Publ. RIMS Kyoto Univ. 54 (2018), 1-44
DOI 10.4171/PRIMS/54-1-1

Almost Sure Well-Posedness of Fractional
Schrodinger Equations with Hartree Nonlinearity

by

Gyeongha HWANG

Abstract

We consider a Cauchy problem of an energy-critical fractional Schrédinger equation with
Hartree nonlinearity below the energy space. Using randomization of functions on R?
associated with the Wiener decomposition, we prove that the Cauchy problem is almost
surely locally well posed. Our result includes the Hartree Schrodinger equation (« = 2).
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81. Introduction

In this paper we consider the following Cauchy problem of fractional nonlinear
Schrodinger equations (FNLS):

(1.1) {iatu =|V[*u+ F(u) inR',

u(z,0) = ¢(z) € H®  in RY,

where |V| = (=A)2,d > 3,1 < o < 2 (with o < 4), and F(u) is the nonlinear
term of Hartree type given by

F(u) = p(| 172 % uf*)u,  peR\{0}.

The fractional Schrodinger equation appears in fractional quantum mechanics
(see [28, 29, 30]), where Laskin generalized the Brownian-like quantum mechanical
path, in the Feynman path integral approach to quantum mechanics and to the
a-stable Lévy-like quantum mechanical path.
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The solution u of (1.1) formally satisfies the mass and energy conservation

laws:

" m(w) = [[u(t) 32,
B(u) = K (u) + P(u),

where

K(u) = (u,|V|*u), P(u) = i<u7u(|x|_2“ * |u|2)u>
Here < ,> is the complex inner product in L?. Hence H? is referred to energy
space.
The equation (1.1) has a scaling invariance. In fact, if u is a solution of (1.1),
then the scaled function uy given by

d
2

un(t,x) = A2 2u(\* ¢, \x)  for any A >0

is also a solution. Since the H % -norm is preserved under the scaling u — uy, (1.1)
is said to be energy-critical if s = §. It is also said to be supercritical (subcritical)
if s < § (s> §, respectively).

By Duhamel’s formula, (1.1) is written as an integral equation

(1.3) w=U(t)p—ip / UGt —t)((] - |72 5 [u(t') [2)u(t')) d.

Here we define the linear propagator U(t)f to be the solution to the linear problem
10z = |V|“z with initial datum f. Then it is formally given by

(1.4) Ut)f =Fle " Ff = (2m) 7 / et Fe) de,
R4
where f=F f denotes the Fourier transform of f such that F f(&)= Jpa €7 f(z)dx
and we denote its inverse Fourier transform by F~1g(z) = (2m)~% [o. ™ g(&) d€.
For the linear propagator U (t), the Strichartz estimate is known to hold

Lemma 1.1 ([19, Thm. 2]). Let d > 2 and (q,r) satisfy 2/q + d/r = d/2, 2 <
q,r < oo and (d,q,r) # (2,2,00). Then

2

e U fllLarrqo.rixrey S I fllzz-

v~
The implicit constant does not depend on T > 0.

Due to the weak dispersion of U(t), the estimate accompanies a derivative loss
of order (2 — «)/q. But if one imposes radial assumptions or an angularly regular
condition on f, then a derivative loss can be recovered and a regularity gain can
even be obtained (see [17, 24]).
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Using Lemma 1.1, the local well-posedness of (1.1) can be shown in the sub-
critical case (s > §). Actually a small revision of [13, Prop. 4.1] gives the following
result:

Proposition 1.2. Let s > §. If ¢ € H® then there exists a positive time T

such that (1.1) has a unique solution uw € C([-T,T); H*) N L%(H;{;/((Qd:(gﬂ). Here
H: = (1—A)=*/2L".

On the other hand, when s = 5, by using the radial Strichartz estimate, the

local and small data global well-posedness to (1.1) are proven under the radial
assumption of ¢ as follows:
Proposition 1.3 ([13, Thm. 5.2]). Let ;2% < o <2 (witha < %) and ¢ € H?
be radially symmetric; then there exists a positive time T such that (1.1) has a
unique solution u € C([-T,T}; HZ) N L%H,«%, ro=2n/(n—2). If |¢| ;5 is
sufficiently small, then (1.1) is globally well posed.

Recently the author and collaborators of [15] obtained global well-posedness
for ;2% < a < 2 without smallness when y > 0 and with 19l 78 < [Wallzg
when p < 0, where W, is a steady state solution of (1.1). Also see [23] for the power
type. In [26], a power-type case was treated in some critical regularity without a
radial assumption. When o = 2, the equation is much easier to handle, so there
exist numerous well-posedness and ill-posedness results (see [11, 33, 12, 32]).

In this paper, we focus on the supercritical case (s < %) Many dispersive
equations are known to be ill posed in the supercritical regime (see [1, 6, 7, 10, 20]).
For the fractional Schrédinger equation, we also observe some negative results. One

can readily show the following with a slight modification of ill-posedness in [16, 25].

Proposition 1.4. If s < a(l — §) and the flow map ¢ — u exists in a small
neighborhood of the origin as a map from H*(R?) to C([-T,T); H*), then it fails
to be C3 at the origin.

Nonetheless, using probabilistic arguments, Bourgain [4], Burq—Tzvetkov [8,
9], Colliander—Oh [21], Lithrmann—Mendelson [31] and Bényi-Oh—Pocovinicu [2, 3]
established positive results on subsets of H* for the supercritical case (see also
[38, 37, 22, 34, 5, 35, 36]). In particular, in [38, 31, 2, 3], the authors introduced a
randomization for functions in the usual Sobolev space on R<.

Many of these works are on the dispersive equation with power-type nonlin-
earity. So we are concerned with the Cauchy problem with random initial data of
the equation with Hartree nonlinearity. Because of the nonlocal nonlinearity, the
problem is more complicated. More precisely, we cannot apply the Holder inequal-
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ity and bilinear Strichartz estimates directly. In order to overcome the difficulty,
we decompose functions with respect to frequency as in [12].

Before giving a precise description of the main theorem, we introduce ran-
domization adapted to the Wiener decomposition in [38, 31, 2, 3]. Let ¢ € S be a
function satisfying

supp® C [~1,1]¢ and Z (€ —n)=1.
nezd

We define a pseudo-differential operator (D — n) as a Fourier multiplier,

U(D —n)f(x) = F (€ —n)Ff.

Then given a function f € L2(R?), we have

f=Y dD-n)f.
nezd
Let {gn}neze be a sequence of independent mean-zero complex-valued random
variables on a probability space (2, F,P), where the real and imaginary parts of
gn are independent and endowed with probability distributions p), and uZ. We
assume there exists ¢ > 0 such that

(1.5) ‘/ew dp%‘ < e
R

for all v € R, n € Z% j = 1,2. The condition (1.5) means that the exponen-
tial moment is bounded. It gives a large deviation estimate. For the detail, see
[8]. Note that (1.5) is satisfied by standard Gaussian random variables, standard
Bernoulli random variables and any random variables with compactly supported
distributions. Actually, we have

o e dx 2
e dun () = / YT 2 2 — oy /2,
—00 Vv

o 2T

1. Gaussian:

2. Bernoulli:
o0 1 [ 2
/ e dun () = 7/ V(81 (z) + 0_1(z)) dz < eV /?
—oo 2 —o0
3. random variables with compactly supported distributions:
> A C, a A q2e
‘/ ewdun(x)’g/ ECdr = —(e"" —e ) <et 7.
— oo —A Y
Thereafter we define the Wiener randomization of f by

(1.6) £ =7 ga(w)p(D —n)f.

nezd
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Now we state our main theorem.

Theorem 1.5. Letd > 3,1 < a <2 (witha < £), max(22=L . 2 1) < 5 < 2
and ¢ € H®. Consider randomization ¢ defined in (1.6) with a probability space
(Q, F, P) satisfying the condition (1.5). Then (1.1) is almost surely locally well
posed in the sense that there exist positive C, ¢, v and o = S+ such that for each

T < 1, there exists a set Qp C Q with the following properties:

2. For each w € Qp, there exists a unique solution u € C([0,T]; H®) to (1.1) with
miatial data ¢“.

3. The Duhamel part of the solution is smoother than the initial data, i.e.,
u—U(t)g” € C([0,T); H?).

The rest of the paper is organized as follows: In Section 2, we briefly review
randomization adapted to the Wiener decomposition. In Section 3, we introduce
the Bourgain space X*° and show bilinear Strichartz estimates. Lastly, in Sec-
tion 4, we prove Theorem 1.1.

As usual, different positive constants depending only on d, « are denoted by
the same letter C, if not specified. The expressions A < B and A 2 B mean
A < CB and A > C~!B, respectively, for some C' > 0, and A ~ B means that
A< Band AZ B.

§2. Randomization

We briefly review randomization adapted to the Wiener decomposition.

