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Resonances of the Square Root of the Pauli
Operator

by

Hiroshi T. ITO

Abstract

We investigate the spectral properties of two relativistic Hamiltonians: one is the square
root of a Pauli operator with an electric potential growing polynomially at infinity, and the
other differs from it only in the sign of the potential. Moreover, we show that resonances
(eigenvalues) of each of them converge to resonances (eigenvalues) of the corresponding
Pauli operators with the same potential in the nonrelativistic limit.
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§1. Introduction

In this paper we consider the following two Hamiltonians L1 (c) acting on the
Hilbert space L?(R*)%:

(1.1) Li(c) = :l:\/(ca~Db)2—|-m204 —me® + V(z).

Here ¢ > 0 is the speed of light, m > 0 is the rest mass of a relativistic particle,
Db .= D — b(x) = —iV — b(z) and o = (01,02,03), where 0y, 09, 03 are Pauli
matrices, i.e., (2 x 2)-Hermitian matrices satisfying

(12) 00k + 0x0; = 25jkI2,

(1.3) O'10'2=i0‘3, 0203:’i01, g301 :idg,

for j,k =1, 2, 3, where I,, is the n X n unit matrix. For example, the following o1,
o9, 03 satisfy (1.2) and (1.3):

Lo (o1 (0 _(ro
7 \10)° 27 \io)’ P lo-1)"
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The square root /(co - D?)2 + m2c* is well defined because the Pauli operator (co-
D)2 +m?2c* is a positive self-adjoint operator under our assumption below. Since
(0 - D)? = —Al, follows from (1.2) and (1.3), L+ (c) are relativistic Schrédinger
operators when b = 0. The potential V(z) is an Hermitian (2 x 2)-matrix-valued
function with a scalar principal part v(z) Iz diverging at infinity, and the magnetic
potential b: R* — R® is bounded. Moreover, we assume that they are all dilation
analytic as in [1].

Let us state our assumptions more precisely. Conditions (1.4) and (1.5) below
are used in the studies of L, (¢) and L_(c), respectively.

Assumption 1.1. The positive constants M, M, My with M; < Ms and aq are
supposed to satisfy one of the following conditions:

(1.4) ap < M:—i- 5 and ag(Mz— M) <m

or

(1.5) ap < min {27‘-,7‘(‘/2} and ag(Ms — M) < .
My + 2

Let us define stripes Q := {# € C;|Im6| < ap} and Qy = {# € C;0 <
+Im6 < ap}.

The potential V(x) is decomposed as V(x) = v(x)Is + W(z), where v(z) and
W (z) are continuous real-valued and Hermitian (2 x 2)-matrix-valued functions,
respectively, and b € C*° (R37 RS). Moreover, they satisfy the following conditions:

(v) For each 6 € Q, there exist a continuous function vg(z) such that v;(z) = v(elz)
for t € R and (vgf, f) is analytic in 6 € Q for each f € S, the Schwartz space.
Moreover, there exist positive constants Ry, Ky and K, for multiindices « such
that v;r € C*°(|z| > Ro) and

(1.6) 102 vir ()] < Kalz[M71, - Jaf >0,
(17) Ko Hal™ < Jvir ()] < Kol ™,
(1.8) My < arg(vir(x)) < 7M;

are satisfied uniformly in |z| > Ry and 0 < 7 < ap, and
(1.9) sup |vir (2)| < 0.

|z]<Ro,|T|<ao

(W) For each 6 € Q, there exist a (2 X 2)-matrix-valued continuous function Wy(x)
such that Wy(z) = W(e'zx) for t € R and (Wpf, f) is analytic in 6 € Q for each



RESONANCES 519

f € 8? and that

sup Wi (2)(@) "M |ar, < o0,
zeR3,7€[0,a0)
(1.10) Jlim (Wir (@) (z) " |n, =0
xTr|— 00

uniformly in 7 € [0,a9) , where () = /|z|>+ 1 and | - |5, denotes the usual

matrix norm.

(b) For each 0 € Q, there exists a C®-function by = *(b1g,b29,b30) : R — R®
such that b;(z) = b(e'z) for t € R and (bjef, f), j = 1, 2, 3 is analytic in 6 € Q
for each f € S and that

(1.11) 02bir ()] < Ko ()~

is satisfied uniformly in 7 € [0, ap) for |a] > 0 with some K, > 0.
In the sequel we write Vy(x) := vg(x) Iz + Wy(x) and assume ¢ > 1.

Remark 1.2. For sufficiently small ag, condition (1.8) is satisfied for some posi-
tive M7 and M, if there exists K > 0 such that

z-Vo(z) > Kl|z|M
for |x| > Ry (see, e.g., [16, Lemma 2.2]).

Remark 1.3. By the dilation analyticity above we see that

voi(x) = vg(e'x)
etc., for all t € R and 0 € Q, and that v_;;(z) = vi () etc., for all 7 € (—aop, ao).
Thus, estimates on vg, Wy and by for 8 € Q follow from those for 6 = iT, 7 € [0, aop).

Remark 1.4. Let us denote by || - ||o the L®-norm on R*. Then, (v) implies

(1.12) sup [[vir () ()™M oo < 00

|T]<ao
and Q 3> 6 — vp(-)(-)~™ is analytic in the operator norm. Further, by virtue of
the Cauchy integral formula, the above estimate is valid even when v;, is replaced
by %Uﬁ— for each positive integer k.

Remark 1.5. A typical example of v(z) is v(z) = q(z/|z|)|z|M with a C>-
function ¢ on S2, the unit sphere in R®. In this case, M; = M, = M and aq
is arbitrarily chosen if it satisfies (1.4) or (1.5).
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Here we make some comments on the notation used in this paper. We denote

by || - || (resp. (-,-) ) the norm (resp. the scalar product) of the Hilbert space
(L?)? = L*(R®)? and also use this notation for other Hilbert spaces if they do not
cause confusion. Moreover, the notation || - || is also used for operator norms. We

denote by S the Schwartz space on R® and by H* = H*(R?®) the Sobolev space of
order s. We also define Dy, := L3,NH", where L2, = L%,(R?) := L*(R?; ()M dx)
is a weighted L2-space. We sometimes write p for pI,,, omitting identity matrices
I,,, when p is a scalar function or an operator acting on L?(R®). We denote the
numerical range of an operator T by Num(7T):

Num(T) = {(Tu, u);w € D(T), |Jul = 1},

where D(T') denotes the domain of T. We denote the spectrum of T by o(T'), the
discrete spectrum o4(T'), the absolutely continuous spectrum o,.(T), the singular
continuous spectrum oy (T) and the resolvent set p(T'). The letter K will denote
various constants that may change from line to line. The square root /z is defined
to have the branch on the negative real line.

Let m, s € R and denote by S™* the space of functions p(z,£) € C®(R? x
R?) satisfying

|8?8fp(a:,§)\ < Kaﬁ@)m_lm(@s_‘al on R® x R?,

for all @ and 8. We denote by X% the set of pseudodifferential operators p(z, D),
p € 8™ defined by

p(er, Dyu(z) = ﬁ / / @€ €)uly) de dy.

The Pauli operator (o-D%)? is a nonnegative self-adjoint operator with domain
(H?)? and is written

(1.13) (0-D?2 = (D —b(x))?I, — o - (V x b(x)),

using (1.2) and (1.3). Since (o - D*)2 +mc? is a positive self-adjoint operator, the
square root /(co - D)2 4+ m2ct is well defined.
The following theorem is proved in the same way as in [11] (see also [12]) by

using the commutator theorem (see, e.g., [20, Theorem X.36]).
Theorem 1.6. The Hamiltonians L (c) defined on S? are essentially self-adjoint.

We also denote the unique self-adjoint extension with the same notation,
Li(c).
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Due to the dilation analyticity of potentials we can define the following dilated
operators for 6:

Li(e.0) = +\/(co - D})? +m2et —me® + Vy(a),

where D} = e=?D — by(x).
If b = 0, then \/(ca D82+ m2ct = V—c2e 2 A + m2ct], is well defined
for [Im@| < 7/2 as a closed operator with domain (H')2. However, if b # 0 and

Im 6 # 0, there is a possibility that the spectrum of (co - Dg)2 +m?2c* contains the
zero so that its square root is not well defined in the usual way. But, for each ¢ > 1
we can take a constant 79(c) € (0, ao] satisfying the following condition: there exist
two small constants 6 > 0 and §’ > 0 independent of ¢ > 1 such that

Cs C p((co - D?)? +m?c*) and Cs; N Num((co - D?)? +m?ct — ') = ¢
are valid for all 7 € [0,79(c)) , where
Cs:={zm—06 <argz <m+d},

a sector containing the half-line (—oo, 0]. Then, by the Dunford integral, the square
root of (co - D)2 + m?ct is well defined (see (3.4)). Indeed, we show that there
exists 79 > 0 such that 79 < 79(c) for all ¢ > 1 (Lemma 3.1) and that we can
take 19(c) = ap for a sufficiently large number ¢ (Lemma 3.2). We also note that
To(c) = ap for all ¢ > 1 if b = 0. We set

Qc) :={0 € Q; | Im 0| < 19(c)},
Qi (c):={0€2;,0<Imb < 19(c)}.

