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Abstract

Let X be a primitive root of unity of order £. We introduce a family of finite-dimensional
algebras {Dx,n(sl2) } ven, over the complex numbers, such that Dy n(sl2) is a subalgebra
of D, m(slz) if N < M, and Dx n—1(sl2) C Da,n(sl2) is a ux(slz)-cleft extension.

The simple Dy n (sl2)-modules (EN(p))0§p<£N+1 are highest weight modules, which
admit a tensor product decomposition: the first factor is a simple uy(slz)-module and
the second factor is a simple Dx, ny—1(sl2)-module. This factorization resembles the corre-
sponding Steinberg decomposition, and the family of algebras resembles the presentation
of the algebra of distributions of SL» as a filtration by finite-dimensional subalgebras.
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§1. Introduction

A difficult question regarding the simple modules over a simple, simply connected
algebraic group G over an algebraically closed field of positive characteristic k is
to find an explicit formula for their characters. A formula involving the action of
the corresponding affine Weyl group was proposed by Lusztig [L1] in 1980. Sub-
sequently this formula was shown to hold in large characteristic by the combined
efforts of Kazhdan—Lusztig, Kashiwara—Tanisaki, Lusztig and Andersen—Jantzen—
Soergel. More recently, Williamson [W1] found many counterexamples to the ex-
pected bounds in this conjecture. A different approach to a character formula with
emphasis in the Steinberg decomposition for algebraic groups is given in [L4].
Around 1990, Lusztig started to study quantum groups Uy(g) at a primitive
root of unity A of order £ in order to have algebras over the complex numbers whose
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142 1. ANGIONO

representation theory resembles those of simply connected semisimple algebraic
groups over algebraically closed fields of positive characteristic. In particular, he
conjectured a similar formula for the character of simple modules [L.2], which holds
in this case by a hard proof of Kazhdan-Lusztig. A remarkable fact about Uy(g)
is that it fits into a Hopf algebra extension of the corresponding small quantum
group uy(g) by the enveloping algebra U(g); each simple module satisfies a kind
of Steinberg decomposition: it is written as the tensor product of a simple module
of uy(g) with a simple module U(g), viewed as a Ux(g)-module via a (kind of)
Frobenius map.

A fundamental difference, however, between the representation theory of the
algebraic group and the corresponding quantum group at a root of unity is the form
of the Steinberg (respectively Lusztig) tensor product theorem: for the algebraic
group, the theorem involves an arbitrary number of iterations of the Frobenius
twist, whereas for the quantum group, only one Frobenius twist occurs. It has
been proposed by Soergel and Lusztig that there might exist analogues of the
quantum group that parallel to a greater and greater extent the representation
theory of the algebraic group. Such an object has the potential to deepen our
understanding of the representation theory of algebraic groups [W2].

The purpose of this paper is to propose such an object for sly. More precisely,
we introduce a family of finite-dimensional algebras {Dy n(sl2)} nen, over the com-
plex numbers to mimic the filtration of the algebra of distributions of SLy as a
filtration by finite-dimensional subalgebras. This filtration is deeply motivated by
the approach proposed in [L4]. The main objective is to find a C-algebra whose
representation category behaves as those of simple simply connected algebraic
groups over algebraically closed fields of positive characteristic, even more similar
than Uy (g).

o Each algebra Dy n(slz) is presented by generators and relations; the relations
in Definition 3.2 resemble those defining finite-dimensional subalgebras of the
algebra of distributions of SLy [T1].

o The first step corresponds to the small quantum group: Dy o(sl2) =~ uy(sl).
If M < N, then Dy p(sl2) is a subalgebra of Dy y(slz), and at the same time
there exists a surjective map Dy n(sl2) — Dy ar(sl2); see Lemma 3.4. Thus there
exists a surjective map Dy n(slz) — uy(slz), a kind of Frobenius map.

¢ For the algebra of distributions, there exist extensions of Hopf algebras between
consecutive terms of a filtration by (finite-dimensional) Hopf subalgebras; see
Proposition 2.6. In this case, Dy y—1(sl2) C D n(sl2) is a uy(slz)-cleft extension
for all N € N; see Proposition 3.8.
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o Each Dy n(sly) admits a triangular decomposition into a positive, a zero and a
negative part; see Proposition 3.9. Reasonably, each simple module is a highest
weight module; see Proposition 4.5.

o Each simple Dy n(slz)-module admits a Steinberg decomposition as the tensor

product of a simple Dy y_1(slz)-module and a simple uy(slz)-module as stated
in Theorem 4.10.

The next step is to define families of algebras Dy n(g) for any semisimple Lie
algebra g [An]. This will be the content of a forthcoming paper, where the first
step includes the definition of Lusztig’s isomorphisms at level N, that is, to consider
Lusztig’s isomorphisms for small quantum groups, which induce maps for Dy n(g).
Hence sl5 is a key step to prove the existence of a PBW basis labeled by the roots
of g. As the simple modules of these algebras satisfy a Steinberg tensor product
decomposition, we hope to attack the modular case from the approach established
by Lusztig in [L4].

§1.1. Notation

Let H be a Hopf algebra with counit ¢ and antipode S. Then H7 is the aug-
mentation ideal, i.e., the kernel of e. The left adjoint action of H on itself is
Ad(a)b = a1bS(az), a,b € H. A Hopf subalgebra A is (left) normal if it is stable
by the (left) adjoint action. Given 7 : H — K a Hopf algebra map,

H*" ={he H: (ider)A(h) =h®1},
“TH={heH: (n®id)A(h) =1® h}
are the sets of left, respectively right, coinvariant elements.