Lemma 2.1 ([8, Lem. 3.1]). For given {c,} € (*(Z%) and p > 2, there exists

C > 0 such that
H Z gn(w>cn

nezd

<C " .
Lr@) = Volle Hzg(zd)

Lemma 2.2 ([2, Lem. 2.2]). Given f € H*(R?), we have for any A > 0,
P72 srequay > ) < Cem XMl

Lemma 2.3 ([2, Lem. 2.3]). Given f € L*(R%) and finite p > 2, there emist C,
¢ > 0 such that for any A > 0,

P15 lr gy > A) < Cm NI

In particular, f¢ is in LP(R?) almost surely.
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Exactly the same arguments for the Schréodinger equation in [2, 3] give prob-
abilistic Strichartz estimates for the fractional Schrédinger equation. Actually, the
only property of a linear propagator used in those papers is that the L?-norm of
a linear propagator is conserved in time (see [2, Prop. 1.3]).

Proposition 2.4. Given f € L?(RY), let f* be its randomization. Then, given
2<q,r<oo, forallT >0 and X\ > 0 there exist C, ¢ > 0 such that

@1 POUOF ioms > V) < Co (e ).
Ti71:
§3. Bourgain space

We introduce the Bourgain space X defined as follows: for s, b € R,

Xob = {SD S ol xsn = (€)% (T + |f|a>b5(7, f)”LZ(Rde) < 00}7

where (a) = 1+]a| and ¢ denotes the time-space Fourier transform. In what follows
we mention a few well-known properties of the X ** space. Let n be a smooth cutoff
function supported on [—2,2], n =1 on [—1,1] and let nr(t) = n(t/T).

Lemma 3.1. LetT € (0,1) and b € (%, %) Then for s € R and 0 € [0, % —b) the
following hold:

1_
Ine (U () fllxcn@xray S TN fll s mays

t
m(@) [ U=t ar L L Po——
0

X:b(RxRY)

Lemma 3.2. Let d > 2 and (q,7) satisfy % —&—g = %, and (d,q,r) # (2,2,00).
Then for b > % we have

lullpgrr mxray S ”uHXLTa’b(]RXRd)'

The above lemma follows from the Strichartz estimates (Lemma 1.1). By
interpolation with trivial estimate [|uf 7z < ||ul|xo.0, we have the following lemma.

Lemma 3.3. Let ¢ > 2. Then for b > % we have

||UHL§L§ N ||U||Xo‘b<1f§>(Rde)‘

Because of scaling symmetry, the Strichartz estimate is optimal. But if one

considers the interaction of two different frequency localized data, one can obtain
a bilinear Strichartz estimate. Throughout the paper we denote by A(N) the set

{€:6~ N}
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Lemma 3.4 ([14, Lem. 2.2]). Letd > 2. Suppose that suppfc A(Ny) and supp g
C.A(A&) Uﬂﬁlﬁhrg A&. Then,

dta—2
N 4
1000l < (N) (Ny M) 2l 2
= NN N sz lolze.

Moreover, we prove bilinear estimates for data whose Fourier transform is
supported in a small ball, not necessarily centered at the origin.

Lemma 3.5. Let d > 2. Suppose that supp]?C B(&o, p1), with p1, |&] < 1 and
suppg C A(1). Then we have

U@ fU@)gllrz, <Smt ||fHL2HgHL2

Proof. By decomposing the support of § into a finite number of sets, rotation and
mild dilation, it suffices to prove the estimates when suppg C B(e1,d) for some
0 < 6 < 1. By definition of U(t), we have

Ut)f(x)U(t)g(z) = (2m) = / e M=t +1n1") F(€) G (n) de d.

For each & = (&,...,&,), we define a bilinear operator

Bg(f, g) = /RIM ei(x'(f-HI)—t(\f\a-&-lnla))f(gl’@’g\(n) d¢y dn.

We make the change of variable ¢ = ((1,Ca,...,Cax1) = (€ +n, [€]* + |n]|*) with
the observation |%| = a| & €122 —ny|n|e—2 | ~ 1. Then applying Plancherel’s
theorem and reversing the change of variables (¢ — (£1,7)), we get

I1Be(f: )22 S 176, OFm)]| 12

1M

Hence by Minkowski’s inequality, we have
0@ Oslizaz = | [ Bels0)
L3212
S [17€. 031z, , € < o1 1Nz loloz.

The last inequality follows from the fact that the support of fis in B(&,p1). O

From Lemmata 3.4, 3.5 and the definition of the X*?® space, one can prove
the following lemma.
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Lemma 3.6. Let d > 2. Consider u, v € X% for b > % Then we have the
following properties:

1. If suppu C A(N1) and supp® C A(Na) with Ny < Na, then

l1—a
2

a1
luollzz SNy = Ny ® luflxoe][v] xos.

2. If suppu C B(&y, N) and supp® C A(Ny) with N,|&| < Na, then

a4

d—1 1o
luvllpz, S N7Z" Ny lufl xou [[vf xou.

Furthermore, interpolation with the trivial inequality [Juv||pz < flullre, Jvllz <
Hu||X%+%+ ||| xo0.0 yields the following,. '

Lemma 3.7. Let d > 2. Then, for given small € > 0, we have the following

properties:

1. If suppu C A(N1) and supp® C A(Na) with Ny < Na, then
dolige l-ayg
huollzz SN = N ol o

2. If suppu C B(&, N) and suppv C A(Nz2) with || ~ N1 and N, N1 < Na,

then
d—1_ ELL )
luollzz, S NP5 NF N oy ol oy
where 1 = 2(1d+_21€)5 and €9 = 2(?15?5 so that e9 — 1 = 2¢.

84. Almost sure local well-posedness

We will prove Theorem 1.5. Given ¢ € H*(R%), let ¢* be its randomization. We
concern (1.1) with initial data ¢“. Let z(t) := U(t)¢* and v(t) := u(t) — U(t)¢*.
Then (1.1) becomes

(4.1)

i0pw = |V|% + F(v+2) in R x R%,
v(0,2) = 0.

By Duhamel’s principle, (4.1) is written as the integral equation
t
v(t) = / Ut —t')F(v+z)(t')dt
0

=nr(t) /0 Ut =t )nr ")V E (et v +nrt')2) () dt'.
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So we define D by

t
Du(t) = ﬁT(t)/ U(t =t e () F (nr ()0 +nr(t')2) () dt’.
0
Now it suffices to prove D has a fixed point in closed subset of C;HZ([0, 7] x R%),
B={ue X Julxor <1}, o=(a/2+ b=(1/2+

outside a set of probability < C eXp( — ) For that purpose, we show a

TG
contraction inequality (Proposition 4.1) for D. Then by choosing R = R(T) ~ T~
for some 7 € (0, %) such that

ol
2

OiT’(1+R% <1 and CoT?(2+ R*) <1/2,
one can prove Theorem 1.5. Precisely, for v,w € B, we have
[Dv[|xor <1 and [[Dv—Dw|xas < F|lv — w| xes

outside Q7, where \QNT| < Cexp( .Soforw € Qp = (QNT)C, there exists

___c
) T”H¢H§1s)
a unique v* such that Dv¥ = v¥.

Proposition 4.1. Let d > 3, 1 < a < 2 (with a < %) and max(ig:é -5, %) <
s< 5. Given ¢ € H*(RY), let ¢ be its randomization. Then, there exist o = 5+

b= %—I— and 0 = 0+ such that for each small T < 1 and R > 0, we have

Dol xoe < LT (V]300 + R?),
Do = Dl xon < CoT? ([0l 500 + llwllXmn + B?) 0 = w]|xe0,

outside a set of probability at most C exp ( - Cﬁ)'
2

Proof. For a given s satisfying max( 4213::15

that

5 %) < s < g, we choose o and b such

« ,(4a—3 o 1)
— < o <min S, —+s—= ],

2 2172772
1<b<1—|—1min (4a_3s— )204—1 —éoz—l—1 s— __*
2 25 2a—1" "J6a—-4 7 81 T 723Ba—2)

« + 1 1( a)
——0+s—=, —(c—=) ).
2 7 2 a\77 3
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Let 6 =0 — % We show only the first estimate, and then the second one can be
proved similarly. Lemma 3.1 and duality give

Do xe0 < TP F (v + 172) | xop-105

=70 su // ) F(nrv + nrz)]vg dz di|,
<1 RxR

HU4”X0 1—b—
where 6 = 46. So there exist six terms to be considered:

L[ J(w)

|_2a * |77Tv|2)77TU)U4 dzx dt‘;

(V)2((l
2. | [ J(V)7 (2|72 * [nrz? )i 2)vs da dt];
3. [ [V (|22  (rvT7z + Tronr2))nrv)vs de dt|;
4| [ (V)7 (2] 72 % [nrol®)nrz)vs da di|;
5. | [ [V (72 5 (romirz + Trome2) nrz)os da de;
(V)2((

6. | [ [{V)7((lz]| 72 * [nrz*)nrv)vs da dt|.

We will estimate each term by using Strichartz estimates, bilinear Strichartz es-
timates and probabilistic estimates. In what follows, we let € = —% +b+ 06, € be
any number satisfying & < e < min(1 (o — %), 1(d—2a)) and b = 11/32_68. We note

that & =5(—1 +b) andl—b—gzé—s.

