spec (k[z1,...,2,]) and a smooth variety
X Cc U x A = U x Spec(k[)]), together with the second projection 7y : X — Al
In terms of D-modules, the Gauss—Manin cohomology, or system, of X is just the
direct image of the structure sheaf mo {Ox. It is a complex of Dg1-modules, so
we could be interested in knowing its behavior at the origin, and in particular its
exponents. In this paper we will focus on the case where X is a hypersurface.

Going back to Theorem 1.1, the direct image fiOxn_g can be seen as the
Gauss—Manin cohomology of the graph of f in (A" — G) x Al. However, that is a
rather concrete and simple example of a family of hypersurfaces. We will explain,
after proving our main result, how to relate this setting to a broader family of
Gauss—Manin systems.

Proof of Theorem 1.1. Let us first deal with the zeroth cohomology of f1Oxn_g.
After finishing with it we will justify the extension of the statement to all of them.
Let K = f;Oan_¢g. By Proposition 2.6 we can claim that

H(K) ®o,, k(1) = @k((t))[D]/(D - Bi)™.
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From the second paragraph of the same proposition we can deduce that o will not
be an exponent of H°(K) if and only if the endomorphism

D —a:H(K) ®o,, k(1)) — H(K) ®o,, k((t))
is bijective, or even surjective, for the

Excti,(s))p) (K((£))[D]/(D — o), k((1))[D)/(D - B)*)

do not vanish or do vanish at the same time, whenever « is or is not congruent to
B modulo Z, respectively, for i = 0, 1 and any k.

Now let us decompose the morphism f as the closed immersion into its graph
it followed by the projection 7 on the first coordinates. By Kashiwara’s equivalence
and the properties of local cohomology (cf. [HTT, Thm. 1.6.1, Prop. 1.7.1]), the com-
plex ip y Opn_q is concentrated in degree 0 and, furthermore, is Oan_yxa1(*I')
/Oan—gyxar, for the graph of f is smooth in A", Therefore, the fact that « is
not an exponent of H°(K) is equivalent to the surjectivity of D — a on

7T+O(A"7G) x Al (*F)/O(AnfG)XAl ®OA1 k((t))

Note that we will always deal with affine morphisms and quasi-coherent
O(an—a)xar-modules and we will take tensor products with k((t)), so it suffices
(cf., for example, [HTT, Prop. 1.4.4]) to work from now on with the global sections
of the objects involved in the proof.

Write M = k[z, g7, ] [(t — f)~*] /k[z, g7, t]. Recall that we are interested
in the top cohomology of DR, (M). Since k((¢)) is flat over k[t], tensor products
with the former over the latter commute with cohomology, and thus we are going
to deal with

Mioe 1= k((t))[z, g~ [(t = H)71] /(1)) 97",
which is a module over R =k((t))[z1,...,%n,g"!] and D := R(0;, 0, ...,0,).

Let us introduce just a bit more notation that we are going to use. We will

write

Dy = k((t))<af>7 D, := k[@vgil]<ala""87l>
and D, :=k((t))[z,g (D1, ...,0).

Summing everything up, @ mod Z is not an exponent of the Dg1-module H° K
at the origin if and only if

R! Homp, (Dt/(D —a),R"Homg (R, Mloc)) =0.
Note that

R = K((t)) @« klz, g '] = k(1)) @« Dy ®p, klz,g'] = D, ®p, klz,97 '],
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so by extension of scalars,

R" Homgp (R, Mioe) = R" Homp, (K[z, 9], Mioc) -

Now applying the derived tensor-hom adjunction,

R! Homp, (Dt/(D —a),R" Homp, (]k[g, g, Mloc))
~ R"* Homp, (Dy/(D — ) Kk[z, g~ "], Mioc)

~ R"*! Homj (ﬁ/(D 0, D1y, 00), MIOC) ,

the last isomorphism being by extension of scalars again. (Note that the first
isomorphism is of k-vector spaces.)

Now M), is a self-dual ﬁ—module, being the direct image by a closed immer-
sion of the self-dual object k[z,g~!] (cf. [Me, Ch. I, Cor. 5.3.13]), so by duality «
is not an exponent of the Dy1-module H°K at the origin if and only if

R Homyg (Mk,c,ﬁ/(p Fl+a,0,,..., an)) —0.