Let A be a right H-comodule algebra, that is, an H-comodule such that the
coaction map p: A — A® H is an algebra map. Let

B:=A°" ={ac A:p(h)=ax1},

the subalgebra of coinvariant elements. Then B C A is a cleft extension if there
exists an H-collinear convolution-invertible map v : H — A; we refer to [Mo,
Section 7] for more information.

A sequence of Hopf algebra maps

k—sA—"+~C—"+-B—->k

is exact [A, AD] if the following conditions hold:

¢ is injective, T is surjective, kerm = Ci(AT), 1(A)=CT.
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82. Algebras of distributions of reductive groups

Let k be an algebraically closed field, p = chark. Let G be a simply connected
semisimple algebraic group with Cartan matrix A = (a;)1<s <0, § = Lie G. Fol-
lowing [J, Chap. 7]. we recall some definitions concerning algebraic groups. Then
we give some results that illustrate those results we want to mimic for the quantum
counterpart studied later.

8§2.1. The algebra of distributions

Let I, = {f € k[G] | f(e) = 0}. A distribution on G (with support on e) of order
n € Ny is a linear map 1 : k[G] — k such that p;n+1 = 0. Let Dist,, G be the set
of all distributions of order n, which is a k-vector space. Now

Dist G = U Dist,, G = {p € k[G]" | ptn+1 = 0 for some n € N}
n>0

is the set of all distributions, which is a k[G]-module. Then Dist G is a Hopf
subalgebra of k[G]*, called the algebra of distributions (or the hyperalgebra) of G.
As algebra and coalgebra, it is filtered:

Dist,,, G - Dist,, G C Dist,, 1, G for all m,n € Ny.
We describe now two basic examples. We refer to [J, 7.8] for more details.

Example 2.1. Let G = G, (the additive group, which is the spectrum of k[t]).
For each n € Ny we set v, € k[G,]* as the function such that v, (t"™) = 6y, for
all m € Ny. Then (v,)nen, 18 a basis of Dist G,, and

m-+n
TmVn = < m )’Y'm-‘rn for all m,n € Ny.

In particular, 7{’ = ply, = 0.

Example 2.2. Let G = G,, (the multiplicative group, which is the spectrum
of k[t,t71]). For each n € Ny we set w, € k[G,]* as the function such that
@ ((t —1)™) = 6,m for all m < n, @, (I2!) = 0. Then (wn)nen, is a basis of

Dist G,,,, and the multiplication satisfies

min{m,n}

(m+n—1i)!
(m —0)!(n —dld!)

O, Ty = Wmin—1 for all m,n € Ny.

=0

By [T1], the algebra Dist G is presented by generators HZ-(n), an), Yi(n), 1<
i <0, n € Ny, where HZ.(O) = Xi(o) = YZ.(O) = 1, and relations

(1) Hi(t)H;(u) = Hi(t + u + tu),
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(2) Hi(t)Hj(u) = Hj(u)Hi(t),
(3) X,(H) X, (u) = X,(t + ),
(4) Yi()Yi(u) = Yi(t + u),
U t
5) Xi(t)Yi(u) = i (1+tu) Hi{tw)X; (1—|—tu> ’
(6) Xi(t)Y(u) = Yj(u) Xy (t),
(7) H;(8)X;(u) = X5 (1 + )" u) Hi(t),
(®) Hi(1)Y;(u) = Y; (1+4)""u) Hi(t),
@ ad (xM) (X)) = 30X KB — 0, 0> —may,
k=0
(10)  ad (v (1) = Xn:(_l)kifi(”—k)}/j(m)i/i(k) _0, n> —may,

for 1 <i# j <6, where we consider the following elements of Dist G[[¢]]:
Hit)y=>"t"H",  X(t)=> "X, vit)=> v
n=0 n=0 n=0

From (2) we have Hi(m)H](-n) = Hj(-n)Hi(m) for i # j, and from (1),

(11) 27 ) _ minff’n} m4+n—20\/m gp(m+n—0)
i i = v m / i .

From (3) and (4),

(12)  x™Mx™ = (m M ”) xmm o ymy ) o (m M ”) y;m)
() ) m () ’ ) ) m 7 :

From these formulas, the Hi(”)’s generate a copy of Dist G,,,, while the an)’s, as
well as the Yi(")’s, generate a copy of Dist G,; see Examples 2.1 and 2.2.
From (6) we have Xi(m)Yj(”) = Yj(n)Xi(m) for i # j, and from (5),

uotogbte v(@ g ® x(©

t XY, = — Y.
T%:n u i 2 aZb;C (1 + tu)a+c 2
Z (_1)d (a + Ccl + d) ua+b+dtb+c+d)/;(a)Hi(b)Xi(C).

a,b,c,d
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Thus,

min{m,n} ¢ <

(13)  x"Mym= Y ZI
=0 k=0

A particular case of this formula is

min{p™,p" V4
(14) (X, y @) = {ip Ly oo (Z (Hk) )X@ -9,
(=1 k=0

From (7) and (8) we have

m+n—L—k\ (m—t) (k) (n—t
" )Yi( V) x (0,

(15)  [HP X = G mag X, [HP V) = =6y pmai Y.
§2.2. Hopf algebra extensions from Dist G

Let D,,G := Distp,» G. As a consequence of these formulas we have the following
result.

Lemma 2.3. For alln € N, D,,G is a normal Hopf subalgebra of D, 11G.

