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Moduli of Galois Representations

by

Yuichiro Taguchi

Abstract

We develop a theory of moduli of Galois representations. More generally, for an object
in a rather general class A of noncommutative topological rings, we construct a moduli
space of its absolutely irreducible representations of a fixed degree as a (so we call) “f-
A scheme”. Various problems on Galois representations can be reformulated in terms
of such moduli schemes. As an application, we show that the “difference” between the
strong and weak versions of the finiteness conjecture of Fontaine–Mazur is filled in by
the finiteness conjecture of Khare–Moon.
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§1. Introduction

In this paper, we develop a theory of moduli of Galois representations, which

generalizes Mazur’s deformation theory ([25]). In fact, we formulate the theory

for absolutely irreducible representations of a rather general class of topological

(noncommutative) rings (rather than groups). Thus it is a topological version of

Procesi’s theory ([35]). (For another approach, see Chenevier [7] and the remark

at the end of this introduction.) The main differences between our theory and

Mazur’s are

– we do not fix a residual representation ρ0 to start with, so that we can construct

a moduli space that parametrizes all absolutely irreducible representations

having various residual representations;

– we are interested in parametrizing the isomorphism classes of absolutely irre-

ducible Qp-representations as well as Zp-representations;
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– to parametrize absolutely irreducible p-adic representations having a fixed

residual representation ρ0 defined over a finite field k, we do not need an

assumption such as End(ρ0) ' k to ensure the universality of the moduli

space, although this is only at the expense of localization of the coefficient

rings (e.g., making the prime p invertible).

As applications, we have the following:

(1) We reformulate, in moduli-theoretic language, the finiteness conjectures of

Khare and Moon ([18], [27]) on mod p Galois representations with bounded

conductor.

(2) We prove a certain relation between some finiteness conjectures on Galois

representations (the conjecture mentioned above in (1) and two versions of

the finiteness conjecture of Fontaine–Mazur ([11])).

The last application (2) is the original motivation for this work. If all the p-adic

representations involved in the finiteness conjecture of Fontaine–Mazur had resid-

ual representations ρ0 with the property End(ρ0) ' k, then Mazur’s deformation

theory would be enough for our application in (2) (see [44, Sect. 4]), but of course

this is far from reality. Thus we were led to a moduli theory over Qp that can

deal with Qp-representations having “small” residual representations ρ0 (or large

End(ρ0)).

Now we explain the contents in more detail. In Section 2, we introduce the

notions of “pro-a” and “f-pro-a ring” for a category a of rings (Definitions 2.1

and 2.2). Two typical examples of pro-a rings are profinite and proartinian rings.

Typically, f-pro-a rings are obtained from pro-a rings by localization (or, adjoining

fractions). The terminology “f-pro-a ring” is chosen after “f-adic ring” of Huber

([16]), although we do not require any finiteness conditions on the rings. The main

result here is that, for any f-pro-a ring R and any integer n ≥ 1, there exist a

commutative f-pro-a ring Fn(R) and a morphism ΦR,n : R → Mn(Fn(R)) which

is universal for morphisms of R into matrix algebras of degree n. This ring Fn(R)

will be the main ingredient for the construction of the moduli scheme XR,n which

parametrizes all degree-n absolutely irreducible representations of R.

After recalling basic facts on Azumaya algebras in Section 3, we define in

Section 4 the notion of an “absolutely irreducible representation” of an f-A ring R

and then construct the moduli scheme XR,n (Theorem 4.20). Here, we work in a

fixed category A of topological rings, assuming certain axioms. The scheme XR,n

is in the category of schemes obtained by globalizing the spectra of commutative

objects in the category fA of f-A rings; thus if fA is the category of f-pro-a rings,

then XR,n is an “f-pro-a scheme”. Clearly the theory extends to the case of a sheaf
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of rings instead of the ring R, but we content ourselves with the usual ring case

to fix ideas, which will be enough in most applications.

Section 5 is a variant of this moduli theory for “τ -algebras”, which will be

used in an application in Section 8. The τ -algebras R over a commutative ring E

are analogous to Azumaya algebras in that they have E-linear maps τ : R → E

in place of the reduced trace maps. As the τ -structure “rigidifies” representations

of R, the coefficient ring E already knows enough of the absolutely irreducible

τ -representations of R (Proposition 5.6).

Problems on representations of a group may often be reduced to those of a

ring by considering the group ring. This is especially the case if the Brauer group

of the coefficient ring vanishes. This, in our context, is explained in Section 6.

The first version of this paper contained a section on a certain zeta function

ZR(T ) = ZR,n,Fq (T ) := exp

( ∞∑
ν=1

Nν
ν
T ν

)
,

which is defined as the generating function of the number Nν of degree-n absolutely

irreducible representations of a profinite ring R into Mn(Fqν ) over various finite

extensions Fqν of a fixed finite field Fq (similar zeta functions were studied in [14]

for discrete rings R). Since the results obtained in this section are rather trivial

modulo the moduli theory, we have decided to omit the zeta function section. For

instance, it can be shown that, if the moduli scheme XR,n is of finite type as a

profinite scheme over Fq, then ZR,n,Fq (T ) has nontrivial radius of convergence in

the complex plane. This is trivially true if R is topologically finitely generated.

So the interesting case is where R is not known to be finitely generated and still

XR,n turns out to be of finite type. We suspect that the completed group rings of

a certain kind of Galois groups of an algebraic number field would provide such

examples (cf. Question 4.26).

In Section 7, we formulate a finiteness conjecture on the moduli scheme of the

representations of the group ring over a finite field of a certain Galois group of a

global field, and show that it implies the finiteness conjecture, which we call (F),

of Khare and Moon ([18], [27]) on mod p Galois representations of a global field

with bounded conductor.

Finally in Section 8, we prove (Theorem 8.1) the equivalence under (F) of the

two versions ([11, Conj. 2a, 2b]) of the finiteness conjecture of Fontaine–Mazur on

geometric Galois representations. The conjecture states that there are only finitely

many isomorphism classes of geometric Galois representations of a certain type,

and the difference between the two versions is whether the representations consid-

ered are defined over Qp or a fixed finite extension of Qp. This difference seems
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rather substantial. Our result shows that Conjecture (F) fills in this gap in some

sense. In proving the theorem, we use both our moduli theory and Mazur’s defor-

mation theory. As the latter can be reconstructed by using our moduli theory, we

could make this section more self-contained. However, we find it more convenient

to refer to the existing literature.

Some of the results in this paper might be proved also by employing the theory

of Chenevier [7] of pseudorepresentations; in particular, he has also constructed

(at least when R is a profinite ring) a moduli space of absolutely irreducible rep-

resentations (which may be residually reducible) using a different approach. The

author hopes to work out more precise relations of our theory to Chenevier’s in

the future.

Convention. In this paper, a ring is an associative (but not necessarily commu-

tative) ring with unity. If E is a commutative ring, an E-algebra R is a ring that

is endowed with a ring homomorphism α : E → A whose image is contained in

the center of A. By abuse of notation, we write X ∈ A if X is an object of a

category A. If A is a category of rings, then C will denote the full subcategory of A

consisting of commutative objects. Furthermore, if E ∈ C, then AE and CE denote

the category of E-algebras whose underlying rings are in A and C respectively.

When a category of topological rings is defined only by specifying what its objects

are, we understand that the morphisms in the category are all the continuous ring

homomorphisms. We denote by HomA(A,B) the set of morphisms from A to B

in the category A. For a commutative ring E and an E-module M , we denote by

EndE(M) the ring of E-module endomorphisms of M . For any ring R, we denote

by Mn(R) the ring of n× n matrices with entries in R.

§2. f-pro-a rings

Throughout this section, fix a category a of rings, and let c denote its full subcat-

egory consisting of commutative objects.

Definition 2.1. A pro-a ring R is a topological ring that is canonically isomorphic

to the topological ring lim←−λR/Iλ, where (Iλ)λ∈Λ is a family, indexed with a right-

directed set Λ, of open two-sided ideals of R such that the quotient rings R/Iλ are

in a. A morphism of pro-a rings is a continuous homomorphism of rings. We denote

by â the category of pro-a rings, and by ĉ the full subcategory of â consisting of

commutative objects.

Next we shall define the notion of an f-pro-a ring. The definition is given more

generally as follows. Let A be any category of topological rings (say, A = â above).
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Definition 2.2. An f-A ring is a triple (Ro, R, f) consisting of an object Ro of

A, a ring R and a ring homomorphism f : Ro → R. It is often denoted simply

by (Ro, R) (or even R), with f (or (Ro, f)) understood. We call Ro (resp. R)

the first (or topological) factor (resp. second (or algebraic) factor) of the f-A ring

(Ro, R, f). A morphism (φo, φ) : (Ro, R, f) → (R′o, R
′, f ′) (or simply φ : R → R′)

is a commutative diagram

Ro
φo−−−−→ R′o

f

y yf ′
R −−−−→

φ
R′

of rings in which φo is a morphism in A. We say an f-A ring (Ro, R, f) is commuta-

tive if both Ro and R are commutative. We denote by fA the category of f-A rings,

and by fC its full subcategory consisting of commutative objects. In particular, we

write fA = f â and fC = f ĉ if A = â.

If a is the category of artinian (resp. finite) rings, then we say also “proar-

tinian” and “f-proartinian” (resp. “profinite” and “f-profinite”) instead of pro-a

and f-pro-a.

The category A is naturally identified with a full subcategory of fA by Ro 7→
(Ro, Ro, id).

Definition 2.3. An f-A subring (or simply, closed subring) (So, S, g) of (Ro, R, f)

is an object of fA such that So is a closed subring of Ro, S is a subring of R and

g = f |So
.

An ideal Io of an object Ro of A is said to be closed if it is topologically closed

in Ro and the quotient ring Ro/Io is again an object of A. An ideal of an f-A ring

(Ro, R, f) is a pair (Io, I) consisting of an ideal Io of Ro and an ideal I of R such

that f(Io) ⊂ I. An ideal (Io, I) is said to be closed if Io is closed. If (Io, I) is a

closed ideal of (Ro, R, f), then the quotient (Ro/Io, R/I, f) is again an f-A ring,

where f is the ring homomorphism Ro/Io → R/I induced by f .

A morphism (φo, φ) : (Ro, R, f) → (R′o, R
′, f ′) of f-A rings is said to be

injective (resp. surjective) if φ is injective (resp. surjective).

For a morphism (φo, φ) : (Ro, R, f)→ (R′o, R
′, f ′) of f-A rings, define

Ker(φo, φ) := (Ker(φo),Ker(φ)).

This is an ideal of (Ro, R, f). If Im(φo) exists in A (in particular, if Ker(φo) is a

closed ideal of Ro), then we define

Im(φo, φ) := (Im(φo), Im(φ), f ′|Im(φo)).
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This is an f-A subring of (R′o, R
′, f ′) if Im(φo) is closed in R′o.

Let (Go, G) be a pair consisting of a subset Go of Ro and a subset G of R. We

say the f-A ring (Ro, R, f) is generated by (Go, G) ifRo is topologically generated by

Go (i.e., Ro is the smallest closed subring of Ro containing Go) and R is generated

as an Ro-algebra (via f) by G. We say that (Ro, R, f) is finitely generated if there

exist finite subsets Go and G as above such that (Go, G) generates (Ro, R, f).

Let E = (Eo, E) be a commutative f-A ring.

Definition 2.4. An f-A E-algebra is an f-A ring (Ao, A, f) that is endowed with

a morphism α : (Eo, E) → (Ao, A) in fA whose image is contained in the cen-

ter of (Ao, A) (the center of (Ao, A, f) is (Center(Ao),Center(A), f |Center(Ao)), by

definition). A morphism φ : A → B of f-A E-algebras is a morphism of f-A rings

that is compatible with the structure morphisms α : E → A and β : E → B; i.e.,

φ◦α = β. We denote by fAE and fCE , respectively, the category of f-A E-algebras

and its full subcategory consisting of commutative objects. In particular, f âE and
f ĉE are respectively the category of f-pro-a E-algebras and its full subcategory of

commutative f-pro-a E-algebras.

For example, if a is the category of finite rings, then we have f âẐ = f â and
f ĉẐ = f ĉ, where Ẑ is the profinite completion of the integer ring Z.

Remark 2.5. In a former version of this paper, we tried to define an f-A ring as a

kind of topological ring. As K. Kato and S. Yasuda pointed out, however, it seems

difficult to define a natural topology on localizations of a pro-a ring. For example,

if Ro is the formal power series ring Zp[[x]] over the p-adic integer ring Zp with the

profinite topology, then in R = Ro[1/p], the image pRo of Ro by multiplication by

p, which is an automorphism of R, is not an open subset of Ro. Thus we decided to

abandon the topology of R but keep Ro in the data of an f-A ring to “remember”

the topology of Ro.

Example 2.6. If Ro is a pro-a ring and R is the localization S−1Ro of Ro with

respect to a multiplicative subset S of the center of Ro, then (Ro, R, f) is an f-pro-a

ring, where f : Ro → R is the localization map. The same applies if Ro is a pro-a

Eo-algebra and S is a multiplicative subset of Eo. For example, if G is a profinite

group, then the completed group ring Ẑ[[G]] = lim←−n,H(Z/nZ)[G/H], where the

projective limit is over all nonzero integers n and open normal subgroups H of G,

is a profinite ring. For any nonzero integer N , the triple (Ẑ[[G]], Ẑ[[G]][1/N ], f) is

an f-profinite ring, where f : Ẑ[[G]]→ Ẑ[[G]][1/N ] is the localization map.

Example 2.7. Let (Ro, R, f) be an f-A ring. If g : R → R′ is a ring homomor-

phism, then (Ro, R
′, g ◦ f) is also an f-A ring. We denote by Rop the opposite
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algebra to R (i.e., the ring whose underlying module is R itself and the multipli-

cation x · y in Rop is defined to be yx in R). If the category A is closed under

opposition, then (Rop
o , Rop, fop) is also an f-A ring. If A is closed under taking

the matrix algebra Mn(-), then (Mn(Ro),Mn(R),Mn(f)) is also an f-A ring. Thus,

for example, (Ro,Mn(R), ι ◦ f), (Rop
o ,Mn(R)op, ι ◦ fop), (Mn(Ro),Mn(R),Mn(f)),

etc. are f-A rings, where ι : R → Mn(R) is the map identifying R with the scalar

matrices.

In the rest of this section, we assume the following axiom on the category a:

(a1) The category a is closed under taking subrings, quotients and finite direct-

products.

For example, if Λ is a fixed commutative ring, the category of Λ-algebras

that are of finite length as Λ-modules has this property, while the category of all

artinian rings does not.

Example 2.8. For any ring R, the family (Rλ)λ of all quotients Rλ of R that

are in a forms a projective system. Indeed, if R1 = R/I1 and R2 = R/I2 are

two such quotients, then the quotient R3 := R/(I1 ∩ I2) may be identified with a

subring of the direct-product R1 × R2 and hence it is in a by Axiom (a1) above.

Let R̂ = lim←−λRλ be the projective limit of this projective system. Then R̂ is pro-a,

and is called the pro-a completion of R.

In the rest of this section, we fix a commutative f-pro-a ring Z. Our purpose

in this section is to prove the following lemma.

Lemma 2.9. For any R ∈ f âZ , F ∈ f ĉZ and an integer n ≥ 1, there exist a unique

object Fn(R) ∈ f ĉF and a universal morphism Φ : R → Mn(Fn(R)) in f âZ , the

universality meaning that for any O ∈ f ĉF and any morphism φ : R → Mn(O) in
f âZ , there exists a unique morphism f : Fn(R) → O in f ĉF such that φ = f∗Φ :=

Mn(f) ◦ Φ. In other words, we have a canonical bijection

Homf ĉF (Fn(R), O) ' Homf âZ (R,Mn(O)),

f 7→ f∗Φ,

functorially in R ∈ f âF and O ∈ f ĉF . Thus the functor Fn : f âZ → f ĉF is a left

adjoint of the functor Mn : f ĉF → f âZ . If R is pro-a, then so is Fn(R).

Proof. First assume that Z is pro-a and R is in a. Then we can write

R ' Z〈Xµ〉µ∈M/I,
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where Z〈Xµ〉µ∈M (or Z〈Xµ〉 for short) denotes the noncommutative polynomial

ring over Z in variables Xµ indexed by µ ∈ M , and I is a two-sided ideal of

Z〈Xµ〉. For each µ, let Xµ = (xµij)1≤i,j≤n be an (n × n)-matrix with variable

components xµij , and let F [xµij ]µ∈M,1≤i,j≤n (or F [xµij ] for short) be the com-

mutative polynomial ring over F in the variables xµij . Then there is a Z-algebra

homomorphism

(2.1) ϕ : Z〈Xµ〉 → Mn(F [xµij ])

that extends the structure morphism ι : Z → F and that maps the variable Xµ

to the matrix Xµ. For each f ∈ I, let fij ∈ F [xµij ] be the (i, j)-component of

the matrix ϕ(f) ∈ Mn(F [xµij ]). Let I be the ideal of F [xµij ] generated by the

fij for all f ∈ I and 1 ≤ i, j ≤ n. Then the map ϕ descends to a Z-algebra

homomorphism

ϕ : R→ Mn(F [xµij ]/I).