Then, from (3.4) it is easily seen that \/ (co - D§)? + m2c* is an analytic family of
type (A) in 0 € Q(c) (see, e.g., [17, VII], [21, XII]).

Now let us state our results on the spectral properties of L (c) for fixed ¢ > 1.
Let {U(t)}scr be the dilation group on R?,

U )(w) = e f(e'a),
and write Uy (t) = U(t)Iz. We will see that {L, (c,0)}gcq(e) is an analytic family
of type (A) with compact resolvent, and satisfies

(1.14) Us ()L (c, OUs(t) ™ = Li(c,0+1t), t€R, Q)

(see Proposition 3.4). Thus L4 (c,0) has a purely discrete spectrum and, since
Li(c) = Li(c,0), the standard argument on the dilation analyticity gives the
following theorem.
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Theorem 1.7. Suppose Assumption 1.1 with (1.4) and fix ¢ > 1:

(a) The discrete spectrum o4(L4(c,8)) is independent of 8 € Q(c), denoted by
Y1 (c), and coincides with op(L4(c)). Moreover, the multiplicity of each eigen-
value is independent of 6 € Q(c).

(b) Li(c) has a purely discrete spectrum.

We shall see that {L_(c,0)}scq, () is an analytic family of type (A) only in
Q4 (c) (not in Q(c)) and that each L_(c,#) also has compact resolvent for each
0 € Q4 (c) and satisfies

(1.15) Us(H)L_(c, O Uo(t) ™ =L _(c,0+1), t€R, 6€Qy(c).

Thus, the spectrum of L_(c,8) (also consisting of a discrete spectrum only) is
independent of § € Q4 (c). On the other hand, it will be proved that the resolvent
(L_(c) —2)71, Imz < 0 is the strong limit of (L_(c,0) —2)"! as Q,(c) 26 — 0
(Proposition 3.4). Namely, L_(c) is obtained as the limit of L_ (¢, #). However, the
spectral properties of L_(c) and L_(c,0) are quite different. Indeed, we have the
following theorem.

Theorem 1.8. Suppose Assumption 1.1 with (1.5) and fix ¢ > 1:

(a) The discrete spectrum oq(L_(c,0)) is independent of 0 € Q4 (c), denoted by
¥ _(c), and satisfies

Y_(c)cCy, T_(¢)NR=o0p(L_(c)),

where Cy = {z € C;Im z > 0} is the closed upper half-plane. Moreover, the
multiplicity of each eigenvalue is independent of 6 € 4.

(b) L_(c) has at most finitely many eigenvalues, and the multiplicity of each of
them is finite.

(c) o(L_(c)) = R and os.(L_(c)) = ¢. In particular, o(L_(c)) \ op(L-(c)) C
Oac(L—(c)).

Remark 1.9. We emphasize that, even though the spectra of L, (c) and L_(c)
are quite different, they can be treated in the same framework (Theorem 2.3).
Indeed, they are regarded as boundary values of analytic families {L (c,0)}gcq_ ()
and {L_(c,0)}geq_(c), respectively (see Section 2 for the definition of a boundary
value of an analytic family). In [16] we proved that self-adjoint operators T" defined
as boundary values of a certain analytic family are classified into two categories:
type (I) where o(T) = 04(T), and type (II) where o(T) = (—00, +00), 0sc(T) =0
(Theorem 2.3). In Section 3, we shall show that L (c) is of type (I) and L_(c) is
of type (II).
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Under some conditions, there is no embedded eigenvalue of L_(c¢) in o(L_(c))
=R

Corollary 1.10. In addition to Assumption 1.1 with (1.5), suppose b = 0 and
there exists 01 € Q. such that Tm Vg, (x) := (2) =" (Vp, ()= Vy' (x)) is a nonnegative
Hermitian matriz for each x € R>. Then, o,(L_(c)) = ¢. Moreover, there exists
Ao > 0 independent of ¢ > 1 such that ¥_(c) C {Imz > Ao}.

Remark 1.11. (i) Each element of ¥_(c) is called a resonance of L_(c).

(ii) As far as the author knows there are only a few studies on the relativistic
Schrédinger operator /—A + 1—wv(x) with a potential v(z) satisfying v(x) —
o0 as |z] = oo (e.g., [11, 12, 16)).

Now we investigate a resonance-free region for each ¢ > 1. Let us denote by
N(C,d), d > 0 the d-neighborhood of a set C:

N(C,d) = {z;dist(z,C) < d},
and let us define a sector
C(w,11,m) = {2 € C;m < arg(z —w) < 7}
forwe Cand — 7 <71 <19 <.

Theorem 1.12. Suppose Assumption 1.1 with (1.5) and fixz ¢ > 1. Then, for any
e > 0 there exists d > 0 such that

(1.16) ¥ (c) C N(C(=2mc?,01(c) —&,05(c) +¢),d)NC,

where

O1(c) = min{ W,Mﬁo(c)} ,

_ M
My +2
M.

Os(c) := max{lw2 j_ ik TQ(C)}.

Moreover, (1.16) is valid for e =0 if b=0 and W = 0.

Remark 1.13. Let b= 0, W = 0 and v(x) = so|z|™ for some ro > 0 and M > 2.
Then, we can see that My = My = M and € = d = 0 so that the resonances of
L_(c) + 2mc? are contained in the sector (5.2). In the final section we show that
the result of this theorem is optimal in this case.

We next consider two Pauli operators Py acting on (L?)2,

(1.17) Py = i%(a D)2 () Iy + W (),
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and their dilated operators
1
(1.18) Py(0) =5 (o DY)? + vg(z) Iy + Wy(x)

for 0 € Q. Here we assume (1.4) and 0 € Q for P,(0), and (1.5) and 6 € Q4 for
P_ (), respectively. We will show that both P, (#) and P_(f) are closed operators
with domain (H?)? N (L3,)? and that Py is self-adjoint with the same domain
and that S2 is its core. But, the essential self-adjointness of P_ defined on S2 is
guaranteed only for M < 2 (e.g., [13]). Indeed, the Schrédinger operator —A —|z|*,
s > 0, defined on 82, is essentially self-adjoint if and only if 0 < s < 2 (see, e.g.,
[7], [20]).

Proposition 1.14. Suppose Assumption 1.1 with (1.4):

(a) Py (= Py(0)) defined on S? is essentially self-adjoint and its self-adjoint ez-
tension, also denoted by Py, is bounded from below and has compact resolvent.
In particular, it has a purely discrete spectrum with its eigenvalues accumulat-
ing at infinity.

(b) For 6 € Q, P, (0) defined on S* has a unique closed extension, also denoted by
P, (), with domain (H?)*N (L3%,)?, and its spectrum oq(P1(0)) consists only
of eigenvalues with finite multiplicity. Moreover, oq(Py(0)) is independent of
0, i.e., 0(Py(0)) = 04(P(0)) = 0a(Py) = o(Py), and the multiplicity of each
eigenvalue is independent of 0 € Q).

Proposition 1.15. Suppose Assumption 1.1 with (1.5) . Let 6 € Q.

(a) P_(0) defined on 8% has a unique closed extension, also denoted by P_(0), with
domain (H*)?N(L3%;)?. Also, P_(0) has compact resolvent, and so its spectrum
o(P_(0)) = cq(P-(0)) consists only of eigenvalues with finite multiplicity.
Moreover, aq(P_(0)) is independent of 6, and satisfies oq(P—_(0)) C C4, and
the multiplicity of each eigenvalue is independent of 8 € Q..

(b) If M < 2, then P_ defined on S? is essentially self-adjoint and its self-adjoint
extension, also denoted by P_, has at most finitely many eigenvalues, and the
multiplicity of each of them is finite. Moreover,

oa(P_(0)) N R = oy (P-)

for 0 € Qp, and o(P-) = R, 0s.(P-) = ¢. In particular, o(P_) \ op(P-) C
Cac(P-).

We call an eigenvalue of P_(0) a resonance of P_, and the multiplicity of the
resonance is defined to be the algebraic multiplicity of the eigenvalue.
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Remark 1.16. Let us consider a typical case: v(z) = |z|™, b =0, W = 0 and
m =1/2,ie., P = £A+|z|™. Denote by {v;}52, the eigenvalues of P} and fy :=
m(2+M)~!. Then {—e~2#1;}%2 | is the set of resonances of P_ (see [16, p. 1335]).
In particular, the resonances of P_ = A + |z|? lie on the positive imaginary axis
when M = 2.

Now we state our results on the nonrelativistic limits of Ly (c). We denote by
B.(\) the disc with center A and radius € > 0:

B.(\):={z€C;lz— ) <e}.