Proof. Since D,,41G is generated as an algebra by Xi(pk), Y,L-(pk), H,L-(pk), 0<k<n,
it is enough to prove that D, G is stable by the adjoint action of Xi(p”), Yi(p"), Hi(p")
since the remaining generators belong to D, G, and D,,G is a Hopf subalgebra.
As X" is primitive, Ad X" = ad X" If m < n, then ad(X?"))y,?"),
ad(X™" >)H(p ) e D,G, and ad(XP HNXP") = 0. Let j # i. Note that
ad(X(p X j(p ) = ad(Xi(pn))Yj(pm) = 0 since they commute, and from (15),
ad(Xi(p ))H](-p ) = 0. Therefore ad(Xi(pn))DnG C D, G. Analogous computations
show that ad(Y;*"))D,G, ad(H*")D,G c D,G. O

Now define 7 : Dpy1G — D1G = ] (g) as

. XM if = pha, . H™ if n = pko,
wmﬂ5={5 mo(H{") =

otherwise, 0 otherwise,
(16) (n')
(Y(n)) Y if n= pkn’,
0 otherwise.

Remark 2.4. Let n < p’”‘1 0 <t < p. If p* does not divide n, then (p:t) =0,
otherwise n = p*n’ and ( ) = (Tf,) by Lucas’ theorem.

Lemma 2.5. The Hopf algebra map my is a surjective Hopf algebra map.
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Proof. First we have to check that 7 is well defined, i.e., that the map defined
from the free algebra on generators Xi("), V™ and HZ-(n) annihilates the defining

7

relations. We check easily that for all ¢ # j, and m,n € Ny,
(M H — 1 H™) = m (XM - v x (™) <o,

For (11), 7 annihilates both sides of the equation if p* does not divide m, since
either 7, (H™ ") = 0 or (") = 0. Now set m = pFm’, n = pFn’

(m) 7o(n) windmnt im +n =0\ (M, (min—0)
H™WH™Y = Y ;) Hi
m

£=0
min{m’,n'}
_ zm:n (pk(m/ +n — E’)) (pkm/> Hﬁpk("‘,+"/_€/))
Ko/ k pr [
= pFm phl
min{m’,n’} ’ ' Vi '
= Z (m +n = )<m>H( <m+n—e>>
m/ v
=0

since (7) = 0 when p* does not divide ¢, so 7 applies (11) to 0.

For (12), if p* does not divide m + n, then both sides of the equality are
annihilated by . If p* divides m + n but does not divide m, then again
annihilates both sides of (12) since (m;;") = 0 (mod p). Finally, if p* divides m
and n, then m = pFm/, n = pFn’ and

m) (n) (AN mtn m') 5 (n’ Fm' )\ o om
m(Xf >X§)—( N >X§ +>>:le< ) x >_(p(k / ))ng )
pFm

= xx") - (m o )X(m ),
m/

The proof for the Yi(m)’s is analogous.

Notice that wk(Xi(m)Yj(n) - Yj(n)Xi(m)) = 0 if ¢ # j. For (13), it is enough
to verify that (14) is annihilated since XZ-(M), YZ-(N) can be written as products
of XZ.(pm)7 Yj(pn). If either m < k or n < k, then 7, annihilates both sides of the

equality. Let m = n = k. Then

k

o) y o) ) [ (L (v*—0)
e [ Xy - 3y §j ) x
t=

=1

=[X;,Y;] - H; =0.

Now 7, annihilates both equations of (15) by direct computation.
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For (9), 7, annihilates the left-hand side if p* does not divide either m or n.
If m = p*m/, n = pkn’ with n > —ma,;, then n’ > —m’a;; and

m (ad (x7) (X)) = ad (X)) (x"7) =0,

Finally (10) follows analogously. Hence 7, is an algebra map.

To see that 7y, is a Hopf algebra map, it remains to prove that 7y is a coalgebra
map. But it follows since the elements Xi(p]), Yi(pj), Hi(p]), 0 < j <k, which are
primitive elements and generate Dy+1G as an algebra, are applied to primitive
elements of D, G. O

The map m;, fits in an exact sequence of Hopf algebras.

Proposition 2.6. The sequence of Hopf algebras

Tk

(17) k Dy GC Dy G DG k

s exact.

Proof. By Lemmas 2.3 and 2.5, it remains to prove that

e kermp = Dy 11G(DrG)™, and

e DG =Dy 1G°™ = {x € Dp1G : (Id@m,)A(z) =z ® 1}.
Note that Dy, 1G(DrG)T C ker my, since (DyG)™ is spanned by Xi(k), Yi(k), Hi(k),
1 < k < p™!; the equality follows because both subspaces have the same dimen-
sion, dim Dy 1 G — dim Dy G. Now D11 G°™ DO Dy G, and the equality follows by
[T2, Thm. 3.4]. O

§2.3. Steinberg decomposition for simple modules

The purpose of this section is to introduce Steinberg’s tensor product theorem. We
will prove an analogous result for our quantum version of an algebra of distributions
of SLy. In order to state this result, we fix some notation [J].

Let T' < G be a maximal split torus and X = X (7T') be the group of characters
of T. Then R is the associated root system, S is a fixed basis of R and R™ is the
set of positive roots corresponding to S. For each o € R, let o be the associated
coroot, and let (3, a") denote the natural pairing, with the normalization (o, V) =
2 for all a € S.

We consider the following subsets of X:

X, ={ e X |{\aY)>0foral a € R}, the set of dominant weights;
X, ={ e X, | (\aY) <p for all « €S}, the set of r-restricted weights, r > 1.
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Recall that the assignment A — L(\) establishes a bijection between X and the
simple G-modules up to isomorphism.