The second D-module above is nothing but R -t~ '~%, where t~'=® should be
understood as a symbol. The actions of the partial derivatives are the usual ones
in R of 04, ...,0,, and regarding 0O,

O (a-t77) =0(a) 7+ (-1 —a)t ra-tTIT

In order to finish all this construction, we take into account that the annihilator
of the class of (t — f)~! in M. is the left ideal (f —¢,01 + f10¢,...,0n + f1.0;);
indeed, each of its generators make it vanish and the ideal is maximal. Therefore,
M. can be presented as

Mloc gﬁ/(f_taal +f{8tv,an+f7,18t)

Recall that the exponents are equivalence classes in k/Z, so we could replace « by
« — 1 in this whole procedure, taking another representative of the same exponent
without affecting the validity of the proof. Then we can claim that « is not an
exponent of the Dyi-module HCf, Oxn at the origin if and only if the k-linear
homomorphism ® : R"*! — R given by

éz(f_taal+f{90a>~--van+f;@a)

is surjective.
The statement on the dimension of the cokernel follows easily by reversing
the isomorphisms and equivalences and applying point (ii) of Proposition 2.6.
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Note that the operators f —¢,01 + f{@as.--,0n + fhpa commute pairwise,
so the Koszul complex K*(R;f — t,01 + fi¢a,---,0n + fl©a) is well defined.
Moreover, thanks to the same choice of the representative of o mod Z as two
paragraphs above we can see that its cohomologies are just the vector spaces

R* Homp (Mioe, /(D +1+0,01,...,0,))
whose duals are in turn an extension of the
(1) R’ Homp, (Dt /(D - a), R/ Homp, (R, MIOC))

with j =k and j =k — 1.

Now we claim that the surjectivity of ® is equivalent to the vanishing of all the
cohomologies of such a Koszul complex. One implication is trivial; the other is [Bo,
89, Cor. 1]. Then, ® is surjective if and only if all of the vector spaces (1) vanish,
which, following an argument analogous to the case of the zeroth cohomology H°K,
is equivalent to the fact that « is not an exponent of any of the cohomologies of
f+Oan_q. This ends the proof of the theorem. O

We might have that some « is an exponent at the origin of some cohomologies
of f1Oan_¢g. In that case, reviewing the final argument of the proof, one can still
have a partial result when dealing with the vanishing of the cohomologies of the
whole Koszul complex. More concretely, we have the following:

Corollary 3.1. Under the same conditions as before, were the Koszul complex
K*(R; f —t,01 + fi@as---,0n + flva) acyclic in degrees dy to dy (possibly equal
to 0 or n+ 1, respectively), then a mod Z is not an exponent at the origin of any
of the cohomologies H* f1 Opn_q fordoy —1 < k+n < d;.

Proof. As we noted at the end of the proof of the theorem, if K*(R; f —¢,01 +
flPas---,0n + fhoa) is acyclic in degree k, then

R* Homs (Mloc,ﬁ/(D F14a,0,,... an)) —0,
whose dual is the extension of the
R’ Homp, (Dt /(D - a), R/ Homp_(R, MIOC)>

with j = k and j = k— 1. As a consequence, for every ¢ and j with dy—1 < j < d;
such an object must vanish, and in conclusion, the endomorphism

D—oa:H (K)2k((t) — H/ (K) @ k((t))

is surjective for dg — 1 < 7+ n < dj, so a@ mod Z is not an exponent at the origin
of any of the cohomologies H7 f, Oxn_ g for such values of j. O
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The following corollary, despite being an easy consequence of both the theorem
and the previous corollary, seems to us interesting enough to be written explicitly:

Corollary 3.2. Using the same notation as in the theorem, if a mod Z is an
exponent at the origin of some cohomology H' f+ Opn_q with i < 0, then it is also
an exponent of HOfOpn_g.

Proof. If o mod Z were not an exponent of H° f, Opn_¢, then its associated mor-
phism @ as in the theorem would be surjective, so as in the end of the proof of
our main result, by [Bo, §9, Cor. 1] we could claim that every cohomology of the
Koszul complex K*(R; f —t,01 + f1®a; - - -, On + [} 0o ) would vanish. Then by the
corollary above, a mod Z would not be an exponent at the origin of any of the
other cohomologies of f4Oxn_g. O

We return now to the context of Gauss—Manin systems in the form of the
following statement:

Proposition 3.3. Keep the notation as at the beginning of this section. Let r(z) be
a polynomial of k[z], and let U be the basic open set {r(z) # 0}. Assume there exist
two regular functions on U, p(z) and q(z), such that X is defined by the equation
p(z) — Ng(x) = 0, for certain d > 0. Write f = p/q, ¢ = G/r™ and G = {rG = 0}.
Then, the noninteger exponents and the integer ones with multiplicity greater than
one of the Gauss—Manin system mo Ox are d times those of f1Opn_q.

Proof. Let us show how to reduce ourselves to consider d = 1. Indeed, form the

Cartesian diagram

idx[d -~
X—X

WQJ ] J(ﬂ?
Al aT
where [d] just means taking the dth power of the argument. It is easy to check that
if X is smooth, so is X. Therefore, by the base change formula [HTT, Thm. 1.7.3],
T2+ Ox = [d|t s, 1 O, so as written above, we could find the exponents of the
Gauss-Manin cohomology of X by finding those of X; the former will just be d
times the latter.