Let Fn(R) be the pro-a completion of the ring F [xµij ]/I. Composing the above ϕ

with the natural map Mn(F [xµij ]/I)→ Mn(Fn(R)), we obtain a morphism

Φ : R→ Mn(Fn(R))

of pro-a Z-algebras. By construction, we have

HomĉF (Fn(R), O) ' HomâZ (R,Mn(O)),

f 7→ f∗Φ,

functorially in O ∈ cF .

Next suppose that both Z and R are pro-a. If R is a projective limit of Z-

algebras Rλ in a, then apply the above construction to each Rλ to obtain pro-a

F -algebras Fn(Rλ) and morphisms Φλ : Rλ → Mn(Fn(Rλ)) in âZ . These maps

Φλ form a projective system

Rλ
πλ′λ←−−−− Rλ′

Φλ

y yΦλ′

Mn(Fn(Rλ)) ←−−−−
$λ′λ

Mn(Fn(Rλ′)).

Indeed, if λ < λ′ and πλ′λ : Rλ′ → Rλ is the transition map, then

Φλ ◦ πλ′λ : Rλ′ → Mn(Fn(Rλ))

is a Z-algebra homomorphism, and hence, by the universality of Φλ′ , it factors

through Φλ′ , yielding a unique morphism fλ′λ : Fn(Rλ′) → Fn(Rλ) that makes
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the above diagram commutative with $λ′λ = (fλ′λ)∗Φλ′ . Now put

Fn(R) := lim←−
λ∈Λ

Fn(Rλ).

Noting that lim←−λ∈Λ
Mn(Fn(Rλ)) = Mn(lim←−λ∈Λ

Fn(Rλ)), we then obtain a mor-

phism

Φ := lim←−
λ∈Λ

Φλ : R→ Mn(Fn(R))

in âZ which, by construction, is continuous and has the required universal property.

This proves the last assertion of the lemma.

Finally, suppose Zo → Z and Ro → R are f-pro-a. By the above arguments,

there is an Fn(Ro) ∈ ĉFo and a universal morphism Φo : Ro → Mn(Fn(Ro)) in

âZo
. Extend it Z-linearly to a morphism

(2.2) Φo,Z : Z ⊗Zo Ro → Mn(F ⊗Fo Fn(Ro))

in f âZ . Suppose {ην}ν∈N is a subset of R that generates R over Z ⊗Zo
Ro. Then

there is a surjection (Z ⊗Zo Ro)〈Yν〉ν∈N → R that maps Yν to ην , so that

R ' (Z ⊗Zo
Ro)〈Yν〉ν∈N/J

for some two-sided ideal J of (Z ⊗Zo Ro)〈Yν〉. For each ν, let Y ν = (yνij)1≤i,j≤n

be an (n× n)-matrix with variable components yνij . Then the morphism Φo,Z of

(2.2) extends to a morphism

ϕ : (Z ⊗Zo
Ro)〈Yν〉 → Mn((F ⊗Fo

Fn(Ro))[yνij ])

in f âZ by mapping Yν to Y ν . Here, (F ⊗Fo Fn(Ro))[yνij ] is the commutative poly-

nomial ring over F ⊗Fo
Fn(Ro) in the variables yνij for all ν ∈ N and 1 ≤ i, j ≤ n.

Now define Fn(R) to be the quotient of (F⊗Fo Fn(Ro))[yνij ] by the ideal generated

by all the (i, j)-components of ϕ(g) for all g ∈ J . Then ϕ descends to a morphism

Φ : R→ Mn(Fn(R))

in f âZ , which extends Φo. By construction, the morphism (Φo,Φ) : (Ro, R) →
(Mn(Fn(Ro)),Mn(Fn(R))) has the required properties.

§3. Algebraic preliminaries on Azumaya algebras

In this section, we fix a category A of rings and let C be its full subcategory con-

sisting of commutative objects (in applications, A will be a category of topological

rings, but in this section we are concerned only with algebraic structures). For

each E ∈ C, we denote by AE the category of E-algebras in A, and by CE the full
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subcategory of AE consisting of commutative objects. Throughout this section, F

is an object of C, and all locally free F -modules are assumed to be of finite and

constant rank. Recall (e.g., [21, Chap. I, Sect. 5]) that an F -module M is said to

be locally free of finite type if there is a Zariski covering
∏n
i=1 Ffi of F (i.e., a

finite direct-product of rings of fractions Ffi = F [1/fi], fi ∈ F , which is faithfully

flat over F ) such that Ffi ⊗F M is free of finite type over Ffi , and that this is

equivalent to saying that M is of finite presentation over F and, for each maximal

ideal m of M , the localization Mm of M at m is free over the local ring Fm.

In what follows, for a ring A, we denote by Aop the opposite algebra of A.

Definition 3.1. An Azumaya algebra A over F of degree n is an object of AF
such that

(1) A is a locally free F -module of rank n2;

(2) the map

ι : A⊗F Aop → EndF (A),

a⊗ b 7→ (x 7→ axb)

is an isomorphism of rings.

Remark 3.2. It follows from (1) that the structure morphism F → A is injective.

Henceforth we identify F with its image in A. It follows from (2) that the center

of A coincides with F . Note that A⊗F Aop and EndF (A) are both locally free as

F -modules.

Recall from basic facts on Azumaya algebras (see, e.g., [12], [21]) that, for

any Azumaya algebra A over F , there exists a faithfully flat morphism F → F ′

of commutative rings such that A splits over F ′, i.e., the F ′-algebra F ′ ⊗F A

is isomorphic to the matrix algebra Mn(F ′). Then A may be identified with a

subalgebra of Mn(F ′). We say that such a morphism F → F ′ is a splitting of A.

In fact, a splitting F → F ′ can be taken to be finite étale (cf. [12, Thm. 5.1(iii)]).

Recall also that there is an F -linear map TrA/F : A → F , called the reduced

trace map of A. It commutes with any base change, i.e., for any f : F → F ′, we

have TrA′/F ′ = F ′ ⊗F TrA/F , where A′ = F ′ ⊗F A, and a commutative diagram

A
TrA/F−−−−→ Fy y

A′ −−−−−→
TrA′/F ′

F ′,
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where the left vertical arrow is the natural map induced by f . If F → F ′ is a

splitting of A, then the two vertical arrows in the above diagram are injective and

TrA/F coincides with the restriction of the usual trace map TrA′/F ′ : A′ → F ′ of

the matrix algebra A′ ' Mn(F ′). Note that TrA/F is surjective. This is clear for

TrA′/F ′ , and the surjectivity for TrA/F follows from this by faithfully flat descent.

Next we consider conditions for a subalgebra of an Azumaya algebra to become

an Azumaya algebra.

Definition 3.3. Let M and N be two F -modules. An F -bilinear map β : M ×
N → F is said to be nondegenerate if, for every maximal ideal m of F , the induced

κ(m)-bilinear map β(m) : M(m) × N(m) → κ(m) is nondegenerate in the usual

sense, where κ(m) denotes the residue field of m and M(m) := κ(m)⊗F M , and so

on.

For example, if A is an Azumaya algebra over F , then the map

A×A→ F,

(a, b) 7→ TrA/F (ab)

is nondegenerate. This is easily checked if A is a matrix algebra, and the general

case follows by faithfully flat descent.

Suppose that M and N are free F -modules of the same rank m, and that

(x1, . . . , xm) and (y1, . . . , ym) are respectively F -bases of M and N . Let β : M ×
N → F be an F -bilinear map. If we set

D := (β(xi, yj))1≤i,j≤m ∈ Mm(F ),

then for x =
∑m
i=1 aixi ∈M and y =

∑m
i=1 biyi ∈ N , we have

β(x, y) = (a1 · · · am)D t(b1 · · · bm),

where t(b1 · · · bm) denotes the transpose of (b1 · · · bm). It follows in particular that

(3.1) β is nondegenerate if and only if D is invertible.

In this discussion, we assumed that M and N are free on bases (xi) and (yi),

but in some sense this is implied by the invertibility of the matrix D, as we shall

see presently. Before that, we prove the following lemma.

Lemma 3.4. Let M and N be two F -modules, and let β : M × N → F be

an F -bilinear map. Let x1, . . . , xm ∈ M and y1, . . . , ym ∈ N , and put D =

(β(xi, yj))1≤i,j≤m. For any x ∈M , consider the equation

(3.2) a1x1 + · · ·+ amxm = x in M,
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in which ai are unknowns in F . Suppose D is invertible. Then the solution to the

equation (3.2) is unique if it exists and, when it exists, it is given by

(3.3) (a1, . . . , am) = (β(x, y1), . . . , β(x, ym))D−1.

Proof. Equation (3.2) implies

a1β(x1, yj) + · · ·+ amβ(xm, yj) = β(x, yj)

for each j, i.e.,

(3.4) (a1, . . . , am)D = (β(x, y1), . . . , β(x, ym)).

Then the lemma follows.

Lemma 3.5. Let M and N be two locally free F -modules of rank m, and let

β : M ×N → F be an F -bilinear map. Let x1, . . . , xm ∈ M and y1, . . . , ym ∈ N ,

and put d = det(β(xi, yj))1≤i,j≤m. Then the following conditions are equivalent:

(1) d ∈ F×;

(2) the F -bilinear map β is nondegenerate, and M and N are free F -modules, of

which (xi) and (yi) are respective F -bases.

Proof. Considering modulo each maximal ideal of F , we may assume that F is a

field. Indeed, each of the conditions above (d ∈ F×, (xi) is a basis, β is nondegen-

erate) holds true if and only if it holds modulo m for all maximal ideals m of F .

In view of (3.1), we need to prove only that (1) implies that M and N are free on

(xi) and (yi) respectively. Since M and N are assumed locally free, it is enough

to show that (xi) and (yi) are, respectively, linearly independent. If d ∈ F×, this

follows from Lemma 3.4.

We generalize this lemma as follows, so as to be convenient in our applications.

Lemma 3.6. Let M and N be two locally free F -modules of rank m, and let

β : M × N → F be an F -bilinear map. Let F0 be a subring of F , and M0,

N0 be F0-submodules of M , N respectively. Assume that β(M0, N0) ⊂ F0. Let

x1, . . . , xm ∈M0 and y1, . . . , ym ∈ N0, and put d = det(β(xi, yj))1≤i,j≤m.

(i) The following conditions are equivalent:

(1) d ∈ F0
×;

(2) the F0-bilinear map β0 : M0 ×N0 → F0 induced by β is nondegenerate,

and M0, N0 are free F0-modules, of which (xi), (yi) are respective F0-

bases.
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(ii) If the above conditions (1), (2) hold, then M , N are free F -modules, and

(xi), (yi) are respectively their F -bases. One has M ' F ⊗F0
M0 and N '

F ⊗F0 N0.

Proof. (i) By (3.1), we need to prove only that (1) implies that M0 and N0 are

free on (xi) and (yi) respectively. For a given x ∈M0, consider the equation

a1x1 + · · ·+ amxm = x in M0,

where a1, . . . , am are unknowns. By Lemma 3.5, this has a unique solution (a1, . . . ,

am) in F⊕m, which is given by (3.3). Since β(x, yj) ∈ F0 and D is invertible in

Mm(F0), the solution is in fact in F0
⊕m. Hence (xi) is an F0-basis of M0. The

same is true for (yi) and N0.

Part (ii) follows from (i) upon noticing that F0
× ⊂ F×.

This lemma implies the following proposition, except for part (ii–1) of it:

Proposition 3.7. Let A be an Azumaya algebra over F of degree n. Let F0 be a

subring of F , and let A0 be an F0-subalgebra of A. Assume that TrA/F (A0) ⊂ F0.

For any n2-tuple a = (a1, . . . , an2) of elements ai of A0, set

d(a) := det(TrA/F (aiaj))1≤i,j≤n2 ∈ F0.

(i) The following conditions are equivalent:

(i–1) d(a) ∈ F0
×;

(i–2) the F0-bilinear map

β0 : A0 ×A0 → F0,

(a, b) 7→ TrA/F (ab)

is nondegenerate, and A0 is a free F0-module, of which (a1, . . . , an2) is

an F0-basis.

(ii) If the above conditions (i–1), (i–2) hold, then

(ii–1) A0 is an Azumaya algebra over F0 of degree n and, in particular, F0

coincides with the center of A0;

(ii–2) A is a free F -module, and (a1, . . . , an2) is an F -basis of A; one has

A ' F ⊗F0 A0.

To prove (ii–1), recall that if A is a locally free F -module of rank m, then the

ring E := EndF (A) is an Azumaya algebra over F of degree m (cf. [21, Chap. III,

Thm. 5.1]). In particular, we have the reduced trace map TrE/F : E → F . If,
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moreover, A is an F -algebra, then we have a natural ring homomorphism ι :

A⊗F Aop → E; a⊗ b 7→ (x 7→ axb). If A is an Azumaya algebra over F , then we

have TrE/F (ι(a⊗ b)) = TrA/F (a)TrA/F (b) for any a, b ∈ A. This can be seen, for

example, by choosing a splitting F → F ′ for A and considering with the matrix

algebra Mn(F ′) in place of A. The next lemma is extracted from the proof of [35,

Theorem 2.2].

Lemma 3.8. Let A be an F -algebra that is locally free of rank m as an F -module.

Suppose there is given an F -linear map τ : A→ F that satisfies

(3.5) TrE/F (ι(a⊗ b)) = τ(a)τ(b)

for any a ⊗ b ∈ A ⊗F Aop. If there exists an m-tuple (a1, . . . , am) of elements of

A such that

(3.6) det(τ(aiaj))1≤i,j≤m ∈ F×,

then A is an Azumaya algebra over F of degree n =
√
m. It is free as an F -module,

and (a1, . . . , am) is an F -basis of it.

Remark 3.9. Conversely, if A/F is an Azumaya algebra that is free over F with a

basis (a1, . . . , am), then Proposition 3.7(i) implies that (3.6) holds with τ = TrA/F .

Thus the conditions (3.5) and (3.6) characterize Azumaya algebras that are free

over their centers.

Proof. We shall show that the ring homomorphism

ι : A⊗F Aop → EndF (A)

is an isomorphism. To prove this, by Lemma 3.10 below, it is enough to show

that ι is surjective, for which in turn it is enough to show that the family (ι(ai ⊗
aj))1≤i,j≤m is an F -basis of EndF (A). This follows from Proposition 3.7(ii–2) (with

ι(ai ⊗ ai′) in place of ai), since we have

det(TrE/F (ι(ai ⊗ ai′) ◦ ι(aj ⊗ aj′)))1≤i,i′,j,j′≤m

= det(TrE/F (ι(aiaj ⊗ ai′aj′)))1≤i,i′,j,j′≤m

= det(τ(aiaj)τ(ai′aj′))1≤i,i′,j,j′≤m (by (3.5))

= det((τ(aiaj))1≤i,j≤m ⊗ (τ(ai′aj′))1≤i′,j′≤m)

= det(τ(aiaj))
2m
1≤i,j≤m,

which is in F× by assumption (3.6). Here, in the fourth det, the ⊗ means the

Kronecker product of the m×m matrix (τ(aiaj)) with itself.
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Lemma 3.10. Let M and N be locally free F -modules of rank m and n respec-

tively, with m ≤ n. If there is a surjective homomorphism f : M → N of F -

modules, then it is in fact bijective.

Proof. Let K = Ker(f). To show that K = 0, by faithfully flat descent, we may

assume that M and N are free over F . Then there is a section g : N → M to f ,

so that we have M = K ⊕ Im(g). This shows that K is a projective F -module.

Since the rank of a projective F -module is additive with respect to short exact

sequences, it follows that K = 0.

Now we prove Proposition 3.7(ii–1).

Proof of Proposition 3.7(ii–1). By Proposition 3.7(ii–2) and the assumption that

d ∈ F0
×, the F0-module A0 is free with a basis (a1, . . . , an2), and we have A '

F ⊗F0 A0. Hence we have the following commutative diagram:

A0 ⊗F0 A
op
0 −−−−→ EndF0(A0)y yF -linear ext.

A⊗F Aop '−−−−→
ι

EndF (A),

in which the two vertical arrows are injective and ι is bijective. We apply Lemma 3.8

with A0/F0 in place of A/F and τ = TrA/F |A0
. For a⊗ b ∈ A⊗F Aop, we have

TrE/F (ι(a⊗ b)) = TrA/F (a)TrA/F (b),

since A is Azumaya. Hence condition (3.5) of Lemma 3.8 is satisfied for all a⊗ b ∈
A0⊗F0

Aop
0 . Condition (3.6) holds by the assumption of Proposition 3.7. It follows

that A0 is an Azumaya algebra over F0 of degree n.

Corollary 3.11. Let A be an Azumaya algebra over F of degree n. Let F0 be a

subring of F , and let A0 be a subring of A that is an F0-algebra. Assume that

TrA/F (A0) ⊂ F0. For any n2-tuple (a1, . . . , an2) of elements of A0, put

d = d(a) := det(TrA/F (aiaj))1≤i,j≤n2 ∈ F0.