Let B < G be the Borel subgroup containing T' corresponding to R~ = —R™T.
Given A € X, and M a (rational) G-module, we set

o My={meM]|tm=A(t)m for all t € T}, the \-weight space;
e V(\) =ind%()\), the costandard module of highest weight \;
e L(\) =socg V(A), the simple module with highest weight .

Let F : G — G be the Frobenius morphism: it arises from the map k — k, x — «P.
Then MU is the G-module over the underlying additive group M with G-action
obtained up to composing the original G-action with F7.

Theorem 2.7 ([J, Prop. 11.3.16]). Letr e N, A € X,., u € Xy. Then

LA+ p"p) = L(\) @ L(p)!".

§3. Some cleft extensions of u,(sls)

We introduce the algebras Dy n(slz), N € Ny, and prove some properties about
their algebra structure that mimic Section 2.

§3.1. g-numbers

We use the following g-numbers as in [L3]:

A\ !

(18) mh = S [m]| = m)alm = Da-- (D,
m n Am—i+l _ y\—m+j-1

(19) [”LH T , 0<n</.

Let A be a primitive root of unity of order ¢; we assume that ¢ > 1 is odd.
Now we need ¢-binomial numbers associated to the f-expansion. Set

A A

i>0 L' i>0 i>0

Lemma 3.1. Let m,n,p > 0. Then
(21) {ern} :{ern} 7
m n
A A
(22) {m+n} {m+n+p} :{
n p
A A
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Proof. For (21), if m; + n; < £ for all ¢, then (m + n); = m; + n; and

B R S

Otherwise there exists i > 0 such that m; + n; > ¢, and we assume ¢ is minimal

n;

with this property. Thus (m + n); = m; + n; — £ < m;,n;, and both sides are 0.
For (22), if m; + n; + p; < £ for all 4, then (m +n + p); = m; +n; + p; and

{m: } {m; +p}A U [Eﬂ}ﬂfj} i {nZP}A {m+£+p}y

Otherwise there exists ¢ > 0 such that m; +n; +p; > ¢, and we assume ¢ is minimal

with this property.
o If m; + ng,n; +p; > {, then {™in}, = {"P}, = 0 since (m + n); =
m;+n; — € <n;, (n+p)i=n;+p; —L<n,.
o If m; +n; > £ > n; +p;, then {™ "} = {"mi"+P} = 0 since (m +n); =
mi +ni — L <ni, (n+p)i=n;+p;, (m+n+p)=mi+n;+p —{<m.
e Finally, if m; + n;,n; + p; < £, then {””;}“’ }/\ = {mintrl =0,
In all the cases, both sides of (22) are 0. O

§3.2. The Hopf algebra u)(slz)

Throughout this work uy(slz) denotes the algebra presented by generators E, K,
F', and relations

(23) K'=1,  KF=\7?FK,

K—-K!

(24) E‘=F'=0, KE=XNEK, EF-FE=~—1.

It is slightly different from the small quantum group appearing in [L2]. Then
uy(slp) is a Hopf algebra with coproduct:
AK)=K®K, A[E)=E®1+K®FE, A(F)=FK '+1&F.
Let uj (sl2), respectively u3 (sl2), uy (sl2), be the subalgebra spanned by E, re-

spectively K, F. Then u§(sly) ~ kZ/¢Z while ui (sly) are isomorphic to k[z]/(z%).
The multiplication induces a linear isomorphism

u; (sly) @ ul (sle) @ uf (sla) =~ uy(sl).
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Thus {F*K°E® | 0 < a,b,c < £} is a basis of uy(slz) and dimuy(sly) = ¢3. To
simplify the notation in forthcoming computations, let

g _ £ o _ I Kis| _ fp X TOHEK - Aol
Ty Ty a | N =\ ‘
. . »
By direct computation,
min{m,n} N K;2i—m—n 4
(25)  EMpM = Z Fn=i) |72 EMm=D_ 0 <m,n <L
i
i=0 A

Let ufo(ﬁlg) be the subalgebra spanned by E and K. For each 0 < z < £
the 1-dimensional representation k, of ul (sly) ~ kZ/¢Z given by K + A\* can be
extended to ufo(ﬁlg) by E — 0. Let M(z) = uy(slp) B0ty

module with basis v; := FU) ®1,0<j < ¢, such that for all 0 < m,n < ¢,

kzt it is a u>\(5[2)—

(26) Fm) .y, = mn Umntn, K v, = \* 2,
o
(27) E(nL) v, = zZ+m— ’I7:| I
m A

Here v,, = 0 if either n < 0 or n > ¢. Each module M(z) has a maximal proper
submodule N (z). The quotient £(z) = M(z)/N(z) is simple, and has dimension
z 4 1: indeed (v;)o<i<- is a basis of £(z). Moreover, the family {£(z)}o<,<¢ is a
set of representatives of the classes of simple modules up to isomorphism.

§3.3. The cleft extensions Dy y(sl2)

We mimic the definition by generators and relations of the algebra of distributions,
but in a quantized context.