1st term: vvv

(4.2) ’ // ((lz] 2 * |npv)®)npv)vy do dt|.
By the Holder inequality and Lemma 3.3, (4.2) is bounded by

(V)7 (] 2 % (InTHIQ))nTv)IILlf [oall 1

h LsL2
S IV (|22 (I??Tvlz))nTv)ll SN CHIPIXERER
_ o —2« 2
= (V)7 (|2~ * (Inrv] ))nTv)llLl . 2||v4||X0,%,g.

In order to deal with the nonlocal term, we introduce some useful lemmas.
Lemma 4.2 ([27, Lems. Al to A4]). For any s > 0 we have
VI uo)llzr S HVIPullze[ollpe + [ullpo || V0] Lr,

where 1 = %—i—q% = q%—l—%, ri € (1,00), ¢; € (1,00], i =1,2.
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Lemma 4.3 ([18, Lem. 3.2]). For any 0 < 1 < d — 2 we have

H |$|—2oz

() e S Nl Nl g

By using Lemma 4.2, we get

(V)7 (|2 (InTvIQ))nTv)HL%EL%

—€ J o0
t x

Sl (o)l o )70l 2

2d .
d—2a—ae
x

+ (V)7 (272 * [of® il

2a+ua
From Lemma 3.2, we obtain
V)7 nrvlle s S ol xos.

, we use Lemma 4.3 (with 0 < & < 4=22) and

x

For || |=2% x (Inrv[?)
the Holder inequality

|720¢

e S P [ S v

t x

Then, from Sobolev embedding, we obtain

HnTvH L S S KV)? v||L1 i
and
e g < (V)7 L i
where o1 = d_z(;_a) - d_23‘_’15 and o9 = d_2(21_5) - d_z‘;J””. Lemma 3.2 yields
||<V>UIUHL1735L5722(%5)7 H<V>"2vllLt%Lm S llvllxes,

because e < L(0— ) gives oo+ (2— ) - 52 <o+ (2— ) 5= <o
For |[(V)? (|| 2% |nrv|?)|| 2a__, we use the Hardy—Littlewood—Sobolev

1 5L2a+

inequality (HLS inequality) and Lemma 4. 2,
(V)7 (] =2 [y o]? I S V)7 (Inrof® M

2a+as 2d 2a+as

S (V)7 U||L°°L2||U||

5 L d— 2a+o<5

By using the Sobolev inequality and Lemma 3.2, we have

<
Lm lvllxos-

IIUH o2 atee SIVIZ 2

Lid 2atas 7
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In conclusion, we obtain that (4.2) is bounded by [[v[|5..[[vall ;0.1 =

In order to handle the remaining terms, we make a dyadic decomposition and
assume the Fourier transform of z;, v; is supported on the set A(N;) = {€ ~ N;}.
In dealing with 2nd, 4th and 6th terms, we may assume N; < N.

2nd term: zzz
(4.3) ‘//(V}"((MQO‘ * 2129)23)vg dx dt|.

We consider two cases separately:

(21) maX(Nl,NQ,Ng) ~ med(Nl,Ng,Ng);
(211) maX(Nl,NQ,Ng) > med(Nl,Ng,Ng).

Case (21) IIlELX(]\/vl7 NQ, N3) ~ med(Nl, NQ, Ng)
By the Holder inequality and Lemma 3.3, (4.3) is bounded by

o —2«
1) (a2 » (a2l s, ol
S V)7 (12172 * (2122))23) ke o el g2
By using Lemma 4.2, we get
V)7 (|72 * (z122))23) | 2
Ll=cL2
S |x‘_2a (2122) H<V> 23| 2o 2d/(a—42)
L L, " L,

+ (V)7 (a2 (zm))\l Y Y e a—

We first consider || |z|72**(2122)|| _s_ s4. The HLS and Hélder inequalities

Lt2—2a L2
yield
Nal ™% Grzall e g2 Slazall pa, | on
S HleLl%de/(d—%)HZQHLl EL2d/(d—4—°‘)

Then from max (N7, Na, N3) ~ med(N7, Na, N3), we obtain

e O N [\ IR

SHZIHLJ%EL?/(F%)'M >522||L:%5Lid/(d7470‘)H<v>723|| = id/(d*%)

+ (V) x|

2 Lid/(d—‘l—é") ‘<V>522 HL,I%E de/(d—%l) ||Z3HL11%E Lid/(d—%")'
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For [[(V)7 (x| 2 % (2122))|| _s, ga, we use the HLS inequality, the Leibniz
L Lk

rule and the Holder inequality,

S V)7 (z122)

o —2a
9 el Gra)l g (.
[ea
S.z ||<V> Zl” tIEELid/(d—%*)”ZQHLtlfeLid/(d—%*)

+ HleLtﬁg Lid/(df%l) ||<V>oz2||Lt1%5Lid/(df%‘>'
Then from max(Ny, Na, N3) ~ med(Ny, Na, N3), we have

(V)7 (|| 72 * (2122))

HLEEQE L;% ||Z3HL,132 Lid/(d—%")

N HZl“LfiE 24/ ||<V>5Z2‘|Ltlis L2/ =4 ||<V>§Z3||L;‘%5Lid/<d7%">

+ ||<V>521HL£1§€ Lid/(d*%) ||<V>§Z2||LtIEELid/<df%> HZ?’“LJEE de/mf%“)'

Therefore, from Proposition 2.4 and g < s, we conclude that

Z (43) S R3HU4||X0,%7§
maX(Nl,Ng,Ng)
NmCd(Nl,NQ,N;;)

outside a set of probability < C'exp ( — c%).
T3 [l

Case (211) maX(Nl,NQ,Ng,) > med(Nl,N27N3)

Since the case of max(Ny, Na, N3) ~ Ny can be similarly handled, we deal only
with the case of max(Ny, N2, N3) ~ N3. Then we consider four cases separately:

a—1

Ny~ N3 > N7 > Ny > Ny;
a—1
Ny ~ N3 > N32a71 > Np ~ Ny;
a—1
Ny~ N3 > Ny > N2 > Ny;

a—

Subcase (2.ii.a): Ny ~ N3 > N3*7" > Ny > N;

In this case, we need to apply the Holder inequality and bilinear Strichartz
estimates to (21, z3) and (22, v4). But because of convolution, it is not easy to apply
directly. So we decompose the convolution with |-|=2%. The convolution with |-| =2
can be considered a pseudo-differential operator |V[2*~¢ with symbol |£]2*~<. The

Fourier support of z; z; is contained in A(2N3). So we observe |V[2*~¢ ~ N2o~4
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on the Fourier support of z1z5. Then we have

= nt [ [emeny(S) (L) (L) a0) e,

where x is supported in B(0,1). Now we take the Fourier series expansion for
W(E,n) = x(€)|E+n>*~9x(n) on a cube of side length 27 that contains the support
of ¥ to get

XEIE+nP () = Y Cpetertn

k,lezd

with >, ;[Ck| < C. Then we have the identity

|v‘2a d
W (2122) E Ckl21227
2 k,lezd

where 2f = (27r) 74 [l €eth €5 (€) d€ and 24 = (2m) =4 [ el ez (n) dn. So we
need to estimate

Z CMN220‘ d//‘ 212223 ’U4’d£L’dt

k,lezd

By using the Holder inequality and Lemmata 3.6 and 3.7, we get

N;a_d//|zfzé<v>‘723v4|dzdt

< N2 (V) 2l llbval e

2a—d+ 252 +28

d—1 _ ~
SN N N3 ™7 2 28 | o [l 23]l xoe |23 xo 04l o, -2

Since |25 xo0.0 = ||21]lx0.6, |25]lx0.6 = ||22]| x0.0 and > k1 |Ckal < C, we have

Z C’klNzo‘ d//| zlz2 23 u’dwdt

k,lezd

2 d 28
<N1 Nza e

_g-

N3~ F T 2 21 xonll2allxou 123l xou l0all o,y

By using the Bernstein inequality and carrying out a sum in N;, we get

Z Z C'MN20 d//| 2122 23 v4|d:cdt

N1< N2 k,leZ2
§N2204 1— 23+2§N§x—1+0—s+2§”ZH

xeollz2llxen lzsllxen loall oy -
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a—

1
Since N3 > N7*' > Ny > Nj and 2o — 1+ s + 22 > 0, from a sum in N3, we
obtain

725%%»0754»63‘%43
> (43) SNy T lzllxse 2l s e [zl s ll0all o3 -2
—1
NS;’“1 >N2>>N;
a—1
2a—1
applying Lemma 3.1, we have

> (4.3) S T71¢* 13-

a—1
Ny~N3>NS71 N> Ny

Since —2s +o0—s+ %E < 0, we can carry out a sum in N3. Then by

U4||X0'%7~'

Therefore, from Lemma 2.2, we conclude that

> (4.3) S T R®|lvdl|

a—1

Ni~N3>NSYTU SNy Ny

1~
x%3-

outside a set of probability < C exp ( - Cﬁ)'
2.

a—1
Subcase (2.ii.b): Ny ~ N3 > N3*7' > Ny ~ Ny

This case is more delicate because |V|?*~4

might be singular on the Fourier
support of z1z2. So we decompose |V|2*~¢ and zy, 2z so that |[V|?*~¢ can be
treated as a dyadic number N and the Fourier support of z1, z5 is placed on a set

of size N. First we decompose |V|?*~¢ such that

[VPemt = N2 4(|V|/N),

N

with a cut-off ¢ supported in A(1). Here ¢(|V|) is a pseudo-differential operator
defined by ¥(|V|)f = F 1 (¢(| - |)Ff. Then we have

[ [ @ el s zizyon o
= / / <V>"(N;Vz Nzad¢(|V|/N)(leg)23>v4dxdt.