Then A0[d−1] is an Azumaya algebra over F0[d−1] of degree n. Moreover, it is a

free F0[d−1]-module with an F0[d−1]-basis (a1, . . . , an2).
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Here, F0[d−1] denotes the ring F0[X]/(dX − 1) obtained from F0 by making

d invertible, and A0[d−1] := F0[d−1] ⊗F0
A0. For an element x of F0 or A0, we

denote by x its image in F0[d−1] or A0[d−1]. Note that d may be a zero-divisor, in

which case F0[d−1] and A0[d−1] are the zero-ring. When we make any statements

on F0[d−1] and A0[d−1], we shall assume tacitly that they are not the zero-ring.

Proof. The F0[d−1]-algebra A0[d−1] is a subring of the Azumaya algebra A[d−1]

over F [d−1]. Since F0 ⊂ F ∩A0, we have F0[d−1] ⊂ F [d−1]∩A0[d−1]. Let Tr denote

the reduced trace map A[d−1] → F [d−1]. Then we have Tr(A0[d−1]) ⊂ F0[d−1]

and

d = det(Tr(aiaj)) ∈ F0[d−1]
×
.

Thus the corollary follows from Proposition 3.7.

§4. Moduli of absolutely irreducible representations

In this section, we construct the moduli scheme of absolutely irreducible represen-

tations of a ring in a certain category. Fix a category A of topological rings, and

let C be the full subcategory of A consisting of commutative objects.

§4.1. f-pro-a schemes

In Section 2, we defined the category fA of f-A rings and its full subcategory fC of

commutative objects. To work globally, let fS be the category of schemes obtained

by globalizing the opposite category fCop of fC. Precisely speaking, this means the

following: Let Fo → F be a commutative f-A ring. An f-A scheme over Fo → F is a

triple (Fo, X, f) consisting of an object Fo ∈ CFo
, an F -scheme X and a morphism

f : Fo → OX of sheaves of rings on X, where Fo is regarded as a constant sheaf

on X. We often simplify the notation to say X is an f-A scheme over F relative to

Fo, with f being understood. The morphism f is called the topological structure

morphism of X. Equivalently, an f-A scheme over Fo → F relative to Fo may be

thought of just as a commutative diagram

X −−−−→ Spec(Fo)y y
Spec(F ) −−−−→ Spec(Fo)

of schemes. Let X and Y be f-A schemes over Fo → F relative to Fo and Eo,

respectively. A morphism φ : X → Y of f-A schemes over F is a commutative
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diagram

X
φ //

��

��

Y

��

��

Spec(F )

��

Spec(Fo)
φo //

��

Spec(Eo)

��
Spec(Fo)

of schemes, where φo is a morphism of Fo-schemes coming from a morphism Eo →
Fo in A. Thus we apply the usual terminologies on (morphisms of) schemes also

to (morphisms of) f-A schemes by forgetting the topological structures.

Let fSF denote the category of f-A schemes over Fo → F , and fSF (Fo) its

full subcategory of those relative to Fo. Without specifying the base ring F , we

denote by fS the category of all f-A schemes. Note that the spectra of objects in

C are naturally regarded as objects of fS, and hence Cop is naturally regarded as

a full subcategory of fS.

When A = â is the category of pro-a rings (cf. Section 2), then we call an

object of fS an f-pro-a scheme. An affine object Spec(A) in fS is said to be a

pro-a scheme if A is a commutative pro-a ring, i.e., if it comes from ĉop.

We say that a scheme X in fSF is of finite type over F if it has a finite affine

open covering X = U1 ∪ · · · ∪ Uc, where Ui = Spec(Oi) with Oi ∈ fCF , such that

each Oi is finitely generated as an object of fCF .

Let S be an object of fSF (Fo), where Fo ∈ CFo
. A sheaf of f-A rings (Ao,A, f)

on S is a triple consisting of an Fo-algebra Ao ∈ A, a Zariski-sheaf A on S, where

S is regarded as the usual scheme, and a morphism f : Ao→A of sheaves of

rings on S, where Ao is regarded as a constant sheaf on S. A morphism (φo, φ) :

(Ao,A, f)→(A′o,A′, f ′) of sheaves of f-A rings on S is a pair consisting of a mor-

phism φo : Ao→A′o in A and a morphism φ : A→A′ of sheaves of rings that are
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compatible with f and f ′ in the obvious sense. We denote by fAS the category of

sheaves of f-A rings on S, and by fCS the full subcategory of fAS consisting of

commutative objects. Similarly, we define the category fAO of sheaves of f-A O-

algebras on S if O∈fCS , and the category of sheaves of A-modules on S if A∈fAS .

§4.2. Azumaya algebras and absolutely irreducible representations

In this context, we define an Azumaya algebra in fAS as follows (cf. [12, Sect. 5]):

Definition 4.1. (i) Let S be a (usual) scheme and O a sheaf of commutative OS-

algebras on S. An Azumaya algebra A over O of degree n is a sheaf of O-algebras

on S such that

(1) Zariski locally on S, the O-module A is free of rank n2;

(2) the map

ι : A⊗O Aop → EndO(A),

a⊗ b 7→ (x 7→ axb)

is an isomorphism.

As in Section 3, an Azumaya algebra A over O has the reduced trace map

TrA/O : A → O, which is a morphism of sheaves of O-modules.

(ii) Let S be an object of fSF (Fo), and let O = (Oo,O) be an object of fCS . An

Azumaya algebra in fAS over (Oo,O) of degree n is an object (Ao,A, f) in fAS
such that

(1) A is an Azumaya algebra over O of degree n in the sense of (i) above;

(2) for each Zariski-open subset U of S, the natural map O(U) ⊗Fo
Ao → A(U)

is surjective;

(3) for each Zariski-open subset U of S, TrA(U)/O(U)(fU (Ao)) is contained in the

image of Fo in O(U).

We say also that A is an Azumaya algebra over S if O = OS .

When we talk about the reduced trace map TrA/O of an Azumaya algebra

(Ao,A, f) in fAS , we always refer to that of its algebraic factor A.

Remark 4.2. If σ : A1 → A2 is an isomorphism of Azumaya algebras over S, it

is automatically compatible with the reduced trace maps, i.e., the diagram

A1

TrA1/S−−−−−→ OSyσ ∥∥∥
A2 −−−−−→

TrA2/S

OS
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is commutative. This follows from the fact that the reduced trace map of an

Azumaya algebra is invariant under any automorphism of the Azumaya algebra

(Theorem of Auslander–Goldman; cf. [12, Thm. 5.10 and no. 5.13]).

Let us define the objects that we shall parametrize:

Definition 4.3. Let S ∈ fSF , R ∈ fAS and O ∈ fCS . A representation of R

over O of degree n is a morphism ρ : R → A in fAS , where A is an Azumaya

algebra over O of degree n. A representation ρ : R → A of R over O is said to

be absolutely irreducible if ρ is essentially surjective, meaning that the image ρ(R)

generates (the second factor of) A as a sheaf of O-modules (or equivalently, as a

sheaf of O-algebras).

See Proposition 6.3 for motivation and background for this definition.

Note that absolute irreducibility is a local notion (cf. [15, Chap. II, Cau-

tion 1.2]). Namely, a morphism ρ : R → A in fAS is absolutely irreducible if and

only if the induced morphism ρs : R→ As in fA is absolutely irreducible over Os
for all s ∈ S. Here, As = (Ao,As, fs) denotes the stalk of A at s, and similarly

for Os. It is also equivalent to saying that, for each affine open subset U of S, the

restriction ρU : R|U → A|U of ρ to U is absolutely irreducible over OU .

Two representations ρi : R → Ai (i = 1, 2) over O are said to be isomorphic

if there exists an isomorphism σ : A1 → A2 in fAS that makes the diagram

R
ρ1−−−−→ A1∥∥∥ yσ

R −−−−→
ρ2

A2

commutative.

Remark 4.4. In this paper, we are most interested in the case where R is a

constant sheaf; thus, to avoid unnecessary complication, we henceforth assume

that R ∈ fA.

If ρ : R → A is a representation, we denote by TrA/Oρ the composite map

TrA/O ◦ ρ : R→ O.

For each S ∈ fSF , let Rep
R,n

(S) denote the set of isomorphism classes of

representations of R over S of degree n, and let Repai

R,n
(S) denote its subset

consisting of those of absolutely irreducible ones. They may be thought of as fiber

spaces (just as sets) over the n-torsion subgroup nBr(S) of the Azumaya–Brauer

group Br(S) of S as the usual scheme. (Recall that Br(S) is the group of equivalence
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classes of Azumaya algebras A over S, where A and A′ are said to be equivalent

if there exist locally free OS-modules E , E ′ such that A⊗OS E ' A′⊗OS E ′. In the

following, we call it simply the Brauer group of S. See [12, §2] for the n-torsion

of Br(S).) The correspondences S 7→ Rep
R,n

(S) and S 7→ Repai

R,n
(S) are functorial

and contravariant. Indeed, if g : T → S is a morphism in fSF and ρ : R→ A is a

representation of R over S, then we can define the pull-back g∗ρ : R → g∗A of ρ

by g as follows: Let V be an open subset of T . For each open subset U of S, we

have the ring homomorphism ρU : R→ A(U). This induces

R→ OT (g−1(U))⊗OS(U) A(U)→ (g∗A)(V )

if g(V ) ⊂ U (here, the composite map does not depend on U). Gluing the maps

R → (g∗A)(V ) for various V , we obtain a morphism R → g∗A in AT . By con-

struction, it is absolutely irreducible if ρ is so. Thus we have

g∗ : Rep
R,n

(S)→ Rep
R,n

(T ) and g∗ : Repai

R,n
(S)→ Repai

R,n
(T ).

In particular, if a representation ρ : R → A over O is defined over a subalgebra

O0 of O, if it comes from some ρ0 : R→ A0 over O0 by scalar extension O0 → O
and if ρ0 is absolutely irreducible, then ρ is also absolutely irreducible.

In the other direction, we have a morphism g∗ρ : R→ g∗A of sheaves of rings

on S for each ρ : R→ A in Rep
R,n

(T ) defined by

(g∗ρ)(U) : R→ A(g−1(U)),

where U is any open subset of S. It may not be a representation of R over g∗OT
in our sense, because g∗A may not be an Azumaya algebra over g∗OT .

Now we consider localizing the base scheme to make a given representation

absolutely irreducible. If O is a local ring, then by Proposition 3.7, a representation

ρ : R→ A over O of degree n is absolutely irreducible if and only if there exists an

n2-tuple (r1, . . . , rn2) of elements of R such that d = det(Tr ρ(rirj)) ∈ O×. Since

absolute irreducibility is a local notion, we have the following proposition.

Proposition 4.5. Let R ∈ fA and A ∈ fAS. A representation ρ : R → A over

O of degree n is absolutely irreducible if and only if, for each s ∈ S and maximal

ideal m of Os, there exists an n2-tuple (r1, . . . , rn2) of elements of R such that

det(Tr ρ(rirj)) ∈ O×s,m.

Here, the r, . . . , rn2 are elements of the second factor R of R = (Ro, R, f) ∈ fA.

This implies the following corollary:
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Corollary 4.6. Let ρi : R→ Ai (i = 1, 2) be two representations of R over O. If

one of them is absolutely irreducible and if Tr ρ1 = Tr ρ2 as a morphism of sheaves

on S, then the other is also absolutely irreducible.

We have another a corollary:

Corollary 4.7. If ρ : R → A is an absolutely irreducible representation over O,

then Im(Tr ρ) generates O as an O-module.

Proof. It is enough to show the statement locally, so assume that O is a local

ring. Then by Proposition 4.5, there is an n2-tuple (r1, . . . , rn2) of elements of R

such that det(Tr ρ(rirj)) ∈ O×. Since O is local, there is some (i, j) for which

Tr ρ(rirj) ∈ O×.

§4.3. Azumaya and absolute irreducibility loci

Next we define the Azumaya and absolute irreducibility loci.

Definition 4.8. Suppose S ∈ fSF (Fo). For an OS-algebra A0, we define its Azu-

maya locus SAz(A0) to be the locus in S over which A0 is Azumaya; i.e.,

SAz(A0) := {s ∈ S| the stalk A0,s is an Azumaya algebra over OS,s}.

Remark 4.9. More precisely, one may consider the nth Azumaya locus for each

n ≥ 1, the locus over which A0 is Azumaya of degree n. In what follows, however,

our A0 will mostly be a subring of a fixed Azumaya algebra, so that the rank of

A0 is essentially fixed.

Example 4.10. If S = Spec(Zp), O = Qp, A a division algebra over Qp and A0 is

an order of A, then by Witt’s theorem, SAz(A0) is the set consisting of the generic

point of S. Indeed, A0 ⊗Zp Qp is Azumaya by definition. If A0 is Azumaya over

the whole Zp, then so is A0⊗Zp Fp, which splits by a theorem of Wedderburn ([46,

Chap. 1, Sect. 1, Thm. 1]). By a theorem of Witt ([48]), A0 itself splits over Zp.

We claim that SAz(A0) is in fact an open subscheme of S; then by defining the

topological structure morphism Fo → OSAz(A0) to be the composite Fo → OS →
OS |SAz(A0), we may regard SAz(A0) as an object of fSF (Fo). To show this, we may

assume that S is integral and affine. Let s be a point of SAz(A0). Then the stalk

A0,s is an Azumaya algebra that is free over the local ring OS,s. By Proposition 3.7,

there exists an OS,s-basis (a′1, . . . , a
′
n2) of A0,s such that det(TrA0,s/OS,s(a

′
ia
′
j)) ∈

O×S,s. Here, each a′i is of the form a′i = (1/fi) ⊗ ai for some section ai of A0 and
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fi of OS with fi ∈ O×S,s. Then we have

det(TrA0,s/OS,s(a
′
ia
′
j)) =

1

(f1 · · · fn2)2
det(TrA0,s/OS,s(aiaj)).

Hence d := det(TrA0,s/OS,s(aiaj)) is also in O×S,s, and S[1/d] is an open subscheme

of S that contains s. The sheaf A0[1/d] on S[1/d] may be regarded as a subalge-

bra of A0,s. By Corollary 3.11, it is an Azumaya algebra over S[1/d], and hence

S[1/d] ⊂ SAz(A0).

Corollary 3.11 also implies the following:

Proposition 4.11. Let A be an Azumaya algebra of degree n over O ∈ fCS, and

A0 an OS-subalgebra of A. Let γ : OS → O be the structure morphism of O, and

assume that TrA/O(A0) ⊂ Im(γ). Then SAz(A0) has the following presentation:

(4.1) SAz(A0) =
⋃
U

⋃
d

Spec(OS(U)[d−1]) in S,

where {U} is an affine open covering of S and we let d = det(TrA/O(aiaj))1≤i,j≤n2 ,

for each U , with (a1, . . . , an2) moving through all n2-tuples of elements of A0(U).

This again proves the openness of SAz(A0) in this case. Note that the map

TrA/O|A0 : A0 → OS is surjective on the Azumaya locus SAz(A0), since the trace

map of an Azumaya algebra is surjective.

Remark 4.12. If A0 is generated by a set G of global sections as an OS-module,

then it is enough for us, in (4.1), to let (a1, . . . , an2) move only in Gn
2

. Indeed,

suppose A0 is generated by G as an OS-module and is locally free on U . Then

by Nakayama’s lemma, at each point s ∈ U , one can choose an OS,s-basis of A0,s

from Gn
2

.

Next let ρ : R→ A be a representation over T , where T ∈ fSF (Fo).

Definition 4.13. We define the absolute irreducibility locus T ai(ρ) of ρ to be the

locus in T over which ρ is absolutely irreducible; i.e.,

T ai(ρ) := {t ∈ T | the representation ρt : R→ At over OT,t
is absolutely irreducible}.

By Proposition 4.5, we have the following result:

Proposition 4.14. With the above notation, we have the following presentation:

(4.2) T ai(ρ) =
⋃
V

⋃
d

Spec(OT (V )[d−1]) in T,
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where {V } is an affine open covering of T and we let d= det(TrA/T ρ(rirj))1≤i,j≤n2 ,

for each V , with (r1, . . . , rn2) moving through all n2-tuples of elements of R.

In particular, T ai(ρ) is in fact an open subscheme of T , which we regard as an

object of fSF (Fo) by defining the topological structure morphism Fo → OT ai(ρ)

to be the composite Fo → OT → OT |T ai(ρ).

The next proposition generalizes the lemma of Carayol–Serre (cf. [6, Thm. 2]

and [26, Sect. 6, Prop.]):

Proposition 4.15. Let g : T → S be a morphism in fSF (Fo), and put O0 :=

Im(g# : OS → g∗OT ) and O := g∗OT . Let A be an Azumaya algebra over T , and

let ρ : R→ A be a representation of R over T such that g∗ TrA/T ρ(R) ⊂ O0. Let

A0 be the O0-subalgebra of g∗A generated by the image of ρ. Then we have

g−1(SAz(A0)) = T ai(ρ).