Theorem 1.17. Suppose Assumption 1.1 with (1.4). Fiz L > 0 and denote by
{)\j};vjl the set of all eigenvalues of Py in the interval (—oo, L), and denote by
m; the multiplicity of Aj. Then, for any small € > 0 there exists co > 0 such that
if ¢ > co, there are m; eigenvalues of Ly (c) in B:(X\;) for each j = 1,...,Ny.
Moreover, there is no eigenvalue in (—oo, L) \ (U;V:l B.(}))).

Theorem 1.18. Suppose Assumption 1.1 with (1.5). Let O be a bounded open set
in C' and denote by {uk}kjyz’l the set of all resonances of P_ in it, and denote by
ng the (algebraic) multiplicity of px. Then, for any small e > 0 there exists cg > 0
such that if ¢ > cg, there are ny resonances of L_(c) + 2mc? in Be(ug) N Cy for
each k =1,...,N_. Moreover, there is no resonance in O\ ( Ui\;_l B (pr)).

Remark 1.19. The resonances of L_(c) locate in its numerical range. It is known
that the resolvent of a non-self-adjoint operator is hard to handle if the spectrum
parameter belongs to the numerical range. Indeed, in the one-dimensional case,

—1
o d? ) )
—e it 2+ezt$2_rez‘r
dx

diverges as r — oo if |7| < |t|, even though the spectrum of the —e~%d? /dx?+ e x?

the norm

is a subset of R ([6, Thm. 14.5.4]). Taking account of this fact, we cannot expect
to obtain a useful uniform estimate of ||(L_(c,6) — 2z)~!|| when z belongs to the
numerical range even though z is not near the spectrum. Since our approach
depends heavily on uniform resolvent estimates of Ly (c,#), it is difficult for us
to eliminate the boundedness condition on O in Theorem 1.18.

In [14] the spectral property and the nonrelativistic limit of resonances of the
Dirac operator with the magnetic and electric potentials b and v, respectively, are
studied by using the result obtained in the present work. Here we briefly explain
a relation between L4 (c) and the Dirac operator. See [14] (but [16] for the case
b = 0) for the details.
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Let us consider the Dirac operator with a magnetic potential b and an electric
potential v:
H(c) = ca - D® 4+ mc?B + vy

in (L?)*, where o = (a1, 2, 3), a; and 3 are the Dirac matrices

o Ojo . IQO
aﬂ_(oo])’ B‘(o—b)’

and denote Li(c,8) with W =0 by Li1(c,0). A resonance of H(c) is defined by
an eigenvalue of the dilated Dirac operator

H(c,0) = ca- Dy 4+ mc®B + vgly

for 0 € Q4 (c) with assumption (1.4). There exists an invertible bounded operator
Ule, ) such that U(c,0)(H(c,0) — mc?)U(c,0)~! = Ly + Q1, where

L — L+1(C79)12 0
b 0 L_i(c,0)Iy)°

Q1 := U(C, (9)1}9[4(](0, 0)_1 — vgly.

Roughly speaking, Q{x)~**! is bounded and its norm goes to zero as ¢ —
oo. Namely, Lq is the principal term and )i is its perturbation, and hence the
analysis of Lyj(c,6) is necessary for investigating the resonances of H(c). See
[14] (but [16] for b = 0) to know how we use results on L (c,8) to study the
Dirac operator. When 6§ = 0, this transformation by U(c, ) is called the Foldy—
Wouthuysen transformation.

This work is closely related to the nonrelativistic limit of Dirac operators,
and there are many papers on the subject (see [23], [15], [16]). However, relativis-
tic Schrodinger operators and, more generally, the square root of Pauli operators
themselves, are interesting subject to study. Though there are many studies on
relativistic Schrodinger operators (see, e.g., [3], [18], and see also [9] for semirel-
ativistic Pauli-Fierz Hamiltonians), as far as the author knows there is no study
on the spectral property and resonances of the square root of a Pauli operator (or
a Schrodinger operator) with a potential diverging to —oo as |z| — oo, except for
[11, 12, 16]. In [11, 12] the essential self-adjointness is investigated, and in [16] sev-
eral results, as in the present work, are obtained for b = 0 and W = 0. The spectral
properties of Schrédinger operators with a similar potential are studied by several
authors (see, e.g., [5, 26]). But, they do not discuss the resonances. We impose
the dilation analyticity on the potentials to discuss the resonances. The dilation
analytic method, which dates back to [1], has been applied to many Schrodinger
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operators and Dirac operators (e.g., [2, 4, 8, 10, 16, 22, 25]). In particular, Amour,
Brummelhuis and Nourrigat [2] used the method to study the nonrelativistic limit
of resonances of Dirac operators with an electric potential diverging at infinity (see
also [24]). Inspired by their work, the author and Yamada [16] studied the same
problem by introducing two relativistic Schrodinger operators, and in this work
the study of the relativistic Schrédinger operators plays a crucial role. However,
Dirac operators have no magnetic potentials in [2, 16]. In [14] their results are
extended to Dirac operators with a magnetic potential.

Finally, we compare the present results with those in [16], in which Dirac
operators and relativistic Schrédingers are considered. In [16] the same results as
Theorems 1.7, 1.8 and Propositions 1.14 and 1.15 have been proved under the
assumption b = 0 and W = 0, and Theorems 1.17 and 1.18 in the case of b = 0
and W = 0 follow immediately from results obtained in [16]. However, there is no
result in [16] on a resonance-free region, such as Theorem 1.12.

The plan of this paper is as follows. In Section 2 we prepare an abstract
theorem (Theorem 2.3) without proof, since it has already been proved in [16]. In
Section 3 we study L (c,#) in detail to give the proofs of Theorems 1.7 and 1.8,
Corollary 1.10 and Theorem 1.12. In Section 4 we investigate Py (6) in detail
and show that P, (f) and P_(0) are the nonrelativistic limits of Ly (c,6) and
L_(c,0) + 2mc?, respectively. In Section 5 we show that Theorems 1.17 and 1.18
follow immediately from results in the previous section and that the result of
Theorem 1.12 is optimal in some cases.

82. Abstract results

In this section we state an abstract result on the self-adjoint operators defined as
boundary values of some kind of operator-valued analytic functions. This result
is used to determine the spectral properties of several operators appearing in this
work. See [16] for the proof.

Let T' be a self-adjoint operator and {T'(6)}gcq, a family of closed operators
in a Hilbert space H, where Q; = {# € C;0 < Im#0 < a} for some a > 0. We
assume the following:

(A1) {T'(#)}seq, is an analytic family in the sense of Kato (see [17, VII], [21, XII]).

(A2) Each T'(0) has compact resolvent.

(A3) There is a strongly continuous one-parameter unitary group {U () }:er such
that

(2.1) U)yr@eu) =T +t)
forte Rand 0 € Q2.
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By (Al) and (A2), each T'(0) has a purely discrete spectrum and the eigen-
values are analytic functions or branches of one or several analytic functions, and
(A3) implies that the eigenvalues of T'(f) are invariant when 6 is changed to 6+ if
t is real. Thus, each eigenvalue is a constant function of 6§ € €2 (see, e.g., [1, 21]).
Therefore we obtain the following result.

Proposition 2.1. Suppose (A1)~(A3). Then there is a discrete set 3 in C such
that o(T'(0)) = ca(T(0)) = X for all 6 € Q.

Let Cy = {z € C;£Imz > 0}. A self-adjoint operator T is supposed to be
related to the analytic family {T'(6)}scq, in the following sense:

(A4) There is a nonempty open set Oy C C_ \ ¥ such that

w — tlir}rlo(T(it) —2)7t=(T -2 (weakly)

for each z € Oy.

For each s € R define a self-adjoint operator T'(s) by T'(s) := U(s)TU(s)*.
Then T'(0) = T and
I g\ -1 _ L g\ —1 *
w tli%O(T(s +it) — z) w tLHEO U(s)(T(it) — z)~ " U(s)
=U@s) (T —2)7'U(s)" = (T(s) —2)"

by (A3). Thus the self-adjoint operators T'(s), s € R are regarded as boundary
values of the operator-valued function 7'(0) defined on €. The following proposi-
tion shows that the eigenvalues of T'(¢) are located in the closed upper half-plane

C..
Proposition 2.2. Suppose (A1)~(A4). Then ¥ C Cy.

For E € R, let v be a positively oriented small circle |z — E| = ¢ enclosing E

with {z € C;0< |z — E| <&} NX = ¢ and let
Po(E) = = [ (T(0) )" d
T o ), s

Then this operator is the eigenprojection associated with E € o4(T(0)) = ¥ if
E € ¥ and Py(F) = 0 otherwise. Moreover, for each E € ¥ the projection-valued
function Pp(F) is analytic in 6 € €. In particular, the dimension of the range of
Py(E) is independent of 6 for each E. Let P4(-) be the spectral projection of T'(s)
for s € R.
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Theorem 2.3. Suppose (A1)~(A4).

(a) oa(T(0)) N R = o,(T) for all § € Q. Moreover, for each E € o,(T) and
s € R, we have

2.2 li Py(E)-P,{E})| =0.