After that we decompose z; and 29 into functions having Fourier supports in cubes
of side length 272N. Let {Q} be a collection of essentially disjoint cubes of side
length 272N covering A(Ns). Let us define z;q by Zig = xo(€)Z; for i = 1,2. Then
we have z; = > ziq for i = 1,2. Since N1 ~ Na, we may restrict Q C A(Na). So,
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we have

[ (109 @t wm) i)z dea
=D / / (V)7 (N> (1VI/N) (210220 )23 )va| de

Q,Q’

- X [iwrertmimeene
N<4N

dist(Q,—
Here, the last equality follows from (|V|/N)(s1072¢/) = 0 if dist(Q, ~@') > 4N.
We observe that
’L/)(|V‘/N)(31QZQQ/>
= //eim'(ng")X(f/N—50)1/)((5+77)/N)X(n/]\7 o) Eiag de dy

for some &, no € R? and x supported in B(0,1). Let us take the Fourier series
expansion for ¥(&,n) = x(€ — &) (€ + n)x(n — no) on the cube of side length 27
that contains the support of ¥ to get

X(E = &)(E+mx(n—mo) = Y Crye® et
k,lezd
with ZM |Cr.i| < C, independent of &y, n9. So, we have
G(IVI/N)(z10220) = Y Crizto?ha,
k,lezd

where zf, = [ €*we2mREZ5(€) dE and zhg, = [T Z55,(n) dn. Hence
we obtain

Z //| 7(NZT Y Y(|VI/N)(z21g22¢") 23 v;;’dxdt
N<4N

dist(Q,—

g Z Z Ck: lNQO‘ d//‘ ZIQZZQ’ z3 ’U4’dl‘dt

dist(Q,—Q’)<4N k,lezd

So we need to handle N2~ [ [ |2§, 2}, (V)7 2304 | dz dt. The Hélder inequal-
ity and Lemmata 3.6 and 3.7 give

Nmfd//|ZfQZéQ,<V>0z3U4|dxdt
< N2a_d||Z]fQ<V>UZBHLfJ||Zl2Q'U4||L%m

S N2a71—€1N252N§—a+a+25||zfQ||X0,b ||ZéQ/ ||X0,b HZ3||X0,b ||U4||X0‘%—57
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where €; = -1 5nd €9 = 2044292 Gince ||2- voo = ||z10]| 0.6, |2 || 0.6 =
142z 1422 1Q Q 2Q

||ZQQ/||Xo,b and Zk,l ‘Okﬂ < C, we have

Z Ck71N2°‘*d//’zszéQ,<V>U,23v4|dxdt

k,lez4

S N2TImEUNG NG 2 210 o |22 [l xos |23l xow [[vall o

1_z.
y5 TE

Thereafter we use the Cauchy—Schwarz inequality, orthogonality and the Bernstein
inequality to get

Z Z C’k,lNga_d//‘zszéQ,<V>‘723v4|dxdt

dist(Q,—Q’)<4N k,lcZd
S N2OTISINGENG ™ T2 24 [ o | 22l xoo |23 o [[0all o

2a0—1—e1 n7—28+e€2 prl—ato—s+2E
SN N, Ny |

1 -
15 —€

|21l xe |22l =0 |23 ]| e o 1vall o, -2

Then a sum in N < Ny gives

D (44) S NFTITEEENGT O e |zl x| 23 e
N2>N>0

Jvall o3 -

a—1
Since N3 > N7 > Ny ~ Ny and 2a — 1 — 25+ 22 > 0, a sum in Ny gives

> PR

e 0<N<N;
N7 >Na~Ny

L a—1 ey Bba—4~
—2855—1 to—st55=1¢

SN

12l x 0 2l x| 28]lx o0 l[0all o3 -2

Thus, from Lemma 3.1, we obtain

a—1 6a—4
—2855-1to—stg,—1¢

ST %Ny 1117

P]V;;qSWHI‘I‘S

U4HX0,%75~

We can carry out a sum in N3 because —2820;:11 +o—-s+ gg:‘f? is negative.

Therefore, by using Lemma 2.2, we conclude that
—30 p3
> (1) S TR uu] o y -
a—1
Ny~N33>N7% 1> Ny Ny

outside a set of probability < Cexp ( — Cﬁ)'
2,
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a—1
Subcase (2.ii.c) Ny ~ N3 > No > N7 > N

Adopting the method in subcase (2.ii.a), it suffices to estimate

4.5 C  N2o—d 2725 (V) zgv4| da dt.
NEAD)

k,l€z?

The Holder inequality and Lemmata 3.6 and 3.7 give

Nga*d//’zfzé(V)“zgv4|da:dt

S N zallne V) 25l NzTvall e,

l-a o7

_ ﬂ+2"
SNETUNL T N T 2 xon bl IOV 2l loall oy -

Thereafter, from sums in k, [, the Bernstein inequality and Lemma 3.1, we obtain

1o ox
2

d=1_ o=
(4.5) S T-ONyst2e-dNg—s N = PN,

< [Py e 109) 22l I9) 25l _lleall o

1_=.
@ 3 7E

Then sums in N; and N» yield

> > (@5)

a—1 a—1
N32N22N32"‘71 N32a71 >Ni=1

s(42=8) 4 yaols Qa—d)to+ Sazts

ST Ny
X ¥ m= (V) 22l s 1(V) 28]l g Nloall o5 -2

Hence, from a sum in N3 and Lemma 2.2 and Proposition 2.4, we conclude that

) (45) S TR oall oy -

e

-1
N4~N3>>1\72>>N320‘71 >Ny

. R 2 2
outside a set of probability < Cexp ( —c |I¢1ﬁ§{s ) + Cexp ( — CW).
e

Subcase (2.ii.d): Ny ~ N3 > Ny > N; > N;fl
The Holder inequality and Lemma 3.3 yield that (4.3) is bounded by

—2
{V)7 (]~ (2122))Z3)||L?EL; feall 2,

S V)7 (2] * (2122)) 23)

~

HL#H [vall yo.3-2-
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Then the HLS and Holder inequalities and Lemma 4.2 give

(4.3)
SVl e savasp N2l o savasp) N2l oo aavasp 02l o3
+ HZIHL;%EL?/(dJT“) H<V>UZ2||L}%5L?/<¢1—%> HZ?’HLQ%EL?/“’%) ‘04”)(”«%*5

+ HZIHL:EE id/(@%‘") |‘Z2||L:%5Lid/<d7%> ||<V>UZ3||Lf135Lid/(d—%> |‘U4||X0«%—5'

Thereafter we use Bernstein’s inequality and carry out sums in Ny, Ny to get

> > (4.3)

N3>N2>1 =L
N2>N1 >Ny~

o—daz=3g
SR [\ PR [ R e
t x £

Therefore, from Proposition 2.4, we conclude that

3
> (4.3) S B¥oall oy -

a—1

Ny~N3>No>>Ni>N2o T

outside a set of probability < Cexp ( — c%).
T3 |9ll%s

3rd term: vzv
(4.6) '//(V)"(m%‘ * (v129)v3)vy da dt|.

We consider two cases separately:

(31) Inax(Nl, Ng) Z NQ;
(3.i1) max(Ny, N3) < Na ~ Ny.

Case (3.1): max(Ny, N3) 2 Na
We assume N7 > N3, because the other case can be handled similarly. The
Holder inequality and Lemmata 4.2 and 3.3 yield

(4.6) S V)7 (ol 2 x izl |, sl

ri
Sl ezl oy IV vsllnenz flvall oy -2
t T
na [0 ) R [ e Ve [
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Thereafter we use Lemma 4.3, the Holder inequality, Sobolev embedding and
Lemma 4.2 to get

1 1 1 1
< (|U1||22 _ag loall® o VR | F->1 PP VRI (F->1| P 2d
Lt1—sL;1—2a—aa Ltl—sL;l—2a+o¢s Ltl—sL;L—m—aa Ltl—sL;z—2a+aa

+ (V)7 (v122)

I, e et ) Tl lonl o

Then Lemmata 4.2 and 3.2 give

T—¢ ; d—2a+fae
t T Lf, LTD

1 1
< (llxeolaal? o e NP
L —SLd—2a—(¥E

o
+ (V) Ul”Lf"LiHZQ”Ltl%ELg_;%

+ |vlan||<V>°zQ||Ltlzng_2idm) < flosll oo llval oy -

Since N1 2 N, we have

o g
ol sz 09022l 2, g, ST wrllmnloal o

Therefore, from Proposition 2.4, we conclude that
> (4.6) S Rllvll%esllvall o<
max(Ny,N3)>No

2

. o1 R
outside a set of probability < Cexp ( ~ CTT==¢Tmor )

Case (311) HlaX(Nl,Ng) < Ny ~ Ny

We assume N3 > Ny, because the other case can be handled similarly. As in
subcase (2.ii.a), we shall deal with