Definition 3.2. Let Dy n(sl2) be the algebra defined by generators Ell Fli
KM, 0 <17 < N and relations

23 KU U = U gl (Km)f .Y
KU EE = )20 plil il KU Pl = =20 plil gl

EUEU = gUIEE FU Ul = pll gl

29

(28)
(29)
(30)
N\ ¢ 4 L o

(31) (E[l]) = (F[l]) =0; EWFU = pUIELE 5 £

o ,
(32) EU Rl — ZF(Zj—t) {K;2t - 2€J}E(W-_t).

t
=0
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Here, K74 := (K1)~ for m = vazo mill, s = Zilio silt, t = Zf\;o il
0 <my, st <4,

N EM i K; N K[z] ; N F[y] m;
E(m>::H%7 ts “11 t.’s . pm ::H( )! '

i=0 {mz} R i=0 ‘ by i \
Remark 3.3. The algebra Dy n(sl) is Z-graded, with

deg Bl = —deg Fll = ¢, degK' =0, 0<i<N.

Lemma 3.4. For each pair M < N, there exists a surjective algebra map my N :
D)\,N(ﬁ[g) — DA7M(5[2) such that

X[iwaLM]’ i>N—M,

X € {E,F,K}.
0, i< N—M,

mn (X)) = {

In particular, there exists a surjective algebra map wn : Dx n(slz) — ux(sla),
an(BY = 6,8E, an(FU) =6,8F, an(KW)=K% 0<i<N.
Proof. Straightforward. O

Let DI ~(s12), respectively Dy y (sl2), DY n(sl2), be the subalgebras generated

by El, respectively FI1, Kl 0 <i < N. Let Di?\, (sly), respectively Dig\, (sl2),
be the subalgebras generated by Ell and K[, respectively FU! and K.

Remark 3.5. (a) There exists an algebra antiautomorphism ¢x of D; ~ (8l2) such
that ¢n(EW) = FUI, on (FI) = BV, g5 (K1) = K11, 0 <i < N.

(b) There exists an algebra map ty : Dy nv—1(sl2) — Dy n(sl2) that identifies the
corresponding generators. Clearly, ¢y oty =ty 0 dn_1-

Lemma 3.6. Let z = Zﬁvzo zil', 0 < z; < L. There exists a Dy n(slz)-module

M (z) with basis (v)o<i<en+1—1 such that

. i+1—tl} Vi_gi, t; >0, .
(33)  EUl.g = (EZ S 0 Ko = 352y,
5 ti =Y

(34)  Fll.y, = [ti n 1]Avt+,ﬁ, 0<i<N.

Proof. We simply check that E, Fll Kl € End M(z), 0 < i < N, satisfy rela-
tions (28)-(32). The first equation of (28) holds since KKy, =)zit2=2ti=2tq,
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while the second follows since A’ = 1. For the first relation in (29), both sides an-
nihilate (%3 if tj = O, for tj # 0, (t - éj)i = tz’ - Jijv SO

KU R .y, = [Zj 41— th AF20= )iy 2205 gL g,
For the second relation, both sides annihilate v; if t; = £ —1; for t; < £ —1,
KU FU] .y, = [tj + 1} . N2 gy = B0 pUT Ry,
since (t + #7); = t; + 6;;. For the first equation in (30), if ¢;t; # 0, i # j, then
EUEU .y, = {zj —t; + 1h [zl —(t—0); + 1}A Vi_gi_ps
= {zj —t; + 1})\ [zl —t; + 1i|)\’()t_gi_gj = EUlEt - Uy,

while for ¢;t; = 0, both sides are 0. The second equation follows similarly.

For the first part of (31), (E[)t+1 .y, = (FE)=t .y, = 0, so (B, (Fl)*
are 0 as operators on M (z). For the second equality, fix ¢ # j. If t;, = 0, then either
(t+07); =t; or t; = £—1; in any case, EWFUl .y, =0 = FUIEM .4, Tf t; = ¢ -1,
then again both sides are 0. Finally, set ¢; # 0, t; # £ — 1. Hence,

EMFU] C U = [t]’ =+ 1})\ {ZZ — (t-i—fj)i + 1})\’Ut,(i+gj
- [(t —0); + 1] A [Zi —ti + 1] \ Ve = FUIEN .y,

It remains to consider (32), which can be written as

. KW gD 2 (Keas)
pUlpbl _ pllgbl - 2>~ > =) ’ EW =9
(35) A=At sz:; s
If 1 < s < ¢ —1, then there exists i < j such that s; # 0. If t; > £ — s;, then
KM ) 281' [i] \£—s: e >
s (El) Sz.’l]t: H |:Zlft1+k:|>\H |:Zi7ti+k:|)\vt7(zfsi)éi =0.
¢ A k=1 k=1

If t; < £ — s;, then (E[i])é_si vy = 0. In any case, { €2} EW=s). v = 0, so the
right-hand side of (35) acts by 0 on each v;. For the left-hand side,

L L Kb K=
<E[J]F[J] _ pUlgll _ W) v,

_ (|:tj+1:|/\ [zj—tj]k— [zj—thrl}A MA_ |:Zj_2tj:|/\)vt:0
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when t; #0, £ — 1. If t; = 0, then

(EmFm _ plilghl _ v =EY o — 0 {ZJ}A“ =0,

KUl — Kl=4l
A— A1 ) '

and finally if ¢; = £ — 1, then

KUl — gl=4 )
<EU] FUl — pUIEUT A_A_1> v = — [zj + 2L (F[ﬂ g+ vt) =0.
In any case, the left-hand side of (35) also acts by 0 on each v;. O

Lemma 3.7. There exists an algebra map pn : D n(sl2) — ux(slz) @ Dy n(sl2),

pn(B)y =10 BW, <N, pn(BVY=E®1+ Ko EW,
pn(Fly =10 Fll i <N, pn(FIN) = Fo KN 1@ FIV
pn(K)y =10 KW, i< N, (KN = K @ KV,

Moreover, Dy n(sla) is a left uy(slz)-comodule algebra with this map.