Rename, for the sake of clarity, X as X, assuming that d = 1 throughout the
rest of the proof. Write both p and ¢ as fractions with the same denominator, /7Y
and q/r", respectively. Then X is the vanishing locus of p(z) — Ag(z) in U x Al.
Let Z be the hypersurface of X with equation g(z) = 0. Then Z is contained in X
and is defined by {p = ¢ = 0} in the whole of U, so it is the product of a subvariety
Z' C U with Al
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Now we can form the excision triangle (cf. [Me, Ch. I, §6.1])
RF[Z]OX — Ox — OX(*Z).

Let us see what happens when we apply 72 1 to the triangle. Let ¢ be the closed
immersion X — U x A!. Thanks to [Me, Ch. I, Prop. 6.4.1], we can affirm that
i+RF[Z]OX = RF[Z](i+Ox) = RF[Z]RF[X]OUXAl[l], for X smooth in U. But
RI' 7RI x]Opxar = RIz)Opxar because Z is contained in X (cf. [Me, Ch. I,
Prop. 6.2.4] and beware the typo there). Now the latter local cohomology module
is nothing but WTRF[Z/]OU, where 7 is the first projection U x Al — U, by [Me,
Ch. I, Prop. 6.3.1]. This is a small abuse of notation, so that my represents two
different projections onto Al,

7T2,+RF[Z] OX = 7T27+7T;'_RF[Z/]OU.

And now it is easy to see that this complex has only copies of 041 among its
cohomologies; it is simply a consequence of applying the base change formula to
the Cartesian square

Ux Al 22 s Al

WIJ O JﬂAl

U L) {*}7

where my and 741 are the projections from the variety in the subscript to a point.
In conclusion, we can claim that 7r27+RF[Z](’)X is just a bunch of copies of the
structure sheaf Oy:1.

Then apart from the purely constant part, the information about the expo-
nents of my + Ox can be found within 7o 1 Ox (*Z). But X — Z can be seen as the
graph of p/q = p/q in U x A!, so now this complex can be realized in the form of
our Theorem 1.1 simply by taking g = rq and f = p/q. O

Remark 3.4. We have provided in the end a way of computing the noninteger
exponents of mp  Ox. In fact, we could have thought of a slightly broader family
of Gauss—Manin systems, namely, those associated with a family of the form X =
{p(z)—~y(N\)q(z) = 0} C UxA!, for some polynomial v € k[\]. The reduction of the
beginning of the proof by base change would still be possible, but the calculation
of Ty + O would not be as direct as with y(A) = A%

We finish this section by providing several results or notions regarding the field
of formal Laurent series that will be of interest later when we tackle a particular
example.
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Lemma 3.5. Let ¢ : k((t)) — k((¢)) be a k-linear automorphism of k((t)) such
that p(k[[t]]-t*) = Kk|[[t]]-t* for every k € Z. Then, for any k-linear endomorphism v
of k((t)) such that (Kk[[t]]-t*) C Kk[[t]]-t**?, the sum @+ is another automorphism

of k((t))-

Proof. Multiplying by ¢
of k((t)) as a = >, axt”.

Then let b be a fixed formal Laurent series and let us see if there exists an
a € k((t)) such that (id +1)(a) = b. Evidently, the exponents of the least powers
of t (which are called the orders) of both of a and b will be the same, so let us

a:Zaktk7 P(a) = Z ajth  and b:Zbktk.

k>m k>m+1 k>m

~1 we can assume that ¢ = id. We will write the elements

write

From the equation (id +1)(a) = b we deduce that a,, = b,,. Now call a! = a—a,,t™
and b! = b — (id +¢)(amt™); both of them have order m + 1. We have

(id +v)at = (id +9)a — (id +10) (amt™) = b'.

Thus we can start the same process over again with a' and b!. Since this can be
continued for every power of ¢, we can deduce the surjectivity of id +. Moreover,
if we take by, = 0 for every k € Z, it follows that every aj vanishes too, so id +v
is also injective. O

Definition 3.6. Let r be an element of k. Then we can define the operators
Dy, = t0; + r and analogously D;, = x;0; + r for i = 1,...,n. We will write
or = Oy +rt7' = t7'D;, (note the sign change with respect to the previous
notation). They are k-linear endomorphisms of k((¢)), so we can also consider
them to be operating within any k((t))-algebra by extension of scalars.

Remark 3.7. It is easy to see that D, , (and so ¢,) is an automorphism of k((¢))
for every r not an integer and only for them, for Dy, sends a power t* of t to
(k 4+ r)t*. In this case we can define another family of operators that will play a
fairly main role in the next section:

Definition 3.8. Fix an element « of k, and let r and s be two other elements of k
such that a+s is not an integer. Then we can define the operator A, ; = t—&—rcp;is.