(4.7) > CraNg* ! / / [vF (V) 2hvsvy| de dt.
k,lezd

The Holder inequality and Lemmata 3.6 and 3.7 give

Ngaid//|U]1€<V>U,Zé?)3’()4’d$dt
—d
SNV 25 e Hlvsllce [lvFoall e
g N;a—dNﬁ%l+25NkTa+25

k l
2 o o l09) e losllz loall oy o

x
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Thereafter we carry out sums in k, [, then use the Bernstein inequality and
Lemma 3.2 to obtain

Li2z—0 < 428

(4 7)<NU s+2a— clN N3—0'+ 4 N4

X lvillxee V)22l s lvsll xoellvall o5 -

Then we carry out a sum in Ny:

0‘ s+2a—d+ize O‘ 428 d-lioz 5 gt doa
> 4NS Ny * !
N3>N1>1

< ollxcon (V) 2l losllcooloall oy -

We observe that U—s+2a—d—|—1fTO‘—|—2€~< 0. So if%—20+%+2€< 0,
then a sum can be carried out over Ny, N3. Otherwise it should be checked that
the sum of exponents of Ny and N3 is negative Actually the following conditions
hold: —o0 — s+ 2a — 4 448 < —(%2=2)5 + 2o — 4 + 42 (because s > 22=17)
< —(%2=)o+3 a+45 (because d > 2a) < ma—i—éle (because o > §) < 0.

4a—3
Hence we have

> (4.7) S olxae[KV)*2llLs Nvllxesllvall o1 -
max(Np,N3)<KNa~Ny

Therefore, from Lemma 2.3, we conclude that

> (4.7) S RllvllXeslloall o 5 -
max(Ny,N3)<KNa~Ny
outside a set of probability < C'exp ( — c%).
TZ |83

4th term: vvz

(4.8) ’ // ((|2] 2 * viv2)23) vy da dt‘
We consider three cases separately:

(4.i1) N1 < Ny < N3 ~ Ny;
(4.iif) Ny ~ Ny < N3 ~ Ny.
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Case (4.i)): N3 2 N3
The Holder inequality and Lemma 3.3 yield

(4.8) 5 ||<V>"((|:E|’2"*(vlvz))23)llL1 €L2||’04|| %Li
S 72 % * (vl i gl (V)7 Zzll WHMII 03—z
1) (]2 ¢ (wr02) R R [ P
Then we use the HLS inequality to get
S ||v1“2|| 2o | B \<V>023HL1 ELmHMH 01z

[[oa|

+||< > (’U1U2) LIE Xo,%75~

2d
ELz2d72a+as Ld 2a ae

Thereafter, from the Hélder inequality and Lemma 4.2, we obtain

< vl L ELm”wHLooLzH( Y 23| L ELmelH 01
* HUIH 7Lm”<v>av2”lzfoLi T e ||U4||X0,%*E
x
+1(V)” e [y

d— 2a+o¢5
t L t

Therefore, from Ny 2 N3, Lemma 3.2 and Proposition 2.4, we conclude that
> (48) S Rlolxosllvall oy
NQZNg

2

2 . o1 _ R
outside a set of probability < Cexp ( CTT=]6Tor )
Case (411) Nl < N2 < N3 ~ N4
As in subcase (2.ii.a), we shall deal with
(4.9) Z Cy, 1N22°‘ d // |vl vy(V 231)4’ dx dt.
k€74

By using the Holder inequality and Lemma 3.7, we get

Ngafd//|v’fvé(v>0zgv4’dxdt

S Nl V) zsllps loboallse

< NZomdN T RN T

[N
o

[orllxonllvzlizs  IKV)” 25l zs  [lvall o

4



ALMOST SURE WELL-POSEDNESS OF FNLS 23

Then sums in k, [, the Bernstein inequality and Lemma 3.2 yield

4o 4 2a—d S5t 4280 loe g

(4.9) < N, °F N, N{~*N,
X JJvrll o llvall xon (V) 23]l s llvall o1 =

Thereafter we carry out a sum in N7 to get

—20—4+Ta—3+28 ,,0—s+ 1;“‘ 428
S9SN, NS
N3z>N1>1

X vl xee lvall x0 (V) 23l L3 Nvall o132

Since the exponents of Ny and N3 are negative, one can carry out sums over No
and N3.
Therefore, from Proposition 2.4, we conclude that

> (4.9) S ol%as (V) 2l Nlvall o3 -2 S Rllvll5on llvall o5 -
N1 <K N2<KN3~Ny
outside a set of probability < Cexp ( — & )

T3 6113
Case (4.iii): Ny ~ Ny < N3 ~ Ny
As in case (2.il.b), we consider
(4.10) Z Z Cr N2~ // |v}val2Q,(V>Uzgv4’ dzx dt.
dist(Q,— Q") <4N k,le74

The Holder inequality and Lemmata 3.6 and 3.7 give

N2a—d//‘U’vaéQl<V>”Z3U4‘d$dt
< Nzafd”,ulz@, <V>023HL%J||'Ui€Q'U4||L$J

S NM_de_l_slle2N3}_a+2§HUfQ||X0vb ||Ul2Q/ | x0.6[[{V)7 23| x0.0 HU4||X0,%757

where €1 = 2(1d—;21§'§ and g9 = 2(;{1;?5. By carrying out sums in k, [, we have
Z Cl N2 // [viovhe (V)7 z3v4| da dt
k,leza

S N2TINITENT NG 2 oy xou [[ozgy [l xo (V) 23l xo 04l o3 2
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Thereafter we use the Cauchy—-Schwarz inequality, orthogonality and the Bernstein
inequality to obtain

g

(4.10) S N2TINITI=UNTENG =02 oy || xo.0|va | xou [(V) 7 23l x0 04l 0.3 -
S NQOt—de—l—El Nf0+€2N270N?}7a+0'75+2§
X villxesllvzllxan [ (V) 23] xo00 [[va]] L o,1 -2
Since N < N; ~ Ny < Ny, we have
> > (410) S NSO o s 0] xen (V) 2l xo. lvall o4 -
N3>No>1 Na>N>0

Then, from Lemma 3.1, we get

ST ONG T Poyy 6= ol oo 0] o [[vall o, -

Because « — 1 — 0 — s + 4¢ < 0, we have that a sum in N3 is finite.
Hence, by using Lemma 2.1, we conclude that

(4.10) S T Rl[vll3on lvall o 3-=
N1~N2<KN3~Ny

outside a set of probability < Cexp ( — cRiz).
[

5th term: vzz

(4.11) ‘ //(V)"((M_QO‘ *x (v122))23)vs d dt).
We consider four cases separately:
(5.1) N1 Z max(Na, N3);
(511) N1 < N2 ~ N3;
(5111) N17N2 < Ng;
(51V) N17N3 < NQ.

Case (5.1): Ny 2 max(Na, N3)
The Holder inequality and Lemmata 4.2 and 3.3 give

(411) S V7 (72 (nmz))z)ll o ||v4|| .
S [ 72 % (v122) tlzeLmzig“II<V> prke o= [Vl 0.3
+ (V)7 (|72 (vlzz))ll ||Z3H [0all yo.4-2-

L2a+o¢5 Ld 2o¢ ae
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Thereafter we use the HLS inequality to obtain

< lvize|| 7Lm|\<v>023|| 1% g,;‘;{% vall o1 -2
+ (V)7 (v122) ot gt 1l n2e o [vall o1
Then the Holder inequality and Lemma 4.2 yield
tl_aL#%any . LmHMH 03¢
Hlvallzgerz (V)72 LmHZsII Lmllmll e
+[{V)? s, o= e ||’U4||Xo,%fg-

Therefore, from Proposition 2.4, we conclude that
> (4.11) S R?[vll xon llvall o5 -
N;Zmax(N2,N3)

2

outside a set of probability < Cexp ( — CMW).
H
Case (5.ii): Ny < N3 ~ N3

We assume N4 > Ny, because the other case can be handled similarly. As in
subcase (2.ii.a), we shall deal with

(4.12) Z Cr N>~ d//|v1 é23v4|daﬁdt.

k,lezd

By using the Holder inequality and Lemma 3.7, we get

N;O‘*d//’vf(VY’zézgm’dmdt

S N3 UV 2l sl lorvall e

Loz o 428
< N3N T N T o o 9) 2l [l o

[N
0

Then sums in k, [, the Bernstein inequality and Ny < Ny give

d—1 | o~
(4.12) S Ng—s+2a—d T 12570 sy 5542
X ||v1||xw||<V>szz||L4 V) 28]l llvall o3 =

<NU s+2a— dN T —o+132 +46N_S

X lorllxeo (V) 2allLs (V) 23]l s [oall yo.q -
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Thereafter we carry out a sum in Ny:

3a—d 95448
Ny = T ol xen (V) 22l e IKV)zall s lloall o5 —<
N2 d—1 1— =
— —d
Ni=1 N2 P20 o (V) 22l s V) z8ll s lloall o -

(when 41 — 0 + 152 4+ 42 <0).