Proof. Let § be the free algebra generated by El, Fll KUl and py : § —
uy(sly) ® Dy n(slz) the map defined on the generators as py. We check that pn
annihilates each defining relation of Dy n(slz) so it induces the algebra map py.
For each relation r involving only generators FE i, plil KU 0 < i< N we have
that py(r) = 1 ®@r = 0, so we consider those relations involving at least one of
the generators EV1, FINI KNI,

For (28), pn (K")) = K @ (KIN)* =1® 1 and for i < N,

G (K[i]K[N] _ K[Nle) K (KMK[N] _ K[Nle) —0.
For (29) and (30), if i < N, then
pn(K ] gl [N]K[i]) :K®(KME[N] fE[N]K[i]) =0,
on (KW E[Z] HK[N]) :K®(K[N]E[i] _E[i]K[N]) =0,
pn(KMNEINT _ N2EINIKIND) — (KE — A2EK) @ KIV]

+K%2® (K[N]E[N] _ )\2E[N]K[N}) =0,
ﬁN(E[i]E[N} _ E[N]E[i]) = K® (E[i]E[N] _ E[N]E[i]) —0.

™ ™

The formulas with F' in place of E follow analogously. For (31),

¢
N ((EW)‘) => {e} ETKT @ (BN =0
A

i=o UJ
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and analogously gy ((FIM)¢) = 0. Finally, for (32) set ry as the difference between
the two sides of this equation; see also (35). By direct computation,

K—-K!
pn(en) =K @y + (EF ~ FE - ﬁ) o KN .
Then py is a well-defined algebra map, and gives a left uy(sl)-coaction. O

Proposition 3.8. Let pn be as above. Then tn(Dx n—_1(sl2)) =P~ Dy n(slz),
and tn(Dx n-1(8l2)) C Dy n(sla) is a ux(sly)-cleft extension.

Proof. Let v :ux(slz) — Dy n(slz) be the linear map such that

[N]ya [N]ye
36 Y F@ORPEE) = () KW o (E) ., 0<abc<t.
(36) ( 1 1
], g
By direct computation,
, y , [N]yi [Ny
([d @) o A(F@KPEE) = 3 pla=i) ghtiti pled) g @( K[Nl)b@
TR
A A

= por(F'K"E"),

so v is a map of uy (slp)-comodules. We claim that  is convolution invertible. By
[Mo, Lem. 5.2.10], it is enough to restrict v to the coradical of uy(slz), that is, to
u (slz). Now  : u§(sly) — Dy n(sle), s(K®) = (KIV)=0 0 < b < ¢ is the inverse
of Y|y (s1,) and the claim follows.

Let By := {FWKME® | 0 < m,n,p < (N1}, We claim that Dy n(slz)
is spanned by By.! Let I be the subspace spanned by By. Note that I is a left
ideal, since it is stable by left multiplication by FI™, K™ and E by (28)-(32).
Thus I = Dy n(slz) since 1 € I, so Dy n(slz) is spanned by By. As

(FNTym (B

1 )
] o],
where 0 < m/ = m —myfN, ' = n —nytN, p = p— pntN < N, and
F(m/)K(n/)E(pl) S LN(D)\7N_1(5[2)) we have

) () plep) — pm) () g KNy

’
dim D)\,N(Slg) < dim LN(D>\7N_1(§[2))€3.

As we have a cleft extension, Dy n(slz) >~V Dy n(slz) ® ux(sly); using this
fact and that ¢y (Dx n—1(sl2)) CPN Dy n(sly) since ¢y sends each generator of

n Proposition 3.9 we shall prove that By is indeed a basis of Di,n(sl2)
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D, n-1(sl2) to a coinvariant element, we have
dim Dy y(sly) = dim® Y Dy n(sl2)¢® > dim ey (D n—1(sl2)) 6.

Hence dim® " Dy n(sly) = dimeny (D n—1(sl2)), which means that these two
subalgebras of Dy n(sl2) coincide. O

Proposition 3.9. (a) There exist algebra isomorphisms

DYy (sla) ~ k(Zo)NH, D3 (s12) =~ (uio(srz)
N+1
DY ylst) = (i)™, DR (sle) = (u5(sla)
(b) By :={FMEKME®) | 0<m,n,p< N1} is a basis of Dy n(sla).

(c) The multiplication induces a linear isomorphism
D; n(sl2) ® DY n(sl2) ® DY v (sl2) ~ Dy n(sly).

Proof. The algebra (uy(sly))V ! is generated by E;, F;, K;, 0 < i < N, where
each 3-tuple E;, F;, K; satisfies (23), (24), and generators with different subindex
commute. There are algebra maps &% : (ui(s[g))N+1 — ’Din(ﬁlg), Ie{£0,>
0,< 0}, where E; — Ell F;— Fl K, — KU depending on each case.

For 0 < z < N+l let U, : Dy n(sly) — End M(z) be the algebra map of
Lemma 3.6. Notice that ¥,®~ is injective, and then ®~ is also; thus 'D;,N(ﬁ[z) ~
(uy (s12)) V™. The map @0 : k(Z)N ! — DY y(sla), a; = K; is surjective. The
action of k(Zg)N*! over vy is given by character K; — A*. Thus k(Z,)V*t! ~
DY y(sly). From here we derive that =<0 is also an isomorphism. The remaining
isomorphisms in (a) follow by using the antiautomorphism ¢.