(22) olim |Po(E) ~ P.(ED)] =0
In particular, the eigenvalues of T are discrete and each eigenvalue has finite
multiplicity.

(b) Either

(I) T has a purely discrete spectrum, i.e., o(T) = o4(T)
or
(IT) o(T) =R, 05.(T) =&
holds. In particular, we have o(T) \ 0p(T) C 04c(T) in case (II).
(¢) IfEN(C\ R) # ¢ or ¥ = ¢, then case (II) holds. Thus, ¥ = op,(T) in case
(1).
(d) Suppose case (I) above holds and fix = & oq(T). Then the resolvent (T (0)—z)~*
has an analytic continuation of 6 from Q4 to  := {0 € C;|Im 0| < a}.

83. Relativistic Pauli operators
We define a dilated Pauli operator Sy(c, 8) by
Sy(c,0) := (co - D§)? + m?c?
(3.1) =c? ((e_eD —bg(x))?ly — 0 - eV x bo(z)) + m2ct

for 6 € €2, which is a closed operator with domain (H?)? and a core S2. We also
write

(32) Sb(ca 0) = SO(C7 0)
+c? ((—2e%p - D +ie OV by + b3) [ — 0 - eV x by(x)),

where Sy(c,0) = (—c2e 20 A + m2cH) L.
Hence, ¢=2(Sy(c,0) — So(c,0)) is —Aly bounded with bound 0 uniformly in
¢ > 1, and so Sp(c,0) is self-adjoint.

Lemma 3.1. Suppose assumption (b) with 0 < ag < w/2. Then, {Sp(c,0)}ocq is
an analytic family of type (A) for each ¢ > 1. Moreover, there exist K > 0 and
small 79 > 0 such that Sy(c, 0) is a strictly m-accretive operator and Num(Sy(c, 6))
is contained in the sector C(m?c*/2, —K|Im 6|, K|Im0|) for 6 € Q with |Im 0| <
70 and ¢ > 1. In particular, the spectrum of Sy(c,0) is contained in this sector.
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Proof. 1t follows from assumption (b) and (3.2) that Sy(c,0), 6 € Q is an analytic
family of type (A). For the next statement it suffices to prove the lemma for
Re = 0, because

(3.3) U (Re 6)Sy(c,iIm ) Uy (Re ) ™! = Sy(c, ).

Let 6 = i7, 7 being small. Then, by (3.1) we can write Sy(c, iT) = Sp(c,0) + r(ir),
where 7 (i) satisfies || (c, 0)~'/2r(i7)Sy(c,0)~1/2|| < Ko|7| uniformly in ¢ > 1 for
some Ky > 0, and so

|(r(im) f, F)I < Ko|7[(Se(c, 0)f, f)

for any f € (H?)? with || f||(z2)2 = 1. Let w = (Sy(c,i7)f, f) and z = (Sy(c,0)f, ).
Then, |w — 2| < Ko|7||2|. Therefore, since z > m?c* we have

w € N (C(m?c*, —sin™ ! (Ko|r]), sin™ " (Ko|])), m*c* Ko|7|)

and so Num(Sy(c,i7)) € C((1/2)m?c*, —K1|7|, K1|7|) for some K; > 0 indepen-
dent of 7 if |7| is small enough. Thus, Sy(c,i7) is a strictly m-accretive operator
with the spectrum contained in the sector (e.g., in [19, Thm. VIIL.17]). This com-
pletes the proof. O

Lemma 3.2. Suppose assumption (b) with 0 < ag < w/2. Then, for any e > 0
there exists d > 0 independent of 0 € Q and ¢ > 1 such that Num(Sy(c,0))
is contained in the set N'(C(m?%c*, —21 — e,—27 + €),c*d), where 7 = Im0. In
particular, there is co > 0 such that €7 Sy(c,0) is a strictly m-accretive operator
for8 e Q and c> cp.

Proof. We prove the lemma for Ref = 0 as in the previous lemma. Write g’; =
e c72(Sy(c,iT) —m2ct) and So = eTc™2(So(c,it) —m2ct) = —e~ T A for simplic-
ity, and set w = (.§bf, f) and z = (§0f, f) with [[f||(z2)2 = 1. Then, the lemma
follows from Num(Sy) = {e~#"t;¢ > 0} and the fact, which follows immediately
from (3.2), that for any ¢’ > 0 there is K > 0 such that |w—z| < ¢’|z|+ K. Indeed,
we obtain the lemma by putting ¢’ = sine. O

We know that S'/2 = S(c,0)/2, for 6 € Q(c), is represented as
1 e o)
(3.4) SY2f = ;/ A28+ 0)7ISfdN,  f e D(S).
0

1/2

Since it is not easy to analyze Sy(c, §)'/ directly, the following lemma is useful in

the sequel because Sy(c, 9)1/2, i.e., b = 0, is the pseudodifferential operator with

symbol /—c2e=20|¢[2 + m2ch.
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Lemma 3.3. Let 0 € Q(c) and ¢ > 1. Then, the operator
(3.5) Ey(c) := Sp(c,0)"/* — So(c, 0)"/?
1
— 5(Sb(c,0) = So(c,0))(So(c, 0)) 7'/
defined on 82 can be extended to a bounded operator on (L*)? with ||Eg(c)| < K
uniformly in 6 and c. In particular, D(Sy(c,0)'/?) = D(So(c,0)*/?) = (H")? and
the difference Sy(c,0)'/% — Sy(c,0)'/? is bounded.

Proof. We may assume Ref = 0 and 7 = Im6 € (—79(c), 70(c)). To begin with let
us set

S =c28(c,0) = (o - DY)? +m2c?,
So = ¢ 25y(c,0) = (0 - DY)? + m2c?,
Vo = S — S and r = m2c2/2 for simplicity. Then, by (3.2), Vs(—=A +1)~%/2 is

bounded. We also have [|[(T+A)~| < K(A+7r)"%, A >0 for T = S and S, (sce
the definition of 7y(c) and Lemma 3.2). By the resolvent equation we have

(S+07 =G+ = =G+ N (B + 1)
= —(So+X)""Vp(So + M)
+ (54 A) W8 + ) Wa(Sp + A) !

for A > 0. Since ||(=A+1)Y/2(55 4+ A)~!|| < K(r+ A)~*/2, the norm of the second
term is bounded by K (r + A)~2. The first term is written

—Vi(So + N2 = (S + A) " [Vh, Sol(So + A) 2.

Since ||[Vb, So)(So + A) ™| is uniformly bounded in A > 0, the norm of the second
term is bounded by K (r 4+ A\)~2. Thus, on S? we can write

~ ~ 1 [ o I
N e G CERVRIE ROV
™ Jo
1 [ s L[ ep
- 7/ A2V(So +A) 72 d — —/ AVZR(N) dA
Vs 0 ™ 0

where R()) satisfies || R(\)|| < K (r4A)~2. Hence, IT can be extended to a bounded
operator with ||I]| < Kr~/2. Since limy o0 AY/2V4(So + A\)7™'f = 0 for each
f € 82, we have

1 e ~ 1~
1 = 5o [N N A = 58,
™ Jo 2
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by partial integration. Hence, I can be extended to a bounded operator, whose
norm is uniformly bounded in ¢ > 1. Since E;,(c) = ¢(SV/2—S3/?) = cI, by keeping
track of 7 dependence we have obtained the desired result. O

Now, denoting Ty (c, 8) := Sy(c, 6)'/? we consider the two operators
(3.6) Li(c,0) := £Ty(c,0) — mc* + vo(x) Iy + Wy
defined on S§2. Note that if ¢ is a real number, they are written
(3.7) Li(c,t) = Us(t)Li(c)Us(t)™!

on S2.

The following proposition is the main result in this section.

Proposition 3.4. In the following, we suppose Assumption 1.1 with (1.4) for (a)
and (b), and (1.5) for (c)~(f).
(a) For each 0 € Q(c), Li(c,0) defined on S? is closable, and its closure (also

denoted by L (c,0)) has domain Dy;. Moreover, its resolvent set is nonempty
and, in particular, Ly (c,0) has compact resolvent.

(b) For each ¢ > 1 the family of closed operators {L(c,0)}scq(c) is an analytic
family of type (A) with property (1.14).

(¢c) For each 0 € Qi (c), L_(c,0) defined on S? is closable and its closure (also
denoted by L_(c,0)) has domain Dyy. Moreover, its resolvent set is nonempty
and, in particular, L_(c,0) has compact resolvent.

(d) The family of closed operators {L_(c,0)}ocq, () i an analytic family of type
(A) with property (1.15).

(e) There is a constant ro > 0 independent of ¢ and 6 € Q1 (c) such that {z €
C;Imz < —ro} C p(L_(c,0)).

(f) Let ¢ > 1 and Im 2z < —ry. Then the resolvent (L_(c,0) — z)~! converges to
(L_(c) — )~ strongly as 6 — 0:

(3.8) s— Q+(lci)g10a0(L_(c’ 0) —2)" = (L_(c)—2)"".