Since%—QS—FALES%—25+4§<0and0—2s+2a—d<0,wehave

> (412) Slollxes (V) 20171 lloall yo,3—2-
N1 < N2~N3g 7

Therefore, from Proposition 2.4, we conclude that

S (@12) S B2l loall oy
N1 < Ny~N3
outside a set of probability < Cexp ( — CLR72).
T2 ||)l3;s
Case (5.iii): N1, No < N3
We consider five cases separately:

o—

1

~ N3 > Nj*7" > Ny > Ny
a—1

~ N3 > N7 > Ny ~ Ny;

a—1

) Na
) Na
(5.ii.c) Ny~ N3 > Ny > N7 > Ny;
) N4
) N4

(5.iii.a
(5.iii.b

a—1

(5.iii.d ~ N3 > N1 > N7 > Ny;

a—1
(51116 ~ N3 > Ny, N1 > N32a71 .

Subcases (5.iii.a), (5.iii.c) and (5.iii.d) are similar to subcase (2.ii.a), so we need
to estimate

(4.13) Z C’kJNQQa_d//|v’fzé<V)”23v4‘dxdt.

k,lezd

And subcase (5.iii.b) is similar to subcase (2.ii.b), so we have to deal with

(4.14) Z Z C’k,lNQO‘*d//|vazéQ/<V>‘723v4|dmdt.

dist(Q,—Q’)<AN k,lcZd
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a—1

Subcase (5.iil.a): Ny ~ N3 > N7 > Ny > N

The Holder inequality and Lemmata 3.6 and 3.7 give
Nt [ [ ooy g do
S N3t (V) zalle  lizbuallze,

d-1 1-a d-l o= l-a_ o=
5 N22a7le 5 N3 QQN2 5 +25N4 5> +28
X ([0t L xo0 [{V)7 23l xo 123 ]| x0 [[0all 40,5 =
Then, from sums in k, [, the Bernstein inequality and Lemma 3.1, we have

d—1 11—« d—1 11—« =~
G -0 N5 Ho—s A S5 F2a—d—5+28 25242
(4.13) SNy 2 INg? TUTON, T TN, T

X lvrllxoe 22l xn 28l x 0 l0all o3 -2

d—1 l1—a d—1 ~ 1—a ~
— 5= —0 Nt +0—5 A5 +2a—d—s5+2¢€ +2¢€
S,T 20N12 NSQ sz N42

3
x ot xos TT I1Px; 6%l

Jj=2

U4HX0,%75-

Thereafter we carry out sums in Ny and Ns:

> > (413)

a—l N2>N12>1
N32a—1 >Ny>1

—20 7o () —s(35=D)+28(3550)
ST 2Ny =70 T o e |6 e | Py & L vl o<

2a—1 o s :
fa—3 > 03, asum in N3 can be also carried out.

Therefore, from Lemma 2.2, we conclude that

> (4.13) S T R?|[v] xo0 | 0al|

a—1

Na~N3>NIYTT > No> Ny

Since s > o

1
x%2-

outside a set of probability < Cexp(*Cﬁ)-
2

Subcase (5.iii.b): Ny ~ N3 > NZT > Ny ~ Ny
The Holder inequality and Lemmata 3.6 and 3.7 give

NQOﬁd//|Usz12Q,<V>Uz3U4|dxdt
S N2a_d||'UlfQ<v>UZBHL%)m“ZéQ/UZlHL%’T

S N2 TINITIm NG NG~ 2 o [l xou [ 250 | xon (V)7 23]l xou lJvall o, 3=
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28

where € = 2(1d_~_721;g and g5 = 2(‘1112?5. By carrying out sums in k, [, we have
Z Chr. // ‘lezQQ/ z3v4‘ dx dt
k,l€Zd

2a—d ntd—1—e1 p7€2 ATl —+28
< N2e—dy NZ* N

X [lvrgllxos 22 Lxo.o [{V) 7 28l x0.0 [[vall o3 -2

Then the Cauchy—Schwarz inequality, orthogonality and the Bernstein inequality

yield
Z (4.14) < Z N2a—dpd—1-c N2‘62N31—a+25
N2>N>0 Na>N>0

X (o1l xoell22]lx0.0 [ (V)7 23] x00 [[va]] 0,1 -
S N3O TN oy | o |22 0 (V)7 28l x0. [0all o3 -
< N22a717075+2§N§7a+0'75+25

X il x2 (V) 22l x0.0 [ (V) 23] x0 [0all o3 -2

a—1
Since No < Ny ' and 20 — 1 — 0 — s + 228 > 0, we can carry out a sum in

N5 so that

Z > (414)

No>N>0

Nz"‘ T >N,>1

o(z2y)—s(52=3)+28(32=3)
SNy 7 e o ke [[(V) 2| x0. [[(V) 23l xco |vall 0,3 -2
Then from Lemma 3.1, we obtain

3a—2

O’(al)s(a )+2(0‘) “
< g G e

'U4||X0,%72-

Pn,¢% || e

a sum in N3 can be carried out.

S1nces>a4a 3> 0525,

Therefore, from Lemma 2.2, we conclude that
> (4.14) ST > R2||vl xo |vall yo.4 -

a—1
Na~N3>NS71 SNy Ny

outside a set of probability < C' exp(—cﬁ)-
z
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a—1
Subcase (5.iii.c): Ny ~ N3 > Ny > N;°7' > N;

By using the Holder inequality and Lemma 3.7, we have

Nga_d//’vfzé<v>‘723v4‘d3§dt

< N3l VY zslsobeall e

—o+28 152 4o

a1 —
SN ? N3N, ot xee 22l e, IKV) 7 2all ca llvall o

1_=.
yg —€

Then sums in k, [ and the Bernstein inequality yield

3
d=1_, .9z B . l-a oz
(413) SN T TTTENT NG TN ol xew [TV 2500s lloall o
=2

1_z.
15 —€

a—1 -
Since Ny ~ N3 > No > N7 > Ny, %—0+2€>Oand 20— d— s <0,
we can carry out sums in Ny and Nj:

2 T (a3 g NSRS e

a—1 a—1
N3>Np>NZ™H NJ¥7H >N >1

X vl xe V)2l s {V) 2l 12  lvall o3 -2
Since (205(72(2(_0‘1;1) + o(527) — s(32=2) + 28(32=2) < 0, a sum in N3 can be also

carried out.
Therefore, by using Proposition 2.4, we conclude that

) (413) S B0l xconfvall oy -

a—1

Na~N33>No>>N7 1Ny

R? ).

outside a set of probability < Cexp(—c—2——
T2 |¢ll%s

a—1
Subcase (5.iil.d): Ny ~ N3 > Ny > NJ°7" > N,
By using the Holder inequality and Lemma 3.7, we have

Nfa_d//|vfzé<v>‘723v4|dxdt

S N12a7dHUi€HL3L;||<V>UZS||L% 2n \Zévzl”Lf@
L
—d S —st2E 150 408
< N2 T TN ) e s ol oy
LI L

where ¢ = 23(2:23) when d =3, ¢ =3 when d > 4 and d/r = d/2 — 2/q.
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Then, from sums in k, [ and Lemma 3.2, we obtain

+25 =X 4928

(4.13) < N N, ®

x ||vlllxo,b||22||xo,b||< )7 z3ll 2a, 20 [luall
Lq 2 r—2

t x

NN, ®

X0.3-¢8"

Thereafter we use the Bernstein inequality and Lemma 3.1 to get

< N204 d+770’N2d2;173+25NU QN X428
X o1l xee l[22llxe0 [[(V)* 23] s 2 vall oy -2
L1
< TN I O N T s E g T

X ol xe0 || Py ¢ || s

S
(V) ZB”L%L% ”U4”XO*%*5'

t

a—1
Since Ny ~ N3 > N1 > N7 > Ny, 2a—d+2_Ta —o0 < 0and %—s+25> 0,
we can carry out sums in N7 and N:

> > (413)

a—1 a—1
N3>N; >N~V N2 >Np>1

a—1 (2—a 3a-2 3a-2~
( q +a7’)+2a 70— 5,=15+25,=7¢

§ T79N32a7—1

X vll e 16| s

V)2l an, e sl

t x

1_=.
X0.2 €

After carrying out a sum in N3, we apply Lemma 2.2 and Proposition 2.4 to
get

3 (4.13) ST R?|[vl| xo0 |vall o

a—1
Na~N3>N1i>NZ71 >Ny

1=
s TE

)+ Cexp(—c—2——)

outside a set of probability < C'exp(—c —
T 4 |¢l3s

R2
1%

a—1
Subcase (5.iii.e): Ny ~ N3 > No, Ny > N7+

From the Hoélder inequality and Lemmata 4.2 and 3.3, we obtain

(411) S V)7 (72 (nz2))z)l 1 ||v4|| .
S [ 72 % (v122) tlisL#ﬂ“||<V> prke o= [Vl 0.3
+ (V)7 (] 7 « (vlzz))ll IIZsH [0all yo.4-2-

L2a+o¢5 Ld 2o¢ ae
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By using the HLS inequality, we have

S lorzal 7Lm|\<v>" ER
L [T [P Lmllmﬂ ot
Then the Holder inequality and Lemma 4.2 yield
tlzaLg_;%HW)” L [0all yo.4-
ol M) 22z, sl 2, g ol
+ (V)7 u1|\LooL2\|z2|| LmHZSH Lmllmll