Furthermore, the representation ρ descends to a representation ρ0 : R → A0 over

S, whose restriction to SAz(A0) is absolutely irreducible.

To understand this proposition, it would be helpful to note the following par-

ticular case: IfA0 is an Azumaya algebra overO0, then the condition g∗ TrA/T ρ(R)

⊂ O0 ensures that g∗ρ : R→ A0 is an absolutely irreducible representation over O0

(in this case, g∗A is also Azumaya over g∗OT , and g∗ρ : R→ g∗A is an absolutely

irreducible representation over g∗OT ).

Proof. Let Ud = Spec(OS(U)[d−1]) be an affine piece of SAz = SAz(A0) as in (4.1).

By Remark 4.12, we may assume d = det(TrA/T ρ(rirj)) for some (r1, . . . , rn2) ∈
Rn

2

. Then Spec(OT (g−1(U))[d−1]) is an affine piece of T ai = T ai(ρ) as in (4.2).

Hence g−1(SAz) ⊂ T ai. Conversely, let Vd = Spec(OT (V )[d−1]) be an affine piece

of T ai as in (4.2). Let {U} be a family of affine open subsets of S that covers g(V ).

Then {Ud}, where Ud = Spec(OS(U)[d−1]), covers g(Vd) and, in view of (4.1), the

union of Ud’s is contained in SAz. Hence g(T ai) ⊂ SAz. The last statement of the

proposition is clear.

Remark 4.16. (i) If, in particular, S = T and g is the identity morphism, then

the above proposition asserts that the Azumaya and absolute irreducibility loci

coincide. Thus, given any representation ρ : R → A over S, we can “cut out”

a unique maximal absolutely irreducible representation from ρ by restricting to

SAz(A0).

(ii) We have trivially SAz(A0) ⊃ g(T ai(ρ)), but in general SAz(A0) may not

be contained in g(T ai(ρ)): a trivial example of such a case occurs when ρ0 is an
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absolutely irreducible representation over S and ρ = g∗ρ0, while T is a proper

subscheme of S.

With the same notation and assumptions as Proposition 4.15, suppose further

that we are given a commutative diagram

T
t←−−−− Q

g

y yπ
S ←−−−−

s
P

in fSF , where π : Q → P is surjective. Then the above proposition says that the

representation t∗ρ : R → t∗A over Q is absolutely irreducible if and only if the

ring s∗A0 is an Azumaya algebra over P . Moreover, if this is the case, Lemma 4.24

below implies that the morphism (s◦π)∗A0 → t∗A induced by ρ is an isomorphism.

If the schemes are affine (as will be used later), we have the following result:

Corollary 4.17. Let F be an object of fCF , A an Azumaya algebra over F and

ρ : R → A a representation of R over F . Let F 0 be a closed subring of F that

contains TrA/F ρ(R), and let A0 be the closed F 0-subalgebra of A generated by

ρ(R). Then for any commutative diagram

F
f−−−−→ Ox xι

F 0 −−−−→
f0

O0

in fCF , where ι : O0 → O is assumed faithfully flat, the following conditions are

equivalent:

(1) The representation f∗ρ : R→ O ⊗F A is absolutely irreducible.

(2) The O0-algebra O0 ⊗F 0
A0 is Azumaya, where the tensor product is via f0.

Moreover, if this is the case, the map O ⊗F 0
A0 → O ⊗F A induced by ρ is an

isomorphism.

As a special case (where O = F and O0 = F 0), we have a corollary:

Corollary 4.18. Let F and A be as above. Let F 0 be a closed subring of F , and

A0 a closed F 0-subalgebra of A. Assume that F 0 ⊃ TrA/F (A0) and that F is

faithfully flat over F 0. Then FA0 = A if and only if A0 is Azumaya.
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§4.4. Construction of the moduli scheme

Fix a morphism Z → F in fC (in most applications, Z will be the initial object of
fA and F will be the “coefficient ring” of the representations under consideration).

Let R = (Ro, R) be an object of fAZ . Fix an integer n ≥ 1. We assume that there

exists a morphism that is universal for absolutely irreducible representations of

R into matrix algebras of degree n in fAF . Precisely speaking, we assume the

following:

(Vai
n,F ) There exist an object F = (Fo,F ) of fCF and a morphism Φ : R →

Mn(F ) in fAF such that, for any O ∈ fCF and any absolutely irreducible

representation φ : R → Mn(O) in fAZ , there exists a unique morphism

f : F → O in fCF such that φ = f∗Φ := Mn(f) ◦ Φ, i.e., the following

diagram is commutative:

Mn(F )

Mn(f)

��
R

Φ

;;

φ
// Mn(O).

In Lemma 2.9, we saw that, if A is the category of pro-a rings with a satisfying

Axiom (a1), then (Vai
n,F ) holds for any n ≥ 1 and R in fAZ .

In the following, we set

A = (Ao,A) := (Mn(Fo),Mn(F ))

for brevity of notation. We write simply TrA/F for the pair of the trace maps

TrAo/Fo
: Ao → Fo and TrA/F : A → F . We shall prove that the contravariant

functor

Repai

R,n
: fSF → (Sets),

S 7→ Repai

R,n
(S)

is representable by an object of fSF . Define two rings F tr = F tr
R,Φ ∈ fCF and

Atr = AAAtr
R,Φ ∈ fAF :

• F tr is the closed F -subalgebra of F generated by TrA/F (Φ(R)).

• Atr is the closed F tr-subalgebra of A generated by the image Φ(R) of R.

We write Φ again to denote the obvious morphism R → Atr. The reduced trace

map TrA/F : A → F induces an F tr-linear map τ : Atr → F tr; we have the
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commutative diagram

(4.3)

Atr −−−−→ A

τ

y yTrA/F

F tr −−−−→ F

in fAF , where the horizontal arrows are the inclusion maps. Recall that τ is sur-

jective on the Azumaya locus of Atr in Spec(F tr) (cf. after Definition 4.8).

Definition 4.19. Define XR,n,F , as an object of fSF , to be the Azumaya locus

in Spec(F tr) of Atr. Let AR,n,F be the restriction to XR,n,F of the sheafification

of Atr.

It will follow from Theorem 4.20 below that there are canonical isomorphisms

XR,n,F ′ = XR,n,F ⊗F F ′ and AR,n,F ′ = AR,n,F ⊗F F ′ if F ′ is finite over F . If the

coefficient ring F is understood, we may often drop the “F” from the notation to

write XR,n,F = XR,n and AR,n,F = AR,n.

As in (4.1) (cf. Remark 4.12), XR,n is presented as

XR,n :=
⋃

(r1,...,rn2 )

Spec
(
F tr[d−1]

)
(4.4)

= Spec(F tr) \ Spec(F tr/d),(4.5)

where d = det(τ(Φ(rirj)))1≤i,j≤n2 and d is the ideal of F tr generated by these

elements d, with (r1, . . . , rn2) moving through all the n2-tuples of elements of R.

By Proposition 4.15, we have an absolutely irreducible representation

(4.6) ρR,n : R→ AR,n

over XR,n of degree n. Let S ∈ fSF , and let g ∈ XR,n(S) := HomfSF (S,XR,n).

Pulling back the representation ρR,n : R → AR,n over XR,n by g, we obtain an

absolutely irreducible representation g∗ρR,n : R→ g∗AR,n over S that makes the

following diagram commutative:

(4.7)

R
ρR,n−−−−→ AR,n

TrAR,n/XR,n−−−−−−−−−→ OXR,n∥∥∥ yg\ yg#
R −−−−−−→

g∗g∗ρR,n
g∗g
∗AR,n −−−−−−−−−→

g∗ Trg∗AR,n/S
g∗OS ,

where g\ : AR,n → g∗g
∗AR,n = g∗OS ⊗OXR,n AR,n is the natural morphism. Here,

the objects in the diagram are regarded as sheaves of rings on XR,n. Let r(g)
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denote the isomorphism class of the representation g∗ρR,n. Thus we have a map

r : XR,n(S)→ Repai

R,n
(S)

of sets. By construction, it is functorial in S ∈ fSF . Our main result of this section

is that this map r is bijective. In other words, we have the following theorem:

Theorem 4.20. The scheme XR,n represents the functor Repai

R,n
in fSF .

Proof. To construct the inverse x : Repai

R,n
(S)→ XR,n(S) to r, we use the follow-

ing lemma:

Lemma 4.21. For any absolutely irreducible representation ρ : R→ A over S of

degree n, there exist unique morphisms g : S → XR,n and aS : AR,n → g∗A that

make the following diagram commutative:

(4.8)

R
ρR,n−−−−→ AR,n

TrAR,n/XR,n−−−−−−−−−→ OXR,n∥∥∥ yaS yg#
R −−−−→

g∗ρ
g∗A −−−−−−→

g∗ TrA/S
g∗OS .

The composite morphism g∗aS : g∗AR,n → g∗g∗A → A is an isomorphism and

fits into the adjoint diagram

(4.9)

R
g∗ρR,n−−−−→ g∗AR,n

g∗TrAR,n/XR,n−−−−−−−−−−→ g∗OXR,n∥∥∥ yg∗aS ∥∥∥
R −−−−→

ρ
A −−−−→

TrA/S
OS .

In particular, we have ρ ' g∗ρR,n. The morphism g is also characterized as the

unique morphism that makes the following diagram commutative:

(4.10)

R
TrAR,n/XR,nρR,n−−−−−−−−−−−−→ OXR,n∥∥∥ yg#

R −−−−−−−→
g∗ TrA/S ρ

g∗OS .

Admitting this lemma, we first complete the proof of Theorem 4.20. For each

ρ ∈ Repai

R,n
(S), define x(ρ) to be the morphism g in the above lemma. Then the

lemma shows that r(x(ρ)) = ρ.

Conversely, given a morphism g : S → XR,n, we obtain r(g) = g∗ρR,n : R →
g∗AR,n as in diagram (4.7). For this ρ = r(g) and A = g∗AR,n, we obtain a
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morphism g′ = x(ρ) : S → XR,n as in diagram (4.8) with g′ and g∗AR,n in place

of g and A respectively. Comparing diagrams (4.7) for g and (4.8) for ρ = r(g),

and using the uniqueness of g in (4.10), we see that

x(r(g)) = g.

This shows that r and x are inverse to each other, thereby completing the proof

of the theorem.

Proof of Lemma 4.21. First we consider locally on S. Let O ∈ fCF , and let ρ :

R → A be an absolutely irreducible representation of R over O of degree n. If

A ↪→ A′ := O′ ⊗O A is a splitting of the Azumaya algebra A, then we have a

commutative diagram

(4.11)

A −−−−→ A′

TrA/O

y yTrA′/O′

O −−−−→ O′

of O-modules. By our assumption (Vai
n,F ), the scalar extension ρ′ = O′ ⊗O ρ fits

into the commutative diagram

(4.12)

R
Φ−−−−→ A

TrA/F−−−−→ F∥∥∥ ya yf
R −−−−→

ρ′
A′ −−−−−→

TrA′/O′
O′,

where f : F → O′ is a morphism in fCF and a := Mn(f). Patching (4.3), (4.11)

and (4.12) together, we have the diagram

(4.13)

Atr τ //

atr

��

_�

��

F tr
_�

��

��
R

Φ

??

ρ //

Φ

��

ρ′

((

A
Tr //

_�

��

O_�

��

A
Tr //

a

��

F

f

��
A′

Tr
// O′
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in which all closed paths are commutative. By the definition of F tr (resp. Atr),

its image in O′ (resp. A′) is generated as an object of fCF (resp. fAF tr) by the

image of R, and hence it is contained in the image of O (resp. A). Thus we obtain

a morphism f tr : F tr → O in fCF (resp. atr : Atr → A in fAF ) that is the

restriction of f to F tr (resp. of f∗Φ to Atr), thereby completing the broken lines

in diagram (4.13); thus we have

R
Φ−−−−→ Atr τ−−−−→ F tr∥∥∥ atr

y yftr

R −−−−→
ρ

A −−−−→
TrA/O

O.

Note that f tr is the unique morphism which makes the following diagram commu-

tative:

(4.14)

R
τ◦Φ−−−−→ F tr∥∥∥ yftr

R −−−−−→
TrA/O ρ

O.

The morphism atr
O : O ⊗F tr Atr → A induced by atr is an isomorphism (Here,

the tensor product O⊗F tr · is via f tr). Indeed, by Corollary 4.17 and the absolute

irreducibility of ρ′, the map O′⊗F tr Atr → A′ ' O′⊗F A induced by a is bijective.

Since the extension O → O′ is faithfully flat, the map atr
O is also bijective.

Returning to the global situation, let ρ : R→ A be an absolutely irreducible

representation of R over S ∈ fSF of degree n. The above arguments can be

applied to each affine piece Spec(O) ⊂ S. By the uniqueness of f in the condition

(Vai
n,F ), various f tr’s and atr’s patch together to give a unique morphism g : S →

XR,n (or g# : OXR,n → g∗OS) and a unique morphism aS : AR,n → g∗A that

make diagram (4.8) commutative. Applying g∗ to diagram (4.8) and composing

with the natural morphism g∗g∗A → A etc., we obtain diagram (4.9), which is

“adjoint” to (4.8). The morphism g∗aS : g∗AR,n → A is an isomorphism, being

the globalization of the isomorphisms atr
O : O ⊗F tr Atr → A. (The isomorphy of

g∗aS can be shown also as follows: It is surjective since ρ is absolutely irreducible.

Since the OS-module g∗AR,n and A are both locally free of rank n2, Lemma 3.10

implies that g∗aS is an isomorphism.) The uniqueness of g as in diagram (4.10)

follows from the uniqueness of each affine piece f tr as in diagram (4.14).

The uniqueness of the morphism g in diagram (4.10) shows that, for ρ ∈
Repai

R,n
(S), the point x(ρ) is determined only by TrA/S ρ. Thus it follows that
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isomorphism classes of absolutely irreducible representations are determined by

their traces. More precisely, we have the following result:

Corollary 4.22. Let ρi : R → Ai (i = 1, 2) be two representations of R over

S and assume that at least one of them is absolutely irreducible. Then we have

ρ1 ' ρ2 if and only if Tr ρ1 = Tr ρ2 as a morphism R→ OS of sheaves on S.

Here, Tr ρi is the abbreviation of TrAi/S ρi. Note that, by Corollary 4.6, we

need to assume only that one of the ρi’s is absolutely irreducible. See also [6,

Thm. 1] and [26, Prop. in §5] for similar statements.

It may be useful to look at the following “trivial” example of the moduli

scheme XR,n:

Example 4.23. Let R be an Azumaya algebra in fAF of degree n over E. Then we

have XR,n = Spec(E) and the identity map ρ : R→ R is the universal absolutely

irreducible representation (cf. [35, Sect. 2.1]). This follows from Lemma 4.24 below.

In the special case R = Mn(E), we can say more: The identity map ρ : R→ Mn(E)

has universality as in (Vai
n,F ), and F = F tr = E, Atr = Mn(E).

The following lemma, which was used in the above example, is quoted from

[35, Prop. 1.7].

Lemma 4.24. Let A and A′ be Azumaya algebras over O and O′ respectively,

of the same degree n. Then any ring homomorphism φ : A → A′ maps O to O′

and, via φ|O : O → O′, it induces an isomorphism O′ ⊗O A → A′. In particular,

any representation of A into A′ is absolutely irreducible. The map φ|O : O → O′

depends only on the isomorphism class of f as a representation of A.

This lemma implies in particular that there is a natural injective map

HomA(A,A′)/AutO′-alg(A′)→ HomC(O,O′)

of sets. It is also surjective if A and A′ are matrix algebras, since then any f :

O → O′ induces a morphism Mn(f) : A→ A′.

§4.5. Finiteness of the moduli

Next we turn to the problem of finite-dimensionality of the moduli scheme XR,n.

Recall from Sect. 4.1 that a scheme X in fSF is said to be of finite type over F

if it has a finite affine open covering X = U1 ∪ · · · ∪ Uc, where Ui = Spec(Oi)

with Oi ∈ fCF , such that each Oi is finitely generated as an object of fCF . The

following proposition is an f-A version of [35, Prop. 2.3], and is proved in a similar

way, but we give a proof of it for the sake of completeness.
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Proposition 4.25. Let Φ : R → Mn(F ) be a versal morphism as in (Vai
n,F ). If

Φ(R) is finitely generated as an object of fAF , then the moduli scheme XR,n is of

finite type over F .

Proof. We shall show that, in the presentation (4.4), we have that

(1) each F tr[1/d] is finitely generated, where d = det(τ(Φ(rirj)))1≤i,j≤n2 with

(r1, . . . , rn2) an n2-tuple of elements of R; and

(2) the scheme XR,n is covered by a finite number of affine schemes Spec(F tr[1/d])

(and hence the ideal d of F tr is finitely generated).