Let R, = k((t))[z1,...,2,] and B € k. We can also define the k-linear endo-
morphisms of R,, given by Agp =t+ 5Di’r<p;is, where i =1,...,n

i,7myS

In the following, for the sake of simplicity, we will denote by A,, Agp, . and
D,. the operators Ao, Agp,, 0 and Dy, respectively.
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Remark 3.9. As before, A, is not always an automorphism of k((¢)), as Agp, , s
is of R,. Since Ay s@a+s = Dt atrts, the former is bijective whenever a + 1 + s
is not an integer. Analogously, Agp, , s¢a+ts = BDiy + Dt ats. It sends thz to
(B(ui +7)+a+k+s)thz™, so Agp, ,,

I, we have that (I +r) + o + s is not an integer.

s is bijective if and only if, for every integer

Now we could wonder about the commutativity of those operators that we
have just defined. We will use the following lemma, whose proof is easy and left to
the reader (for each relation, use some of the ones proved before and the Leibniz
rule):

Lemma 3.10. Let a and 3 be two elements of k, and v, r', s and s’ four other
elements of k such that neither o+ s nor a.+ s’ are integers. Then, the following
relations hold:

(1) toa = Qa—1l, PaPs = Pa+1Pa—1-

(2) Ar,st = tAr,s+1; AﬁDi,T,smi = xiAﬁD Ar,sAr’,s’ = Ar’,s/flAr,erL

i,r41,87

84. Two examples

As we mentioned in the introduction, we will conclude this note by giving an
example of an application of Theorem 1.1, focusing on the case in which our
morphism f is defined by an arrangement of n + 1 hyperplanes of A™ in general
position with multiplicities, in the end proving Theorem 1.2. But first, let us treat
another case as a warm up. We will indeed give an alternative proof of a well-known
fact regarding quasi-homogeneous singularities:

Proposition 4.1. Let f € k[xy,...,2,] be a quasi-homogeneous polynomial of
degree d with respect to a system of integer weights v = (v1,...,v,) such that
ged(vy, ..., vn) = 1. Then, o € k is an exponent of some cohomology of f1Opn at
the origin only if da € Z.

Proof. By virtue of Theorem 1.1, we will prove the equivalent statement that for
any o such that do is not an integer, the k-linear homomorphism ® : R**! — R
given by ® = (f —t,01 + fiva,---,0n + f1@a) is surjective. Note that in this
case, g(z) = 1 and then R =k((t))[z].

Let us pick an element ¢ of R, and let us say that there exist a, and n
polynomials b? for every i = 1,...,n, so that ®(a,b',...,b") = c. To prove that,
we can assume without loss of generality that a, each of the b’ and ¢ are quasi-
homogeneous (say of v-degrees m,m +1,...,m+ 1,m for m > 0), allowing them
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to vanish. We will have

fa+>" fleab' =0,
=1
(2) n
—ta + Z 9;b" = c.
=1

Here, f is a quasi-homogeneous polynomial, so the Euler formula df = ", v; f;
holds. That can be thought of as a syzygy of the Jacobian ideal (f, f1,..., f}),
whose first term —d is of v-degree 0. Then we can assume that any other syzygy
of that ideal deals only with the partial derivatives of f. As a consequence, we
know from the first equation that there exist quasi-homogeneous polynomials F',

gi,j € R for 4 running in some finite set of indexes I and j = 1,...,n, such that
a = —dF,
(3) Soabj :’U]x]F—i_ZS%JgL]’ j: 1""7na
iel

the s, ; being components of the syzygy s; of (f1{,..., f}).

In fact, we do not need so much generality to achieve our goal. Namely, we will
assume in the following that all g; ; are 0, greatly simplifying expression (3). That
assumption will not affect the validity of the statement, as we will see. Substituting
the new values of f and its partial derivatives in (3) we get

=1 i=1

tdF + Zaz«p;lvixiF =tdF + ¢! (Z(vm@l + vi)F> =dAmin F = ¢
d

the first equality is just commuting z; and 9; and a consequence of the fact that ¢,
commutes with anything independent of ¢, whereas the second uses the notation
introduced in Definition 3.8 and the Euler formula for F'. Note that if the system
of weights (v1,...,v,) were not reduced, the common factors of m + |v| would
have canceled themselves with the respective ones of d, and the final operator
A := Ay would be exactly the same.

Now if dav is not an integer, A is invertible, and so the morphism & is surjec-
tive; note that if we had not assumed that the g(; ;) vanish, the argument could
have been the same. Thus « cannot be an exponent at the origin of any of the
cohomologies of f1Oxn, as we wanted to prove. O

Let us continue now towards the proof of Theorem 1.2 and set some notation

n+1

of use from now on. Recall that (wo,...,w,) € ZL§" is some (n + 1)-tuple of

positive integers. Under a suitable linear change of variables, we are able to work
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with the polynomial A = 27" - ... 2% (1 — z1 — --- — x,)"°. The order of the
exponents wy, ..., w, is irrelevant; we could just reorder the variables or change
one of them by 1 — z; — -+ — x,,. We have already indicated that this case turns

out to be interesting when we study the Gauss—Manin cohomology of a generalized
Dwork family and related to some problems arising in mirror symmetry. For a
bigger number of hyperplanes, the computations seem quite complex, and we think
that the particular case of having n + 1 of them is interesting enough to see the
applicability of the main result to other problems.