Thereafter we use the Bernstein inequality and Lemma 3.2 to get

S NN N

X [l xo0(V)* R - (V) ezt vall o,
t e ¢ z
Now we carry out sums in Ny, Ny and Nj:
> (4.11)
a—1
N4~N3>3>Na,Ni>>NS*7!
S lvllxes [[(V)* 2 T (V) v (L
t + x
Therefore, from Proposition 2.4, we conclude that
> (4.11) S R*[[vllxos llvall o3 -

a—1
Ni~N33>Na,N13>N2o71

outside a set of probability < Cexp ( — C%\fﬂ\m)'

Case (5.iv): N1, N3 < Ny
We consider four cases separately:
a—1
5.iv.a) Ny~ Ny > N;Qil > Ni, Ng;

a—1

Ny ~ Ny > N3 > NS > Ny;

(
(5.iv.b

a—1
(5.iv.c) Ny~ Ny > N; > N;7*7' > Ns;

)
)
)
)

o1
(5.iv.d) Ny~ Ny > N3, Ny > N "

1
2

—z-

x0.5-¢8"

31
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Subcases (5.iv.a), (5.iv.b) and (5.iv.c) are similar to subcase (2.ii.a). We need
to estimate

(4.15) Z C’klega*d//{v’f(V)"zé,23v4|dwdt.

k,lezd

a—1
Subcase (5.iv.a): Ny ~ N > N7%7' > N1, N3

We assume N; < Nj, because the other case can be handled similarly. The
Holder inequality and Lemmata 3.6 and 3.7 give

Nt [ [ okea(w) ol dede < NEb@ g, leavnlaz,
S Ngadef%l N;%a N;%'*'25N4177a+25
X [[of | x00 [[(V)7 23]l xo |23l xo 1vall o, 5 -2

Then from sums in k, [, the Bernstein inequality and Lemma 3.1, we obtain

(4.15)
< Nl%—aN;%—s+2€N21%“+a+2a—d—sN41*T“+2€
< losllxcow l2allxes lz2llxeslloall oy -
5 T_QgNl‘i%l—JN;%—s+2§N21_Ta+a+2a—d—sN41%a+2g
3
x JJvrllxcor TT1Px; &% e lloall o3 -
j=2
Thereafter we carry out sums in Ny, Nj:
S )
a—1 N3>N12>1
N22a71 ZN321
_ o(zag)—s(32=2)+28(532=2)
ST2Ny 270 R T | o |0 1re || Prvg 8 Nl e l0all 0,4 -2

2a—1 o : :
la—3 > 035, asum in N3 can be also carried out.

Therefore, from Lemma 2.2, we conclude that

Since s > o

> (415) S T2 B2 oo

a—1
Ni~N2>NZY1> N3 >Ny

1 ~
x93~

outside a set of probability < C' exp(—cﬁ)-
z
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a—1
Subcase (5.iv.b): Ny ~ Ny > N3 > N;*7* > N
By using the Holder inequality and Lemma 3.7, we have

Nt [ [ lobaa(V)7 oo do dt S NE 2zl 19)7 g kvl

d—1 ~ 1o | o~
5 —0+28 nr—saro+2a—d—s nr 3 T2€
5 Nl N3 N2 N4

* floflxenllzalls 1KV 250 s llvall o3
Then sums in k, [ and the Bernstein inequality give

3
d-l_ 54908 g l-a o7
(415) S Ny T TN NG PR N o o [T ICV) 250 loall o3 e
Jj=2

a—1
Since Ny ~ No > N3 > N7 > Ny, % —0o+2¢>0and —s <0, we can
carry out sums in N7 and N3 to get

> > (415)

a—1

a—1
N2>N3>N7t N7t >N >1

(2a—d)(3a—1) o _s 3a—2 +28 3a—2
S/Nz 2(2a—1) to(za=r)—s(55=1) (5a=1)

X vllxee (V) 2l (V) 22|24 llvall o3 -

(2a—d)(3a—1)
2(2a—1)
carried out.

+0(527) — s(32=2) 4+ 28(22=2) < 0, a sum in N; can be also

Since

Therefore, by using Proposition 2.4, we conclude that

) (415) S B0l coufvall oy -

a—1

Ni~N2>>N3>NSY71s Ny

outside a set of probability < C exp(fcli).
T2|6l13;s
a—1
Subcase (5.iv.c): Ny ~ Ny > N; > NS > Nj

By using the Holder inequality and Lemma 3.7, we have

Ngo‘_d//|vf23<v>”zév4|dxdt

S N0 lagnz V)7 an, o, lzavslzg,
=

_ d71+2~ 17a+2~
S NETNG T PN g (DY s, lslxonlioall oo
t x
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where ¢ = 2(2 0‘) when d =3, ¢ =3 when d >4 and d/r =d/2 — 2/q.
Then, from sums in k, [ and Lemma 3.2, we obtain

d-1 497 <428

(4.15) < N2>~ dN o N N4

—g-

2r ‘U4||X0,%
.

X Jlvillxollzsllxos [[(V)722]| 2q,
L

Thereafter we use the Bernstein inequality and Lemma 3.1 to get

2—«a d—1 ~ l—a ~
2a—d 7 O ar5 —St28 z;0—s A7 t2€
S N2 Nl NS N2 N4

(V) 2l 2, car fluall
L

t x

X JJoallxon [l 23]l xa0 .

2—a d—1
0 N20—d g O a2
<T7IN2ZeTdN, N,

X (vl xo0 || Prs @] 12

o—s < 428
NN, =

S
(V) 22||Ltq2Tf12L,,jéj2 lvall o.1 -

a—1
Since Ny ~ N3 > N; > N7 ' > N3, we can carry out sums in Ny and Nj:

> > (415)

a—1 a—1

No>Ni >N NP >N3>1

< oy (BT Comntly a0 et sraeste
X J[vllxer 6% s 1(V) 22]l 20 20 [[0a]l o3

t x

After carrying out a sum in Ny, we apply Lemma 2.2 and Proposition 2.4 to
get

) (415) S TR0l xcow 0all Loy -

a—1
Ni~N2>NySNZY1 >Ny

)+ Cexp(—c—=—).

outside a set of probability < C'exp(—c —
T |l

R2
1%

a—1
Subcase (5.iv.d): Ny ~ N3 > N3, N3 > NSo°
From the Holder inequality and Lemmata 4.2 and 3.3, we obtain

(411) S V)7 (72 (nmz))z)l o ||v4|| .
S [ 72 % (v122) tlisL#ﬂ“||<V> prke o= [Vl 0.3
+ (V)7 (] 7 « (vlzz))ll IIZsH [0all yo.4-2-

L2a+o¢5 Ld 2o¢ ae
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By using the HLS inequality, we have

S HU122|| 2

Ta—batas (V)7 23] % T—as ||U4||X0=%*5
L t x
+ (V) (U1Z2) Lt Lm LI Lmdihdiag ||U4HX0,%—5
Then the Holder inequality and Lemma 4.2 yield
[eg
_EL%|‘<V> L Lm””“” 0,3
+ [lorllLge L2 [IKV)7 ZzII 12z | gl HZ3|| 2o lvall o
+IKV)? —epa- sras —ea= e ||v4||XO=%*g'

Thereafter we use the Bernstein inequality and Lemma 3.2 to get
S NUTNg TN

[[oa|

X lor]lxo0 (V)

RV [\ PR
Now we carry out sums in N1, N3 and Ny:
> (4.11)
Ni~N2>>N3,N; >>N22a°‘_—11
S llxe (V2 2y e I(V) i |l

t T t x

Therefore, from Proposition 2.4, we conclude that

S (4.11) S R|[v]| xo [[vall 4o,

a—1
N4~N23>N3,N1>>N,; %"

1=
3¢

2

outside a set of probability < Cexp ( — c%).

6th term: zzv

(4.16) ‘// (|72 % z120)v3)v4 da dt’.
We consider three cases separately:

(611) Ng < NQ ~ Nl;
(6111) N3, N7 < Ns.

1_ .
X0.3-¢

Xo,%fg-

35
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Case (6.1): N3 2 Na
The Holder inequality and Lemma 3.3 yield that (4.16) is bounded by
(V)7 (|72 = (zrz2))vs)ll ox.  llvall 1

SVl x Gzrzz)oa)ll o lleall

1_z.
T—c o x%3-°¢
x

Then we use Lemmata 4.2 and 3.2 to get

(e CEN ] [,

S Il |72 % (2122)||L115 V)l
t

+ (V)7 (|2 72 * (21.22))

HLIEELWHUSHL;X’Lg

t x
Sl izl oy lvsllxes
t z:
+|I<V>"(\w|_2a*(w2))|\ 1 Mwslixoe.
L &

t

Thereafter, from Lemma 4.3, the Holder inequality, the Bernstein inequality and
N3 2 Ny, we obtain

]2 * (21.22)

d— d 2
2a e —2a+ace
z L Ll.

and

[ CE)] e .