Write A = Mn(F ) and Tr = TrA/F for simplicity. Recall that F tr is the closed

F -subalgebra of F generated by Tr(Φ(R)) and Atr is the closed F tr-subalgebra

of A generated by Φ(R). Note that Φ(R) ∈ fAF and F tr ∈ fCF are in fact triples

(Φ(R)o,Φ(R), fΦ(R)) and (F tr
o ,F

tr, fF tr), respectively. Suppose Φ(R) is generated

by s1, . . . , sN . This means (Definition 2.3) that some of them, say, s1, . . . , sM ,

generate Φ(R)o and the rest sM+1, . . . , sN generate Φ(R) as a Φ(R)o-algebra. For

(1), we have to show both that F tr
o [1/d] is topologically finitely generated and that

F tr[1/d] is finitely generated over F tr
o [1/d]. Since the proofs are similar, we shall

prove only the former part (so we assume M = N in (1)). For (2), we need to

show only the existence of a finite covering of XR,n as the usual scheme.

(1) For ease of notation, we write (here only) R, F , A, . . . for Ro, Fo, Ao, . . . , re-

spectively (so these objects are in A). Let d = det(Tr(Φ(rirj))) with (r1, . . . , rn2) ∈
Rn

2

and put ai = Φ(ri). Then (a1, . . . , an2) is an F tr[1/d]-basis of Atr[1/d] by

Corollary 3.11. For each (i, j), write

aiaj =
∑
k

fijkak with fijk ∈ F tr[1/d].

For each i, write

si =
∑
j

fijaj with fij ∈ F tr[1/d].

We claim that F tr[1/d] is topologically generated by

1/d, Tr(ai), fij , fijk for all i, j, k.

Let F 0 be the F -subalgebra of F tr[1/d] algebraically generated by these elements.

Let A0 be the F 0-subalgebra
∑n2

i=1 F 0ai of Atr[1/d]. We have Tr(A0) ⊂ F 0. Let

S0 be the F -subalgebra of F [Φ(R)] consisting of elements of the form∑
I

cIs
mI , cI ∈ F,
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where I = (i1, . . . , il) are multiindices and smI = s
mi1
i1
· · · smilil

are monomials of

exponents mI = (mi1 , . . . ,mil). Since S0 is dense in F [Φ(R)], so is F [Tr(S0)] in

F tr. We claim that S0 ⊂ A0 (this will imply that Tr(S0) ⊂ F 0, and hence that

F 0 is dense in F tr[1/d]). We shall show that each smI lies in A0 by induction on

the degree |mI | = mi1 + · · · + mil of the monomial. This is true if |mI | = 1. If

smI =
∑
k fkak with fk ∈ F 0, then

sis
mI =

∑
j

fijaj ·
∑
k

fkak =
∑
j,k

fijfkajak =
∑
i,j,h

fijfkfjkhah ∈ A0.

Thus the induction proceeds.

(2) Choose an element ri of R such that Φ(ri) = si for each i = 1, . . . , N . Let G be

the subset of R consisting of monomials gk (say) in r1, . . . , rN of total degree ≤ n2.

Note that G is finite. We claim that, for any absolutely irreducible representation

ρ : R → A over a local ring O in C, there exists a subset {gk1 , . . . , gkn2 } of G

whose image by ρ is an F -basis of A. (This will imply that the point of XR,n,F

corresponding to ρ is contained in Spec(F tr[1/d]) with d = det(Tr(Φ(gkigkj ))).)

To prove the claim, we may assume, by Nakayama’s lemma, that O is a field. Put

r̄i = ρ(ri), and let Vj be the O-subspace of A generated by all monomials in r̄i’s of

total degree at most j. Then we have an increasing sequence V0 ⊂ V1 ⊂ · · · ⊂ A,

in which Vi = A for some i because ρ : R → A is absolutely irreducible (which

factors through Φ : R → Atr), Φ(R) is generated by s1, . . . , sN and A is finite-

dimensional. On the other hand, once we have Vi+i = Vi for some i, then Vi does

not increase anymore. Thus Vi reaches A in at most dimO A = n2 steps.

The author has no idea whether there exists an example of R such that Φ(R)

is not finitely generated and yet XR,n is of finite type. It is desirable to find a

criterion for R that tells us precisely when XR,n is of finite type.

Let us conclude this section by asking a question:

Question 4.26. Let G be a profinite group and F a commutative profinite ring.

If G is topologically generated by a finite number of conjugacy classes, then is the

f-profinite scheme XF [[G]],n,F of finite type over F?

Here, F [[G]] denotes the completed group ring of G over F .

For example, let K be an algebraic number field of finite degree over Q. Let

S be a finite set of places of K, and let GK,S be the Galois group over K of the

maximal Galois extension of K that is unramified outside S. Then, though it is

not known whether the profinite group GK,S is topologically finitely generated,

it is known that GK,S is topologically generated by a finite number of conjugacy

classes ([17], [32, Thm. 10.2.5 and Cor. 10.9.11]). Hence if the above question is
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answered in the affirmative in the case F = Fq, then we can draw interesting

information on the growth of the number of mod p Galois representations of GK,S
as the coefficient field Fqν grows.

§5. Variant: Representations of τ-algebras

In this section, we give a variant of the theory in Sections 2–4, replacing the ring

R by a τ -algebra:

Definition 5.1. Let E be a commutative ring. A τ -algebra over E (or, E-τ -

algebra) is a pair (R, τ) consisting of an E-algebra R and an E-linear map τ :

R→ E. The map τ is called the trace map of R, and is sometimes denoted by τR
below. If we work in a category of topological rings, the trace map is assumed to

be continuous.

Let α : E → F be a homomorphism of commutative rings, and let R, S be

τ -algebras over E, F , respectively. A homomorphism of τ -algebras (or simply, τ -

homomorphism) φ : R → S (with respect to α) is a ring homomorphism φ that

makes the following diagram commutative:

E
α−−−−→ F

ιR

y yιS
R

φ−−−−→ S

τR

y yτS
E −−−−→

α
F,

where ιR, ιS are respectively the structure morphisms of R, S.

Example 5.2. If A is an Azumaya algebra over E, then any E-subalgebra R of A

can be regarded as an E-τ -algebra with trace map τ = TrA/E |R. In what follows,

subalgebras of an Azumaya algebra are regarded as τ -algebras in this way, unless

otherwise stated.

Let A and B be Azumaya algebras of the same degree over E and F respec-

tively. A ring homomorphism φ : A→ B induces a ring homomorphism α : E → F

on the center (Lemma 4.24). Then φ is a τ -homomorphism with respect to this α.

This is a motivating example for the notion of a τ -algebra. Indeed, a sub-

algebra R of an Azumaya algebra A is expected to share typical properties of

Azumaya algebras, especially when R is “close” to A. This, however, may not be

true in general, and the τ -structure helps to remedy the defect.
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Remark 5.3. In the definition of a τ -algebra over E, we require only the E-

linearity of τ , though in practice τ would share other properties with the reduced

trace map of an Azumaya algebra. In [34], Procesi introduced and studied the

notion of an algebra with trace. His purpose there was to characterize rings that can

be embedded as a subring into the n× n matrix algebra over a commutative ring.

Thus he required the trace map τ to be, most notably, central; τ(ab) = τ(ba). Our

purpose here, however, is to rigidify representations φ : R→ A (cf. Definition 5.5),

and for this purpose, we need only to specify an E-linear map τ : R→ E.

As a related topic, one should also note the theory of pseudo-representations

([47], [45], [33], [37], [2], [7]).

The purpose of this section is to show that a τ -version of Theorem 4.20 is true,

i.e., that there exists a moduli scheme that parametrizes the absolutely irreducible

representations of a τ -algebra in a certain category as in Section 4. To ensure that

the theorem is applicable to f-pro-a rings, we first give a τ -version of Lemma 2.9.

Let A be a category of topological rings and C its full subcategory of commutative

objects. In Section 2, we defined the category fAE of f-A E-algebras and its full

subcategory fCE of commutative objects, where E = (Eo, E) is a commutative

f-A ring. By an f-A E-τ -algebra, we mean an object (Ro, R, f) of fAE such that

Ro = (Ro, τo) is a Eo-τ -algebra in AEo
, R = (R, τ) is any E-τ -algebra, and f is a

τ -homomorphism:

Eo
fE−−−−→ E

ιRo

y yιR
Ro

f−−−−→ R

τRo

y yτR
Eo −−−−→

fE
E.

A morphism of f-A E-τ -algebras is a morphism in fAE that is at the same time

a τ -homomorphism. We denote by fAτE the category of f-A E-τ -algebras. This in

particular applies to the case where A = â is the category of pro-a rings with a a

fixed category of rings, so that f âτE denotes the category of f-pro-a E-τ -algebras.

Now fix a category a of rings and let c be its full subcategory consisting of

commutative objects. Fix an object Z ∈ f ĉ.

Lemma 5.4. Assume that the category a satisfies Axiom (a1) in Section 2. Let

E ∈ f ĉZ and R ∈ f âτE. For any F ∈ f ĉZ and an integer n ≥ 1, there exist

a unique (up to canonical isomorphism) object Fn(R) ∈ f ĉF and a morphism

Φ : R → Mn(Fn(R)) of τ -algebras that has the following universality: for any
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O ∈ f ĉF , any morphism α : E → O in f ĉZ and any morphism φ : R → Mn(O)

of τ -algebras with respect to α, there exists a unique morphism f : Fn(R)→ O in
f ĉF such that φ = Mn(f) ◦ Φ.

In Section 8, this lemma will be applied with Z the ring W (k) of Witt vectors

over a finite field k, E a certain versal Galois deformation ring, R the E-subalgebra

of Mn(E) generated by a certain Galois group (that is the image of the versal

deformation) and F the fraction field of W (k).

Proof. We give a proof when Z, E, F are in c and R is in aτE , since the pas-

sage to f âτE is the same as in the proof of Lemma 2.9 (but with the trace taken

into account). Suppose R is presented as the quotient E〈Xµ〉µ∈M/I of a non-

commutative polynomial ring E〈Xµ〉µ∈M by a two-sided ideal I. For each µ,

let Xµ = (xµij)1≤i,j≤n be an (n × n)-matrix with variable components xµij ,

and let E′[xµij ] = E′[xµij ]µ∈M,1≤i,j≤n be the commutative polynomial ring over

E′ := E ⊗Z F in these variables. As in the proof of Lemma 2.9, there is an E-

algebra homomorphism ϕ : E〈Xµ〉 → Mn(E′[xµij ]) that maps Xµ to Xµ. For

each f ∈ I, let fij be the (i, j)-component of ϕ(f) ∈ Mn(E′[xµij ]). Let I be the

ideal of E′[xµij ] generated by the fij for all f ∈ I and 1 ≤ i, j ≤ n. Then the

map ϕ descends to a morphism ϕ : R → Mn(E′[xµij ]/I). Let τ ′(Xµ) ∈ E′ be

the image of Xµ (mod I) by the composite map τ ′ : R
τ→ E → E′, and let I

be the ideal of E′[xµij ] generated by I and the elements Tr(Xµ) − τ ′(Xµ) for all

µ ∈ M . Then the composite map ϕ : R → Mn(E′[xµij ]/I) of ϕ and the natural

projection Mn(E′[xµij ]/I) → Mn(E′[xµij ]/I) is a τ -homomorphism. Let Fn(R)

be the pro-a completion of E′[xµij ]/I. Composing ϕ with the map induced by

E′[xµij ]/I → Fn(R), we obtain the desired morphism Φ : R→ Mn(Fn(R)).

Next we return to a general category A of topological rings. Fix Z ∈ fC, and

let fSZ be the category of f-A schemes over Z (Section 4). If S ∈ SZ , let fAτS
(resp. fCS) be the category of sheaves of f-A OS-τ -algebras (resp. commutative f-A

OS-algebras) on S.

Let E ∈ fCZ , R ∈ fAτE , S ∈ fSZ and O ∈ fCS . Suppose we are given a

morphism α : E → O in CZ .

Definition 5.5. A τ -representation ρ : R→ A of R over O is a τ -homomorphism

with respect to α, τ : R → E and TrA/O, where A is an Azumaya algebra over

O. Two τ -representations ρi : R→ Ai (i = 1, 2) are said to be isomorphic if there

is an isomorphism f : A1 → A2 (which is automatically a τ -homomorphism) such

that ρ2 = f ◦ρ1. We say that a τ -representation ρ : R→ A is absolutely irreducible

if it is so as the usual representation.
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Note that the structure morphism α : E → O is uniquely determined if the

usual absolutely irreducible representation ρ : R → A is given, because then the

center E of R is mapped into the center O of A. Thus we may (and do) speak

of absolutely irreducible τ -representations without a priori specifying the structure

morphism α.

The next proposition follows immediately from Corollary 4.22.

Proposition 5.6. Fix a morphism α : E → O in fCZ . For given R and A
as above, there exists at most one isomorphism class of absolutely irreducible τ -

representation ρ : R→ A with respect to α. More precisely, if ρ1, ρ2 : R→ A are

two τ -homomorphisms one of which is absolutely irreducible, then the other is also

absolutely irreducible and they are isomorphic as representations of R over O.

For S ∈ fSZ , let Repai,τ

R,n
(S) denote the set of isomorphism classes of absolutely

irreducible τ -representations of R of degree n over S (here, “over S” means “over

OS”). The above proposition may be rephrased as follows:

Proposition 5.7. The natural map Repai,τ

R,n
(S)→ HomCZ (E,OS) is injective.

If R is an E-subalgebra of Mn(E), then this map is bijective, its inverse

being given by f 7→ Mn(f) (cf. Example 4.23). In general, however, it may

not be surjective. Note in particular that the set Repai,τ

R,n
(S) depends on n but

HomCZ (E,OS) does not. For instance, if R = Mm(E) with the standard trace

map, then Repai,τ

R,n
(S) = ∅ unless m = n, while HomCZ (E,E) 6= ∅.

As in Section 4, the correspondence

Repai,τ

R,n
: fSZ → (Sets),

S 7→ Repai,τ

R,n
(S)

is a contravariant functor. By Proposition 5.6, Repai,τ

R,n
(S) may be identified with

a subset of the Brauer group nBr(S), and hence there is an injective natural

transformation Repai,τ

R,n
→ nBr of functors.

In the rest of this section, we assume the following condition on R ∈ fAτE ,

which says that it has a universal τ -homomorphism of degree n with coefficients

in F ∈ fCZ :

(Vai,τ
n,F ) There exist an object F of fCF and a morphism Φ : R → Mn(F ) in fAτZ

such that, for any O ∈ fCF and any absolutely irreducible τ -representation

ρ : R → Mn(O), there exists a unique morphism f : F → O in fCF such

that ρ = f∗Φ := Mn(f) ◦ Φ, i.e., the following diagram is commutative:
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(5.1)

Mn(F )

Mn(f)

��
R

Φ

;;

φ
// Mn(O).

Set A := Mn(F ). As in Section 4, we define

• F tr: the closed E-subalgebra of F generated by TrA/F (Φ(R));

• Atr: the closed F tr-subalgebra of A generated by Φ(R).

Let τ : Atr → F tr be the restriction of TrA/F to Atr. Then we have a

morphism

Φ : R→ Atr

in fAτE . Let Xτ
R,n be the locus of Spec(F tr) over which Atr is Azumaya; we consider

it as an object of fSF . By Proposition 4.15, it is presented as

Xτ
R,n =

⋃
(d)

Spec(F tr[d−1]),

where the union is over the set of principal ideals (d) of F tr of the form d =

det(τ(Φ(rirj)))1≤i,j≤n2 with (r1, . . . , rn2) moving through all n2-tuples ofR. It also

follows from Proposition 4.15 that the restriction AτR,n to Xτ
R,n of the sheafification

of Atr is an Azumaya algebra, and that we have an absolutely irreducible τ -

representation ρτR,n : R→ AτR,n over Xτ
R,n.

A morphism g : S → Xτ
R,n in fSF gives rise to an absolutely irreducible τ -

representation g∗ρτR,n : R→ g∗AτR,n, whose isomorphism class we denote by r(g).

By essentially the same arguments as in the proof of Theorem 4.20, we can prove

that the map r : Xτ
R,n(S) → Repai,τ

R,n
(S) is bijective. Thus we have the following

theorem:

Theorem 5.8. The scheme Xτ
R,n represents the functor Repai,τ

R,n
.

In the next proposition, which will be used conveniently in Section 8, we

assume for simplicity that F = Z.

Proposition 5.9. Let A be an Azumaya algebra over E ∈ fCZ . Let R be an E-

τ -subalgebra of A, and let ι : R ↪→ A denote the inclusion map. Then we have the

following canonical isomorphisms:

Xτ
R,n = SAz(R) = T ai(ι).

In particular, Xτ
R,n can be identified with an open subscheme of Spec(E). If further

A is the matrix algebra Mn(E), then the inclusion map ι : R ↪→ Mn(E) is a versal
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morphism as in (Vai,τ
n,F ), and hence Xτ

R,n is an open subscheme of Spec(Etr), where

Etr is the Z-subalgebra generated by τ(R).