To prove this proposition we prepare several lemmas.
Since

(3.9) Li(c,0) =Us(ReB)Li(c,ilmO)Us(Re )™,
we have only to study the case Re§ = 0. To begin with we fix as € (0,7/2) and set

ple.,€) = /e P[EP + m2ct — me?

fOI' |T| < 7T/27 i'e'7 p(C, T,D) - TO(C, ZT) — ch.
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Lemma 3.5. (a) For k=1,2,3,

(3.10) |0g, p(e, 7,8)| < K&k,
(3.11) |0g, Im p(c, 7,€)| < K7[&.
(b) For |a| > 2,
(3.12) 10¢p(c, 7, )| < Kac(l¢] + o) 71T < Ko (€] + ¢)*7 17,
(3.13)  [0¢ Tmp(e,7.€)| < Kalrle(lg] + ) 71T < Kalr|(l&] + o)1l

Here constants K > 0 and K, > 0 are uniformly in ¢ > 1 and 7 € [—ag, as].

Proof. We write p(c,T,&) + me? = mc?g(€/(me)), where g(&) := /e 272 + 1.
Since 0 < ag < 7/2, we see that |g(£)] > K1 (1 + |€|) for some K; > 0 uniformly in
|7] < ag. Thus, (3.10) and (3.12) follow from the estimates

106,906 < K|&|(1+|€)~, k=1,2,3,
089(8)| < Ka(1+ €)1 ol > 2.

Next we put G(¢) = [£]?/(g(€) —l—@) Then, g(&) —@ = —2isin 27G(§), and

0, G(E)| < K|&|(1+ €)™, k=1,2,3,
108G (E)| < Ka(1+ [N, Jaf > 2.

Thus, (3.11) and (3.13) follow immediately. O

Lemma 3.6. There exists Ko > 0 such that

(3.14) Kos(c,€) < [p(e,7,€)| < Kj's(c,€)
and

(315) _27— S argp(c7 T, f) S —T, T E [Oa CLQ],
(3.16) —7 <argp(e,7,8) < =21, T € [—ay,0]

for¢>1 and € € R?, where

clg)?
VIEE+ ¢

Proof. We give the proof for 7 € [0, as] only. Let us write

(3.17) s(c, &) ==

m2c?

(3.18) ple,,€) = me>"q ('5'2> ,
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where ¢(s) := e?™ (Ve 27is + 1 — 1) for s > 0. We note that ¢'(s) =271 (e ?"'s +
1)=%2 and ¢(0) = 0, ¢’(0) = 1/2. Hence, since 0 < arg(e >"'s + 1)~1/2 < 7 for
s > 0 because of —27 < arg(e 2754 1) < 0, we get

(3.19) 0<argq/(s) <

and so 0 < argg(s) < 7 for s > 0. Thus, (3.15) follows. Furthermore, we have
dlq(s)|*/ds = 2Req(s)q'(s) > 0 for s > 0, which implies that |g(s)| is strictly
increasing. Writing ¢(s) = s(ve=27is + 1 + 1)~', we see that there exists K1 > 0
independent of T € [0, ag] such that [¢(s)| < Kys(s'/?+1)~! for all s > 0 and that
there exists s; > 0 and Ky > 0 independent of 7 € [0, a3] such that |¢(s)| > K;s'/?
for s > s1. On the other hand, since g(s) = s/2 + O(s?) as s — +0, we see
that there exists so > 0 independent of 7 such that |g(s)| > s/4 for s € [0, sq].
Consequently, since |g(s)| is strictly increasing, we see that there exists Ky > 0
such that |g(s)| > Kas(1 + s'/2)~! uniformly in 7 € [0,as] and s > 0. Thus, by
(3.18) we have the desired result. O

If 7 €10,7/2), we see —7 < arg(vc2e=27t + m2ct) < 0 for any ¢ > 0. Thus,
setting

No(7,¢) := {z;Tm z > tan(—7)(Re z + mc?)},

we have a corollary:
Corollary 3.7. We have
Num(Ty(c,i7) — me*) € C(0, =27, —7) N No(7, ¢)
for T € [0, az]. Similarly,
Num(Tp(c,i7) — me?) € C(0, =7, —27) N No(—7, c)
for T € [—a2,0].
By Lemma 3.3 we can write
(3.20) Ty (c,iT) — mc* = To(c, i) — mc? + Ey(c, ) + Ba(c, 7),

where Ey (¢, 7) := —c?bi-(x)-e " DSy(c,it)~'/2, and | E2(c)| is uniformly bounded
inc>1and |7] < 19(c).

Lemma 3.8. For any € > 0 there exists K. > 0 such that
(321) [(Br(e,7)f, I < el((To(eyir) —me®) f, )l + Kell £

holds for f € 8%, ¢ > 1 and || < 70(c).
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Proof. First we show that for any € > 0 there exists K. > 0 independent of ¢ > 1
and 7 € (—7o(c), 70(c)) such that

(3.22) [(Br(e, ) f, F)l < el(S(e, D)F, P+ K fI?, fesS™

Since 0 < ag < 7/2, we see that there exists dg > 0 such that
67272 1 m2c22 > do(e2 + m22)?, € e RP,

for |7] < 79(c) and ¢ > 1. Thus, for any € > 0 we have

|(Br(e;7)f, )] = el (D(=e7*T A m?e?) TVAf, (=T A+ m?¢) ™ b i )
< c{e|D(—e~ A + m2c?) A f|2
+(4e) Y (—e2miA + m2c2)*1/4b_i7f||2}

< (DX (A +m?) T2, ) + K|

for some 0; > 0 and K. > 0, which implies (3.22). Write
Re (X7 (To e, i7) — m)f, f)) = / Ip(e, 7, £)| cos B F(€)[? de,

where 6 = arg(p(c,7,&)) + 27 and f is the Fourier transform of f. Then, since
cosf) > cosag > 0 by (3.15), it follows from (3.14) that |((To(c,iT) — mc?)f, f)| >
K(s(e,D)f, f) for some K > 0 independent of ¢ > 1 and 7 € (—70(c), 70(c)).
Hence, combining this with (3.22) we complete the proof. O

Lemma 3.9. For any small € > 0 there exists d. > 0 such that
Num(Ty(c,it) —me?) € N(C(0,—27 — ¢, -7 +¢),d.), 7€ [0,70(c)),
Num(Ty(c, it) — me?) € N(C(0, —1 — e, =27 +¢),d.), T € (=70(c),0)

fore>1.

Proof. We consider only the case 7 > 0. Set z = ((Ty(c,iT) — mc?)f, f) and
w = ((To(c,it) — mc?)f, f) for f € 8% with ||f|| = 1. Then, it follows from
(3.20) and Lemma 3.8 that for any small ¢ > 0 there exists d. > 0 such that
|z — w| < (sine)|w| + de, and w € C(0,—27,—7) by Corollary 3.7. Hence, the
desired result follows immediately. O

Lemma 3.10. Let Vi, = v;r + W;r be the multiplication operator with domain
S2%. Then, for any € > 0 there exists d. > 0 such that

Num(V;,) € N(C(0, Myt — e, MaT 4+ €),d.), 7€ 10,a0),
Num(V;;) C N(C(0, Mo — e, MiT +¢€),d.), T € (—ag,0].

If W =0, then € =0 is allowed in the above.
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Proof. We give the proof only for 7 > 0. Let f € S? with ||f| = 1 and set
w= (Vi f, f) and z = (virx [, ), where x is the characteristic function of the disk
|x] > Ro. Obviously, z € C(0, M17, Ma7). Tt follows from (v) that

| arg (vif(x)e*i(MﬁMl)Tmﬂ < (My— My)T/2 < 7/2
for |x| > Ry and
|(Virx fs )] = Re(e " MAMOIT/20, v f, f)
> Ko(lz|"'xf, ) = Ko(lz[" f, f) = K,

for some Ky > 0 and K7 > 0. Moreover, it follows from the condition (W) that
for any & > 0 there exists K. > 0 such that |W;,(z)| < e|z|™ + K.. Hence, by
virtue of (1.9) we see that for any e > 0 there exists K. > 0 such that |w — z| <
e|z| + K.. Using the same strategy as in the proof of Lemma 3.9, we have the
desired result. O

For 7 € (0,a9) and € > 0 we define a sector
(3.23) C_(c,7,e) := C(0,05(1) — &,04(7) + €),

where 03(7) := min {Mi7,7 — 27} and 04(7) := max{m — 7, Ma7}. It is easily
seen that C_(c, 7,0) is the smallest sector containing both C'(0, 7 — 27,7 — 7) and
C(0, My7, MaT). If we assume (1.5) and fix small tg > 0, then we can verify

(324) 0§04(T)—03(T) <by<m

for all 7 € (o, ap) with some constant 6y.
Combining Lemmas 3.9 and 3.10, we have the following result.