= [[a] 72« (V)7 (lez))ll

1 aL(x,
1 1
SV (ziz)l? o o (V)7 (z1z2)ll” 0 4
Ltlfs L;i—Z Ltl—s L::E172a+as
- 1 1 1 1
S NSzl 2 22l o R F1 o |l22ll? 2d
Ltl— 3 e Ltl— E e Lt1—s [ I 2aFas Ltl—ng—2a+as

Therefore, from Proposition 2.4, we conclude that

S (@416) S B2 ol xeolloall oy
NgZNQ

. .1s R?
outside a set of probability < Cexp ( ~ CTT== gm0 )
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Case (6.ii): N3 < Ny ~ Ny

We assume N4 > N3, because the other case can be handled similarly. From
the Holder inequality and Lemma 3.3, we get

(4.16) S (V)7 (27> * (zrz2))wa) | o loall 1,
LI L2 LfL2

SV ({2l 7 x (zrz2)Jva)ll o

Lemmata 4.2 and 3.2 give

V)7 (=2 % (o) Jnro) |

S w72 (2122)

_1
Lt17€ L?"
e V)7 w3 o2

x

Y (1272 = (2222))]

S a7 # (2122)

w||U3HL§>°Lg

x

1—e¢
t

iz, sl
IO (272 1) o esllxos.

1—e¢
t T

Thereafter we use Lemma 4.3, the Holder inequality, the Bernstein inequality and
Ny ~ Ny to get

]2 % (21.22)

S ||21|| [E21]

a= _2 4 2d
2(1 e 1—¢ —2a+tase
; % LS LIT°LS

and

V)7 (=2 % (z122))l| 2
LiF Ly

= || 2|72 « (<V>o(zlz2))||Lllew

x

< |\<V><’<m>ujﬁ I 11 LA L

d
L;_?7 a—ae Lt —e L;i72a+aa

SNy H 1{V)°z; || :
Therefore, from Proposition 2.4, we conclude that

S (416) S R ollxeslonl oy
N3 N2~Ny

T LV
Lt L 2a+ae

. .15 R?
outside a set of probability < Cexp ( — CFT=E 3T )
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Case (6111) N3,N1 < N2

We consider four cases separately:

(6.iii.a) Ny~ Ny > NZ° 1 > Ny, Ny
a—1
(6.iii.b) Ny ~ Ny > N3 > Ny > Ny;
a—1
(6.iii.c) Ny~ Ny > Ny > N;*7' > Ng;
(6.dii.d) Ny ~ Ny > N3, Ny > N2
Subcases (6.iii.a), (6.iii.b) and (6.iii.c) are similar to subcase (2.ii.a). We need to
estimate
(4.17) Z Ck7lN22a_d// ‘zf(v>"zévgv4‘ dx dt.

k,lez?

a—1
Subcase (6.iii.a): Ny ~ N > N7 > N3, Np
The Holder inequality and Lemmata 3.6 and 3.7 give

Nga_d//|zf(V>”zév3v4|d:17dt

S NFTUNV) 7 2hvsl s Nl=rval e,

d—1 l-a d—1 o~ l—a o=
S Ao H2a—d A, 5= +2E 5 268
2 Pl pl Pl
SNy N, N, N,

1 k
X (V)7 2l xo.e|[vs]| xo.u |27 | xo.0 [ vall 0,1 -2
Thereafter, from sums in k, [, the Bernstein inequality and Lemma 3.1, we obtain

d—1 l-—a 9,
(417) SN, % N, = 20d

X (V)7 22| x0. [lvsll xo. |21l x0 lvall o1 -2

d-liog lsoyoF

Ny Ny

5 T_QQN?)%—JN;%A—Qa—d-&-G—sNldg;l—s—o—ZgN;_T(’—}-QE
2
x LT 1w, & s llvsll oo lvall o 3~
j=1

Then we carry out sums in N7 and N3 so that

> > @

a—1 a—1

N272o¢—1 >Ng> N22(y—1 >Ny >1

< 20 @ 3a=1 o (o) s (5= H2E(5ET)
~Y 2

x |6l e

Prn,¢% | g

U||X0=’>HU4||X0,%_5.
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Since s > 0'4213:513 > 05%, a sum in Ny can be also carried out.

Hence, from Lemma 2.2, we have

> (417) ST R?||ollx oo l|vall o3 -

a—1

Ny~N2>NJS 71> N3, Ny

outside a set of probability < CGXP(*Cﬁ)'
2

a—1

Subcase (6.iil.b): Ny ~ Na > N3 > N;*7' > Np

The Holder inequality and Lemma 3.7 yield

Nga_d//|Z{C<V>Uzév31}4|dﬂidt

—d ! k
< Ny° ||USHL§L;||<V>UZ2”L%L%H21U4HL$J
t

x

—d i AE, 5o
SN IN T TN, €||U3||L§L;||<V>Jzé“L%LT{T2 24| x00 l0all o3 =,
t x

where ¢ = max(3, %) and d/r =d/2 —2/q.

Thereafter we carry out sums in k, [, then use the Bernstein inequality and

Lemma 3.2 to obtain

2o do1_giox l-a o=
(4.17) SN, 7 N He s NI I N T
X |21l xa0 |<V>522||L;%2L;2%2 lvall o3 -2

After that, we carry out sums in N; and N3 and apply Lemma 3.1:

> > @

a—1 a—1
N2>Ns>N7"t NF* >N >1

a1 (2-a | d—2a 3a-2 30-2~

( +2(a71)(173a))+2aaflgi2a71S+22a715

2a—1 q
SN

X ol xon 2]l x0

‘<v>sz2”L;fqu;%2 HU4||X0,%—§
(35 a2ty (1-80)+ gy o — 5521 523557

a—1
,S T76N22Q_1

ol o6l (90722l an, s, ol oy
=0

Since the exponent of N> is negative, a sum in Ny can also be carried out.
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Therefore, from Lemma 2.2 and Proposition 2.4, we conclude that

Za,

1
Ni~N2>>N3>>NSY7 s Ny

s

(4.17) S TP R?||vl xoo |vall 1o

2 2
CH;\%T) + C exp(—c—=42
i T 7 [|$l3s

outside a set of probability < Cexp(—

Case(6.iii.c): Ny~ Ny > Ny > N2 1 > Ny
The Holder inequality and Lemma 3.7 give

N;a_d//|zf<V)”zévgv4‘dxdt

S N s IKV) 20l e llvsvall e,

ok

—d i, 542
S NEUNG T TN T V) 2l e flosllxos lloall o

Then, from sums in k, [ and the Bernstein inequality, we obtain
dol_ o= l-a o=
(4.17) S Ny SNZo—dto—s N7 —oFH% N = 4%

2
x [T 25llzs llvsllxos l[oall o 3 -
j=1

a—1
Since Ny ~ N3 > N; > N;*7' > Nj, % —0o+2¢>0and —s <0, we can
carry out sums in N7 and N3 such that

> > @

a—1 a—1
Ny>NiZNJH NPoTE > Ne>1
d—2 1—3a) 3a—2 3a—2~
¢ S Lt g o—sa=isthai¢E

5 N2 2(2a—1) 2a—1
< (VY 2llgs (V) 2allps[ollxeslloall oy -

After carrying out a sum in Na, from Proposition 2.4, we conclude that

>

a—1

5—F

(4.17) S B?|[vllxoe vall o

Ni~N2>>Ni>NSY™US N3
. e 2
outside a set of probability < C' exp(fcllll%w).
T2 6112,
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a—1
Subcase (6.iii.d): Ny ~ Ng > N3, N3 > Nj*°*
The Holder inequality and Lemma 3.3 yield that (4.16) is bounded by

(V)7 (Ul 7> % Gaza)ea)| pa, | llval

st L%LQ
S IV (] =2 (2122))03)” || LA
Then we use Lemmata 4.2 and 3.2 to obtain

(V)7 (o] =2 # (21.22) vs) Lk, S ] 72 # (2122) e, MV)7usllngers

x t x

V)7 (2l Gzl Mloslligrz

1—¢
t

S | 72 % (2122)

f1iaLoo||U3||me

x

+IV)7 (2] 72 (ze22)) ]| 1 loslixoe.
LI7° L

Thereafter, from Lemma 4.3, the Holder inequality, the Bernstein inequality and
Ny 2 Ny, we obtain

el ¢ (2122 - -
—S8
SN N *IKV)? e [(V)* 2| e g
t f,
and
VY (|2| 72 * (212
9 (12 G
= |27 % (V)7 (z122))[|
Ly " Lgp
1 1
SV (zz)l? o 4 V)7 (z122)lI? 5
Ltl—s L:;i72a7as Ltlfa L;:l72u+aa
2 1
g—S —S S 2
SR | (S P (L 7 S
= t
Thus, from Ny 2 N3, we have
(V)7 (|72 (2122))113)” Y
S NzgfstsN§”||<V> 2 [(V)? 2, | =R [vs | xo.0

t x t

+ NO'*SN*SN*O’

1
(H IV ZJH2 24 (VYz* o 24 >||U3|X”’b-
Ld*QQ*O&E L176 L572a+a6
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Now we carry out sums in N7 and N3:
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Therefore, from a sum in N, and Proposition 2.4, we conclude that
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