Note that the two rings Etr and E coincide “outside n” in the sense that

Etr[1/n] = E[1/n], because R contains E and τ(e) = ne for e ∈ E. In general,

however, we cannot expect Etr = E. For instance, suppose Z = Z and R = E[D8],

where D8 is the dihedral group of order 8. Let ι : R ↪→ M2(E) be the E-algebra

homomorphism extending a two-dimensional irreducible representation ρ : D8 →
GL2(Z), and consider the τ -structure on R induced by Tr : M2(E) → E. Then,

since Tr ρ has values 0,±2, one has Etr = Z[τ(R)] = Z[2E], which is an “order of

E of conductor 2” and may not be equal to E in general.

Proof. The second equality follows from Proposition 4.15 applied with S = T =

Spec(E) (note that then SAz(R) and T ai(ι) are open subschemes of Spec(E)).

Suppose we are given a point in Xτ
R,n(S), or, an absolutely irreducible τ -

representation ρ : R → A over S. It induces a morphism α : E → OS in fCZ
since ρ(E) is contained in the center of A, and then a τ -representation ρ′ : R

ι→
A→ OS ⊗E A over OS with respect to α, where the tensor product is via α. Since

Tr ρ′ = Tr ρ (= α ◦ τR), we have ρ′ ' ρ by Proposition 5.6. Since ρ′ is absolutely

irreducible, the S-valued point α of Spec(E) is in T ai(ι)(S).

Conversely, let α be an S-valued point of T ai(ι); thus it is a morphism α :

E → OS such that the τ -representation ρ : R
ι→ A → OS ⊗E A induced by α is

absolutely irreducible. Hence it gives an S-valued point of Xτ
R,n. It is clear that

these constructions ρ 7→ α and α 7→ ρ are inverse to each other.

Suppose A = Mn(E), and ρ : R → Mn(O) is an absolutely irreducible τ -

representation. Then it induces a map α : E → O since ρ(E) is contained in the

center of Mn(O). Composing the map Mn(α) : Mn(E) → Mn(O) with Φ : R →
Mn(E), we have another τ -representation ρ′ : R → Mn(O). By Proposition 5.6,

this is also absolutely irreducible and isomorphic to ρ. The rest follows from the

construction of Xτ
R,n.

§6. Relation with group representations

Let G be a profinite group. In this section, let fA = f â and fC = f ĉ be respec-

tively the category of f-profinite rings and its subcategory of commutative objects

(cf. Section 2). Let fS be the category of f-profinite schemes (cf. Section 4). Let

E = (Eo, E, f) be an object of fC. For our purposes in this section, it is harmless

and convenient to replace Eo by f(Eo) and assume that Eo is a subring of E and

f is the inclusion map. We define the completed group ring of G over E to be the
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object

E[[G]] := (Eo[[G]], E ⊗Eo
Eo[[G]]) in fA,

where Eo[[G]] is the usual completed group ring

Eo[[G]] := lim←−
I,H

(Eo/I)[G/H],

with I and H running respectively through all the open ideals of Eo and open

normal subgroups of G.

Remark 6.1. If G is finite, the completed group ring E[[G]] coincides with the

f-version (Eo[G], E[G]) of the usual group ring.

Definition 6.2. A representation of G over E of degree (or dimension) n is a

group homomorphism ρ : G→ GLn(E) that factors as G
ρo→ GLn(Eo) ↪→ GLn(E),

where ρo is continuous with respect to the profinite topology of GLn(Eo). It is said

to be absolutely irreducible if Eo[[Im(ρo)]] generates Mn(E) as an E-module. Two

representations ρ1 and ρ2 over E are said to be isomorphic (or equivalent) if there

exists a σ ∈ AutfA(Mn(E)) such that σ(ρ1(g)) = ρ2(g) for all g ∈ G. We denote by

Repai

G,n
(E) the set of isomorphism classes of absolutely irreducible representations

of G over E of degree n.

Be aware of the difference between Repai

G,n
(E) and Repai

F [[G]],n
(E): the former,

when G is a group, refers to representations of G into GLn(E), whereas the latter

refers to representations of the f-profinite ring F [[G]] into any Azumaya algebras

of degree n over E.

Note that the image Im(ρ) of ρ may be identified with the closed subgroup

Im(ρo) of the compact group GLn(Eo).

Note also that, if E is noetherian, then the above definition of absolute ir-

reducibility is equivalent to saying that the image of ρ generates Mn(E) as an

E-module, because then the E-submodule of Mn(E) generated by Im(ρ) is of fi-

nite type and its coincidence with Mn(E) can be checked by reduction modulo

each maximal ideal of E (and, over a field E (⊃ Eo), generation by Im(ρ) and gen-

eration by Eo[[Im(ρo)]] are equivalent; cf. Proposition 6.3 below). Note also that

the automorphisms of Mn(E) are locally (i.e., Zariski-locally on Spec(E)) inner

by the theorem of Auslander–Goldman ([12, Thm. 5.10]).

Let ρ be a representation of G over (Eo, E) of degree n. Let α : F → E be

a morphism in fC. Then a representation ρ : G → GLn(Eo) induces a morphism

Fo[[ρ]] : Fo[[G]] → Mn(Eo) as the projective limit of (Fo/I
′)[ρ] : (Fo/I

′)[G] →
Mn(Eo/IEo), where I moves through the set of open ideals of Eo and I ′ := α−1(I).

Tensoring with F over Fo and composing with the natural map F ⊗Fo Mn(Eo)→
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Mn(E), we obtain a morphism F [[ρ]] : F [[G]]→ Mn(E) in fAE . Then ρ is absolutely

irreducible if and only if F [[ρ]] is absolutely irreducible in the sense of Section 4.

If E is a field, the above definition of absolute irreducibility is compatible with

the usual one, since we have the following equivalence (cf. [5, Chap. 8, Sect. 13,

no. 4] or [22, Thm. 7.5]):

Proposition 6.3. Let G and E be as above, and assume that (the second factor

of) E is a field. Let ρ : G→ GLn(E) be a finite-dimensional continuous E-linear

representation of G. Then the following conditions are equivalent:

(1) ρ is semisimple and End(ρ) = E.

(2) The E-linear extension ρ : G → GLn(E) of ρ is irreducible, where E is an

algebraic closure of E.

(2 ′) For any extension field E′ of E, the E′-linear extension ρ′ : G→ GLn(E′) of

ρ is irreducible.

(3) For any subring F of E, the F -algebra homomorphism F [[ρ]] : F [[G]]→ Mn(E)

induced by ρ is absolutely irreducible in the sense of Section 4.

Here, End(ρ) := {M ∈ Mn(E)| Mρ(g) = ρ(g)M for all g ∈ G}, and the E in

(1) is identified with the ring of scalar matrices in Mn(E).

The next proposition shows that the representation theory over E of a profi-

nite group (at least for absolutely irreducible representations) reduces to that of

the corresponding completed group ring if the n-torsion subgroup nBr(E) of the

Brauer group Br(E) vanishes (the Brauer group here is that of E as the second

factor of E = (Eo, E)):

Proposition 6.4. Let F ∈ fC and E ∈ fCF . If nBr(E) = 0, then there is a

canonical bijection

XF [[G]],n,F (E) ' Repai

G,n
(E).

Proof. An absolutely irreducible group representation ρ : G→ GLn(E) gives rise

to an absolutely irreducible representation φ : F [[G]] → Mn(E) in fAF . Suppose

conversely that φ : F [[G]] → A is an absolutely irreducible representation of the

ring F [[G]] ∈ fAF , where A is an Azumaya algebra over E of degree n. Since

nBr(E) = 0, we have A ' Mn(E). Thus we have a group representation

ρ : G ↪→ F [[G]]
× φ→ A× ' GLn(E),

which is also absolutely irreducible by construction.

Suppose there are two ρ1, ρ2 ∈ Repai

G,n
(E), and let φ1, φ2 be the corresponding

ring representations of F [[G]]. Then we have ρ1 ' ρ2 if and only if φ1 ' φ2 by
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our Definition 6.2 of equivalence of two group representations. Thus we obtain a

bijective correspondence between Repai

F [[G]],n
(E) and Repai

G,n
(E).

§7. Finiteness conjecture of Khare and Moon

In this section, we give a reformulation of a finiteness conjecture of Khare and Moon

using our moduli theory. Let K be a global field in the sense of the last section,

and let GK be the absolute Galois group of K. In the following, a Q-divisor of K

means a formal product
∏

q q
nq of prime divisors q of K (= prime ideals of the

integer ring OK of K if K is an algebraic number field) with exponents nq ∈ Q
of which all but a finite number are zero. We say that a Q-divisor

∏
q q

nq of K is

effective if all the exponents nq are nonnegative. For two Q-divisors M =
∏

q q
mq

and N =
∏

q q
nq , we write M |N if mq ≤ nq for all q.

Fix a prime number p. For a continuous representation ρ : GK → GLFp(V ) '
GLn(Fp), where V is an n-dimensional Fp-vector space, we define its Artin con-

ductor N(ρ) outside p, as a Q-divisor of K, as follows (cf. [40, §1.2]): If K is an

algebraic number field, then define it as the product

N(ρ) =
∏
q-p

qnq(ρ)

over the primes q of K not dividing p with exponents

(7.1) nq(ρ) :=

∞∑
i=0

1

(Gq,0 : Gq,i)
dimFp(V/V Gq,i),

where Gq,i is the ith ramification subgroup of Im(ρ) at (an extension of) q. If K

is an algebraic function field, then we define

N(ρ) =
∏
q

qnq(ρ),

where the product is over all the prime divisors q of K, while the exponent nq(ρ)

is defined by the same formula (7.1) as above. It is known that nq(ρ) is in fact

an integer if char(K) 6= p (though it may not be so if char(K) = p), and that

nq(ρ) = 0 if and only if ρ is unramified at q.

Let N be an effective Q-divisor of the global field K. Khare and Moon pro-

posed independently the following statement (as a conjecture in [18] and as a

problem in [27]; the function field case was formulated in [29]):

Conjecture (F). For any K, n, p and N as above, there exist only finitely many

isomorphism classes of semisimple continuous representations ρ : GK → GLn(Fp)
with N(ρ)|N .
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Not much is known about this conjecture. For some results in special cases

when K is a number field, see [27], [28], [29], [30]. The odd and two-dimensional

case with K = Q was proved by Khare and Wintenberger ([19]) as a result of their

proof of Serre’s modularity conjecture. See also [4], which reduces the function

field case of the conjecture to a conjecture of de Jong ([8, Conj. 2.3]).

Conjecture (F) can be formulated in different ways. First, it is equivalent to

the finiteness of Galois extensions L/K whose Galois group can be embedded into

GLn(Fp) with conductor bounded by N . Precisely speaking, it is equivalent to the

following:

Conjecture (F′). For any K, n, p and N as above, there exist only finitely

many Galois extensions L/K such that there exists a faithful representation ρ :

Gal(L/K) ↪→ GLn(Fp) with N(ρ)|N .

Indeed, suppose that (F) is true, and let L/K and ρ : G ↪→ GLn(Fp) be

as in (F′). Let ρss be the semisimplification of ρ. By (F), the possibility of the

subextension Lss/K of L/K corresponding to Ker(ρss) is finite. The extension

L/Lss is obtained as a succession of elementary p-extensions of length at most

min{e ∈ Z| 2e ≥ n} (cf. [27, Sect. 3]) that are unramified outside pN . Then by class

field theory, the possibility of the extensions L/Lss is also finite. Conversely, (F′)
implies (F) since there exist only finitely many isomorphism classes of semisimple

representations of a finite group into GLn(Fp).
The next reformulation uses a certain quotient of the Galois group GK . For

an effective Q-divisor N =
∏

q q
nq of K, we denote by GK(N) the quotient of GK

by the normal subgroup generated by G
nq

Kq
(and its conjugates) for all1 q, where

GuKq
is the uth ramification subgroup (in the upper numbering filtration) of the

absolute Galois group GKq
of the completion Kq of K at q. Here, GKq

is identified

with a subgroup of GK by choosing an embedding K ↪→ Kq. For an n-dimensional

representation ρ : GK → GLn(Fp), we have the following relation ([29, Lem. 3.2]):

(7.2) N(ρ)|N =⇒ ρ factors through GK(N) =⇒ N(ρ)|NnN0,

where N0 :=
∏

q|N q. Hence the conjectures (F) and (F′) are equivalent to either

of the following two statements:

Conjecture (F∗). For any K, n, p and N , there exist only finitely many isomor-

phism classes of semisimple continuous representations ρ : GK(N)→ GLn(Fp).

1Note that nq = 0 for almost all q and that we omit those q|p if K is an algebraic number
field.
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Conjecture (F∗′). For any K, n, p and N , there exist only finitely many Galois

extensions L/K whose Galois group is a quotient of GK(N) and can be embedded

into GLn(Fp).

Now recall the moduli scheme XFp[[GK(N)]],n,Fp constructed in Section 4; it is

an f-profinite scheme over Fp. By Proposition 6.4, we have another proposition:

Proposition 7.1. Conjecture (F) is equivalent to the following:

Conjecture (X). For any K, n, p and N , the f-profinite scheme XFp[[GK(N)]],n,Fp
has only finitely many Fp-rational points.

Note that Conjecture (X) does not assert that XFp[[GK(N)]],n,Fp itself is finite

over Fp. It may well be something like Spec(Fp((t))).

§8. Relation between some finiteness conjectures on Galois

representations

In this section, we prove a certain relation between versions of the finiteness

conjecture of Fontaine and Mazur ([11, Conj. 2a,2b,2c]). First, let us recall the

conjectures. Let K be an algebraic number field of finite degree over Q, and

GK = Gal(K/K) its absolute Galois group. Let E be a subfield of Qp. A con-

tinuous representation ρ : GK → GLd(E) is said to be geometric if it is

(1) unramified outside the union of the set of infinite places and a finite set S of

finite places of K; and

(2) potentially semistable at all places v dividing p.

The condition “potentially semistable” is equivalent to being de Rham by

Berger ([3]). Note that ρ is automatically potentially semistable at v - p by

Grothendieck (cf. [42, Appendix, Proposition]; recall also that, for v - p, ρ is

said to be semistable at v if the action of inertia at v is unipotent).

In what follows, we always assume that S contains all places of K lying

above p.

Let ρ : GK,S → GLE(V ) be a geometric representation. The inertial level L(ρ)

of ρ is a family (Lv(ρ))v of Lv(ρ) for all finite places v of K, where Lv(ρ) is the

maximal open normal subgroup of an inertia group Iv at v such that ρ becomes

semistable when restricted there. One has Lv(ρ) = Iv if v /∈ S. An inertial level

L = (Lv)v for (K,S) is a family of open normal subgroups Lv of Iv for all finite

places v of K such that Lv = Iv if v /∈ S. We say that a geometric representation

ρ has inertial level bounded by L if L(ρ) ⊃ L, i.e., Lv(ρ) ⊃ Lv for each v ∈ S.

The E-Hodge–Tate type h(ρ) of ρ is a family (hv(ρ))v|p of hv(ρ)’s for all primes v
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dividing p, where hv(ρ) is the isomorphism class of the graded (E⊗QpKv)-module

HomQp[GKv ](V,⊕r∈ZCp(r)). An E-Hodge–Tate type for K at p is a family (hv)v|p,

for all primes v dividing p, of isomorphism classes of graded free (E ⊗Qp Kv)-

modules hv, all having the same rank (called the degree of h). The Hodge–Tate

weights of h are the integers r such that the degree-r component of hv is nonzero

for some v|p.
We denote by Geom(K,S, h;E) (resp. Geom(K,S,L, h;E)) the set of isomor-

phism classes of geometric semisimple2 E-representations of GK,S with E-Hodge–

Tate type h (resp. with inertial level bounded by L and E-Hodge–Tate type h).

Then the three versions of the finiteness conjecture of Fontaine and Mazur ([11,

Conj. 2a, 2b, 2c]) are the following statements, in which K, S, p, L, h are as above

and, in FM(b) and FM(c), the field E is a finite extension of Qp:

Conjecture. We have

FM(a) : the set Geom(K,S,L, h;Qp) is finite for any K, S, p, L, h;

FM(b) : the set Geom(K,S,L, h;E) is finite for any K, S, p, L, h, E;

FM(c) : the set Geom(K,S, h;E) is finite for any K, S, p, h, E.

Very little is known on these conjectures, especially on FM(a), except when

the nonexistence is proved (as in [1], [9], [10]). FM(a) has been proved in the

“potentially abelian” case ([43]).

We have the following logical relations:

FM(a) =⇒ FM(b)⇐⇒ FM(c).

Here, the only nontrivial one is (b)⇒ (c), and this is proved by showing that, if E

is of finite degree over Qp, then the inertial level of a geometric E-representation

is automatically bounded (see [11, Sect. 4(a)]).

Now we are interested in the relation between Conjectures FM(a) and FM(b);

there seems to be a substantial difference between them. Our main result in this

section is that, in some sense, Conjecture (F) of the previous section fills in this

gap:

Theorem 8.1. We have FM(b) + (F) =⇒ FM(a).