Lemma 3.11. Let L (c,it) be defined on S?:

(a) Suppose Assumption 1.1 with (1.4) and let € > 0 be small. Then there exists
dg) > 0 such that

(3.25) Num(L, (c,it)) C N(C(0, =27 — &, Mor 4¢),d), 7€ [0,70(c)),
(3.26) Num(L, (c,it)) C N(C(0, Myr — &, =27 4 ¢),d)), 7€ (—=10(c),0],

forec>1.

(b) Suppose Assumption 1.1 with (1.5) and let € > 0 be small. Then there exists
dg_) > 0 such that

(3.27)  Num(L_(c,it) + 2mc®) C N(C_(c,7,¢),d 7)), 7€ (0,70(c)),

forc>1.
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Ifb=0 and W =0, then € =0 is allowed in (3.25), (3.26) and (3.27).

We write LY (c,0) for Ly (c,0) with b =0 and W = 0:

LY (c,0) = + (\/7026729A + m?2¢t — m02> I + vg(x) 5.

Lemma 3.12. Suppose Assumption 1.1 with (1.4) and fiz a small 6 > 0. Then
there exist positive constants K1, Ko such that

(LS (e, im) = 2) fI° + Kl £

3.28 N
(3.28) > Ra(lls(e. D)FIP + ()™ FIP + =P F1P)

is valid for all z € C(0, =27 — §, Mot +0), ¢ > 1, 7 € [0,a9) and f € S?. The
same estimate holds for T € (—ao,0] if z € C(0, MaT — 6, =27 + §)°.

Proof. We prove the lemma only for 7 > 0. Take y € C=°(R?) with 0 < x(z) <1,
x(x) =0 for |z] < Ry and x(z) = 1 for |z| > 2Ry, and set UZ(_,C_)O) () = x(z)vir (x).
Then, vffo)(x) € C* and Num(vl(fo)) C C(0, My7, MyT). Thus,

L= e*i(MrQ)T/Q(TO(c, iT) — me? + v(oo)) + v

satisfies Num(L) C C(0, —(M2 + 2)7/2, (M2 + 2)7/2), where v > 0 is a fixed con-
stant, since both Num(e=*M2=27/2(Ty (¢, it) —mc?)) and Num(e’i(MZ*Q)T/zvﬁo))
are contained in this sector. Since the operator norm |v;; — vl(:o )|| is bounded
uniformly in 7, the proof of (3.28) is reduced to that of a similar inequality with
LY (c,it) replaced by L and C(0,—27 — §, Mot + &) replaced by C(0,—(M> +
2)7/2—6, (M +2)7/249), respectively. Let z = x1 +ix2 & C(0, —(M2+2)7/2 —
5, (Ma +2)7/2+6) and f € 8% with || f| = 1. Then, by the equality
(L —2)"(L—2)
=ReL)*+ (ImL)? —2(z;Re L + 22 Im L) + |2|> + i[Re L, Im L]

and by the inequality

(2(x1Re L+ zaIm L) f, f) = 2{(x1(Re Lf, f) + w2 (Im Lf, )}
< 2(cosd)|z|((Re Lf, £)* + (Im Lf, f)*)*/?
< (cosd)(|2]> + | Re Lf||* + || Im Lf|?)
< (cosd)((|21> + Re L)* + (Im L)) £, f),

we arrive at

(L —2)"(L—2) > (1—cosd)((ReL)? +|z|*) + i[Re L,Im L]
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as the form sense on S2. Write
P :=Re(e " M2=27/2(Ty (¢, i) — mc?)),
Q= Refe— 012, 4 )

i.e., ReL = P+ Q. Then, since P > K1s(c, D) and Q > K {x)M for some K; > 0
by Lemma 3.6 and (Ms + 2)ag < 7, we have

(ReL)? = P>+ Q*+2Q"?PQ'/* + R> P>+ Q*+R
(3.29) > Kis(c, D)* + K (x)* + R,
where R = [P,Q'/2]QY/2 + Q/2]Q'/?, P] € 1M1 and

Ky:= sup |(D)'R{z)"M Y| < o
T7€[0,a0),c>1

by Lemma 3.5. Thus,
(R, )] < Ks|[{)™ L (D) £l
< (K3/2)(e1((DY2f, f) + &7 (@) 721, )

for any 1 > 0. Here we note that for any £ > 0 there exists K. > 0 such that
(2)2M=2 < o(2)?M + K! and that s(c, £)2+(1/4) > |£]?/4 because s(c,£)? > |¢|2/4
for [£] > 1 and ¢ > 1. Hence, we see that for any small £ > 0 there exists K. > 0
such that

(3.30) R > —&(s(c, D)* + (x)*M) - K..
Similarly, we have

sup (D) [Re L, Im L)(z) "M~V < o0,
T7€[0,a0),c>1

and so we see that for any ¢ > 0 there exists K. > 0 such that
(3.31) i[Re L,Tm L] > —&(s(c, D)* + (x)*M) — K.
Consequently, we have proved the lemma. O

Lemma 3.13. Suppose Assumption 1.1 with (1.5) and fix small 6 > 0 and ty > 0.
Then there are positive constants K1, Ko such that

I(Z2 (e iT) + 2me? — 2) fII* + Ku | £
> Ko (|ls(e, D)FI* + [2)™ £II” + |27 11£11%)

is valid for all z € C_(c,7,6)¢, ¢ > 1, T € [to,ao) and f € §2.

(3.32)
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Proof. The proof is carried out in a similar way to that of the previous lemma.
Let

L := e #0s(M+04(N/2(_Ty (¢ i) + me? + vl(fo)) +7
with a fixed constant v > 0. Then,

Num(L) € C(0,=(04(7) — 03(7)) /2, (0a(7) — 05(7))/2)
since Num(—Ty(¢c,i7) + mc?) C C(0,7 — 27,7 — 7), and it suffices to prove (3.32)
with L9 (¢, i7) replaced by L and C_(c, 7, 8) by C(0, —(04(7)—05(7))/2—36, (04(7)—
03(7))/249). For z = 1 +ixe & C(0, —(04(7) —05(7)) /206, (04(7) — 03(7)) /2+ ),

we have in the same way as in the proof of Lemma 3.12,

(L —2)*(L—z) > (1 —cosd)((Re L)? + |2|?) + i[Re L, Im L.
Write

P i= Re(e~Os(40:M/2(_Ty (¢, ir) + me?)),
Q = Re(e—0(+0a(m)/2,(>) 4 )

Since P > Kys(c, D) > 0 and Q > Ko(z)™ > 0 for some Ky > 0 due to (3.24), we
get

(ReL)? > P> +Q*+R> Ki(s(¢c, D)® + (2)*M) + R
for some K; > 0, where R := [P, Q'/2]QY/2 + Q'/2[Q"/2, P]. The rest of the proof
is done in the same way as that of the previous lemma. O

We next prove the same results for L (c,i7) by using (3.20) and (W). Write

2 2
B einsl? < & (57 7)

, 1 2 2 4
=K {< TR 2”) ( |§|2|i| 2”)}

<K' fIP +ells(e, D) FI%)

for any e € (0,1) and f € S%. Moreover, for any ¢ > 0 there exists K. > 0 such
that
IWir £II < ell{a)™ Il + K- f]

for any f € S%, e € (0,1), 7 € [0,79(c)). Therefore, we obtain the following.
Lemma 3.14. Suppose Assumption 1.1 with (1.4) and fiz a small 6 > 0. Then
there exist positive constants K’l, K’g such that

(L (e, iT) = 2) fII* + K|l fII?

3.33 ~
(3.33) > Ra(lls(e, D)FIP + )™ FIP + =P FIP)
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is valid for all z € C(0,—27 — 0, MaT+03)¢, ¢ > 1, 7 with T € [0,79(c)) and f € S2.
The same estimate holds for T € (—1o(c),0] if z € C(0, MaT — §, —27 4 6)°.

Lemma 3.15. Suppose Assumption 1.1 with (1.5) and fix small 6 > 0 and ty > 0.
Then there are positive constants K1, Ko such that

I(Z—(e,iT) +2me® — 2) fII* + K1 | £
> Ks([ls(e, D) I + )™ £IIZ + 1=l £11%)

is valid for all z € C_(c,7,8)¢, ¢ > 1, f € 8% and T € [ty, T0(c)).

(3.34)

Proof of Theorem 1.6. By Lemma 3.3 we may assume b = 0. In this case the
theorem has been proved in [11] when W = 0 (the dilation analyticity of v is not
supposed in [11]) . Thus, we give only an outline of the proof. Since both v(x)
and W (x) are smooth for |z| > Ry, we may assume both of them are smooth on
R?. We first note that Log = vV/—c2A + m2c* + v(z) in L?(R?) is essential self-
adjoint on § (see [11, Thm. 2.1]) due to assumption (v) and that the domain is
Dy by Lemma 3.12. Thus, W is Lggla-bounded with bound 0, and so Ly (c) is
essential self-adjoint on S?. We next consider L_(c). The proof is carried out by
using the commutator theorem (e.g., [20, Thm. X.37]) as in [11]. Let A := L_(c)
with b = 0 defined on 8% and N := A + 2k(z)MI, for a large x > 0 such that
—v(x) Iy + 26{x)™ Iy > Kk(x)MI,. Then, by the same argument as above, N is self-
adjoint with domain Dj;. We have N > 1 for large £ > 0, and it is not difficult to
prove that there exists K > 0 such that ||Af| < K||N f]| and

(Af,Nf) = (Nf,Af)| < K|NY2f|?

for all f € S2. Then, [20, Thm. X.37] implies that A is essential self-adjoint
on §2. O

Taking account of (3.9) and using the results obtained above, we can give the
proof of Proposition 3.4.