On the other hand, working with fewer hyperplanes is quite easy: assume
that for some r > 0 and every ¢ = 0,...,r we have w; = 0. Abusing some of the
notation, we can call our morphism the same as the polynomial, that is, such that
A= q:;”j_f ...~ a2 The notion of exponent is deeply local, so we could work
with the image of A outside the origin, that is, restrict it from A" x GJ.." to Gy,
without altering the set of exponents. Therefore under those assumptions, we have
by the Kiinneth formula (cf. [HTT, Prop. 1.5.30]) that

Wr41 Wn,
>\+OA’"XG::17T - @ @ Icll/w"”rl * * Kznfr/wn
i1=1 In—r=1

where the operation * is the multiplicative convolution of D¢, -modules defined as
in [Kal, 5.1.7.1].
Note that for any a and 3 in k,

Kall] @ K4[0]  if = mod Z,

0 otherwise,

/Ca*]CgN{

by virtue of [Kal, Lems. 5.2.1, 6.3.4]. Then by repeatedly applying the claim we
can affirm that

ALOpn = (EB ICQ> ® ( b oé:il)[_i]> ,

acA i=—n+1
where A is the set of rational numbers « € (0, 1] for which there exist 41,..., %,
such that o = ij/w,; for every j. Note that, by the following lemma, A = {1} if
and only if ged(wyi1,...,wy,) = 1.
Lemma 4.2. Let n > 1 be an integer, and let (w1, ..., wy) be an n-tuple of posi-

tive integers. The following conditions are equivalent:
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(1) There exists another n-tuple (a1, ..., a,) of positive integers such that a; < w;
for everyi=1,...,n, and the quotients a;/w; are all equal.

(2) ged(wy, ... ,wy,) > 1.

Proof. The upwards part of the equivalence is easy; the other implication can
be proved by contradiction. Indeed, assume that ged(ws,...,w,) = 1 and apply

Bézout’s identity to obtain some integers cy,...,c, such that 1 = > c;w;. But
then, calling ¢ = a;/w; for any i = 1,...,n, 1 > ¢ = Y, ciqw; = Y, ¢;a;, which
cannot (as it should) be a positive integer. Thus ged(wy,...,w,) > 1 and we are
done. O

Let us deal then with the case of n+1 hyperplanes. However, note that we will
not calculate the exponents of A Oyn, but stay with just a finite set of rational
numbers as candidates (see Remark 4.3).

Proof of Theorem 1.2. As with the previous proposition, we will prove the equiva-
lent statement that for any « such that w;a is not an integer for any ¢ =0, ..., n,
the k-linear homomorphism ® : R"*! — R given by

D=(\—t,01+Nwa, 00+ N 0a)

is surjective. Note that again in this case, g(z) = 1 and R = k((t))[z].

Let us assume that n > 2, but we will comment throughout the proof on the
changes needed to treat the case n = 1.

For the sake of simplicity, let us denote by ¢ and d, respectively, the sums
1+ -+ x, and > w;. In the following, I; will mean w;o + wox,; for each i =
1,...,n. Therefore, \; = 2%~ (1 — o)“o~Y(w; — I;) for every i.

Exactly as we did in the previous proposition, let us pick an element ¢ of
R that we can assume as before without loss of generality to be homogeneous of
degree m > 0, and let us say that there exist a, and n polynomials b® for every
i =1,...,n, so that ®(a,b*,...,b") = ¢, and see which conditions we have to
impose on them. We will express the unknown polynomials a and the b’ in terms
of some others and deduce some conditions on the new ones, although here those
conditions will not be as simple as in the previous example. Then we will give a
system of equations such that the existence of solutions to it implies the existence
of a and the b’. In the end we will show how to find a solution of such a system
using that none of wya,. .. ,w,a is an integer.

So let us return to our a, b* and ¢, such that ®(a,b!,...,b") = c. For every
r > 0, we will have in general that

(4) Do Nak—tar+Y> > (A)jpabl + Y dibly = o

Jtk=r i=1 j+k=r i=1
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We will also assume that a has only nonvanishing kth homogeneous components

for k =m,...,m+d — 1, and each of the b’ for k = m +1,...,m + d. Thus our

general formula (4) will be useful for us only for r = m,...,m 4+ 2d — 1. We will

also assume « to be noninteger in order to be able to invert ¢, in the following.
Let us focus first on the expression

(5) Aa+ Y Npab' =0

that holds for degrees between m+d and m + 2d — 1. From this fact we will obtain
some additional, useful information about a and the b*.
If we take the factors common to every summand of formula (5), we get

n
(6) (1—g)wo? <amw(1 —0)+ Z CablzV % (w; — lz)> =0,

i=1
so (a(1 — ), abt(wy —11),...,0ab™(w, —1,)) is a syzygy of the sequence con-
sisting of the monomial £ and its n partial derivatives. Therefore, since it forms
a monomial ideal, x; divides @, b* for every i. Let us write g b° = x;b, so that we
can divide by % in formula (6) to obtain