Actually, we shall prove this in a slightly different form (Theorem 8.4). To

state our results properly, it is convenient to employ the language of deformation

theory of Galois representations ([25], [26]). Let k be a finite field of characteristic

2In [11], these are defined to be the sets of irreducible geometric representations. For some
technical reasons, we work with semisimple ones. Of course, there is no essential difference.
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p, and let ρ0 : GK,S → GLd(k) be a continuous representation. Let W = W (k)

be the ring of Witt vectors over k, and let CW be the category of noetherian

complete local W -algebras with residue field k. Let D be “deformation data”, i.e.,

a full subcategory of the category Repfin
W (GK,S) of continuous W [GK,S ]-modules

of finite length that is closed under taking subobjects, quotients and direct sums.

Suppose that our ρ0 is in D. Then by Ramakrishna ([36]; see also [26, Sect. 25]),

there exists a versal deformation ring RD(ρ0) of ρ0 of type D in CW and a versal

deformation ρD : GK,S → GLd(RD(ρ0)) of ρ0 of type D. Moreover, if End(ρ0) ' k,

then ρD is universal. The versality (resp. universality) refers to the property that

there exists a canonical surjection (resp. bijection)

HomW -alg(RD(ρ0), A) −→ {type-D deformations of ρ0 to A},

functorially in A ∈ CW . Note that RD(ρ0) and ρD are unique up to isomorphism

(which is canonical if End(ρ0) ' k but may not be so in general; cf. [38, (2.8)]).

Fontaine and Mazur formulated a deformation-theoretic version of their finite-

ness conjecture. To state it, for an inertial level L for (K,S) and two integers a ≤ b,
let us take, as our deformation data D, the full subcategory Repfin

W (GK,S)st,L,[a,b]
of Repfin

W (GK,S) consisting of objects T such that, for each v ∈ S,

(1) if v - p, then Lv acts unipotently on T ; and

(2) if v | p, there exists a semistable p-adic representation V of Lv with Hodge–

Tate weights in [a, b] (i.e., (Cv(−r) ⊗Qp V )Lv = 0 if r /∈ [a, b]) such that T is

isomorphic to a subquotient of V as a Zp[Lv]-module.

In the rest of this section, D is fixed to be this category Repfin
W (GK,S)st,L,[a,b].

Now we have a deformation-theoretic version of the finiteness conjecture of

Fontaine and Mazur ([11, Conj. 5]):

Conjecture FM(d). For any K, S, L, a ≤ b and k, if ρ0 ∈ D is such that

End(ρ0) ' k, then the universal deformation ring RD(ρ0) is finite as a W -algebra.

Since we have to deal with all residual representations ρ0, which may not

necessarily satisfy the condition End(ρ0) ' k, we shall formulate a conjecture us-

ing the moduli scheme as in Section 4 in addition to Mazur’s deformation theory.

Before doing so, we introduce a slightly wider (a priori) class of representations

than geometric ones. For the moment, we relax the W -algebra structure to work

in the category fCZp of commutative f-profinite Zp-algebras (note that this is dif-

ferent from CZp , which is the category of commutative complete noetherian local

Zp-algebras) and with the deformation data D = Repfin
Zp(GK,S)st,L,[a,b]. In what

follows, all profinite Zp-algebras Ro and their localizations R are regarded as the
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objects (Ro, Ro) and (Ro, R), respectively, of the category fAZp of f-profinite Zp-
algebras (or fCZp of commutative f-profinite Zp-algebras). A finite extension F of

Qp is identified with the object (OF , F,OF ↪→ F ) of fCZp , where OF denotes the

ring of integers of F .

Definition 8.2. Let E = (Eo, E) ∈ fCZp and let V be a free E-module of finite

rank. We say that a continuous representation ρ : GK,S → GLE(V ) is piecewise

geometric with inertial level bounded by L and Hodge–Tate weights in [a, b] (or,

of type D, for short) if V admits a GK,S-stable Eo-lattice T of which all quotients

of finite length lie in D.

Here, an Eo-lattice of V means a free Eo-submodule T of V such that the

natural E-module homomorphism E ⊗Eo
T → V is an isomorphism.

A typical example of such a representation arises from the type-D versal

deformation of some residual representation ρ0 by way of a continuous ring homo-

morphism φ : RD(ρ0)→ E.

For K, S, L, [a, b] and E ∈ CZp , let Geom′n(K,S,L, [a, b];E) denote the

set of isomorphism classes of n-dimensional semisimple piecewise geometric E-

representations with inertial level bounded by L and Hodge–Tate weights in [a, b].

An algebraic extension E of Qp is not f-profinite if it is of infinite degree over

Qp. For such an E, we define the set Geom′n(K,S,L, [a, b];E) to be the inductive

limit of the sets Geom(K,S,L, h;E′) where E′ moves through the set of finite

extensions of Qp contained in E. A geometric representation is trivially piecewise

geometric, so that

Geom(K,S,L, h;E) ⊂ Geom′n(K,S,L, [a, b];E)

if n is the degree of the Hodge–Tate type h and [a, b] contains all the Hodge–Tate

weights of h. Fontaine and Mazur point out ([11, Rem. (a) after Conj. 5]) that

it should not be very hard to prove the converse. Indeed, as a consequence of a

theorem of Liu ([23, Thm. 1.0.2]), we have a proposition:

Proposition 8.3. A piecewise geometric representation with bounded inertial level

and Hodge–Tate weights is geometric.

See also [20] for some related results.

On the contrary, a piecewise geometric representation with unbounded inertial

level or Hodge–Tate weights may not be geometric; namely, an E-representation

may not be geometric no matter how its subquotients of finite length come from

geometric representations, if their inertial levels are unbounded or their Hodge–

Tate weights do not stay in a fixed interval [a, b].
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By Proposition 8.3, the set Geom′n(K,S,L, [a, b];E) is covered by the union

of Geom(K,S,L, h;E)’s for a finite number of Hodge–Tate types h. Thus Conjec-

tures FM(a) and FM(b) are equivalent to the following:

Conjecture. We have

FM′(a) : the set Geom′n(K,S,L, [a, b];Qp) is finite for any n,K, S,L, a ≤ b;
FM′(b) : the set Geom′n(K,S,L, [a, b];E) is finite for any n,K, S,L, a ≤ b and E.

Here again, and also in Conjectures FM(b)ai and FM′(b)ai below, the field E

is assumed to be finite over Qp.

We have the following logical relations:

FM(a) ⇔ FM′(a)

⇓ ⇓
FM(b)⇔ FM′(b)

m
FM(c).

Instead of Theorem 8.1, we shall actually prove the following result:

Theorem 8.4. We have FM′(b) + (F) =⇒ FM′(a).

To prove this, we first note that there is an integral ideal N of K such that

any residual representation ρ0 that arises from ρ in Geom′n(K,S,L, [a, b];Qp) has

conductor N(ρ0) bounded by N . Indeed, since Lv(ρ) contains the nvth ramification

subgroup Invv (in the upper numbering) for some nv > 0, and ρ0 restricted to Lv(ρ)

for v - p is of the form

ρ0|Lv(ρ) ∼

1 ∗ ∗
. . . ∗

1


and is at most tamely ramified, it follows that ρ0 factors through GK(N) for N =∏

qnvv in the notation of Section 7, where qv is the prime of K corresponding to v.

By (7.2), the Artin conductor N(ρ0) is bounded uniformly in terms of (Lv(ρ))v-p.

Now if we assume Conjecture (F) (or equivalently, (F′)), there exists a finite

extension field K ′ of K that neutralizes all such representations ρ0 (i.e., ρ0|GK′ =

1). Here we have the following lemma:

Lemma 8.5. Let K ′/K be a finite extension. If ρ ∈ Geom′n(K,S,L, [a, b];Qp),
then its restriction ρ|GK′ to K ′ is in Geom′n(K ′, S′,L′, [a, b];Qp), where S′ and

L′ are appropriate data for K ′. The restriction map Geom′n(K,S,L, [a, b];Qp) →
Geom′n(K ′, S′,L′, [a, b];Qp) has finite fibers.
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Proof. First, in view of the definition of piecewise geometricity, we have to check

that, if a Zp[GK,S ]-module is in D = Repfin
Zp(GK,S)st,L,[a,b], then its restriction to

GK′,S′ is in D′ = Repfin
Zp(GK′,S′)st,L′,[a,b] for a suitable choice of S′ and L′. This is

clear. Next, to show the semisimplicity of the restriction ρ|GK′ , let us first assume

that K ′/K is Galois. Then since GK′ is normal in GK , the semisimplicity follows

from Clifford’s theorem ([31, Chap. III, §3, Thm. 3.1]). The case of a general finite

extension K ′ can be reduced to the Galois case by considering its Galois closure

and using the next lemma. Last, the finiteness of the fibers follows from Lemma 8.7

below.

Lemma 8.6. Let G be a group and H a normal subgroup of G of finite index.

Suppose ρ : G→ GLn(E) is a linear representation of G over a field E of charac-

teristic zero. If its restriction ρ|H to H is semisimple, then ρ itself is semisimple.

Proof. This can be proved by the same arguments as the proof of the semisimplicity

of a representation of a finite group over a field of characteristic zero. Let V be the

representation space of ρ, and W a G-stable subspace of V . By assumption, we

have a direct-sum decomposition V = W⊕W ′ as an E[H]-module. Let π : V →W

be the E[H]-linear projection. Then one checks that the map π̃ : V → W defined

by

π̃(v) :=
1

(G : H)

∑
g

(gπg−1)(v)

is an E[G]-linear projection, where the sum is over a complete system of rep-

resentatives for G/H. Thus we obtain a decomposition V = W ⊕ Ker(π̃) as an

E[G]-module.

For any group G and a field E, let Repss

G
(E) denote the set of isomorphism

classes of finite-dimensional semisimple E-linear representations of G.

Lemma 8.7. Let G be a group, H a subgroup of G of finite index and E a field.

Then the restriction map

Repss

G
(E)→ Repss

H
(E)

has finite fibers.

Remark 8.8. This is false without the assumption of semisimplicity if E has

characteristic > 0 (cf. [27, Rem. after Lem. 3.2]).

Proof. Let W be a semisimple E[H]-module of finite dimension over E. Consider

semisimple E[G]-modules V whose restrictions to E[H] are isomorphic to W . It

is enough to show that there are only finitely many possibilities of isomorphism
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classes of E[G]-modules appearing as simple factors of such V ’s. Let V1 be such

a simple factor and W1 its restriction to E[H]. Note that W1 falls in one of the

finitely many isomorphism classes of the E[H]-submodules of the semisimple E[H]-

module W . By Frobenius’ reciprocity law (e.g., [31, Chap. III, Thm. 1.19(ii)]), we

have

HomE[H](W1,W1) ' HomE[G](V1, IndGH(W1)),

where IndGH(W1) := E[G] ⊗E[H] W1 is the representation of G induced from W1.

Since the left-hand side is nonempty, so is the right-hand side, and hence V1 is

identified with a simple factor of IndGH(W1). Since IndGH(W1) has finite length as

an E[G]-module, it has only finitely many composition factors by the Jordan–

Hölder theorem. Hence the possibility for V1 is finite.

By Lemma 8.5, to prove Theorem 8.1, it is enough to prove that, under the

assumption of FM′(b), there exist only finitely many elements of Geom′n(K ′, S′,L′,
[a, b];Qp) that contain OQp -lattices with trivial residual representations. More gen-

erally, we shall prove the following Proposition 8.9. Let k be a finite field, andW the

ring of Witt vectors over k. For a fixed residual representation ρ0 : GK → GLn(k)

in D = Repfin
W (GK,S)st,L,[a,b], let Geom′n(K,S,L, [a, b];Qp)(ρ0) denote the set of

elements of Geom′n(K,S,L, [a, b];Qp) that admits an OQp -lattice whose reduc-

tion is equivalent to ρ0 ⊗k k. Note that a p-adic representation ρ may belong to

Geom′n(K,S,L, [a, b];Qp)(ρi) for unisomorphic residual representations ρi (though

their semisimplifications ρss
i must be isomorphic (cf. [41, §15.2, Thm. 32], at least

for the case of representations of finite groups; the same proof works for profinite

groups as well)). Conjecture FM′(a) is equivalent to the combination of (F) and

the following:

Conjecture FM′(a)
fiber

. The set Geom′n(K,S,L, [a, b];Qp)(ρ0) is finite for any

n,K, S,L, a ≤ b, k and ρ0.

It remains to prove the proposition:

Proposition 8.9. We have FM′(b)⇐⇒ FM′(a)
fiber

.

Note that Conjecture FM′(b) is equivalent to its fiberwise version (whence

the ⇐ in the proposition) since, by Hermite–Minkowski, there exist only finitely

many continuous representations ρ0 : GK,S → GLn(k) for a fixed finite field k.

The proof of ⇒ in the proposition takes the rest of this section. To prove it,

we shall first translate FM′(b) into an “absolutely irreducible version” (FM′(b)ai

below; see Proposition 8.10), and then into a “deformation-theoretic version”

(FM′(d)Qp below; see Proposition 8.18). Once this has been done, then it will
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be easy to prove that FM′(d)Qp
⇒ FM′(a)

fiber
(see Proposition 8.17). Our plan is

summarized as

(8.1)

FM′(b) ks
8.9 +3

KS

8.10

��

FM′(a)
fiber

FM′(b)ai ks
8.18
+3 FM′(d)Qp .

8.17

KS

Let Geomai(K,S,L, h;E) (resp. Geom′,ai
n (K,S,L, [a, b];E)) denote the subset

of Geom(K,S,L, h;E) (resp. Geom′n(K,S,L, [a, b];E)) consisting of the isomor-

phism classes of absolutely irreducible representations. FM(b) and FM′(b) imply:

Conjecture. We have

FM(b)ai : the set Geomai(K,S,L, h;E) is finite for any K, S, L, h, a ≤ b
and E.

FM′(b)ai : the set Geom′,ai
n (K,S,L, [a, b];E) is finite for any K, S, L, n, a ≤ b

and E.

The converse is also true:

Proposition 8.10. We have

(1) FM(b)⇐⇒ FM(b)ai;

(2) FM′(b)⇐⇒ FM′(b)ai.

Proof. We prove only the latter equivalence, since the proof is the same for the

other one. The implication⇒ is trivial. Suppose Geom′n(K,S,L, [a, b];E) is infinite

for some K, S, n, L, a ≤ b and E. Then the next lemma implies that there exists a

finite extension E′/E such that Geom′,ai
m (K,S,L, [a, b];E′) is also infinite for some

m ≤ n.

Lemma 8.11. Let G be a group, E a finite extension of Qp and n a positive

integer. Then there exists a finite extension E′/E such that, for any semisim-

ple representation V of G of dimension n, each irreducible factor of E′ ⊗E V is

absolutely irreducible.

Proof. Let E′ be the compositum (in Qp) of all finite extensions of E of degree

dividing n. Since there are only finitely many extensions of E of a given degree

(e.g., by [39]), the extension E′/E is finite. We shall show that this extension has

the required property. Let V be as in the lemma. We may assume it is irreducible.

Then EV := EndE[G](V ) is a finite extension field of E with [EV : E] dividing n.
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By the definition of E′, there are [EV : E] different E-embeddings of EV into E′.

Then we have

EndE′[G](E
′ ⊗E V ) ' E′ ⊗E EV ' (E′)[EV :E],

showing that each irreducible factor of E′⊗EV has endomorphism ring isomorphic

to E′. Note that semisimplicity is stable under extension of scalars by separable

extensions ([5, Chap. 8, Sect. 13, no. 4, Prop. 4]). By (the nontopological version

of) Proposition 6.3, such a representation is absolutely irreducible.

Now we return to the deformation data D = Repfin
W (GK,S)st,L,[a,b], where W

is the ring of Witt vectors over the finite field k (though parts of the following

discussions are valid for more general deformation data). Fix a residual represen-

tation ρ0 : GK,S → GLn(k) in D. Let RD(ρ0) be the type-D versal deformation

ring of ρ0, and ρD : GK,S → GLn(RD(ρ0)) the versal deformation. Note that, by

[23], both RD(ρ0) and ρD exist. Let RD(ρ0) be the closed RD(ρ0)-subalgebra of

Mn(RD(ρ0)) generated over RD(ρ0) by the image of ρD. For simplicity of nota-

tion, we write R = RD(ρ0) and R = RD(ρ0) in what follows.3 The representation

theories of R and ρD(GK,S) are closely related. To see the relation precisely, we

consider the following objects: Let T = TD(ρ0) be the closed W -subalgebra of

R generated by TrMn(R)/R(ρD(GK,S)), and T = TD(ρ0) the closed T -subalgebra

of R generated by ρD(GK,S). Being subalgebras of the matrix algebra, R and T
have natural structures of τ -algebras in the sense of Section 5. Let fAW be the

category of f-profinite W -algebras and fCW its subcategory consisting of commu-

tative objects. Also, let fAτW be the category of f-profinite W -τ -algebras. For each

E = (Eo, E) ∈ fCW , define three sets Geom′n(K,S,L, [a, b];E)(ρ0), Repai,τ

R,Mn
(E)

and Repai,τ

T ,Mn
(E) as follows:

• Geom′,ai
n (K,S,L, [a, b];E)(ρ0) denotes the set of isomorphism classes of ab-

solutely irreducible representations ρ : GK,S → GLn(E) that descends to a

piecewise geometric representation of type D defined over a closed noetherian

local W -subalgebra E1 of E that is a lifting of ρ0;

• Repai,τ

R,Mn
(E) (resp. Repai,τ

T ,Mn
(E)) denotes the set of isomorphism classes of

absolutely irreducible representations ρ : R → Mn(E) (resp. ρ : T → Mn(E)),

considered in fAτW .