Proof of Proposition 3.4.

(a) It follows from Lemma 3.14 that L (c,6) defined on S? is closable and the
domain of the closure is Dys. Thus, since p(Ly(c,0)) # ¢ by Lemma 3.11, it
has compact resolvent by Rellich’s criterion.

(b) It is easy to see that {Sy(c,8)}ecq is an analytic family of type (A), and
so is {Ty(c,0)}oca(e) due to (3.4). Therefore, according to our assumptions,
{L4(c,0)}geq(e) is also an analytic family of type (A).

(c), (d), (e) In the same way as above we obtain the desired results by Lemmas 3.11
and 3.15.
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(f) By the resolvent equation we have for Im z < —rq with large ro > 0,
(L—(c.0) = 2) " = (L(c) = 2)7"

= —(L-(c,0) = 2) 7 (L-(c,0) = L_(c))(L—(c) = 2) ™"
We have that (L_(c) — 2)S? is dense in L? since S8 is core of L_(c), and
I(L-(c,0) — 2)7! is uniformly bounded in 6 by Lemma 3.11. We also see

that L_(c,0)f — L_(c)f strongly as Q,(c) 20 — 0 for f € S?. Hence, (3.8)
follows from (3.35). This completes the proof.

(3.35)

O

Now we are in a position to prove Theorems 1.7 and 1.8 with the help of
Theorem 2.3 as follows: H = L*(R*)?, Q4 = Q, (¢), T = Li(c), T(0) = L+ (c,0),
U(t) = Us(t). Indeed, Proposition 3.4 shows that (Al)~(A4) are satisfied in this
case. It will be shown below that Ly (c) is of type (I) and L_(c) is of type (II) in
the sense of Theorem 2.3.

Proof of Theorem 1.7. Taking account of Proposition 3.4, we have the theorem as
an immediate consequence of Theorem 2.3. O

Proof of Theorem 1.8. Since Proposition 3.4 shows that L_(c) is a boundary
value of {L_(c,0)}gcq, (), we have only to prove that L_(c) is of type (II). By
Lemma 3.11, Num(L_(c, 7)) N R is bounded. But, if L_(c) is of type (I), the set
contains all of the eigenvalues of L_(c), which is impossible. Thus, L_(c) is of
type (II). O

Proof of Corollary 1.10. We may consider the case 6; = imy with 71 € (0,70(c)).
Denote T° := —Ty(c,im1) — mc? for simplicity. Then, by Lemma 3.6 we have
ImT° > K;ys(e, D) > K1s(1, D) > 0 for some K; > 0, and so Im7T° +Im V;,, > 0.
Thus, there is no eigenvalue of L_(c). Since K;s(1, D) + ImV;,, is positive and
has compact resolvent, if we denote by A\¢g > 0 the lowest eigenvalue of it, then
ImT° 4+ Im V;,, > )\g. Thus, we have proved the corollary. O

Proof of Theorem 1.12. First of all we note that the set of eigenvalues of L_ (¢, i7)+
2mc? are contained in Num(L_(c,i7) + 2mc?) and that it is independent of 7 €
(0,70(c)). Thus, according to (3.27), for any € > 0 there exists d > 0 such that it
is contained in the set
(N NC-(ered= [] N(OC-(eye),d)
0<7<70(c) to<7T<T70(cC)

for small ty > 0, where the equality follows from the fact that C_(c,72,¢) is
contained in C_(¢,m,¢) if 0 < 71 < 72 are small. Here we remark that M;7 and
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m—27 are increasing and decreasing, respectively, in 7, and so 63(7) has a maximum
when M7 =7—27if 0 < 7 < 19(c). Thus

sup  O3(7) = O4(c),

to<T<T0 (C)
and similarly

inf  04(7) = O2(c).

to<T<T70(C)

Hence, we have the desired result. O]

§4. Dilated Pauli operators

In this section we study the dilated Pauli operator Py (6) defined by (1.18) for
0 € Q. First of all we consider P, (0).

Proposition 4.1. (a) P (0) defined on 8? is closable, and its closure (also de-
noted by Py (6)) has domain D(P.(0)) = (H>NL3,)?.

(b) Py(0) has compact resolvent. In particular, Py(0) has a purely discrete spec-
trum.

(c) {P+(0)}ocq is an analytic family of type (A), and
Us (1) Py (O)Ua (1)1 = Py (6 + 1)

forall € Q andt € R.

(d) The spectrum of Py (0) is independent of 8 and, in particular, coincides with
that of P1(0), denoted by Py.

(e) Py is self-adjoint.

Remark 4.2. This proposition shows that the Pauli operator Py = P, (0) is a
boundary value of { P, (c,0)}scq, and of type (I) in Theorem 2.3.

Outline of the proof. Writing Py(60) := (2m)~!(0-D})? we have, on 82, the equality
(Ty(c, 0) + mc®)*(Ty(c,0) — me* — Py(h)) = —2mc® Py(6)?,

and hence

(4.1) Ty(c,0) — mc® — Py(0) = ((Ty(c, 0) +mc®) ™12 (—2mc? Py (6)?).

Thus, because the estimate

(4.2) I(Tb(c, 0) +me*) 7| < K2
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follows from Lemma 3.9, we see that Li(c,0)f — Py(0)f as ¢ — oo for each
f € 8% and 6 € Q. Thus, since s(c,£) — |€]? as ¢ — oo, we have by Lemma 3.14,

(4.3) I(Pe(O) = ) fI* + 1P = Kx(IAFI* + )Y fIP), fes

for some K37 > 0. Using this estimate and arguments similar to those in the proof of
Proposition 3.4, we can obtain (a) ~ (d). In particular, D(Py(0)) = (H?)2N(L3,)?
follows from (4.3). It is well known that Spg := (—(2m) *A + v(z))Iz on &2 is
essentially self-adjoint in (L?)2, and it follows that P, (0) — Spo is Spo-bounded
with relative bound zero, and so P, is essentially self-adjoint on S2. O

Proof of Proposition 1.14. Proposition 1.14 follows from the above proposition
and Theorem 2.3 immediately. O

To study the nonrelativistic limit of L, (c, #), we first consider Ty(c, ) — mc?.

Lemmas 3.2 and 3.9 guarantee that we can take a bounded open set By contained
in p(Py(0)) and p(Tp(c,0)) for all § € Q and large ¢ > 1.

Lemma 4.3. Let By be as above. Then, there is a constant K > 0 such that

(4.4) sup I(To(c,0) —me* — 2)7" = (Ro(0) —2)7'|| < K™

for 8 € Q and large ¢ > 1.

Proof. According to (4.1), we can write (Ty(c,0) — mc? — 2) ™t — (Py(0) — 2)~1 =
FyFy Fy. Here, Fy = (Ty(c,0)+mc?)(Ty(c,0)—mc?—2) =1, Fy = (Ty(c, 0)+mc?) 1
and F3 = 2mPy(0)%(Ty(c, 0) +mc?)~2(Py(6) — 2)~1. By the use of (4.2), we observe
that ||F1]], ||F2]| and ¢*| F3|| are uniformly bounded in § € Q, large ¢ > 1 and
z € By, which proves the lemma. O

Since the numerical range of L, (c, ) is contained in a sector independent of
¢ (Lemma 3.11) and since L4 (c, 0) f converges to Py () f strongly for each f € S2,
the numerical range of P, (6)f is contained in the same sector. Thus, we can find
a bounded open set B; contained in p(P1(6)) and p(L4(c,8)) for all § € Q and
large ¢ > 1. Using the above lemma we can prove that L, (¢, ) converges to Py (6)
in the norm resolvent sense.