(7) a(l—o) +Zéi(wi —1;) =0,

which, recall, will be valid only for degrees from m + 1 to m + d.
Let us start then with formula (7) by degree m + d. We have

n n n
Am+d—10 + Z bl ya 1 = Z <Gm+d1 + Z wjl_)f?1+d_1 + wogin+d1>xi =0.
i=1 i=1 j=1
We could argue that the z1,...,z, form a regular sequence in order to obtain an
expression for their “coefficients” in terms of other polynomials. Nevertheless, as
we did in the proof of the previous proposition, we will make some assumptions
to simplify our calculations. Namely, we will assume that every sum a,,1q4-1 +
Zj wjl;f;n+d_1 + wol_an_i_d_l vanishes. Moreover, we will also assume that all of the
b, 141 are equal. However, as we will explain and see alongside the proof, all these
suppositions and subsequent ones will not prevent us from proving the theorem.
Let us now rename I_)fn tdo1 = fO for every i; f° is a homogeneous polynomial
of degree m + d — 1. In the end we can also write that a,,1q_1 = —df°.
Let us go on by taking r = m 4+ d — 1. Our equation (7) turns into

n n
m+d—20 — Gm4d—1 + E lib:n-',-d—Q - E wib:n+d—1 =0.
i=1 =1
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We can replace @, 4qa—1 and the b% ,, ; by their values in terms of f, and get

(8) Gmtd—20 + Z liBfnerfz +wof=0.
i=1

Note that, since f° is homogeneous of degree m +d—1 > 0, there exist n homoge-
neous polynomials f(ol), cery f(on) € R of degree m 4+ d — 2 such that f9 = > .Z‘if(oi).
Replace f© by that sum in the formula above. In addition, as before assume that
every factor of z; in formula (8) is 0 for ¢ = 1,...,n and that all of the sums
Bin td—a T f(OZ.) are equal to some new homogeneous polynomial in R, named f!, of
degree m + d — 2 (note that if n = wy = wy; =1 and m = 0, it would be constant,
stopping this process here). Finally we have

n
Uy = —df' + > w; (),
j=1

Ein-&-d—Q:fl*f(Oi), i=1,...,n.

Let us move on and see what happens with formula (7) when the degree is m+d—2.
Our favorite formula reads

n n
Um4d—30 = Gmtd—2 + Z liiyd—s — Zwil_?imrd—z =0.
i=1 i=1
Writing @,,+4—2 and the b¢ +d—o as with higher degrees and proceeding like with
degree m+d—1 yields that the terms in the f(oi) vanish, so we can proceed exactly
as in the previous step.

More concretely, taking lower and lower degrees in (7) as long as it is possible,
and renaming the subsequent f(kj) that appear, we finally get

a = Z(—dl‘z + wl)F(l) - dF,
i=1

oo =SBy R+ F), i=n
j=1

(9)

where the F{;) are polynomials of R that have only nonvanishing kth homogeneous
components for k = m, ..., m+d—2, and F is a homogeneous polynomial of degree
m. In other words, each of the f(kj) is now the homogeneous component of degree
m+d—2—kof Fj forj=1,...,nand k=0,...,d — 2, and F is just f4~°.
Summing up, we have been able to express our first unknowns, the polynomials
a and b?, in terms of many other polynomials, and we do not know anything about
them but their degrees. However, recall that we still have another d equations left
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arising from our general formula (4) in degrees m to m + d — 1. These are the ones
that will give us some information about our new unknowns, and are, in reverse
order of degree (note that A lies in degrees d — wq to d),

OREIPVIRS S0 SHNNC VRN

ftar+2?:15¢bfa+1 =0, r=m+d—wgy,....,m+d—1,
—tay + Y0 bl =0, r=m+1,....m+d—w—1,
—tam + 3 i1 Oibpy 1 = Cm.

(10)

Let us find an expression for the system above. Recall the new expressions for a
and b in (9) and take into account those of A and its partial derivatives:

Ad—wotj = (w.o) (—1)7z%0?,

J
/ o wig’w_ei’ .7 = 07
d—wo+j—1,0 — 1 e 1 — i .
v ' (_I)ng “ ((u])’o)o-]wi + (Uj{o_ll)woo.] 15171') y J = 17 <., Wo-

Now, if we put all that into the remaining equations in (10), we obtain the system

Z?:l dxiAm+d;—n—l F(i),m+d—2 + (71)w0w0£w0w071}7~' =0,

Z;L:l dxiA'nLi»dInf'r' F(i),m+d—r—1 — Z?:l szh F(i),7n+d—r
+(_1)wo—7’+1w0 (w()*l) 1

wor Voo =0, r=2,...,wy— 1,

1) > i Amtatn—wo F(i),mtd—wop—1 — >y WiA iy i) metd—w,
_woiwﬁ’ = 07

Yy dﬂﬂﬂw Fliymar—1— Doi1 wiAL,_l Fiymer =0,

i

r=1,...,d—wy—1,

dAmTMF — Z?:l wiA%F(i),m = Cm-

Note that, as in the proof of Proposition 4.1, the operators Ag and Ap,: are ob-

tained from the summand —ta, in every homogeneous equation of (10), together
with ¢ ' >, 0;z; of some homogeneous polynomial. Applying Euler’s formula al-
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lows us to get rid of the sum of the derivatives. Let us try now to prove that this
system has a solution, and then, that ® is surjective.