For (b), we have to prove that By is linearly independent since we have proved
that Dy n(slz) is spanned by By in the proof of Proposition 3.8. We invoke the
diamond lemma [B, Thm. 1.2]. Indeed, the lexicographical order for words written
with letters {F[i], KUl EM}OSZ’SN such that

F[O]<...<F[N]<K[0]<...<K[N]<E[0]<...<E[N]

is compatible (in the notation of [B]) with the reduction system. Each element of
By is irreducible, so By is contained in a basis of Dy y(slz). Thus By is a linearly
independent set. Finally (c) follows (a) and (b). O

Definition 3.10. By Proposition 3.9(b), each ¢y is injective. Hence we may con-
sider Dy n_1(sl2) as a subalgebra of Dy y(sl2). Moreover, we can consider the
inclusions tpr,n @ Dy p(sl2) — Da n(slz) for M < N, where

LN,N:id'D)\7N(5[2)7 UM,N = UMUM+1---UN—1 for M < N.
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Then we define
(37) D)\(E[Q) = li_r>n'D,\,N(5[2).

§4. Finite-dimensional irreducible D, y(sl2)-modules

Next we study simple modules for the algebras Dy n(slz). We prove that they
are highest weight modules as we can expect, and obtain a decomposition related
with the inclusion ¢n_1,n : Dan-1(sl2) — Dy n(slz) and the Frobenius map
7N Dan(sla) — ux(slz). The tensor product decomposition can be seen as
analogous to Steinberg decomposition; cf. Theorem 2.7.

84.1. Highest weight modules

Now we mimic what is done for simple modules of quantum groups, e.g., [L2,
Sects. 6 & 7]. For the sake of completeness we include the proofs.

Let V be a finite-dimensional Dy n(slz)-module. As D%N(Slz) is the group

Zév 1V decomposes as the direct sum of eigenspaces: each K1 acts

algebra of
by a scalar A\, 0 < p; < {. Hence we may encode the data saying that V =

Do<p<ev+1Vp, where
(38)  Vp={veV|Kl. o= iwforall0<i< N}, p=> pl.
=0

Definition 4.1. We say that v € V is a primitive vector of weight p if v € V,,
and Eld .y =0 for all 0 < i < N. Also, V is called a highest weight module if
it is generated (as a Dy n(slz)-module) by a primitive vector v, which is called a
highest weight vector; its weight p is called a highest weight.

Given 0 < p < N+ let k, be the 1-dimensional representation of Di(])v (sly) ~
(12°(s12)) ¥ such that K1 -1 = AP and B .1 =0. Let

My (p) = Ind22¥ % ke, o~ Dy w(sly) ®

>0
DS (sl2) D5y (sl2)

k,.

Notice that vg :=1®1 € My(p) is a primitive vector, and moreover, My (p) is a
highest weight module with highest weight p.

Remark 4.2. Let v, = F®vy € My(p). Then (v;)g<icn+1 is a basis of My (p),
and My (p) is isomorphic to the module M (p) in Lemma 3.6. Moreover, the action
on the basis (v;)g<i<en+1 is given by formulas (33) and (34).

Indeed, there is a Dfﬂv(slg)—linear map k, — M(p) such that 1 — wvp; it
induces a Dy n(slz)-linear map My (p) — M(p), which is surjective by direct

computation, and both modules have dimension ¢N+1.
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Remark 4.3. Let V' be a highest weight module of weight p. Then each proper
submodule is contained in ®;x,V),; hence V has a maximal proper submodule 1%
and V/V is a simple Dy, n(slp)-module, and at the same time a highest weight
module of highest weight p.

—

Definition 4.4. Let Ly (p) := My (p)/Mn(p), that is, the simple highest weight
module obtained as a quotient of My (p).

Proposition 4.5. (a) Let 0 < p < {N*1. Then
{fvelLnp) | ENv=0 forall0<i< N} =kuv.

(b) There ezists a bijection between {p | 0 < p < (N1} and the finite-dimensional
simple modules of Dy n(slz) given by p — Ln(p).

Proof. (a) Let v € Lx(p) — 0 be such that Elly = 0 for all 0 < i < N. We
may assume that v has weight ¢ for some 0 < t < ¢Nt1, since El! applies each
cigenspace of the DY y(sly) to another. Thus v = av, for some a € k* and
some 0 < n < ¢N*! since each 1-dimensional summand in the decomposition
Mn(p) = @o<pn<ev+ikov, corresponds to a different eigenspace for the action of
DY n(slo) >~ k(Ze)N . As Ly(p) is simple, Ly (p) = Da n(slz)v, but

D)\’N(ﬁ[Q)'U = 'Di(])\z(ﬁ[g)’v = Di?v(ﬁ[g)’l)n - ®n§m<gw+1kvm.

Hence n = p and the claim follows.

(b) Let £ be a simple Dy y(slz)-module. As a DY y(slz)-module, £ = ®L;.
We pick v € £; — 0. We may assume that Elly = 0 for all 0 < i < N. Indeed, if
EUly =0forj =0,...,i—1but Elv # 0,1let n > 0 be such that w := (El1)"v # 0,
(Elyn+1y = 0. Then n < £ since (EW)¢ = 0, and w satisfies EVlw = 0 for
j=0,...,isince EVIEW = pUl EUI,

Now there exists a Df’g\,(slg)—linear map ¢ : k; — £, 1 ~ v, which in-
duces a Dy n(slz)-linear map ¢ : My(t) — £ such that 1 — v. As L is simple,
Dan(sle)v = L, so ¢ is surjective. Hence ker¢ # 0 is a proper submodule of
My (t) and £ ~ My (t)/ ker ¢ is simple. Thus £ ~ Ly (t).