Lemma 4.4. Let By be as above. Then there is a constant K > 0 such that

sup (L(e,0) = 2)7" — (Pa(0) — )7 < K72

for large ¢ > 1.
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Proof. Let z € B;. Then the following resolvent equation holds:

(Ly(c,0) —2)"" = (Pr(0) —2)7"

(4.5) . o
— —(La(e,0) = 2) " (Lo (e, 6) — Po(9)) (P+(6) — 2)

on (P () — 2)S2. Since §? is a core of Py (f) it holds on the whole space (L?)2.
Similarly, we have

(Pr(0) —2)7" = (Po(0) — =)
— (Po(0) — 2) " H(velz + Wg)(Py(8) — 2)7,
(Li(c,0) —2)7' = (Ty(c,0) —mc® — 2)7!
— (Ly(c,0) — 2) M (vgly + Wo)(Ty(c, 0) — me* — )™t

(4.6)

(4.7)

Now it follows from
(Lt (e,0) = ) (vala + Wa) € (vgla + Wy)(Ly(c,8) — 2)71)*

and D(L4 (c,0)) = Dy C D(vp) that (Li(c,0) — 2z) " (vglz + Wy) can be con-
sidered a bounded operator, and so it follows from Lemma 3.14 that ||(L(c,6) —
2)"Y(vgly + Wy)|| is uniformly bounded for 6 €  and large ¢ > 1. Thus substitut-
ing (4.6) and (4.7) into the right-hand side of (4.5) and using the inequality

1(Po(6) = 2) " (L s (c,0) — P (8))(Th(c, 8) — =)' < K2
due to (4.4) , we arrive at the desired result. O

Proposition 4.5. Let B be an arbitrary compact set in p(Py) and fix 6 € Q. Then
there are constants co > 0 and K > 0 such that B C p(L4(c,0)) for ¢ > ¢y and

supl|(L(c.0) — 2) ! — (Pp(6) — ) 7! < K2
z€B

for c > cy.

Proof. Lemma 4.4 implies that L, (c,0) converges to P, (0) in the generalized
sense and so the proposition follows immediately from [17, Thm. 2.25 and (3.10)
in Chap. IV], since p(Py) = p(P+(0)). O

This result implies that for each eigenvalue A (with multiplicity n) of P, there
exist n eigenvalues (counting multiplicity) A;(c), j =1,...,n of Li(c) near X for
large ¢ and \;(c) = A as ¢ — oc.
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We next consider P_(6).

Proposition 4.6. Let § € (1.

(a) P_(0) defined on S is closable and its closure (also denoted by P_(0)) has the
domain D(P_(0)) = (H*> N L3,).

(b) The resolvent set of P_(0) is not empty and its resolvent is compact. In par-
ticular, P_(0) has a purely discrete spectrum.

(c) {P-(0)}ocq, is an analytic family of type (A), and
UBP_(OUE) =P_(0+1)

forall € Q) andt e R.
(d) The spectrum of P_(0) is independent of 0, denoted by 3.

Remark 4.7. We call an element of 3 a resonance of P_ even if P_ defined on
82 does not necessarily have a unique self-adjoint extension.

Outline of the proof. We see that (L_(c,0)+2mc?)f — P_(0)f as ¢ — oo for each
f € 8% and 0 € Q.. Thus, since s(c, &) — |¢|* as ¢ — oo, we have by Lemma 3.15,

48)  (P=(0) = fIP + IFIIP = Kr(IALI? + )M fI7), f € 8%

for some positive constants K;. Using the estimate we can prove the proposition
in the same way as Proposition 3.4. O

Moreover, as in the proof of Proposition 4.5 we can prove the next result:

Proposition 4.8. Let B be a compact set in C\ Y and fir 0 € Q4. Then there
are constants co > 0 and K > 0 such that B C p(L_(c,0) + 2mc?) for ¢ > ¢y and

sup [(L_ (¢, 8) + 2mc? — 2)7 = (P_(0) — 2)"|| < K¢~
z€B

forc>cp.
By Propositions 4.6 and 4.8 we have the following corollary:

Corollary 4.9. (a) ¥ C C.
(b) If P_ defined on S? is an essentially self-adjoint operator, then the self-adjoint
extension (also denoted by S) is of type (II) as a boundary value of the analytic

Jamily {P_(0)}ocq, -

Proof. (a) If there exists an eigenvalue of Y in C_, then Proposition 4.8 implies
that there exist eigenvalues of L_(c,6) + 2mc? near it for large ¢ > 0. But, this
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contradicts the fact that the eigenvalues of L_(c,6) are all in C . Hence we have
proved (a).

(b) Taking account of the fact that the numerical range of P_(6) is contained in
the cone {w € C;A;Im0 < arg(w —wp) < m — A1 Im 0} for some wy € C and
Ay > 0, we can prove, as in the proof of Proposition 3.4(f), that (P_(0) — 2)~Lf
converges to (P_ — z)~' f strongly as Q; 3 6 — 0 for all f € L?(R?) and for all
z with (=Imz) > 0 sufficient large. Hence we can prove (b) as in the proof of
Theorem 1.8. O

Remark 4.10. If b = 0 and W = 0, then P_ = —(—(2m)"'A — v(x))I>. The
essential self-adjointness and the absolute continuity of the spectrum of —A —vg(x)
with vg(z) — oo and vg(z) = O(|z|™) as |z| — oo under the condition M < 2
have been studied by many papers (see, e.g., [26] and its references). In the case of
P_ the essential self-adjointness can be proved in the same way as [20, Thm. X.38]
(see also [13]).

Hence, we omit the proof of the following:
Proposition 4.11. If M < 2, then P_ defined on S? is essentially self-adjoint.

Proof of Proposition 1.15. Proposition 1.15 follows from Corollary 4.9, Proposi-
tion 4.11 and Theorem 2.3. O

85. Nonrelativistic limits

Proofs of Theorems 1.17 and 1.18. We give the proof for Theorem 1.18 only. We

already proved Theorem 1.17 after the proof of Proposition 4.5. Let € > 0 be small.

Then, it follows from Proposition 4.8 that there is no resonance of L_ (c, §) 4 2mc?

in O\ (Uffz’l B.(py)) for large c.
Let

-1

Pk(A) = Tm

(A—2)"tdz
|z—pr|=¢
be the eigenprojection for an operator A associated with the eigenvalues in the
open disc |z — pg| < €. Then, by Proposition 4.8, we have

(5.1) Jim [|P(L—(c,0) + 2me?) — Pu(P-(0))]| = 0.

Thus, since dim Py, (P_(6)) = dim Py (P_), we have dim P, (L_(c,0) + 2mc?) = ny,
if ¢ is large, and hence we have proved the theorem. O
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We discuss the result of Theorem 1.12 for a simple case. To do so we prepare
an elementary lemma.

Lemma 5.1. Fiz ay € (0,7/2). Then, for |Im0| < ag,

H\/—CQe—Z‘gA—&-ch‘1 - ce_ex/IH < me? )

cos ag
Proof. 1t suffices to prove
. _ mc?
sup /e 2P + m2et — ce ¢l <
¢ERB COS a2
for |7] < az. We write
m?2ct

T2ir 21¢]2 204 _ pp—iT = — -
‘\/e C |£| + m=c ce |§| |e”p(C,T,f)+62Tm02+c|§||

and use Lemma 3.6 to have Re[e!™p(c, 7, £)] > 0. Then, we have the desired result.
O

Let b= 0, W = 0 and v(x) = ko|x|™ with M > 2 and ko > 0. Then, M; =
My = M and 27(M + 2)~! < 7/2. In this case we write L_(c,0) = Lo_(m,c,0),
where

Lo_(m,c,0) == —/—c2e=20 A + m2c* — mc® + koe™O|x|M.
Here we consider the mass m > 0 as a parameter. Since a can be arbitrarily chosen
if 0 < ag < 2m(M + 2)~! is satisfied, we choose ag sufficiently near 27 (M + 2)71,
so that ©1(c) = Mn/(M + 2) and ©3(c) = M7/(M + 1). We may set € = 0 and
d = 0 in Theorem 1.12. Thus, the resonances of L_(c)+ 2mc? are contained in the

sector
Mmn Mmn
> (o, M My
(5:2) ¢ M+2"M+1
The corresponding P_ is Py_ := (2m) 1A + ko|z|™ and its resonances are on the

half-line ¢ (M+2)7'7[0 50) (see Remark 1.16). Since each resonance of Lo_(m, ¢,
0) + 2mc? converges to some resonance of Py_ as ¢ — oo, there exist many reso-
nances of Lo_(m,c,0) + 2mc? near the half-line for large c. We next define

Si(6) := +ce 'V=A + koeMO|z|M.

Then, according to the above lemma, S (f) have similar properties as Ly(c, ).
Indeed, Sy () is a closed operator with domain D(S4(6)) = Dy for |[Imé| <
w/(M+1) and S_(#) is also a closed operator with the same domain D(S_(0)) =
Dy for 0 < Imé < 27 /(M + 1). Moreover, they are analytic families of type (A)
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in 6. Further, S (0) is a positive self-adjoint operator with compact resolvent, and
the eigenvalues are independent of 6. Here we observe that the following equality
is valid:

S_(0) = MM G (9 —im /(M + 1))

for |Im@| < 2m/(M + 1). Thus, the eigenvalues of S_(#) are on the half-line
etMm(M+1)™ [0, 00). By the previous lemma we can also see that Lo_ (m, ¢, 8)+2mc?
converges to S_ () = —ce~/—A+eM?|z|M in the norm-resolvent sense as m — 0.
Thus, there exist many resonances of L_(c) 4+ 2mc? near the half-line for each c if
m is small. Consequently, we know that the complement of the sector (5.2) is an
optimal resonance-free region in this case.
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