3Caution: In Sections 2–5, the noncommutative ring to be represented was denoted by R.
But to respect the common notation R for the (uni)versal deformation ring, we use R for the
noncommutative ring to be represented and R for the deformation ring, which is the “coefficient
ring” of R in the present context. So the R/E in Section 5 corresponds to R/R here.
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In the rest of this section, let F be the fraction field of W . The above definitions

extend naturally to the case where E is an infinite algebraic extension of F by

taking the inductive limits with respect to finite extensions E′/F contained in E.

Note that

Repai,τ

R,Mn
(E) ⊂ Repai,τ

R,n(E) and Repai,τ

T ,Mn
(E) ⊂ Repai,τ

T ,n(E).

We have the restriction map

γ : Repai,τ

R,Mn
(E)→ Repai,τ

T ,Mn
(E).

In the rest of this section (except some places where otherwise stated), E will

denote a subfield of Qp containing F . We shall define two maps

Repai,τ

R,Mn
(E)

β−−−−→ Geom′,ai
n (K,S,L, [a, b];E)(ρ0)

α−−−−→ Repai,τ

T ,Mn
(E)

in such a way that α ◦ β = γ.

Definition of α: Suppose ρ : GK,S → GLn(E) is in Geom′,ai
n (K,S,L, [a, b];E)(ρ0).

Then it is induced by some φ : R→ E1 ⊂ E by the versality of ρD, which induces

also the representation Mn(φ)|T : T → Mn(E) in Repai,τ

T ,Mn
(E). Although the map

φ may not be unique (since ρD may not be universal), the restriction φ|T : T → E

is uniquely determined by ρ, because T is topologically generated over W by

TrMn(R)/R(ρD(g)) for all g ∈ GK,S , and each TrMn(R)/R(ρD(g)) has to be mapped

to TrMn(E)/E(ρ(g)). It follows then that the isomorphism class of the representation

Mn(φ)|T is also uniquely determined by ρ, because T is topologically generated

over T by ρD(GK,S) and GLn(φ)◦ρD is conjugate to ρ by an element of GLn(E1).

Thus we obtain a map of sets

α : Geom′,ai
n (K,S,L, [a, b];E)(ρ0)→ Repai,τ

T ,Mn
(E),

ρ 7→ Mn(φ)|T .

This map α is injective. Indeed, suppose ρ1 and ρ2 give rise to isomorphic rep-

resentations of T . Then ρi ∼ GLn(φi) ◦ ρD for some φi : R → E (i = 1, 2) and

Mn(φ1)|T ∼ Mn(φ2)|T as representations of T , where ∼ means “conjugate by an

element of GLn(E)”, whence ρ1 ∼ ρ2 as representations of GK,S .

Remark 8.12. We cannot define a map Geom′,ai
n (K, S, L, [a, b]; E) (ρ0) →

Repai,τ

R,Mn
(E) in the same way as above because the map φ may not be unique.

Definition of β: Suppose ρ : R → Mn(E) is a representation in Repai,τ

R,Mn
(E). By

restriction to ρD(GK,S) ⊂ R×, we obtain a representation ρ′ : GK,S → GLn(E),
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whose class is in fact in Geom′,ai
n (K,S,L, [a, b];E)(ρ0). Indeed, ρ induces a mor-

phism φ : R→ E since R is contained in the center of R, and, by Proposition 5.7

(cf. also Proposition 5.9), ρ is isomorphic to Mn(φ)|R (this is the point where we

need the τ -structure), and hence ρ′ is isomorphic to

φ∗ρD = GLn(φ) ◦ ρD : GK,S → GLn(R)→ GLn(E1) ↪→ GLn(E),

where we set E1 := Im(φ : R → E) (note that the first factor E1,o of E1 is in

CW ). Since ρD is versal of type D, the representation φ∗ρD is in Geom′,ai
n (K,S,L,

[a, b];E)(ρ0). Thus we obtain a map of sets

β : Repai,τ

R,Mn
(E) → Geom′,ai

n (K,S,L, [a, b];E)(ρ0),

ρ 7→ ρ′.

This map β is surjective, because each ρ in Geom′,ai
n (K,S,L, [a, b];E)(ρ0) arises

from some φ : R → E1 by the versality of ρD, and then the class of Mn(φ)|R :

R → Mn(E1) ↪→ Mn(E) in Repai,τ

R,Mn
(E) is mapped by β to the class of ρ.

By construction, the composition α ◦ β is the restriction map γ.

Thus we have proved the following result:

Proposition 8.13. For each algebraic extension E of F , we have the following

commutative diagram:

Repai,τ

R,Mn
(E)

β

))
γ

��

Geom′,ai
n (K,S,L, [a, b];E)(ρ0)

α
uu

Repai,τ

T ,Mn
(E),

in which α is injective and β is surjective.

Set

Repai,τ

D,ρ0,Mn
(E) := Im(γ : Repai,τ

R,Mn
(E)→ Repai,τ

T ,Mn
(E)),

Repai,τ

D,ρ0,n
(E) := Im(γ′ : Repai,τ

R,n(E)→ Repai,τ

T ,n(E)),

where γ′ is also the restriction map (these are merely sets, not schemes). The latter

set contains the former. By the above proposition, there is a bijection

(8.2) α : Geom′,ai
n (K,S,L, [a, b];E)(ρ0)

∼−−−−→ Repai,τ

D,ρ0,Mn
(E).
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The next proposition allows us to confine our attention to representations into

matrix algebras.

Proposition 8.14. The following statements are equivalent:

(1) The set Geom′,ai
n (K,S,L, [a, b];E)(ρ0) is finite for any finite extension E of F .

(2) The set Repai,τ

D,ρ0,Mn
(E) is finite for any finite extension E of F .

(3) The set Repai,τ

D,ρ0,n
(E) is finite for any finite extension E of F .

Proof. The equivalence of (1) and (2) is trivial by (8.2). The implication (3)⇒ (2)

is also trivial. Suppose Repai,τ

D,ρ0,n
(E) is infinite for some E. Recall that all Azumaya

algebras of degree n over the field E split by any extension E′/E of degree n (e.g.,

combine [46, I-4, Prop. 5, IX-1, Th. 1 and IX-1, Prop. 3, Cor. 6]). The scalar

extension E → E′ then gives rise to a map

Repai,τ

D,ρ0,n
(E)→ Repai,τ

D,ρ0,Mn
(E′),

which is injective since absolutely irreducible representations are determined by

traces (Corollary 4.22). Thus (2) implies (3).

Let Xτ
R,n,W be the moduli scheme of degree-n absolutely irreducible τ -rep-

resentations of the ring R = RD(ρ0) in fAτW (cf. Theorem 5.8), so that we have

Xτ
R,n,W (E) = Repai,τ

R,n(E) for E ∈ fCW . It is of finite type since R is finitely

generated as an object of fAW . Recall that it was constructed as an open subscheme

of Spec(Rtr), where Rtr is the closed W -subalgebra of R = RD(ρ0) generated by

TrMn(R)/R(R) (note that, by Proposition 5.9, the inclusion map R ↪→ Mn(R) is a

versal morphism as in (Vai,τ
n,F ) of Section 5). We have Rtr[1/n] = R[1/n] since R

contains the scalar matrices R1n. If ρ0 is absolutely irreducible, then the universal

deformation ring R serves well enough for our purpose:

Proposition 8.15. If ρ0 is absolutely irreducible, then we have R = Mn(R), and

the identity map Φ : R → Mn(R) is the universal morphism. Hence we have

Rtr = R, and Xτ
R,n,W = Spec(R). In particular, these are all profinite.

Proof. If ρ0 is absolutely irreducible, then the reduction of R modulo the maximal

ideal of R is equal to Mn(k). By Nakayama’s lemma, R coincides with Mn(R). The

rest follows from Example 4.23 (note that, if R is a matrix algebra, there is no

difference between the τ - and non-τ -versions).

By the above proposition, Conjecture FM(d) may be rephrased (at least when

ρ0 is absolutely irreducible) as follows:
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Conjecture FM′(d)ai. If ρ0 is absolutely irreducible, then the profinite scheme

Xτ
R,n,W is finite over W .

Let Xτ
T ,n,W be the moduli scheme of degree-n absolutely irreducible τ -repre-

sentations of T in fAτW ; we have Xτ
T ,n,W (E) = Repai,τ

T ,n(E) for E ∈ fCW . It is an

open subscheme of Spec(T ) (note that T = T tr, since T is the closed W -subalgebra

of R generated by the traces of all elements of ρD(GK,S) ⊂ T ×). In general, if ρ0 is

not absolutely irreducible, the bijectivity (8.2) suggests that one should look at the

image of Xτ
R,n,W → Xτ

T ,n,W . Also, since we are interested in Qp-representations,

we should look at

Xτ
D,ρ0,Qp := Im(Xτ

R,n,W,Qp → Xτ
T ,n,W,Qp),

where Xτ
R,n,W,Qp := Xτ

R,n,W [p−1] and Xτ
T ,n,W,Qp := Xτ

T ,n,W [p−1] are the f-profi-

nite schemes obtained from Xτ
R,n,W and Xτ

T ,n,W by making p invertible. These

are all f-profinite schemes over F = W [p−1]. Note that, for any algebraic extension

E of F , we have Xτ
R,n,W,Qp(E) = Xτ

R,n,W (E) ' Repai,τ

R,n(E) and Xτ
T ,n,W,Qp(E) =

Xτ
T ,n,W (E) ' Repai,τ

T ,n(E). We also have

Xτ
D,ρ0,Qp(E) ⊃ Repai,τ

D,ρ0,n
(E) ⊃ Repai,τ

D,ρ0,Mn
(E) ' Geom′,ai

n (K,S,L, [a, b];E)(ρ0).

Remark 8.16. In general, the prime p may or may not be invertible in Xτ
R,n,W

and Xτ
T ,n,W . That p is invertible in Xτ

R,n,W means that there exist no absolutely

irreducible representations of R over an f-profinite W -algebra in which p is not

invertible. If ρ0 is absolutely irreducible, then p is not invertible in Xτ
R,n,W since

Xτ
R,n,W (k) has a point corresponding to ρ0. The converse may also be expected

to be true. For example, the trivial representation ρ0 = 1 of dimension n may lift

to a representation over Fp[[t]] that yields an absolutely irreducible representation

ρ : GK,S → GLn(Fp((t))). But such a representation does not seem to come from

a representation of R.

Now FM′(d)ai is generalized as follows:

Conjecture FM′(d)Qp
. For any residual representation ρ0 ∈ D, the f-profinite

scheme Xτ
D,ρ0,Qp is finite over F .

This implies that the set Xτ
D,ρ0,Qp(Qp) is, and a fortiori Repai,τ

D,ρ0,n
(Qp) is,

finite. Hence we have the following proposition:

Proposition 8.17. We have FM′(d)Qp
=⇒ FM′(a)

fiber
.

In fact, the converse ⇐ is also true as plotted in diagram (8.1). To complete

the plot, it remains for us to prove the following result:
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Proposition 8.18. We have FM′(b)ai ⇐⇒ FM′(d)Qp
.

Proof. The implication ⇐ is easy: Assume that FM(d)Qp
is true. Let E/F be a

finite extension and kE the residue field of E. Since there exist only finitely many

continuous representations ρ0 : GK,S → GLn(kE) by the Hermite–Minkowski

theorem, it is enough to show that the set Geom′,ai
n (K,S,L, [a, b];E)(ρ0) is finite

for each ρ0. But FM′(d)Qp
implies the finiteness of Repai,τ

D,ρ0,n
(Qp), which contains

Geom′,ai
n (K,S,L, [a, b];E)(ρ0).

Next we prove the opposite implication⇒. Suppose that Xτ
D,ρ0,Qp is not finite

over F . By Proposition 8.14, it is enough to show that the set Repai,τ

D,ρ0,n
(E) =

Im(γ : Xτ
R,n,W,Qp(E)→Xτ

T ,n,W,Qp(E)) is infinite for some E. Recall that Xτ
R,n,W,Qp

and Xτ
T ,n,W,Qp are open subschemes of Spec(R[p−1]) and Spec(T [p−1]) respectively

(note that Rtr[n−1] = R[n−1], so that we do not need “tr” here). By restricting

our attention to an irreducible component of Spec(R) (or, factoring R modulo

a minimal prime ideal), we are reduced to the case where R is integral. More

precisely, we proceed as follows: By assumption, there is a minimal prime ideal p

of R such that, if T is the image of the composite map T ↪→ R→ R := R/p, then

T [p−1] is not finite over F . Note that R is a complete noetherian local domain

in CW . Considering Xτ
R,n,W,Qp ⊗R[p−1] R[p−1]→ Xτ

T ,n,W,Qp ⊗T [p−1] T [p−1] instead

of Xτ
R,n,W,Qp → Xτ

T ,n,W,Qp , we may and do assume that R is integral and T is a

W -subalgebra of R such that T [p−1] is not finite over F .

Now choose nonzero elements d ∈ Rtr and e ∈ T such that (the inclu-

sion map T ↪→ R induces a morphism T [e−1] ↪→ R[d−1] and) the morphism

Spec(R[d−1, p−1]) → Spec(T [e−1, p−1]) is an “affine piece” of γ : Xτ
R,n,W,Qp →

Xτ
T ,n,W,Qp . We are to show that there exist infinitely many morphisms ϕ : T [e−1,

p−1] → E that extend to morphisms φ : R[d−1, p−1] → E and hence produce in-

finitely many points on Xτ
D,ρ0,Qp . By the structure theorem of complete noetherian

local domains (cf. e.g., [13, Chap. 0IV, Thm. 19.8.8] or [24, Sect. 29]), R is finite

over a subring R0 that is isomorphic to the power series ring W [[X1, . . . , Xm]] for

some m ≥ 1. Let δ = (d)∩R0 be the ideal of R0 lying below (d). Since δ 6= 0, there

exist infinitely many morphisms φ0 : R0 → W in CW such that φ0(δ) 6= 0. Since

there exist only finitely many finite extensions E/F of a given degree, Lemma 8.19

below allows us to find a finite extension E/F such that each of the morphisms

φ0 : R0 → W as above extends to a morphism φ : R → OE . Since φ(d) 6= 0, it

extends further to a morphism φ : R[d−1, p−1] → E. Thus we obtain infinitely

many points in Xτ
R,n,W,Qp(E).

Each such φ induces a morphism φ|T [e−1,p−1] : T [e−1, p−1] → E, and hence

a point of Xτ
T ,n,W,Qp(E). We claim that there arise infinitely many different mor-

phisms as φ|T [e−1,p−1] when φ : R[d−1, p−1] → E varies. This can be checked
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as follows: Let t be an element of T that is transcendental over W (such a t

exists because the algebraic closure of F in the topologically finitely generated

F -algebra R[p−1] is finite over F , while T [p−1] is assumed not finite over F ).

Then we will have infinitely many different values of φ(t). To be more precise, let∑
aiY

i (ai ∈ R0) be the minimal polynomial of t over R0. By Gauss’ lemma, it

is irreducible over the fraction field K0 of R0. Each ai is a symmetric polynomial

of the conjugates of t in the Galois closure over K0 of the fraction field of R,

and at least one of the ai’s, say aj , is transcendental over W . When the variables

X1, . . . , Xm vary in pW , the power series aj assumes infinitely many different val-

ues, and hence so does our t. Thus there arise infinitely many different morphisms

φ|T [e−1,p−1] : T [e−1, p−1]→ E.

Finally, we prove a lemma:

Lemma 8.19. Let Λ be a commutative ring. Let R be an integral Λ-algebra and

R0 a Λ-subalgebra of R. Let A0 be another integral Λ-algebra and E0 the field of

fractions of A0. Assume R is generated as an R0-module by at most N elements.

Then for any Λ-algebra homomorphism f0 : R0 → A0, there exists a finite ex-

tension E/E0 of degree ≤ N such that f0 extends to a Λ-algebra homomorphism

f : R→ A, where A is the integral closure of A0 in E.

Proof. Let p0 := Ker(f0). Since R is integral over R0, there exists a prime ideal p

of R such that p ∩ R0 = p0. Let κ(p0) and κ(p) be the residue fields of p0 and p

respectively. Then κ(p0) is identified with a subfield of E0 via f0. By assumption,

the extension κ(p)/κ(p0) has degree ≤ N . Let E be a compositum of E0 and κ(p)

in an algebraic closure of E0. Then the extension E/E0 has degree ≤ N , and

f0 : R0 → κ(p0) ↪→ E0 extends to a Λ-algebra homomorphism f : R→ κ(p) ↪→ E.

Since R is integral over R0, the image of f is also integral over A0.
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