Let us denote by Sy the set {u € N : |u| = k}. We will say that the support of
a homogeneous polynomial P of degree k is maximal if it is the whole of Sj,. Write
F for > TiF(;). Note that this polynomial comes from the f k obtained in the first
part of the proof. For each k = 1,..., m+d—1 we obviously cannot have a priori
that supp(Frsx) 7 Smik- Then we could choose the support of all the Fiym+ks
up to a reordering on the set of monomials that appear in each one. For instance,
suppose n=2 and m+k=2. Then Fo=Fyx?+F12y+Fpy?, and we could take
either F(y) 1=Faoz+Fi1y and F(o) 1=Fay, or F(1)1=Fsx and F(2) 1=F117+F5y.

As a consequence, without loss of generality, we can, and will, assume the
maximality of the supports of the polynomials

Foymsr fork=0,... w3 —1,

and for every i =2,...,n,

Foymyr fork=wi+--+wiq1,...,w1+-+w; — 1
(Obviously this definition of maximality and the assumptions on the Fi;) n, 1) are
useless when n = 1.) Thanks to the choice of o and Remark 3.9, we know that
each Ap,, is invertible, so we can solve any F{;) 4, of maximal support in terms

of Fi4),m+r—1 and F, forr=0,...,d—wy— 1, over all the possible support of the
corresponding equation.

Now is when the choice of the supports of the F{;) 1 makes sense. Start at
the last equation of (11) by solving F(y),, and replace its value in the preceding
equation, and do this with the polynomial Fi;) ., having a maximal support,
until we reach the woth equation. Assume that every unused polynomial Fi; 4
vanishes (again this assumption does not endanger the generality of the proof). As
a consequence of all that, we reduce ourselves to dealing with a newer system of
only wq equations, consisting of the first wy — 1 equations of the preceding system
and a new woth equation, namely,

v (TA"L(*J{" - wO) Z szDl 1 F(z) m4d—wy — =z"Tcm,

w,

where, by Lemma 3.10,

dd H w m.+d+n 1 A M A'm+d+n Wy A 1

-1
D,, wp C Dy 1 A%WADLl

Wn Wn wy

n o w;

ﬁAW oo (T A

i=17=1

—1
Jtwit.wi—1—1 ) ’
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Let us simplify the system once more; as before, although we lose some gen-
erality, this new assumption will not only preserve enough of it, but leave the
equations in a more manageable form. More concretely, assume that, for every
r = 2,...,wp, the polynomials F(;) ,,y4—, coincide for every i = 1,...,n and are
divisible by zo"°~". Write F(;) myq—r = 207" Fyyq—r for all those values of
i and r (note that every polynomial F,,4_, is homogeneous of degree m). Thanks
to that hypothesis, we can divide each corresponding equation by z¥c™o~"*1 to
get the simpler system of homogeneous polynomials of degree m:

dAm+djl»n71 Fm+d72 + (7].)7”011)0_1*:1 =0,

dA m+d+n—r Fm+d77‘71 - (d - ’wo)A m+d+n—r Ferdfr
d d—wq

+(=1)wo=rTlyyq (w”_l)ﬁ‘ =0, r=2,...,wg— 1,

wo—r

(12)

(TA% — wo) F — (d — wo)AerdJrnwa Fm+d—w0 = Tcm.

d—wq

This system is the one that we will prove to have a solution, so that we finally
show that @ is surjective.

The Ag do not commute pairwise, so in principle we cannot deal with the
determinant of the matrix of the system. However, under an easy change of vari-
ables, we can see the Ag as elements of a commutative subring of the ring of
endomorphisms of R. By our assumption on «, the endomorphism D, of k((t)) is
invertible, so we can define a new operator Bg as Agat~! = a(1 + 8D 1), which
is an element of k[D;!], a commutative ring whose action on k((¢)) is defined by
D' = (I 4+ )7 1t!. Now at! is an isomorphism of R, so we can rename the F,
to mean ta ' Fy, for each k=m+d—wp,...,m+d— 2.

Now every coefficient of system (12) is of the form of some Bg and thus
lives in k[D '], except for YBm+n in the final equation, which has degree 1 in ¢.
Nevertheless, note that this operator goes together with —wy, so by Lemma 3.5 its
sum is an automorphism of R. Moreover, regarding just the existence of solutions
to the system and not their actual form, we can restrict ourselves to working only
with —wy.