By (a), Ly(p) # Ln(t) if p # ¢, and the claim follows. O

84.2. A tensor product decomposition

Proposition 4.6. (a) Let 0 <p < {N. Then
(39) EWl.y = FINl .y =0, KWl.y=w, foralveLy(p).

Moreover, Ln(p) ~ Ln_1(p) as Dx n—1(sl2)-modules.
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(b) Reciprocally, Ln—_1(p) may be endowed of a Dy n(sl2)-action by extending the
D n-1(sl2)-action via (39), and Ly_1(p) ~ Ln(p) as Dx n(slz)-modules.

Proof. (a) By the first equation of (33), Ellu,y = 0 for all 0 < i < N, so
Dan(sla)vy = Di(])\,(slg)vw = @p>enko, is a proper submodule of My (p).
Hence v, = 0 in Ly(p) for all n > ¢~ and Ly(p) is spanned by (the image of)
(Um)o<m<en . Thus (39) follows by this fact and (33)-(34).

By (39), W C Ln(p) is a Dy ny—_1(slz)-submodule if and only if W is a
Dy, n(sly)-submodule. Hence Ly(p) is simple as a Dy y—_1(slz)-module and the
last statement follows.

(b) We have to check all the defining relations (28)—(32) of Dy n(sl2). Those
not involving EN!, FINI KNI follow since Ln_1(p) is a Dy n—_1(slz)-module, and
relations BN FINI KINT follow easily except (32) for j = N. It is equivalent
to (35), whose left-hand side acts by 0 on each wv;. For the right-hand side, if
1 < s < N — 1, then there exists i < N such that s; # 0, and as in the proof
of Lemma 3.6, {Kfs}Ew*S) -v¢ = 0, so the right-hand side of (35) acts by 0
on each v;. Now Ln_1(p) is a highest weight module as a Dy n(sl2)-module, with
highest weight p, and simple at the same time, so Ly_1(p) ~ Ln(p) as D n(sl2)-
modules. O

Remark 4.7. Thanks to the algebra map mn : D n(sl2) — uy(sly), every uy(sly)-
module is canonically a Dy n(slz)-module. In particular, each simple u(sly)-
module £(p), 0 < p < £ is a Dy n(slz)-module.

Lemma 4.8. Let p=pnt™, 0 < py < L. Then Ln(p) ~ L(pn).

Proof. As my is surjective, W is a Dy y(slz)-submodule of L(py) if and only if W
is a uy(slz)-submodule. Thus L(py) is a simple Dy n(slz)-module. Now

Emv():O, Kmvo:)\”N‘Si”vo7 forall 0 <7< N.

Hence vy € L(py) — 0 is a highest weight vector of weight p = px/¢Y and the
lemma follows by Proposition 4.5 O

Remark 4.9. Recall that Dy n(sl2) is a uy(sly)-comodule algebra, so the category
of Dy n(slz)-modules is a module category over the category of uy(slz)-modules:
given a uy(slp)-module M and a Dy y(slz)-module N, M ® N is naturally a
Dy, n(slz)-module via p.

Finally we use Remark 4.9 to describe a tensor product decomposition of
simple Dy n (slz)-modules.



160 1. ANGIONO

Theorem 4.10. Let p = pytN + D, where 0 < p < N, 0 < py < £. Then
Ln(p) ~ L(pn) @ Ly (D)  as Dy n(slz)-modules.

Proof. Let v{, v{ be highest weight vectors of L(pn), Ln(P), respectively. We
denote L = L(pn) @ LN (D). As L(pn) is generated by {v; | 0 < ¢ < ¢} as in (26),
and Ly () is generated by {v/ = Fllyf | 0 <t < (N} (see Proposition 4.6), L is
generated by {v; = vy ®@v |0 <t = L+ tntN < (N1} Given F(M KM E®) ¢
By, 0 <m,n,p < (NT! we may write

F(m) gr(n) pp) — F(meN)K("NZN)E(PNEN)F(WL/)K(”/)E(P'), 0<m n, p <N,
Here, F) @) pe) ¢ Dy, n-1(slz) =N Dy n(slz); cf. Proposition 3.8. Thus
FMEME® (y @ 2) = Fmv) gon) plon)y o pOm) g (0) B0,

for all y € L(pn), z € Ln(P), where we use (39). From here, vg = v ® v} is a
primitive vector, and L is a highest weight module of highest weight p. Thus it
suffices to prove that L is simple. Let W be a submodule of L. In particular, W is
a D% n (8l2)-submodule, so it decomposes as a direct sum of eigenspaces; each vy,
0 <t < #N*+1 spans the eigenspace of weight ¢, so we may assume that v; € W for
some t. Let ¢t be minimal. Hence

0=EWy, =EBv, ®v?, 0=EUly=v, Bl 0<j<N,
so Evi, =0= Emv%’, 0<j < N.From here, ty =t =0, and then W =L. [

Remark 4.11. Note that the algebra Dy n(slz) is an augmented algebra via the
map € : Dy n(slz) — k,

(40) e(EVly = ¢(FUly =0, €(KV)=1, forall0<j<N.

Thence k is a Dy y(slz)-module and k ~ Lx(0) via €, so Ly(p) ~ L(pn) @ k if
p=pntN, 0< py <L
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