If wg = 1, then we have only a single equation, from which we can solve F
and thus the system, showing the existence of solutions. In the following we will
assume that wy > 2.

We have finally arrived at a point where we have a matrix of coefficients in
k[D_ 1], so we just need to show that its determinant is an invertible endomorphism
of k((t)). If we manage to do so, we will have proved that system (12) has a solution,
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but that implies the existence of a solution to system (11) and this, in turn, implies
the existence of a preimage to our c.
Expanding it along the last column, the determinant is

AB iins 0 . 0 (—1) 0w
_(d_wo)Bm-;(i-t:(L]—Z dBmidyn-s e 0 (—1)wo =ty (wo—1)
0 —(d—wo)Bmiatn-s
d—wg
: : dB771.+d+71,—wO+1 wo(wo—1)
0 0 cee 7(d*ﬂ)o)Bm+d+n w —wp
d—w(

w 1 B r—1 ~
:_woz(wz V) [T B

k=1

X H (d — wo)wO_TBer(ankfl .

d—wq

Call the determinant above —wgA,. Recall that, up to now, we have used
that w;a is not an integer for any ¢ = 1,...,n. Now is when we will use that
woo is not an integer either. Since every operator Bg preserves powers of ¢ up to
a coefficient in k, so does Ag,; say A, (tl) = da,ltl. But then there will be some
power of ¢ in its kernel if and only if A, is not bijective. Therefore, we need to
show just that, for the values of o under consideration, d,; does not vanish for
every | € Z. It is easy to see that dq is

o -1 = d+n—k
Z (wO )(1)wor H <d0{ + am +d+n )
= \wo—r P I+«

wo—1

d —k-1
xH(d w0a+am+ ;__:La >

wo r—1
-1
=qn9 ! (wo >(—1)w0_rH(d(a+l)+m+d+n—k)

r=1 Wo=r k=1
wp—1
X H((d—wo)(a+l)+m+d+n—k—1),
k=r

1 .
2077, the expression above

where ¢q,; is the quotient /(I 4+ «). Up to the factor ¢,
is a polynomial in « of degree wg — 1, so there will be at most wo — 1 values of «,

so that it vanishes. In fact, for a fixed [, they are —l —a/wq, for a =1,...,wp — 1.
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—(wo—1)

l—a/wo, 1d-1—a/we, Can be written as

Indeed, let a be as above. Then ¢ _

wop—a d wo ’U_)Ofl wo—r
11 <—woa+m—|—d—|—n— k> > <w0_T>(—1)

k=1 r=1

H(—a+m+n+d—r+3)
= wZ(ij B [CIENGH

where C, and p, are, respectively, a constant and a polynomial of degree a — 1 <
wo — 2. Now, thanks to the following lemma, we can deduce the vanishing of the
determinant, so we have finally found that for every « such that w;a is not an
integer, the original system has a solution.

All of this process could be made independently of the choice of m, n, all of
the w; and ¢,,, so it finally proves the surjectivity of ®.

The claim about the multiplicity of the exponents follows from two facts: the
order of the w; does not play any role in the complex Ay Oan» as we commented in
the introduction to the context of the proposition, and within each set of possible
exponents {1/w;,...,(w; —1)/w;}, the proof shows that whichever we use, the
outcome is the same because of the different possible values of m. O

Remark 4.3. Note that we already knew before the proposition that by the mon-
odromy theorem, the exponents would be rational. What this result provides, with
respect to that fact, is a much shorter set of possible exponents.

The converse of the last proposition holds in a stronger way: every cohomology
of Ay Opn is constant, except the last one, HA | Oxn, whose exponents are exactly
those of the form j/w;, for j =1,...,w; and i = 0,...,n. However, it needs much
more preparatory work; it can be found in [Ca, §5].

Lemma 4.4. Let m, n be two integers such that 0 < m <mn — 1. Then,

Zn: <Z—/1> (—1)" k™ = 0.

Proof. First of all rewrite the formula above as

S (") 1wy,
(%)

(]
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which is obviously true if n = 2, so assume n > 2. We will be done as long as we
can show that Y371 (") (=1)* k™ = 0 for every n and m < n — 1. Let us do it
by induction on n and m. If n =3 or m = 0 it is also very easy to prove it.

Let us go therefore for a general n, take some n —1 > m > 0 and assume the
validity of ZZ: (“gl)(—l)kkb = 0 for every a < n and b < min(m,a — 1). Now
note that

:: <n;1> (—DFE™ = (-1)" Y (n — 1)™ + :j ((Z:i) 4 (";2)> (—1)kE™
n—2
= (”;2) (“1F (™ — (k + 1)™).

Since k™ — (k + 1)™ is a polynomial of degree m — 1 in k, we just need to apply
the induction hypothesis to finish. O
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